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 A B S T R A C T

Heterogeneous beam-like structures are commonly represented by equivalent one-dimensional 
models to allow efficient structural analyses and reduced-order simulations. When the hetero-
geneity is distributed periodically along the beam axis, however, the determination of consistent 
effective properties remains challenging, especially for complex geometries and thin-walled 
configurations modeled with either three-dimensional solid or shell elements. This work presents 
a finite-element framework for the characterization of periodic straight beams based on a 
representative axial cell. The approach provides the full effective beam stiffness matrix and 
the associated inertial quantities, while remaining solver-agnostic and directly applicable to 
standard finite-element models.

The method is assessed against benchmark periodic structures from the literature, including 
sandwich beams with periodic cores, thin-walled box beams with and without transverse ribs, 
and an unsymmetrical corrugated-strip-core sandwich beam providing direct comparisons of 
transverse-shear and torsional stiffness characteristics. For the thin-walled box-beam configura-
tions, both three-dimensional and shell-based characterizations are considered. The method is 
assessed against benchmark periodic structures from the literature, including sandwich beams 
with periodic cores and thin-walled box beams with and without transverse ribs. For the latter 
class, both three-dimensional and shell-based characterizations are considered.

The framework is then applied to a spar-like embossed C-section representative of lightweight
aerostructural layouts. Effective properties obtained from a single periodic cell are used to define 
an equivalent one-dimensional beam model, and the resulting response is compared against 
detailed finite-element simulations. A rectangular perforated periodic solid beam provides a 
complementary free–free modal assessment. The results show that the proposed framework 
captures the dominant constitutive terms and reproduces the global static response and low-
frequency beam-like dynamics of the reference structures, while preserving the flexibility 
needed for complex periodic geometries.

. Introduction

Beam-like structures with periodic heterogeneity along the span are encountered in many engineering applications, including 
andwich members with repeated cores, ribbed and stiffened thin-walled components, corrugated structural parts, and lightweight 
erostructures with recurring internal details. Although these systems are inherently three-dimensional, their global response is often 
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governed by one-dimensional kinematics. This motivates the construction of equivalent beam models that retain the effect of the 
periodic architecture while allowing efficient structural analyses, design studies, and reduced-order simulations.

The main difficulty is that, for periodic straight beams, the representative entity is no longer an isolated cross section. Geometry, 
thickness, and internal reinforcement vary along the beam axis, so the characterization must be performed on an axial cell rather than 
on an isolated section. As a consequence, classical section-only procedures are not directly sufficient, and the reduced constitutive 
description must account for the three-dimensional nature of the periodic cell from which the beam properties are inferred.

A substantial body of literature has addressed this problem through asymptotic homogenization and computational unit-cell 
procedures for periodic beam-like structures. The asymptotic foundations for spanwise-periodic beams were established in particular 
by Buannic and Cartraud [1,2]. Later computational implementations demonstrated that these ideas can be effectively transferred 
to representative-cell finite-element (FE) workflows [3–5].

Recent developments have established three-dimensional axial-cell formulations capable of identifying fully coupled shear-
deformable beam constitutive laws for structures with spanwise-periodic heterogeneity [6–8]. The present work focuses on a 
matrix-based unit-cell reduction workflow that operates directly on assembled finite-element stiffness and mass matrices, treats 
solid and conventional shell discretizations within the same handle-based formulation, and transfers both constitutive and actual 
unit-cell inertial properties to same-length beam elements used in static and low-frequency modal models.

The approach builds on a previously developed matrix-based characterization strategy for beam-like structures [9] and its 
shell-oriented extension [10], but it is presented here in a self-contained form specialized to the periodic setting. The algebraic 
ingredients inherited from the previous developments are the matrix-based substructuring and condensation procedure, the handle 
representation of beam kinematics, and the energy-equivalent identification of stiffness and inertial properties. The related shell 
extension provides the corresponding treatment of interface translational and rotational degrees of freedom. The specific contribution 
of the present work is the combined formulation and assessment of these ingredients in the axial-periodic setting. The resulting 
workflow operates directly on assembled finite-element stiffness and mass matrices, provides a common handle-based treatment of 
solid and conventional shell interfaces, and transfers both constitutive and actual inertial properties to equivalent beam models for 
static and low-frequency dynamic analyses. In this setting, the characterization domain is no longer an isolated cross section or a 
prismatic beam segment, but a finite three-dimensional cell bounded by two end interfaces.

Within this scope, the contributions of the paper are: (i) a two-end, handle-based formulation for extracting the full equivalent 
beam constitutive matrix from an axially periodic finite-element cell; (ii) a common characterization workflow for solid and shell 
cell models based only on their assembled stiffness and mass matrices and interface definitions; (iii) the evaluation of the resulting 
constitutive and inertial properties against literature benchmarks and genuinely spanwise-heterogeneous solid and thin-walled 
configurations; and (iv) the predictive use of these properties in equivalent one-dimensional static and low-frequency modal models. 
The numerical assessment also examines the sensitivity of the identified properties to alternative cell cuts and to the number of 
repeated periods included in the characterization domain.

The scope of the present study is deliberately focused on response regimes that can be described consistently by equivalent 
one-dimensional beam properties, including quasi-static loading conditions and low-frequency dynamics governed by the first 
global deformation modes. Other lines of research address high-frequency wave propagation [11], dispersive effects in periodic 
structures [12], and dynamic homogenization based on frequency-dependent formulations [13,14]; these topics are not considered 
in the present framework.

Likewise, the issue of cut dependence is discussed from a practical perspective through alternative periodic-cell selections, with 
emphasis on the observation that the dominant constitutive terms remain close while the more sensitive differences are associated 
with comparatively small coupling terms.

The remainder of the paper is organized as follows. Section 2 reviews the main lines of research on periodic beam characterization 
and clarifies the positioning of the present contribution. Section 3 presents the FE characterization framework for periodic straight 
beams and summarizes the main implementation ingredients inherited from the previously developed substructuring and shell-
based formulations. Section 4 introduces the benchmark configurations and the numerical setup. Section 5 discusses validation 
results against the literature, including shell-versus-solid comparisons. Section 6 presents the spar-like periodic structure and the 
corresponding effective properties. Section 7 compares the resulting equivalent one-dimensional model with full three-dimensional 
simulations. Final remarks and perspectives are collected in Section 8.

2. Literature review on periodic beam characterization

The literature on periodic beam-like structures can be organized around three main lines: formal asymptotic homogenization of 
spanwise-periodic media, computational procedures that turn those ideas into FE workflows on a representative cell, and adjacent 
reduced-order beam methodologies that help delimit the range of applicability of equivalent one-dimensional models. A first line 
of work is the asymptotic homogenization of periodic heterogeneous beams. Earlier asymptotic developments for periodic beam-
like media can be traced back to Kolpakov [15]. The formulations developed by Buannic and Cartraud [1,2] provide a clear 
decomposition of the original three-dimensional elastic problem into a microscopic cell problem and a macroscopic beam problem, 
obtained through separation of scales.

These contributions are foundational because they establish a rigorous route from a spanwise-periodic three-dimensional 
structure to an equivalent beam constitutive law. They also clarify the role of the periodic cell and of the associated boundary 
conditions in the interior asymptotic solution. Their main limitation, from a practical implementation viewpoint, is not conceptual 
but operational: direct use of the formal asymptotic setting can become cumbersome for complex engineering cells and for workflows 
2 
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built around standard FE models. A second line of work concerns computational homogenization procedures that preserve the spirit 
of the asymptotic framework while making the characterization directly usable in FE practice. In this respect, the contribution of 
Cartraud and Messager [3] is particularly significant, because it provides a coherent formal beam homogenization and representative-
cell FE computation. Dizy et al. pushed this engineering perspective further by embedding the homogenization process in a 
standard Abaqus environment [4]. Their implementation covered the full chain: scripted model generation, enforcement of periodic 
constraints, application of loading states, and post-processing of the effective properties. Yi et al. likewise emphasized the use of 
commercial FE software as a black box, showing that periodic-beam homogenization can be carried out on complicated cells without 
developing ad hoc solvers [5]. The same work also discusses finite-period effects in sandwich structures. Taken together, these 
studies demonstrate that FE unit-cell homogenization is mature enough for realistic applications, while also revealing recurring 
implementation issues such as the handling of different discretization technologies, the extraction of the desired constitutive 
quantities, and the cost of full solid models.

More recent contributions have clarified important aspects of shear-deformable periodic-beam homogenization. Lu et al. [7] 
showed that conventional periodic boundary conditions applied to a beam RVE may be mechanically inconsistent when nonzero 
transverse shear is present, because equilibrium requires the corresponding bending moments to vary along the axial direction. 
They introduced physically consistent boundary conditions and a modified Hill condition that account for this bending-moment 
redistribution.

Han et al. [6] subsequently proposed a unified equilibrium-based formulation for periodic shear-deformable beams and plates. 
For beams, the RVE displacement field is represented through rigid-body, constant-strain, linear-strain, and periodic-warping 
contributions. Kinematic compatibility, interface equilibrium, and energetic equivalence then yield the warping field and a fully 
coupled 6 × 6 sectional constitutive matrix. This formulation is particularly close to the present work in its explicit use of equilibrated 
generalized resultants and the associated affine variation of bending moments under constant transverse shear.

A methodologically distinct route was developed by Liu et al. [8] within the Mechanics of Structure Genome framework. Starting 
from a three-dimensional periodic structure genome, the method decomposes the original three-dimensional elasticity problem into a 
microscale structure-genome analysis and a macroscale one-dimensional beam analysis through a variational-asymptotic reduction 
of the strain energy. Periodicity is imposed on the fluctuating functions at the two end surfaces of the structure genome. The 
resulting asymptotic strain-energy expression is then transformed into an effective Timoshenko form using the macroscopic beam 
equilibrium equations, yielding a fully populated 6 × 6 stiffness matrix. The fluctuating functions are subsequently used to recover 
local three-dimensional displacement, strain, and stress fields from the macroscopic beam solution. For spanwise heterogeneity, this 
procedure requires a three-dimensional structure genome rather than the two-dimensional cross-sectional genome appropriate to an 
axially uniform beam.

The formulations of Han et al. [6] and Liu et al. [8] therefore share important capabilities, including the identification of a fully 
coupled beam constitutive matrix and the recovery of local three-dimensional fields. Both also employ equilibrium and energetic 
arguments. Their distinction lies in the primary reduction procedure. Han et al. start from the polynomial RVE deformation modes 
generated by self-equilibrated generalized resultants, without relying on an asymptotic expansion, and determine the warping and 
sectional compliance matrices by imposing interface compatibility, local and global equilibrium, and energetic equivalence. Liu et al. 
instead start from the MSG kinematics and a variational-asymptotic reduction of the three-dimensional strain energy in terms of 
periodic fluctuating functions; the resulting higher-order energy is subsequently recast in terms of Timoshenko beam strains using the 
macroscopic equilibrium relations. The distinction is thus methodological rather than associated with the final constitutive matrix 
or local-field-recovery capabilities.

A related class of implementation-oriented numerical homogenization procedures operates directly on finite-element stiffness 
matrices and identifies reduced structural properties through strain-energy equivalence. Staszak et al. [16] condensed shell models 
of thin-walled beams with periodic perforations to obtain equivalent beam stiffness characteristics, and subsequently applied the 
same general approach to quantify the stiffness reduction caused by local geometric imperfections [17]. Closely related matrix-
based procedures have also been used to identify membrane, bending, and transverse-shear stiffnesses of corrugated-core sandwich 
panels [18], and to replace mixed solid–truss models of prefabricated composite slabs by equivalent shell models [19]. Although the 
latter applications target plate or shell reductions rather than one-dimensional beams, they illustrate the broader use of condensed 
finite-element matrices and energetic equivalence for effective-property identification in geometrically complex structural members.

A third, related line includes beam-reduction methodologies that are not focused specifically on spanwise periodicity, but are still 
relevant because they define alternative ways of deriving one-dimensional models from higher-dimensional descriptions. Variational 
asymptotic beam formulations and the associated VABS framework perform a two-dimensional analysis on the beam cross section, 
coupled with a one-dimensional macroscopic beam problem. They have been highly successful for anisotropic and composite 
members that can be characterized section by section [20], but are conceptually distinct from three-dimensional axial-cell methods 
required when geometry, material distribution, or reinforcement changes within a period. Extensions of variational-asymptotic 
reduction toward spanwise-varying configurations have been developed through beam-wise and three-dimensional structure-genome 
formulations [8,21].

Closely related high-fidelity strategies based on fundamental-state or homogenization-inspired beam descriptions have also been 
proposed, for example, by Kennedy and Martins [22]. Black-box implementation-oriented strategies have likewise been developed 
in the broader homogenization setting in order to leverage commercial solvers directly [23]. Other families, such as state-space, 
transfer-matrix, or symplectic approaches, are particularly informative for finite periodic structures and for the interpretation of 
Saint-Venant-type solutions [24,25]. Finally, enriched continua have been proposed for lattice-like periodic beams when additional 
3 
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Fig. 1. Definition of the finite-element unit cell and its end interfaces. The current period, selected as the unit cell, is highlighted in cyan. 
Interface 𝑅1 is highlighted in red in panel (a), which also shows the next period, while interface 𝑅2 is highlighted in green in panel (b), which 
also shows the previous period.

generalized transmission mechanisms must be represented explicitly [26]. Although the present study does not exactly address the 
same problem, these contributions are still relevant because they provide important methodological context.

Viewed together, the existing literature shows that both three-dimensional periodic-cell analysis and the identification of fully 
coupled beam constitutive matrices are established capabilities.

The relationship with the equilibrium-based formulation of Han et al. [6] can be stated more precisely. Both formulations 
enforce the beam-equilibrium relation between constant transverse shear forces and affine bending moments and eliminate the 
internal finite-element variables by static condensation. Thereafter, however, the reductions are organized differently. Han et al. 
determine the periodic nodal warping and sectional compliance matrices through coupled macro-meso compatibility, equilibrium, 
and energetic-equivalence equations. Their finite-element development assumes solid or solid-shell nodes carrying three translational 
degrees of freedom. The present implementation instead decomposes each of the two end interfaces into six rigid-handle variables 
and complementary deformation modes, condenses the latter, and identifies the equivalent compliance from the responses to six 
beam-equilibrated generalized load states. This handle construction also accommodates conventional shell nodes carrying both 
translational and rotational degrees of freedom. Moreover, the assembled mass matrix is reduced within the same framework to 
identify the actual unit-cell inertial properties. The resulting constitutive and inertial quantities are transferred to same-length beam 
elements and assessed not only in static analyses but also in low-frequency dynamic problems through direct comparisons of natural 
frequencies and mode shapes. Shell-element handling is thus one component of a broader stiffness-and-inertia characterization and 
reduced-model validation workflow.

Against this background, the present study is positioned as a unit-cell-based, implementation-oriented reduction procedure. The 
assembled stiffness and mass matrices of a physical periodic unit cell are reduced to two beam handles, and the unit cell is replaced 
by an equivalent beam element of the same length. Constitutive and actual inertial properties of the unit cell are obtained within one 
workflow, using either solid elements or conventional shell elements with translational and rotational interface degrees of freedom. 
The resulting properties are then assessed directly in finite static and low-frequency modal models. In the recent formulations 
discussed above, the reported applications focus primarily on stiffness homogenization, static response, and local-field recovery 
rather than on this combined unit-cell inertial characterization and modal validation.

3. Finite-element characterization of periodic straight beams

3.1. Finite-element unit cell and model partition

The beam characterization is performed on a finite-element unit cell spanning one complete geometric period, whose axial 
length 𝐿𝑐 coincides with the adopted period of the structure. The unit cell is discretized using an FE model and is bounded by two 
cross-sectional end interfaces orthogonal to the beam axis and consistent with the periodic pattern of the beam, and thus identical 
in geometry, structural properties, and discretization. This also allows the handle kinematics at the two ends to be defined through 
the same local construction, once the interface degrees of freedom are ordered consistently. The term characterization domain is 
used below for the more general finite-element domain containing one or more consecutive periods; in the standard case considered 
here, it coincides with the unit cell. As shown in Fig.  1, the sets of interface degrees of freedom associated with these two end 
interfaces are denoted by 𝑅1 and 𝑅2, consistently with the notation adopted in [9]. In the present context, 𝑅1 and 𝑅2 play a double 
role. On the one hand, they are the two handles through which the macroscopic beam states are imposed on the FE model of the 
unit cell. On the other hand, their associated reference points define the endpoints of the equivalent one-dimensional beam element 
corresponding to the characterized period.
4 
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After assembly, the FE degrees of freedom of the unit cell are partitioned into interface and internal subsets. Collecting the 
variables associated with the two handles into a single interface vector, the global displacement vector is written as 

𝐮 =
[

𝐮𝑅
𝐮𝐿

]

, 𝐮𝑅 =
[

𝐮𝑅1
𝐮𝑅2

]

, (1)

where 𝐮𝑅1
 and 𝐮𝑅2

 collect the interface degrees of freedom on the two end sections, while 𝐮𝐿 contains all remaining internal degrees 
of freedom of the unit cell. With the same partition, the linear elastic FE model is described by 

[

𝐊𝑅𝑅 𝐊𝑅𝐿
𝐊𝐿𝑅 𝐊𝐿𝐿

] [

𝐮𝑅
𝐮𝐿

]

=
[

𝐟𝑅
𝟎

]

, (2)

where no external loads are applied to the internal set in the characterization problems. Statically eliminating the internal degrees 
of freedom yields the reduced interface stiffness matrix 

𝐊𝐵𝐵 = 𝐊𝑅𝑅 −𝐊𝑅𝐿𝐊−1
𝐿𝐿𝐊𝐿𝑅. (3)

In the practical implementation, the same reduced interface operators can also be obtained within a component mode synthesis 
framework, retaining the interface variables explicitly. This corresponds to the classical fixed-interface component mode synthesis 
setting introduced by Craig and Bampton [27], which builds on the broader component-mode perspective already established by 
Hurty [28]. In the following, 𝐊𝐵𝐵 denotes the reduced stiffness associated with the retained interface description of the periodic 
unit cell. From this viewpoint, the present formulation combines the interface-centered characterization developed in the previous 
work with a standard substructuring reduction framework [9,27].

In practical use, the solver-dependent part of the workflow is limited to the generation of the finite-element input data. The 
user defines the mesh and material properties of the periodic unit cell, identifies the nodes and active degrees of freedom belonging 
to the two end sections 𝑅1 and 𝑅2, and exports the assembled stiffness and mass matrices, together with the mesh information 
required to associate their rows and columns with the finite-element degrees of freedom. The native matrix format is solver-specific 
and is handled through an import step. All subsequent operations, including matrix partitioning, condensation, construction of the 
handle kinematics, and extraction of the effective stiffness and inertial properties, are independent of the finite-element solver. The 
workflow has been exercised with Abaqus, CalculiX, and Code Aster; other solvers, such as Nastran, can be used provided that the 
assembled matrices and the corresponding degree-of-freedom and interface mappings are accessible.

After the finite-element data have been imported, the characterization follows the matrix-based sequence developed in [9] and 
extended to shell discretizations in [10]: the degrees of freedom are partitioned into internal and end-interface sets, the internal 
and complementary interface variables are condensed, the rigid handle kinematics are introduced, and the equivalent constitutive 
and inertial properties are extracted. The present work applies this sequence to the two end interfaces of an axial periodic cell; the 
cell-specific definitions and equations required for this application are given in this section.

3.2. Handle kinematics and generalized beam variables

The interface motion of the periodic unit cell is described by introducing one reference point for each handle, namely one point 
associated with 𝑅1 and one with 𝑅2. In the equivalent one-dimensional description, these two points are the start and end nodes of 
the beam element associated with the characterized unit cell. Let 

𝐪𝑅𝑖
∈ R6, 𝑖 = 1, 2, (4)

denote the vector collecting the generalized rigid variables of handle 𝑅𝑖, namely the three translations and three infinitesimal 
rotations of its reference point. The displacement field on each handle is decomposed into a beam-consistent rigid contribution and 
a complementary deformation field accounting for local warping, 

𝐮𝑅𝑖
= 𝐇𝑖 𝐪𝑅𝑖

+ 𝐂𝑖 𝐪𝑑𝑖 , 𝑖 = 1, 2, (5)

where matrix 𝐇𝑖 collects the rigid-body motion shapes associated with the reference point of handle 𝑅𝑖, vector 𝐪𝑑𝑖  contains the 
amplitudes of the complementary interface deformation modes, and matrix 𝐂𝑖 spans the corresponding deformation space, with 
𝐇𝖳

𝑖 𝐂𝑖 ≡ 𝟎 and [𝐇𝑖 𝐂𝑖] square and full rank. Since the two end sections of the periodic unit cell are identical in geometry, structural 
properties, and discretization, and since the reference points 𝐩10  and 𝐩20  are chosen at the same relative location of the corresponding 
sections, the same local construction can be adopted on both handles; after consistent ordering of the interface degrees of freedom, 
one therefore has 𝐇1 ≡ 𝐇2 and, accordingly, 𝐂1 ≡ 𝐂2. In practice, 𝐂𝑖 is obtained as an orthonormal basis of the null space of 𝐇𝖳

𝑖 , 
for instance from a QR factorization or from the singular value decomposition of 𝐇𝑖.

Stacking the two handles gives 

𝐮𝑅 =
[

𝐇1 𝟎
𝟎 𝐇2

]

⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟
𝐇

[

𝐪𝑅1
𝐪𝑅2

]

⏟⏟⏟
𝐪𝑏

+
[

𝐂1 𝟎
𝟎 𝐂2

]

⏟⏞⏞⏞⏟⏞⏞⏞⏟
𝐂

[

𝐪𝑑1
𝐪𝑑2

]

⏟⏟⏟
𝐪𝑑

. (6)

This decomposition is common to both solid and shell discretizations. For completeness, the shell-specific interface kinematics 
required by the present formulation are summarized below, including the treatment of nodal rotations and the corresponding rigid 
interpolation blocks. A detailed derivation and validation of the shell-oriented characterization procedure are provided in [10].
5 
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The main differences between the two model classes are reflected in the construction of the rigid interpolation matrices 𝐇𝑖, in 
the definition of the admissible complementary spaces 𝐂𝑖, and in the resulting warping content of the interface motion, which in 
the shell-based case also accounts for nodal rotational degrees of freedom of the FE model. The overall identification procedure, 
however, remains unchanged.

For interface nodes carrying displacements only, as in a standard solid discretization, the node-level block of the rigid 
interpolation associated with node 𝑗 on handle 𝑅𝑖 is 

𝐇(solid)
𝑖𝑗

=
[

𝐈 −
(

𝐩𝑖𝑗 − 𝐩𝑖0
)

×
]

, 𝐇(solid)
𝑖𝑗

∈ R3×6, (7)

where 𝐩𝑖0  is the reference point of the handle and 𝐩𝑖𝑗  is the position of node 𝑗 on the same interface section, with 𝐩𝑖𝑗 −𝐩𝑖0 =
[

0 𝑦𝑗 𝑧𝑗
]𝖳

when the beam axis is parallel to axis 𝑥1.
For shell interface nodes, which carry both translational and rotational variables, the corresponding block also accounts for nodal 

rotations in the last block row, becoming 

𝐇(shell)
𝑖𝑗

=

[

𝐈 −
(

𝐩𝑖𝑗 − 𝐩𝑖0
)

×
𝟎 𝐈

]

, 𝐇(shell)
𝑖𝑗

∈ R6×6. (8)

The generalized variables of the equivalent beam element can be described either in nodal form, through the end variables 

𝐪𝑏 =
[

𝐪𝑅1
𝐪𝑅2

]

, (9)

or in constitutive form through the generalized strain vector 
𝐞 =

[

𝜖1 𝛾2 𝛾3 𝜅1 𝜅2 𝜅3
]𝖳 . (10)

For a unit cell of length 𝐿𝑐 , the generalized strain state defines the relative beam-consistent motion between the two handles. The 
rigid contribution in Eq. (6) represents this beam motion, while the complementary term accounts for the local warping required 
by the detailed FE model to comply with local equilibrium and compatibility.

3.3. Equilibrated generalized load states and compliance identification

The present procedure does not impose conventional nodal periodic boundary conditions between the two end sections. Instead, 
it formulates a cell-level static equivalence in which the finite-element unit cell is replaced by an equivalent beam segment of the 
same length. Internal equilibrium and compatibility of the discretized continuum are retained through the assembled finite-element 
equations and the condensation of the internal degrees of freedom. The two end sections are represented by the handles 𝑅1 and 𝑅2, 
which carry the generalized beam motions and their work-conjugate forces and moments. The complementary interface deformation 
modes are determined from the reduced finite-element equilibrium problem, rather than prescribed through an independently 
selected rigid or weighted interface constraint. The generalized resultants at the two handles are related by beam equilibrium along 
the unit cell, as detailed below; in particular, a transverse shear force is accompanied by the corresponding affine variation of the 
bending moment. The complete derivation of this finite-domain equivalence is provided in [9].

The choice of this equilibrium-based end-resultant description is dictated by mechanical consistency with the target beam 
model. At the local level, the assembled three-dimensional finite-element equations enforce nodal equilibrium and displacement 
compatibility, which are retained through condensation. At the global level, the force and moment resultants transmitted across the 
end interfaces are required to satisfy beam equilibrium. The corresponding beam-level kinematic compatibility is intrinsic to the 
handle representation: the translations and rotations of the reference points describe the motion of the beam reference line and the 
orientation of its end sections, while the complementary interface variables account for local warping.

Let the generalized internal resultants at a reference station be defined as 

𝐠𝑅ref
=
[

𝐟
𝐦

]

∈ R6, (11)

where 𝐟 and 𝐦 are the force and moment vectors, respectively. In the absence of distributed loads, global equilibrium implies a 
linear (affine) variation of these resultants along the unit-cell axis, 

𝐠𝑅(𝜉) =
[

𝐈 − (𝜉 − 𝜉ref )𝐓
]

𝐠𝑅ref
, 𝐓 =

[

𝟎 𝟎
𝐞1× 𝟎

]

, (12)

where 𝐞1 is the unit vector along the beam axis (axis 1, without loss of generality). The reduced unit-cell problem is then posed for 
multiple axial placements with respect to the same reference station, enforcing compatibility and the same equilibrated resultant 
set. Solving the resulting linear system for six independent unit generalized load states yields a linear mapping between generalized 
resultants and reduced interface displacements, 

𝐮𝑅 = 𝐗𝐠𝑅ref
, (13)

where the columns of 𝐗 are obtained from the interface responses to the six unit equilibrated load cases. This step follows the same 
compliance-identification logic previously introduced for uniform beam-section characterization [9,10] and here transferred from 
an isolated cross section to a periodic unit cell.
6 
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The virtual strain work of the reduced unit cell can then be written as 
𝛿𝑠 = 𝛿𝐠𝖳𝑅ref

(

𝐗𝖳𝐊𝐵𝐵𝐗
)

𝐠𝑅ref
, (14)

which defines the equivalent compliance matrix 
𝐆 = 𝐗𝖳𝐊𝐵𝐵𝐗, 𝐃 = 𝐆−1. (15)

The matrix 𝐃 is the constitutive matrix of the equivalent beam associated with the periodic unit cell. It collects the axial, shear, 
bending, and torsional stiffnesses, together with any coupling terms induced by the actual geometry and material distribution of 
the periodic cell.

The same algebraic framework is applied independently of whether the unit cell is discretized by three-dimensional solids or 
by shell elements. Once the reduced interface operator and the handle kinematics are defined, the identification of the equivalent 
constitutive matrix follows exactly the same sequence of steps. The inertial characterization is built on the same reduced description 
and is discussed separately in the following section.

3.4. Identification of inertial properties

The inertial characterization is carried out from the reduced boundary mass matrix 𝐌𝐵𝐵 in the same reference frame used for 
stiffness identification. Since the reference points of the two handles are also the end points of the equivalent beam element, the 
reduced inertial description of the unit cell can be recast directly into the standard one-dimensional inertial quantities associated 
with the chosen beam reference line. In particular, the procedure provides the mass per unit length 𝜇, the position of the section 
center of gravity with respect to the selected reference point, and the inertia matrix per unit length referred to the same point.

Following the same handle-based description adopted for stiffness identification, the rigid-body inertia of the reduced unit cell 
is first computed as 

𝐌rb = 𝐙𝖳
rb 𝐌𝐵𝐵 𝐙rb, (16)

where 𝐙rb maps the six rigid-body linear and angular velocity components of a reference end section to the corresponding rigid-body 
motion of both end sections of the unit cell. In other words, the whole periodic unit cell is assumed to move as a rigid body, and 
the reduced mass matrix is projected onto the corresponding interface velocity field. Equating 𝐌rb to the rigid-body inertia of an 
equivalent beam element of length 𝐿𝑐 yields the inertial quantities per unit length [9]: 

𝜇 = 1
𝐿𝑐

𝐌rb(1, 1), (17a)

𝐒 = −𝜇
𝐿𝑐
2

𝐞1 −
1
𝐿𝑐

ax
(

𝐌rb(1∶3, 4∶6)
)

, (17b)

𝐉 = 1
𝐿𝑐

𝐌rb(4∶6, 4∶6) − 𝜇
𝐿2
𝑐
3

𝐞×𝖳1 𝐞×1 +
𝐿𝑐
2

(

𝐒×𝖳𝐞×1 + 𝐞×𝖳1 𝐒×
)

, (17c)

where 𝐞1 is the unit vector along the beam axis, 𝐒 is the first moment vector identifying the position of the section center of gravity 
with respect to the chosen reference point, 𝐉 is the inertia matrix per unit length referred to the same point, and ax(⋅) denotes the 
axial–vector operator associated with a skew-symmetric matrix.

These expressions are fully consistent with the handle-based kinematic description and therefore yield inertial properties referred 
to the same beam reference line used for the constitutive matrix 𝐃. As in the stiffness identification, the procedure is independent 
of whether the periodic unit cell is discretized by three-dimensional solid elements or by shell elements, provided that the reduced 
mass operator and the handle kinematics are consistently defined. The detailed derivation follows the matrix-based formulation 
introduced in the previous characterization work [9] and later extended to shell models [10].

4. Benchmark configurations and numerical setup

The proposed characterization procedure is assessed on three benchmark families drawn from the literature on periodic beams. 
The first comprises sandwich beams with periodic cellular cores, for which the literature primarily reports equivalent bending 
stiffnesses. The second is a thin-walled prismatic box beam with and without transverse ribs, which also permits a direct comparison 
between solid and shell discretizations. The third is an unsymmetrical corrugated-strip-core sandwich beam for which published 
reference results include all six diagonal constitutive coefficients and a nonzero torsion–bending coupling term, thereby providing 
direct validation of transverse-shear and torsional stiffnesses. Together, these benchmarks progressively extend the validation from 
dominant bending properties to multiple principal stiffnesses and a coupled constitutive response.

It is useful to distinguish the prismatic reference configuration from the genuinely spanwise-periodic cases considered in the 
numerical assessment. Only the box beam without ribs is uniform along 𝑥1 and can be represented directly by a single conventional 
cross-sectional model. The perforated sandwich beams, the ribbed box beam, the unsymmetrical corrugated-strip-core sandwich 
beam, the embossed spar, and the rectangular perforated solid beam instead contain geometric features that occupy only part of 
each axial period. Their cross-sectional geometry therefore varies with 𝑥1, and no single fixed two-dimensional section represents the 
complete periodic cell. A conventional cross-sectional analysis may describe individual axial stations or a separately homogenized 
7 
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Fig. 2. Longitudinal 𝑥1-𝑥3 view of one axial period of the sandwich beam with square perforations. The perforated core geometry varies along 
𝑥1.

section, but it does not directly account for the local axial transitions and load-transfer mechanisms contained within the full periodic 
cell.

In all cases, the benchmark geometry and input data are summarized by the figures and tables collected in this section, while 
the comparison of the identified equivalent properties with literature data is deferred to Section 5. Unless otherwise stated, each 
benchmark is characterized by considering a unit cell whose axial length 𝐿𝑐 coincides with the structural period, consistently with 
the methodology introduced in Section 3. The resulting equivalent beam properties are then compared with the values reported in 
the corresponding reference studies.

The quantities shown in the following comparison tables are those for which independent reference values are available in the 
cited studies. The complete constitutive matrices identified for all benchmark cases are reported in Appendix  A , together with the 
three-dimensional unit-cell mass properties of the symmetric sandwich- and box-beam benchmarks. The constitutive matrices of 
these doubly symmetric cases are diagonal, whereas the complete matrix of the unsymmetrical corrugated-strip-core benchmark 
also contains symmetry-admissible coupling terms.

4.1. Sandwich beams with periodic perforated cores

The first benchmark family consists of sandwich beams with periodic cores containing through-thickness perforations. These 
cases are taken from the study by Yi et al. who used them to assess the effective bending stiffness of periodic sandwich beams with 
different core morphologies and to discuss thickness-related size effects associated with the periodic cell [5]. In the present study, 
only the square-hole and circular-hole configurations are retained, as they provide two representative and compact benchmark cases 
for the validation of the proposed periodic-beam characterization.

For both configurations, the beam is periodic along the axial direction, with identical face-sheet material properties and a weaker 
core material. The adopted geometric and material parameters are reported in Tables  1 and 2, while the corresponding unit-cell 
geometries are shown in Figs.  2 and 3. In contrast with approaches that first homogenize the core material separately and then apply 
an ordinary beam model, the present characterization is performed directly on the complete sandwich unit cell, so that the influence 
of the detailed redistribution of material within the thickness is retained, consistently with the benchmark setting discussed by Yi 
et al. [5].

In these two cases, the main quantity of interest is the effective bending stiffness associated with the periodic beam. This makes 
the sandwich benchmarks particularly useful as an initial validation step: although they do not exercise the full constitutive matrix 
as extensively as the later box-beam case, they test the ability of the proposed procedure to recover the dominant equivalent bending 
8 



C. Caccia et al. Finite Elements in Analysis & Design 262 (2026) 104653 
Table 1
Geometrical and material data for the sandwich beam with square holes (unit cell). 
Symbols refer to Fig.  2.
 Quantity Symbol Value  
 Period length 𝐿𝑐 1.5 m  
 Cell width 𝑏 1.5 m  
 Cell height ℎ 3.0 m  
 Face-sheet thickness 𝑡𝑓 0.1 m  
 Square-hole side length 𝑎 1.0 m  
 Young’s modulus (faces) 𝐸𝑓 70 GPa  
 Poisson ratio (faces) 𝜈𝑓 0.34  
 Young’s modulus (core) 𝐸𝑐 3.5 GPa 
 Poisson ratio (core) 𝜈𝑐 0.34  
Geometry and material properties follow the definitions in [5].

Fig. 3. Longitudinal 𝑥1-𝑥3 view of one axial period of the sandwich beam with circular perforations. The perforated core geometry varies along 
𝑥1.

Table 2
Geometrical and material data for the sandwich beam with circular holes (unit cell). 
Symbols refer to Fig.  3.
 Quantity Symbol Value  
 Period length 𝐿𝑐 1.5 m  
 Cell width 𝑏 1.5 m  
 Cell height ℎ 3.0 m  
 Face-sheet thickness 𝑡𝑓 0.1 m  
 Hole radius 𝑟 0.5614 m 
 Young’s modulus (faces) 𝐸𝑓 70 GPa  
 Poisson ratio (faces) 𝜈𝑓 0.34  
 Young’s modulus (core) 𝐸𝑐 3.5 GPa  
 Poisson ratio (core) 𝜈𝑐 0.34  
Geometry and material properties follow the definitions in [5].
9 
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Fig. 4. Schematic of a periodic prismatic beam with ribs. The unit cell (period) has length 𝐿𝑐 and the cross-section dimensions are 𝑏 and ℎ.

Table 3
Geometrical and material data for the prismatic box-beam unit cell.
 Quantity Symbol Value  
 Period length 𝐿𝑐 1.0 m  
 Box outer width 𝑏 2.0 m  
 Box outer height ℎ 1.0 m  
 Wall/rib thickness 𝑡 0.025 m  
 Young’s modulus 𝐸 70.0 GPa 
 Poisson ratio 𝜈 0.3  
Geometry follows [4,5].

response of a genuinely periodic microstructured beam. The comparison with literature values is presented in Section 5, where the 
identified stiffness terms are discussed against the results reported by Yi et al. and by the reference methods considered therein [5].

4.2. Prismatic thin-walled box beam with and without ribs

The second benchmark family comprises two configurations: a prismatic thin-walled box beam without ribs and the corre-
sponding beam with periodic transverse ribs. This case is especially relevant to the present study because it combines a simple 
and well-documented periodic geometry with a structural layout that is naturally suited to both solid and shell discretizations. 
Dizy et al. used it as a benchmark for homogenization of slender periodic structures [4]; Yi et al. later studied it in a form that 
explicitly compares solid and shell FE implementations [5]. Therefore, the benchmark offers a direct opportunity to assess not only 
the accuracy of the identified equivalent properties but also the computational trade-off between solid and shell models within the 
proposed framework.

The geometry of the box beam is shown in Fig.  4, while the corresponding geometric and material data are summarized in Table 
3. The benchmark is considered in two variants: a box beam without transverse ribs and the corresponding ribbed configuration, in 
which the rib spacing defines the period of the structure. The material is homogeneous and isotropic, and the walls are sufficiently 
thin that shell discretizations are expected to provide an efficient alternative to solid models, especially when periodic unit cells 
are used in a repeated characterization workflow [5]. The same benchmark is therefore well suited to illustrate one of the main 
practical motivations of the present study, namely the possibility of applying exactly the same handle-based algebraic identification 
procedure to periodic unit cells modeled either by three-dimensional solids or by shells.

The box beam without ribs is intentionally retained as a prismatic baseline that can also be analyzed using a conventional 
two-dimensional cross-sectional method. In the ribbed configuration, however, the transverse wall is present only at discrete axial 
locations, whereas the sections between successive ribs contain only the outer box walls. Consequently, no single fixed cross section 
represents the complete repeated structure. The axial-cell model retains both the transverse rib and the intervening wall panels, 
together with their combined contribution to the equivalent beam properties.

For the solid reference models, the periodic unit cell is discretized by three-dimensional FEs. For the shell characterization, two 
classical shell formulations are considered, namely a discretization based on Kirchhoff–Love elements and a discretization based 
on Mindlin–Reissner elements. This choice mirrors the shell-based characterization framework and allows us to assess, within the 
same periodic benchmark, how the identified constitutive properties depend on the underlying thin-walled modeling assumptions. 
Since the literature already indicates that shell models can reproduce the dominant stiffness terms of this box-beam benchmark with 
significantly fewer degrees of freedom than solid models [5], this case is also used here to discuss the balance between computational 
efficiency and constitutive accuracy.

The box-beam benchmark is the only one among the validation cases for which both solid and shell characterizations are carried 
out systematically in the present study. For this reason, it plays a double role in the paper. First, it serves as a literature benchmark for 
the validation of the identified equivalent constitutive properties against established reference values [4,5]. Second, it acts as a bridge 
10 
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Fig. 5. Longitudinal 𝑥1-𝑥3 view of the unsymmetrical corrugated-strip-core sandwich-beam unit cell. The distance ℎ is measured between the 
face-sheet mid-surfaces. The cell is uniform along 𝑥2, with width 𝑏, and the thickness is slightly exaggerated for clarity.

Table 4
Geometrical and material data for the unsymmetrical corrugated-strip-core sandwich-
beam unit cell. Symbols refer to Fig.  5.
 Quantity Symbol Value  
 Period length 𝐿𝑐 = 2𝑙 4.0 m  
 Half-period parameter 𝑙 2.0 m  
 Corrugation offset 𝑠 0.5 m  
 Width along 𝑥2 𝑏 2.0 m  
 Face-sheet mid-surface spacing ℎ 2.0 m  
 Common face-sheet and web thickness 𝑡 0.1 m  
 Young’s modulus 𝐸 206 GPa 
 Poisson ratio 𝜈 0.3  
Geometry and material properties follow [8,29]. The dimensions of the corrugated core are 
defined with respect to the structural mid-surfaces.

between the previously developed solid-based and shell-based characterization procedures, showing that the same unit-cell-based 
framework can be consistently applied to both model classes.

4.3. Unsymmetrical corrugated-strip-core sandwich beam

The third benchmark family consists of the unsymmetrical corrugated-strip-core sandwich beam originally considered by Xu 
et al. [29] and subsequently analyzed by Liu et al. using the Mechanics of Structure Genome formulation [8]. This case complements 
the preceding benchmarks because the published reference data comprise all six diagonal constitutive coefficients and the nonzero 
coupling coefficient 𝐶𝑏

46, thus providing direct comparisons for transverse shear, torsion, extension, and bending.
The longitudinal geometry of the unit cell is shown in Fig.  5, and the corresponding dimensions and material properties are 

summarized in Table  4. The cell extends from 𝑥1 = −𝑙 to 𝑥1 = +𝑙, with the beam reference line passing through the central point 
𝑂. The geometry is uniform along 𝑥2.

The baseline finite-element model is discretized using 12 008 quadratic brick elements. In this model, the two end interfaces 
𝑅1 and 𝑅2 contain 1 980 interface degrees of freedom in total. A refined model containing 21 280 quadratic brick elements is also 
considered to provide a limited two-level mesh-refinement check. Its size is close to that of the MSG model reported by Liu et al. [8], 
which comprised 21 120 quadratic hexahedral elements. The baseline results are retained in the benchmark comparison, while the 
effect of mesh refinement is discussed in Section 5.4.

4.4. Numerical models and reported quantities

All benchmark cases are characterized through the methodology of Section 3, using one periodic unit cell per analysis. For 
each unit cell, the FE model is partitioned into the two interface handles and the internal degrees of freedom, reduced by means 
of the Craig–Bampton procedure, and post-processed to identify the equivalent beam constitutive matrix. The resulting quantities 
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Table 5
Benchmark of the effective bending stiffness coefficient for the sandwich 
beam with square holes. Reference values (Analytical, VABS, NIAH) are 
reported in [5]. Present results are obtained from one-period character-
ization using 3D solids with linear and quadratic brick elements. Values 
are reported in 1010 Pa, consistently with [5].
 Source 𝐾bend ∕ 1010 Pa 
 Analytical 5.883  
 VABS 5.576  
 NIAH 5.576  
 Present (linear bricks) 5.577  
 Present (quadratic bricks) 5.575  

Table 6
Benchmark of the effective bending stiffness coefficient for the sandwich 
beam with circular holes. Reference values (Analytical, VABS, NIAH) are 
reported in [5]. Present results are obtained from one-period character-
ization using 3D solids with linear and quadratic brick elements. Values 
are reported in 1010 Pa, consistently with [5].
 Source 𝐾bend ∕ 1010 Pa 
 Analytical 5.671  
 VABS 5.537  
 NIAH 5.554  
 Present (linear bricks) 5.560  
 Present (quadratic bricks) 5.553  

are reported in the same notation used by the corresponding reference studies, so that direct comparisons can be made without 
ambiguity.

For the sandwich beams, the comparison focuses on the dominant bending stiffness reported in the literature benchmark. For 
the thin-walled box beam, the comparison includes the main axial, torsional, and bending stiffness terms, both in the configurations 
with and without ribs. For the unsymmetrical corrugated-strip-core beam, the comparison covers all six diagonal coefficients and the 
nonzero torsion–bending coupling coefficient 𝐷46 reported in the reference studies, thereby directly assessing both transverse-shear 
stiffnesses and the torsional stiffness.

Representative cell and interface dimensions are reported for the periodic models. The reduction in algebraic model size 
achieved in the finite structural analyses, together with the distinction between the one-time characterization and the recurring 
one-dimensional analyses, is discussed in Section 7.5.

The corresponding numerical comparisons are presented in Section 5.
Whenever literature values are taken from references that use slightly different notational conventions, the comparison is 

performed after consistent identification of the corresponding generalized beam quantities. In this way, the benchmark section 
remains focused on the actual structural configurations and numerical models, while the next section can concentrate on the 
validation of the extracted equivalent properties.

5. Validation against literature benchmarks

This section compares the equivalent properties identified by the proposed procedure with reference results available in the 
literature for the benchmark configurations introduced in Section 4. The discussion is organized according to the three benchmark 
families. First, the sandwich beams with periodic perforated cores are used to validate the recovery of the dominant bending stiffness. 
Second, the thin-walled prismatic box beam is used to assess the identification of the main axial, bending, and torsional terms, 
with particular attention to the comparison between solid and shell discretizations. Finally, the unsymmetrical corrugated-strip-
core sandwich beam extends the validation to both transverse-shear stiffnesses, torsion, and a nonzero torsion–bending coupling 
coefficient. The corresponding benchmark values are taken from [4,5]; the corrugated-beam reference values are reported in [8,29].

In addition to the benchmark terms directly comparable with the literature, the complete constitutive matrices identified for 
the validation cases are reported in Appendix  A, so as to document the full output of the proposed procedure and facilitate future 
comparisons.

5.1. Sandwich beams with square and circular perforated cores

The results obtained for the sandwich beams with square-hole and circular-hole cores are reported in Tables  5 and 6. In both 
cases, the comparison is focused on the effective bending stiffness, consistently with the reference data reported by Yi et al. [5]. 
These benchmarks are especially useful because they test the capability of the method to represent periodic heterogeneity distributed 
12 



C. Caccia et al. Finite Elements in Analysis & Design 262 (2026) 104653 
Table 7
Benchmark of effective stiffness coefficients for the prismatic box beam without ribs. Values are taken from [5] and [4] (as reported therein).
 Analytical FE VABS Dizy NIAH (Yi) NIAH shell CB-ANBA shell CB-ANBA 3D 
 𝐸𝐴∕GN 10.3 10.3 10.3 10.3 10.3 10.3 10.3 10.3  
 𝐺𝐽∕(GNm2) 1.79 1.71 1.71 1.71 1.71 1.72 1.69 1.71  
 𝐸𝐼33∕(GNm2) 1.91 1.91 1.91 1.91 1.91 1.91 1.91 1.91  
 𝐸𝐼22∕(GNm2) 5.58 5.58 5.58 5.58 5.58 5.57 5.58 5.58  
Note: The literature values are reported with the same precision as in the cited sources. For the axial stiffness, the underlying analytical value is 𝐸𝐴 = 10.325
GN; both CB-ANBA shell and CB-ANBA 3D recover this value, while the reference columns report the rounded value 10.3.

Table 8
Benchmark of effective stiffness coefficients for the prismatic box beam with ribs. Values are taken from [5] and [4] (as reported therein).
 FE Dizy NIAH (Yi) NIAH shell CB-ANBA shell CB-ANBA 3D 
 𝐸𝐴∕GN 10.5 10.5 10.5 10.4 10.5 10.5  
 𝐺𝐽∕(GNm2) 1.72 1.72 1.72 1.72 1.69 1.72  
 𝐸𝐼33∕(GNm2) 1.94 1.94 1.94 1.92 1.93 1.94  
 𝐸𝐼22∕(GNm2) 5.62 5.62 5.65 5.62 5.64 5.65  

not only along the beam axis but also across the thickness, where the redistribution of the weak core material influences the global 
flexural response.

For the square-hole core, the identified bending stiffness is in very good agreement with the literature values obtained by the 
black-box FE implementation of asymptotic homogenization and with the VABS-based reference reported in [5]. The same trend is 
observed for the circular-hole core. In both configurations, the discrepancy with the benchmark values remains small and confirms 
that the present unit-cell-based formulation correctly captures the dominant flexural contribution of the periodic sandwich beam. 
This agreement is fully consistent with the observations of Yi et al. who reported a high level of correspondence between their 
implementation and the VABS formulation homogenization method described in [5]. The more approximate analytical route, which 
first homogenizes the core material separately, produced stiffer predictions in their study.

From the present perspective, these two cases are important not because they exercise the entire constitutive matrix, but because 
they verify that the proposed handle-based identification remains accurate when the periodic cell contains substantial material 
redistribution through the thickness. This point is relevant for engineering sandwich layouts, where the free upper and lower surfaces 
of the beam make the direct use of standard three-dimensional material homogenization less appropriate, as also discussed in [5]. 
The present results show that a direct characterization of the full periodic unit cell provides equivalent bending properties consistent 
with the dedicated benchmark literature.

5.2. Thin-walled box beam without and with ribs

The validation of the thin-walled box beam is reported in Tables  7 and 8. The identified constitutive terms are compared against 
three sets of reference values: analytical thin-walled beam theory, the full-beam and unit-cell results of Dizy et al. [4], and the 
solid- and shell-based calculations of Yi et al. [5]. This benchmark is more demanding than the sandwich cases because it involves 
several dominant stiffness terms and, in the ribbed configuration, periodic reinforcement that slightly modifies the beam’s global 
constitutive response.

For the box beam without ribs, the agreement of the present results with the literature is excellent for the dominant axial and 
bending terms. The torsional stiffness also follows the expected trend and remains close to the values reported by the reference 
studies. This is consistent with the benchmark data of Dizy et al. where the homogenized stiffness constants were found to very 
closely match both analytical thin-walled theory and UM/VABS for the configuration [4] without ribs. Therefore, the present 
characterization recovers the constitutive behavior of the simple thin-walled periodic cell with the expected level of accuracy.

The ribbed box beam provides a more informative validation case because the transverse reinforcement perturbs the constitutive 
response only moderately, making the benchmark sensitive to the identification method’s ability to capture relatively small stiffness 
increments without introducing spurious effects. In the literature, both Dizy et al. and Yi et al. reported that the addition of the 
transverse wall leads to a modest but clearly detectable increase in the dominant stiffness terms [4,5]. The present results correctly 
reproduce this trend: the ribbed configuration is identified as slightly stiffer than the one without ribs, with variations consistent 
with the benchmark references. This point is important because it shows that the method is not merely reproducing the constitutive 
behavior of the base box section, but is also sensitive to the incremental effect of the periodic reinforcement.

5.3. Comparison between solid and shell discretizations

A central aspect of the present study is that the same algebraic identification framework can be applied to periodic unit cells 
modeled either by three-dimensional solid elements or by shell elements. The box-beam benchmark is particularly well suited to 
illustrate this point. Yi et al. explicitly showed that shell models can reproduce the dominant stiffness terms of the thin-walled 
periodic box with very small differences relative to solid models, while drastically reducing the model size [5].
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Table 9
Comparison of the effective stiffness coefficients identified for the unsymmetrical corrugated-strip-core sandwich beam. The present values are 
obtained with the baseline 12 008-element discretization. The MSG and Cheng values are reported by Liu et al. [8]; the Cheng results originate 
from [29]. The signed differences are evaluated as (𝐷present −𝐷ref )∕𝐷ref .
 Term Unit Present MSG 𝜟MSG Cheng 𝜟Cheng  
 𝐷11 N 8.3284 ⋅ 1010 8.325 ⋅ 1010 +0.04% 8.320 ⋅ 1010 +0.10% 
 𝐷22 N 2.6097 ⋅ 1010 2.614 ⋅ 1010 −0.17% 2.660 ⋅ 1010 −1.89% 
 𝐷33 N 1.1671 ⋅ 108 1.157 ⋅ 108 +0.87% 1.149 ⋅ 108 +1.57% 
 𝐷44 Nm2 3.7181 ⋅ 108 3.696 ⋅ 108 +0.60% 3.679 ⋅ 108 +1.06% 
 𝐷55 Nm2 8.3239 ⋅ 1010 8.320 ⋅ 1010 +0.05% 8.318 ⋅ 1010 +0.07% 
 𝐷66 Nm2 2.7676 ⋅ 1010 2.766 ⋅ 1010 +0.06% 2.765 ⋅ 1010 +0.10% 
 𝐷46 Nm2 5.3303 ⋅ 107 5.375 ⋅ 107 −0.83% 5.328 ⋅ 107 +0.04% 
Note: The reference values are retained with the numerical precision reported in [8]. In the notation of that study, 𝐷𝑖𝑗 ≡ 𝐶𝑏

𝑖𝑗 for the coefficients listed above.

The present results are fully consistent with this picture. For the box beams with and without ribs, the shell-based character-
izations reproduce the dominant constitutive terms obtained from the solid models with only small differences. In particular, the 
bending and axial terms remain extremely close, while the torsional term is somewhat more sensitive, as expected for thin-walled 
closed sections and for ribbed layouts where the local representation of the reinforcement differs slightly between shell and solid 
idealizations. This behavior mirrors the interpretation already given by Yi et al. [5], who noted that the shell model tends to be 
slightly more compliant in the ribbed case. The reason is that solid elements can represent the stiffness contribution across the rib 
thickness more completely than shell idealizations.

Within the shell family, both the Kirchhoff–Love and Mindlin–Reissner formulations remain close to the solid reference for 
the dominant constitutive terms of the thin-walled cells considered here. The choice between the two formulations should 
nevertheless reflect the expected importance of transverse-shear deformation. Kirchhoff–Love shells are appropriate for sufficiently 
thin, membrane- and bending-dominated walls, whereas Mindlin–Reissner shells should be preferred when the wall thickness or 
the quantities of interest make shear-related stiffness terms, torsion, or associated coupling terms sensitive to transverse shear. A 
detailed thickness-dependent assessment of these effects within the same characterization framework is provided in [10]. The close 
agreement obtained in the present benchmark therefore reflects its thin-walled geometry and should not be interpreted as general 
interchangeability of the two shell theories.

For the thin configurations examined here, the main advantage of the shell models is computational: they preserve the quality 
of the dominant constitutive identification while substantially reducing the size of the unit-cell problem.

5.4. Unsymmetrical corrugated-strip-core sandwich beam

The stiffness coefficients identified for the unsymmetrical corrugated-strip-core sandwich beam are compared with the MSG and 
Cheng results reported by Liu et al. [8], the latter originating from the formulation of Xu et al. [29]. The generalized strain ordering 
adopted in those studies coincides with the ordering used here. Consequently, the coefficients denoted by 𝐶𝑏

𝑖𝑗 in the reference study 
correspond directly to the entries 𝐷𝑖𝑗 of the present constitutive matrix. The comparison is restricted to the seven coefficients for 
which published reference values are available.

The agreement is close for all seven published coefficients. The maximum absolute difference with respect to the MSG results is 
0.87%, for 𝐷33, while the maximum difference with respect to Cheng’s method is 1.89%, for 𝐷22. In particular, both transverse-shear 
stiffnesses 𝐷22 and 𝐷33, the torsional stiffness 𝐷44, and the nonzero torsion–bending coupling coefficient 𝐷46 are reproduced within 
2% of both reference solutions. This case therefore extends the benchmark validation beyond the axial and bending-dominated 
coefficients considered in the preceding examples and provides a direct assessment of the shear- and torsion-related terms. Although 
the present procedure identifies the complete symmetric 6 × 6 constitutive matrix, the remaining coupling coefficients are not 
included in the quantitative comparison because independent numerical reference values are not reported in the cited studies.

A limited two-level mesh-refinement check was also performed by increasing the discretization from 12 008 to 21 280 quadratic 
brick elements. Relative to the baseline values, the seven coefficients included in Table  9 change by at most 0.665%, with the largest 
difference occurring for 𝐷33. Among the additional coupling coefficients highlighted in Appendix  A, 𝐷13, 𝐷24, and 𝐷26 change by 
0.75%, 1.87%, and 3.40%, respectively. The principal stiffness terms are therefore stable with respect to this refinement, whereas 
the smaller coupling coefficients show the expected greater sensitivity to mesh resolution.

5.5. Discussion of benchmark validation

Taken together, the benchmark results support four main observations. First, for the sandwich beams, the present formulation 
recovers the dominant effective bending stiffness with good accuracy relative to the published benchmark values. Second, for the 
thin-walled box beam, the method correctly captures the main axial, torsional, and bending terms, as well as the moderate stiffness 
changes induced by the transverse ribs. Third, the unsymmetrical corrugated-strip-core benchmark directly validates both transverse-
shear stiffnesses, torsion, and a nonzero torsion–bending coupling coefficient against two published methods, with differences below 
2% for all seven compared coefficients. The limited two-level mesh-refinement check further confirms the stability of these principal 
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Fig. 6. Spar-like periodic C-section with an embossed web opening: dimensions and axes orientation.

stiffness terms. Fourth, the same identification workflow remains applicable to both solid and shell discretizations, with shell models 
providing a favorable compromise between accuracy and computational cost for thin-walled periodic structures.

These conclusions are significant for the positioning of the present study with respect to the literature. The comparison with [5] 
confirms that the proposed approach attains a level of accuracy comparable to dedicated FE implementations of asymptotic 
homogenization on the selected benchmarks. At the same time, the comparison with [4] shows that the equivalent constitutive 
properties extracted from the periodic unit cell are consistent with established homogenization workflows already published. The 
corrugated-strip-core comparison extends this validation to the more challenging shear- and torsion-related coefficients and to a 
nonzero coupling term. Therefore, the present method stands on solid validation grounds before being applied, in the next section, 
to more complex periodic structures that constitute the main new demonstrator of the paper.

It is also worth stressing that the benchmark section is intentionally focused on constitutive validation. The inertial characteriza-
tion introduced in Section 3 is not assessed here because the selected literature benchmarks report stiffness quantities only. Its role 
becomes more relevant in the subsequent one-dimensional simulations, where the identified equivalent beam properties are used in 
a predictive setting beyond the mere comparison of constitutive constants.

6. Characterization of a spar-like periodic beam

After the validation against literature benchmarks, the proposed framework is applied to a more complex periodic structure 
representative of lightweight aerostructural layouts. The selected case is a spar-like beam with a thin-walled open section and 
repeated local embossed features along the span. Compared with the literature benchmarks, this structure is introduced not primarily 
to compare selected coefficients with published values, but to assess the method on a more application-oriented periodic geometry 
and to study the sensitivity to the definition of the periodic unit cell.

The structure is periodic along the beam axis, and each characterized unit cell is chosen so that its ends coincide with two 
interface sections consistent with the repeated pattern. The corresponding geometry is shown in Fig.  6. As in the previous sections, 
the characterization is performed directly on the FE model of the unit cell by introducing the two handles associated with the 
end sections, reducing the model by Craig–Bampton decomposition, and identifying the equivalent constitutive matrix through 
equilibrated generalized load states.

6.1. Geometry and periodic cuts

A distinctive feature of the spar-like beam is that the origin of the periodic unit cell can be translated along the beam axis 
while preserving the same assembled periodic structure. To assess the sensitivity of the characterized properties to this choice, 
six alternative unit cells of equal length are considered. Cut A corresponds to the reflection-symmetric configuration in which 
the embossed feature is centered within the unit cell. Four intermediate configurations are obtained by translating the feature 
by 𝛿 = 5.000 mm, 1.000 ⋅ 101 mm, 1.500 ⋅ 101 mm and 2.000 ⋅ 101 mm from this centered position, without intersecting the end 
sections. Cut B represents the second reflection-symmetric limiting configuration, 𝛿 = 5.000 ⋅101 mm, in which the feature is divided 
between the two ends of the periodic unit cell. Fig.  7 illustrates Cut A, one representative intermediate translation, and Cut B. All six 
choices reproduce the same infinite periodic structure, but they allocate the local geometric feature differently within the selected 
finite interval.

All six configurations are extracted from shell models with the same global discretization, comprising 26 864 elements. For Cut A 
and the four intermediate translations, each retained end interface contains 161 nodes arranged in one connected loop, giving 322 
retained nodes over 𝑅1 ∪ 𝑅2. At Cut B, each interface contains 150 nodes distributed over two disconnected loops, giving 300 
retained nodes in total. The five configurations with 0 ≤ 𝛿 ≤ 20mm therefore form a controlled translation study with unchanged 
mesh size and interface topology. Cut B is retained as an extreme admissible configuration in which the local feature also changes 
the connectivity of the retained end sections.

This sequence of cuts separates the gradual effect of translating the local feature within the unit cell from the additional interface-
topology change occurring at Cut B. The comparison is relevant in practical models of periodic thin-walled structures, where the 
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Fig. 7. Spar-like periodic C-section: representative positions of the periodic cut. The four intermediate configurations translate the local feature 
from Cut A toward Cut B without intersecting the retained end sections.

Table 10
Kirchhoff–Love: diagonal stiffness terms and their sensitivity to the unit-cell cut definition.
 Term 𝐷(𝐴)

𝑖𝑖 𝐷(𝐵)
𝑖𝑖 𝛥cut (%) 

 𝐷11∕N 1.703 ⋅ 107 1.703 ⋅ 107 0.00  
 𝐷22∕N 9.819 ⋅ 105 8.390 ⋅ 105 −14.55  
 𝐷33∕N 2.989 ⋅ 106 3.141 ⋅ 106 5.10  
 𝐷44∕(Nm2) 8.811 ⋅ 101 9.180 ⋅ 101 4.18  
 𝐷55∕(Nm2) 3.875 ⋅ 104 3.877 ⋅ 104 0.05  
 𝐷66∕(Nm2) 7.524 ⋅ 102 7.521 ⋅ 102 −0.03  

Table 11
Mindlin–Reissner: diagonal stiffness terms and their sensitivity to the unit-cell cut definition.
 Term 𝐷(𝐴)

𝑖𝑖 𝐷(𝐵)
𝑖𝑖 𝛥cut (%) 

 𝐷11∕N 1.699 ⋅ 107 1.699 ⋅ 107 0.00  
 𝐷22∕N 9.821 ⋅ 105 8.400 ⋅ 105 −14.47  
 𝐷33∕N 2.955 ⋅ 106 3.103 ⋅ 106 5.01  
 𝐷44∕(Nm2) 8.734 ⋅ 101 9.109 ⋅ 101 4.30  
 𝐷55∕(Nm2) 3.875 ⋅ 104 3.875 ⋅ 104 0.02  
 𝐷66∕(Nm2) 7.519 ⋅ 102 7.517 ⋅ 102 −0.03  

location of the cut planes may be influenced by meshing convenience or local geometry rather than by a unique analytical definition 
of the unit cell. The configurations are used below to determine which equivalent beam properties are robust with respect to the 
cut location and which retain a measurable dependence on the distribution of the local feature within the selected finite interval.

6.2. Constitutive matrices of the limiting cut configurations

The constitutive matrices obtained for Cut A and Cut B are first examined in detail. These configurations form the two reflection-
symmetric limits of the translated cuts introduced in Section 6.1. The diagonal coefficients are reported in Tables  10 and 11, 
while the most relevant off-diagonal terms are collected in Tables  12 and 13. Results are given for both the Kirchhoff–Love and 
Mindlin–Reissner descriptions, providing a detailed comparison of the endpoint configurations before the systematic translation 
study presented in Section 6.3.

To interpret the off-diagonal terms, it is useful to introduce a normalized coupling indicator. For each off-diagonal coefficient 
𝐷𝑖𝑗 , 𝑖 ≠ 𝑗, we define 

𝑐𝑖𝑗 =
|𝐷𝑖𝑗 |

√

𝐷𝑖𝑖𝐷𝑗𝑗
, 𝑖 ≠ 𝑗. (18)

The quantity 𝑐𝑖𝑗 provides a dimensionless measure of the relative importance of the coupling term with respect to the corresponding 
diagonal terms. In the discussion below, couplings associated with small values of 𝑐𝑖𝑗 are referred to as weak couplings, since 
even visible relative differences between two characterizations may correspond to terms that remain small compared with the 
dominant constitutive contributions. Conversely, larger values of 𝑐𝑖𝑗 indicate stronger couplings and therefore coefficients that are 
more structurally relevant.

This normalization is especially useful when comparing alternative cuts, because it helps distinguish between differences affecting 
structurally dominant couplings and differences confined to coefficients of minor practical influence.

The endpoint comparison shows that the axial and bending coefficients and the extension–bending coupling 𝐷16 remain very close 
for Cut A and Cut B. Measurable differences are instead found in the transverse-shear coefficients 𝐷22 and 𝐷33, the shear–torsion 
coupling 𝐷34, and the reference-axis torsional coefficient 𝐷44. The agreement between the Kirchhoff–Love and Mindlin–Reissner 
comparisons shows that these Cut A/Cut B trends are not specific to one shell kinematic description.
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Table 12
Kirchhoff–Love: off-diagonal stiffness terms retained by (18). The coupling indicator 𝑐𝑖𝑗 (computed for Cut A) 
quantifies the coupling strength relative to the diagonal scale.
 Term 𝐷(𝐴)

𝑖𝑗 𝐷(𝐵)
𝑖𝑗 𝛥cut (%) 𝑐(𝐴)𝑖𝑗  

 Strong couplings
 𝐷16∕(Nm) 5.663 ⋅ 104 5.664 ⋅ 104 0.003 5.000 ⋅ 10−1 
 𝐷34∕(Nm) 1.513 ⋅ 104 1.588 ⋅ 104 4.972 9.320 ⋅ 10−1 
 Minor couplings (small 𝑐𝑖𝑗 )
 𝐷26∕(Nm) 4.570 ⋅ 101 5.997 ⋅ 101 31.24 1.680 ⋅ 10−3 
 𝐷35∕(Nm) −8.777 ⋅ 101 −2.039 ⋅ 101 −76.78 2.580 ⋅ 10−4 

Table 13
Mindlin–Reissner: off-diagonal stiffness terms retained by (18). The coupling indicator 𝑐𝑖𝑗 (computed for Cut A) 
quantifies the coupling strength relative to the diagonal scale.
 Term 𝐷(𝐴)

𝑖𝑗 𝐷(𝐵)
𝑖𝑗 𝛥cut (%) 𝑐(𝐴)𝑖𝑗  

 Strong couplings
 𝐷16∕(Nm) 5.647 ⋅ 104 5.647 ⋅ 104 0.002 5.000 ⋅ 10−1 
 𝐷34∕(Nm) 1.516 ⋅ 104 1.591 ⋅ 104 4.921 9.440 ⋅ 10−1 
 Minor couplings (small 𝑐𝑖𝑗 )
 𝐷26∕(Nm) 2.402 ⋅ 101 3.336 ⋅ 101 38.90 8.840 ⋅ 10−4 
 𝐷35∕(Nm) −3.931 ⋅ 101 −1.059 ⋅ 101 −73.06 1.160 ⋅ 10−4 

Table 14
Mindlin–Reissner translated-cut study. The entries denoted by 𝛥 are signed percentage differences from Cut A. The last column reports the 
normalized extension–shear coupling indicator rather than a percentage difference because 𝐷12(0) is nearly zero.
 Configuration 𝛿 (mm) 𝛥𝐷11 (%) 𝛥𝐷22 (%) 𝛥𝐷33 (%) 𝛥𝐷34 (%) 𝛥𝐷44 (%) 𝛥𝐺𝐽 (%) 𝑐12  
 Cut A 0 0.000 0.000 0.000 0.000 0.000 0.000 6.757 ⋅ 10−6 
 Offset 5 5 0.011 −0.269 0.077 0.083 0.081 0.022 1.063 ⋅ 10−2 
 Offset 10 10 0.041 −1.130 0.314 0.325 0.300 0.008 2.014 ⋅ 10−2 
 Offset 15 15 0.077 −2.546 0.735 0.751 0.680 −0.030 2.752 ⋅ 10−2 
 Offset 20 20 0.105 −4.436 1.365 1.386 1.249 −0.034 3.198 ⋅ 10−2 
 Cut B 50 0.000 −14.47 5.010 4.921 4.296 −0.065 1.718 ⋅ 10−4 

The endpoint comparison alone does not isolate the effect of translating the unit-cell origin. In Cut B, the local feature intersects 
both retained interfaces and changes their connectivity, whereas Cut A has simply connected interfaces located between consecutive 
features. Cut A and Cut B are therefore interpreted as the two limiting configurations of the admissible cut range. The systematic 
translation study presented in Section 6.3 introduces four intermediate cuts with unchanged interface topology, allowing the gradual 
effect of moving the feature toward the interfaces to be distinguished from the additional topology change occurring at Cut B. The 
complete endpoint constitutive matrices are collected in Appendix  B.

6.3. Sensitivity to translation of the periodic cut

The translated cuts introduced in Section 6.1 are used here to quantify the sensitivity of the identified constitutive and inertial 
properties. Cut A is taken as the reference, while Cut B is interpreted separately from the four controlled intermediate translations 
because it also changes the connectivity of the retained interfaces.

For each constitutive coefficient, the signed relative difference from Cut A is defined as 

𝛥𝐷𝑖𝑗 (𝛿) = 100
𝐷𝑖𝑗 (𝛿) −𝐷𝑖𝑗 (0)

𝐷𝑖𝑗 (0)
. (19)

The same convention is used for the stiffness and positive inertia components. Since 𝐷12 is nearly zero for Cut A, its variation 
is instead described by the normalized coupling indicator 𝑐12 of Eq. (18). Table  14 reports the coefficients that exhibit the most 
relevant cut dependence.

The axial stiffness remains highly stable, with a maximum difference of 0.105%, while the differences in 𝐷16, 𝐷55, and 𝐷66
remain below 0.03% over the full range. The transverse-shear terms are more sensitive to the location of the feature. Within the 
controlled range, 𝐷22 decreases by 4.436% and 𝐷33 increases by 1.365% at 𝛿 = 20mm. At Cut B, where interface connectivity also 
changes, the corresponding differences reach −14.470% and 5.010%.

The intermediate translations break the axial reflection symmetry of the centered cell and introduce an extension–shear coupling 
𝐷12. Its normalized indicator increases smoothly to 𝑐12 = 0.032 at 𝛿 = 2.000 ⋅ 101 mm. Cut B restores reflection symmetry because 
the feature is divided between the two ends, and 𝑐12 consequently returns to 1.7×10−4. The remaining non-reported couplings have 
𝑐 < 0.002 and do not show a comparable systematic trend.
𝑖𝑗
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Table 15
Translated-cut comparison of the unit-cell mass properties. Inertia components are barycentric and expressed in the 
same fixed beam axes. Percentage differences are evaluated relative to Cut A.
 Configuration 𝛿 (mm) 𝛥𝑥𝐺 (mm) 𝛥𝐼 (3𝐷)

11  (%) 𝛥𝐼 (3𝐷)
22  (%) 𝛥𝐼 (3𝐷)

33  (%) 107𝐼 (3𝐷)
12 ∕(kgm2) 

 Cut A 0 0.000 0.0000 0.000 0.000 0.000  
 Offset 5 5 0.415 −0.0002 −0.080 −0.244 −1.480  
 Offset 10 10 0.831 −0.0007 −0.319 −0.976 −2.972  
 Offset 15 15 1.246 −0.0016 −0.719 −2.195 −4.463  
 Offset 20 20 1.662 −0.0029 −1.278 −3.901 −5.953  
 Cut B 50 0.000 −0.0078 −5.101 −15.54 0.000  

The constitutive matrix is expressed about the selected beam reference axis. For an open section, the shear–torsion coupling can 
be interpreted through the shear center, defined as the point in the transverse plane through which a shear resultant can be applied 
without producing a torsional resultant in the equivalent beam model. Its coordinates and the corresponding torsional rigidity are 
obtained from the constitutive matrix using the standard change-of-reference relations of [30].

For the present configurations, 𝐷23 and 𝐷24 are numerically negligible and the principal shear axes coincide with the adopted 
transverse axes. The general transformation therefore reduces to 

𝐺𝐽 = 𝐷44 −
𝐷 2

34
𝐷33

. (20)

Under the same alignment conditions, the relevant shear-center coordinate is |𝑥2 𝑠𝑐 | = |𝐷34|∕𝐷33. It remains between 5.126mm
and 5.132mm over the six cut configurations. The shear-center-referred torsional rigidity 𝐺𝐽 changes by only 0.065% between Cut A 
and Cut B. Thus, the 4.296% variation of the reference-axis coefficient 𝐷44 mainly reflects the cut-dependent contribution of the 
transverse-shear coupling rather than a comparable variation of the intrinsic torsional rigidity.

Among the dominant constitutive terms, the transverse-shear coefficient 𝐷22 exhibits the largest residual dependence on the cut 
position. Unlike the apparent variation of 𝐷44, this dependence cannot be removed through a change of reference axis.

For the present isolated open thin-walled C-section, this coefficient is associated with the weak transverse-shear direction. 
The corresponding response involves out-of-plane deformation of substantial portions of the shell walls and local cross-sectional 
distortion rather than membrane action alone. At the local wall level, Kirchhoff–Love theory neglects shear deformation transverse 
to the shell midsurface, whereas Mindlin–Reissner theory represents it through a first-order approximation; both formulations 
nevertheless retain in-plane membrane shear and wall bending. Because the reduction to a single equivalent beam coefficient cannot 
retain the complete local deformation field, the identified shear stiffness may remain sensitive to these local mechanisms and to the 
location of the unit-cell boundaries.

The nearly identical Cut A-Cut B variations obtained with the Kirchhoff–Love and Mindlin–Reissner models, −14.55% and 
−14.47%, respectively, show that this residual dependence is not an artifact of one particular shell formulation. The sensitivity is also 
localized: between Cut A and Cut B, the axial and bending coefficients 𝐷11, 𝐷55, and 𝐷66 vary by no more than approximately 0.05%, 
while the shear-center-referred torsional rigidity varies by only 0.065%. The remaining sensitivity is concentrated in the transverse-
shear block, with changes of approximately 5% in 𝐷33 and 14.5% in 𝐷22. This residual dependence distinguishes the same-length 
unit-cell equivalence adopted here from a strictly homogenized constitutive result, for which invariance under translation of the 
unit-cell origin would be expected.

The resulting 𝐷22 should therefore be interpreted as an effective shear stiffness identified from the selected unit cell rather than 
as a strictly cut-invariant sectional constant. A similar limitation for shear properties associated with deformation normal to the 
principal shell surfaces was identified in the preceding shell-characterization study [10]. For the slender members considered here, 
transverse-shear deformation provides only a secondary contribution to the global static and low-frequency response. The observed 
sensitivity may become more relevant for short or deep members, shear-dominated loading, or configurations in which local sectional 
deformation is significant.

The same six unit cells were compared in terms of their actual mass properties. Table  15 reports the axial center-of-gravity shift 
and the fixed-axis components of the barycentric inertia tensor. For every configuration, the inertia tensor is evaluated about the 
center of gravity of that unit cell and expressed in the same beam axes.

The unit-cell mass remains constant to within 4.5 × 10−5%. For the four interior translations, the axial center-of-gravity shift is 
linear in 𝛿. At Cut B the feature is divided symmetrically between the two ends of the finite interval, so the axial center of gravity 
returns to the cell midpoint. The transverse center-of-gravity coordinate changes by less than 0.0014%, while the other transverse 
coordinate remains zero by symmetry.

The barycentric inertia about the beam axis, 𝐼 (3𝐷)
11 , changes by less than 0.008%. The transverse components are more sensitive 

to the material allocated within the selected finite interval: at 𝛿 = 20mm, their differences are −1.278% and −3.901%, while Cut B 
gives −5.101% and −15.540%. The loss of axial reflection symmetry in the intermediate cells also produces a nonzero barycentric 
product 𝐼 (3𝐷)

12 , which returns to zero for the two reflection-symmetric endpoint configurations.
These inertia variations are not generated by the interface condensation: they are obtained directly from the finite-element mass 

distribution. They reflect the finite-domain nature of the reduction. Translating the unit-cell boundary preserves the total mass and 
the assembled infinite periodic distribution, but it changes the first and second moments of the material assigned to one finite 
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Table 16
Direct comparison between shell models: relative difference of diagonal terms between 
RM and KL, computed as 𝛥model = 100(𝐷RM −𝐷KL)∕𝐷KL for each cut.
 Term 𝛥model (Cut A) (%) 𝛥model (Cut B) (%) 
 𝐷11∕N −0.247 −0.247  
 𝐷22∕N 0.015 0.112  
 𝐷33∕N −1.127 −1.212  
 𝐷44∕(Nm2) −0.879 −0.771  
 𝐷55∕(Nm2) −0.015 −0.042  
 𝐷66∕(Nm2) −0.058 −0.056  

interval. The translated-cut study therefore shows that the axial, bending, elastic-axis, and shear-center-referred torsional properties 
are highly robust with respect to the selected cut. The symmetry-dependent coupling terms and the actual unit-cell inertia tensor 
vary consistently with the allocation of the local feature within the selected interval. The transverse-shear block is less robust, with 
𝐷22 showing the largest residual sensitivity. The results constitute a case-specific numerical assessment rather than a general cut-
invariance theorem. In practical applications, the interfaces should preferably be placed away from pronounced local discontinuities 
and selected so that their topology remains unchanged.

6.4. Influence of the thin-walled formulation

Since the spar-like structure is intrinsically thin-walled, shell discretizations provide the most natural route for its character-
ization. In the present study, both a Kirchhoff–Love and a Mindlin–Reissner formulation are considered, consistently with the 
shell-based extension of the methodology. Their comparison for the dominant constitutive coefficients is summarized in Table  16.

The comparison assesses the influence of the adopted shell kinematics on the identified equivalent properties and verifies that 
the principal trends observed between the two limiting configurations are not specific to one shell formulation.

The translated-cut study of Section 6.3 makes use of the Mindlin–Reissner model. Here, in order to compare it with the Kirchhoff–
Love one, the comparison is restricted to the limiting configurations Cut A and Cut B and is used to assess whether the differences 
observed between them depend on the selected shell kinematics.

The results confirm that both shell formulations provide a coherent description of the dominant equivalent behavior of the 
spar-like periodic beam.

The largest difference is found for 𝐷33, for which the Mindlin–Reissner result is approximately 1.2% lower than the Kirchhoff–
Love value. The difference in 𝐷44 remains below 0.9%, while those in the axial, bending, and remaining shear coefficients are below 
approximately 0.25%.

These results are consistent with the observations made for the benchmark box beam and confirm that, for the thin-walled 
configurations considered here, the principal equivalent properties are only weakly affected by the choice between Kirchhoff–Love 
and Mindlin–Reissner shell kinematics. This agreement should nevertheless be distinguished from the sensitivity to the location 
of the periodic cut discussed in Section 6.3. In particular, the residual cut dependence of 𝐷22 concerns the representation of the 
corresponding global shear response and is not affected by the shell formulation.

6.5. Discussion

The spar-like case highlights three practical aspects of the proposed framework. First, it shows that the characterization procedure 
can be applied to a realistic periodic thin-walled geometry. Second, the systematic translated-cut study shows that the axial, 
bending, elastic-axis, and shear-center-referred torsional properties are highly robust with respect to the location of the periodic 
cut. Measurable sensitivity remains in the transverse-shear block, in couplings that arise when the selected unit cell loses reflection 
symmetry, and in the transverse barycentric inertias, which depend on the allocation of the local feature within the selected finite 
interval. Third, the comparison between Kirchhoff–Love and Mindlin–Reissner models confirms that the same handle-based algebraic 
procedure remains applicable under different shell kinematic assumptions and that the principal endpoint trends are not an artifact 
of a single shell formulation.

Among the dominant coefficients, 𝐷22 is the least robust with respect to the cut position. Unlike the apparent variation of 
the reference-axis torsional coefficient 𝐷44, its sensitivity cannot be removed by a change of reference point. For the present 
open thin-walled section, the corresponding equivalent beam shear stiffness may retain some dependence on local deformation 
mechanisms and on the location of the unit-cell boundaries, even though the Mindlin–Reissner shell formulation includes transverse 
shear deformation. This limitation is consistent with the observations reported in the preceding shell-characterization study and is 
expected to have limited influence on the bending-dominated response of the slender members considered here, while becoming 
more relevant for short or shear-dominated configurations.

For the present spar-like case, the analysis is intentionally restricted to single-period unit cells and to the sensitivity associated 
with translating the periodic cut. The results do not imply a universal cut-invariance property. They instead provide practical 
guidance for defining the finite-element unit cell: the retained interfaces should preferably be placed away from pronounced local 
stiffness or mass discontinuities and should preserve their connectivity as the cut is translated.
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7. Use of the characterized properties in one-dimensional analyses

The previous sections focused on the identification of equivalent properties from a periodic unit cell and on the interpretation of 
the resulting constitutive matrices. The final step is to assess how these properties can be used in actual one-dimensional structural 
analyses of finite periodic beams. This section therefore considers both static and dynamic comparisons between equivalent beam 
models and detailed finite-element reference models.

The spar-like periodic beam introduced in Section 6 is first retained as the main application case. This structure is particularly 
useful because it combines several features that are relevant in practice: an open thin-walled section, local periodic details, sensitivity 
to the choice of the periodic cut, and a nontrivial shear-center location. At the same time, it should be stressed that such a spar-like 
component is not generally intended to operate as an isolated structural member. In realistic aerostructural layouts, it would typically 
be integrated into a more complete assembly, for example through ribs, skins, or a closed box configuration. As a consequence, the 
isolated spar is a demanding test case for the equivalent beam model, especially in dynamics, because the detailed shell reference 
model may contain local sectional deformation patterns that are not expected to be represented by a one-dimensional description.

For this reason, the dynamic assessment is complemented by a second, more controlled periodic beam: a rectangular solid 
beam with a periodic through-hole. This case is less representative of a complete aerostructural layout, but it provides a cleaner 
verification of the dynamic use of the identified constitutive and inertial properties. In particular, its vibration modes are more 
clearly beam-like in the frequency range of interest, so that the comparison between the detailed finite-element model and the 
equivalent one-dimensional model is less affected by local shell deformation modes.

7.1. Static cantilever comparison for the spar-like beam

The static cantilever comparison provides the first predictive use of the characterized properties. The equivalent one-dimensional 
model is built by assigning to the beam elements the constitutive matrix identified from the spar-like periodic unit cell, while the 
reference solution is obtained from a detailed finite-element model of the corresponding finite periodic structure. This comparison 
is used to verify that the identified constitutive matrix reproduces the dominant global response of the structure when the loading 
condition is defined consistently with the equivalent beam description.

7.1.1. Use of the identified shear center in the static loading
The shear-center location was introduced in Section 6.3, where its sensitivity to the periodic-cut position was also examined. 

The static comparison uses the Mindlin–Reissner properties of Cut A. For this configuration, the identified shear-center coordinate 
is approximately 𝑥2 𝑠𝑐 = 5.131mm with respect to the selected beam reference line.

For the static cantilever validation discussed in Section 7.1.2, the generalized force and moment resultants of the one-dimensional 
model are applied at the reference point at which the constitutive matrix is expressed. Because the full matrix retains the shear–
torsion coupling associated with that reference point, a transverse force applied there may produce both bending and torsional 
rotation.

The detailed finite-element model is loaded consistently with the same generalized resultant. The central solution obtained during 
the characterization is used to reconstruct a distribution of nodal forces on the tip section whose resultant force and moment coincide 
with those prescribed in the one-dimensional model. Applying the transverse force without a compensating torsional moment would 
therefore provide a valid bending–torsion comparison, since both models would be expected to develop the twist associated with 
the identified coupling.

In the present validation, the shear-center position derived from 𝐃 is instead used to apply the compensating torsional moment 
𝑀1 = 𝐹3 𝑥2 𝑠𝑐 . (21)

The resulting force–moment pair, expressed at the reference point, is equivalent to applying the transverse force through the 
shear center. The tip rotation about the beam axis is retained as a diagnostic quantity in both models. This compensated loading 
simultaneously assesses the shear–torsion coupling of the extracted constitutive matrix, the derived shear-center position, and the 
reconstruction of an equivalent nodal load on the detailed finite-element section. A force applied at any other geometric or physical 
attachment point could be treated analogously by expressing the corresponding force and moment resultants at the selected reference 
point.

The corresponding derived beam quantities, including the shear-center coordinates, are reported in Appendix  B.

7.1.2. Static cantilever comparison between 1D and 3D models
A static cantilever benchmark is considered in order to assess the predictive capability of the equivalent one-dimensional model 

obtained from the characterized periodic unit cell.
Two cantilever lengths are considered, corresponding to beams composed of 4 and 8 repeated periods. This choice is intended 

to assess the predictive capability of the equivalent one-dimensional model under different relative contributions of bending and 
shear deformation: the shorter configuration is more sensitive to shear flexibility, whereas the longer one is increasingly dominated 
by bending.

The test configuration is shown in Fig.  8. The equivalent beam is built by assigning to each one-dimensional element the 
constitutive matrix identified from the spar-like periodic unit cell, while the fully resolved reference model is obtained from the 
corresponding detailed three-dimensional discretization of the entire periodic structure.
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Fig. 8. Static cantilever benchmark used for the comparison between the full 3D periodic beam and the equivalent 1D MBDyn model. The 
transverse load is applied through the shear center by adding the equivalent torsional moment 𝑀1 = 𝐹3 𝑥2 𝑠𝑐 . In the 3D model, the tip load is 
distributed according to the force pattern associated with the central solution.

Table 17
Static cantilever benchmark: response quantities for the full 3D model, the equivalent 1D MBDyn model, and the theoretical beam estimate.
 𝑁𝑝 Quantity Unit 3D 1D (MBDyn) Theory  
 4 𝑢𝑥3 (𝐿) m 6.853 ⋅ 10−4 6.857 ⋅ 10−4 6.860 ⋅ 10−4 
 4 𝑟𝑥2 (𝐿) rad −2.033 ⋅ 10−3 −2.0647 ⋅ 10−3 −2.060 ⋅ 10−3 
 4 𝑟𝑥1 (𝐿) rad 1.020 ⋅ 10−3 4.5379 ⋅ 10−5 0.0  
 8 𝑢𝑥3 (𝐿) m 4.667 ⋅ 10−3 4.675 ⋅ 10−3 4.676 ⋅ 10−3 
 8 𝑟𝑥2 (𝐿) rad −8.212 ⋅ 10−3 −8.2589 ⋅ 10−3 −8.260 ⋅ 10−3 
 8 𝑟𝑥1 (𝐿) rad −1.200 ⋅ 10−3 1.2943 ⋅ 10−5 0.0  

Table 18
Static cantilever benchmark: signed percentage differences with respect to the theoretical beam estimate, computed 
as 𝛿 = 100 (𝑞 − 𝑞th)∕𝑞th. Relative differences are not reported for 𝑟𝑥1 (𝐿), since the theoretical reference is zero and 
the quantity is used mainly as a qualitative indicator of residual torsion.
 𝑁𝑝 Quantity Unit 3D (%) 1D (MBDyn) (%) 
 4 𝑢𝑥3 (𝐿) m −0.1021 −0.0437  
 4 𝑟𝑥2 (𝐿) rad −1.3107 0.2282  
 4 𝑟𝑥1 (𝐿) rad see discussion
 8 𝑢𝑥3 (𝐿) m −0.1925 −0.0214  
 8 𝑟𝑥2 (𝐿) rad −0.5811 −0.0133  
 8 𝑟𝑥1 (𝐿) rad see discussion

Table 19
Theoretical decomposition of the tip displacement into bending and shear contributions, according to 𝑢𝑧(𝐿) =
𝐹𝑧𝐿3

3𝐷55
+ 𝐹𝑧𝐿

𝐷33
.

 𝑁𝑝 Bending Shear Total Bending (%) 
 4 5.506 ⋅ 10−4 1.354 ⋅ 10−4 6.860 ⋅ 10−4 80.3  
 8 4.405 ⋅ 10−3 2.710 ⋅ 10−4 4.676 ⋅ 10−3 94.2  

The quantities of interest are the tip displacements and rotations of the cantilever, together with their deviation from the 
corresponding three-dimensional reference values. The numerical results are reported in Tables  17 and 18. To support the 
interpretation of these comparisons, Table  19 also reports the theoretical decomposition of the static response into bending- 
and shear-related contributions. This is useful because the 4-period and 8-period configurations represent two different structural 
regimes: in the shorter beam, shear flexibility contributes more significantly to the overall tip response, whereas in the longer beam 
the response approaches the slender-beam limit and is dominated by bending.

The agreement between the equivalent one-dimensional model and the full three-dimensional simulation is very good for the 
main static response quantities in both the 4-period and 8-period configurations. This is relevant because the two cases have different 
relative contributions of shear and bending, and because the spar-like beam is not a simplified benchmark geometry from the 
literature, but an application-oriented periodic structure with local details and a nontrivial definition of the periodic cell. The 
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Fig. 9. Comparison of deformed configurations for the full 3D model and the equivalent 1D MBDyn model (10× amplification).

cantilever comparison therefore shows that the identified equivalent properties are not only formally meaningful, but also predictive 
in a structural setting.

A qualitative comparison of the deformed configurations is provided in Fig.  9. As expected, the largest differences are 
concentrated near the beam ends, where end effects and local three-dimensional features are most pronounced and cannot be exactly 
represented by a uniform equivalent beam model. However, away from the boundaries the overall deformation pattern is reproduced 
satisfactorily, which is entirely consistent with the homogenization rationale underlying the unit-cell-based characterization 
procedure.

7.2. Modal comparison procedure

All dynamic comparisons in this section are performed in a free–free configuration, to avoid issues associated with prescribed 
boundary conditions. The modal analyses therefore include six rigid-body modes, which are discarded before comparing the elastic 
vibration modes. The comparison focuses on the first deformable modes, consistently with the intended use of the characterized 
properties for low-frequency dynamics governed by global beam-like deformation patterns.

The objective of the dynamic comparison is to verify whether the constitutive and inertial quantities identified from a single 
periodic unit cell can reproduce the first global elastic modes of finite periodic beams. In this sense, the low-frequency modal 
verifications complement the static validation discussed above by exercising the inertial part of the characterization, which is not 
involved in the benchmark comparisons of Section 5.

The one-dimensional models are built in MBDyn1 [31] using three-node finite-volume beam elements [32,33]. The eigensolution 
is computed following the procedure described in [34]. The constitutive and inertial properties assigned to the beam elements are 
those identified from the corresponding periodic unit cell.

Mode shapes are compared by reducing the detailed finite-element solution to a set of beam-compatible section variables, so 
that the three-dimensional and one-dimensional modes are expressed on comparable degrees of freedom.

1 A free, general-purpose multibody solver, https://www.mbdyn.org (last accessed May 2026).
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For each elastic mode of the detailed finite-element model, the three-dimensional displacement field is sampled at a set of 
sections corresponding to the stations used in the one-dimensional model. At each selected section, the nodal displacement field is 
approximated by the rigid motion of an equivalent beam section, 

𝐮(𝐫) ≈ 𝐮0 + 𝜽 ×
(

𝐫 − 𝐫0
)

, (22)

where 𝐮0 and 𝜽 are, respectively, the translation and rotation of the equivalent section, and 𝐫0 is the reference point adopted for 
the fit. In matrix form, the displacement field on section 𝑠 is written as 

𝐮𝑠 ≈ 𝐇𝑠𝐪(6)𝑠 , (23)

where 𝐇𝑠 is the rigid interpolation matrix of the section, built consistently with the handle kinematics introduced in Section 3. Since 
the fit is performed on nodal displacements, 𝐇𝑠 ∈ R3𝑛𝑠×6, where 𝑛𝑠 is the number of nodes on the selected section. For shell models, 
this corresponds to using the displacement block of the shell handle interpolation. The least-squares estimate of the equivalent 
section variables is therefore 

𝐪(6)𝑠 = 𝐇+
𝑠 𝐮𝑠, 𝐇+

𝑠 =
(

𝐇𝑇
𝑠 𝐇𝑠

)−1 𝐇𝑇
𝑠 , (24)

assuming that 𝐇𝑠 has full column rank.
This provides, at each comparison section, the six-component vector 

𝐪(6) =
[

𝑢𝑥1 𝑢𝑥2 𝑢𝑥3 𝜃𝑥1 𝜃𝑥2 𝜃𝑥3
]𝖳

. (25)

The same six-component vector is obtained directly from the corresponding one-dimensional beam mode at the same station.
In addition, a reduced vector is considered, 

𝐪(3) =
[

𝑢𝑥2 𝑢𝑥3 𝜃𝑥1
]𝖳

, (26)

because these components are the most directly associated with the dominant bending and torsional deformation patterns considered 
in the present comparisons.

For mode 𝑗 of the three-dimensional model and mode 𝑘 of the one-dimensional model, the section quantities are stacked over 
the 𝑛𝑠 comparison sections as 

𝝓̂
3D,(6)
𝑗 =

⎡

⎢

⎢

⎢

⎣

𝐪3D,(6)𝑗,1
⋮

𝐪3D,(6)𝑗,𝑛𝑠

⎤

⎥

⎥

⎥

⎦

, 𝝓̂
1D,(6)
𝑘 =

⎡

⎢

⎢

⎢

⎣

𝐪1D,(6)𝑘,1
⋮

𝐪1D,(6)𝑘,𝑛𝑠

⎤

⎥

⎥

⎥

⎦

, (27)

and analogously for the three-component vectors, 

𝝓̂
3D,(3)
𝑗 =

⎡

⎢

⎢

⎢

⎣

𝐪3D,(3)𝑗,1
⋮

𝐪3D,(3)𝑗,𝑛𝑠

⎤

⎥

⎥

⎥

⎦

, 𝝓̂
1D,(3)
𝑘 =

⎡

⎢

⎢

⎢

⎣

𝐪1D,(3)𝑘,1
⋮

𝐪1D,(3)𝑘,𝑛𝑠

⎤

⎥

⎥

⎥

⎦

. (28)

The modal correlation is quantified by means of the Modal Assurance Criterion (MAC), which is widely used to assess the 
consistency between modal vectors obtained from different models or test configurations [35,36]. Given two modal vectors 𝝓 and 
𝝍 , the MAC is defined as 

MAC (𝝓,𝝍) =
|

|

|

𝝓𝖧𝝍||
|

2

(

𝝓𝖧𝝓
) (

𝝍𝖧𝝍
)
, (29)

where (⋅)𝖧 denotes the Hermitian transpose. The two reduced indicators used in the following are then defined as 

MAC3(𝑗, 𝑘) = MAC
(

𝝓̂
3D,(3)
𝑗 , 𝝓̂

1D,(3)
𝑘

)

,

MAC6(𝑗, 𝑘) = MAC
(

𝝓̂
3D,(6)
𝑗 , 𝝓̂

1D,(6)
𝑘

)

.
(30)

The MAC3 value focuses on the transverse displacement and twist components most directly involved in the dominant bending–
torsion response, whereas MAC6 also includes axial displacement and the two bending rotations, and is therefore a more restrictive 
reduced comparison.

The quality of the rigid-section approximation is quantified through the normalized rigid-section residual 

𝜂(𝑗,𝑠)RS =
‖

‖

‖

𝐮3D𝑗,𝑠 − 𝐮rig𝑗,𝑠
‖

‖

‖2
‖

‖

‖

𝐮3D𝑗,𝑠
‖

‖

‖2

, (31)

where 𝑗 denotes the mode index and 𝑠 the comparison section. Here, 𝐮3D𝑗,𝑠  is the actual nodal displacement field of the detailed model 
on section 𝑠, while 𝐮rig𝑗,𝑠 is the displacement field reconstructed from the fitted rigid-section motion in Eq. (22). Small values of 𝜂RS
indicate that the section behaves in a beam-like manner, whereas larger values reveal a more pronounced internal deformation of 
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the section and therefore a less accurate reduction to one-dimensional generalized variables. In the modal comparison tables, the 
reported quantity is the section-averaged value 

𝜂(𝑗)RS = 1
𝑛𝑠

𝑛𝑠
∑

𝑠=1
𝜂(𝑗,𝑠)RS , (32)

where 𝑛𝑠 is the number of comparison sections.
A complementary expanded comparison is also performed. In this case, the one-dimensional mode is mapped back to the nodes 

of each comparison section using the rigid-section kinematics, 
𝐮̃1D𝑘,𝑠(𝐫) = 𝐮1D0,𝑘,𝑠 + 𝜽

1D
𝑘,𝑠 ×

(

𝐫 − 𝐫0
)

, (33)

where 𝐮1D0,𝑘,𝑠 and 𝜽1D𝑘,𝑠 are taken from the one-dimensional mode at section 𝑠. Stacking the reconstructed nodal displacement fields 
over all comparison sections gives an expanded one-dimensional modal vector 𝝓̃1D

𝑘 , which can be compared directly with the 
corresponding stacked three-dimensional nodal displacement vector 𝝓̃3D

𝑗 . The expanded modal assurance criterion is defined as 

MACexp(𝑗, 𝑘) = MAC
(

𝝓̃
3D
𝑗 , 𝝓̃

1D
𝑘

)

. (34)

The expanded comparison is more demanding than the reduced one because it evaluates the agreement in the nodal displacement 
space after imposing rigid-section kinematics on the one-dimensional mode. The reduced and expanded indicators are therefore 
related, but they are not algebraically equivalent. To see this, consider one comparison section and omit the mode and section indices 
for clarity. The three-dimensional displacement field can be decomposed into the rigid-section part identified by the projection and 
a residual non-rigid contribution orthogonal to it, 

𝐮3D = 𝐇𝐪𝑅 + 𝐮𝑑 , 𝐪𝑅 = 𝐇+𝐮3D, 𝐇𝑇 𝐮𝑑 = 𝟎. (35)

where 𝐪𝑅 = 𝐇+𝐮3D and 𝐮𝑑 = 𝐂𝐪𝑑 contains the part of the section displacement that cannot be represented by a rigid-section motion. 
The reduced comparison is performed after projection onto the beam variables. Therefore, for the six-component reduced vector, 
the MAC has the form 

MACred =
|

|

|

𝐪𝖧𝑅𝐪
|

|

|

2

(

𝐪𝖧𝑅𝐪𝑅
) (

𝐪𝖧𝐪
) , (36)

where 𝐪 denotes the corresponding one-dimensional beam variables. In this reduced space, the non-rigid residual 𝐮𝑑 does not enter 
explicitly; its magnitude is instead monitored separately through the residual measure 𝜂RS.

In the expanded comparison, the one-dimensional variables are mapped to the section nodes before computing the MAC. 
Introducing 

𝐌𝐻 = 𝐇𝑇𝐇, (37)

the expanded indicator can be written as 

MACexp =
|

|

|

𝐪𝖧𝑅𝐌𝐻𝐪||
|

2

(

𝐪𝖧𝑅𝐌𝐻𝐪𝑅 + 𝐮𝖧𝑑𝐮𝑑
) (

𝐪𝖧𝐌𝐻𝐪
) . (38)

Thus, the expanded MAC measures the correlation in nodal displacement space. The rigid-section part is weighted by the geometric 
matrix 𝐇𝑇𝐇, while the denominator also contains the energy-like norm of the non-rigid section residual. Consequently, when the 
detailed mode contains significant local cross-sectional deformation, MACexp is expected to decrease even if the beam-compatible 
part of the mode is well correlated in the reduced variables. This explains why the expanded comparison is generally more 
demanding than MAC3 and MAC6.

The procedure is applied below to two finite periodic beams: first to the spar-like shell structure introduced above, which 
represents the main application case, and then to a rectangular solid beam with a periodic through-hole, which provides a more 
controlled dynamic verification.

7.3. Free–free dynamics of the spar-like beam

The first dynamic comparison is performed on the eight-period spar-like beam already considered in the static validation. The 
three-dimensional reference model is the shell model discussed in Section 6, whereas the equivalent one-dimensional model is 
obtained by assigning to each beam element the constitutive and inertial properties identified from a single periodic unit cell. The 
corresponding characterized properties are reported in Appendix  B.

This case is deliberately demanding. The spar-like structure is an open thin-walled component and, when analyzed in isolation, 
may exhibit local shell deformation, plate-like patterns, and cross-sectional distortions that are not represented by the kinematics 
of an equivalent beam model.
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Table 20
Comparison between selected free–free elastic modes of the shell model and of the equivalent beam model for the eight-period spar-like beam. 
The relative frequency difference is computed as (𝑓1D − 𝑓3D)∕𝑓3D. The last row reports a representative shell mode that is not retained as a 
meaningful beam-like correspondence.
 3D mode Mode family 𝑓3D (Hz) 𝑓1D (Hz) 𝛥𝑓 (%) 𝜂RS MAC3 red. MAC6 red. MAC3 exp. MAC6 exp. 
 1 first torsion 54.17 49.04 −9.47 0.105 0.982 0.982 0.978 0.978  
 2 first bending about 𝑥3 143.17 146.54 2.35 0.052 1.000 0.999 0.995 0.995  
 4 second bending about 𝑥3 328.68 390.77 18.89 0.327 0.999 0.966 0.902 0.901  
 7 local shell mode, not beam-like 549.45 – – 0.990 0.113 0.098 0.002 0.002  

Table  20 reports the most meaningful correspondences between the shell and beam models after removal of the six rigid-body 
modes. The retained pairs correspond to the first torsional mode, the first bending mode about 𝑥3, and the second bending mode 
about 𝑥3. A representative shell mode that is not retained as a beam-like correspondence is also included in the last row, in order 
to illustrate the presence of local three-dimensional deformation patterns that are outside the kinematic scope of the equivalent 
beam model. The first torsional mode is predicted with a frequency difference of about 9%, while both the reduced and expanded 
MAC values remain close to 0.98, indicating a clear correspondence in the beam-compatible modal content. The first bending mode 
about 𝑥3 shows the best agreement, with a frequency difference below 3%, nearly unitary reduced MAC values, expanded MAC 
values close to 0.995, and a low average fitting error. The second bending mode about 𝑥3 is also strongly correlated in the reduced 
space, although the larger frequency difference and the lower expanded MAC indicate that the shell displacement field contains 
non-negligible contributions that are not fully reproduced by the one-dimensional expansion. Conversely, the non-beam-like shell 
mode reported in the last row exhibits a large rigid-section fitting error and very low reduced and expanded MAC values, confirming 
that it should not be interpreted as a meaningful counterpart of any beam mode.

The results confirm that the equivalent beam model captures the first global beam-like modes of the spar-like structure with 
good accuracy. The second bending mode about 𝑥3 shows that a high reduced MAC can still be associated with a larger frequency 
discrepancy and with a lower expanded MAC, indicating that part of the detailed shell displacement field is not fully represented 
by the one-dimensional expansion. This trend is consistent with the expected progressive loss of validity of a rigid-section beam 
description for higher modes or for modes involving local deformation of the thin-walled section.

Fig.  10 shows representative mode-shape comparisons for the four retained pairs. The visual agreement is consistent with the 
values reported in Table  20: the first torsional and first bending modes show the clearest correspondence, whereas the second 
bending mode illustrates the situation in which the reduced modal shape remains strongly correlated even though the frequency 
error is larger.

Overall, the spar-like dynamic comparison confirms that the identified properties can be used to reproduce the first global free–
free elastic modes of a realistic periodic thin-walled structure. At the same time, it also highlights the limits of applying an isolated 
one-dimensional beam model to an open shell component whose detailed spectrum contains local deformation mechanisms. This 
motivates the additional dynamic comparison of Section 7.4, where a solid periodic beam is used as a more controlled verification 
case.

7.4. Free–free dynamics of a rectangular perforated periodic beam

To complement the spar-like shell example, a second dynamic comparison is performed on a rectangular solid periodic beam 
with a through-hole. The purpose of this case is not to introduce a new characterization procedure, but to provide a more controlled 
verification of the dynamic use of the identified periodic-cell properties. Unlike the open thin-walled spar, this structure is discretized 
with three-dimensional solid elements and its low-frequency spectrum is dominated by clearly beam-like global modes. It therefore 
helps separate the dynamic performance of the equivalent one-dimensional model from the local shell effects discussed in Section 7.3.

The same modal-comparison procedure described in Section 7.2 is used here. The three-dimensional modes are reduced to 
equivalent rigid-section variables at the comparison stations and are also compared with the one-dimensional modes after expansion 
of the latter onto the three-dimensional section nodes.

7.4.1. Geometry and material
The periodic cell is shown in Fig.  11. It consists of a rectangular solid section of dimensions 24 mm by 40 mm, with a through-hole 

of diameter 24 mm located at mid-period. The period length is 60 mm. The finite structure considered in the modal comparison is 
obtained by repeating the cell for twelve periods, resulting in a total length of 720 mm.

Because the through-hole intersects only part of the period, the cross-sectional geometry varies along 𝑥1, from the solid end 
sections to the perforated region around mid-period. A single conventional two-dimensional cross-sectional model cannot therefore 
represent the complete cell without introducing an additional smearing or homogenization assumption.

The material is aluminum, modeled as linear elastic and isotropic with 
𝐸 = 70GPa, 𝜈 = 0.30, 𝜌 = 2700 kg∕m3. (39)

The equivalent elastic and inertial properties identified from the periodic cell are reported in Appendix  C.
Owing to the two orthogonal symmetry planes of the geometry and the corresponding choice of reference axes, the constitutive 

matrix is diagonal. The six nonzero constitutive coefficients and the three-dimensional unit-cell mass properties are reported in the 
appendix.
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Fig. 10. Comparison between representative free–free elastic modes of the three-dimensional shell model and of the equivalent one-dimensional 
beam model for the eight-period spar-like beam.

Fig. 11. Geometry of the rectangular perforated periodic cell used for the solid-beam dynamic comparison.

Table 21
Mesh convergence of the one-period rectangular perforated solid-beam unit cell. The quantity 𝜀𝐷 is the 
maximum relative difference among the six diagonal constitutive coefficients, evaluated with respect 
to the finest discretization.
 Mesh Total DOFs 𝑅1 ∪ 𝑅2 DOFs 𝜀𝐷 (%)  
 Coarse 22 660 1038 2.03 ⋅ 10−1 
 Intermediate 71 570 2202 2.56 ⋅ 10−2 
 Fine 164000 3798 5.22 ⋅ 10−3 
 Finest 477 500 7398 reference  

7.4.2. Mesh convergence and multiperiod consistency
Mesh sensitivity was assessed using four discretizations of the one-period unit cell with 20-node quadratic hexahedral elements. 

The models range from 22 656 to 477 504 total degrees of freedom and from 1 038 to 7 398 degrees of freedom retained on the two 
end interfaces 𝑅1 ∪𝑅2. Table  21 reports the maximum relative difference among the six diagonal constitutive coefficients, using the 
finest discretization as reference. The complete constitutive and inertial results for the four meshes are reported in Appendix  C.
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Table 22
Multiperiod consistency of the rectangular perforated solid-beam characterization. The mass and axial-inertia ratios 
refer to the actual three-dimensional properties of each finite characterization domain.
 𝑛𝑝 𝐿 (m) 𝜀(𝑛𝑝 )𝐷  (%) 𝑀 (𝑛𝑝 )∕𝑀 (1) 𝐼 (𝑛𝑝 )

11 ∕𝐼 (1)
11  

 1 0.06 reference 1 1  
 2 0.12 2.3 ⋅ 10−9 2 2  
 4 0.24 2.2 ⋅ 10−7 4 4  

The maximum difference is 0.203% for the coarsest mesh, 0.0256% for the intermediate mesh, and 0.00522% for the fine mesh. 
For the coarse and intermediate discretizations, the largest variation occurs in the transverse-shear coefficient 𝐷33. Over the complete 
refinement range, the unit-cell mass and barycentric inertia vary by less than 8×10−5%. The finest one-period discretization provides 
the properties used in the modal comparison reported below.

The effect of grouping consecutive periods into a single characterization domain was assessed separately using models containing 
𝑛𝑝 = 1, 2, and 4 complete periods. The intermediate mesh resolution was retained within each period, and the two ends of 
every characterization domain were located at equivalent periodic sections. Table  22 reports the maximum difference among 
the six constitutive coefficients relative to the one-period result, together with the ratios of the actual characterization-domain 
mass and axial barycentric inertia to their one-period values. Here, 𝐼 (𝑛𝑝)𝑖𝑖  denotes the three-dimensional barycentric inertia of a 
finite characterization domain containing 𝑛𝑝 complete periods, as obtained from the original finite-element mass matrix; it is not 
normalized by the domain length. The complete constitutive and inertial results are reported in Appendix  C.

The six constitutive coefficients are numerically indistinguishable for the three characterization-domain lengths at the reported 
accuracy. The mass of the two- and four-period characterization domains is, respectively, two and four times that of the one-period 
unit cell, and the barycentric inertia about the beam axis, 𝐼 (𝑛𝑝)11 , follows the same linear scaling. The transverse barycentric inertias 
include the expected parallel-axis contribution caused by the increasing axial separation of the individual periods. Specifically, their 
values satisfy 

𝐼
(𝑛𝑝)
𝛼𝛼 = 𝑛𝑝𝐼

(1)
𝛼𝛼 +𝑀 (1)𝐿2

𝑐

𝑛𝑝
(

𝑛2𝑝 − 1
)

12
, 𝛼 = 2, 3. (40)

The computed mass and inertia values agree with these direct aggregation relations at the reported accuracy. Thus, grouping 
consecutive complete periods does not alter the identified constitutive properties, while each characterization retains the actual 
mass properties of the finite characterization domain being replaced.

7.4.3. Modal comparison results
The comparison is carried out on the twelve-period free–free structure. The modal quantities are evaluated at the two end sections 

and at the intermediate period interfaces, which correspond to the nodes of the equivalent one-dimensional model. Table  23 reports 
the mode correspondences identified below 2.5 kHz, including natural frequencies, relative frequency differences, rigid-section fitting 
errors, reduced MAC values, and expanded MAC values.

The modal correspondence is very strong for all reported modes. The reduced-space MAC values are close to unity both in 
the three-component and six-component comparisons. The same conclusion is obtained from the expanded comparison, where the 
one-dimensional modes reconstructed on the three-dimensional section nodes retain nearly identical MAC values. This confirms 
that the agreement is not an artifact of the reduced section variables, but is also visible when the beam modes are interpreted as 
three-dimensional rigid-section displacement fields.

The frequency agreement is also good. The relative differences remain below about 1.2% for the first four matched modes, apart 
from the closely spaced modes around 1.09 kHz, where the ordering of the fourth and fifth one-dimensional modes is interchanged 
with respect to the three-dimensional ordering. The largest discrepancy in the reported set is observed for the seventh mode, with a 
frequency difference of approximately 3.25%. The first torsional mode at 1431.17 Hz exhibits a larger section fitting error than the 
bending modes, although the MAC values remain essentially unitary. This indicates that the mode contains a stronger non-rigid body 
motion contribution at the section level (the out-of-plane warping displacement that is characteristic of torsion), while preserving 
a global beam-like deformation pattern that is accurately captured by the one-dimensional model.

Fig.  12 shows representative mode-shape comparisons for the matched modes listed in Table  23. The agreement is visually 
consistent with the quantitative indicators: the bending families are reproduced with very high correlation, and the torsional mode 
retains the expected global deformation despite the larger local fitting error.

Overall, the rectangular perforated beam provides a clean dynamic verification case. The fitting errors remain small for most 
modes, the reduced and expanded MAC values are mutually consistent, and the frequency agreement remains close over the reported 
frequency range. These results support the use of the identified periodic-cell properties in equivalent one-dimensional beam models 
for global free–free modal analyses of solid periodic structures.

The first observation is that the modal correspondence is very strong for all the reported modes. The reduced-space MAC values 
are close to unity in both the MAC3 and MAC6 spaces. The same conclusion is obtained from the expanded comparison, where the 
1D modes reconstructed on the three-dimensional section nodes retain nearly identical MAC values. This agreement suggests that the 
matching is not an artifact of the reduction procedure, but is also visible when the beam modes are interpreted as three-dimensional 
rigid-section displacement fields.
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Table 23
Modal correspondence between the 3D model and the 1D equivalent beam model for the rectangular perforated periodic beam. The fit error is 
the rigid section error associated with the three-dimensional to one-dimensional reduction.
 3D mode Mode family 𝑓3D (Hz) 𝑓1D (Hz) 𝛥𝑓 (%) 𝜂RS MAC3 red. MAC6 red. MAC3 exp. MAC6 exp. 
 1 first bending about 𝑥3 206.14 205.57 0.28 1.189 ⋅ 10−3 1.0000 1.0000 1.0000 1.0000  
 2 first bending about 𝑥2 414.33 412.86 0.35 1.757 ⋅ 10−3 1.0000 1.0000 1.0000 1.0000  
 3 second bending about 𝑥3 563.91 558.44 0.97 2.388 ⋅ 10−3 0.9999 0.9999 0.9999 0.9999  
 4 second bending about 𝑥2 1090.76 1078.71 1.11 3.807 ⋅ 10−3 0.9999 0.9999 0.9998 0.9999  
 5 third bending about 𝑥3 1094.27 1072.58 1.98 4.996 ⋅ 10−3 0.9997 0.9997 0.9997 0.9997  
 6 first torsion 1431.17 1427.89 0.23 9.395 ⋅ 10−2 1.0000 1.0000 1.0000 0.9998  
 7 third bending about 𝑥2 1785.99 1727.88 3.25 8.147 ⋅ 10−3 0.9994 0.9994 0.9994 0.9994  

Fig. 12. Representative mode-shape comparisons between the 3D model (green) and the 1D equivalent beam model (axis in blue and sections 
used for MAC in red).

7.5. Computational considerations and model-size reduction

The computational assessment should distinguish the one-time characterization of a detailed periodic cell from the recurring 
analyses of the resulting one-dimensional structural model. Denoting by off  the combined cost of finite-element matrix generation, 
Craig–Bampton condensation, and beam-property identification, and by 𝑁𝑎 the number of subsequent structural analyses, the two 
workflows may be represented schematically as 

 =  +𝑁  ,  = 𝑁  . (41)
reduced off 𝑎 1D detailed 𝑎 FE
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Table 24
Representative algebraic dimensions for the rectangular perforated solid beam. The 
detailed model is assembled by merging the coincident interfaces of consecutive periods.
 Quantity Value  
 One-period finite-element DOFs 71 568  
 Internal DOFs eliminated by Craig–Bampton reduction 69 366  
 Retained 𝑅1 ∪ 𝑅2 DOFs 2202  
 Order of the condensed interface matrices 2202 × 2202 
 Number of periods in the detailed validation model 12  
 Detailed twelve-period model DOFs 846 705  
 Equivalent beam nodes 25  
 Equivalent beam DOFs 150  

This expression is intended only to distinguish offline and recurring operations; it does not assume a particular complexity exponent 
for the linear or eigenvalue solvers. The relative costs depend on matrix sparsity, solver type, factorization reuse, implementation, 
and computing platform.

In the present implementation, the assembled stiffness and mass matrices are generated by a conventional finite-element solver 
and imported into the authors’ characterization tool, which currently performs both the Craig–Bampton reduction and the subsequent 
identification. The initial reduction eliminates the internal degrees of freedom and retains the two end interfaces 𝑅1 ∪ 𝑅2. The 
computational dimension of the subsequent characterization is therefore governed primarily by the interface size, rather than by 
the complete three-dimensional or shell discretization. The two interfaces are finally represented by 12 rigid-handle variables, from 
which the 6 × 6 beam constitutive matrix and the corresponding inertial properties are obtained.

A representative quantitative assessment is provided by the intermediate mesh of the rectangular perforated solid beam. One 
periodic cell contains 𝑛𝑐 = 71 568 degrees of freedom, of which 2 202 belong to 𝑅1 ∪𝑅2; the Craig–Bampton step therefore eliminates 
69 366 internal degrees of freedom and produces interface matrices of order 2 202. Since the two end interfaces have equal size, one 
interface contains 𝑛𝛤 = 1 101 degrees of freedom. When 𝑁 cells are assembled, the right interface of one cell is merged with the 
left interface of the following cell, and the detailed model size is 

𝑛FE(𝑁) = 𝑁
(

𝑛𝑐 − 𝑛𝛤
)

+ 𝑛𝛤 . (42)

The one-dimensional models use one three-node beam element per period. Adjacent elements share their end nodes, so that an 
𝑁-period model has 2𝑁 + 1 beam nodes and 

𝑛1D(𝑁) = 6(2𝑁 + 1) (43)

algebraic degrees of freedom. Table  24 summarizes the resulting dimensions for the twelve-period rectangular perforated beam used 
in the detailed-to-reduced comparison.

The reduction in algebraic model size is therefore more than three orders of magnitude for this example. This ratio is independent 
of processor speed and software optimization and is consequently a more portable indicator than wall-clock time. A similar 
downstream reduction applies to the eight-period spar model: its cells contain 26 864 shell elements and each regular end interface 
contains 161 nodes, whereas the corresponding one-dimensional model has 17 nodes and 102 degrees of freedom.

New wall-clock and peak-memory values are not used here as intrinsic performance measures. The present characterization code 
is a research implementation, and the measured values depend strongly on hardware, sparse-matrix libraries, ordering strategies, 
matrix input/output, and the degree of software optimization. A direct implementation-level comparison was previously reported 
for a prismatic solid section [9].

For an axially uniform beam, a dedicated two-dimensional cross-sectional formulation such as VABS [20] or ANBA [37] is 
therefore generally the more economical choice. The three-dimensional axial cell becomes useful when geometry, thickness, material 
distribution, holes, ribs, or local reinforcements vary within the physical period, so that no single fixed cross section represents 
the structure. In such cases, the one-time cell characterization retains the axial transitions and load-transfer mechanisms and 
can subsequently be reused in long structures, multiple load cases, modal analyses, parameter studies, or optimization loops. 
For laminated thin-walled structures, shell models provide an additional reduction by replacing the explicit through-thickness 
ply discretization with laminate constitutive properties while retaining the actual spanwise-periodic geometry; agreement with 
corresponding detailed three-dimensional models was demonstrated in the shell-characterization study [10].

7.6. Discussion

Taken together, the static and dynamic one-dimensional analyses clarify the intended use of the proposed characterization 
framework. The periodic unit cell is first reduced to equivalent constitutive and inertial properties through the handle-based 
identification procedure. These quantities are then assigned to an equivalent beam model, which can be used to predict the global 
response of finite periodic structures within the regimes for which a one-dimensional description is meaningful.

The static cantilever comparison shows that the characterized constitutive matrix captures the dominant response of the spar-
like periodic structure with good accuracy. This case is particularly relevant because it involves an open thin-walled section, a 
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nontrivial shear-center location, and a realistic periodic geometry. The analysis also shows the practical importance of applying 
loads consistently with the identified beam properties, since the shear-center position can be used to avoid introducing spurious 
torsional effects in the comparison.

The dynamic comparisons play a complementary role by exercising the inertial part of the characterization. For the spar-like 
beam, the first global bending and torsional modes are reproduced with reasonable accuracy, but the comparison also reveals the 
expected limitations of an isolated beam representation for an open shell structure. Some modes of the detailed model contain local 
shell deformation or cross-sectional distortion and therefore do not admit a meaningful one-dimensional counterpart. This behavior 
is not a failure of the characterization procedure, but rather a consequence of the richer kinematics available in the shell model.

The rectangular perforated solid beam provides a more controlled dynamic verification. In this case, the low-frequency modes 
are more clearly beam-like, the section fitting errors remain small for most modes, and both the reduced and expanded MAC values 
confirm a strong correspondence between the three-dimensional and one-dimensional models. The improved agreement obtained 
for this case supports the use of the identified constitutive and inertial properties for low-frequency free–free modal analyses when 
the relevant modes are governed by global beam deformation.

Overall, the results indicate that the proposed framework provides predictive equivalent one-dimensional models for the global 
static and low-frequency dynamic behavior of periodic beams. At the same time, the comparisons clarify the limits of the approach: 
the equivalent beam model should not be interpreted as a surrogate for the full three-dimensional or shell spectrum, but as a reduced 
representation of the beam-like part of the structural response.

8. Conclusions

This paper presented a finite-element framework for the characterization of periodic straight beams from representative axial 
cells. Building on a previously developed matrix-based characterization strategy for beam-like structures, the specific contribution 
of the present work is its formulation and assessment for cells with spanwise periodic heterogeneity. The framework provides the 
full equivalent beam constitutive matrix and the associated inertial properties, and applies the same algebraic procedure to both 
three-dimensional solid and shell finite-element models.

The verified findings can first be summarized from the benchmark studies. For sandwich beams with perforated cores and thin-
walled box beams with and without transverse ribs, the identified dominant stiffness coefficients were consistent with the available 
literature results. For the thin-walled box beams, the solid- and shell-based characterizations also produced closely matching 
dominant constitutive terms, showing that shell discretizations can be used without altering the overall identification procedure 
for the thin configurations considered here. For the unsymmetrical corrugated-strip-core beam, the validation was extended to all 
six diagonal coefficients and the nonzero torsion–bending coupling coefficient 𝐷46, including direct comparisons of both transverse-
shear stiffnesses and torsion. All seven coefficients agreed within 2% with both reference methods, while the limited two-level 
mesh-refinement check changed them by at most 0.665%.

The spar-like periodic beam provided a more demanding application case. A systematic translation of the periodic cut showed 
that the axial stiffness, bending stiffnesses, extension–bending coupling, and shear-center-referred torsional rigidity remain highly 
stable. The transverse-shear block and the extension–shear coupling were more sensitive when the local feature approached the 
retained interfaces, and the largest differences occurred for the interface-intersecting Cut B configuration. The total unit-cell mass 
remained invariant, whereas the transverse barycentric inertias changed with the allocation of the local feature within the selected 
finite cell. These results quantify both the practical robustness and the limitations of the unit-cell-based characterization and indicate 
that interfaces should preferably be placed away from strong local discontinuities. The identified constitutive matrix also provided 
the shear-center location used to define mechanically consistent loading conditions for the static comparison.

The predictive comparisons further verified the use of the characterized properties in equivalent one-dimensional models of 
finite periodic beams. The static cantilever analysis reproduced the dominant global response of the spar-like structure. In the 
free–free modal comparisons, the open thin-walled spar highlighted both the predictive capability and the limits of an isolated 
one-dimensional representation, whereas the rectangular perforated solid beam provided a controlled verification case with strong 
agreement in frequencies and mode shapes for the first global beam-like modes.

From a practical standpoint, the framework provides a route from standard finite-element stiffness and mass matrices to 
equivalent beam properties that can be transferred directly to reduced one-dimensional structural models. Its unified use with solid 
and shell discretizations allows the finite-element representation of the periodic cell to be selected according to its geometry and 
modeling requirements, while retaining the same characterization workflow.

The characterization represents a one-time offline computation. Once the effective constitutive and inertial properties have been 
identified, they can be reused without repeating the detailed-cell reduction in multiple static load cases, low-frequency dynamic 
analyses, parametric studies, or different structures assembled from the same periodic cell. This reuse is particularly advantageous 
for long structures and for applications requiring repeated dynamic or parametric analyses, since the initial characterization cost is 
amortized over the subsequent one-dimensional computations.

This computational advantage must nevertheless be interpreted within the intended range of validity of the equivalent model, 
which is restricted to global static response and low-frequency dynamics governed by beam-like deformation. The model is not 
intended to reproduce local sectional or shell deformation modes, higher-frequency wave-propagation effects, strongly dispersive 
regimes, or frequency-dependent dynamic homogenization. These limitations become particularly relevant when local deformation 
is comparable to the global beam motion, as observed for some modes of the isolated open thin-walled spar. Future work will 
address more complete structural assemblies, including ribbed and closed-box configurations, and will further investigate the role 
of periodic inertial characterization in dynamic reduced-order models.
30 



C. Caccia et al. Finite Elements in Analysis & Design 262 (2026) 104653 
Table A.25
Diagonal constitutive coefficients for the sandwich-beam benchmark cases.
 Square-hole core Circular-hole core 
 𝐷11∕N 2.658 ⋅ 1010 2.651 ⋅ 1010  
 𝐷22∕N 8.329 ⋅ 109 8.442 ⋅ 109  
 𝐷33∕N 5.418 ⋅ 108 9.994 ⋅ 108  
 𝐷44∕(Nm2) 7.205 ⋅ 108 9.704 ⋅ 108  
 𝐷55∕(Nm2) 5.575 ⋅ 1010 5.553 ⋅ 1010  
 𝐷66∕(Nm2) 4.978 ⋅ 109 4.979 ⋅ 109  

Table A.26
Three-dimensional unit-cell mass properties for the sandwich-beam benchmark cases. 
All values are expressed in SI units.
 Square-hole core Circular-hole core 
 𝑀∕kg 4.965 ⋅ 103 4.995 ⋅ 103  
 𝐼 (3D)11 ∕(kgm2) 6.976 ⋅ 103 7.014 ⋅ 103  
 𝐼 (3D)22 ∕(kgm2) 7.288 ⋅ 103 7.337 ⋅ 103  
 𝐼 (3D)33 ∕(kgm2) 2.174 ⋅ 103 2.196 ⋅ 103  
Note: The inertia tensor components are reported as three-dimensional unit-cell quantities referred 
to the unit-cell center of gravity.
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Appendix A. Complete constitutive matrices for the benchmark cases

The validation discussed in Section 5 focuses on the constitutive terms that are directly comparable with the quantities reported in 
the benchmark literature. Since the proposed procedure identifies the full constitutive matrix of each periodic unit cell, the complete 
matrices obtained for the benchmark cases are collected in this appendix for completeness. Their inclusion serves two purposes. First, 
it documents the full output of the characterization beyond the dominant terms usually reported in benchmark studies. Second, it 
provides a reference dataset that may be useful for future comparisons with alternative homogenization procedures, discretization 
strategies, or beam formulations.

A.1. Perforated-core sandwich and prismatic box beams

The perforated-core sandwich-beam and prismatic-box benchmark families possess two orthogonal planes of symmetry, and the 
beam reference line and transverse axes are selected consistently with these symmetries. Their constitutive matrices are therefore 
diagonal: all extension–shear, extension–bending, shear–torsion, shear–bending, torsion–bending, and bending–bending coupling 
coefficients vanish identically. Consequently, the six diagonal coefficients constitute the complete 6 × 6 constitutive matrices for 
these symmetric cases. The same symmetries place the center of mass on the reference line and cause the products of inertia to vanish. 
In contrast, the unsymmetrical corrugated-strip-core benchmark exhibits additional coupling terms, and its complete constitutive 
matrix is therefore reported separately in Table  A.29.

The diagonal constitutive coefficients of the perforated-core sandwich-beam and prismatic-box benchmarks are reported in Tables 
A.25 and A.27, respectively. The complete constitutive matrix of the unsymmetrical corrugated-strip-core benchmark is given in 
Table  A.29. The corresponding three-dimensional unit-cell mass properties of the symmetric benchmark cases are reported in Tables 
A.26 and A.28.
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Table A.27
Diagonal constitutive coefficients identified for the prismatic box-beam bench-
mark cases. All values are expressed in SI units.
 Without ribs With ribs  
 𝐷11∕N 1.032 ⋅ 1010 1.053 ⋅ 1010 
 𝐷22∕N 2.449 ⋅ 109 2.459 ⋅ 109  
 𝐷33∕N 8.872 ⋅ 108 8.925 ⋅ 108  
 𝐷44∕(Nm2) 1.709 ⋅ 109 1.719 ⋅ 109  
 𝐷55∕(Nm2) 1.914 ⋅ 109 1.936 ⋅ 109  
 𝐷66∕(Nm2) 5.576 ⋅ 109 5.649 ⋅ 109  

Table A.28
Three-dimensional unit-cell mass properties for the prismatic box-beam bench-
mark cases. All values are expressed in SI units.
 Without ribs With ribs  
 𝑀∕kg 3.983 ⋅ 102 5.233 ⋅ 102 
 𝐼 (3D)11 ∕(kgm2) 2.889 ⋅ 102 3.379 ⋅ 102 
 𝐼 (3D)22 ∕(kgm2) 1.070 ⋅ 102 1.164 ⋅ 102 
 𝐼 (3D)33 ∕(kgm2) 2.483 ⋅ 102 2.879 ⋅ 102 
Note: The inertia tensor components are reported as three-dimensional unit-cell quantities 
referred to the unit-cell center of gravity.

Table A.29
Complete constitutive matrix identified for the unsymmetrical corrugated-strip-core sandwich-beam unit cell using the 
baseline 12 008-element discretization.

 8.328 ⋅ 1010 −4.363 ⋅ 107 1.015 ⋅ 104  
 2.610 ⋅ 1010 −3.599 ⋅ 107 −2.637 ⋅ 107 
 1.167 ⋅ 108 −5.599 ⋅ 104  
 3.718 ⋅ 108 5.330 ⋅ 107 
 8.324 ⋅ 1010  
 2.768 ⋅ 1010
Note: Only upper-triangular coefficients with absolute value not smaller than 1 are reported. Blank entries denote lower-triangular terms 
or values below the reporting threshold. Coefficients in the translational 3 × 3 block have units of N, translation–rotation coupling 
coefficients have units of Nm, and coefficients in the rotational 3 × 3 block have units of Nm2.

A.2. Unsymmetrical corrugated-strip-core sandwich beam

The complete constitutive matrix identified for the unsymmetrical corrugated-strip-core benchmark using the baseline 12 008-
element discretization is reported in Table  A.29. Only the upper-triangular terms are shown because the matrix is symmetric to 
numerical precision. The seven coefficients for which published reference values are available are compared in Table  9; the additional 
terms reported here document the complete output of the present characterization and provide reference data for future comparisons.

Among the coefficients not tabulated in the reference comparison, the most significant are 𝐷13, 𝐷24, and 𝐷26. Their occurrence 
is qualitatively consistent with the geometric asymmetry introduced by the inclined core web. In the adopted ordering, 𝐷13 couples 
axial extension with transverse shear along 𝑥3; 𝐷24 couples transverse shear along 𝑥2 with torsion, consistent with a small offset 
between the selected reference line and the shear center; and 𝐷26 couples transverse shear along 𝑥2 with bending about 𝑥3. The 
pattern of zero and nonzero coefficients respects the remaining reflection symmetry about the 𝑥1-𝑥3 plane. These terms are therefore 
symmetry-admissible and physically interpretable. Their changes under mesh refinement are 0.75%, 1.87%, and 3.40%, respectively, 
indicating that their precise magnitudes are more mesh-sensitive than the principal stiffness terms.

Comparison with the complete MSG matrix2 confirms the same symmetry-admissible coupling pattern. The coefficient 𝐷13 agrees 
closely, with values of −4.363×107 N from the present method and −4.400×107 N from MSG, corresponding to a difference of 0.85%. 
Larger differences are found for 𝐷24 and 𝐷26: the present values are −3.599×107 Nm and −2.637×107 Nm, respectively, whereas MSG 
gives 7.536 × 105 Nm and −1.071 × 105 Nm. Using 𝑐𝑖𝑗 = |𝐷𝑖𝑗 |∕

√

𝐷𝑖𝑖𝐷𝑗𝑗 , their normalized magnitudes are 1.155% and 0.098% for the 
present matrix, compared with 0.024% and 0.0004% for MSG. These differences do not affect the close agreement obtained for the 
seven published coefficients, but they remain relevant to the weaker shear-related couplings and, in the case of 𝐷24, to the inferred 
shear-center location. The limited mesh-refinement check does not remove these differences. A conclusive assessment would require 
a dedicated finite-beam analysis with independently defined load transfer and checks of beam length, boundary effects, and mesh 
resolution; this verification is left for future work.

2 The complete set of off-diagonal coefficients associated with the MSG solution of Liu et al. [8] was kindly provided by the authors through personal 
communication and is used here with their permission. Their cooperation is gratefully acknowledged.
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Table B.30
Complete constitutive matrix for the spar-like beam, Cut A, Kirchhoff–Love formulation.

 1.703 ⋅ 107 2.275 ⋅ 101 5.663 ⋅ 104 
 9.819 ⋅ 105 4.570 ⋅ 101 
 2.989 ⋅ 106 1.513 ⋅ 104 −8.777 ⋅ 101  
 8.811 ⋅ 101  
 3.875 ⋅ 104  
 7.524 ⋅ 102
Note: Only upper-triangular terms with absolute value not smaller than 1 are reported. Blank entries indicate lower-triangular terms or 
values below the reporting threshold. Values are expressed in SI units.

Table B.31
Complete constitutive matrix for the spar-like beam, Cut B, Kirchhoff–Love formulation.

 1.703 ⋅ 107 1.105 ⋅ 102 5.664 ⋅ 104 
 8.390 ⋅ 105 5.997 ⋅ 101 
 3.141 ⋅ 106 1.588 ⋅ 104 −2.039 ⋅ 101  
 9.180 ⋅ 101  
 3.877 ⋅ 104  
 7.521 ⋅ 102
Note: Only upper-triangular terms with absolute value not smaller than 1 are reported. Blank entries indicate lower-triangular terms or 
values below the reporting threshold. Values are expressed in SI units.

Table B.32
Complete constitutive matrix for the spar-like beam, Cut A, Mindlin–Reissner formulation.

 1.699 ⋅ 107 2.760 ⋅ 101 5.647 ⋅ 104 
 9.821 ⋅ 105 2.402 ⋅ 101 
 2.955 ⋅ 106 1.516 ⋅ 104 −3.931 ⋅ 101  
 8.734 ⋅ 101  
 3.875 ⋅ 104  
 7.519 ⋅ 102
Note: Only upper-triangular terms with absolute value not smaller than 1 are reported. Blank entries indicate lower-triangular terms or 
values below the reporting threshold. Values are expressed in SI units.

Table B.33
Complete constitutive matrix for the spar-like beam, Cut B, Mindlin–Reissner formulation.

 1.699 ⋅ 107 −6.489 ⋅ 102 5.647 ⋅ 104 
 8.400 ⋅ 105 3.336 ⋅ 101 
 3.103 ⋅ 106 1.591 ⋅ 104 −1.059 ⋅ 101  
 9.109 ⋅ 101  
 3.875 ⋅ 104  
 7.517 ⋅ 102
Note: Only upper-triangular terms with absolute value not smaller than 1 are reported. Blank entries indicate lower-triangular terms or 
values below the reporting threshold. Values are expressed in SI units.

Appendix B. Elastic and inertial properties of the spar-like periodic beam

This appendix collects the equivalent one-dimensional properties identified for the spar-like periodic beam. The reported 
data complement the discussion presented in Sections 6 and 7 by providing the complete constitutive and inertial quantities 
associated with the characterized periodic unit cell. Their inclusion serves two purposes. First, it documents the full output of the 
characterization procedure beyond the subset of coefficients emphasized in the main text. Second, it provides a compact reference 
dataset for future comparisons with alternative unit-cell definitions, discretization strategies, and one-dimensional beam models.

B.1. Equivalent constitutive matrices

Tables  B.30, B.31, B.32, and B.33 report the detailed equivalent constitutive matrices identified for the spar-like periodic beam 
using the two alternative cut definitions and the two shell kinematic descriptions considered in the paper.

B.2. Derived beam quantities

The derived beam quantities obtained from the constitutive matrices are summarized in Table  B.34. These include, in particular, 
the shear-center coordinates with respect to the chosen beam reference line. As discussed in the main text, these quantities are useful 
not only for physical interpretation of the identified coupling terms, but also for the consistent definition of loading conditions in 
the one-dimensional and three-dimensional validation tests.
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Table B.34
Derived beam quantities for the spar-like periodic beam.
 Cut Formulation 𝑥2 𝑠𝑐 (m) 𝑥3 𝑠𝑐 (m)  
 Cut A Kirchhoff–Love 5.061 ⋅ 10−3 −7.479 ⋅ 10−11 
 Cut A Mindlin–Reissner 5.131 ⋅ 10−3 −3.323 ⋅ 10−11 
 Cut B Kirchhoff–Love 5.055 ⋅ 10−3 −1.111 ⋅ 10−10 
 Cut B Mindlin–Reissner 5.126 ⋅ 10−3 −4.121 ⋅ 10−12 
Note: The shear-center coordinates are computed from the stiffness matrix using the formulation in [30].

Table B.35
Mass, center-of-gravity coordinates, and barycentric three-dimensional inertia com-
ponents of the 𝐿𝑐 = 100 mm spar unit cells. All values are extracted from the 
Mindlin–Reissner mass matrices.
 Cut A Cut B  
 𝑀∕kg 7.88920 ⋅ 10−2 7.88920 ⋅ 10−2  
 𝑥1,𝐺∕m 5.00000 ⋅ 10−2 5.000000 ⋅ 10−2 
 𝑥2,𝐺∕m −2.88106 ⋅ 10−3 −2.88107 ⋅ 10−3  
 𝐼 (3𝐷)

11 ∕(kgm2) 1.53835 ⋅ 10−4 1.53823 ⋅ 10−4  
 𝐼 (3𝐷)

22 ∕(kgm2) 2.22295 ⋅ 10−4 2.10956 ⋅ 10−4  
 𝐼 (3𝐷)

33 ∕(kgm2) 7.29863 ⋅ 10−5 6.16443 ⋅ 10−5  
Note: The reported quantities are properties of the complete finite unit cell. The inertia tensor 
is evaluated about the center of gravity of each configuration and expressed in the same fixed 
beam axes. The products 𝐼 (3𝐷)

𝑖𝑗 , for 𝑖 ≠ 𝑗, vanish by symmetry and are omitted. The Cut A/Cut B 
differences in the transverse barycentric inertias reflect the different axial allocation of the local 
feature.

Table C.36
Complete nonzero constitutive coefficients of the one-period rectangular perforated solid-beam unit cell for the four mesh discretizations. Powers 
of ten are factored into the column headings.
 Mesh 𝐷11∕(107 N) 𝐷22∕(107 N) 𝐷33∕(106 N) 𝐷44∕(103 Nm2) 𝐷55∕(103 Nm2) 𝐷66∕(103 Nm2) 
 Coarse 3.5929 4.3289 6.2733 1.8209 8.0245 1.9164  
 Intermediate 3.5914 4.3324 6.2622 1.8200 8.0232 1.9159  
 Fine 3.5911 4.3331 6.2603 1.8198 8.0229 1.9158  
 Finest 3.5911 4.3330 6.2606 1.8198 8.0229 1.9159  

B.3. Equivalent inertial properties

The mass properties associated with the spar-like periodic beam are reported in Table  B.35. All quantities are extracted from 
the assembled mass matrices of the Mindlin–Reissner model used for the constitutive characterization and the translated-cut study. 
The table reports the actual mass 𝑀 of the finite unit cell, its nonzero center-of-gravity coordinates, and the diagonal barycentric 
three-dimensional inertia components expressed in the fixed beam axes.

Appendix C. Rectangular perforated periodic beam

This appendix reports the detailed constitutive and inertial results associated with the mesh-convergence and multiperiod studies 
of Section 7.4.2. The finest one-period discretization provides the properties used in the modal comparison of Section 7.4.3. Owing 
to the two orthogonal symmetry planes of the geometry and the corresponding choice of reference axes, all constitutive coupling 
coefficients and products of inertia vanish. For every one-period discretization, the center of gravity is located at (𝑥𝐺 , 𝑦𝐺 , 𝑧𝐺) =
(0.03, 0, 0)m.

C.1. Mesh-convergence results

Tables  C.36 and C.37 report, respectively, the six nonzero constitutive coefficients and the three-dimensional mass properties 
obtained with the four one-period discretizations.

The complete values confirm that the small residual mesh dependence is concentrated in the constitutive coefficients, particularly 
in transverse shear, whereas the mass and barycentric inertia are already stable on the coarsest discretization.
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Table C.37
Three-dimensional mass and principal barycentric inertia components of the one-period rectangular perforated solid-beam unit cell for the four 
mesh discretizations.
 Mesh 𝑀∕kg 𝐼 (3𝐷)

11 ∕kgm2 𝐼 (3𝐷)
22 ∕kgm2 𝐼 (3𝐷)

33 ∕kgm2  
 Coarse 0.1262053 2.573853 ⋅ 10−5 6.528135 ⋅ 10−5 5.165853 ⋅ 10−5 
 Intermediate 0.1262052 2.573852 ⋅ 10−5 6.528133 ⋅ 10−5 5.165852 ⋅ 10−5 
 Fine 0.1262052 2.573852 ⋅ 10−5 6.528133 ⋅ 10−5 5.165852 ⋅ 10−5 
 Finest 0.1262052 2.573852 ⋅ 10−5 6.528133 ⋅ 10−5 5.165852 ⋅ 10−5 

Table C.38
Complete nonzero constitutive coefficients obtained from characterization domains containing one, two, and four complete periods. Powers of 
ten are factored into the column headings.
 𝑛𝑝 𝐷11∕(107 N) 𝐷22∕(107 N) 𝐷33∕(106 N) 𝐷44∕(103 Nm2) 𝐷55∕(103 Nm2) 𝐷66∕(103 Nm2) 
 1 3.591366 4.332369 6.262216 1.819965 8.023150 1.915921  
 2 3.591366 4.332369 6.262216 1.819965 8.023150 1.915921  
 4 3.591366 4.332369 6.262216 1.819965 8.023150 1.915921  

Table C.39
Actual mass and principal barycentric inertia components of characterization domains containing one, two, and four complete periods. The 
quantities are not normalized by the domain length.
 𝑛𝑝 𝐿∕m 𝑀∕kg 𝐼 (3𝐷)

11 ∕kgm2 𝐼 (3𝐷)
22 ∕kgm2 𝐼 (3𝐷)

33 ∕kgm2  
 1 0.06 0.12620519 2.573852 ⋅ 10−5 6.528 ⋅ 10−5 5.166 ⋅ 10−5 
 2 0.12 0.25241038 5.147703 ⋅ 10−5 3.577 ⋅ 10−4 3.305 ⋅ 10−4 
 4 0.24 0.50482075 1.029541 ⋅ 10−4 2.533 ⋅ 10−3 2.478 ⋅ 10−3 

C.2. Multiperiod results

Tables  C.38 and C.39 report the constitutive and three-dimensional mass properties obtained from characterization domains 
containing one, two, and four complete periods. The intermediate mesh resolution of Table  21 was retained within each period.

The two- and four-period characterization domains have, respectively, twice and four times the one-period mass and axial 
barycentric inertia. The transverse barycentric inertia components additionally contain the parallel-axis contribution associated with 
the increased axial separation of the individual periods, as discussed in Section 7.4.2.

These data provide the complete constitutive and inertial results used in the convergence and multiperiod assessments of the 
rectangular perforated periodic beam.

Data availability

Data will be made available on request.
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