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A B S T R A C T

This paper focuses on the numerical modelling of autogenous and stimulated healing of cracks in fibre-
reinforced cementitious composites, with the aim of showing the potential that a multiphysics and multi-scale
discrete model has in capturing the complex hygro-thermo-chemo-mechanical processes governing concrete
ageing and its capability of autonomously repairing cracks.

This study expands a prior research on numerical modelling of self-healing of normal-strength concrete,
to simulate the autogenous and stimulated healing of cracks in fibre-reinforced cement-based composites. The
proposed extended model explicitly differentiates between (i) major cracks in the cementitious matrix and (ii)
debonding cracks at matrix–fibre interface.

The increased fibre-matrix bond due to the healing products along the interface cracks is explicitly
implemented to capture the possibility of having a healing-induced mechanical recovery even when major
cracks are totally or partially unhealed, complying with experimental evidence available in the literature.
The model can also simulate the material ageing. After the model formulation and implementation in the
Multiphysics-Lattice Discrete Particle Model (M-LDPM) framework, an example of calibration and validation
for one of the Ultra High Performance Concrete (UHPC) mixes developed within the Horizon 2020 project
ReSHEALience is presented.
. Introduction

Steel-reinforced concrete is the most widely used construction ma-
erial due to its affordability and good mechanical performance for
tructural purposes. However, the cracking and degradation caused by
ncreased permeability in the cracked state affects its durability [1].
hort fibres – made of steel, polymers, carbon, glass or natural veg-
table materials – can replace conventional reinforcement in concrete
o improve structural behaviour [2]. They result in narrower and
losely spaced cracks, which increase fracture toughness and ductility,
nd reduce the damage caused by penetrating aggressive agents [3,4].

Having multiple smaller cracks is not the only strategy to tackle the
eed for more durable concrete structures. Ultra high-performance con-
rete (UHPC) usually features an engineered mix composition, in which
he dosages and nature of each compound are driven by performance
equirements and the will to have a wiser usage of raw materials.
sing by-products as partial replacements for aggregates and cement

s gaining popularity as a sustainable approach.
Narrower cracks have been proven to self-heal better and faster [5].

utonomous maintenance - throughout the life of a structure and as
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E-mail address: antonio.cibelli@unina.it (A. Cibelli).

soon as the damage occurs - is expected to best express in advanced
fibre reinforced cementitious composites [6].

In recent years, self-healing materials have gained more and more
attention. They can be subdivided in three categories: (i) autogenous,
which contains no healing agents; (ii) stimulated autogenous, which con-
tains tailored chemical additives to promote healing (e.g., crystalline
admixtures [7]); and, (iii) engineered, which includes cement-based
materials with added compounds to activate healing reactions [8].
Examples include concrete with embedded capsules [9–11] or vascular
systems [12–15] filled with healing agents. When cracks appear, the
capsules or vascular network rupture, releasing the healing agent into
the crack.

The modelling approach presented in this article deals with autoge-
nous and stimulated healing. Aldea et al. [16], through non-destructive
tests, and Ferrara et al. [17], employing a customised fracture testing -
based approach, investigated the autogenous and stimulated healing
capacity of normal strength concretes for crack widths ranging between
50 to 250 μm. They explained the difference between crack sealing
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(recovery in water tightness) and crack healing (recovery in stiffness
and strength). However, ordinary concrete typically does not experi-
ence significant healing through sealing, even in the presence of wide
cracks [16,18,19]. The recovery in strength is not negligible when
the cracked samples are cured in saturated conditions, for long peri-
ods [17]. Some years later, Lo Monte and Ferrara [20] confirmed those
results showing that the adoption of strain-hardening fibre reinforced
cementitious composites promotes self-healing phenomena, thanks to
smeared cracking with low crack openings, ranging from 10 to 50 μm.
In addition, relevant to UHPC, Cuenca et al. [6,21,22] investigated the
synergy between crystalline admixtures and nano-constituents, provid-
ing insightful evidence on the enhancement and speed-up that the latter
induce on the healing process. Fan and Li [23] adopted the micro-
tomography to analyse how the crack width affects the formation of
healing products. The authors showed that small cracks heal easier near
the tips, while larger cracks allow water to seep in for longer periods,
resulting in more extensive healing. They also proved that mechanical
recovery depends on 3D spatial development, not just surface-level
crack closure.

In the Horizon 2020 project ReSHEALience, led by Politecnico di
Milano, delivered – among other results – the definition of a new
concept of ultra-high performance cementitious material, the Ultra
High Durability Concrete (UHDC) [21]. It presents an optimised mix,
including slag as supplementary cementitious material, steel fibres,
and additives to enhance the self-healing capacity. Different UHDC
prototypes were tested in the laboratory to characterise their me-
chanical and physical properties. In addition, six pilot applications
were realised and monitored as proofs-of-concept [24–27]. They were
exposed to different extremely aggressive environments (e.g., off-shore
structures, geothermal power plants) to compare their response to the
environmental agents with that of reinforced concrete in use today.
The developed model, presented in this work, points towards the
ambitious yet highly needed goal of having a comprehensive model for
the durability of concrete structures. This research demonstrates the
potential of a multi-scale and multi-physics model in capturing com-
plex processes governing concrete ageing and autonomously repairing
cracks. Furthermore, the model is suited to simulate the behaviour of
advanced cementitious composites. Its flexible numerical architecture
allows it to include the effect of other constituents not considered
so far. That might be an interesting opportunity for the design of
innovative purpose-oriented cementitious composites, whose physical
and mechanical response could be preliminarily simulated in order to
improve the engineering and optimisation stages [28].

The modelling of concrete healing is a topic which has been re-
cently gathering an increasing interest within the scientific commu-
nity [29]. There are some modelling approaches in the literature,
such as (i) a model coupling mechanical, hydraulic, and chemical
aspects to evaluate the mechanical properties of the healing products,
based on observations at the microscale [30]; (ii) a finite element
model, based on the coupling of the microstructural hydration model
CEMHYD3D and the finite element code Cast3M [31]; (iii) an un-
coupled chemo-physical model formulated on the hypothesis that the
healing mechanism is triggered by CaCO3 (calcium carbonate) precip-
itation within the cracks [32]; (iv) a constitutive model simulating
the healing process at the microscale through the solidification the-
ory [33]. However, each model presents some simplifying assumptions.
An alternative to the afore-mentioned approaches is represented by
the so-called Continuum Damage-Healing Mechanics (CDHM) [34–36],
which has been recently extended to cementitious materials showing in-
teresting perspectives [37,38]. In the CDHM, a thermodynamically-wise
consistent framework is preserved, and additional internal variables
are introduced to account for the healing effects. Barbero et al. [34],
Schimmel and Remmers [35] presented a dedicated formulation for
fibre reinforced polymer–matrix composites, however without a proper
validation against experimental evidence. Di Luzio et al. [5] proposed
2

to model the mechanical regain due to the healing of cracks through a
coupled approach, relying on pairing the Solidification-Microprestress-
Microplane (SMM) model [39] with the Hygro-Thermo-Chemical (HTC)
model [40]. The resulting continuum-based approach showed the ca-
pacity of capturing the healing-induced effects on the mechanical re-
sponse in the cracked state. The model was calibrated and validated
for damaged plain concrete exposed to saturated and open air condi-
tions. In addition to the above-mentioned approaches, Yang et al. [41]
assessed the feasibility of applying the Phase-Field Methods to model
the mechanical recovery of healed quasi-brittle materials. Recently,
promising results have been achieved by Jefferson and Freeman [42],
which proposed an approach based on a discrete multi-ligament model,
enabling the simulation of simultaneous cracking–healing responses
in systems that exhibit significant COD and COD-rate effects. Using
cohesive crack models, some investigators have also analysed healing
in discrete cracks of quasi-brittle materials, such as [43,44].

Most of the aforementioned modelling approaches assume healing
effects on mechanical properties as a smeared contribution in the
cracked state. Consequently, they are unable to replicate local phe-
nomena, e.g., where the water permeability increases dramatically and
restores after healing, the recovery of fibre carrying-load capacity due
to the healing-induced improved friction between the steel element
and the surrounding matrix, etc. In 2022, a multi-scale discrete model
for both autogenous and stimulated autogenous healing in ordinary
cementitious materials was presented [45]. The discrete modelling,
based on the Multiphysics-Lattice Discrete Particle Model numerical
framework [46–51], enables a realistic simulation of crack patterns and
chemical reactions ongoing along the crack walls.

To the best of the authors’ knowledge, a model to simulate the
healing effect on the mechanical response of fibre-reinforced concretes
is still missing in the literature. For this reason, and concerning the
model presented by Cibelli et al. [45], a step forward is made in this
work. The above-mentioned model has been extended to simulate the
autogenous and stimulated (autogenous) healing of cracks in fibre-
reinforced cement-based composites at two different scales, explicitly
differentiating between (i) major cracks in the cementitious matrix
and (ii) debonding cracks at matrix–fibre interface. Furthermore, the
parallel track is also kept in the mechanical modelling. The increased
fibre-matrix bond due to the healing products along the interface
cracks is explicitly implemented to capture the possibility of having
a healing-induced mechanical recovery even when major cracks are
totally or partially unhealed, as highlighted by Qiu et al. [52]. The
model can also simulate the material ageing [28]. Therefore, after
proper calibration, it can capture not only the mechanical recovery due
to autogenous and stimulated healing in cracked conditions but also the
time evolution of stiffness and strength from an early age onwards. The
proposed model in its development stages was presented at some recent
conferences [53–56].

In the next sections, the model is presented after a brief overview
of the M-LDPM numerical framework, followed by an example of cali-
bration and validation for one of the UHDC prototype mixes developed
within the Horizon 2020 project ReSHEALience.

2. Multiphysics-Lattice Discrete Particle Model

In Multiphysics-Lattice Discrete Particle Model (M-LDPM) the nu-
merical architecture of Lattice Discrete Particle Model (LDPM), first
published by Cusatis et al. [57], is used as basis for the discrete formu-
lation of Hygro-Thermo-Chemical (HTC) model, presented by Di Luzio
and Cusatis [40] to simulate the transport phenomena of moisture and
heat, together with chemical activity, in cementitious materials. The
discrete implementation of the HTC model is performed through the
definition of a lattice system, namely a network of flow lattice elements
(FLEs), which are anchored to the nodes of the existing LDPM mesh
(Fig. 1). This approach enables an easier coupling between mechanical

and chemo-diffusion problems.
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Fig. 1. M-LDPM – Mechanical and diffusion meshes.
Flow Lattice Element (FLE) simulates a channel collecting moisture
and heat fluxes between two adjacent tetrahedra [51]. As shown in
Fig. 1, it connects two points inside two adjacent tetrahedra (tet-
points), which are also vertices of the corresponding polyhedral cells.
Then, the transport phenomena within the whole domain are simulated
employing a network of FLEs connecting all the tetrahedra. The envi-
ronmental conditions are applied through a dedicated external layer of
edge elements.

LDPM-HTC coupling relies on the implementation of a 10-step algo-
rithm, presented in detail by Cibelli et al. [28]. Numerical mechanical
analyses are generally performed in the time scale of micro- or mini-
seconds. On the other hand, diffusion analyses (e.g., curing, ageing)
typically refer to significantly larger time scales (i.e., days, months,
or years). Relevant to hygro-thermo-chemo-mechanical models, as M-
LDPM, it is impossible to adopt the same time step for both mechanical
and diffusion problems. In M-LDPM, this issue is addressed by means
of a time map, which scales down the time scale of the HTC analysis
to ensure a reasonably small time step for the LDPM simulations.

The idea on which the above-mentioned algorithm is built consists
of having – at each time step – both LDPM and HTC parameters updated
with a two-way information exchange between the two sides of the
multiphysics problem. On one side, LDPM parameters, namely the
mechanical properties, are updated depending on the environmental
boundary conditions and the material age. Symmetrically, the moisture
diffusion in HTC is updated to account for the effect of crack opening
computed through LDPM analyses. In this numerical architecture, the
self-healing model is framed. As a matter of fact, autogenous healing
affects, at the same time, the moisture permeability (i.e., crack seal-
ing) and the mechanical performance in the cracked state (i.e., crack
healing).

The two-way coupling relies on sharing information between HTC
and LDPM solving loops. In particular, ageing degree and crack opening
are used as bridging parameters, as it is presented in the following, after
an overview of LDPM and HTC models.

2.1. Lattice Discrete Particle Model

Lattice Discrete Particle Model has been shown to be able to accu-
rately simulate the mechanical behaviour of cement-based materials,
such as concrete and mortar [50,57–59], and fibre-reinforced con-
crete [60–62]. The material is modelled at the mesoscopic scale, at
3

Fig. 2. LDPM — Polyhedral cell and triangular facet.

which it can be seen as a two-phase composite: coarse aggregates and
embedding matrix.

LDPM mesh derives from the Delaunay tetrahedralisation of a system
of points, namely particles’ centres, placed into the domain through
a trial-and-error random procedure, and whose size distribution is
obtained from a Fuller- or Bolomey-type particle size distribution curve.
Afterward, a tesselation is performed to identify triangular facets, repre-
senting the cross-section of the lattice elements (i.e., tetrahedra edges).
The result is a system of polyhedral cells, mechanically interacting
through the above-mentioned facets (Fig. 2).

The deformation of the lattice particle system is described by means
of the rigid body kinematics. In this perspective, the displacement
step [[𝐮𝐶 ]] at the centroid of the 𝑘th projected facet, 𝐶𝑘, is used to
define the strain measures: 𝜀𝑁 =

(

𝒏𝑇 [[𝐮𝐶 ]]
)

∕𝑙, 𝜀𝐿 =
(

𝒍𝑇 [[𝐮𝐶 ]]
)

∕𝑙, and
𝜀𝑀 =

(

𝒎𝑇 [[𝐮𝐶 ]]
)

∕𝑙, where 𝒏, 𝒍, and 𝒎 are the unit vectors identifying
a local reference system on each facet in normal and shear directions,
respectively. The subscripts 𝑁 , 𝑀 , and 𝐿 indicate the strain compo-
nents along the aforementioned directions. At the centroid of each
projected facet, mesoscale vectorial constitutive laws are defined. In the
formulation, the facets projected into planes orthogonal to the edges are
used to avoid non-symmetric behaviour under pure shear. This issue is
clarified in more detail by Cusatis et al. [57].

In the elastic regime, normal and shear stresses are proportional
to the corresponding strains. Then, stresses are computed as 𝜎𝑁 =
𝐸𝑁𝜀∗𝑁 , 𝜎𝐿 = 𝐸𝑇 𝜀∗𝐿, and 𝜎𝑀 = 𝐸𝑇 𝜀∗𝑀 , where the subscripts 𝑁 , 𝑀 ,
and 𝐿 maintain the same presented above, while 𝜀∗ , 𝜀∗ , 𝜀∗ are the
𝑁 𝐿 𝑀
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strain components net of mesoscale eigenstrains that might arise due
to thermal expansion, creep, and shrinkage Wan et al. [46],Alnaggar
et al. [47],Abdellatef et al. [63]. The normal and tangential moduli,
𝐸𝑁 and 𝐸𝑇 , are equals to 𝐸0 and 𝛼𝐸0, respectively, where 𝐸0 is
the effective normal modulus, whereas 𝛼 represents the shear-normal
coupling parameter.

At a facet under tension, the mesoscale crack opening, starting to
occur when the strain reaches the tensile elastic limit, is expressed by
the vector 𝒘𝒄 = 𝑤𝑁𝒏 + 𝑤𝐿𝒍 + 𝑤𝑀𝒎, where 𝑤𝑁 = 𝑙 (𝜀𝑁 − 𝜎𝑁∕𝐸𝑁 ) is
the opening/closure of the crack along the direction orthogonal to the
facet, while 𝑤𝐿 = 𝑙 (𝜀𝐿 − 𝜎𝐿∕𝐸𝑇 ) and 𝑤𝑀 = 𝑙 (𝜀𝑀 − 𝜎𝑀∕𝐸𝑇 ) are two
sliding components, catching shear displacements at crack surfaces.

In the mesoscale, three non-linear phenomena govern the mate-
rial response beyond the elastic limit: (i) fracture and cohesion, (ii)
compaction and pore collapse, and (iii) friction. The inelastic be-
haviour modelling relies on the definition of effective strain 𝜀 =
√

𝜀2𝑁 + 𝛼
(

𝜀2𝐿 + 𝜀2𝑀
)

and stress 𝜎 =
√

𝜎2𝑁 +
(

𝜎2𝐿 + 𝜎2𝑀
)

∕𝛼, which are
employed to formulate damage-type constitutive laws reported in Ap-
pendix A.

The extension of LDPM to include discrete dispersed fibre reinforce-
ment is obtained by inserting straight fibres, with random positions and
orientations, into the LDPM geometrical configuration. The geometry
of each individual fibre is characterised by the diameter 𝑑𝑓 (cross-
section 𝐴𝑓 = 𝜋𝑑2𝑓∕4) and length 𝐿𝑓 . For a given total fibre volume
fraction 𝑉𝑓 , the number of fibres 𝑁𝑓 contained in a specimen volume
(𝑉𝑠𝑝) is determined by 𝑁𝑓 = ⌈(𝑉𝑠𝑝𝑉𝑓 )∕(𝐴𝑓𝐿𝑓 )⌉ where ⌈⋅⌉ indicates the
ceiling function, which maps to the least integer greater than or equal
to (𝑉𝑠𝑝𝑉𝑓 )∕(𝐴𝑓𝐿𝑓 ).

The fibre system is overlapped with the polyhedral cell system, and
each facet is paired with its intersecting fibres. At the facet level, the
matrix–fibre interaction is described by the bridging forces carried by
the fibres crossing the facet, which are activated when the crack open-
ing initiates. In this configuration, equilibrium considerations allow
to reasonably assume a parallel coupling between the fibres and the
surrounding concrete matrix. Then, the total stresses on each LDPM
facet can be computed as 𝜎 = 𝜎𝑐 +

1
𝐴𝑐

∑

𝑓∈𝐴𝑐
𝑷 𝑓 , where 𝐴𝑐 is the facet

rea, and 𝑷 𝑓 represents the crack-bridging force for each fibre crossing
he given facet.

The mechanical interaction between the fibres and the surround-
ng matrix occurs at a scale smaller than the typical modelling scale
f LDPM, which is in the order of magnitude of millimetres and is
overned by the size of the coarse aggregates in the mixture. For this
eason, the micromechanic governing such interaction is not explicitly
imulated in the mesoscopic LDPM numerical framework. The micro-
echanical crack-bridging mechanisms, featuring the bond between

he single fibre and the embedding matrix, are implemented into the
odel within the formulation for computing the bridging force 𝑷 𝑓 ,

s discussed in detail by Schauffert and Cusatis [60], to which any
nterested readers can refer, and briefly presented in Appendix B.

.2. Hygro-Thermo-Chemical model

This model analyses the moisture and heat response of cement-
ased materials affected by environmental conditions and chemical
eactions during curing. The model has been recently improved to
ccount for the effect of slag on material curing [28]. The updated field
quations read

⋅
(

𝐷ℎ∇ℎ
)

=
𝜕𝑤𝑒
𝜕ℎ

𝜕ℎ
𝜕𝑡

+
𝜕𝑤𝑒
𝜕𝛼𝑐

�̇�𝑐 +
𝜕𝑤𝑒
𝜕𝛼𝑠𝑙

�̇�𝑠𝑙 + �̇�𝑛 (1a)

⋅ (𝜆∇𝑇 ) = 𝜚 𝑐𝑡
𝜕𝑇
𝜕𝑡

+ �̇�𝑐 𝑐 �̃�
∞
𝑐 + �̇�𝑠𝑙 𝑠𝑙 �̃�

∞
𝑠𝑙 (1b)

Relative humidity ℎ and temperature 𝑇 are two state variables,
hereas 𝛼𝑐 and 𝛼𝑠𝑙 are internal variables, expressing the ratios between

he amount of hydrated cement and slag, and the respective total initial
4

contents. Being the cement hydration and slag reaction two diffusion-
driven processes, the reaction degrees in rate form can be formulated
through Arrhenius-type laws, as reported in Appendix C.

The expression in Eq. (1)a represents the water mass conservation.
In the left-hand term, the divergence of the moisture flux, −𝜕𝑤∕𝜕𝑡 =
∇ ⋅ 𝑱 , is combined with the first Fick’s law 𝑱 = −𝐷ℎ (ℎ, 𝑇 ) ∇ℎ,
with 𝐷ℎ (ℎ, 𝑇 ) moisture permeability coefficient. On the right-hand
side, instead, accounts for the contributions of (i) sorption/desorption
isotherm (𝜕𝑤𝑒∕𝜕ℎ ⋅𝜕ℎ∕𝜕𝑡), (ii) cement hydration (𝜕𝑤𝑒∕𝜕𝛼𝑐 ⋅ �̇�𝑐), (iii) slag
eactions (𝜕𝑤𝑒∕𝜕𝛼𝑠𝑙 ⋅ �̇�𝑠𝑙), and (iv) variation of chemically bound water
n time (�̇�𝑛). The evaporable water content, 𝑤𝑒 = 𝑤𝑔𝑒𝑙

𝑒 +𝑤𝑐𝑎𝑝
𝑒 , has two

omponents: (i) the evaporable water in the C-S-H gel 𝑤𝑔𝑒𝑙
𝑒 , and (ii) the

apillary water 𝑤𝑐𝑎𝑝
𝑒 . Their formulations are reported in Appendix C,

ogether with the formula of non-evaporable water content 𝑤𝑛.
Concerning the heat transport, Eq. (1)b is the enthalpy balance. The

onduction in concrete is described, for temperature lower than 100 ◦C,
by means of Fourier’s law: 𝒒 = −𝜆∇𝑇 , in which 𝒒 is the heat flux ans 𝜆
he heat conductivity. Likewise for moisture, also the enthalpy balance
s affected by the chemical reactions occurring from early age onwards.

Finally, the total reaction degree 𝛼 represents an important param-
eter in the multiphysics modelling. It combines into a single variable
the hydration of cement and slag reaction:

𝛼 =
𝛼𝑐 ⋅ 𝑐 ⋅ �̃�∞

𝑐 + 𝛼𝑠𝑙 ⋅ 𝑠𝑙 ⋅ �̃�∞
𝑠𝑙

𝑐 ⋅ �̃�∞
𝑐 + 𝑠𝑙 ⋅ �̃�∞

𝑠𝑙

(2)

where 𝑐 and 𝑠𝑙 are the cement slag contents, respectively, �̃�∞
𝑐 is the

ement hydration enthalpy, and �̃�∞
𝑠𝑙 is the latent heat of the slag

eaction per unit mass of reacted slag. In the present work it is assumed
̃∞
𝑠𝑙 = 800 kJ/kg [64].

The interested reader may refer to [28,40,65,66] for the detailed
description of the HTC formulation, numerical implementation, param-
eters calibration, and validation.

2.3. Bridging parameters

2.3.1. Ageing degree and ageing functions
The ageing degree is a bridge parameter between LDPM and HTC

models: information concerning the extent of cement and slag hydra-
tion are brought from the chemo-diffusion model to the mechanical
one, allowing for determining the ageing degree. The latter is computed
as follows

�̇� =

⎧

⎪

⎨

⎪

⎩

(

𝑇𝑚𝑎𝑥−𝑇
𝑇𝑚𝑎𝑥−𝑇 𝑟𝑒𝑓

)𝑛𝜆
(𝐵𝜆 − 2𝐴𝜆𝛼)�̇� for 𝛼 > 𝛼0

0 otherwise
(3)

in which 𝛼 is the total reaction degree presented in Eq. (2), 𝛼0 is its
value at the end of the setting phase, 𝑇𝑚𝑎𝑥 is the maximum temperature
at which the hardening is possible under standard condition (≈ 100◦C),
𝑇𝑟𝑒𝑓 is the reference temperature for the experimental calibration of
the ageing degree. For 𝑇 = 𝑇𝑟𝑒𝑓 , it is 𝜆 = 0 for 𝛼 ≤ 𝛼0, and 𝜆 = 1 for
𝛼 = 𝛼∞. Consequently, one can obtain 𝐵𝜆 = [1+𝐴𝜆(𝛼2∞ −𝛼20 )∕(𝛼∞ −𝛼0)].
The material parameters 𝐴𝜆 and 𝑛𝜆 are calibrated against experimental
data.

Then, the ageing degree is exploited to update the mesoscale me-
chanical properties of the LDPM constitutive laws:

𝐸0 = 𝐸∞
0 𝜆; (4)

𝜎𝑡 = 𝜎∞𝑡 𝜆𝑛𝑎 , 𝜎𝑐0 = 𝜎∞𝑐0𝜆
𝑛𝑎 , 𝑟𝑠𝑡 = 𝑟∞𝑠𝑡 𝜆

𝑚𝑎 ; (5)

𝑙𝑡 = 𝑙∞𝑡
[

𝑘𝑎(1 − 𝜆) + 1
]

. (6)

𝐸0, 𝜎𝑡, 𝜎𝑐0, 𝑟𝑠𝑡, and 𝑙𝑡 are, respectively, the normal modulus, tensile
strength, compression strength, shear-to-tensile strength ratio, and the
tensile characteristic length at the mesoscale. They are the parameters
governing the constitutive laws on which the LDPM formulation relies.
The appendix ∞ indicates the asymptotic value of each mechanical
property, whose time evolution is a function of the ageing degree and
shaped by the material parameters 𝑛𝑎, 𝑚𝑎, and 𝑘𝑎, which must be
experimentally calibrated.
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Fig. 3. Numerical model — Two levels in the damage modelling: (a) matrix cracks at the mesoscale; (b) fibre-matrix interface cracks at the microscale.
w

.3.2. Effect of crack opening on moisture permeability
The crack opening, intended as a measure of undergone damage,

s the second bridging parameter between LDPM and HTC models.
he moisture permeability coefficient 𝐷ℎ, introduced in Eq. (1)a, is

affected by several factors: (i) pore saturation, (ii) temperature, (iii)
ageing, (iii) tortuosity and (iv) connectivity of the pore structure at
the microscale [40]. Beyond these aspects, cracking also impairs the
ability of concrete to resist to water penetration. Therefore, the mois-
ture permeability coefficient should be defined for uncracked and
cracked conditions. As presented by Di Luzio and Cusatis [40,65], 𝐷ℎ
in uncracked conditions reads

𝐷𝑢𝑛𝑐𝑟𝑎𝑐𝑘𝑒𝑑
ℎ (ℎ, 𝑇 ) = 𝐷1

[

1 +
(

𝐷1
𝐷0

− 1
)

(1 − ℎ)𝑛
]−1

exp
(

𝐸𝑎𝑑
𝑅𝑇0

−
𝐸𝑎𝑑
𝑅𝑇

)

(7)

here 𝐷0 and 𝐷1 represent the moisture permeability in complete
ry and saturated conditions, respectively, that, with 𝑛, are material
arameters to be calibrated by best fitting experimental data. 𝑇 is the
ctual temperature, 𝑇0 is the reference room temperature, and 𝐸𝑎𝑑 the
iffusion activation energy [67].

For cracked conditions the approach proposed by Di Luzio et al. [5]
s adopted, in which the empirical coefficient, 𝑓𝐷(𝑤𝑐 ) ≥ 1, expressing
he increase of permeability due to damage and cracking, is introduced.

𝐷(𝑤𝑐 ) = 1 +
999𝑒𝑛𝑐 𝜉

1 − (1 − 𝑒𝑛𝑐 )𝜉
with 𝜉 = min

[max(𝑤𝑐 −𝑤𝑐0; 0)
𝑤𝑐1 −𝑤𝑐0

; 1
]

(8)

Then, 𝐷ℎ in cracked conditions values

𝐷𝑐𝑟𝑎𝑐𝑘𝑒𝑑
ℎ (ℎ, 𝑇 ,𝑤𝑐 ) = 𝑓𝐷(𝑤𝑐 ) ⋅𝐷𝑢𝑛𝑐𝑟𝑎𝑐𝑘𝑒𝑑

ℎ (ℎ, 𝑇 ) (9)

The formulation of 𝑓𝐷(𝑤𝑐 ) stems from the best fitting of experimental
data available in the literature. The exponent 𝑛𝑐 governs the shape and
lope of 𝑓𝐷(𝑤𝑐 ), whereas 𝑤𝑐0 is the threshold value in correspondence
f which 𝐷ℎ starts growing due to damage, and 𝑤𝑐1 is the crack opening
eyond which 𝐷ℎ is assumed not to further increase.

. Multiscale crack healing model

The modelling approach relies on identifying two different levels
f damage: (i) matrix and (ii) fibre-matrix interface cracks. The ma-
rix cracks (Fig. 3a) are induced by either external (i.e., mechanical,
eometrical, and environmental loads) and/or internal (e.g., shrinkage
estrained deformations) actions and are responsible for the fibres’ me-
hanical activation. The fibre-matrix interface cracks (Fig. 3b) develop
uring the interface debonding instead and are hereinafter also referred
o as tunnel cracks between the fibre and the surrounding embedding
atrix. They are typically narrower than the matrix cracks, a condition

hat might imply the expectation of better and faster healing but – at
he same time – a more likely shortage of moisture in the vicinity of
rack walls due to limited accessibility.

In line with the LDPM discrete approach, the self-healing model
eals with matrix and tunnel cracks separately. The autogenous re-
5

airing of the former has been presented, together with its calibration c
and validation for ordinary plain concrete, in [45]. In this work, its
implementation at the mesoscale (i.e., in LDPM) has remained un-
changed. In contrast, the effect of tunnel cracks healing is taken into
account within the calculation of the bridging force carried by the fibre
reinforcement. This approach stems from the idea that the recovery of
matrix damage and tunnel cracks along the fibre–mortar interface affect
the material mechanical behaviour differently. Likewise, the evolution
of the moisture-driven healing process at the two observation scales
is implemented in the discrete formulation of the HTC model (M-
LDPM) separately as well. Although the phenomenon involves the same
material at both mesoscopic and microscopic scales, it is convenient to
have separate internal variables to characterise their evolution based
on dedicated experimental data.

3.1. Healing kinetic law

The healing kinetic law formulated for cementitious materials [5,
45] presents no limitations in being used for fibre-reinforced cemen-
titious composites. Following the conceptual differentiation between
matrix and tunnel cracks, it can be exploited for capturing both autoge-
nous and eventually stimulated healing. On the other hand, in order to
have two separate internal variables feeding the mechanical model at
two different levels, in the improved version of M-LDPM, a distinction
is made between the normalised healing degree for matrix cracks and
that for fibre-matrix interface cracks, 𝜆(𝑚)𝑠ℎ and 𝜆(𝑓 )𝑠ℎ respectively. In the
following, the formulation emphasising such distinction is reported,
with no theoretical differences with respect to the original one [5,45].
The superscript (i) represents a generic index, which can be either (m)
or (f), depending on which scale one is referring to.

The modelling of the healing process is based on a simple as-
sumption: the phenomenon results from two main contributing fac-
tors, namely (i) the delayed hydration of the unreacted cement grains
and (ii) the precipitation of calcium carbonate (CaCO3) crystals into
the cracks, due to the carbonation reactions between portlandite and
carbonate ions or carbon dioxide. Both phenomena are water-driven
mechanisms, so the model must consider the strong correlation between
the moisture availability in the vicinity and inside the cracks and the
process evolution. This aspect is considered in the calculation of the
proportional coefficient in the kinetic law, between the healing degree
𝜆(𝑖)𝑠ℎ and its rate �̇�(𝑖)𝑠ℎ. The latter is assumed to be inversely proportional to
the healing degree. Hence, it is maximum when the process starts and
linearly decreases as the phenomenon evolves. The kinetic law reads

�̇�(𝑖)𝑠ℎ = �̃�(𝑖)
𝑠ℎ

(

1 − 𝜆(𝑖)𝑠ℎ
)

(10)

in which �̃�(𝑖)
𝑠ℎ, the inverse of the reaction characteristic times, is calcu-

lated as

�̃�(𝑖)
𝑠ℎ = �̃�(𝑖)

𝑠ℎ0 ⋅ 𝑓ℎ(ℎ)
(𝑖) ⋅ 𝑓𝑤(𝑤𝑐 )(𝑖) ⋅ exp

[

−
𝐸(𝑖)
𝑠ℎ
𝑅

(

1
𝑇

− 1
𝑇𝑟𝑒𝑓

)

]

(11)

here 𝑓ℎ(ℎ)(𝑖) and 𝑓𝑤(𝑤𝑐 )(𝑖) are the moisture and crack opening coeffi-
ients, respectively, 𝐸(𝑖) the healing activation energy, 𝑅 the universal
𝑠ℎ
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constant for gas, 𝑇𝑟𝑒𝑓 the reference temperature and 𝑇 that one at
which the process occurs. Finally, �̃�(𝑖)

𝑠ℎ.0 is the inverse of the reaction
characteristic times in standard conditions (𝑅𝐻 = 100%, 𝑇 = 𝑇𝑟𝑒𝑓 ,
𝑤𝑐 = 0) and values

�̃�(𝑖)
𝑠ℎ0 = �̃�(𝑖)

𝑠ℎ1
(

1 − 𝛼𝑠ℎ(𝑖)𝑐
)

𝑐 + �̃�(𝑖)
𝑠ℎ2 ⋅ 𝑎𝑑 (12)

with �̃�(𝑖)
𝑠ℎ1 and �̃�(𝑖)

𝑠ℎ2 two empirical parameters to calibrate against
dedicated experimental data.

The coefficient 𝑓ℎ(ℎ)(𝑖) accounts for the effect of moisture supply on
the healing process. It reads

𝑓ℎ(ℎ)(𝑖) =

[

1 +
(

𝑎(𝑖)ℎ − 𝑎(𝑖)ℎ ℎ
)𝑏(𝑖)ℎ

]−1

(13)

The superscript (i) denotes that 𝑓ℎ(ℎ) might be different between matrix
and tunnel cracks. The material parameters 𝑎ℎ and 𝑏ℎ are calibrated or
assumed upon experimental evidence at both scales of observation. This
enables to capture the different moisture accessibility of matrix and
tunnel cracks. The former are usually directly exposed to the external
environment; hence easier to be reached by moisture. On the contrary,
the tunnel cracks are generally located in the inner part of the element;
then, the water is required to overcome tortuous and longer paths to
reach the crack walls.

The coefficient 𝑓𝑤(𝑤𝑐 )(𝑖), instead, is in charge of tuning the process
rate depending on the width of the crack being healed. It values 0 as
long as the crack opening exceeds the threshold value 𝑤𝑠ℎ(𝑖)

𝑐0 , which is
again differentiated for matrix and tunnel cracks. When 𝑤𝑐 ≥ 𝑤𝑠ℎ(𝑖)

𝑐0 the
coefficient 𝑓𝑤(𝑤𝑐 )(𝑖) evolves with the following law

𝑓𝑤(𝑤𝑐 )(𝑖) =

[

1 +
(

𝑎(𝑖)𝑤 ⋅𝑤𝑐

)𝑏(𝑖)𝑤
]−1

(14)

The double degree of freedom allows to properly simulate the effect
of crack opening on the process kinetics. The threshold 𝑤𝑐0.𝑠ℎ, be-
yond which the healing starts, is set according to the different typical
crack width ranges featuring the healing at the meso- and microscale.
Whereas for matrix cracks, it can be assumed that to avoid triggering
the numerical model for cracks whose dimension is of the same order of
magnitude as concrete macroporosity, it is necessary to adopt a smaller
threshold for the healing of tunnel cracks. As a matter of fact, the
debonding process typically involves tunnel cracks whose width ranges
about a few microns.

3.2. Healing effect on fibre bridging force

Single-fibre pull-out tests showed that pull-out strength is affected
by the healing of interface cracks. Al-Obaidi et al. [68] presented
a study showing that both pull-out energy and bond strength after
healing is significantly greater than that one measured on the same
pre-damaged specimens without healing products at the fibre-matrix
interface. Similarly, Qiu et al. [52] published detected experimental
trends going in the same direction. The bond strength, when pre-
damaged specimens are exposed to a moist environment, experiences a
non-negligible growth, even after short curing periods. As a matter of
fact, whenever the healing process happens, it yields delayed hydration
products and CaCO3 crystals filling the tunnel crack between the fibre
and the surrounding mortar. This results in a recovery of the interface
frictional bond.

The phenomenon is implemented in LDPM-F by updating the value
of the fibre bridging force 𝑃 (𝑣), proportional to the matrix–fibre slip 𝑣,
with a coefficient proportional to 𝜆(𝑓 )𝑠ℎ . The updated constitutive law for
the fibre load reads

𝑃
(

𝑣, 𝜆(𝑓 )𝑠ℎ

)

=
(

1 + 𝛾𝑠ℎ ⋅ 𝜆
(𝑓 )
𝑠ℎ

)

𝑃 (𝑣) ≤ 𝛼 ⋅ 𝑃0 (15)

where 𝑃 (𝑣) is computed through the fibre pull-out model presented in
Appendix B, which differentiates the formulation of the fibre bridging
6

b

Fig. 4. Numerical model — Effect of healing on the fibre load vs. slip law.

force (see Eq. (25),(26)) depending on whether the slip exceeds or
not the limit value at full debonding 𝑣𝑑 (see Eq. (24)). 𝑃0, instead,
represents the bridging force at full debonding (see Eq. (26)). In order
to comply with the experimental evidence available so far, on one
hand, the coefficient

(

1 + 𝛾𝑠ℎ ⋅ 𝜆
(𝑓 )
𝑠ℎ

)

has been conceived to capture the
increase of pull-out energy, detected by Al-Obaidi et al. [68], whereas
the kinetic law behind 𝜆(𝑓 )𝑠ℎ can replicate the faster healing of the tunnel
cracks, in line with the results of Qiu et al. [52].

Referring to a single-fibre pull-out test, in Fig. 4, the effect of the
tunnel crack self-healing on the mechanical response is qualitatively
shown. After the loading and unloading stages (branches L and U),
the specimen is exposed to given environmental conditions for some
time long enough to permit the self-healing process to develop. The
cured specimen is then reloaded (branch R) up to rupture. Due to the
recovered frictional bond, the specimen might experience a recovery
in stiffness and strength to an extent proportional to (i) the degree of
completion of the healing process and (ii) the quality of the healing
products. By means of Eq. (15), the mechanical model is updated to be
capable of capturing this experimental evidence. In Fig. 4, the updated
constitutive law is plotted with reference to increasing self-healing
degrees, assuming 𝛾𝑠ℎ = 1.

The coefficient 𝛾𝑠ℎ governs the impact that the healing of the tunnel
cracks has on the fibre contribution to the mechanical equilibrium.
With 𝛾𝑠ℎ = 0, it is possible to capture the crack sealing, whereas if 𝛾𝑠ℎ ≥
0, the load carried by the fibre is enhanced due to the increased friction
along the crack walls. The latter has an upper bound (𝛼 ⋅ 𝑃0) in which
he bridging force at full debonding 𝑃0 is either amplified or reduced
y the coefficient 𝛼. Both 𝛾𝑠ℎ and 𝛼 are material parameters that must
e calibrated against experimental data. Depending on (i) composition
f the cementitious composites, (ii) technique adopted to engineer
he process, (iii) fibres nature, (iv) curing conditions, and (v) loading
egimes, the healing might allow for recovery either partially or even
ncreasing the fibre load-bearing capacity. The parameter 𝛼 sets the
aximum achievable level of recovery. Once calibrated experimentally,

𝑠ℎ must comply with the condition for which, in case of complete
ulfilment of the tunnel crack:

f 𝜆(𝑓 )𝑠ℎ = 1.00 ⟹ 𝛾𝑠ℎ ≤
𝛼 ⋅ 𝑃0
𝑃 (𝑣)

− 1 (16)

.3. Parametric study

In order to investigate whether the healing implementation in
DPM-F leads to the expected macroscopic behaviour (Fig. 4), a direct
ension test on an FRC specimen has been simulated to assess how it
ehaves if, after being damaged, tunnel crack self-healing increases.
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Fig. 5. Numerical model — Influence of healing implementation on FRC dogbone specimen under uniaxial tension load.
Table 1
Mix composition of the reference fibre-reinforced concrete (dosages in kg/m3).

Constituent Content in kg/m3

cement 600
water 200
aggregates 3-6 mm 1518
steel fibres df = 0.22 mm, Lf = 20 mm 0.50% by volume

The concrete composition is reported in Table 1, where it is possible
to see that the aggregate size and fibres length comply with the con-
dition: 𝐿𝑓 ≥ 3𝐷𝑚𝑎𝑥, which ensures that the fibre–aggregate interaction
can develop properly [69].

A simple set of numerical simulations has been carried out, employ-
ing a dogbone specimen, whose geometry is reported in Fig. 5a. The
sample has been loaded in pure axial tension up to featuring a single
prominent crack approximately 60 μm wide. Then, it has been com-
pletely unloaded. After reaching the zero-load condition, the sample
has been reloaded to failure. The reloading stage has been performed
by assuming for the tunnel cracks self-healing degree, 𝜆𝑓𝑠ℎ, increasing
fixed values between 0.00 and 1.00. The numerical simulations have
been carried out in two different scenarios: (i) with no matrix crack
healing, 𝜆𝑚𝑠ℎ = 0.00, and (ii) in the hypothesis of matrix and tunnel
cracks healing evolving identically, 𝜆𝑚𝑠ℎ = 𝜆𝑓𝑠ℎ. It has been assumed
𝑐𝑠ℎ = 1.00, 𝛾𝑠ℎ = 1.00, and 𝛼 = 2.00.

Firstly, it is essential to assess how the model performs at the
single fibre-facet intersection to see if the P–v curve actually evolves
as presented in Fig. 4. The comparison between the fibre load vs. slip
7

curves, referred to one of the most damaged LDPM facets and obtained
with 𝜆𝑓𝑠ℎ equal to zero and 1.00, is shown in Fig. 5b. The effect of
healing acts as expected, though the re-loading in the presence of
healing stops before reaching the ultimate slip (Fig. 5b). As it stands
out from Fig. 5c, the numerical model is able to capture what has been
experimentally observed by Qiu et al. [52], who detected a recovery
in load-bearing capacity at macroscale with a negligible matrix crack
healing. Finally, in Fig. 5d, the model captures the coupled effect on the
fracturing behaviour induced by the simultaneous autogenous repairing
of both matrix and tunnel cracks.

4. Simulation of UHPC self-healing

The model presented in the previous sections has been used to
simulate laboratory tests carried out on a UHDC mix, with the purpose
of showcasing the model’s capability of capturing (i) the growth in
strength and stiffness due to the material ageing, and (ii) the recovery
that can be detected in strength and stiffness at the macroscale due
to either autogenous and/or stimulated healing at the micro- (tunnel
cracks) and mesoscale (matrix cracks). The coupling between ageing
and healing models is crucial to avoid overestimating the healing effect
on mechanical performance.

Being the model a full coupled model, its calibration requires to
proceed step-by-step. Each calibration step relies on the comparison
between numerical results and consistent experimental evidence. As
first step, it is necessary to identify the parameters governing the ageing
model. Afterwards, it is possible to calibrate the self-healing of the
matrix cracks, by using test data relevant to the plain material. Finally,
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Table 2
Composition of the UHPC mix tested by Lo Monte and Ferrara [70] and Al-Obaidi et al.
[71].

Constituent Content Mix proportion
in kg/m3 by cement content

Cement type I 52.5 R 600.00 1.0000
Slag 500.00 0.8334
tap water 200.00 0.3334
Silica sand (dmax = 2.0 mm) 982.00 1.6375
Steel fibres (1.5% by volume) 120.00 0.2000
Superplasticizer (MasterGlenium ACE300) 33.00 0.0550
Crystalline admix. (Penetron ADMIX) 4.80 0.0080

the self-healing of the tunnel cracks can be calibrated by looking for the
best fitting with experimental evidence detected on the fibre reinforced
material.

4.1. Calibration and validation of the ageing model

Lo Monte and Ferrara [70],Al-Obaidi et al. [71] presented experi-
mental evidence on the flexural and fracturing behaviour of a UHDC
mix ( Table 2) at two different ages: 90 and 730 days. In this work,
the LDPM and HTC parameters governing the simulation of ageing,
diffusion, and mechanical behaviour of the plain matrix are inherited
from a companion computational activity on the same material [28,72]
and are reported in Tables 3 and 4, respectively. Instead, the LDPM
parameters for matrix–fibre interaction are calibrated and validated by
employing the experimental trends detected by Lo Monte and Ferrara
[70],Al-Obaidi et al. [71].

Lo Monte and Ferrara [70] carried out 4-point bending tests on two
different specimens: deep (500 × 100 × 100 mm3) (Fig. 7a) and thin
500 × 100 × 25 mm3) (Fig. 7b) beams. In addition, the authors pre-
ented uniaxial (unconfined) compression tests on 100 mm-side cubes
Fig. 7d). Both flexural and compression tests were performed on 90-
ay-old specimens, cured in the moist chamber with RH = 90% and
= 20 ◦C. The thin beams were cast in larger moulds with fresh con-

rete flowing parallel to the long side to orient the fibres accordingly
nd have them as much as possible orthogonal to the expected crack
penings. Instead, casting the deep beams featured a flow-oriented mix
ouring from the top downwards at the centre of the formwork.

As mentioned above, the flexural and fracturing behaviour was
lso investigated by Al-Obaidi et al. [71]. The authors presented an
xperimental campaign in which the same material was tested after
oughly two years after casting. In the Horizon 2020 ReSHEALience
roject framework, real structures were designed and built as proof
f the UHDC concept. One of these structures is the EGP (Enel Green
ower Plant) pilot, a basin for geothermal water collection, serving
geothermal power plant owned and run by the Enel Green Power

ompany in Chiusdino, Italy. The basin was designed and built to
ave three compartments, each of them realised by employing different
aterials and building concepts. During the casting of the UHDC-based

ompartment, extra precast slabs were cast and shipped to Politecnico
i Milano (Laboratory for Testing Materials, Buildings, and Structures)
o perform mechanical and durability tests. Small beams with dimen-
ions of 500 × 100 × 30 mm3 (Fig. 6c) were obtained from the precast

UHDC elements and employed in 4-point bending tests.
In both mentioned laboratory campaigns, three mixes were anal-

ysed: the reference one (Table 2), considered in this work, and two
variants whose recipes were enriched with either nano-alumina or
nano-cellulose.

The LDPM parameters that govern the matrix–fibre interaction have
been calibrated through the best fitting between numerical and exper-
imental curves relevant to the 90-day-old deep beams.

In order to reduce as much as possible the computational time,
the numerical simulations have been run on meshes featuring a width
smaller than the actual sample size. Then, deep beams were simulated
8

through 25 mm wide mesh, whereas a width of 50 mm was used for the
thinner specimens.

In addition, to further limit the number of mesh degrees-of-freedom,
the coarse-graining technique, as presented in [73], has been adopted
by using a coarse-graining factor 𝜅 = 3.0 [74]. This approach has
facilitated the construction of the LDPM mesh considering 𝑑𝑎 = 𝑑𝑚𝑎𝑥 =
6.0 mm and 𝑑0 = 3.0 mm, and 𝑛𝐹 = 0.65. Further details can be found
in [28].

In order to capture the preferential orientation of the fibres into
the thin beams, and relying on the results published by Ferrara et al.
[75], 50% of them have been oriented parallel to the specimen’s longest
dimension. By contrast, a full random orientation has been used for
deep beams because the casting setup does not justify any assumption
about a preferential fibres’ orientation. Therefore, the numerical curves
hereinafter shown represent the average of six simulations. Six different
mesh seeds were used for each simulation to minimise bias from
particle placing on model calibration and validation. The numerical
curves hereinafter shown are the average of six simulations.

To limit the computational cost, the specimens of the 4-point bend-
ing test on deep beams, as shown in Fig. 7, have been modelled through
a composite mesh, with the external portions simulated with continuum
finite elements and the central part with the discrete elements, where
coarse aggregates and steel fibres are explicitly simulated and randomly
placed, according to the input generation parameters.

After mesh generation, the 90-day curing and the subsequent me-
chanical tests have been simulated. At the end of the curing period,
the ageing degree 𝜆 at each node of the flow lattice system has been
interpolated to the nearest facet centroids. Afterward, relying on the
asymptotic values of LDPM parameters calibrated for the plain ma-
trix [28], the updated mechanical properties have been derived. The
matrix–fibre interaction parameters, instead, have been identified by
the best match between numerical and experimental load (nominal
strength) vs. COD (Crack Opening Displacement) curves (Fig. 8). The
calibrated parameters are reported in Table 5.

The mix was designed to promote strain-hardening in tension by in-
ducing a multi-cracking pattern through the quality (shape and tensile
strength) and volume fraction of the steel fibres. The typical cracking
patterns detected in deep beams, shown in Fig. 9a, confirm that the
material behaved as expected. The numerical model does have the ca-
pacity to simulate the development of multiple cracks. At the beginning
of the softening branch, namely when COD approaches 2.0 mm, the
simulated specimen presents three damage zones for a total of five
cracks (Fig. 9b).

In Fig. 10, the cracks resulting from the numerical simulation are
shown in more detail. This allows to appreciate how the discrete model
enables a refined crack opening calculation along the crack longi-
tudinal axes. This feature is particularly appealing for multi-physics
analyses, in which physical properties (e.g., moisture permeability, self-
healing reaction affinity) if adequately modelled, might be updated
depending on the local crack width, which is hampered to any classical
continuum-based approach.

For the compression response, the effect of fibres is expected to
be marginal, as confirmed by the numerical results. In Fig. 11, the
comparison between the plain [28] and fibre-reinforced composite is
shown: the red bold curve refers to the simulation of the compression
test on 90-day old UHPC 100 mm cubes, whereas the black dashed
one has been obtained by simulating the same test on plain cylinder
specimens after a 90-day curing period. Both curves are the averages
over six different meshes. In the laboratory campaign, only the average
experimental strength was reported [70]. At 90 days, it was found to
have a value of 136.85 MPa, whereas the numerical one resulted in
134.12 MPa. For the sake of comparison, relevant to the plain concrete
cylinders, the experimental and numerical compression strengths value
129.61 MPa and 129.72 MPa, respectively. The ratios between cylinder
and cube strengths are 0.95 for experimental data and 0.97 relevant to

numerical results. The registered increase is likely due to the geometry
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Table 3
LDPM parameters for the investigated UHPC, calibrated and validate by Cibelli et al. [28].

Group Parameter Value Parameter Value

elastic 𝐸∞
0 (MPa) 70 975 𝛼 (–) 0.31

fracturing 𝜎∞
𝑡 (MPa) 13.31 𝑛𝑡 (–) 0.001

𝑙∞𝑡 (mm) 8.47 𝑟∞𝑠𝑡 (–) 3.23

compression
𝜎∞
𝑐0 (MPa) 500.00 𝐻𝑐0∕𝐸0 (–) 0.36

𝜅𝑐0 (–) 2.00 𝜅𝑐1 (–) 1.00
𝜅𝑐2 (–) 2.00

frictional 𝜎∞
𝑁0 (MPa) 350.00 𝜇0 (–) 0.50

unloading/reloading 𝑘𝑐 (–) 0.50 𝑘𝑡 (–) 0.50
𝑘𝑠 (–) 0.50

ageing 𝑛𝑎 (–) 5.47 𝑚𝑎 (–) −3.59
𝑘𝑎 (–) 74.97
Table 4
HTC parameters for the investigated UHPC, calibrated and validate by Cibelli et al. [28].

Group Parameter Value Parameter Value

Sorption isotherm 𝑔1 (–) 1.50 𝑔2 (–) 0.191

Cement hydration

𝐴𝑐.1 (1/h) 8.86 × 106 𝐴𝑐.2 (–) 0.005
𝐸𝑎.𝑐 (kJ/mol) 40.00 𝜂𝑐 (–) 5.124
�̃�∞
𝑐 (–) 0.651 𝜁𝑐 (–) 0.350

�̃�∞
𝑐 (kJ/kg) 469.45

Slag reaction

𝐴𝑠𝑙.1 (1/h) 3.28 × 1014 𝐴𝑠𝑙.2 (–) 0.05
𝐸𝑎.𝑠𝑙 (kJ/mol) 80.00 𝜂𝑠𝑙 (–) 9.330
�̃�∞
𝑠𝑙 (–) 0.063 𝜁𝑠𝑙 (–) 0.250

�̃�∞
𝑠𝑙 (kJ/kg) 800.00

Bound water 𝜅𝑐 (–) 0.247 𝜅𝑠𝑙 (–) 0.355

Chemical shrink. 𝜅𝑠ℎ (–) 0.148

Moisture permeability 𝐷0∕𝑐 (mm2/h) 1.00 × 10-4 𝐷1∕𝑐 (mm2/h) 3.10
𝑛 (–) 3.9 𝐸𝑎.𝑑 (kJ/mol) 22.45
Fig. 6. Numerical simulations – (a) deep beam - prismatic specimens with dimensions 500 × 100 × 100 mm3; (b) thin beam - prismatic specimens with dimensions
00 × 100 × 25 mm3; and (c) thin beam - prismatic specimens with dimensions 500 × × 100 × 30 mm3.
p
d

l

hange rather than the presence of fibres in the cube samples. As shown
y many authors [76–78], the latter seem to significantly affect the
ost-peak response, leading to a less steep softening branch.

To complete the picture of the UHPC ageing modelling, the flexural
ests on thinner specimens have been simulated by employing the
9

m

arameters in Table 5. This procedure aims to validate the previously
iscussed calibration.

Firstly, the 4-point bending test on thin beams has been simu-
ated. The whole sample has been simulated employing an LDPM
esh (Fig. 12), with the same generation settings used for the central
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Fig. 7. Numerical simulations — Simulated coarse aggregates and steel fibres within the deep beam mesh.
Fig. 8. Calibration — Comparison between experimental and numerical curves for 90-day old deep beams.
Fig. 9. Calibration — Comparison between typical experimental [70] and numerical crack pattern.
Fig. 10. Calibration — Simulated crack pattern in deep beam specimen.
10
Table 5
Calibration — LDPM parameters governing the fibre-matrix interaction for the
investigated UHPC.

Parameter Value Parameter Value

𝜏0 (MPa) 10.12 𝐺𝑑 (N/m) 0.0
𝛽 (–) −0.088 𝑘𝑠𝑝𝜎𝑡 (MPa) 150.00
𝑘𝑠𝑛 (–) 0.40 𝑘𝑟𝑢𝑝 (–) 0.60
𝛾𝑝 (–) 1.00

part of the deep beams. In this case, as discussed above, because of
the casting procedure, the fibres have been inserted by imposing a
preferential orientation so that 50% of the fibres are parallel to the
element’s longitudinal axis. The computational time has been reduced
by employing a mesh with reduced width, namely 50 mm instead of
100 mm.

The experimental and numerical load (nominal stress) vs. COD
curves are plotted for comparison in Fig. 13. Looking at the experi-
mental and numerical averages, the model seems to accurately catch
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Fig. 11. Validation I — Comparison between experimental and numerical curves after
90 days from casting, for the plain matrix and the fibre-reinforced composite.

Table 6
Healing model— The calibrated values of the parameters governing the healing of the
matrix cracks [79].

Parameter Value Parameter Value

𝐸(𝑚)
𝑠ℎ (kJ/mol) 41.60 �̃�(𝑚)

𝑠ℎ1 (m3/kg h) 8.5 x10-6

�̃�(𝑚)
𝑠ℎ2 (m3/kg h) 7.5 × 10-6 𝑤(𝑚)

𝑐0.𝑠ℎ (mm) 0.005

the material response. As a matter of fact, the numerical curve fits the
experimental average. This result confirms that the model is capable of
capturing changes in material response for different geometries.

It is interesting to see that the simulated crack pattern for thin
beams features a larger number of relevant cracks than those observed
for deep beams. This difference coincides with what was observed in
the laboratory. Then, it is possible to state that the model captures
not only the fracturing strength for different geometries, i.e., structural
behaviour, but also the fracture process, i.e., failure mode. Concerning
the former, the average experimental values change from 16.2 MPa to
24.6 MPa for deep and thin beams, respectively. The numerical peak,
instead, moves from 16.0 MPa to 29.1 MPa. Fig. 14 compares experi-
mental and numerical crack patterns, showing that the multi-cracking
process and failure mode are well captured.

In Fig. 15, it is possible to have a clearer idea of the smeared damage
occurring along the tested specimen. Non-negligible damage occurs at
the support and load pins due to the numerical strategy adopted to
impose the kinematic and static boundary conditions. However, this
does not play any role in the simulation of the element response.

The last set of numerical analyses has been run to simulate the 4-
point bending tests on 2-year-old specimens, having a geometry similar
to the thin beams, which differ only in thickness: 30 mm instead
of 25 mm. The available data did not include evidence of the crack
pattern. However, due to the marginal geometrical difference between
the two sample groups, it can be reasonably assumed that the crack
patterns develop similarly. In the following, the comparison between
numerical and experimental load (nominal stress) vs. COD curves is
shown (Fig. 16). The model captures the material response with a
sufficient level of accuracy, confirming its predictive capacity once
calibrated.

4.2. Calibration and validation of the self-healing model

The calibration of the parameters governing the healing kinetic law
in M-LDPM has been presented in a recent article [79], where the effect
of matrix cracks sealing on the chloride penetration was simulated.
They are reported in Table 6.

It is worth highlighting that the moisture permeability is assumed
to be affected exclusively by the closure of matrix cracks. In the
11
Table 7
Healing model— The values adopted for the parameters governing the healing of the
tunnel cracks.

Parameter Value Parameter Value

𝐸(𝑓 )
𝑠ℎ (kJ/mol) 41.60 �̃�(𝑓 )

𝑠ℎ1 (m3/kg h) 1.0 × 10-5

�̃�(𝑓 )
𝑠ℎ2 (m3/kg h) 1.5 × 10-5 𝑤(𝑓 )

𝑐0.𝑠ℎ (mm) 0.001

model, this aspect is taken into account straightforwardly in the factor
governing the crack size dependence of water permeability 𝑓𝐷(𝑤𝑐 ) by
replacing the crack opening 𝑤𝑐 with 𝑤𝑐 ⋅ (1 − 𝜆(𝑚)𝑠ℎ ). It means that the
actual damage affecting the moisture permeability is reduced propor-
tionally to the evolution of the self-healing process up to completion,
i.e., 𝑤𝑐 ⋅ (1 − 𝜆(𝑚)𝑠ℎ ) = 0 for 𝜆(𝑚)𝑠ℎ = 1. Hence 𝜆(𝑚)𝑠ℎ assumes the meaning of
matrix crack closure degree.

Due to the lack of direct investigation for tunnel cracks, the pa-
rameters for the healing kinetic law have been assumed based on
the experimental evidence published by Qiu et al. [52]. Since the
cementitious material is the same, the process activation energy at the
micro-scale, 𝐸(𝑓 )

𝑠ℎ , has been assumed to be equal to the value calibrated
for matrix cracks. In order to have a faster process, the material
parameters �̃�(𝑓 )

𝑠ℎ1 and �̃�(𝑓 )
𝑠ℎ2, steering the effect of un-hydrated cement and

additives, have been assumed to be roughly 1.5 times higher then the
values adopted at the mesoscale. Finally, since the crack opening at the
interface is typically smaller than matrix cracks (about ten μm at full
debonding [52]), 𝑤(𝑓 )

𝑐0.𝑠ℎ has been assumed to be five times smaller than
𝑤(𝑚)

𝑐0.𝑠ℎ. Consequently, the interface’s healing model is also triggered on
those facets experiencing a lower crack opening. The parameters are
reported in Table 7.
4.2.1. Matrix cracks

The model’s capacity to capture the experimental evidence must
be assessed on two different levels: (i) crack closure, and (ii) stiff-
ness and strength recovery of the healed material. As mentioned, the
healing-induced crack closure, investigated by Al-Obaidi et al. [80],
has been used to calibrate the parameters in Table 6. The mechanical
performance of the healed material, instead, has been tested by per-
forming a 3-point bending test on notched prisms, whose dimensions
are 160 × 40 × 40 mm3, with the notch 5 × 5 mm2. The 45-day-
old specimens were first damaged in bending to have a residual crack
opening of about 50 μm at complete unloading (Fig. 17b). Then, they
were cured in different environments, namely in the moist chamber at
90% relative humidity (exposure A, Fig. 17c) and immersed in distilled
water (exposure DW1, Fig. 17d). The effect of the latter condition was
additionally investigated in the case of monthly water regeneration
(exposure DW2). Afterward, the cured specimens underwent a 3-point
bending test up to rupture after 30, 60, and 90 days of curing (Fig. 17e).

The whole experimental program has been simulated in order to
calibrate, first, and then validate the healing implementation for matrix
cracks. The parameter 𝑐𝑠ℎ has been calibrated with reference to the
laboratory evidence collected for 30 and 180-day-old healing, whereas
the experimental data relevant to 90-day healing have been used for
the validation.

In Fig. 18, the results of the calibration stage are presented. The
latter were obtained using 𝑐𝑠ℎ = 0.75. The bold red curves represent the
numerical averages, whereas the dashed black lines are the average pre-
cracking experimental curves. The re-cracking experimental data are
shown with various coloured markers, such as circles, squares, triangles
with different orientations, and diamonds.

Since the model cannot capture the effect of distilled water nor
monthly regeneration on the material ageing and self-healing, all the
laboratory data relevant to the DW1 and DW2 exposure conditions are
collected into the group DW, for which saturated boundary conditions
of curing have been employed.

The comparison between numerical and experimental curves al-
lows us to formulate some considerations. Numerical and experimental
curves agree, confirming the model’s capacity to simulate material
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Fig. 12. Numerical simulations — Simulated coarse aggregates and steel fibres within the 25 mm-thick mesh.
Fig. 13. Validation II — Comparison between experimental and numerical curves after 90 days from casting for 25 mm-thick beams.
Fig. 14. Validation II — Comparison between typical experimental [70] and numerical crack pattern.
Fig. 15. Validation II — Simulated crack pattern in 25 mm-deep beams.
ageing. It is important to note that the pre-cracking was conducted on
samples that were 45-day-old, which is older than the samples used to
calibrate and validate the ageing model.

Concerning the re-cracking of the healed material, the match with
laboratory measurements appears excellent for exposure condition A
(moist chamber). In contrast, the model shows some limits for immer-
sion in distilled water (condition DW). In particular, the model does not
12
fully capture the recovery in stiffness, especially for the 180-day curing
period. However, the recovery in strength is still acceptable, in line
with what is observed for condition A. The aspects highlighted above
are confirmed by the validation results, shown in Fig. 19.

In conclusion, the comparisons of numerical vs. experimental in
Figs. 18 and 19 confirm the healing model capacity of capturing the ex-
perimental trends. The healing mechanical impact coefficient 𝑐 plays
𝑠ℎ
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Fig. 16. Validation III — Comparison between experimental and numerical curves after 2 years from casting for 30 mm-thick beams.
Fig. 17. Healing of matrix cracks — Experimental investigation (a) casting, (b)
pre-cracking after 45 days in moist chamber, (c) curing with exposure conditions A,
(d) curing with exposure conditions DW1 and DW2, (e) broken healed samples after
3-point bending tests.

a crucial role because it permits calibrating the transition from matrix
crack sealing [79] to mechanical healing. In Fig. 20 an example of the
numerical results is shown in terms of crack opening and self-healing
degree.

4.2.2. Tunnel cracks
The self-healing capacity of the UHDC at issue was investigated via

a multi-test/multi-parameter approach [20].
The healing assessment was performed through 4-point bending

tests on deep (500 × 100 × 100 mm3) and thin (500 × 100 × 25 mm3)
beams, the same geometries employed for the mechanical character-
isation by Lo Monte and Ferrara [70] (Figs. 6a,b). The flexural tests
were conducted to investigate crack-sealing and mechanical recovery
induced by autogenous healing. The experimental program consisted
13
of (i) 60-day curing (RH = 90% and T = 20 ◦C) after casting, (ii) pre-
cracking through 4PBT up to the prescribed residual deformation at
the bottom side of 1‰(measured after unloading), (iii) identification
and recording of all the detectable cracks via a digital microscope, (iv)
1-month curing in saturated condition (T = 20 ◦C), (v) recording of
all the cracks to measure the degree of sealing, and (vi) re-cracking
through 4PBT up to a residual crack opening equal to that gained at
the end of the pre-cracking. Steps (v) and (vi) were repeated after 3
and 6 months from pre-cracking. At six months, the specimens were
tested up to failure.

The implementation has been tested by simulating the reference
experimental campaign. The numerical and experimental results have
been compared in terms of mechanical recovery of 4-point bending
curves. The numerical results – obtained by employing the parameters
reported in Tables 6 and 7 – refer to the simulation of the first
precracking–curing–recracking cycle on deep beams specimens carried
out in the laboratory, in which the curing period lasted one month.
The parameters 𝛾𝑠ℎ and 𝛼𝑠ℎ have been assumed equal to 1.00 and 2.00,
respectively. As presented by Lo Monte and Ferrara [20], at the end of
the pre-cracking stage, the detected crack patterns included one/two
major cracks (𝑤 ≥ 40 μm) and a variable (4 ÷ 9) number of minor
fractures for all the tested specimens (10 μm ≤ 𝑤 ≤ 40 μm). As a
general trend, the crack sealing degree is higher for wider cracks: it
ranges between 0.80 and 1.00 when the crack width is larger than 40
μm, whereas it is included in the interval 0.50 ÷ 0.80 when it is derived
for the minor cracks. Not all the cracks detected in the laboratory
develop throughout the specimen width; in some cases, they involve
the sample’s bottom face only partially. The numerical results (Fig. 21)
show that after unloading, the model simulates two major cracks,
whose widths are roughly equal to 130 μm and 80 μm, respectively.
The model fails to capture the development of minor cracks during pre-
cracking. In terms of crack closure, the Index of Crack Sealing (ICS) in
Eq. (17), is compared to the matrix crack self-healing degree, 𝜆(𝑚)𝑠ℎ . The
latter is calculated at each node of the flow lattice system across the
crack; hence, its spatial average value must be considered, similar to
what was executed within the experimental procedure.

The experimental ICS, instead, is computed as

𝐼𝐶𝑆0 =
𝐴𝐹 .0 − 𝐴𝐹 .𝑖

𝐴𝐹 .0
(17a)

𝐼𝐶𝑆𝑖−1 =
𝐴𝐹 .𝑖−1 − 𝐴𝐹 .𝑖

𝐴𝐹 .𝑖−1
(17b)

where 𝐴𝐹 .0 is the crack area just after pre-cracking, 𝐴𝐹 .𝑖−1 is the crack
area just after re-cracking and 𝐴𝐹 .𝑖 is the crack area at the end of
the healing period. Thus, it refers to the closure of the crack in the
shallower part rather than the complete restoration of the original
conditions along the entire crack surface.
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Fig. 18. Healing of matrix cracks — Calibration Comparison between numerical and experimental results for both exposure conditions ((A) moist chamber and (DW) distilled
water immersion) after 30 and 180 days.
Fig. 19. Healing of matrix cracks – Validation Comparison between numerical and experimental results for both exposure conditions after 90 days.
Experimental ICS ranges between 0.41 and 1.00. In particular, it
s approximately 1.00 for the minor cracks, whereas it varies between
.50 and 0.90 for the major ones.

The numerical results in Fig. 21 refer to one of the six meshes
nalysed, assumed to be representative of the average simulated be-
aviour. Focusing on the cracks tip, 𝜆(𝑚)𝑠ℎ = 0.71 for the 130 μm wide

(𝑚)
14

crack, whereas 𝜆𝑠ℎ = 0.62 for the 80 μm wide crack. The model
underestimates the crack closure phenomenon. However, an accurate
comparison between the outcomes gained through the numerical imple-
mentation and the experimental evidence cannot be performed because
the model, relevant to the pre-cracking stage, does not simulate the
minor cracks’ formation. This might be due to the aggregate coarsening,
operated within the mesh generation procedure in order to tackle the

computational time. The use of coarser aggregates seems to determine
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Fig. 20. Healing of matrix cracks – Numerical results for specimen exposed to
saturated conditions for 6 months.

a more brittle response and a higher damage localisation. An accurate
calibration and validation of the matrix crack self-healing model is
presented in [79].

The greater damage localisation featuring the numerical results also
affects the comparison between simulation and test outcomes in terms
of mechanical recovery. The average numerical curve presents a lower
unloading stiffness as shown in Fig. 22. This aspect, along with the
LDPM damage-type formulation of the constitutive laws, determines
the need to lengthen the loading stage in order to have a residual
COD at the full unloading complying with the experimental one. The
reloading branch, whose slope is affected by both matrix and tunnel
cracks self-healing degrees, does not match the experimental behaviour,
and the stiffness recovery results lower than that measured in the
laboratory. Instead, the model seems to perform better in terms of
strength recovery. This might be probably due to the fact that the
model – as it is conceived – does not simulate an actual healing-induced
damage reduction, but the beneficial effect acts on the strength level
instead for both matrix (i.e., tensile strength) and tunnel (i.e., fibre
bridging force) cracks. The local behaviour is affecting the stiffness
more with respect to the strength in the damaged/cracked states.

5. Conclusions

A comprehensive model that can simulate in a fully coupled fashion
the ageing of materials, the impact of damage on permeability, and
the autogenous and/or stimulated healing of cracks was missing in the
literature for ordinary and fibre-reinforced cementitious composites.
The research activity presented in this article aims to provide a starting
point. Specifically for fibre-reinforced concrete, a dedicated numerical
approach has been developed to simulate, in addition to the above men-
tion phenomena, the effect of the healing products on the fibre-matrix
interaction.

Based on the considerations, assumptions, and results shown and
discussed in this manuscript, the following conclusions can be drawn.

• The improved M-LDPM is able to replicate the experimental evi-
dence observed in the reference laboratory campaigns. The model
has shown the capability of accurately capturing material ageing.
Not only the evolution of the compression and fracture strengths
(i.e., structural behaviour) is well simulated, but also the failure
mode changes with time and specimen geometry.

• The mechanical model for the matrix crack healing can reliably
reproduce the experimental evidence. Once the governing pa-
rameters are calibrated, a good agreement is obtained among
numerical and test outcomes. This may suggest that the modelling
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strategy, though relying on a strength limit expansion rather than
an actual recovery in terms of deformation, manages to describe
the overall mechanical response of the healed specimens in terms
of both stiffness and load-bearing capacity.

• The healing model extension for fibre-reinforced concrete has
been implemented by enlarging the microscale fibre load-bearing
capacity proportionally to the product 𝛾𝑠ℎ ⋅𝜆

(𝑓 )
𝑠ℎ . The parameter 𝛾𝑠ℎ,

similar to 𝑐𝑠ℎ, allows uncoupling of the crack sealing and enhanc-
ing the fibre-tunnel crack walls friction induced by the healing
products. For the tunnel crack healing, only the implementation
has been tested on the macroscale, whereas the validation against
experimental results is still an open issue, requiring dedicated
(and quite demanding) experimental campaigns aimed at assess-
ing the effects of healing on fibre matrix bond through single fibre
pull-out tests performed in multiple stages (i.e., pre-slip, healing,
pull-out).

• The calibration and validation of the self-healing model for fibre-
reinforced concrete need to be further investigated, including
an appropriate calibration of the fibre-slip relationship for the
simulation of loading–unloading–reloading cycles. To the best
of the authors’ knowledge, the effect of the tunnel crack self-
healing might be improved and validated by simulating single
pull-out tests on damaged and healed material, which are still
missing in the literature. The calibration by matching a single
fibre’s behaviour could improve the model’s capacity to predict
the behaviour at the macroscale.

As a whole, the proposed numerical approach is a promising starting
point toward the aim of simulating how the mechanical response of
advanced cementitious materials is affected by the autogenous repair
of the cracks.
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Fig. 21. Crack closure – numerical results.
Fig. 22. Mechanical recovery — numerical results.
Appendix A. Damage-type constitutive laws in LDPM

Fracturing behaviour. When the material is subjected to tensile
loading (𝜀 > 0), the effective strain and stress permit to define the
following relationships in the local reference systems: 𝜎𝑁 = 𝜀𝑁 (𝜎∕𝜀),
𝜎𝐿 = 𝛼 𝜀𝐿 (𝜎∕𝜀), and 𝜎𝑀 = 𝛼 𝜀𝑀 (𝜎∕𝜀), in which 𝜎 is incrementally
elastic (�̇� = 𝐸0 �̇�) and must satisfy the inequality 0 ≤ 𝜎 ≤ 𝜎𝑏𝑡(𝜀, 𝜔) being
𝜎𝑏𝑡(𝜀, 𝜔) a yield surface enforced by means of a vertical (at constant
strain) return algorithm. The strain-dependent limit can be expressed
as

𝜎𝑏𝑡(𝜀, 𝜔) = 𝜎0(𝜔) exp
[

−𝐻0 (𝜔)
⟨𝜀𝑚𝑎𝑥 − 𝜀0⟩

𝜎0(𝜔)

]

(18)

where the brackets ⟨⋅⟩ are used in Macaulay sense: ⟨𝑥⟩ = max {𝑥, 0},
and 𝐻0 is the post-peak softening modulus, whose formulation permits
to smoothly pass from a softening behaviour under pure tensile stress
(𝐻0(𝜔 = 𝜋∕2) = 𝐻𝑡) to a perfectly plastic response under pure shear
(𝐻0(0) = 0). As a matter of fact, 𝐻0(𝜔) = 𝐻𝑡(2𝜔∕𝜋)𝑛𝑡 , with 𝑛𝑡 softening
exponent. In Eq. (18), 𝜔 is the parameter representing the degree of
interaction between shear and normal loading. Finally, 𝜎0(𝜔) is the
strength limit for the effective stress and is formulated as

𝜎0(𝜔) = 𝜎𝑡
−sin(𝜔) +

√

sin2(𝜔) + 4𝛼cos2(𝜔)∕𝑟2𝑠𝑡
2𝛼cos2(𝜔)∕𝑟2𝑠𝑡

(19)

in which 𝑟𝑠𝑡 = 𝜎𝑠∕𝜎𝑡 is the ratio between the shear strength, 𝜎𝑠
(cohesion), and the tensile strength, 𝜎 .
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𝑡

Pore collapse and material compaction. In presence of compres-
sion load (𝜀𝑁 < 0), the normal stress at each facet centroids must satisfy
the inequality: −𝜎𝑏𝑐 (𝜀𝐷, 𝜀𝑉 ) ≤ 𝜎𝑁 ≤ 0.

− 𝜎𝑏𝑐 (𝜀𝐷, 𝜀𝑉 ) ≤ 𝜎𝑁 ≤ 0 (20)

As for the response under tension and tension/shear, the concrete
response is governed by a strain-dependent boundary 𝜎𝑏𝑐 , depending
on volumetric and deviatoric deformations: 𝜀𝑉 and 𝜀𝐷 = 𝜀𝑁 − 𝜀𝑉 ,
respectively. Determined from the tetrahedra volume variation, the
volumetric strain is defined as 𝜀𝑉 = (𝑉 − 𝑉0)∕𝑉0, and assumed equals
for all the facets belonging the same tetrahedron.

Concrete under compression beyond its elastic limit experiences the
early collapse of micro and mesoscale pores, followed by significant
material compaction upon contact with collapsed pore walls. LDPM
models the inelastic evolution of the boundary under compression in
two steps. Firstly, the stress 𝜎𝑏𝑐 increases linearly during pore collapse
until the compaction strain (𝜀𝐷𝑉 = 𝜀𝑉 + 𝛽𝜀𝐷) threshold is reached.
Secondly, an exponential evolution captures the effect of densification
(rehardening). The formulation reads

𝜎𝑏𝑐 (𝜀𝐷, 𝜀𝑉 ) =

⎧

⎪

⎨

⎪

⎩

𝜎𝑐0 for −𝜀𝐷𝑉 ≤ 0
𝜎𝑐0 + ⟨−𝜀𝐷𝑉 − 𝜀𝑐0⟩𝐻𝑐 (𝑟𝐷𝑉 ) for 0 ≤ −𝜀𝐷𝑉 ≤ 𝜀𝑐1
𝜎𝑐1(𝑟𝐷𝑉 )exp[(−𝜀𝐷𝑉 − 𝜀𝑐1)𝐻𝑐 (𝑟𝐷𝑉 )∕𝜎𝑐1(𝑟𝐷𝑉 )] otherwise

(21)

where 𝜎𝑐0 and 𝜀𝑐0 are the stress and strain, respectively, at the onset
of pore collapse, 𝑟 is the deviatoric-to-volumetric strain ratio 𝜀 ∕𝜀 ,
𝐷𝑉 𝐷 𝑉
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and 𝐻𝑐 (𝑟𝐷𝑉 ) the initial hardening modulus. Finally, 𝜎𝑐1 and 𝜀𝑐1 are the
tress and strain when rehardening begins.

In the model, within the boundaries identified in the inequality (20),
he normal stress is assumed to be incrementally elastic: �̇�𝑁 = 𝐸𝑁𝑐 �̇�𝑁 .
n order to describe the increased stiffness during unloading, 𝐸𝑁𝑐 is
efined as

𝑁𝑐 =

{

𝐸0 for −𝜎𝑁 < 𝜎𝑐0
𝐸𝑑 otherwise

(22)

here 𝐸𝑑 is the densified normal modulus.
Frictional behaviour. In the presence of compression stresses, the

hear strength increases due to frictional effects. This phenomenon is
odelled through classical incremental plasticity: incremental shear

tresses can be calculated as �̇�𝐿 = 𝐸𝑇 (�̇�𝐿 − �̇�𝑃𝐿), and �̇�𝑀 = 𝐸𝑇 (�̇�𝑀 − �̇�𝑃𝑀 ),
where the plastic strain increments are assumed to obey the normality
rule, namely �̇�𝐿 = �̇�𝜕𝜑∕𝜕𝜎𝐿 and �̇�𝑀 = �̇�𝜕𝜑∕𝜕𝜎𝑀 . Here, the plastic
otential is expressed as 𝜑 =

√

𝜎2𝐿 + 𝜎2𝑀 − 𝜎𝑏𝑠(𝜎𝑁 ), in which the
functional relationship between shear strength and acting compression
stress is captured by the boundary

𝜎𝑏𝑠(𝜎𝑁 ) = 𝜎𝑠 + (𝜇0 − 𝜇∞)𝜎𝑁0𝜇∞𝜎𝑁 − (𝜇0 − 𝜇∞)𝜎𝑁0 exp
(

𝜎𝑁∕𝜎𝑁0
)

(23)

where 𝜎𝑠 is the cohesion, 𝜇0 and 𝜇∞ are the initial and final internal
friction coefficients, and 𝜎𝑁0 is the normal stress at which the transition
from 𝜇0 to 𝜇∞ happens. Finally, the loading–unloading conditions are
expressed by means of the classical Kuhn–Tucker’s conditions: 𝜑�̇� ≤ 0
and �̇� ≥ 0.

Details about the model formulation can be found in Cusatis et al.
[57].

Appendix B. Fibre bridging force in LDPM

Model hypotheses.
Model hypotheses are (i) fibres have a negligible contribution

to equilibrium during compression stress or stress below the elastic
limit, namely 𝑷 𝑓 ≈ 𝟎 for both 𝜀 < 0 and 𝒘 = 𝟎; (ii) adjacent
fibres and mesoscale cracks have negligible effects on individual fibres.
and (iii) each fibre is assumed to be straight, elastic, with negligible
bending stiffness, and non-circular cross sections are simulated through
an equivalent diameter, calculated as 𝑑𝑓 = 2(𝐴𝑓∕𝜋)1∕2 with 𝐴𝑓 fibre
cross-sectional area.

Fibre pull-out model. Fully debonded fibre results in a purely
frictional mechanism. According to Lin et al. [81], in LDPM-F, 𝑣𝑑 slip
at full debonding is calculated as follows

𝑣𝑑 =
2𝜏0𝐿2

𝑒
𝐸𝑓𝑑𝑓

+

(

8𝐺𝑑𝐿2
𝑒

𝐸𝑓𝑑𝑓

)1∕2

(24)

n which 𝐿𝑒 is the embedment length and 𝐸𝑓 the modulus of elas-
icity of the fibre. In Eq. (24), 𝜏0 and 𝐺𝑑 are the constant value of
rictional stress for the portion of the embedded fibre that has debonded
nd the bond fracture energy, respectively. They are two parameters
hich govern the debonding stage, modelled as a tunnel-type cracking
rocess [82].

During the debonding stage (𝑣 < 𝑣𝑑), the fibre bridging force is
iven as Lin et al. [81]

(𝑣) =

[

𝜋2𝐸𝑓𝑑3𝑓
2

(

𝜏0𝑣 + 𝐺𝑑
)

]1∕2

(25)

After full debonding (𝑣 > 𝑣𝑑), the mechanism is entirely frictional
and the fibre load results from Lin et al. [81]

𝑃 (𝑣) = 𝑃0

(

1 −
𝑣 − 𝑣𝑑
𝐿𝑒

)

[

1 +
𝛽
(

𝑣 − 𝑣𝑑
)

𝑑𝑓

]

(26)

here 𝑃0 = 𝜋𝐿𝑒𝑑𝑓 𝜏0, whereas 𝛽 is the coefficient in charge of shaping
he relationship to capture the high variability of the frictional interface
ature Lin and Li [83]. When the friction at the interface does not
17
epend on the slip, 𝛽 is set to zero. In case of either slip hardening
r slip softening friction, it assumes positive (𝛽 > 0) or negative (𝛽 < 0)
alues, respectively.

Micromechanics at matrix–fibre interface. The orientations of the
mbedded and free (where the cracking–bridging force is acting) fibre
ortions are different. At the point where the fibre exits the matrix and
hanges orientation, bearing stresses appear in the underlying matrix.
hen this localised stress field reaches a sufficient intensity, spalling

ccurs, and the embedment length of the fibre is consequently reduced
y a length 𝑠𝑓 . The force in the bridging segment experiences a sudden
rop, and also the deflection angle between the two fibre segments
hanges from 𝜑𝑓 to 𝜑′

𝑠. Denoting the angle between the embedded fibre
irection (𝒏𝑓 ) and facet normal orientation (𝒏) as 𝜗 = arccos

(

𝒏𝑇𝑓 𝒏
)

, a
easonable estimate of the spalling length is obtained by the following
xpression

𝑓 =
𝑃𝑓.𝑁 sin (𝜗∕2)
𝜎𝑠𝑝𝑑𝑓 cos2 (𝜗∕2)

(27)

n which 𝑃𝑓.𝑁 is the normal component of the total force 𝑃𝑓 carried
y the fibre, and 𝜎𝑠𝑝 represents the matrix strength against spalling,
elated to the mesoscopic tensile strength (𝜎𝑡).

Where the fibre exits the tunnel crack, which is shortened because
f the spalling, it bends around the intact matrix. This phenomenon is
enerally referred to as snubbing effect, and it is modelled through the
rictional pulley idealisation [84], which complies with the fibre pull-
ut model adopted in the LDPM-F model [82]. In order to account for
he snubbing effect, the fibre load is enlarged as follows:

𝑓 = 𝑃 (𝑣) exp
(

𝑘𝑠𝑛𝜑
′
𝑓

)

(28)

here 𝑘𝑠𝑛 is a dimensionless material parameter. The updated value of
he fibre load must comply with the rupture strength of the fibre, then
he following relationship must always hold:

𝑓 =
4𝑃𝑓

𝜋𝑑2𝑓
≤ 𝜎𝑢.𝑓 exp

(

−𝑘𝑟𝑢𝑝𝜑′
𝑓

)

(29)

in which 𝑘𝑟𝑢𝑝 is a material parameter, and 𝜎𝑢.𝑓 the ultimate tensile
strength of the fibre. In case of fibre stress exceeding the corrected
value of strength, 𝑃𝑓 is set to zero. The exponential term in Eq. (29)
reflects experimental evidence showing lower rupture loads in single
fibre pull-out tests for increasing values of 𝜑′

𝑓 [85].
Details about the model formulation can be found in Schauffert and

Cusatis [60],Schauffert et al. [61].

Appendix C. Hygro-Thermo-Chemical model

Cement hydration degree. As demonstrated by several authors
[86–88], the rate of the hydration degree, which describes the ratio
between the amount of reacted cement and its total initial amount, can
be expressed as

�̇�𝑐 = 𝐴𝑐 (𝛼𝑐 ) ⋅ exp
(

−
𝐸𝑎.𝑐
𝑅𝑇

)

(30a)

𝐴𝑐 (𝛼𝑐 ) = 𝐴𝑐.1
(

𝐴𝑐.2 + 𝛼𝑐
)

⟨𝛼∞𝑐 − 𝛼𝑐⟩ ⋅ exp
(

−
𝜂𝑐𝛼𝑐
𝛼∞𝑐

)

(30b)

∞
𝑐 (ℎ) = �̃�∞𝑐 exp

[

−𝜁𝑐
( 1
ℎ
− 1

)]

(30c)

where 𝐴𝑐 (𝛼𝑐 ) is the normalised chemical affinity, 𝐸𝑎.𝑐 is the hydration
activation energy, 𝑅 is the universal gas constant, and 𝐴𝑐.1, 𝐴𝑐.2, and
𝜂𝑐 are material parameters. The hydration degree cannot decrease in
ime. For this reason, the Macaulay brackets ⟨𝑥⟩ = max (0, 𝑥) are used, in

order to have �̇�𝑐 ≥ 0 for ∀𝑡 ≥ 0. The hydration rate slows down, or even
stops, when relative humidity drops below a certain threshold [89], as
described by Eq. (30)c.



Cement and Concrete Composites 148 (2024) 105465A. Cibelli et al.

𝐴

𝛼

𝐴
a
𝜂

𝑤

𝑤

w
a
P

𝛥

f

R

Slag reaction degree. Similarly to the degree of cement hydration,
being both diffusion-driven processes, the rate of the slag reaction
degree is formulated by means of an Arrhenius-type law too.

�̇�𝑠𝑙 = 𝐴𝑠𝑙(𝛼𝑠𝑙) ⋅ exp
(

−
𝐸𝑎.𝑠𝑙
𝑅𝑇

)

(31a)

𝑐 (𝛼𝑠𝑙) = 𝐴𝑠𝑙.1
(

𝐴𝑠𝑙.2 + 𝛼𝑠𝑙
)

⟨𝛼∞𝑠𝑙 − 𝛼𝑠𝑙⟩ ⋅ exp
(

−
𝜂𝑠𝑙𝛼𝑠𝑙
𝛼∞𝑠𝑙

)

(31b)

∞
𝑠𝑙 (ℎ) = �̃�∞𝑠𝑙 exp

[

−𝜁𝑠𝑙
( 1
ℎ
− 1

)]

(31c)

𝑠𝑙(𝛼𝑠𝑙) is the normalised chemical affinity, 𝐸𝑎.𝑠𝑙 the global reaction
ctivation energy, 𝛼∞𝑠𝑙 the asymptotic normalised reaction degree, and
𝑠𝑙, 𝐴𝑠𝑙.1, and 𝐴𝑠𝑙.2 are material parameters to calibrate.

Evaporable water content. The evaporable water in the C-S-H gel,
𝑔𝑒𝑙
𝑒 , and the capillary water, 𝑤𝑐𝑎𝑝

𝑒 , formulations read

𝑔𝑒𝑙
𝑒 = 𝑔2 ⋅ 𝛼

(

𝑐 ⋅ �̃�∞𝑐 + 𝑠𝑙 ⋅ �̃�∞𝑠𝑙 ⋅
�̃�∞

𝑠𝑙

�̃�∞
𝑐

)

⋅
(

1 − 𝑒−10�̃�
∞
𝑐 (𝑔1−𝛼)ℎ

)

(32a)

𝑤𝑐𝑎𝑝
𝑒 =

𝑤0 + 𝛥𝑤 −𝑤𝑛 −𝑤𝑔𝑒𝑙
𝑒 (ℎ = 1, 00)

𝑒−10�̃�∞𝑐 (𝑔1−𝛼) − 1
(32b)

here 𝛥𝑤 is made dependent on the ratio between the chemical shrink-
ge measured at full hydration for slag-based paste, 𝛥�̃�𝑠𝑙, and Ordinary
ortland Cement paste, 𝛥�̃�𝑐 :

𝑤 = 𝜅𝑠ℎ

(

𝑐 ⋅ 𝛼𝑐 +
𝛥�̃�𝑠𝑙
𝛥�̃�𝑐

⋅ 𝑠𝑙 ⋅ 𝛼𝑠𝑙

)

(33)

Based on experimental data available in the literature, in this work, it is
assumed 𝛥�̃�𝑠𝑙 = 0.110 mL/gslag [90,91] and 𝛥�̃�𝑐 = 0.065 mL/gcem [40,
65]. If silica fume are added into the mixture, 𝛥�̃�𝑠 = 0.200 mL/gSF [40,
65].

Non-evaporable water content. It has been experimentally ob-
served that both the hydration of Portland cement and the reaction of
slag mineral admixtures contribute to chemically bound water 𝑤𝑛 [92],
for the computation of which an additive approach is followed:

�̇�𝑛 = 𝜅𝑐 ⋅ 𝑐 ⋅ �̇�𝑐 + 𝜅𝑠𝑙 ⋅ 𝑠𝑙 ⋅ �̇�𝑠𝑙 (34)

where 𝜅𝑐 and 𝜅𝑠𝑙 represent the mass ratios of non-evaporable water at
ull cement and slag hydration, respectively.
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