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Abstract—This paper develops a scalable analytical model that 

builds a relationship between any surface-mounted permanent 

magnet motor and a general motor with variable slot-opening and 

air-gap length, considering both saturation effect and slotting 

effect. It can not only give the performance of the single surface-

mounted permanent magnet motor, but also show internal 

connection among different surface-mounted permanent magnet 

motors regardless of the motor power and dimension. To account 

for the iron saturation, the equivalent saturation current 

combined with simplified BH curves of iron is introduced to 

directly present the iron magnetic potential distribution without 

iterative process. Thus, the proposed model can be used as the 

surrogate model in the motor design with little computation and 

provide great insight into the relationship among motors with 

different power and dimension. Both finite-element analysis and 

experiment are carried out to validate the proposed model.  

 
Index Terms—Analytical model, scaling law, surface mounted 

permanent magnet motor. 

 

I. INTRODUCTION 

HE permanent magnet (PM) motor plays a critical role 

in advancing transportation electrification and has 

received enormous attention in road vehicles, boats, and 

airplanes due to their high efficiency and torque density. Driven 

by the increasing demand for energy-efficient and 

environmentally friendly technology, the optimization and 

design of high-performance permanent magnet motors have 

become significant in the process of transportation 

electrification [1]-[5]. 

In the recent development of motor design, researchers focus 

on two aspects, i.e., building a computationally efficient 

surrogate model and developing an excellent optimization 

algorithm. The former tries to obtain the relationship between 

the objectives and the inputs for the motor geometry, while the 

latter requires finding the global optimal solution with 

minimum calculation. This paper focuses on the surrogate 

model with high computational efficiency and physical insight 

[6].   

The finite element method (FEM) is the most accurate 

surrogate model to calculate motor performance and therefore 

it is widely-used for the optimization of motors [7]-[9]. 

However, it is time-consuming. The space-mapping technique 

employs the coarse model to align with a fine model for 

reducing the computation burden [10]-[12] However, the 

accuracy of the coarse model is greatly affected by the quality 

of evaluation in the fine model, which still requires significant 

computation.   

Similarly, a scalable saturated model for PM motors was 

proposed in [13]-[14] to accurately and efficiently calculate the 

motor efficiency map, but there was a lack of theoretical 

explanation for the assumption of the dimensional scaling 

between small-scale and large-scale PM motors. This paper will 

focus on the scaling equivalence of different surface-mounted 

permanent magnet (SPM) motors.     

The analytical models can be good candidates as surrogate 

models [15]. When accounting for slotting effect in the more 

conventional SPM motor, the subdomain technique was 

proposed in calculating the air-gap flux density [16], AC copper 

loss [17], and magnet loss [18] of SPM motors. It is also suitable 

for interior PM motors [19], vernier PM motors [20], and 

spoke-type PM motors [21]. 

The conformal mapping technique is another way to 

calculate the slotted air-gap flux density combined with the 

general solution of the slotless air-gap flux density for the PM 

motor [22]-[24]. It shows the mathematical and theoretical 

relationship between the motor performance and motor 

parameters for the surrogate model. However, the matrix 

inversion in the subdomain models and the Schwarz-Christoffel 

(SC) transformation in the conformal mapping models make 

such a relationship indirect and unclear. Meanwhile, the 

magnetic circuit model has been widely used to predict motor 

performance [25]-[27]. Recently, more and more research has 

focused on the combination of the linear analytical model and 

magnetic circuit model to improve accuracy, but they all require 

iterative calculation to determine the saturation level [28]-[29]. 

This paper develops a scalable analytical model for 

calculating the magnetic field of SPM motors considering both 

saturation effect and slotting effect. The details of the 

conformal mapping for the general motor are preserved as a 

database with variable slot-opening and air-gap length. Then, 

the new SPM motors with either an outer rotor or an inner rotor 
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configuration are mathematically transformed into the general 

motor and the SC mapping for the new SPM motors can be 

extracted from the database of the general motor to significantly 

reduce the calculation time while considering slotting effect. 

Then, the equivalent saturation current is introduced to consider 

saturation effect according to the equivalence between current 

and magnetic potential drop of iron. No iteration calculation is 

required to obtain the equivalent saturation current when using 

simplified BH curves of iron. The proposed model can predict 

both large-scale and small-scale SPM motors with either an 

outer rotor or an inner rotor configuration, showing the internal 

relationship among all the motors with different power and 

dimension. A FEM of a small-power and a large-power motor 

is carried out to verify the effectiveness of the proposed model, 

while the experimental results of a small-power motor 

prototype show great accuracy. The proposed model not only 

gives physical insight into the relationship among different 

motors regardless of the motor power and dimension, but also 

helps to improve the calculation efficiency for the initial 

optimization or as the surrogate model.  

II. SCALABLE ANALYTICAL MODEL 

The scalable analytical model (SAM) uses the following 

assumptions: a) The relative permeability of the magnet is 1. b) 

The end effect and eddy current effect are neglected. c) The 

influence of iron saturation is neglected. 

A. General Motor Model   

The general motor is introduced as the benchmark of all the 

SPM motors. The air-gap radius near the stator bore Rs and the 

tooth length ht are both equal to 1 m. It has three open slots 

(Q0=3), as the slot numbers of all three phase PM motors are 

multiples of 3. Therefore, it is convenient to make a scalable 

transformation between the new motor and the general motor in 

terms of the angle variation of slot shape. Besides, small slot 

number helps save the computational resource for building the 

database of the general motor. The slot-opening angle bso and 

total air-gap length la varies from 20° to 100° at the step of 1° 

and from 0.1 m to 0.9 m at the step of 0.01 m, respectively. It is 

noted that the total air-gap length includes the length of the air-

gap and magnet. The schematic view of the general motor is 

given in Fig. 1(a).  

The air-gap field solution of the general motor is investigated 

using the conformal mapping technique. There are three 

conformal mappings to transform the constantly permeable 

region of air-gap, magnet, and slot into an annulus, as shown in 

Fig. 1 (b)-(d) [24].      
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where SC mapping is expressed using (2) [31]. Z0, Z1, wk, and 

k are the SC parameters in (2). As numerical calculation is 

always required to obtain these parameters and employ SC 

mapping, it is feasible to replace this time-consuming process 

with the database of SC mapping based on the general motor. 

Even though the database setup based on the general motor 

takes much effort, it is worthwhile because it is applicable to all 

SPM motors with either an outer rotor or an inner rotor 

configuration.   

          

(a) Tg plane                 (b) Zg plane 

         
(c) Wg plane                (d) φg plane 

Fig. 1. The conformal mapping of the general motor.   

Meanwhile, both winding current and PMs should be 

transformed into the equivalent dot current in the constant-

permeability region of the general motor. The winding current 

is located at the center of each slot, i.e., (rwφ, wφ). The value of 

winding current Iw is calculated using  

 
[ ]T
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  (4) 

where ia, ib, and ic are the instantaneous phase currents, and Ms 

is the constant matrix derived from the winding layout.  

The nonlinear BH curves of PMs are usually employed to 

check the demagnetization risk of PM motors [32]. Under 

normal conditions, the flux density in PMs is above the knee 

point to avoid demagnetization. Therefore, the linear 

relationship between flux density and magnetic field strength in 

PMs is employed to replace the nonlinear BH curves of PMs in 

the analytical model. The equivalent magnet current is placed 

along both sides of the PMs. The PM position is represented 

using (rPMφ, PMφ), while the value of the equivalent magnet 

current IM is calculated using [33] 
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where Br, hm, and Nm are the magnet remanence, magnet 

thickness, and the number of equivalent magnet current. Mm is 

a constant matrix derived from the pole number, consisting of -

1 and 1 to show the polarity of the magnet. Then, the vector 

magnetic potential Ak(rφ, φ, rkφ, kφ) in the constant-

permeability region of the general motor produced by the 

equivalent dot current ik(rkφ, kφ) can be calculated in annulus 

region, as the conformal mapping keeps the scalar magnetic 

potential unchanged. It is noted that ik represents the values of 

winding current Iw and equivalent magnet current IM while the 

position (rkφ, kφ) includes the winding current positions (rwφ, 

wφ) and the PM positions (rPMφ, PMφ). Hence, the general 

solution of Ak(rφ, φ, rkφ, kφ) is expressed as [24], [30]    
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where (rφ, φ) represents the position of the vector magnetic 

potential Ak. rsφ and rrφ are the inner and outer radius of the 

annulus in Fig. 1 (d).  

The total vector magnetic potential can be obtained based on 

the principle of superposition. It can be seen that the variation 

of the magnetic field in the SPM motor results from the change 

of the winding current value Iw and the PM positions (rPMφ, 

PMφ). Therefore, the total radial and tangential air-gap flux 

density Br(r, ) and B(r, ) in the slotted air-gap of the Tg plane 

can be calculated as [24], [30]   
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where Brφk and Bφk are the radial and tangential air-gap flux 

density in the annulus of the φg plane. λ is the complex 

permeance function from the conformal mapping using (1)-(3). 

Nk is the number of the total current, including Iw and IM. In (7), 

only the item g

g

W

Z





 requires an iterative calculation for solving 

the SC mapping using (2). This term will be replaced by the 

database of SC mapping at different slot-opening angles and 

air-gap lengths for this general motor. Any other SPM motor 

will be converted to the general motor for calculating the new 

magnetic field based on the database of SC mapping. Therefore, 

a clear relationship between the motor performance and motor 

dimension can be revealed using the explicit formula and the 

constant database.      

In Fig.1(a), the slot shape of the general motor is simplified 

using the open-slot type. To investigate the influence of shape, 

slot depth and slot angle in semi-closed slots, the complex 

permeance function λ is presented to show their relationship in 

Fig. 2. When the slot-opening angle bso = 40°, total air-gap 

length la = 0.3 m, and the tooth-tip height htip=0.2 m, different 

slot depths (0.001 m, 1 m, and 10 m) and different slot angles 

(45°, 80°, and 115°) are chosen to calculate the complex 

permeance function. Fig. 2 shows that they have a negligible 

influence on λ. A similar simplification has also been used in 

[23]. Therefore, the database of SC mapping is established only 

with the variation of slot angle and air-gap length. 

 
(a) real part of λ. 

 
(b) imaginary part of λ. 

Fig. 2. The complex permeance function at different slot angles and air-gap 

lengths. 

B. Scalable Transformation Principle   

The slot number q and air-gap radius rs in the new SPM 

motor are the key parameters to transform the motor dimension 

into that of the general motor. The transformation process for 

both outer rotor and inner rotor SPM motors into the general 

motor is given in Fig. 3. It consists of two steps. In Step 1, the 

original slotted air-gap is converted into the polygon using the 

logarithmic function. In the next step, only one-slot constant-

permeability region is selected to make this transformation 

simple and fast while keeping the same accuracy, which is 

displayed in the red dashed rectangle for Z plane in Fig 3. Step 

2 presents the linear conformal mapping to uniformly scale and 

move the air-gap polygon in Z plane to Zg plane. Thus, these 

two steps merge into the following conformal mapping function.   
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for inner rotor SPM motors and  
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for outer rotor SPM motors, where kq=Q0/q=3/q.  
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Fig. 3  The transformation between the new motor and the general motor. 

Then, according to the database of SC parameters for the 

general motor, the single-slot region in the Zg plane can be 

conformally mapped to the rectangular region in the Wg plane, 
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as shown in Fig. 1(b)-(c). Considering the different slot 

numbers between the new motor and the general motor, the new 

conformal mapping between Wg plane and φg plane is 

manipulated from (3) 
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The parameter kq represents the influence of the slot number on 

the air-gap field of the SPM motor. Therefore, the positions of 

scalar magnetic potential (r, ) and the equivalent current (rkφ, 

kφ) are transformed to that of (rφ, φ) and (rkφ, kφ) in the 

annulus of φg plane for the new SPM motor using (8)-(10). The 

analytical solution of Ak(rφ, φ, rkφ, kφ) in (6) can be calculated 

accordingly. To make the SAM compatible for both outer rotor 

and inner rotor SPM motors, the analytical solution of air-gap 

flux density in the φg plane should be expressed in the Cartesian 

coordinate 
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The complex permeance function can be expressed as the 

explicit expression 
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where (Zg)' is the derivative of the SC transformation using (2), 

which is also included in the database for the general motor. 

The sign "+" and "-" are for the inner rotor and outer rotor SPM 

motors, respectively. Therefore, the air-gap flux density at the 

position (r, ) in the T plane is derived from (7) 
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The expression of the flux φti flowing into every tooth is 

simplified as    

 ( )  2 1( ) ( )ti s eff k ti k tit R l A A  = −   (14) 

where leff is the effective length of the SPM motor in the axial 

direction. ti1 and ti2 are the angles of the slot center for the ith 

tooth. The flux linkage ψABC_all of each phase is calculated from 

the total flux flowing into the tooth based on the winding layout 

and the back-EMF is expressed as     
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The inductance of the motor LABC is calculated as  

 = -1

ABC ABC_w ABCL ψ I   (16) 

where the flux linkage ψABC_w is produced by the phase winding 

current IABC and it can be obtained using (14)    

According to the Maxwell stress tensor, the electromagnetic 

torque is calculated as 
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The electromagnetic force in the Cartesian coordinate is 

obtained using the Maxwell stress tensor [34]  
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As for the electromagnetic loss prediction, different loss 

models can be used to predict the motor loss based on the 

analytical solution of magnetic field distribution in the SPM 

motor. In the PMs, the eddy current and the corresponding loss 

are calculated using [29]    
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where  is the conductivity of the material. S is the area of the 

PM region. Cp0(t) is introduced to guarantee that the total eddy 

current in the single conductor equals zero in the PM region. It 

is expressed as [29]   
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For the iron loss in the stator and rotor, the Steinmetz 

equation is used to estimate the value. According to Bertotti’s 

theory, the total iron loss is calculated as [35] 
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where the coefficients kh, kc, ke, and the parameter  are 

extracted from the experiment at the peak magnetic flux density 

Bm and frequency f. Based on the harmonic analysis theory, the 

waveform of iron flux density can be decomposed into a series 

of harmonic components. The iron loss is the sum of the losses 

originating from the fundamental and harmonic field using (22) 

[36].  

For the copper loss, the phase resistance of the motor can be 

derived from Ohm's law when neglecting the eddy current 

effect [37].  
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where q is the slot number. Nc is number of conductors per slot. 

ks is the slot fill factor and Sslot is the area of one slot. kend 

represents the extra resistance due to the end winding (kend >1). 

The corresponding copper loss can be calculated using  

 
23copper m copperP I R=  (24) 

Finally, the electromechanical conversion efficiency from 

the electric power input to the mechanical power output can be 

predicted using the following equation 
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when the windage loss and friction loss are neglected. 

C. Flux density of stator and rotor 

The flux density in the stator and rotor is the key parameter 

to decide whether the local iron saturation should be included 

in the scalable analytical model. Therefore, a simple magnetic 

circuit is used to predict the iron flux density without 

considering the iron saturation, as shown in Fig. 4.  
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Fig. 4. The flux distribution in the stator iron.  

According to Kirchhoff's circuit laws, the stator tooth flux φti, 

the stator yoke flux φsyi, and the rotor flux φsyi are calculated as    
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when neglecting the slot leakage. Qs and p are the slot and pole 

number of the motor. Besides, the magnetic potential of stator 

yoke and rotor yoke is used to solve (26)-(27) using Ohm's law. 
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where ksat1 is the slope of the simplified BH curve in the 

unsaturated region of Fig. 5. lsy, Ssy, lry, and Sry are the length 

and the cross-sectional area of the magnetic resistance in the 

stator yoke and rotor yoke, respectively. 

 
Fig. 5. The BH curves of the electrical steel for SPM motors.  

The matrix form of (26)-(28) is expressed as 

 =iron iron yΦ A Φ  (29) 

where Φiron=[φsy1, …, φsyQs, φst1, …, φstQs, φry1, …, φryp]T and 

Φy=[φsy1, …, φsyQs, φry1, …, φryp]T. Airon is the incidence matrix. 

Then, the matrix form Biron of the iron flux density Biron is 

calculated as 

 
-1=iron iron y ironB A Φ S  (30) 

where Siron is the matrix form of the cross-sectional area in the 

magnetic resistance.  

When all elements of Biron are smaller than the saturation 

point of the electrical steel Bsat, it is sufficient to neglect iron 

saturation when predicting the corresponding performance of 

the motor. Besides, at the initial design stage, to reduce iron 

losses and avoid iron nonlinearity, the flux density in the iron is 

kept near the saturation level of the electrical steel. Hence, the 

stator yoke height hsy, the tooth width wt, and the rotor yoke 

height hry are determined using 

 _ max _ max _ max
, ,

sy st ry

sy t ry

sat eff sat eff sat eff

h w h
B l B l B l

  
= = =  (31) 

where φsy_max, φst_max, and φry_max are the maximum flux in the 

stator yoke, stator tooth and rotor yoke for one electric period.  

D. Iron Saturation 

When the elements of Biron are smaller than Bsat, the 

corresponding resistances in the magnetic circuit keep 

unchanged using (28). For the elements of Biron that are larger 

than Bsat, the simplified relationship between iron flux density 

B and the magnetic field strength H is given as 

 
2 2sat satB k H B= +  (32) 

where ksat2 and Bsat2 are the slope and the intercept of the 

simplified BH curve in the saturated region of Fig. 5. The 

magnetic potential drop in each magnetic circuit Uiron is 

expressed as   

 0iron sat

iron iron iron iron iron

sat iron sat

l B
U H l l

k S k
= = −  (33) 

where Siron is the element of the matrix Siron. liron is the length of 

the magnetic resistance. ksat=ksat1 and Bsat0=0 for Biron<Bsat while 

ksat=ksat2 and Bsat0= Bsat2 for Biron≥Bsat, which is defined in Fig. 

5. Accordingly, (28) is manipulated as   

 

1 2 0

1 2 0

ssyQsy sy sat sy

sat sat sat sat

ry ry ryp sat ry

sat sat sat sat

B S

k k k k

B S

k k k k

 

  

+ + + =

+ + + =





 (34) 

The iron saturation can be represented using the equivalent 

saturation current Isat, which has proved effective in [15].  

 =
sat r iron

I C U  (35) 

where Uiron is the matrix of Uiron and Cr is the constant matrix 

that represents the linear relationship between Isat and Uiron. Isat 

is placed at the same position as the winding current to reduce 

the computational burden, as the same expression between the 

flux and the winding current can be used to show the influence 

of iron saturation. But unlike the iterative method in [15] for 

obtaining the equivalent saturation current, it is directly 

calculated based on the simplified BH curve in Fig. 5. Then, Isat 
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is expressed as  

 
= =

=

−

−

sat r iron r iron iron r sat0

r iron iron y r sat0

I C U C R Φ C U

C R A Φ C U
 (36) 

where Riron and Usat0 are the matrices of the slope and y-

intercept from (33), which represents the iron saturation in the 

analytical model. They are determined after Biron is calculated 

using (30). Then, the flux flowing into the stator and rotor iron 

is updated by including the extra flux produced by the 

equivalent saturation current. 

 

=

=

=

+ +

+ +

+ + −

ty y PM w sat

PM t w t sat

PM t w t r iron iron y t r sat0

A Φ Φ Φ Φ

Φ K I K I

Φ K I K C R A Φ K C U

 (37) 

where Aty is defined in (26)-(27). ΦPM and Kt are the matrix 

form of the flux generated by PMs and unit winding current 

flowing into the stator tooth and rotor yoke, respectively. They 

are derived from (14) using the superposition principle. Then, 

according to (37), the flux in stator yoke and rotor yoke Φy is 

calculated using   

 
1=( ) ( )−− + −y ty t r iron iron PM t w t r sat0Φ A K C R A Φ K I K C U  (38) 

Accordingly, the air-gap flux density, flux linkage, back-EMF, 

and torque can be updated by including the magnetic field 

produced from Isat using (36). Fig. 6 gives the flowchart to 

predict the motor performance using SAM considering iron 

saturation.   

1. Input geometry of the new motor.
    Initialize rotor position and current waveform.

5. Calculate iron flux density Biron using (30).

2. Transform the slotted air-gap of the new motor to
    the general motor according to Rs, la, bso.

3. Extract the coefficients of the analytical model 

from the database of the general motor. 

4. Calculate the flux flowing into the stator and

    rotor using (28) at time tk. 

Start

End

6. Obtain Riron and Usat0 according to the value of Biron.

7. Calculate iron flux considering iron saturation 

using (38). Then, obtain the equivalent saturation 

current Isat using (36).

8. Predict the torque and induced voltage at time tk. 

tk<Te?

9. Output the motor performance. 

Yes

No

 
Fig. 6. The flowchart of SAM.  

III. SCALABLE SPM MOTORS 

One small and one large SPM motor are analyzed to verify 

the effectiveness of the SAM. Their outer diameters are 120mm 

and 10 m, respectively. Other motor parameters are given in 

Table I. The finite-element analysis is carried out using Ansys 

Electronics 2022 to verify the proposed model in Fig. 7. The 

prototype of the 4-pole and 36-slot SPM motor is built and 

tested to show the accuracy of the SAM, as shown in Fig. 8.  

 

TABLE I 

THE PARAMETERS OF THE SMALL AND LARGE SPM MOTOR 

Parameter Small Motor Large Motor Unit 

Pole number 4 280 / 

Slot number 36 240 / 

Air-gap outer diameter 74 9700 mm 

Airgap inner diameter 70.8 9680 mm 

Magnet thickness 2.5 50 mm 

Pole-arc to pole-pitch ratio 0.8 0.93 / 

Motor inner diameter 30 9274 mm 

Slot opening 2.5 50.2 mm 

Stator yoke height 10.0 36.9 mm 

Effective length 70 2000 mm 

Tooth width 3.4 50.5 mm 

Turns of coil 13 14 / 

Rotational speed 3000 7 rpm 

Load current (RMS) 20 2000 A 

 

       
(a) Small SPM motor                       (b) Large SPM motor 

Fig. 7. The flux distribution of the small and large SPM motor.  

         
Fig. 8. The stator and rotor of the small SPM prototype. 

The SAM can accurately predict the air-gap flux density for 

both small and large SPM motors, as shown in Figs. 9-10. Then, 

the flux linkage and back-EMF are predicted using (15) and 

(38). Figs. 11-12 give the comparison of flux linkage predicted 

using the SAM and FEM for both motors. When neglecting 

slotting effect in the SAM, the prediction errors of flux linkage 

increase from 3.6% to 7.8% and from 3.8% to 7.7% for small 

and large motors, respectively. The experimental back-EMF is 

measured and compared with the SAM and FEM for the small 

SPM motor in Fig. 13. The error of back-EMF prediction using 

SAM neglecting slotting effect increases from 0.6% to 3.2%. 

For the back-EMF of the large motor, the waveform is shown 

in Fig. 14, and the prediction error of the SAM is 3.6% and 6.3% 

when considering and neglecting slotting effect, respectively. It 

can be seen that the slotting effect will significantly affect the 



 

prediction accuracy of flux linkage and back-EMF. Hence, it is 

necessary to consider slotting effect in the SAM. The self and 

mutual inductances of the small motor using SAM are 386 H 

and 150 H, respectively. Accordingly, their FEM calculations 

are 407 H and 154 H. As for the large motor, the self and 

mutual inductances using either SAM or FEM are 613 H, 68.8 

H, 605 H, and 55.1 H, respectively.  

   
(a) radial 

 
(b) tangential 

Fig. 9. The on-load air-gap flux density for the small motor. 

 
(a) radial 

 
(b) tangential 

Fig. 10. The on-load air-gap flux density for the large motor. 

 
Fig. 11. The open-circuit flux linkage for the small motor. 

 
Fig. 12. The open-circuit flux linkage for the large motor. 

 
Fig. 13. The open-circuit back-EMF for the small motor. 

 
Fig. 14. The open-circuit back-EMF for the large motor. 

Then, the flux linkage through one tooth and one yoke for 

both motors at rated current is obtained using (26)-(28) and the 

SAM calculations are compared with FEM results in Figs. 15-

16. The stator tooth and yoke flux predicted using SAM agrees 

well with FEM results considering iron saturation. As the 

saturation points of electrical steel for both motors are 1.5 T, 

the initial design for stator yoke height and the tooth width can 

be obtained using (31). For the small motor, hsy = 10.8 mm and 

wt = 3.5 mm. For the large motor, hsy = 25.0 mm and wt = 

47.2mm. Then, the optimization algorithm using FEM is 

employed to obtain the final design of both motors. Compared 
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with the parameter of the final design in Table I, they are very 

close for both SPM motors except for the stator yoke height of 

the large motor. This is because the mechanical constraints are 

not considered in the initial design using (31). Nevertheless, 

SAM can accurately predict the motor performance in the final 

design due to considering both saturation effect and slotting 

effect, as given below.   

 
Fig. 15. The tooth and yoke flux linkage for the small SPM motor at rated 

current. 

 
Fig. 16. The line flux linkage for the large SPM motor at rated current.  

The SAM can accurately calculate the performance of the 

torque and electromagnetic force, as shown in Figs. 17-20. The 

torque predictions using SAM agree well with FEM 

calculations and experimental results, even when the input 

current is high, due to the included iron saturation. In Figs. 19-

20, the largest errors of the average force using SAM for both 

motors are 6.2% and 7.0%, respectively. The force ripple can 

be accurately predicted for the 4-pole/36-slot motors in Fig. 19. 

They demonstrate great accuracy of electromagnetic force 

prediction using SAM.  

 
Fig. 17. The average torque of the small SPM motor at different currents. 

 
Fig. 18. The average torque of the large SPM motor at different currents. 

 
Fig. 19. The force waveform of the small SPM motor at 20A. 

 
Fig. 20. The force waveform of the large SPM motor at 2000A. 

The comparisons of the PM loss and iron loss for both motors 

are given in Figs. 21-22. The SAM predictions agree well with 

FEM results. As for the copper loss, (23)-(24) are used for both 

motors using FEM and SAM. Therefore, the FEM and SAM 

prediction of copper loss are the same. The efficiency of both 

motors is shown in Figs. 23-24, where SAM still exhibits great 

accuracy at different input currents.   

 
Fig. 21. The PM loss and iron loss of the small SPM motor at different currents. 
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Fig. 22. The PM loss and iron loss of the large SPM motor at different currents. 

 
Fig. 23. The efficiency of the small SPM motor at different currents. 

 
Fig. 24. The efficiency of the large SPM motor at different currents. 

The proposed model is also compared with exact conformal 

mapping (ECM) in [24] and hybrid analytical model (HAM) in 

[29] to show the advantage of the SAM in Table II-III. The 

ECM conformally transforms the whole air-gap region into the 

annular region while neglecting saturation. Hence, it is time-

consuming with worse accuracy compared to SAM for rated 

torque prediction of both motors. As for HAM, only one-slot 

air-gap region is used to consider slotting effect, and it requires 

iterative calculation to determine the saturation level. Therefore, 

it takes longer time for HAM to calculate the motor 

performance than SAM, while their prediction accuracy is 

comparable, whose errors are less than 3.6%. Moreover, the 

SAM builds the internal connection among different SPM 

motors regardless of the motor power and dimension, while 

ECM and HAM cannot evolve from the previous calculation of 

SPM motor.   

 

 

TABLE II 

THE COMPARISON AMONG DIFFERENT ANALYTICAL MODELS 

FOR THE SMALL SPM MOTOR 

  SAM ECM [24] HAM [29] FEM Test 

Back-
EMF 

Value (V) 82.8 81.8 82.0 78.6 82.1 

Error 0.8% 0.4% 0.1% 4.2% / 

Rated 

Torque 

Value (Nm) 6.72  6.74 6.70 6.46 6.55 

Error 2.6% 2.9% 2.3% 1.4% / 

Solving Time (s) 64.1 139 298 1376  / 

 

TABLE III 

THE COMPARISON AMONG DIFFERENT ANALYTICAL MODELS 

FOR THE LARGE SPM MOTOR 

  SAM ECM [24] HAM [29] FEM 

Back-

EMF 

Value (V) 1363 1410 1352 1320 

Error 3.3% 6.8% 2.4% / 
Rated 

Torque 

Value (megNm) 4.56 4.72 4.49 4.40 

Error 3.6% 7.2% 2.0% / 

Calculation Time  38 101 98 2037 

 

IV. CONCLUSION 

In this paper, the SAM is developed to calculate the magnetic 

field of the SPM motors based on the conformal mapping 

technique. It requires only one general motor and establishes 

the corresponding database of SC mapping. Then, the 

relationship between the new SPM motor and the general motor 

is expressed using the explicit formula of conformal mapping, 

making the analytical model more direct to reveal the 

relationship between the motor performance and the motor 

geometry. The SAM is suitable for any SPM motor with either 

outer rotor or inner rotor and different slot/pole combinations. 

The small-scale SPM motor with an outer diameter of 120 mm 

and the large-scale motor with an outer diameter of 10 m are 

designed to validate the effectiveness of the proposed model 

and the scaling law of the SPM motors. Moreover, the data from 

the optimized motor or prototype can be theoretically used to 

obtain or validate new designs based on the proposed SAM 

regardless of the motor power and geometry, which is one of 

our future works.     
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