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Abstract 

Ab initio transition state theory-based master equation methodologies for the calculation of rate constants 

have gained enormous popularity in the past decades. Nevertheless, introducing these rate constants into 

large kinetic schemes is a non-trivial task when large potential energy surfaces (PESs) are investigated. To 

determine proper phenomenological rate constants it is in fact necessary to account for the formation of all 

the thermodynamically stable wells considered in the master equation (ME), even if most wells do not exhibit 

significant secondary reactivity. Moreover, reactions involving intermediates with lifetimes comparable to 

the rovibrational relaxation timescale can exhibit discontinuities both in the rate constants and in the number 

of thermodynamically stable wells across the investigated temperature and pressure ranges. In this work, we 

address these problems with a “master equation-based lumping” (MEL) approach specifically designed to 
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process the output of ME calculations of multi-well PESs. Simple kinetic simulations allow identifying both 

intermediate wells with limited lifetime and isomers with similar reactivity. Then, equivalent rate constants 

for a smaller set of pseudospecies are derived so as to reproduce the kinetics of the detailed mechanism. Our 

methodology is independent of any experimental data or experience-based assumptions. The power of MEL 

is demonstrated with three case studies of increasing complexity, namely the PES for CH3COOH 

decomposition, and the portions of the C5H5OH and C10H10/C10H9 PESs accessed from C5H5+OH and C5H5+C5H5 

recombination. This work constitutes the first systematic step addressing the robust integration of rate 

constants derived from ME simulations into global kinetic schemes and provides a useful approach for the 

entire chemical kinetics community filling the gap between detailed theoretical investigations of complex 

PESs and the development of detailed kinetic models. 

Highlights: 

• Master equation-based chemical lumping (MEL) of potential energy surfaces (PESs)

• MEL allows >90% reduction of species and reactions for a complex C10H10/C10H9 PES

• An open-source software implementing MEL is provided for interested users

• MEL connects theoretical chemistry and the development of complex kinetic models

Keywords: chemical lumping, kinetic modelling, master equation, chemical reaction engineering, 

combustion chemistry 
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Nomenclature 

cI Concentration of species I 

I, J Generic species of the detailed mechanism 

kIJ Rate constant of reaction I → J 

kIJ′  
Rate constant of a pseudo uni-molecular reaction, i.e. for bimolecular reactions I + I2, 

kIJ′ = kIJcI2  

L Generic species of the detailed mechanism contributing to Ĩ

N Number of species 

ni  Population of the system in the quantum state i (in the master equation context) 

pij 
Probabilities per unit time of a transition from state i to state j (in the master equation 

context) 

p Pressure 

𝑟𝑟IJ(t) Time-dependent flux of molecules from configuration I to configuration J 

R, P 
Generic reactant (present in the system at t = 0) or product (possibly unreactive, i.e. 

infinite sink) 

T Temperature 

~ Accent indicating quantities of the lumped mechanism 

Acronyms 

BF Branching Fractions 

CSE Chemically Significant Eigenvalues 

IERE Internal-Energy Relaxation Eigenvalues 

ES Electronic Structure 
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AITSTME ab initio transition state theory-based master equation 

ME Master Equation 

MEL Master Equation based Lumping 

PES Potential Energy Surface 

SM Supplementary Material 
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1. Introduction

The use of ab initio transition state theory-based master equation (AITSTME) methods for the determination 

of the kinetics of complex gas-phase reactions has grown exponentially in the past decades [1]. In fact, both 

the increase in computational power and the development of automatic routines for electronic structure (ES) 

calculations [2,3], reaction mechanism generation [4,5], potential energy surface (PES) exploration [6,7], and 

reaction rate constant calculation [8–10], simplified and greatly accelerated the application of AITSTME 

methodologies. Such theoretical investigations allow exploring new reaction pathways relevant to several 

fields of application, such as interstellar, atmospheric, and combustion chemistry. For instance, a significant 

research area in combustion chemistry revolves around the reactivity of polyaromatic hydrocarbons (PAHs), 

essential to the understanding of the mechanism of soot (i.e. particulate matter) formation. The latest 

theoretical studies in this field focus on PAHs growth and oxidation pathways, resulting in extremely complex 

multi-well PESs with several reaction intermediates [11–15]. The corresponding rate constants are 

determined solving the master equation (ME) with codes such as MESS [8,9], MESMER [10], MultiWell [16], 

or the MC-RRKM [17] stochastic solver. The output of ME simulations consists of up to N(N − 1) 

phenomenological rate constants describing the reactivity of N  species involved in the PES at a given 

temperature and pressure. However, testing the impact of these results on reproducing macroscopic 

experimental trends requires the inclusion of the determined rate constants into existing kinetic 

mechanisms, typically containing already a large number of species (102-103) and reactions (103-104). 

Complex PESs theoretically investigated generally involve a large number of reaction intermediates, most of 

which are not even present in the target kinetic mechanism. Indeed, including new reaction parameters leads 

to two major problems: firstly, the new rate constants do not always cover the full range of temperature and 

pressure of ME simulations because of thermodynamic or kinetic instability of some ME reaction channels, 

as discussed below. Secondly, the inclusion of the full set of intermediates results in a dramatic increase of 

the number of reactions and species, making the solution of even the simplest 0-D or 1-D reactive system 

tedious. Such a large number of species also complicates the understanding of the macroscopic role of the 

investigated pathways in the global reaction network, mining the fundamentally rigorous description of the 
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target phenomena. A viable pathway to reduce the number of isomers with similar structure and reactivity 

in a PES is to lump them into pseudospecies. 

Lumping has a long tradition in chemical kinetics. Detailed kinetic mechanisms are generally used for kinetic 

simulations of 0-D or 1-D ideal reactors (e.g. batch, flow and stirred reactors, laminar flames) to reproduce 

macroscopic experimental targets (e.g. species concentrations, ignition delay times, laminar flame speeds 

etc.) in model validation processes. These models are typically constituted of a very large set of species (103-

104) and rate constants (103-105), which in principle should retain chemical significance. The size of these

models may be reduced significantly  with  chemical lumping and mechanism reduction techniques [18] when 

large scale computations (i.e. 2-D and 3-D reactive computational fluid dynamics) have to be performed, as 

illustrated qualitatively in Figure 1. 

Figure 1: Qualitative representation of the typical number of reactions and species of detailed, lumped and reduced global kinetic 

schemes. Adapted from Ranzi et al. [18]. 

Chemical lumping techniques derive equivalent rate constants for “pseudospecies”, i.e. subsets of species of 

the detailed mechanism. The key of chemical lumping is the calculation of the contribution of each isomer to 

the total concentration of the pseudospecies c�Ĩ = ∑ cLL  through coefficients αL = cL
∑ cLL

, where 0 ≤ αL ≤ 1. 

The first methodologies proposed and largely applied by Ranzi et al [19–22]. lump highly reactive radicals. αL 

is found according to pseudo-steady state approximation (PSSA) at fixed temperature, and the resulting k� ĨJ̃ =
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∑ αLkLJL,J  are optimized according to the selectivity of primary reaction products. Temperature dependence 

of product selectivity may be introduced by fitting αL with Arrhenius expressions, as in Chaos et al [23]. This 

approach is however limited to highly reactive species with short lifetimes, since the PSSA approximation 

fails in the presence of significant interactions with the reacting mixture. A more rigorous but mathematically 

stringent approach was originally developed by Wei and Kuo [24,25]. In this case, the ordinary differential 

equation (ODE) system describing the chemical species mass balances is transformed into a smaller system 

using a lumping matrix. Although the solution of the system is exact, the detailed set of rate constants is 

subject to several formal constraints and it excludes bimolecular reactions. A simplified and less stringent 

approach was proposed by Huang et al. [26], similar to that adopted by Nagy and Turanyi [27]. The analysis 

of the Jacobian of the system allows the removal of species and reactions unnecessary to the description of 

the global chemical reactivity, identified with techniques such as principal component analysis (PCA). One of 

the downsides of this approach is that lumped groups may lose chemical significance because they are not 

necessarily constituted of isomers. Chemical significance is recovered in the approach of Pepiot-Desjardins 

and Pitsch [28], where chemical structure determines the constituents of pseudospecies [29]. Although this 

approach generally retains good model performances, simulations at several different conditions are 

required and the results show dependence on the optimization subspace. Finally, the range of applicability 

of all the described approaches depends on the conditions of the performed kinetic simulations. 

Despite the variety of chemical lumping methods widely used for the reduction of global kinetic mechanisms 

[30], such tools have never been specifically customized nor applied to the theoretical investigation of multi-

well PESs. The aim of this work is therefore to develop a general methodology to process the output of ME 

calculations of such PESs into a smaller set of equivalent rate constants able to retain the accuracy in the 

description of reactivity and products distribution obtained with a fully detailed approach. We refer to this 

methodology as “Master Equation-based Lumping” (MEL). The MEL procedure is illustrated qualitatively in 

Figure 2. Starting from a PES with N species and N(N − 1) rate constants kIJ of the elementary reactions I →

J , the number of species is reduced to N� < N  pseudospecies by either removing redundant species or 

grouping together species with similar chemical behavior. The reactivity of this new set of pseudospecies is 

described by rate constants k� ĨJ̃ of lumped reactions Ĩ → J̃. 
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Figure 2: Qualitative representation of MEL. Squares represent the species of the PES and arrows indicate the rate constants of the 

associated reactivity: solid lines are the original 𝑘𝑘𝐼𝐼𝐼𝐼 of ME output, dashed lines are the lumped 𝑘𝑘�𝐼𝐼𝐼𝐼. Shaded squares are redundant 

species, eliminated in the lumped mechanism; blue squares are bimolecular reactants/products; circles group isomers as one 

pseudospecies. 

The paper is organized as follows. The theoretical background of the methodology is described in Section 2, 

where Section 2.1 recalls fundamental aspects of ME methods, providing a theoretical framework for the 

development of MEL, described in Section 2.2. Details of the implementation are reported in Section 2.3, 

while some proposals for the selection of lumped species are described in Section 2.4. The results (Section 

3) include three cases of application of the MEL methodology: CH3COOH decomposition [31] (Section 3.1);

the reactivity of the C5H5OH PES [32] (Section 3.2); and the analysis of 328 reactions taking place on the 

C10H10/C10H9 PESs [33], as accessed from the C5H5+C5H5 entrance channel (Section 3.3). Further validation is 

obtained including both the detailed and the lumped kinetic subsets into the global CRECK kinetic mechanism 

[34]. The conclusions of our work are summarized in Section 4. 

2. Theoretical methodology

2.1 ME methods and phenomenological rate constants 

In order to understand the principles on which the MEL approach is based it is useful to review some 

fundamental aspects related to the integration of the ME for chemically reactive systems. The time-

dependent multi-well ME is written in its primitive form as [35] 
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dni
dt = ��pjinj − pijni�

j

, (1) 

where ni represents the population of the system in the quantum state i, and  pij, pji are the probabilities 

per unit time of a transition between states i and j. In the one-dimensional ME, the population of states is 

expressed as a function of the energy of the system and the transition probabilities pij, pji describe either 

energy transfer upon collisions with the bath gas or microscopic rate coefficients. Equation (1) can generally 

be formulated in terms of an eigenvalue problem. The least negative “chemically significant eigenvalues” 

(CSEs) are relevant to describe the chemical evolution of the system in time (i.e. macroscopic change in 

species concentration), whereas the remaining “internal-energy relaxation eigenvalues” (IEREs) are related 

to the change in the rovibrational energy of the molecule. The time evolution of the population of each state 

may be obtained from the CSE of Eq. (1). Macroscopic populations XI  are then obtained from ni  by 

integration over the energy for each I chemical species. For the details of ME formulation and solution 

methods, we refer to the extensive literature published in the past decades [8,17,36–39]. The XI  time 

dependent profiles must then be properly post-processed to determine rate coefficients that satisfy the 

phenomenological law: 

dXI
dt = �−� kIJ

N

J≠I

� XI + � kJIXJ

N

J≠I

 (2) 

written in compact form as  d𝐗𝐗
dt

= 𝐊𝐊𝐗𝐗. I and J in (2) refer to all wells considered in the ME. For a set of N 

species,  kIJ  constitute a unique set of phenomenological rate coefficients, which can be expressed, for 

example, as a linear combinations of the exponential functions of the CSE eigenvalues [8,37,38].  Well defined 

phenomenological rate coefficients can be obtained when the timescales of IEREs and CSEs are sufficiently 

separated [8,40,41]. 

It is important to highlight two key aspects related to the solution of the ME that are of relevance for the 

present work and, more in general, for the use of rate constants determined through ME methodologies in 

kinetic mechanisms: 

• the development of a robust procedure to determine the phenomenological rate constants kIJ from the 

ME solution has required significant effort, with key advancements obtained thanks to the seminal works 
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of Bartis and Widom [35,40] and of Miller and Klippenstein [8,38,42]. The set of N(N − 1) rate constants 

obtained through these procedures include both isomerization and well skipping reactions connecting 

reversibly all wells in the PES. In a well skipping reaction a species converts directly into an isomer or 

decomposes to bimolecular products without the collisional stabilization of the visited intermediate wells. 

It should be noted that though only a limited number of the N(N − 1) reactions are sufficiently fast to 

contribute significantly to the system reactivity, it is usually difficult to identify the key reaction steps 

without a kinetic simulation. Thus, selecting arbitrarily reaction channels that connect two specific wells 

from ME simulation results, neglecting for example pathways that may originate from other wells, should 

be done with care or preferably avoided. 

• The determination of rate constants for PESs in which are present wells whose lifetime is comparable to 

the rovibrational relaxation timescale is complicated by the merging of CSEs and IEREs. From the 

molecular standpoint, this means that the well reacts to form another species before colliding with a bath 

gas molecule, a condition necessary to attain at least a partial thermal energy distribution. This situation 

is particularly critical at low pressures and high temperatures. A procedure to describe this process is to 

merge the highly reactive well into a vicinal more stable well, thus creating a single pseudospecies. The 

downside of this procedure is that, since the well merging conditions are temperature and pressure 

dependent, the same functional dependence extends to the total number of chemical species and 

reactions determined from the ME solution. It should be noted that if wells were not merged when 

necessary, it becomes possible that rate constants of isomerization reactions among wells change with 

the PES entrance channel, a situation that would lead to inconsistencies in kinetic simulations if not 

properly addressed. 

2.2 The Master Equation Lumping approach 

The aim of the MEL approach is to convert the ME mechanism, constituted by up to N(N − 1) elementary 

reactions for a multi-well PES containing N stationary points, into a “lumped mechanism” of N� psuedospecies 

and up to  N�(N� − 1)  reactions. MEL addresses the two main features of ME estimated rate constants 

highlighted in the previous section as it: 1) decreases the large number of rate constants derived with 

AITSTME methodologies which may lead to kinetic schemes of unmanageable sizes, as highlighted in Figure 
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1; 2) eliminates highly reactive species in the full temperature and pressure ranges considered. MEL has 

several features in common with chemical lumping, as they both solve the problem of reducing an ODE 

system for N species: 

d𝐜𝐜
dt = 𝐊𝐊′𝐜𝐜 (3) 

to the equivalent lumped system for  N� < N pseudospecies: 

d𝐜𝐜�
dt = 𝐊𝐊�′𝐜𝐜� (4) 

In the MEL approach, (3) describes the reactivity of the ME system as an initial value problem imposing initial 

conditions 𝐜𝐜(t = 0) = 𝐜𝐜𝟎𝟎. For a multi-well PES, 𝐊𝐊 contains the N(N − 1) ME rate constants. Apex ′ indicates 

that rate constants of bimolecular reactions I + I2  are multiplied by the concentration of the excess co-

reactant kIJ
′ = kIJcI2 , thus becoming formally unimolecular and making  𝐊𝐊′, and consequently 𝐊𝐊�′, pseudo-

unimolecular rate constant matrices, similarly to what described by Wei and Kuo [24,25]. Matrix 𝐊𝐊′  of 

pseudo-unimolecular rate constants is: 

𝐊𝐊′ =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡−� k1J′

N

J≠1

k21′ k31′ … … … kN1′

k12′ −� k2J′
N

J≠1

k32′ … … … kN2′

… … ⋱ … … … …

k1J′ k2J′ k3J′ −� kIJ′
N

J≠I

… … kNI′

… … … … … ⋱ …

k1N′ k2N′ … … … k(N−1)N
′ −� kNJ′

N

J≠N ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 (5) 

The time evolution of generic species I is described by: 

dcI
dt = �−� kIJ′

N

J≠I

� cI + � kJI′ cJ

N

J≠I

   ;     cI(t = 0) = cI0 (6) 

The MEL lumping procedure is initiated by subdividing the N species of the ME system into two groups, 

accumulating and non-accumulating species. Only the former species are considered among the lumped N� 

pseudospecies. Non-accumulating species include both wells not collisionally equilibrated in ME simulations, 
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and highly reactive species not accumulating in macroscopic kinetic simulations. Merging isomers of stable 

species is possible and advised, should they equilibrate very rapidly or show similar reactivity (i.e. 

characteristic times and product branching fractions) in the considered T and p conditions. The ensemble of 

the merged and unmerged accumulating species constitutes the set of N�  pseudospecies: pseudospecies 

profiles c�Ĩ of system (4) describe either unmerged or merged accumulating species profiles of (3), i.e. c�Ĩ =

∑ cLL , where the sum contains a single element in the case of unmerged species (c�Ĩ = cL). A systematic 

procedure for identifying species to be lumped is described in Section 2.4. Having assigned a specific 

temperature and pressure, Equation (3) is then solved for N� times considering for each simulation one of the 

pseudospecies as reactant and all the other pseudospecies as products. We indicate the reactant and product 

pseudospecies as R� and P�, constituted of either unmerged or merged species R and P, respectively: c�R� =

∑ cRR ,  c�P� = ∑ cPP . The reactant species R are the only ones with a non-zero initial concentration cR0 . The 

infinite sink approximation is applied to the products P, namely their concentration can only increase in time. 

This is obtained modifying the 𝐊𝐊′matrix (5) setting kPJ = 0, hence the columns corresponding to all P species 

are set to 0. This approach, which is similar to that implemented by Barbato et al. to determine 

phenomenological rate constants from ME simulations [17], results in the exponential decay of the 

reactant R�. Under the described conditions in fact, reactant R� with initial concentration c�R�
0  decomposes to 

products P� according to the phenomenological law: 

⎩
⎨

⎧
dc�R�
dt = �−� k�R�P�

′

P�
� c�R�    ;  c�R�(t = 0) = c�R�

0     

dc�P�
dt = k�R�P�

′ c�R�                ;  c�P�(t = 0) = 0
 (7) 

The analytical integration of Equation (7) describes the exponential decay for R�. The unknown rate constants 

k�R�P�
′  of reaction R� → P� can then be derived from a differential fit of the product concentration profiles of 

Equation (7). For self-reactions 2R� → P� and reactions with two products R� → P� + P�2,  the evolution of c�P� is 

described by  dc
�P�
dt

= k�R�P�
′ c�R�

2  and dc�P
dt

= 2k�R�P�
′ c�R� , respectively. The coefficient of determination 𝑅𝑅2 of the linear 

fits for k�R�P�
′  provides a first estimate of the validity of the lumped model. Low values of 𝑅𝑅2 may be related to 

a wrong choice of the set of pseudospecies or of the constituents of merged pseudospecies.  
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A simple example of application of MEL is the lumping of a bimolecular reaction proceeding through a non-

accumulating intermediate R + R2 ↔ W ↔ P + P2.  Figure 3 illustrates the qualitative shape of the PES. 

 

Figure 3: Qualitative PES of the reaction 𝑅𝑅 + 𝑅𝑅2 ↔ 𝑊𝑊 ↔ 𝑃𝑃 + 𝑃𝑃2. 

In this case, the goal of lumping is to obtain equivalent rate constants k�R�P� and k�P�R�  of reaction R� + R�2 ↔ P� +

P�2. Derivation of k�R�P� requires a set of simulations where R is the reactant and P is the infinite sink product, 

resulting in the following system of equations: 

⎣
⎢
⎢
⎢
⎢
⎡

dcR
dt

dcW
dt

dcP
dt ⎦

⎥
⎥
⎥
⎥
⎤

= �
−kRPcR2

0 − cRW kWR 0
kRW −kWR − kWP 0

kRPcR2
0 kWP 0

� �
cR
cW
cP
� ,

cR0 = 10−5ctot0

cR2
0 = ctot0 − cR0

cW0 , cP0, cP2
0 = 0

 (8) 

If the assumption of high reactivity of intermediate W is correct, the solution of (8) will show that W does 

not accumulate significantly in the system and the profiles of c�R�  and c�P� are well described by 

�

dc�R�
dt = −k�R�P�c�R�2

0 c�R�     

dc�P�
dt = k�R�P�c�R�2

0 c�R�

c�R�
0 = 10−5ctot0

c�R�2
0 = ctot0 − c�R�

0

c�P�
0 = 0

 (9) 

Where c�R�  and c�P� derive from the solution of (8). k�R�P� is determined with a linear differential fit of the profiles 

of dc
�P�
dt

= k�R�P�cR�2
0 c�R�  in (9). The backward rate constant k�P�R�  is determined in a similar way. Differently from 

this simple example, in most cases each pseudospecies is formed by multiple isomers and it forms multiple 

products. 

The methodology proposed has several advantages. Firstly, it requires only the output of ME simulations, 

being independent of kinetic simulations of experimental data which usually limit the applicability range of 

the lumped rate constants. Then, contrary to most chemical lumping approaches, MEL allows simultaneous 

elimination of redundant species and merging of accumulating isomers with similar reactivity, preserving the 

W
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chemical meaning of the mechanism and easily including both unimolecular and bimolecular reaction 

channels.  

 

2.3 Implementation of MEL methodology 

The MEL approach is implemented in an in-house software written in Python (available at 

https://github.com/lpratalimaffei/MEL) and relies on OpenSMOKE++ [43] for the solution of the ODE system 

and, optionally, on OptiSMOKE [44,45] for further optimization of the lumped mechanism. The flowchart in 

Figure 4 depicts the main steps performed by the code. Three main types of simulations may be run: 

“prescreening” involves the analysis of the reactivity of species in the detailed mechanism; “lumping” allows 

the derivation of rate constants from the reactivity of the selected sets of accumulating species; “validation” 

consists in the comparison of the reactivity of the detailed mechanism with that of the lumped mechanism. 

The main steps are common to all simulation types. Input specifications include the set of reactants R and 

products P (i.e. the constituents of pseudospecies R�, P�), as well as the ranges of pressure and temperature 

of the simulations. For a PES with N� sets of accumulating species, lumping requires a total of N� × Np × NT 

simulations performed at isobaric and isothermal conditions, where Np and NT  are the number of nominal 

pressures and temperatures at which simulations are performed. The matrix 𝐊𝐊 of the ME system, namely the 

values of ME phenomenological rate constants kIJ|T,p at the specified conditions, are extracted from ME 

output files. For lumping simulations, products are treated as infinite sinks, i.e kPJ = 0. Thermodynamics is 

irrelevant because all reactions are written irreversibly in the forward or backward direction, as also 

highlighted by Pepiot-Desjardins and Pitsch [28]. When k� ĨJ̃ are introduced in a global kinetic scheme that 

already includes reversible reactions of pseudospecies Ĩ, J̃ , it is recommended to consider either the 

thermochemistry of the most stable isomer [29], or a weighted average of the thermochemistry of the 

isomers constituting the pseudospecies [28]. System (3) is then solved with OpenSMOKE++ [43]. Initial 

conditions for the composition cR0  of the reactants are specified as follows: 

https://github.com/lpratalimaffei/MEL
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• Unimolecular reactions R → P: for single reactant species, cR0 = ctot; for merged species, ∑ cR0R =

ctot , with cR0  derived from previous simulations or determined iteratively from a random guess. 

(details in Section 2.4.2). 

• Bimolecular reactions R + R2 → P: for single bimolecular deficient fragment R,  cR0 = 10−5ctot; for 

merged fragments, ∑ cR0R = 10−5ctot. The concentration of the excess fragment is approximately 

constant: cR2
0 = ctot − ∑ cR0R . For self-reactions 2R → P , the total concentration is kept 

approximately constant by immersing R in an inert bath gas (e.g. Ar) consistent with that used for 

ME simulations: cR0 = 10−5ctot, and cAr0 = ctot − cR0  (see Section 3.3). 

The resulting profiles are then processed. Simulation times that lead to less than 1% or more than 99% 

reactant consumption are excluded, so as to avoid either numerical instabilities or non-exponential behavior 

due to initial population of the intermediate wells. Examples of the sensitivity of k�R�P� to such cutoff limits are 

provided in the results (Section 3.1). Then, merged pseudospecies profiles c�Ĩ = ∑ cLL  (System (4)), where L 

is a generic constituent of merged pseudospecies  Ĩ, are reconstructed if necessary. The weighted average of 

the branching fractions (BFs) of constituent L in each merged pseudospecies Ĩ are computed as 

αL|T,p = �
cL
c�Ĩ
�
dt
⋅

dt
ttotdt

 (10) 

where cL/c�Ĩ|dt is the contribution of species L to merged pseudospecies Ĩ in the timeframe dt, and dt/ttot is 

the corresponding fraction of time. αL|T,p may be used for the selection of cR0  in successive simulations, as 

depicted in Figure 4. 

The operations described are repeated for the full set of operating conditions T, p specified in the input. For 

lumping simulations, the resulting k�R�P�|T,p are fitted according to modified Arrhenius expressions. Reiterating 

these steps for each set of reactants R results in the final lumped mechanism of N�(N� − 1) k� ĨJ̃, which may be 

further optimized with tools such as OptiSMOKE++ [44,45]. 
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Figure 4: Flowchart of the algorithm used for the implementation of MEL. Blue boxes represent code outputs; dashed arrows 

indicate connections between portions of the code generated at different steps. 
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2.4 Species selection 

Chemical structure and reactivity guide the selection of pseudospecies, as suggested by Ranzi et al. [21] and 

Pepiot-Desjardins and Pitsch [28]. Figure 5 summarizes the steps for the definition of accumulating species 

to include in the lumped mechanism (Figure 5, left) and merged pseudospecies composition (Figure 5, right). 

 

Figure 5: Diagram of the procedure of selection of accumulating species and merged pseudospecies composition. White boxes 

indicate the steps which require the use of the lumping code. The “Lumping” box contains all the steps illustrated in the flowchart 

of Figure 4. 
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The elimination of non-accumulating species is subject to the constraint that no other accumulation source 

should be present in the target kinetic scheme. Bimolecular products are always included as pseudospecies 

in preliminary simulations, however they may be removed from the lumped kinetic mechanism when their 

production from all the other pseudospecies is negligible (e.g. c�Ĩ/c�tot < 0.05 at all investigated operating 

conditions). An example is provided in Section 3.2. 

The investigation of the accumulation of wells is performed in two steps. First, their production from 

bimolecular reactions is analyzed. Then, the steady-state composition of the set of wells is obtained with the 

detailed ME mechanism including only isomerization reactions. A well with negligible accumulation at all T,p 
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pseudospecies. The lumping of the PES of CH3COOH decomposition provides a straightforward example of 

non-accumulating species elimination (Section 3.1). 

Finally, it is noted that a non-accumulating species might be produced by reactions of the target kinetic 

scheme occurring on a different PES. In these cases, this species may be included among pseudospecies 

independently of its degree of accumulation. We then envision two possible limit scenarios: if its 

unimolecular decomposition is extremely fast, it may be appropriate to simply replace the given species with 

its decomposition products. On the other hand, if its unimolecular reactivity is slow compared to secondary 

bimolecular reactions, the given species may be safely excluded from the pseudospecies of the selected PES 

without affecting the macroscopic kinetic behavior of the target scheme. 

2.4.2 Pseudospecies composition 

Accumulating species with similar chemical structure (i.e. functionality) and reactivity should be merged into 

lumped groups of isomers (i.e. merged pseudospecies) according to a given composition αL|T,p [21,28]. The 

derivation of k� ĨJ̃
′ |T,p  for pseudospecies Ĩ  constituted of a set of accumulating species L  with c�Ĩ = ∑ cLL  

requires cL0|T,p = αL|T,pctot|T,p for the solution of (3). When isomerizations between L are fast, αL may be 

set according to the equilibrium composition of the lumped group. When this is not the case, or the 

equilibrium composition is unavailable, αL|T,p  is calculated with Equation (10), from the reactivity of the 

pseudospecies contributing the most to the formation of the selected lumped group. An unphysical choice 

of the components of Ĩ results in non-exponential decays of L (and consequently of Ĩ), easily identified by 

looking at the simulation profiles. Similarly, inconsistent composition cL0|T,p = αL|T,pctot|T,p causes abrupt 

changes in cL(t) due to the different characteristic times of the reactivity of L. Wei and Kuo [24,25] suggested 

that, for unimolecular reactions approaching equilibrium, a correct choice of αL produces negligible changes 

in the pseudospecies composition αL|T,p(t). In MEL, this condition is met by optimizing αL|T,p, selected as 

described above. In particular, iterative simulations of the reactivity of Ĩ using the full ME mechanism are 

performed until the absolute change in the average αL|T,p (Equation (10)) with respect to the initial one 

ΔαL|T,p = �αL − αL0�T,p is below a threshold, here set to 0.03. 
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Finally, it is recalled that when the components of pseudospecies Ĩ are already present in the target kinetic 

scheme, relevant interactions with the mixture may occur. In these cases, αL|T,p requires further evaluation 

according to the global target kinetic scheme, as described in previous works [27,28,30]. In addition, it is 

possible that a component of a pseudospecies is already present as an independent species in the target 

kinetic scheme. Consistency between the lumped PES and the target scheme may be ensured in two ways: 

the selected species may be either considered independent and therefore forced to constitute an unmerged 

pseudospecies, or it should be lumped also in all the reactions of the target kinetic scheme. In the latter case, 

the secondary reactivity of the species must be rescaled according to appropriate branching fractions, i.e. 

the αL|T,p.  

3. Results and Discussion 

3.1 CH3COOH  

The simplest MEL application of this work consists in the removal of one non-accumulating species in the PES 

of acetic acid (CH3COOH) decomposition studied by Cavallotti et al. [31] (Figure 6). ME simulations cover 

temperature and pressure ranges of 800-2400 K and 0.1-100 atm and are reported in the supplementary 

material (SM, in CH3COOH/base_case/data). A detailed description of the contents of SM folders is provided 

in Section S1. 

 

Figure 6: PES of CH3COOH decomposition reproduced from Cavallotti et al. [31] Energies are in kcal/mol and are inclusive of zero 

point energies. Bold red names indicate accumulating species, and names with ~ indicate pseudospecies. 

= 

=

W2
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The selection of accumulating species starts with prescreening simulations of the reactivity of bimolecular 

reactions of P1, P2, P3 including the full detailed ME mechanism (i.e. without infinite sink species). At every 

operating condition, the mole fraction of intermediate W2 is below 1%. The same result is obtained with 

steady-state simulations including only the isomerization reactions between W1 and W2. Since W2 does not 

accumulate in the system, it is not included among pseudospecies. In this case, pseudospecies W1� , P1� , P2� , P3�  

correspond to single (unmerged) species of the detailed ME mechanism, as indicated in Figure 6. 

Lumped rate constants are derived as described in Section 2.3 (corresponding plots are provided in the SM: 

CH3COOH/base_case/plots_lumping). All reactant decay profiles are pseudo-exponential, as expected. 

Variations of cutoff parameters initially set to 1-99% of reactant consumption (see Section 2.3) do not 

significantly affect k� ĨJ̃. In fact, maximum discrepancies of 7% for k� ĨJ̃|1atm obtained setting the cutoff limits to 

0.1-99% or 10-99% highlight only limited formation of W2 at the early stages of the reactivity. Reduction of 

the lower cutoff limit to 90% resulted instead in differences in k� ĨJ̃|1atm below 1%. The Arrhenius parameters 

of k� ĨJ̃ obtained in these tests are found in the SM (CH3COOH/base_case/sensitivity_to_cutoff). 

Table 1 reports Arrhenius parameters for the detailed and lumped rate constants at 1 atm, highlighting the 

removal of 8 kIJ associated with W2. k� ĨJ̃ are validated comparing the performances of the full detailed and 

lumped mechanisms, thus allowing for non-exponential behavior, accumulation and consumption of 

pseudospecies.  

Table 1: Arrhenius parameters for 𝑘𝑘 = 𝑘𝑘0𝑇𝑇𝛽𝛽 𝑒𝑒𝑒𝑒𝑒𝑒 �−
𝐸𝐸𝐴𝐴
𝑅𝑅𝑅𝑅
� at 1 atm of the detailed (𝑘𝑘𝐼𝐼𝐼𝐼) and lumped (𝑘𝑘�𝐼𝐼𝐼𝐼) mechanisms of CH3COOH 

decomposition. The fitting range is 800-2400 K, except for reactions with * (800-2100 K), removed in the lumped mechanism. 

Arrhenius fits for 𝑘𝑘�𝐼𝐼𝐼𝐼 at different pressures are provided in the SM (CH3COOH/base_case/kin_opt.txt). All 𝑅𝑅2 of the fits are higher 

than 0.99. Units are cm, cal, mol, s. 

 Detailed 𝐤𝐤𝐈𝐈𝐈𝐈  Lumped �̃�𝐤�̃�𝐈�̃�𝐈 

Reaction 𝐤𝐤𝟎𝟎 𝛃𝛃 𝐄𝐄𝐀𝐀  Reaction 𝐤𝐤𝟎𝟎 𝛃𝛃 𝐄𝐄𝐀𝐀  

𝐖𝐖𝐖𝐖 → 𝐖𝐖𝟐𝟐∗  9.88E+46 -10.01 88277.32       

𝐖𝐖𝐖𝐖 → 𝐏𝐏𝐖𝐖 + 𝐇𝐇𝟐𝟐𝐎𝐎  3.12E+46 -9.37 95500.23  𝐖𝐖𝐖𝐖� → 𝐏𝐏𝐖𝐖� + 𝐇𝐇𝟐𝟐𝐎𝐎�  5.00E+41 -8.10 89740.95  

𝐖𝐖𝐖𝐖 → 𝐏𝐏𝟐𝟐 + 𝐂𝐂𝐎𝐎𝟐𝟐  8.00E+40 -7.94 87865.73  𝐖𝐖𝐖𝐖� → 𝐏𝐏𝟐𝟐� + 𝐂𝐂𝐎𝐎𝟐𝟐�   1.04E+41 -7.97 87960.13  

𝐖𝐖𝐖𝐖 → 𝐏𝐏𝐏𝐏 + 𝐂𝐂𝐇𝐇𝐏𝐏  2.53E+59 -12.76 115873.39  𝐖𝐖𝐖𝐖� → 𝐏𝐏𝐏𝐏� + 𝐂𝐂𝐇𝐇𝐏𝐏�   3.50E+59 -12.80 115973.83  



21 
 

𝐖𝐖𝟐𝟐 → 𝐖𝐖𝐖𝐖∗  7.08E+45 -9.84 59774.47   
   

 

𝐖𝐖𝟐𝟐 → 𝐏𝐏𝐖𝐖 + 𝐇𝐇𝟐𝟐𝐎𝐎∗  7.09E+39 -8.07 56345.70   
   

 

𝐖𝐖𝟐𝟐 → 𝐏𝐏𝟐𝟐 + 𝐂𝐂𝐎𝐎𝟐𝟐
∗  6.69E+38 -7.74 67299.99   

   
 

𝐖𝐖𝟐𝟐 → 𝐏𝐏𝐏𝐏 + 𝐂𝐂𝐇𝐇𝐏𝐏  2.31E+45 -9.39 80723.22   
   

 

𝐏𝐏𝐖𝐖 + 𝐇𝐇𝟐𝟐𝐎𝐎 → 𝐖𝐖𝐖𝐖  3.79E+34 -6.59 58074.71  𝐏𝐏𝐖𝐖� + 𝐇𝐇𝟐𝟐𝐎𝐎� →𝐖𝐖𝐖𝐖�   5.96E+29 -5.32 52276.85  

𝐏𝐏𝐖𝐖 + 𝐇𝐇𝟐𝟐𝐎𝐎 → 𝐖𝐖𝟐𝟐∗  3.46E+32 -6.46 49535.57   
   

 

𝐏𝐏𝐖𝐖 + 𝐇𝐇𝟐𝟐𝐎𝐎 → 𝐏𝐏𝟐𝟐 + 𝐂𝐂𝐎𝐎𝟐𝟐  4.59E+24 -3.39 63711.62  𝐏𝐏𝐖𝐖� + 𝐇𝐇𝟐𝟐𝐎𝐎� → 𝐏𝐏𝟐𝟐� + 𝐂𝐂𝐎𝐎𝟐𝟐�   7.12E+22 -2.91 61854.17  

𝐏𝐏𝐖𝐖 + 𝐇𝐇𝟐𝟐𝐎𝐎 → 𝐏𝐏𝐏𝐏 + 𝐂𝐂𝐇𝐇𝐏𝐏  7.17E+23 -2.80 70897.11  𝐏𝐏𝐖𝐖� + 𝐇𝐇𝟐𝟐𝐎𝐎� → 𝐏𝐏𝐏𝐏� + 𝐂𝐂𝐇𝐇𝐏𝐏�   4.21E+23 -2.74 70645.50  

𝐏𝐏𝟐𝟐 + 𝐂𝐂𝐎𝐎𝟐𝟐 → 𝐖𝐖𝐖𝐖  1.82E+32 -5.52 94521.00  𝐏𝐏𝟐𝟐� + 𝐂𝐂𝐎𝐎𝟐𝟐� → 𝐖𝐖𝐖𝐖�   2.09E+32 -5.53 94570.55  

𝐏𝐏𝟐𝟐 + 𝐂𝐂𝐎𝐎𝟐𝟐 → 𝐖𝐖𝟐𝟐∗  2.50E+34 -6.36 104333.57   
   

 

𝐏𝐏𝟐𝟐 + 𝐂𝐂𝐎𝐎𝟐𝟐 → 𝐏𝐏𝐖𝐖 + 𝐇𝐇𝟐𝟐𝐎𝐎  7.43E+27 -3.72 107760.54  𝐏𝐏𝟐𝟐� + 𝐂𝐂𝐎𝐎𝟐𝟐� → 𝐏𝐏𝐖𝐖� + 𝐇𝐇𝟐𝟐𝐎𝐎�  1.01E+26 -3.22 105853.00  

𝐏𝐏𝟐𝟐 → 𝐏𝐏𝐏𝐏 + 𝐂𝐂𝐇𝐇𝐏𝐏  1.32E+28 -3.51 115077.65  𝐏𝐏𝟐𝟐� + 𝐂𝐂𝐎𝐎𝟐𝟐� → 𝐏𝐏𝐏𝐏� + 𝐂𝐂𝐇𝐇𝐏𝐏�   1.27E+28 -3.50 115071.80  

𝐏𝐏𝐏𝐏 + 𝐂𝐂𝐇𝐇𝐏𝐏 → 𝐖𝐖𝐖𝐖  2.05E+47 -10.21 19107.45  𝐏𝐏𝐏𝐏� + 𝐂𝐂𝐇𝐇𝐏𝐏� → 𝐖𝐖𝐖𝐖�   2.01E+47 -10.21 18927.41  

𝐏𝐏𝐏𝐏 + 𝐂𝐂𝐇𝐇𝐏𝐏 → 𝐖𝐖𝟐𝟐∗  5.26E+37 -7.95 14494.21   
   

 

𝐏𝐏𝐏𝐏 + 𝐂𝐂𝐇𝐇𝐏𝐏 → 𝐏𝐏𝐖𝐖 + 𝐇𝐇𝟐𝟐𝐎𝐎  4.40E+23 -3.01 11552.14  𝐏𝐏𝐏𝐏� + 𝐂𝐂𝐇𝐇𝐏𝐏� → 𝐏𝐏𝐖𝐖� + 𝐇𝐇𝟐𝟐𝐎𝐎�  4.10E+23 -3.00 11534.02  

𝐏𝐏𝐏𝐏 + 𝐂𝐂𝐇𝐇𝐏𝐏 → 𝐏𝐏𝟐𝟐 + 𝐂𝐂𝐎𝐎𝟐𝟐  4.24E+24 -3.37 11636.73  𝐏𝐏𝐏𝐏� + 𝐂𝐂𝐇𝐇𝐏𝐏� → 𝐏𝐏𝟐𝟐� + 𝐂𝐂𝐎𝐎𝟐𝟐�   4.63E+24 -3.38 11667.04  

 

k� ĨJ̃  were further optimized with OptiSMOKE++ [44,45] on this set of simulations, slightly increasing the 

accuracy of the predictions. The optimization of the lumped mechanism involved 96 active Arrhenius 

parameters (pre-exponential factor, temperature exponent and activation energy) in 8 pressure-dependent 

reactions, using the profiles generated with the full detailed mechanism as targets. The lumped rate 

constants were allowed to vary by factor of 2 at most. Figure 7 shows profiles of P1�  reactivity at 10 atm, 

where accumulation and consumption of W1�  at intermediate temperatures (800-1000 K) and of P3�  at higher 

temperatures (1600-2400 K) are well reproduced by the model.  
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Figure 7: Profiles obtained from the reactivity of 𝑃𝑃1�  at 10 atm including the full detailed (solid lines) and lumped (dashed lines) 

mechanisms. 

Finally, it is instructive to illustrate the simple case where W1 and W2 are lumped together in case of higher 

thermodynamic stability of W2. Relevant accumulation of W2 was fictitiously induced by setting its energy 

to 6 kcal/mol (i.e. 20 kcal/mol more stable than the calculated value [31]) in ME simulations (Figure 8a). 

Consequently, αW2 in the steady-state composition of the isomer mixture reaches up to 40% at 2400 K (solid 

line in Figure 8b), hence W2 must be included in the lumped mechanism. 

 

Figure 8: a) PES of CH3COOH decomposition modified with fictitious stabilization of 𝑊𝑊2 to 6 kcal/mol and b) resulting composition 

of the pseudospecies 𝑊𝑊1 + 𝑊𝑊2 at 1 atm. Red names indicate accumulating species, and names with ~ indicate pseudospecies. 

Detailed mech. Lumped mech.

a) b)
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Lumping together W1  and W2  (c�W�1
= cW1 + cW2 ) leads to a reduction of the number of species and 

reactions equal to the former case. Similar reactivity and product branching fractions obtained analyzing 

separately the reactivity of W1 and W2 support this choice. As far as the composition of the isomer mixture 

is concerned, Figure 8b highlights significant variations of αW1,αW2 with the type of simulation and reactant 

composition. Considering the results of lumping according to αL of cases 1 and 2 in Figure 8b (SM folders: 

CH3COOH/stable_W2/plots_validation/Case1 and /Case2), only k�W1�  P1�  and k�W1�  P2�  show discrepancies 

between the two methodologies above 10%, being as high as 33% and 18% at 2400 K, respectively. 

Notwithstanding these differences, the performances of the models derived according to the two cases are 

extremely similar, as shown for the profiles of W1�  in Figure 9a. Figure 9b highlights that the reactivity of P1�  

is extremely close to that of the lumped mechanism of Figure 7, however in this case the accumulation of 

W1�  at intermediate temperatures involves a mixture of W1  and W2 . It is remarkable that despite the 

discrepancies in αL, the profiles simulated with the lumped mechanism well reproduce those of the detailed 

kinetic scheme even without further optimization. 

 

Figure 9: 1 atm profiles obtained with the detailed mechanism with fictitious stabilization of 𝑊𝑊2 and a) with the lumped 

mechanisms derived setting different 𝛼𝛼𝐿𝐿0 for the derivation of rate constants (Case1 and Case2 of Figure 8), b) with the lumped 

mechanism of Case1 and the original lumped mechanism not including 𝑊𝑊2 stabilization. 

Detailed mech.
Lumped mech. – Case1
Lumped mech. – Case 2

Detailed mech.
Lumped mech. 
Stable , Case1
Lumped mech. 
Original version

a) b)



24 
 

3.2 C5H5+OH 

The application of MEL to C5H5OH PES studied by Galimova et al. [32] allows both the extension of the stability 

range of intermediate wells and the elimination of oscillatory behavior of the associated rate constants, 

which constitute common major challenges in the attempt of including rate constants derived from first 

principle calculations into global kinetic schemes. All species and the main reaction channels are depicted in 

Figure 10 (full PES reproduced in Figure S1). OH addition to C5H5 is followed by isomerization reactions 

between 6 different isomers (W1 − 6). C-H and O-H bond fissions lead to H elimination (P2, P3, P5, P6), 

whereas C-C bond fissions produce either HCO (P4) or CO (P1). The original paper recommends extra care in 

including the proposed rate constants into global kinetic schemes, due to the narrow range of thermal 

stability of wells: at 0.01 atm, W1  and W4  exist thermodynamically and kinetically only below 1000 K, 

whereas kIJ for W5 are available up to 1900 K. Furthermore, rate constants of the production of such isomers 

(e.g. kRW5, kRW4, kRW1) show significant oscillations. As opposed to Galimova et al. [32], who discussed only 

relevant reactions starting from OH+C5H5, the lumped mechanism of this work implicitly considers all the 

pathways of the PES. 

 

Figure 10: Simplified C5H5OH PES from the study of Galimova et al. [32] Energies are in kcal/mol and inclusive of ZPE. Red names in 

bold indicate accumulating species, and names with ~ indicate pseudospecies. 
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Species selection required several iterations. The analysis of the reactivity of bimolecular reactants P1 − 6 

shows that W2  does not accumulate significantly in the system and is therefore considered non-

accumulating. As suggested by the reaction channels depicted in Figure 10, W1, W4,  and W5  have 

compatible characteristic times and product BFs, therefore they are lumped together as W4� : c�W4� = cW1 +

cW4 + cW5. On the contrary, W6 has different chemical functionality, hence it is not included into W4� . Since 

the accumulation of W6 above 600 K is significant only at 100 atm, we decided to consider 600-2500 K range 

and we excluded W6 from pseudospecies. Finally, W3 constitutes a single unmerged pseudospecies W3� , 

being the only non-cyclic isomer, and it is produced in relevant amounts only by P4.  

Lumping together W1, W4 and W5 allows extending the temperature range of validity of k� ĨJ̃ with respect to 

the original kIJ . In fact, kIJ  for W1 and W4 are unavailable above 1000 K at low pressures, hence W4�  is 

constituted only of W5 between 1000 and 1900 K. The composition of W4�  was determined iteratively, as 

explained in Section 2.4.2, reaching convergence in less than 10 iterations. The final αL are provided in the 

SM (folder C5H5OH/branchings). The same method was used for the derivation of the composition of P2� , 

constituted of P2  and P5 , consistently with the corresponding W4� . R�, P1� , P3�  and P4�  are instead single 

unmerged pseudospecies. Finally, P6  was excluded from the pseudospecies. In fact, its production is 

negligible from all species of this PES, and the study of C5H5+O PES of Ghildina et al. [46] highlights the 

instability of P6 with respect to P2 and P5. 

MEL finally leads from 13 species and 156 kIJ to a lumped mechanism of 7 pseudospecies and 42 k� ĨJ̃, further 

reduced to 27 by elimination of reaction channels of negligible importance (i.e. product BF <1%). The final 

optimized mechanism reproduces well the results obtained with the detailed scheme, as shown by the plots 

in the SM (C5H5OH/plots_validation and plots_validation_opt). The lower accuracy of the lumped 

mechanism for W4�  and P1�  reactivity at 600 K and 100 atm derives from the exclusion of W6 from 

pseudospecies. However, we believe this is an acceptable approximation in light of the good performances 

of the lumped mechanism at most of the operating conditions investigated. In addition, according to the 

original paper [32] the reactivity of P1 and P4 is irrelevant to the overall C5H6 oxidation kinetics, hence the 

reactivity of P1, P4, and their main product W3 may be neglected. The mechanism thus obtained consists of 



26 
 

6 pseudospecies (W3 is excluded) and 27 reactions. Both versions of the lumped mechanism are reported in 

the SM (C5H5OH folder) in CHEMKIN format. 

The most interesting point of MEL application in this case is the removal of oscillatory behavior of some rate 

constants of the detailed ME mechanism minimizing the risk of numerical issues. In particular, we depict 

k�R� W4� , kR W1, kR W4, kR W5 in Figure 11. 

 

Figure 11: Comparison between the lumped rate constant 𝑘𝑘�𝑅𝑅�  𝑊𝑊4�  and the elementary rate constants 𝑘𝑘𝑅𝑅 𝑊𝑊1, 𝑘𝑘𝑅𝑅 𝑊𝑊4, 𝑘𝑘𝑅𝑅 𝑊𝑊5 of MESS 

output as a function of pressure. a) shows the single elementary rate constants and b) compares the lumped rate 𝑘𝑘�𝑅𝑅�  𝑊𝑊4�  with the 

sum of the single elementary rates 𝑘𝑘𝑅𝑅 𝑊𝑊1 +  𝑘𝑘𝑅𝑅 𝑊𝑊4 +  𝑘𝑘𝑅𝑅 𝑊𝑊5. 

At 0.01 atm, k�R� W4�  corresponds approximately to the sum of the rate constants of the elementary reaction 

channels (Figure 11b). As the pressure increases, k�R� W4�   is higher than kR W4 + kR W5 , and lower than 

 kR W1 + kR W4 + kR W5, showing no oscillations thanks to the implicit inclusion of the reactivity of other 

intermediate channels. At higher temperatures where intermediates W1  and W4  are kinetically and 

thermodynamically unstable, k�R� W4�  becomes equal to kR W5, as expected. Additional comparisons are found 

in Figure S2 of the SM. The removal of the observed oscillatory behavior may also be obtained with the 

recently introduced WellExtension keyword in mess input, which also allows extending the wells 

thermodynamic stability to the full range of temperatures. This produces a considerably different 

composition of the isomer pool W1 + W4 + W5 , especially at higher temperatures. The reason for this 

behavior is that in the original simulations, at high temperatures W5 is actually a combination of W1 + W4 +

W5, as explained more extensively in Section S2 of the SM. Therefore, the resulting lumped rate constants 
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k�R� W4�  and k�W4�  P�J  show excellent agreement with the lumped rate constants presented above, having 

discrepancies below 15%. Few exceptions of differences up to 50% at higher temperatures regard minor 

product channels. This result further supports and validate the approach presented in this work. 

Finally, it is worth mentioning the implications of including this set of reactions in a target global kinetic 

scheme. Secondary reactivity of newly introduced pseudospecies should be considered, such as H-atom 

abstraction reactions on C5H6O isomers (W4� ) to form P3�  and P2� . The corresponding rate constants may be 

approximated according to the αLof the constituents of the pseudospecies: k�Habs,W4� = ∑ αLkHabs,LL  (αL are 

reported in the folder C5H5OH/branchings of the SM). Furthermore, unimolecular decomposition of C5H5O 

(i.e. P3 and P2� ) is relevant to the oxidation kinetics of C5H6, as highlighted by Ghildina et al. [46]. This requires 

lumping C5H5O PES [46] keeping the consistency of species common to both mechanisms (i.e. P2, P3, P5), as 

exemplified in the next example (Section 3.3) for C10H10 and C10H9 PESs. 

3.3 C10H10 and C10H9 

The detailed kinetic mechanism of C10H10 and C10H9 PESs by Long et al. [33] is constituted of 328 reversible 

reactions and 31 species. MEL was applied to the two interconnected PESs, reducing the kinetic mechanism 

to 33 irreversible reactions involving 8 pseudospecies; further elimination of all C10H9 isomers, which were 

found to be extremely reactive, resulted in only 4 lumped reactions involving 3 pseudospecies. The detailed 

and lumped rate constants were then included in the CRECK kinetic model [34] together with approximate 

H-atom abstraction reactions for additional validation of the lumped mechanism, obtaining excellent results.

Because of its illustrative purposes, we limit the study to the rates at p=1 atm. 

Figure 12 shows a schematic representation of the two PESs (reproduction of the original PESs in Figures S3-

5). The recombination of two cyclopentadienyl radicals produces 16 C10H10 isomers. The prototype structures 

of the most stable wells, i.e. fulvalanes (6 species) and azulanes (8 species), are shown in Figure 12. Overall, 

C10H10 PES has 23 species and its reactivity is described by 238 reversible reactions. The original work [33] 

proposes that H-atom abstraction reactions on C10H10 are more relevant to the formation of C10H9 radicals 

(fulvanalyls and azulanyls) than bond-fission reactions at intermediate-to-low temperatures. C10H9 isomers 
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then decompose via isomerization and beta-scission reactions to fulvalene, azulene, and naphthalene. C10H9 

PES has 14 species (6 in common with C10H10 PES) and its detailed mechanism has 90 reversible reactions. 

  

Figure 12: Scheme of the main reaction channels of the C10H10 and C10H9 PESs investigated by Long et al. [33]. Red names in italics 

indicate accumulating species, and names with ~ indicate pseudospecies. 

The lumping of C10H10 PES starts from the selection of accumulating isomers. The reactivity of bimolecular 

reactants and the steady-state composition of the isomer pool allows eliminating three species. 

Cyclopentadienyl constitutes a single pseudospecies. C10H10 isomers are grouped into fulvalanes ( T1�  

constituted of 6 wells) and azulanes (T4�  constituted of 8 wells) according to their chemical structure. 

Similarly, bimolecular reactants are lumped into fulvalanyls (N1�  constituted of 3 species) and azulanyls (N7�  

constituted of 3 species). Further lumping of T1�  and T4�  into a single pseudospecies is discouraged by the 

large differences in the associated kIJ (see Fig. 5B in the paper of Long et al. [33]). The possible consequences 

of this incorrect choice are discussed in the SM (Figure S8-9). Concerning pseudospecies composition, steady-

state composition was used as guess for αL0 of pseudospecies T1�  and T4� . The guess for αL0 of N1�  and N7�  was 

instead derived from the simulations of T1�  and T4�  reactivity, namely the main respective sources of the 

selected bimolecular products. Convergence of the final αL  (provided in folder 

2C5H5/2PES/C10H10/branchings of the SM) was reached with less than 10 iterative simulations of the full 

detailed mechanism for each lumped reactant. It is noted that the reactivity of T1�  depends only slightly on 
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the initial composition of the isomer pool αL0. In fact, isomerization reactions within T1�  are significantly faster 

than decomposition reactions, such that T1�  reaches its steady-state composition much earlier than the initial 

cutoff time marking 1% of reactant consumption. MEL reduces the mechanism for C10H10 PES from 23 species 

and 238 reversible reactions to 5 pseudospecies and 23 forward reaction channels. The plots of Figure 13 

show the excellent results of MEL application to this case: simulation profiles obtained with the detailed and 

lumped kinetic models are almost superimposed. 

 

Figure 13: Comparison between the performances of the detailed (solid lines) and lumped (dashed lines) mechanisms in the 1000-

1900 K range of the reactivity of pseudospecies 𝐶𝐶5𝐻𝐻5�  a), 𝑁𝑁1�  b), 𝑇𝑇1�  c), and 𝑇𝑇4�  d). Complete plots are provided in the SM 

(2C5H5/2PES/C10H10/plots_validation). 

The lumping of C10H9 PES was performed independently of C10H10 PES. Nevertheless, fulvalanyls and azulanyls 

pseudospecies (N1� and N7� ) are common to both PESs, hence their lumping should be consistent. Preliminary 

simulations determined four non-accumulating isomers (see Figure S7 of the SM). Fulvalene, azulene and 

naphthalene were included as single unmerged pseudospecies. The remaining accumulating species were 

merged according to their chemical structure. N7�  has the same components as in C10H10 PES, and is mostly 

a)

b)

c)

d)

Detailed mech.
Lumped mech.



























30 
 

constituted of N7b , like in the former PES. The behavior of fulvalanyl group shows instead significant 

discrepancies with N1�  of C10H10 PES. In fact, not only the isomer pool composition is different, but the correct 

reproduction of the profiles of the detailed mechanism requires the inclusion of one further species absent 

in the C10H10 PES (N2 in Figure 12 and Figure S7). The consistency of this choice was verified with kinetic 

simulations of the C10H9 lumped model in comparison with profiles of the detailed mechanism starting from 

N1�  composition derived in C10H10 PES. The performances of the two models are almost identical, as shown in 

the SM (2C5H5/2PES/C10H9/plots_validation/N1N7_from _C10H10). 

Overall, MEL application to C10H9 PES decreases the size of the associated mechanism from 14 species and 

90 reversible reactions to 5 species and 20 irreversible reactions, further reduced to 13 when neglecting 

minor channels. Figure 14 reports comparisons between the detailed and lumped model performances for 

some pseudospecies: the profiles obtained are almost indistinguishable, supporting the accuracy of the 

proposed approach.  

 

Figure 14: Comparison between the performance of the detailed (solid lines) and lumped (dashed lines) mechanisms in the 1100-

1800 K range of the reactivity of pseudospecies 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴�  a), 𝐹𝐹𝐴𝐴𝐹𝐹𝐴𝐴𝐴𝐴�  b), 𝑁𝑁1�  c), considering the full reactivity (no infinite sink species). 

Pseudospecies composition and the complete plots are provided in the SM (2C5H5/2PES/C10H9/branchings and plots_validation). 

Finally, the new rate constants were integrated into the CRECK kinetic model [34]. Both cyclopentadienyl 

(C5H5) and naphthalene (C10H8) were already present in the target kinetic scheme, whereas the remaining 6 

pseudospecies were added as FC10H10 (T1� ), AC10H10 (T4� ), FC10H9 (N1� ) and AC10H9 (N7� ), Flvln (Flvln� ) and Azln 

(Azln�). Their thermodynamics corresponds to that of the most stable isomer constituting the pseudospecies. 

H-atom abstraction reactions on FC10H10 and AC10H10 by the main radicals were introduced using analogy 

rules from cyclopentadiene. We then simulated available experimental data of cyclopentadiene pyrolysis 
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[47–49] with the target model updated with both the detailed kinetic mechanism and its lumped version. 

AC10H10, all C10H9 isomers, azulene and fulvalene do not accumulate in relevant fractions in any of the cases 

tested, highlighting fast decomposition of C10H10 to naphthalene+2H and suggesting that the C10H9 reactivity 

may be entirely neglected. Hence, a further reduction was performed: C10H10 PES was lumped considering 

only FC10H10 (T1� ) and a single group of C10H9+H bimolecular reactants (details in Section S4 of the SM and in 

folder 2C5H5/1PES). C10H9+H were always considered as infinite sinks due to fast decomposition to products. 

Replacing C10H9+H with C10H8+2H in the final model allowed complete removal of C10H9 isomers. The final 

lumped mechanism consists of only 3 species and 4 k� ĨJ̃, an impressive reduction with respect to the full 

detailed mechanism of 31 species and 656 kIJ . The performances of this lumped mechanism are almost 

identical to the first lumped version of 8 species and 33 reactions. Figure 15 shows experimental data of C5H6 

pyrolysis in a PFR in comparison with model performances of the original CRECK kinetic model, and of the 

model updated with the reactivity of C10H10/C10H9 PESs [33]. The simulation profiles of the lumped and 

detailed kinetic schemes are almost superimposed, supporting the validity of our approach. Figures S10-12 

in Section S5 of the SM show the validation with other sets of experimental data. 

 

Figure 15: Experimental data of C5H6 pyrolysis in a plug flow reactor [47] compared to the profiles obtained from kinetic simulations 

of CRECK kinetic model [34], of updated detailed C10H10/C10H9 reactivity from Long et al. [33] (31 species, 656 reactions), and of 

updated lumped reactivity (2PES: 8 species, 33 reactions; 1PES: 3 species, 4 reactions). 
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4. Conclusions and future perspectives

In this work we introduce master-equation based lumping (MEL), the first systematic approach specifically 

designed to process rate constants derived from master equation simulations and integrate them into global 

kinetic schemes. Our methodology addresses two main issues: first, the introduction of several intermediate 

species often unnecessary to the macroscopic representation of the reactivity. Second, discontinuities in rate 

constants and number of species originating from reactions involving intermediates whose lifetime is 

comparable to the rovibrational relaxation timescale for ME models that use the well merging methodology, 

as well as dependence of rate constants on the entrance well that are found when other approaches are 

used.  

MEL retains features of lumping methodologies for both ME simulations and global kinetic schemes. The 

main idea is similar to chemical lumping of unimolecular reactions: a simple ODE system of equations 

describing time evolution of species concentration according to a detailed mechanism is reduced to an 

equivalent lumped system of a smaller set of pseudospecies. Pseudospecies may be constituted of either 

unmerged or multiple merged species of the ME mechanism. The derivation of lumped rate constants for 

pseudospecies is instead inspired by the solution procedure of the non-conservative ME: simulations are run 

for each pseudospecies imposing that all products are non-reactive, so that the reactant decays 

exponentially. Differential fits of the profiles of products concentration allow obtaining lumped rate 

constants. The constituents of pseudospecies are selected according to their stability, chemical structure, 

and reactivity: highly reactive species not accumulating significantly in the system are not included in the 

lumped mechanism and the composition of each merged pseudospecies is derived iteratively such that it 

remains approximately constant in time. The final lumped mechanism may be further optimized considering 

kinetic simulations of the full system reactivity. All the operations listed above are performed with an in-

house Python code relying on OpenSMOKE++ [43] and OptiSMOKE++ [44,45] for kinetic simulations and 

optional mechanism optimization, respectively. 

The approach proposed has several advantages. Firstly, contrary to most chemical lumping approaches, it 

allows both species elimination and merging of species with similar structure and reactivity. Secondly, it does 
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not require any experimental data, hence the applicability range of the mechanism corresponds to that of 

ME simulations. Thirdly, it includes both bimolecular and unimolecular reaction channels. Future 

developments of MEL include full automatization of pseudospecies selection and lumping of multiple PESs. 

The validity of MEL is supported by three cases of application with increasing complexity. Lumping of the 

CH3COOH PES shows how to remove a non-accumulating intermediate from the mechanism, still retaining 

implicitly its reactivity. The main challenges of including the reactivity of the C5H5+OH PES into a global kinetic 

scheme are the limited range of validity of the rate constants of the detailed mechanism, mostly related to 

the partial stability of the wells, and their strong non-Arrhenius behaviors. We solve these issues by lumping 

together isomers with similar reactivity, obtaining very similar performances of the lumped and detailed 

mechanisms. MEL thus extends the validity range of the resulting rate constants and eliminates their 

oscillatory behavior. Finally, lumping C10H10 and C10H9 PESs allows decreasing dramatically the initial set of 31 

species and 328 reversible reactions to only 3 pseudospecies and 4 irreversible reactions, achieving excellent 

performances of the lumped kinetic mechanism. The integration of both the detailed and the lumped rate 

constants into an existing global target kinetic scheme also considered the secondary reactivity of 

pseudospecies. The almost identical profiles of kinetic simulations of real experimental data obtained with 

the detailed and lumped kinetic models fully support the validity of our approach. 

MEL approach constitutes an important step towards the systematic and rigorous integration of AITSTME-

derived rate constants into global kinetic schemes, effectively bridging the gap between the needs of kinetic 

model parameters of increasing accuracy and the necessity of producing predictive, reliable, physically 

meaningful, manageable and human readable kinetic models. The same methodology can be used to process 

existing kinetic models rather than ME outputs, for example lumping complex chemical kinetics such as those 

involved in low temperature combustion of alkanes, as will be reported in upcoming publications.  

Supplementary Material 

• SM.docx: Additional information and plots of the lumping procedure in the cases tested.
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• Folders CH3COOH.zip, C5H5OH.zip, 2C5H5.zip containing simulation input profiles, plots, and kinetic

mechanisms of the lumping cases analyzed in this work. Detailed description of the contents of the

folder is provided in Section S1.
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