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1. Introduction

Given n > 2 and 1 < p < n we consider positive solutions of the well-known critical
p-Laplace equation

Apu+uP L=0 inR", (1.1)

where A, is the usual p-Laplace operator and p* is the Sobolev exponent, explicitly

np
n—p

Apu = div(|VuP2Vu), and p* =

The critical p-Laplace equation has been the object of several studies in the differential
geometry and in the PDE’s communities, indeed problem (1.1) is related to the study of
the critical points of the Sobolev inequality (see e.g. the survey [25]) and, for p = 2, to
the Yamabe problem (see e.g. the survey [18]). An interesting and challenging problem
is the classifications of solutions to (1.1): one can show that the following functions

n—p
p—1
/\Pil » (n=p) ” ’
n p—1

NPT 4 |x—xo|%

Un o (T) = , A>0, 29 €R", (1.2)

form a 2-parameters family of solutions to (1.1)*. Hence the natural question is the
following:

Given a positive solution to (1.1), is it of the form (1.2)?

The functions described in (1.2) are usually called Aubin-Talenti bubbles, since in two
independent papers Aubin, in [3], and Talenti, in [29], prove that the functions (1.2)
realize the equality in the sharp Sobolev inequality in R™.

It is well known (see e.g. [10] and [8]) that there exist multiple sign-changing, non-
radial, finite energy solutions to

Apu+ululf 72=0 inR™

In this paper we focus on non-negative weak solutions to (1.1) which, by the maximum
principle for quasilinear equations (see e.g. [31]), are either zero or positive.

Turning back to the classification results of positive solutions to (1.1) in the seminal
paper [4] (see also [22] and [12] for previous important results) the authors consider the
semilinear case (i.e. p = 2) and they prove that positive smooth solutions to (1.1) with
p = 2 are given by the Aubin-Talenti bubbles (1.2) (see also [6] and [19]). The proof is

L If one chooses a different normalization constant in the numerator of the functions Ux,z,, then one

1

obtains a constant k # 1 as a coefficient of u? ~! in equation (1.1).
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based on a refinement of the method of moving planes (introduced in [1] in the context
of constant mean curvature hypersurfaces and transposed in [27] and in [13] to study of
qualitative properties of solutions of the PDE’s) and on the Kelvin transform.

The quasilinear case (i.e. 1 < p < n, p # 2) is more complicated since, for example,
the Kelvin transform is not available. Nevertheless the method of moving planes has
been exploited in [9,26,32] to prove the following classification result:

Let u be a positive weak solution of equation (1.1) with finite energy, i.e.
u e DYP(R™) := {u € LP (R") : Vu € LP(R™)},

then w(x) = U », () for some A >0 and xo € R™.

We mention that this result has been recently generalized in [7] in the anisotropic
setting (see also [11]) and in convex cones of R™ (see also [20]) and in [5,17,21] in the
Riemannian setting (see Appendix A for a more detailed discussion).

As far as we know trying to prove the same result without the assumption that u
has finite energy is an open and challenging problem for p # 2; in this paper we deal
with this problem obtaining a classification result of all positive weak solutions of (1.1)
in dimensions n = 2,3 for § < p < 2, while for different values of n and p we require
that u satisfies suitable conditions at infinity (which are weaker than the finite energy
assumption).

Before stating our results we recall the variational nature of the critical p-Laplace
equation (1.1): the energy associated to (1.1) is given by

E]Rn /|Vu|p+_/up )

indeed it is well-known that the Euler-Lagrange equation associated to this energy func-
tional is (1.1). We define the energy on a general open set & C R™ and we split it as
follows:

. 1
Eq(u) = B§"(u) + EY" (u) / |vu|p+]?/ o

With these notations our first theorem is a rigidity result under a growth assumption
of the energy on annuli, indeed we have the following:

Theorem 1.1. Let u be a positive weak solution of equation (1.1). If one of the following
holds

(i) 1<p< 2”1 and
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(ii) f—fl<p<2and

(2=p)(n—p)
Ea,(u)=0 (R 2(p—1)2 ) , or
(iii) p > 2 and u(z) < Clz|® as |z| = oo for some a > 0 and

B 2(n — p) p[n(p —2) + p)
Eay(u) —O(Rk) for some k< Sy p—— _a(n—p)[2+(n—3)p]’

where Ag := Bag \ Br, then u(z) = U 4, (z) for some A > 0 and zo € R".

In particular this result implies the classification of solutions u € DY?(R™), simply by
observing that

u € D'P(R") <= Egn(u)<oo.

Here one also has to recall that positive solutions u € DVP(R™) have the following
behavior:

wrys —C  and [Val@) < —2
1+ |z|»=t 14 |z|>—1

)

for all z € R™ and some C' > 0, as it was shown in [32, Theorem 1.1]. We explicitly note
that we are not using these estimates in our proofs.

Note also that, if u is a positive weak solution of equation (1.1), by Lemmas 2.7 and
2.9 for every a > 0 one has

Efi(w) = O(R*) <= FEau(u)=0(R") <= Efi(u)=O(R).

See Remark 2.10 for the proof.
For suitable choices of n and p we can show rigidity results without any further

assumptions on the solution.

Theorem 1.2. Let u be a positive weak solution of equation (1.1). If one of the following
holds

i) n=2and1<p<2, or
(i) n=3and 3 <p<2,

then u(z) = Uy 4, (x) for some X > 0 and zo € R™.

In our last two classification theorems, where we consider general n and p, we rely on
conditions on the behavior of the solution at infinity, which are much weaker than all
the results already available in the literature. For 1 < p < 2 we have the following:
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Theorem 1.3. Let u be a positive weak solution of equation (1.1) with

u(z) < Clx|® as |x| — oo,
for some
q = Bp—n)(n—p)
< ai=SEee st

If one of the following holds

(i) n=3 and1<p§%, or
(i) n>4 and 1 <p <2,

then w(z) = Uy 4, (x) for some X > 0 and zo € R™.
For 2 < p < n, on the other hand, we have:

Theorem 1.4. Let u be a positive weak solution of equation (1.1) with

u(z) < Clz|® as |x| — oo.
Let
A ._ 2(n—p) < ._ _(n—p)? ~._ (3p—n)(n—p) ~ ._ (3p—n)(n—p)
&= pp2) = B(p-1)° Q= Tpn-2p) @ = pn—3p+2)

Assume that one of the following holds

(i) n=3,and 2 <p<3and a < d&;
(i) n =4, and

2<p<p and a<aq,
or
p<p<4 and a<dg;
(iii) n=5 orn =26, and
2<p<”TJr2 and « <@,
or

”ngp<]§ and o < @,
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or
p<p<n and a<dg;
(iv) n > 7 and

2<p< 3 and a<aq,

or
%<p<”T+2 and o < @,
or
”ngp<]5 and « < @&,
or

p<p<n and a<aq,
where p = =2V —dntl2 V";_W. Then u(x) = Uy 4, (x) for some X > 0 and o € R™.
In particular we have the following classifications:

Corollary 1.5. Let u be a positive bounded weak solution of equation (1.1) on R™, with
n<6,orn>7andp>%. Then u(x) = Uz, (x) for some A >0 and xo € R™.

Corollary 1.6. Let u be a positive weak solution of equation (1.1) on R™ with

n

w(z) < Clz|~ 7.

Then u(z) = Uy 5, (x) for some X > 0 and zo € R™.

We stress the fact that all the limiting exponents in Theorems 1.3 and 1.4 are strictly
larger than —% in the ranges of n and p where they are used. Actually they are
strictly positive under the hypothesis of Corollary 1.5. Note that the exponent —% is
the threshold decay in order for a radial solution to have finite energy.

As an auxiliary result, which may have an independent interest, we prove a gradient
estimate for positive solutions to (1.1) which is instrumental in the proofs of Theorems 1.1
and 1.4 in the case 2 < p < n.

Proposition 1.7. Let u be a positive weak solution of equation (1.1) with 1 < p < n. Then,
for every 0 < e < % it holds
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|Vu| < C (Bsu(p )uﬁJFE +R€H> = on Bg(zg)
2Rr(Zo

for some C = C(n,p,e) >0, for every R > 0 and every xo € R™.

This estimate is sharp for the positive solutions Uy z, ().

Most of the available classification results for the critical p-Laplace equation are based
on a careful application of the moving plane technique. Interesting exceptions can be
found in [5,7,17] where the authors, exploiting integral estimates obtained through test
functions arguments, prove the classification via the vanishing of a suitable traceless
tensor field depending on the solutions and their derivatives. Similar estimates have been
used by Gidas and Spruck [14] and Serrin and Zou [28] in the subcritical case. In this
paper we adopt a similar approach; the starting point in the proof of our classification
results is the key integral estimate in Corollary 2.4 which in turn is obtained adapting
arguments in [28] to the critical case.

One of the nice features of our approach is that it can be quite easily extended to the
Riemannian setting, as it was shown in the case p = 2 in [5]. We review all the needed
steps in order to adapt our arguments to the case of a Riemannian manifold (M", g) in
the Appendix A, where we sketch the proof of the following:

Theorem 1.8. Let u be a positive weak solution with regularity (2.5)—(2.3) on a complete
non-compact Riemannian manifold (M™,g) such that

(i) Ric>0, if 1<p <2, or
(ii) Sec >0, if 2 < p < n.

Then, under the hypotheses of Theorems 1.1-1.2-1.5-1.4, (M™, g) is isometric to R™ with
the Euclidean metric and w(x) = U 4, (x) for some A > 0 and xo € R".

The paper is organized as follows: in Section 2 we collect some useful preliminary re-
sults that will be needed in the proof of our main theorems, in particular in Corollary 2.4
we prove a key integral estimate that will be the starting point in the proofs of the main
results; in Section 3 we prove the sharp gradient estimate in Proposition 1.7; in Section 4
we give the proof of Theorem 1.1; in Section 5 we show Theorems 1.3 and 1.4. Finally,
in Appendix A we discuss the generalizations to the Riemannian setting.

Added note

After this paper was submitted, further developments on this problem appeared in
the preprints [23] and [33], which were uploaded on the arXiv.
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2. Preliminaries
2.1. The key integral estimate

In this part we collect some well-known facts about equation (1.1): the definition of
weak solutions and of sub/super-solutions to (1.1) and the regularity theory related to
the p-Laplace equation. Moreover we show the main integral estimate that we are going
to use to prove our rigidity results.

Definition 2.1. A weak solution of (1.1) is a function u € Wl1 P(R™) N LS. (R™) such that
/W 2Vu, Vo) - [w =0 e wprEn),
R~

where W, P (R™) denotes the set of compactly supported functions of W1P(R™).
Moreover, a weak subsolution of (1.1) is a function u € Wllcp(R”) N L2 (R™) such
that

J1vur@u e - [w <o wewpren,

Rn

such that 1 is non-negative. Finally, u € Wb (R™) N L2 (R") is a weak supersolution

loc

of (1.1) if the opposite inequality holds.

Thanks to the regularity theory in [2] (see Theorems 1.1 and 1.4) we have that any
weak solution of (1.1) satisfies

u € WEZ(R™\ Q) NGl (R™), (2.1)
for some « € (0,1) and, in addition,
IVulP~2Vu € W2 (R™), (2.2)
and
|VulP~2V2u € L3 (R™\ Q¢p), (2.3)
for all 1 < p < n, where
Qer = {2 € R" | Vu(z) = 0}.

We note that by a bootstrap argument, any weak solution is actually C*° on €¢,.. Since
u > 0 in R™ it is easy to see that Q. has zero measure (see e.g. [2]). In particular (see
also equation (10) in [2])
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|VuP~2V2u € L (R™). (2.4)

loc

Moreover, if 1 < p < 2 then

u € WEAR™) NCL(R™), (2.5)

c loc

for some « € (0,1).

Here, also in order to help the reader, we adopt the same notation as in [28, Chapter
I0]. If w is a positive solution of (1.1) we define the vector fields

_np=1)

u = |Vul|P~?Vu, vi=u" e |Vulf 2V (2.6)

It is then convenient to redefine Vu and Vv to be 0 on €., for 1 < p < n. Then we set

U Vu, in Q¢, V. Vv, in Q¢ (27)
0, in Q. 0, in Q.

Moreover, we recall the definition of the traceless tensor

vev_"Vi.
n

where Id,, is the identity tensor.

Using this notation, we have the following fundamental estimate.

Proposition 2.2. Let 1 < p < n, p # 2, and u be a positive weak solution of equation
(1.1). Then for every 0 < ¢ € C5°(R™) we have

[ e < - [uS v

Remark 2.3. We remark that the result holds with the equality sign when p > 2. It also
holds when p = 2 with the equality sign, replacing V with Vv (see Proposition 6.2 in
[28)]).

Proof. In case p > 2 the result follows from Proposition 6.2 in [28]. When 1 < p < 2, due
to problems of regularity, one can first use Proposition 7.1 in [28], where a truncation of
|Vu] is introduced in order to deal with the critical set of u, and then pass to the limit
as the relevant parameter ¢ tends to 0 to conclude. We provide here some details to help
the reader.

We start with the case p > 2. Formula (6.16) in Proposition 6.2 in [28] with

o= e Pl (2.8)

n—p n—p n—p




10 G. Catino et al. / Advances in Mathematics 433 (2023) 109331

reads as
Jwr+vo=- [w.ve)

Here

(n—1)p (n—1)p

w:i=u n»p (v-V—lvtrV> =y v-V.
n

The expression v - V is interpreted as the vector with components (v-V); = v;V;;, for
i =1,...,n, where we use the Einstein convention of summation over repeated indices.
Moreover

1 o
I:=|V]2 = —tr(V)?=|V|?
n
and

P = ybt2etal (A + q/l) [VulP + Bu’*?*72|Vu|? + C div (u" 27 VulPu) =0,

since by our choices of a, b, ¢ one easily computes (A + q/i) = B = C = 0, using their
explicit expressions in [28]. Some comments are in order: thanks to the regularity of u
stated in (2.2) and (2.4) we have

ue WAR"Y), wbveW2(R"), divy € WL R™). (2.9)

oc oc oc

In particular Lemma 6.4 and Lemma 6.5 in [28] apply and formula (6.17) in [28] holds.
The rest of the proof of Proposition 6.2 in [28] goes through using (2.9). Thus the result
immediately follows, with the equality sign.

The case 1 < p < 2 is more involved. For any fixed € € (0, 1), following [28] we set

n(p=1)
|[Vu|. = max{|Vul|,e}, u. = |Vulf2Vu, Ve=u" = u., V. =Vv..

We observe that (2.9) holds also in this case, therefore the proof of Proposition 7.1 in
[28] goes through and we obtain

J@n 4 w0 = [(@.e) + o), (2.10)
with
I. =tr(V.V) — %tr V.trv

(n—1)p o (n—1)p

1
w, = (V8 -V ——v, trV) u nr =v,-Vu np
n
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. = ybT2ata-l (/_1 + q/i) .+ Aub+2“_1|Vu|”diV u.

+ BuPT2*72|VyPT, + Cdiv (u" 27 VulPu, ),
where
I. = (u., Vu) = |Vu|l~%|Vul?,

see formulas (7.6) and (6.15) in [28]. Using their explicit expressions provided in [28§],
one can easily see that choosing a, b, q as in (2.8) we get B=C = A+ A+ qA = 0.

Since u € C' and positive, u, and v. converge to u and v in L2 _ respectively. Since

loc

V and V are in L2 _and u € C! and positive, w. converges to w in L{. . as ¢ tends to 0.

loc
Moreover, I'. converges to |Vu|P in L and |Vu[Pdiv u. converges weakly in L2 to

[Vu|Pdivu = —|Vu|Pul,

see the proof of Proposition 7.2 in [28], since for 1 < p < 2 we have u € W*(R™). Then

loc

we obtain that 1. converges weakly to 0 in L2 _ as ¢ tends to 0.

loc
Finally we consider the term I.. Let

Q. ={x eR"|0 < |Vu| < &},

then I, = I > 0 almost everywhere on Q¢ and I, =1 =0 on €.,. Thus

/ oull, = Q/ oulT + Q/ publ..

By formula (7.22) in [28] we have

lim inf / oubl. >0,
e—0

Qe

while by the monotone convergence theorem we conclude that

lim ¢ub1— / oubl.

Passing to the limit as ¢ tends to 0 in (2.10) we have

[ < - [@.v0),

which is the desired inequality. O
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An easy consequence of the previous proposition is the following key integral estimate,
from which we will deduce our main rigidity results.

Corollary 2.4. Let 1 <p < n, p# 2, and u be a positive weak solution of equation (1.1).
Then for every 0 <n € C§°(R™) and | > 2 we have

/u" z |V|2nl<C/

|vu|2p 1) ‘vn|2 -2

and

2

l
/u%?;pm?nlgc / s\ (/u< |Vu2<“|w|2”)

supp|Vnl

Proof. We consider ¢ = n' in Proposition 2.2. Using Cauchy-Schwarz and Young’s in-
equalities and the definition of v we get

(n=1)p o - -
/u e [V Sl/“WIIVUIp vyt

(n—1)
/u & IPP‘V‘Q Z+C/ P p |vu|2p 1)|V77‘2 1—2

and the first inequality follows. The second part of the statement can be obtained simi-
larly, using Holder’s inequality instead. O

Remark 2.5. A similar estimate appears in [5] in the case p = 2.
2.2. Some a priori estimates

We collect here some general lemmas concerning the behavior of positive solutions of
the equation (1.1), that we will need in the proofs of our main theorems. The first is a
lower bound for positive p-superharmonic functions.
Lemma 2.6 (/28, Lemma 2.3]). Let u be a positive weak solution of

Apu <0

on R™\ K with K compact and 1 < p < n. Then there exist positive constants p, A > 0
such that

u(x) >

n—p
|| 7=

Jor all z € By.
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The next lemma provides bounds for the kinetic energy in terms of the potential energy
for positive weak subsolutions of equation (1.1). In particular, solutions u € LP*(R™)
automatically have finite energy.

Lemma 2.7. Let u be a positive weak solution of

—Apu < uP -1 i R™.

Then, for every € > 0 there exists a constant C = C(n,p) > 0 such that for every R >0

/ Vulf <C (1 +67ﬁ) / uP” 4 Ce.

Bar\Br Bsr/2\Br/2

Moreover, there exists C = C(n,p) > 0 such that for every R > 0

n—p
/wwgc/uy*w(ﬂ/ o
Br Bor 2R

In particular, if u € LP*(R™), then |Vu| € LP(R™), i.e. Ern(u) < 00.

Remark 2.8. A estimate similar to the second part of the statement appears in the proof
of Theorems 1.2 and 1.4 in [5] in the case p = 2.

Proof. Testing the weak formulation given in Definition 2.1 with un?, with ¢ > 1 and
where n € C5°(R™), we obtain

/uﬁ'?pnq > /|Vu|p77q+q/u|Vu|p_2<Vu,Vn>77q_1,
i.e., from Cauchy-Schwarz and Young inequalities
[1vur < [t v [ v oo
_np_ 1 —
< [ ur-rn? 4 3 |VulPn? +C [ |Vn[PuPn?™? (2.11)

P np ].
<C (1 +s—n—w) /un_fpnq +3 / |Vu|Pn? +6/ V[ n?",

for every € > 0. Let ¢ > n, for any R > 1, we choose n € C§°(R™) such that n = 1 in

Byr \ Br, n=0in Bg/, UBgR/Q, 0 <n<1onR"and n satisfies

|V77\2 < CR_2 in (BSR/Q\BZR)U(BR\BR/Q)-
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Hence, for every ¢ > 0, we get
[ wrso(iie) [ wice
Bar\Br Bsr/2\Br/2

which is the first part of the statement. In order to prove the second part, let ¢ > p and
for any R > 1 choose n € C§°(R™) such that n =1in Br, 7 =0in BS,, 0<n<1lon
R"™ and 7 satisfies

|Vn\2 < CR_2 in BQR \ BR.

From (2.11) using Hélder inequality we get

O
/|Vu|p <C / un—p +ﬁ / uP

Br Bar Bar\Br
n—p

n
np C np D
gC un—r + — un—>r |BQR\BR|"

Rr
Bar 2R
n—p

<C/u"wp+C(B/ un-p .o
Bar 2R

Similar to the previous lemma, the following provides bounds for the potential energy
in terms of the kinetic energy for positive weak supersolutions of the equation (1.1). In
particular, solutions with Vu € LP(R™) automatically have finite energy. Since the proof
is similar to the previous one, we will omit it.

Lemma 2.9. Let u be a positive weak solution of

—Apu > uP -1 in R™.

Then, for every e > 0 there exists a constant C = C(n,p) > 0 such that for every R >0

/ u? §C(1+57ﬁ) / |VulP + Ce.

Bar\Br Bsr/2\Br/2

Moreover, there exists C = C(n,p) > 0 such that for every R > 0

/up* gc/\vmuc /\vu\f'
Bagr 2R

Br

n(p—1)
n(p—1)+p

In particular, if Vu € LP(R™), then u € LP" (R"), i.e. Egn(u) < 0.
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Remark 2.10. As already observed in the introduction, if u is a positive weak solution of
equation (1.1), by Lemmas 2.7 and 2.9 for every o > 0 one has

EY(u) = O(RY) <  Ea,(u)=O0(R*) <+  Ef"(u)=0(R).

Indeed by Lemma 2.7 there exists C' > 0 such that, for every R > 0, we have

EY (u) < Ban(u) < (C+1) / w41

Bsr/2\Br/2

<(C+1) (Eg‘:ﬂ( ) + B (u) + B (u )) + 1.

Similarly by Lemma 2.9 for every R > 0

B (u) < Bag(u) < (C+1) / IVulP + 1

Bsr/2\Br/2

< (C+1) (B2, () + Bin(w) + B5, (u) + 1

Thus we conclude.
3. A sharp gradient estimate

In this section we will prove the sharp gradient estimate in Proposition 1.7. To the
best of our knowledge this result is new and we believe that it may have independent
interest.

We begin by defining the (second order part of the) linearized p-Laplace operator (see
e.g. [16,30])

Pp(w) = VP2 Aw + (p = 2|V P V2w (V f, V).

Observe that P¢(f) = A,f. The following inequality follows from the extension to p-
Laplace operator of the classical Bochner formula (see e.g. [16,30]).

Lemma 3.1. Given x € R", a domain U containing x and a function f € C3(U), if
|V fl(z) # 0, at x it holds

" (G- (—1)Vf|”‘4V2f(Vf,Vf))2

Al o
IVfI?

1 1
CPHVP) 2 (A +

v [<Vf, VALF) — (p—2) f<Vf,Vf>}

Proof. Tt follows combining the p-Bochner formula [30, Proposition 3.1] with the sharp
estimate [30, Lemma 3.2]. O
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3.1. Proof of Proposition 1.7

Let u be a positive weak solution of equation (1.1) with 1 < p < n and define
f:=u*>0,a€R\{0}. By regularity we know that f is smooth where |V f| > 0. Thus,
where |V f| > 0, we have

Vf=au"1Vu
and,

Apf = div([VfIP72V )
= ala|P~2div (u(*~ V=D | vy P2 V)
= alaP~2u0"VPYA 4+ alalP2(a — 1)(p — Due DD gy P

= fa|a‘p72u(a*1)(p71)+q + alalP2(a —1)(p — 1)u(a*1)(p71)71|vu|p

— —a|a\p72f7(afl><gfl)+q 4 (a—Dp-1) V[P :
a !
with ¢ = p* — 1. Using Lemma 3.1, where |V f| > 0, we obtain
2
SEATIP) 2 A+ 2 (28~ 0= DIV )
v [Wf, V) - -2 v (95,9 7)]

> (A )+ VP2V VAL
2(p— I)J(r(T_L D(p— 2)|Vf|p 4Apr2f(Vf,Vf)
= (A H VP2V VAL + al VA f(VIV P,V f)

~ (=a)(p= 1)[17 1+a(" p)]f 2|vf|2p Cs fw 1|vf|p

- anf

+ (Ul VT2Af + e fTHVPT2) (VIVFP, V)

a a(n— w,
_ (-a)(p al)([:i i+( P)]f 2|vf|2p L 4 1|Vf|p
(a—1)(p—1)+g ) 1 p—2 P
(e f TV e VIR ) VIV, V)
with
N
_ (a=1)(p—1)

a—1)(p—1 -2
c3 = (o=L)(p=1) )a( ), ca = —alal’" ¢y Cs

, a c1 + cs.

We choose a
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a:=— +e€ (3.1)

for a given 0 < € < %. Then there exists A = A(e) > 0 such that, where |V f| > 0, we

have

(a=1)(p=1)+gq
a

CPVIP) 2 AP - eaf sy (3.2
(e f TS s UV APR) (VI AP, V).
If |V f| achieves its maximum in Bsg at some point Z € Bag, we have
VIVfP=0 and  Pr(|Vf]P) <0 at T

and (3.2) implies, at z,

_ (a=1)(p—1)+q _ a—1)(p— a
0 [V (AV P = eof “=H550) = p20 1 (AP = culem Dbk

Moreover, since g+ 1 = n"—_’;) we have
e::(a_1)(p—1)+q+a:n%p+pe>o. (3.3)

We obtain

sup |Vf| < Csupur <= |Vu(z)|<C (Supu";—v“) u(z)nr e
Bar Bagr Bar

for all x € Bypg.

On the other hand, if |V f| does not achieve its maximum at some point &, we have to
employ a cutoff argument. For a given 0 < 6 < % there exist nonnegative cutoff functions
¢ =¢(|z]) with ¢ =1 on Br, ¢ =0 on BSp, 0 < ¢ <1 on R™ and such that

C ,_ c
Vol < 307 VP8l < 50", (34)
on Bag \ Bg for some C > 0. Let
H := ¢|VfF

and Z be a maximum point of H. We can assume that ¢(z) > 0 and |V f|(z) > 0. At =
we have

1/6
2 We observe that such cutoff functions can be obtained setting ¢(z) = v ( ) / , where ¢ € C?([0, o))

is such that 9 = 1in [0,1), % =0 in [2,00) and 0 < ¢ < 1.

E'0
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VH =0, PrH <0,
Therefore, at x, we have
VH=0 <= V|Vf[P=—-¢"2HV¢. (3.5)
Moreover, using (3.5), we have
ViV;H=¢'"HV;V;p— 20 2HV 6V ;6 + ¢V;V;|Vf|?
and thus
AH = ¢ HAp — 20 2H|V¢|> + AV fP.
Using the definition of Py, at £ we obtain
0>|Vf|*PPH

= VP62 (920 = 2[Vo°) H + ¢V AV FIP
+(p—2)07 2 [V26(VF, V) H = 2(Vo, V) H + ¢* V2V fIP(V S,V )]

- ¢ _
> GV P = 2z o” P IVIIPH,

i.e.

C _p-2__20-1
02 6" 2Py VI — o T T (3.6)

From (3.2), we have

P IV A 2 A2 — cof alo
p
— (caf VI + s VPR 672V, V),
where 6 > 0 is defined in (3.3). We get

1

1 o B - c o -
Epf(wﬂp)Z)‘f 2p72H? — Cf?ul¢ 1H—Ef N el -

Using Lemma 2.6, on Bop we have

n—p n—p 1 CR -1
f=u*<CR 1 =CR" %1 «— - -
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Therefore

—-p p—1
—1

%Pf(\Vﬂp) > 2 (Ao 2H? — Cop~ ' H — Co Ot R H S

L —p
p—1 [

n 2p—1
")

o CQS_l_é—pT_lR_E
Using (3.6) we obtain

0> Ao~ 2H2 — Co~ WP H — Cp sl R H

P 2p—1 2(p—1)

_ Oqﬁ_l_é_ijlR_Ez%lH o C¢—1—25—pT?2R—28%H >

Now, choosing ¢ < min{%, %}, since 0 < ¢ < 1, at & we obtain

2p

7 —CR >V tH

— p—1

0>MNH2 -~ Cu?H — CuPRvTH S —CR v 1 H

2(p=1)
> gHQ -C (uQa + RfQEp(::lp)> ;

where we used Young’s inequality.? This clearly implies

H<HE) <C (u9(33) + R*gp(ﬁ?p)> on Bag
for every R > 0, and in particular

p(n—p)
ViF<C (supu19 + Rt ) on B,
Bar

i.e.

1 n— n—1
[Vu| < C (supun_ﬁ'8 + R_Epf> un—>»_° on Br

2R

which is the thesis. O

In case w is controlled by a power of the distance at infinity, one can obtain the
following point-wise estimate on the gradient of u in terms of u. In [17, Corollary 2.2]
the authors obtained a logarithmic gradient estimate in case p = 2.

— p—1
3 We remark that on the third term v’ R™°»+ H » we used the following generalization of the classical
Young’s inequality:

abc < ea” + k1(e)b° + ka(e)ct,

for all a,b,c > 0, € > 0 and where 7,s,t > 1 are such that £ + 1 + 1 =1
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Corollary 3.2. Let u be a positive weak solution of equation (1.1) with 1 < p < n. Assume
u(z) < Cla|*

for all x € BY, for some o € R. Then, for every 0 < e < ﬁ—:; it holds

Vu()| < C (lw%“)" + |x|) u(w) s
for some C = C(n,p,e,a) >0, for every x € BS.
Proof. It is sufficient to apply Proposition 1.7 on Bj,|/4(z) at the point z. O
4. Rigidity with energy control
In this section we prove Theorem 1.1.
4.1. Proof of Theorem 1.1 (I)

Let u be a positive weak solution of equation (1.1) with 1 < p < -2 From Corol-

lary 2.4 with [ = 2 we have

+1

/ WV < O / 22 |G 20D |7 2, (4.1)

for every n € C§°(R™) with n > 0. For any R > 1, we choose n € C§°(R"™) such that
n=1in Br,n=01in Bjy, 0 <71 <1 on R" and 7 satisfies

|V77\2 < ORiz in AR = BQR \ BR.

We show that the integral on the righthand side of (4.1) is uniformly bounded in R.
Since p < =7 < 2, we have

9 _ _

wzo and  2(pp—1)<p.
n—p
fFl<p<:; +17 using Holder inequality we obtain
(2-p)n—p 2(p—1)
np P
(2— )'n.
[ e vy < (/ u” / Vulr | |Agf

C (2=p)n— - (p=1)
< RER T B @)

R
n—1

C
S EEAR(U) LN
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Ifp= n_+1’ similarly we have

(2—p)n— n—
[ e e = [ 1905 9

n—1

< R2 / ‘Vu|n+1 |AR|n

C -1
< Ekln T

B ()

c n—1
S EEAR(’U/) no,

Thanks to the energy assumptions, in both cases we have that the righthand side of
(4.1) is uniformly bounded in R. Hence

/u% 11317|V|2 < 0,
Rn

and by the second inequality in Corollary 2.4, passing to the limit as R tends to infinity,

(n—Dp o
/uﬁ’“\vﬁ —0,

Rn

we obtain

i.e.

divv

V=Vv- Id,=0  in Q. (4.2)

Let Qp C QF, be a connected component of QF,.. Since 0 < u € C2*(R™) then

loc
v=u"77 € CLYRM).

loc

Since

n—p\* !
v=— ( p) |Vol|P~2 Vo
p

we get

n(p—1) -1 p(n=1) )
= u’%Apu - Lp >u = » | Vul?
-Pp
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-1 (n—1)
— _ynor — Mu_p”*”l |VulP € C&?(Rn)
n—p

By standard elliptic regularity, we have v € Co.%(Q), u € C**(Qp) and then divv €
CL(€p). Differentiating (4.2), we get

loc
0; (divv) =n0; (divv).

Therefore divv = const on g and thus v = C(x — xg), for some C € R and some
xg € R™. Thus

v=C_C +02|$_x0|%

on €, for some Cq,Cy > 0. Then u(x) = U 4, (x) on Qp for some A > 0 and zy € R™.
Since the argument above holds whenever Vu # 0, we must have Q¢ = R™ \ {0} and
the result follows.

4.2. Proof of Theorem 1.1 (ii)

Let u be a positive weak solution of equation (1.1) with nQ—fl < p < 2. From Corol-

lary 2.4 with [ = 2 we have

[V < 0 [ WS wupe Do (4.3)

We choose the same cutoff functions as in (i). Since < p < 2, we have

n+1

(2-pn—p

<0 and 2p—-1)<p
n—p

Thanks to Lemma 2.6 we have u > CR™»—1 on A r and using Holder inequality we get

2(p—1)
p
( )n )( ) _
/U 2= = p‘V’UJ|2(;D 1) |v77|2 < OR_ 2 p /|vu‘p |AR|2Tp
S CRi%Eii;(u)%
(n—p)(2—p) 2p=1)

SC’R_ p(p—1) EAR(U) 3

Thanks to the energy assumption, we have that the righthand side of (4.3) is uniformly
bounded in R. Hence
Jus= e -

Rn

and the conclusion follows as in the proof of Theorem 1.1 (i).
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4.3. Proof of Theorem 1.1 (iii)
Let u be a positive weak solution of equation (1.1) with 2 < p < n and assume
u(z) < Clz|*,
as |z| — oo for some a > 0. From Corollary 2.4 with [ = 2 we have

We choose the same cutoff functions as in (i). We have

|V vy 2. (4.4)

(2— p) (2—p)n—p 1)\
/ W Va0 |72 = / 2 ) Va2 D0 vy

< CR(ﬁﬁ)ae/u(2—p)n—p+9ﬁ;l)—s(n—p>e U002,

for every € > 0 and every € > 0 small enough, where we used the gradient estimate in
Corollary 3.2. We assume

(p—2)n+p

—2<0<2(p-1 d 6
D <f#<2p—-1) an >n—1—5(n—p)

and we apply Holder inequality to obtain

0(n—1)—(p—2)n—p—c(n—p)0 2(p—1)—8
np p
1 0+c(n—p)o
ey e )2 * w
< or(#5+9) /u” /IVulp | Arl
1 _ 14 0te(n=p)6 O(n—1)—(p—2)n—p—c(n—p)6 . 2(p—1)—6
——te|ab—1+ - 2(p=1)—6
< CR(!L*p ) P EE‘?:(U) np E}X;(U) P
1 _ 14 0te(n—p)6 np—p—0—ec(n—p)o
+e)ab—1+ np—p—6—e(n—p)o
< crl#+) T B (0)

Under our assumptions, Fa,(u) < CRF for some k > 0. Then

n— 0+e(n—p)0 np—p—6—c(n—p)6
/“(2 2 20w < oR(te)er-1 SRR p(remigsen)

(p=2ntp 2 (p=2)n+p
n—1—e(n—p) n—1—e(n—p)
thanks to the energy assumption, we have that the righthand side of (4.4) is uniformly

bounded in R. Hence

Since p—2 < p—1), by choosing 6 close to and ¢ close to 0,
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/u“::f;" V|2 =0,

R‘n,

and the conclusion follows as in the proof of Theorem 1.1 (i).
5. Rigidity with control at infinity

In this section we prove Theorems 1.3 and 1.4. We start by proving the following weak
energy estimate which shows that a weighted energy has controlled growth on balls.

Lemma 5.1. Let u be a positive weak solution of equation (1.1) for some 1 < p < n and
let t < —1. Then, for every R > 1, we have

nptt(n—p)
/u = —F/uth\ngRﬁ7
Br Br

for some C = C(n,p,t) >0 and

_t(n—p)
5"{ (t41)(n—p) trp=0
— =T t+p<.

Proof. We choose n € C§°(R"™) be such that n =1in Bg,n=01in B, 0 <n <1lon
R"™ and 7 satisfies

[Vl <CR™ in Ag = Byg \ Bg.

Testing the weak formulation given in 2.1 with u!*n!, for [ sufficiently large, we obtain

_/unp-t:y;—l’) 77l = —(t+ 1)/ut|Vu|pnl _ l/ut+1|vu|p72<vu’vn>nl71

Y

|t+1|/ut|Vu|pnl _l/“tHIVU\p‘llvn\nl_l
Ift+p>0, we get

nptt(n—p) n (n—p)
_/u%nl > |t+1|/ut|Vu|pnl —s/u%nl —€/Ut|VU|p’7l

nptt(n—p) ; nptt(n—p)
_Cs/|v"7| P n P

np+t(n—p) np+t(n—p)
> (jt+1]-¢) / W |VulPy — e / W LR Byl
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for some £ > 0, where we used Cauchy-Schwarz and Young’s inequalities.* Choosing e
small enough, we conclude.

On the other hand, if t + p < 0, we get

np+t(n—p)
—/u W > \t+1l/ut|VU\”nl —s/utIVUI”nl —Cs/ut”lvn\pnl”’

(t+p)(n—p)

> (ft+1] - ) /ut|Vu|pr]l L O.R- R pen
(t+1)(n—p)
> ([t+1] —¢) /ut|Vu|p77l -C.R™ =
for some € > 0, where we used Lemma 2.6. Choosing ¢ small enough, we conclude. 0O

5.1. Proof of Theorems 1.2 and 1.3

Let u be a positive weak solution of equation (1.1) with 1 < p < 2 and let v > 0. Let
7 as in the proof of the previous lemma. From Corollary 2.4 with [ = 2 we have

/u<1:11))p V22 < C/u(bﬂzw|vu‘2(p71)‘vn|2’ (5.1)

We choose n € C§°(R™) be such that n =1in Bg, n=01in BS,, 0 <n <1 on R” and
7 satisfies

|Vn|* <CR™® in Ag = Byg \ Brg.

Since p < 2, then 2(p — 1) < p and, by Holder inequality we obtain

/ u S (U

< supu” /u7(27np227p—’Ylvu|2(P—1)|vn|2

AR
AR
1 (2—p)n—p ___ 2t(p—1) 2(p—1)
< —supu? [ w nmr T (W[ VulP) 7
R? 4,
AR

4 We remark that on the third term u‘T'|Vu|P~|Vn|n'~! we used the following generalization of the
classical Young’s inequality:

abe < ea” + eb® + k(e)c',

for all a,b,c > 0, € > 0 and where 7, s, > 1 are such that £ + 1 + 1 =1.
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2-p
P
1 (2—p)np—p 7wp(n p)—2t(p—1)(n—p)
< —supu” / u' | VulP / (n—p)(2—p) .
RZ 4, (A
R
We choose
t=f= L
n—p
in order to have
(2—p)np —p* —yp(n —p) = 2t(p—1)(n—p) _ np+t(n—p)
(n—p)(2-p) n—p
We observe that
t< -1 — (vy=2)p < (v-1n. (5.2)
Then, from Lemma 5.1, we obtain
2(p—1) 2—p
/ (2— p) |vu‘2(p 1) |V77|2 Supu"/ (A/ t|vu|p /unp-%—nt(:;—p)
R
< Csupu'RP2. (5.3)
AR

5.2. Proof of Theorem 1.2 (i)

Let n = 2,1 < p < 2 and choose v = 0. In particular (5.2) is satisfied and ¢ + p =
(p 1) < 0. Then, 8 =2 and from (5.3) we get

/7“L%|Vul2“"”lvnl2 <G,

for every R > 0. Hence, arguing as in the proof of Theorem 1.1 (i), from Corollary 2.4
the conclusion follows.

5.3. Proof of Theorem 1.2 (ii)

Let n = 3. If 3 < p < 2 we again choose v = 0. In particular (5.2) is satisfied and
t+p= p(2 p) >0 Then, 3 =1 and from (5.3) we get

/u%ww@*l)wn\? <CR™' —0,

as R tends to oo. Hence, arguing as in the proof of Theorem 1.1 (i), from Corollary 2.4
the conclusion follows.
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5.4. Proof of Theorem 1.3 (i)

3
Ifl<p< 5 we assume

u(r) < Clz|?,
as |x| — oo, for some a < & := %. If 7 satisfies (5.2), from (5.3) we get

/u63145 [Vu?P=D|vp[* < CRPTH.
We choose a and v such that

_ _ 3-2p
(y=2p<3(v—1) — 1>
B—24+ay<0

For ~ close to %, we have t + p close to p — 1 > 0. Then

_ 1) —
(3 —p) and agph+) 3

p Py

B=1+

Since the right-hand side in the second inequality is decreasing in v, it is sufficient to
have

0 - DB-p) _

p(3 —2p)

Letting R — oo, from (5.1) we obtain

[t Ve o,

Rn
and the conclusion follows as in the proof of Theorem 1.1 (i).
5.5. Proof of Theorem 1.3 (ii)
Let n > 4,1 < p <2 and assume
u(z) < Clal?,

as |z| — oo, for some a < @ := %. If 7 satisfies (5.2), from (5.3) we get

/u(%np,)zfp |Vu‘2(p_1)|VT]|2 < CRB—2+ov
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We choose o and v such that

{(7—2)p<n(7—1) — {w =

B—24+ay<0 OZ<¥~

For ~ close to 7:112”, we have t + p close to p — 1 > 0. Then

_ 1) —
=14 20=P g 4PN -y
py
Since the right-hand side in the second inequality is decreasing in -y, it is sufficient to
have
3 — _
q< Bp=n)n-p)
p(n —2p)

Letting R — oo, from (5.1) we obtain

(n—1)p

Jus= e -
]Rn

and the conclusion follows as in the proof of Theorem 1.1 (i).
5.6. Proof of Theorem 1./
Let p > 2 and assume
u(z) < Clz|®,

as |z| — oo. We choose 7 € C§°(R™) be such that n=11in Bg, n=01in B§,, 0<n <1
on R™ and 7 satisfies

[Vn|> <CR™® in Ag = Bar \ B

Case 1: o > 0. We have

_p)n—p —p)n—p
/u(2 o) V2D vy = /u@ 5 |Vl | W 2P~ =0 vy 2

¢ 5upu7/u
R2

1 _ S _ _1)— _
1 0—2 (2=p)n—p=y(n=p)+6(n—-1)—e(n—p)6 _1)—
< CR<"‘P E)a supu”’/u n=p |V 2P~ 1) =0

(2—p)n—p— w(n p)
n—

[Vl | V[P~

Ar
1 p)n—p—~(n— ) —e(n— 1y 2(p—1)—0
+e)ah—2 @=p)n—p=y(n=p)+6(n—1)—e(n=p)6 _ t[2(p—1)—6]
= CR(""’ ) supvﬂ/u n=p z (u'|VuP) 7,
Ar
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for every t € R, 8 > 0, v > 0 and every € > 0 small enough, where we used the gradient
estimate in Corollary 3.2 with o > 0. We assume

p—2<0<2(p-—1) (5.4)

and we apply Holder inequality to obtain

2—p+46
P
< CR(";’J” a9 2supu7 (A/ {(2 pIn=p=y(nop) (o) —e(nop)0 _ tR(p=1)= 9]}2 -
2(p—1)—6
P
(A/ ' |[Vu?
We choose
_ 0 —p)o
f g bTO+e(n—p) .
n—p
in order to have
C-—pn-—p-—qn-—p +0n—-1)—en—po ¢2p—1) -0 p
n—op P 2—p+46
_np+itn—p)
= - )
We observe that
t<-—1 = (y=2)p < (y—1)n+ 0+ e(n— p)b. (5.5)
Then, from Lemma 5.1, we obtain
2(p—1)—6 2—p+6
P P
1 np+t(n—p
SC'R(H—FE Jao- QSupu7 / uf |VulP /u =
R
a@ 2

< CsupzﬂRﬁ—F(” P
AR

< CRﬁ+(ﬁ+a)a972+aW (5.6)
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We aim at finding 6 and ~ satisfying (5.4) and (5.5) such that

Case 1.1: If p > 22 we choose 6 close to p — 2, v = 0 and € > 0 small enough. Then
t +p is close to

—p?>+(n—2)p+2
n—p

If 22 <p< 2+V"22 Antl2 .— 5 then t + p > 0 and hence 3 = —@. A simple
computation shows that (5.7) is satisfied if

On the other hand, if p > p, then t +p < 0 and hence 8 =

_ (1) (n—p)
p—1
8=n=2 Thus (5.7) is satisfied if
P

, which is close to

)2
e _n=p"
P-2)p—1)
Case 1.2: If 2 <p < "—H , we choose again 6 close to p — 2, « close to
small enough. Then £ + p is close to p — 1 > 0 and hence 3 =
p

n—3p+2
T
=P Hence, in order to verify (5.7) it is sufficient to choose

and e >0
Hn=p) 4nd it is close to

Bp—n)(n—p) _
*= p(n — 2p)

In particular this case occurs only if & < p < 2t2

Case 2: o < 0. We have

[uEE e = [u

[Vu|®|Vu*P~ D=0 vy ?

ngbllp1ﬂ/u(2 PR p)|V | |Vu|2p 1-o

_ (2—p)n—p—y(n—p)+0(n—1)—e(n—p)6
<CR 2supu”’/u
AR

|Vu‘2(p—1)—9

_ (2—p)n—p—vy(n—p)+0(n—1)—e(n—p)6
=CR 2supu"*/u

- _t[2(p—1)—0]
n—p P
AR

2(p—1)—0

(ut|Vu|p) P
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for every t € R, 8 > 0, v > 0 and every € > 0 small enough, where we used the gradient
estimate in Corollary 3.2 with a < 0. We assume

p—2<60<2p-1) (5.8)

and we apply Holder inequality to obtain

2- )n

2—p+6

s { (2=p)n—p—y(n—p)+0(n—1)—e(n—p)0 _ t[2(p—1)—6] } p
< CR “supu” u n=p B 2-p+0

AR
R

2(p—1)—6

(A/ ey

t:a:_p+9—|—€(n—p)9_7
n—p

We choose

in order to have

{(2p)npv(np)+9(nl)6(np)9 3 5[2(;01)9]} P
n—op P 2—p+46

np +t(n —p)
n—op ’

We observe that
t<-—1 = (y=2)p < (y—1)n+ 0+ e(n—p)b. (5.9)

Then, from Lemma 5.1, we obtain

/ u S [ Tu 2D vy 2

2(p—=1)—6 2—p+0
P P

np+i(n—p)
<CR™ supuV (A/ ut|VulP /u =

R

< Csup uYRP2
Ar

< CRP#ton (5.10)



32 G. Catino et al. / Advances in Mathematics 433 (2023) 109331

We aim at finding 6 and ~ satisfying (5.8) and (5.9) such that
B—2+ay<0. (5.11)

Case 2.1: If p > %rz the choice 6 close to p — 2, v = 0 and € > 0 small enough gives
that 8 < 2 both if £t + p > 0 and if  +p < 0. Since o < 0, (5.11) is satisfied.

n— 3p+2

Case 2.2: If 2 <p< "*2 , we choose again 6 close to p — 2, v close to and € >0

t(n—p)

small enough. Then ¢ + p is close to p — 1 > 0 and hence 3 = and it is close to

T' Hence a simple computation shows that, in order to verify (o.l 1), it is sufficient to
choose

a<(3p—n)<n P _ s

p(n—3p+2)

To conclude we observe that we have
(2—p)n—p )n
/u wr |V 2P|V < CR™C
for some ¢ > 0 if one of the assumptions

(i) n=3,and 2<p <3 and a < &
(ii) n =4, and

2<p<p and a<a,
or
p<p<4 and a<dq
(iii) n="5or n =6, and

n+2

2<p< and o< @,

or

"+2<p<p and «a < @,
or

p<p<n and a<d

(iv) n > 7 and

2<p< 3 and a<a,
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or
2 —
%<p<% and o < a,

or
"Tﬁgp<15 and «a < @&,

or

p<p<n and a«a<q,

hold. Then letting R — oo, from (5.1) we obtain

(n—1p o
/u 7n71pp ‘V|2 _ 0’

R~

and the conclusion follows as in the proof of Theorem 1.1 (i).
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Appendix A. Riemannian setting

In this Appendix we consider the case of a complete, non-compact (without boundary)
Riemannian manifold (M™, g) of dimension n > 2. We will emphasize the main differences
with respect to Euclidean case when dealing with the same issues.

We consider positive weak solutions of

Apu+uP "L=0 in M" (A1)

where A, is the usual p-Laplace-Beltrami operator with respect to the metric g. More-
over, we denote with Ric and Sec the Ricci and the sectional curvatures of (M™, g),
respectively.

When Ric > 0 equation (A.1) has been recently studied, in the semilinear case p = 2,
in [5] and [17]; in particular, in [5] the authors prove that the only positive classical
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solutions to (A.1) are given by the Aubin-Talenti bubbles (1.2) with p = 2 and the
Riemannian manifold is isometric to the Euclidean space, provided n = 3 or u has finite
energy or u satisfies suitable conditions at infinity. Furthermore, when the manifold is
a Cartan-Hadamard manifold, i.e. complete and simply connected Riemannian manifold
with non positive sectional curvature, in [21] the authors prove that all the positive
energy minimizing solutions to (A.1) are given by the Aubin-Talenti bubbles (1.2) and
the Riemannian manifold is isometric to the Euclidean space, assuming the validity of
an optimal isoperimetric inequality on M™.

In this appendix we deal with the quasilinear case, i.e. 1 < p < n, and we show that
the analogue of Theorems 1.1-1.2-1.3-1.4 holds, provided that the Riemannian manifold
(M™, g) satisfies:

(i) Ric>0,if 1 <p <2, or
(ii) Sec > 0,if 2 < p < n.

Of course, if n = 2, both conditions are replaced by non-negativity of the scalar/Gauss
curvature. The main differences with respect to the Euclidean case are the following:

e By assumption, we choose u to be a positive weak solution having the regularity
given in (2.5)—(2.3).
e The estimate in Corollary 2.4 becomes the following

/u(klp)p\‘cqz’?l +/“(nﬁ:1’°>pRiC(V,V)nl < C/“(Q_”p*);_pIVUIQ(”’I)IWIW’Q,
(A.2)

the Ricci tensor appears when computing

div (V . VV) = Vj(Vivjvi) = V]Vivjvi + VivjVij-
= V,V,v;vi — Ric(v,v) + |Vv|?

since V;v; is symmetric. This identity is used in the proof of Propositions 6.2 and
7.1 in [28], which are used in our proof of Corollary 2.4.

o Let r(z) := dist(x, &) be the geodesic distance from a fixed point & € M. Due to the
presence of the curvature, when Ric > 0 the Laplacian comparison implies that the
function 7~ 71 is a weak p-subharmonic function, i.e. its p-Laplacian is non-negative.
Hence, Lemma 2.6 holds true also in this setting.

e Lemma 2.7 and Lemma 2.9 still hold, provided

Vol(Bg) < CR"

for every R > 0, which is ensured by Bishop-Gromov volume comparison.
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o Concerning the Bocher formula in Lemma 3.1 we recall that from [30] we have

2
LPTIP) 2 2@ 4 (Rf - - DIV AL VD)

H VIR (VL VA) - 0= 2) LRV

+ |VFPP2Ric(Vf, V).
Thus, Lemma 3.1 still holds thanks to the condition Ric > 0, which holds in particular

when Sec > 0. Indeed we have

1 p
S IVP)

2
- (#ﬁf — (= DIVIPIVE(VS, Vf>> (A.3)

> —(Apf)* +

1
n

A
VTP (VL VAS) = (0= 20TV 95)]

 Following the proof of the gradient estimate in Proposition 1.7 (in particular, the
estimate above (3.6)), one can observe that the same arguments work if we can

construct a family of smooth cut-off functions ¢ defined on Bsg such that

Vol < Zo' IVIPAGH (- VOV V) 2 oo VIR (M)

Assume that (M™, g) has Sec > 0. Let r(z) := dist(x,Z) be the geodesic distance
from a fixed point & € M and let 1 € C?([0,00)) be such that ¢» =1 in [0,1), ¢» =0

in [2,00), ¥’ <0 and 0 < < 1. Since
V2i(r) = 'V2r + 4" dr @ dr,

by standard Hessian comparison (see e.g. [24]) we know that, since the sectional

curvatures are nonnegative, outside the cutlocus of &, one has

n—1
Vir < s>

and thus the function ¢(r) satisfies 10" < 0 and

C
VeI <C, IVIPAY + (0= 2V*(V V) =2 =~V ]I”
i)l/é satisfies (A.4) (outside the cutlocus of #).

Therefore, the function ¢(r) = ¢ (&
To overcome the lack of regularity in the cutlocus of & one can use the so called
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Calabi trick. Therefore all the arguments in the proof of Proposition 1.7 go through,
more explicitly we use (A.3) in place of Lemma 3.1 and the cutoff functions ¢ = ¢(r)
satisfying (A.4) in place of the cutoff functions ¢ = ¢(|z|) satisfying (3.4). Thus we
obtain the following extension to the Riemannian setting:

Proposition A.1. Let (M™,g) be a complete Riemannian manifold with nonnegative
sectional curvature. Let u be a positive weak solution of equation (1.1) with1 < p < n.
Then, for every 0 < e < % it holds

|Vu| < C ( Su(p unpte +REH> u%fe on Bg(zg)
Bar(zo)

for some C = C(n,p,e) >0, for every R > 0 and every xo € M™.
We explicitly note that this estimate is used only in the case 2 < p < n.

Remark A.2. Gradient estimates for positive p-harmonic functions have been ob-
tained in [16] and [34]. In particular in [34] the authors managed to avoid imposing
conditions on the sectional curvature, using integral estimates based on a Moser iter-
ation argument, which only uses nonnegative Ricci curvature and first derivatives of
the distance function. We expect that the same argument could work in our setting.

In all the proofs of Theorems 1.1-1.2-1.3-1.4 we used the fact that volume of geodesic
balls has at most Euclidean growth, which is guaranteed by our curvature assump-
tions (i) and (ii), as already observed.
The final step in the proofs of Theorems 1.1-1.2-1.3-1.4, in the Riemannian setting,
goes as follows. From (A.2), we obtain

(n=1)p o (n=1)
/u =5 V|2 + /u ZflppRic(v,v) =0
M M
i.e.

NV~ Uy divv

g=0 in QS

cr?

- Ric(v,v) =0 in M. (A.5)

Let Q9 C Qf, be a connected component of Qf,. Arguing as in the proof of The-
orem 1.1, by elliptic regularity, we have divv &€ Cl’a(Qo). Differentiating the first

loc

identity in (A.5), we get
VidiVV = anVivj = nvidivv - R,iCijVj = nVldlv V.

Therefore divv = const on €)y. Hence, the vector field v is homotetic, i.e. it satisfies



G. Catino et al. / Advances in Mathematics 433 (2023) 109331 37

ViVj + VjVi = )\g,‘j, A eR.

Therefore, by a classical result of Kobayashi [15], we have that £y must be locally
Euclidean and we conclude as in the proof of Theorem 1.1.
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