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A simplified approach to estimate settlements of earth
embankments on piled foundations: the role of pile
shaft roughness

Luca Flessati, Claudio di Prisco, Matteo Corigliano and Viviana Mangraviti

Dipartimento di Ingegneria Civile ed Ambientale, Politecnico di Milano, Milan, Italy

ABSTRACT
The use of piles as settlement reducers in the design of artificial embank-
ments on soft soil strata is nowadays very common. The design methods
employed in the current engineering practice are based on simplified
approaches not allowing the assessment of average and differential settle-
ments at the top of the embankment. In this paper, a model to estimate
both differential and average displacements at the top of the embankment
is introduced. This, based on the choice of substructuring the spatial
domain and employing a suitably conceived upscaling procedure, is an
extension to the case of rough pile shafts of a model originally conceived
by the authors for smooth piles. To conceive and calibrate the model, the
authors performed a series of numerical simulations mainly aimed at high-
lighting the mechanical processes taking place at the pile shaft. From a
practical point of view, this model can fruitfully be employed in displace-
ment based design approaches and to optimize pile diameter and spacing.
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1. Introduction

A common technique adopted to reduce settlements in artificial embankments on soft soil strata is the
employment of piles.

The mechanical response of these ‘geo-structures’ is commonly studied by analysing the stress redistri-
bution taking place within the embankment, usually named ‘arching effect’. In the past, numerous theor-
etical arching mechanisms (Carlsson, 1987; Chen et al., 2008; Collin, 2004; Handy, 1985; Hewlett &
Randolph, 1988; Kempfert et al., 2004; Marston & Anderson, 1913; McKelvey, 1994; Rogbeck et al., 1998;
Russell & Pierpoint, 1997; Svanø et al., 2000; Terzaghi, 1943; Van Eekelen et al., 2013; Zaeske, 2001) were
proposed. The employment of some of these mechanisms is also suggested by the most used design
standards (e.g. ASIRI, 2012; BS8006-1, 2010; CUR 226, 2010; EBGEO, 2010). All these approaches, disregard-
ing the stiffness of the elements constituting the system, do not allow the assessment the embankment
settlements.

The arching effect was also experimentally studied by performing trapdoor tests (Dewoolkar et al.,
2007; Iglesia, 1991; Ladanyi & Hoyaux, 1969; Terzaghi, 1936; Vardoulakis et al., 1981). The experimental
results put in evidence that, in contrast with what assumed by the previously cited theoretical models,
the stress redistribution is significantly affected by the differential displacements imposed at the embank-
ment base.

To take this effect into account, Iglesia et al. (1999, 2013) and King et al. (2017) introduced a ‘Ground
Reaction Curve’, defining a relationship between differential settlement at the embankment base and
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stress applied on the foundation soil. In a design perspective, this approach represents a first step toward
a displacement-based design. However, the employment of this approach does not allow to calculate the
displacements at the top of the embankment.

Recently, by interpreting the results of large series of numerical analysis, di Prisco et al. (2020a) intro-
duced a new model, based on the sub-structuring of the spatial domain and on the concept of ‘plane of
equal settlements’ (McGuire, 2011; McKelvey, 1994; Naughton, 2007; Terzaghi, 1943). The model is an
incremental generalized constitutive relationship conceived in the framework of the macroelement
approach, in which the progressively increasing embankment height is interpreted as a generalized load-
ing variable, whereas both differential and average settlements at the embankment top are the output
variables. The model is the result of a sort of upscaling procedure in which both geometry and local con-
stitutive material response play, within the upscaled constitutive model, as the micro-mechanical grain
interaction in the formulation/calibration of phenomenological constitutive models for geomaterials
(Flessati et al., 2021; Pisan�o et al., 2016). As is shown in Flessati (2021), the model proposed in di Prisco
et al. (2020a) is a very convenient tool for designing the geometry (pile diameter and spacing) and assess
the costs, once system performance (displacements) is fixed. The original model (di Prisco et al., 2020a)
assumes: (i) pile shafts to be smooth, (ii) piles to be founded on a rigid bedrock and (iii) embankment
construction to take place under drained conditions.

The ultimate goal of the research is the definition of a unique model for both piles founded on rigid
bedrocks and floating piles, capable of taking into account pile shaft roughness and the consolidation
process taking place in the foundation soil. In this direction, the authors have studied rough piles
founded on a rigid bedrock and have extended the original model presented in di Prisco et al. (2020a).
To this aim, the authors have performed a series of numerical finite difference (FD) numerical analyses by
means of the commercial code FLAC 3D (FLAC3D 7.0, Itasca Consulting Group Inc, 2017).

The paper is structured as it follows, in Section 2 the numerical analyses are presented, in Section 3
the new model is introduced, whereas in Section 4 the model is validated. Finally, in Section 5 a practical
application of the proposed model is suggested.

2. Numerical analyses

The construction of an earth embankment on piled foundations is a complex three-dimensional problem
with a geometry evolving during the construction phase. In case the transversal dimension of the
embankment is large with respect to its height (Figure 1), in the preliminary dimensioning phase, flanks
effects are disregarded and the problem is generally approached by considering one representative axi-
symmetric unit cell (Chen et al., 2008; di Prisco et al., 2020a, 2020b; Han & Gabr, 2002; Mangraviti et al.,
2021; Plaut & Filz, 2010; Van Eekelen et al., 2011).

Figure 1. Geometry and definition of the single representative unit cell.
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The unit cell (Figure 1) of diameter s, assumed equal to the pile spacing (different values can be con-
sidered in case of different pile patterns) is composed by: (i) the pile (with diameter d and length l), (ii) a
l-thick soft soil stratum and (iii) the embankment, characterized by a progressively increasing height h.
The final embankment height is named he. Both the pile and the soft soil stratum are assumed to be
positioned over a rigid bedrock.

The numerical analyses were performed by assuming drained conditions and by employing the
numerical model described in di Prisco et al. (2020a). The pile is assumed to be elastic, whereas both
foundation and embankment soil behaviour, analogously to what done by other authors (Abdullah &
Edil, 2007; Ambily & Gandhi, 2007; Ariyarathne et al., 2013; Chen et al., 2008; Das & Deb, 2018; Han &
Gabr, 2002; Han et al., 2007; Huang & Han, 2010; Lehn et al., 2016; Liu et al., 2007; Stewart & Filz, 2005;
Wijerathna & Liyanapathirana, 2020; Yan et al., 2006; Yapage & Liyanapathirana, 2014; Zheng et al., 2019;
Zhuang et al., 2020) is assumed to be elastic-perfectly plastic. The yield function is defined according to
the Mohr-Coulomb failure criterion and the flow rule is assumed to be non-associated. Since the constitu-
tive relationship, despite of its simplicity, is capable of capturing the main aspects of the mechanical
processes taking place in the domain, the results obtained by employing more sophisticated constitutive
relationships, for instance strain hardening elastic-plastic constitutive relationships, taking into account
the development of irreversible strains from the initial phases of the loading process or the effect of
induced anisotropy (e.g. Dafalias & Manzari, 2004; di Prisco et al., 1993; Manzari & Dafalias, 1997;
Marveggio et al., 2022), are not expected to be qualitatively different. It is also worth mentioning that,
for practical applications, sophisticated constitutive relationships, although more reliable in reproducing
the material response, very often cannot be properly calibrated owing to the lack of a sufficient number
of laboratory/in situ tests data.

The unique difference between the numerical model employed in this case and the one employed in
di Prisco et al. (2020a) is the presence of rough interface elements between pile and foundation soil.
Along normal direction, under compression, the interface elements are ‘quasi rigid’ (the elastic stiffness is
sufficiently larger than the soil one), whereas under tension perfectly fragile. Along the tangential direc-
tion a ‘quasi-rigid’-perfectly plastic behaviour, with a yield function defined according to the Mohr-
Coulomb failure criterion and nil dilatancy, is assumed. The interface friction angle is hereafter named d.
The interface cohesion is imposed to be nil.

The layer-by-layer embankment construction is subdivided in single stages, each one corresponding
with the deposition of 25 cm of compacted granular material (for the sake of simplicity, the on-site com-
paction process is not simulated). To reproduce, although in a simplified way, the real loading path fol-
lowed by the system during the embankment construction, at each construction stage, a new stratum of
elements is added on the (current position) of the embankment top.

The authors performed a parametric study; in this section, for the sake of clarity, one reference case is
first discussed. The system geometry and the material mechanical properties are reported in Tables 1 and
2, respectively. The foundation soil-pile interface friction angle is assumed equal to 2/3 of the foundation
soil one (d¼ 20�).

2.1. Numerical results: global response

In this subsection the system response is analysed from a global perspective, in terms of displacements
at both the embankment top and base and vertical stresses at the embankment base.

By following what suggested in di Prisco et al. (2020a), the global response is analysed by employing
the following non-dimensional variables:

H ¼ h
d
, (1)

Ut, diff ¼ Ut, f � Ut, c, (2)

Table 1. Geometry.

d (m) s (m) l (m) he (m)

0.5 1.5 5 5
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Ut, av ¼
Ut, f S2 � 1ð Þ þ Ut, c

S2
, (3)

Ub, f ¼
ub, f
l

Eoed, f
d ce

, (4)

Rf ¼
rf
d ce

, (5)

being S¼ s/d, Eoed,f the foundation soil oedometric elastic modulus, ce the embankment soil unit weight,
whereas ub,f and rf the average values of vertical displacement and vertical stresses for z¼ 0 (coordinate
z is defined in Figure 1) and d/2 < r < s/2 (coordinate r is defined in Figure 1), respectively. The non-
dimensional displacement variables Ut,c and Ut,f are defined as:

Ut, c ¼
ut, c
l
Eoed, f
d ce

, (6)

Ut, f ¼
ut, f
l
Eoed, f
d ce

, (7)

being ut,c and ut,f the average values of vertical displacement at the top of the embankment (z¼ h) for 0
< r< d/2 and for d/2 < r< s/2, respectively.

As was suggested in di Prisco et al. (2020a), the employment of these non-dimensional variables is
particularly convenient since, in the non-dimensional Ut,diff-H and Ut,av-H planes, the response is unique if
the non-dimensional geometrical ratios (S, L¼ l/d), the non-dimensional stiffness ratio (Eoed,e/Eoed,f, being
Eoed,e the embankment soil oedometric modulus) and the embankment soil failure parameters (friction
and dilatancy angle values, /’e and we, respectively) are kept constant.

The results relative to the reference case are plotted in Figure 2. In particular, the results are plotted
in the Ut,diff-H, Ut,av-H, Ub,f-H and Rf-H planes in Figure 2(a–d), respectively. For the sake of clarity, in the
same figures the results relative to the corresponding case in which d¼ 0 are plotted.

In Figure 2 it is evident that:

� displacements for the rough pile are smaller due to the development of shear stresses along the
pile shaft;

� for d¼ 0� the initial slope of all the non-dimensional displacement-height curves is one, implying no
stress redistribution taking place (di Prisco et al., 2020a). On the contrary, for d¼ 20� the initial slope
is significantly smaller;

� the embankment height for which differential settlements stop increasing (H�) is practically coinci-
dent in the two cases. H� is the height of the plane of equal settlements;

� the final branches of Ut,av-H curves are parallel;
� Ub,f is continuously increasing with H, meaning that a ‘complete’ arching mechanism, deviating all

the vertical stresses coming from the embankment toward the pile, does not develop. According to
di Prisco et al. (2020a), this is due to the embankment vertical deformability;

� Rf is slightly larger for d¼ 20� (due to the non-nil interface friction the system is globally more rigid),
even if Ub,f is significantly different in the two cases.

2.2. Numerical results: local response

In case the roughness of the pile shaft is taken into consideration, during the embankment construction
yielding takes place not only in the embankment, but also at the interface along the pile shaft.

The local mechanical response of the embankment is qualitatively coincident with the one obtained
for smooth piles by di Prisco et al. (2020a), therefore, for the sake of brevity, the corresponding results

Table 2. Constitutive model parameters and unit weights.

Unit weight
(kN/m3)

Young
modulus (MPa)

Poisson
ratio (-)

Friction
angle (�)

Cohesion
(kPa)

Dilatancy
angle (�)

Foundation soil 18 1 0.3 30 0 0
Embankment 18 10 0.3 40 0 0
Column 25 30000 0.3 – – –
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are hereafter omitted. However, for the sake of completeness, the main aspects of the embankment
response are summarized here below:

� during the embankment construction, yielding takes place under simple shear conditions in a narrow
crown (‘process zone’) of height hp,e (subscript e, absent in di Prisco et al. (2020a), stands for
embankment) of soil located close to the pile top;

� hp,e, initially coincident and evolving with h, stops increasing when a sufficiently large value of h is
reached. The final value of hp,e coincides with the height of the plane of equal settlements.

� the embankment soil not belonging to the process zone is under pseudo-oedometric conditions and,
according to the employed constitutive relationship, behaves elastically.

The numerical results highlighting the mechanical response of the foundation soil, markedly different
with respect to the smooth shaft case, are summarized in Figures 3–6.

The evolutions with h of vertical stress (rv) profile along depth (z�=-z) for r¼ d/2 (along pile-founda-
tion soil interface) and for r¼ s/2 are plotted in Figure 3(a,b), respectively. For the sake of clarity, in
Figure 3 some construction stages were omitted. For the sake of completeness, the dashed lines of
Figure 3 represent the initial geostatic (i.e. h¼ 0) condition.

As is evident, an arching effect, deviating vertical stresses toward the pile, takes place in the founda-
tion soil. The soil stratum at the bottom is practically unaffected by the construction process. The average
inclination of initial branches of vertical stress distributions is progressively increasing with h. Owing to

Figure 2. Variation with H of (a) Ut,diff, (b) Ut,av, (c) Ub,f and (d) Rf for the reference case (Tables 1 and 2) and for the correspond-
ing case with a smooth pile (d¼ 0�).
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presence of a rigid bedrock under the pile tip, for very large h/d ratio values, the vertical stress distribu-
tion is expected to be linearly decreasing with depth. However, this stress distribution has been obtained
only for h/d ratio values not commonly adopted in practice. The corresponding results are hereafter omit-
ted for the sake of brevity.

Figure 3. Variation along depth vertical stresses: (a) r¼ d/2 and (b) r¼ s/2.

Figure 4. Variation along depth of: (a) s and (b) dmob.

Figure 5. Evolution of Hp,f with (a) H and (b) Rf.
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The trends of vertical stresses are very different with respect to smooth shaft case (not reported for
the sake of brevity), since in the rough case a continuous along depth vertical stress migration toward
the pile takes place. This observation is confirmed by the development of tangential stresses (s) in the
foundation soil. In Figure 4(a), only the distribution of s with depth along the pile-foundation soil inter-
face is plotted.

The tangential stress distributions along depth are characterized by two different branches. The linear
one, close to the ground surface, is obtained where the interface is yielded (i.e. dmob ¼ d, being dmob the
mobilized interface friction angle, as is shown in Figure 4(b)). The second parabolic one where the inter-
face is not yet yielded (i.e. dmob < d, as is shown in Figure 4(b)). The transition from one branch to the
other is defined by a well pronounced peak.

The plastic height, i.e. vertical distance of the peak from the ground surface, hereafter named hp,f, pro-
gressively increases with the embankment height as is shown in Figure 5(a), where the numerical results
are plotted in the non-dimensional Hp,f-H plane, being Hp,f ¼ hp,f/d. For the sake of completeness, in
Figure 5(b) the results are also plotted in the Hp,f-Rf plane. In Section 3 the evolution of Hp,f is shown to
be essential for the definition of the model capable of reproducing the system response.

Finally, for the sake of completeness, the variation along depth for r¼ d/2 of ratio of horizontal and
vertical stress (kf) is plotted in Figure 6. kf is almost constant along depth and equal to the value
expected in the elastic case (kf ¼ �f/(1-�f), being �f the foundation soil Poisson’s ratio), suggesting that
tangential stresses developing at the pile-soil interface do not induce yielding in the surrounding founda-
tion soil.

3. Generalized constitutive relationship

The model proposed in di Prisco et al. (2020a) is a generalized upscaled constitutive relationship con-
ceived in the framework of the macroelement approach. The macroelement approach, commonly
employed to analyse different soil structure interaction problems (e.g. shallow foundations (Cremer et al.,
2002; Flessati et al., 2021; Gottardi et al., 1999; Grange et al., 2009; Montrasio & Nova, 1997; Nova &
Montrasio, 1991; Pisan�o et al., 2016), offshore foundations and wind turbines (Byrne & Houlsby, 2003;
Cassidy et al., 2006; Martin & Houlsby, 2001), buried pipelines (Cocchetti et al., 2009), rock boulders
impacting on granular soil strata (di Prisco & Vecchiotti, 2006), pile foundations (Li et al., 2016), anchored
wire meshes (Boschi et al., 2020, 2021, 2022) tunnel cavities (di Prisco & Flessati, 2021a) and tunnel fronts
(di Prisco et al., 2018, 2020c; Flessati & di Prisco, 2020), stems from the idea of (i) describing the mechan-
ical response of a complex system by means of a low number of degrees of freedom and (ii) defining an

Figure 6. Variation along depth of kf.
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upscaled constitutive law, relating the generalized static and kinematic variables associated with the
chosen degrees of freedom.

For earth embankments on smooth piles, di Prisco et al. (2020a) propose to consider as degrees of
freedom (i) the non-dimensional embankment height (to be interpreted as a generalized loading variable)
and (ii) both non-dimensional differential and average displacements of the embankment top. The rela-
tionship between these variables is expressed as:

_Ut, diff
_Ut, av

� �
¼ Cdiff

Cav

� �
_H, (8)

where dots stands for increments, whereas the generalized non-dimensional compliances Cdiff and Cav
depend on (i) geometry, (ii) material properties and (iii) on Hp,e (Hp,e ¼ hp,e/d), interpreted as a general-
ized hardening variable.

In contrast, when rough piles are considered, Cdiff and Cav to take the arching effect developing in the
foundation soil into account, must also depend on Hp,f.

To calculate the new expressions for Cdiff and Cav the authors employed the rheological scheme,
inspired to the one of di Prisco et al. (2020a), sketched in Figure 7.

The rheological scheme is composed by:

� two elastic springs ((a) and (b)) of compliance Ce,1, modelling the embankment for z < hp,e ((a) and
(b), referring to 0 < r < d/2 and d/2 < r < s/2, respectively);

� two elastic springs (c) of compliance Ce,2, modelling the embankment for z > hp,e;
� a plastic slider (d), defining the stress redistribution in the embankment, modelling the stress transfer

in the embankment process zone;
� three elastic springs ((e), (f) and (g)) of compliance Cf,1, Cf,2 and Cf,3, modelling the foundation soil;
� a plastic slider and an elastic shear spring ((h) and (i), respectively), modelling the stress transfer

along the pile-foundation soil interface.

Figure 7. Rheological scheme.
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The pile is assumed to be rigid, but, by introducing additional springs, the model can easily be
extended to the case of deformable piles.

The compliance of the springs modelling the embankment, coincident with the ones proposed in di
Prisco et al. (2020a), can be expressed as:

Ce, 1 ¼
Hp, e

Eoed, e

Eoed, f
L

, (9)

Ce, 2 ¼
H�Hp, e

Eoed, e

Eoed, f
L

: (10)

These springs are non-linear and irreversible since their stiffness is not constant but evolving with
both H and Hp,e (geometrical and mechanical non-linearities).

For the plastic slider in the embankment, as is done in di Prisco et al. (2020a), a Mohr-Coulomb failure
criterion is employed:

_T p, e ¼ _N p, e tan/
0

ss, (11)

being _T p, e and _N p, e the increments in the non-dimensional tangential and normal forces transferred
throughout the (plastic) shear zone in the embankment (subscript e, absent in di Prisco et al., 2020a,
stands for embankment), respectively, whereas /’ss is the friction angle of embankment soil under simple
shear conditions (di Prisco & Flessati, 2021b; di Prisco & Pisan�o, 2011; Drescher & Detournay, 1993;
Vermeer, 1990):

tan/
0

ss ¼
coswe sin/

0

e

1� sinwe sin/
0

e

: (12)

By following what suggested in di Prisco et al. (2020a), (i) vertical stresses along the process zone are
assumed to be linearly increasing with depth according to a geostatic distribution and (ii) the ratio of
horizontal and vertical stresses along the process zone (ke) to be constant. Therefore:

N p, e ¼
Ð hp, e
0 ce h� zð Þkedpdz

ced3
¼ pkeHHp, e � pke

H2
p, e

2
(13)

being ke the average value of ke. By differentiating Equation (13) it reads:

_N p, e ¼ pkeHp, e _H þ pke H� Hp, eð Þ _Hp, e: (14)

As is shown in di Prisco et al. (2020a), the simplifying assumption on the vertical stress distribution
does not compromise the capability of the model of reproducing the numerical results.

As was previously mentioned and as was proposed by di Prisco et al. (2020a), Hp,e has to be inter-
preted as a generalized hardening variable. Its evolution rule is expressed as it follows:

_Hp, e ¼
_H
0

if H<H�

if H � H� ,
�

(15)

where, the value of H for which Hp,e stops evolving is the height of the plane of equal settlements (H�).
H� is not a constitutive parameter but is calculated by imposing Cdiff ¼ 0.

The compliance of springs modelling the foundation soil ((e), (f) and (g) of Figure 7) are expressed as:

Cf , 1 ¼
nHp, f

Eoed, f

Eoed, f
L

¼ nHp, f

L
, (16)

Cf , 2 ¼
ð1�nÞHp, f

Eoed, e

Eoed, f
L

¼ 1� nð ÞHp, f

L
, (17)

Cf , 3 ¼
L�Hp, f

Eoed, e

Eoed, f
L

¼ L�Hp, f

L
, (18)

where the non-dimensional coefficient n defines the position of the plastic slider (h) of Figure 7, for
which a Mohr-Coulomb failure criterion is adopted:

_T p, f ¼ _N p, f tan d, (19)
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being _T p, f and _N p, f the increments in the non-dimensional tangential and normal forces transferred
throughout the yielded portion of the interface. Analogously to what done for the process zone in the
embankment (Equation (13)), to calculate N p, f the authors assumed a constant value of kf along the
yielded part of the pile-soil interface (Figure 6) and a linear distribution for vertical stresses:

rv z�ð Þ ¼ rf þ cf z
� (20)

being cf the foundation soil unit weight. Under these assumptions:

N p, f ¼
Ð hp, f
0 ðrf þ cf z

�Þkf dpdz�
ced3

¼ pkf Rf Hp, f þ
1
2
cf
ce
H2
p, f

� �
(21)

and consequently

_N p, f ¼ pkf Hp, f
_Rf þ Rf þ

cf
ce
Hp, f

� �
_Hp, f

� �
, (22)

being kf the average value of kf along the yielded part of the pile-soil interface and, by imposing the bal-
ance of momentum along the vertical direction:

_Rf ¼ 1� 4tan/
0

sske
S2 � 1

Hp, e

� �
_H: (23)

The simplified vertical stress distribution assumed by the model (Equation (20)) does not coincide with
the numerical one (Figure 3). However, this simplifying assumption, reasonable for not too large embank-
ments height values (H< 10), does not compromise the model capability of reproducing the system
response (Section 3.3).

For the sake of simplicity, to calculate the non-dimensional force (T e, f ), associated with the elastic
shear spring (element (i) of Figure 7), a parabolic distribution for tangential stresses (Figure 4(a)) is
assumed:

T e, f ¼
1
3
pkf tan d Rf þ

cf
ce
Hp, f

� �
L� Hp, fð Þ (24)

corresponding to:

Figure 8. Geometry considered for the numerical analyses (d¼ 0.5 m, S¼ 2, 3, 4, 5, 7 and L¼ 6, 10, 16, 24, 40).
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_T e, f ¼
1
3
pkf tan d L� Hp, fð Þ 1� 4tan/

0

sske
S2 � 1

Hp, e

� �
_H þ cf

ce
L� 2Hp, fð Þ � Rf

� �
_Hp, f

( )
(25)

As is evident from Equations (19), (22), and (25), the increase in the transferred shear forces depends
on both loading variable _H and increment of the generalized hardening variable Hp, f : Its evolution rule is
defined in Section 3.1.

3.1. Definition of Hp,f evolution

For the sake of simplicity, to derive the evolution rule for Hp,f, the mechanical problem illustrated in
Figure 8, where Rf is the controlled variable, is numerically solved by means of FD analyses.

Even in this case, the interface between pile and foundation soil is assumed to be rough, the pile to
be elastic and the foundation soil to be elastic-perfectly plastic (the failure criterion is given by the Mohr-
Coulomb criterion and the flow rule is assumed to be non-associated). The values of material parameters
are the one of the reference case (Table 2).

The authors performed a parametric study by considering different values of d, S and L. The corre-
sponding numerical results are plotted in Figure 9 in the (L-Hp,f)/L-Rf plane.

Figure 9. Variation of Hp,f with Rf: (a) for different d values, (b) for different S values and (c) for different L values.
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The numerical results were interpolated by means of the following expression:

L�Hp, f

L
¼ h1Lh2 tanh3d

S� 1ð ÞRh4
f þ h1Lh2 tanh3d

, (26)

where h1, h2, h3 and h4 are non-dimensional parameters. The curves obtained by employing the values of
h1, h2, h3 and h4 reported in Table 3 are plotted in Figure 9. As is evident, the agreement is satisfactory.

By differentiating Equation (26) and by using Equation (23), the following expression:

_Hp, f ¼
S�1ð Þh1 Lh2þ1tanh3dh4R

h4�1
f

½ S�1ð ÞRh4
f þ h1Lh2 tanh3d� 2

1� 4�ke tan/
0

ssHp, e

S2 � 1

� �
_H ¼ f1 _H, (27)

is obtained.

3.2. Non-dimensional compliance definition

By imposing (i) the balance of momentum along the vertical direction, (ii) compatibility conditions, (iii)
constitutive relationships for all the elements (Appendix A) and by using the generalized hardening rules
(Equations (15) (23), and (27)) we obtain:

Cdiff ¼ 1� 4tan/
0

sskeHp, e

S2 � 1

� �
Cf , 1 �

4S2tan/
0

sskeHp, e

S2 � 1
Ce, 1

� �

þ 1� 4tan/
0

sskeHp, e

S2 � 1

� �
1� 4tandkfHp, f

S2 � 1

� �
� 4kf tan d

S2 � 1
Rf þ

cf
ce
Hp, f

� �
f1

* +
Cf , 2

þ 1� 4tan/
0

sskeHp, e

S2 � 1

� �
1� 4tandkf Lþ 2Hp, fð Þ

3ðS2 � 1Þ

 !
� 4kf tan d

3 S2 � 1ð Þ 2Rf þ
cf
ce

Lþ Hp, fð Þ
� �

f1

* +
Cf , 3,

(28)

Cav ¼ Ce, 1 þ Ce, 2 þ 1� 4tan/
0

sskeHp, e

S2 � 1

� �
S2

S2 � 1

� �
Cf , 1

þ S2

S2 � 1

� �
1� 4tan/

0

sskeHp, e

S2 � 1

� �
1� 4tandkfHp, f

S2 � 1

� �
� 4kf tan d

S2 � 1
Rf þ

cf
ce
Hp, f

� �
f1

* +
Cf, 2

þ S2

S2 � 1

� �
1� 4tan/

0

sskeHp, e

S2 � 1

� �
1� 4tandkf Lþ 2Hp, fð Þ

3ðS2 � 1Þ

 !
� 4kf tan d

3 S2 � 1ð Þ 2Rf þ
cf
ce

Lþ Hp, fð Þ
� �

f1

* +
Cf , 3

(29)

3.4. Model calibration

Ten are the model input data to be assigned, 3 referring to geometry (d, s and l), 4 to embankment soil
mechanical properties (Eoed,e, /’e, we, and ce), 2 to foundation soil mechanical properties (Eoed,f and ce)
and 1 to pile-foundation soil interface (d).

The model has 3 constitutive parameters: ke, kf and n.

Table 3. Values of interpolating parameters.

h1 h2 h3 h4
0.4 1.7 1.95 0.9
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As was previously mentioned (Section 2.2), the local embankment response is not significantly affected
by the pile shaft roughness. For this reason, by following what suggested in di Prisco et al. (2020a), ke is
assumed to be dependent only on the embankment soil dilatancy angle, as is shown in Figure 10.

As is suggested by Figure 6, kf is assumed to be equal to �f/(1-�f).n (Equations (16) and (17)) defines
the position of plastic slider (h) of Figure 7. Since tangential stresses linearly vary along depth in the
yielded portion of the interface (Figure 4(a)), n is imposed equal to 2/3.

4. Model validation

The model predictions are compared with the numerical results of the reference case (Tables 1 and 2, for
both d¼ 0 and 20�) in Figure 11. For the sake of completeness, the results are compared in the Ut,diff-H,
Ut,av-H, Ub,f-H and Rf-H planes (Figure 11(a–d), respectively). As is evident, the agreement is quite satisfac-
tory. Only in case of differential settlements the model predictions are slightly less accurate, but the
agreement in terms of H� values is very satisfactory. The importance of this observation will be clarified
in Section 5.

To further validate the proposed model, the authors compared the model results with the data of a
parametric study, by starting from the reference case (Tables 1 and 2) and by considering different d, L
and S values. The results in terms of h� (h� ¼ H�d) and dimensional average displacements at the
embankment top (ut,av) are plotted in Figure 12. For all the cases considered the agreement is
satisfactory.

5. Practical application

5.1. General comments

From a practical point of view, the designers may be interested in having a quantitative estimation of
the influence of pile shaft friction on the settlement development.

As was observed in Section 2.1, for sufficiently large values of H (H > H�), all the Ut,av-H and Ut,diff-H
curves become parallel (for fixed S, L, Eoed,e/Eoed,f, /’e and we), independently on the d value. This implies
that for H > H� the incremental system stiffness (C�1

av and C�1
diff ) is not affected by pile shaft friction. This

is particularly interesting from a practical point of view: if a designer intends to analyse the embankment
response to perturbation imposed after the end of the construction process (Section 5.2), the pile shaft
roughness can completely be disregarded if H > H�.

On the contrary, for H < H� the slope of both Ut,av-H and Ut,diff-H curves is severely influenced by the
pile shaft roughness. To put in evidence such a dependency, the variation in the Cav initial value (Cav,0),
representing the initial slope of the Ut,av-H curve, with geometry (S and L) and d, obtained by employing
the generalized constitutive relationship described in Section 3, is reported in Figure 13.

Figure 10. Variation of �ke with we (di Prisco et al., 2020a).
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As was expected, the influence of the pile shaft roughness on Cav,0 is more pronounced for small spac-
ing values (Figure 13(a)) and for long piles (Figure 13(b)). An almost coincident trend is obtained for the
initial value of Cdiff, but the corresponding results are hereafter omitted for the sake of brevity. On the

Figure 11. Validation of the model on the results of the reference case: (a) Ut,diff-H, (b) Ut,av-H, (c) Ub,f-H and (d) Rf-H planes.

Figure 12. Validation of the model on the results of a parametric study.
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contrary, this influence is small for very large spacing values (S> 10) and very short piles (L< 5), cases
these latter not realistic in practical applications.

5.2. Guided model employment

The model proposed in the previous section can be employed not only to estimate settlements develop-
ing during the embankment construction, but also the system response when the top of the embank-
ment is perturbed by uniformly distributed exercise loads (e.g. in case either a ballast for railways or
asphalt layers for roads are laid over the embankment top). To exemplify this, the model is employed as
a preliminary design tool in relation to the construction of a 2m thick embankment, on the top of which
30 cm of railway ballast is laid.

The embankment is assumed to be positioned above a 10m thick soft soil stratum. The foundation
soil and the embankment mechanical properties are enlisted in Table 4. The ballast mechanical properties
and unit weight are assumed to be coincident with the ones of the embankment. For the sake of simpli-
city, in the proposed model the ballast positioning is interpreted as an increment in the embank-
ment height.

Hereafter, the following design constraints are imposed:

i. nil differential displacements at the embankment top due to the ballast construction;
ii. an admissible average displacements at the embankment top due to the ballast construction

(Dut,adm) equal to 2mm.

As is evident, to satisfy constraint (i) an embankment without piles can be built. However, without
piles the increment in dimensional average displacements at the embankment top induced by the ballast
construction (Dut, av), is equal to:

Dut, av ¼
l

Eoed, f
þ he
Eoed, e

� �
cbhb ¼ 4cm > Dut, adm, (30)

being cb and hb the ballast unit weight and thickness. Since Dut, av is not admissible, piles must be
employed to reduce settlements.

For the sake of simplicity, the pile diameter has been imposed and the only design variable will be
the pile spacing. Here in the following the case d¼ 0.5 m is discussed.

Constraint (i), corresponding to condition Cdiff ¼ 0, is satisfied if the final embankment height is equal
or larger than the height of the plane of equal settlements (he=d ¼ He � H�).

When d> 0, Cdiff (Equation (28)) is a function of both input data (geometry and material mechanical
properties) and hardening variables (Hpe, Hpf and Rf). For this reason, the H� value is estimated by

Figure 13. (a) Influence of S and d on Cav,0 (L¼ 10) and (b) influence of L and d on Cav,0 (S¼ 3).
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integrating the constitutive relationship. For practical purposes, since H� is not significantly affected by
the d value (Figure 2(a)), the analytical expression obtained in di Prisco et al. (2020a) for d¼ 0, derived by
imposing Cdiff ¼ 0:

H� ¼ 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eoed, f
Eoed, e

L
S2

� �2

þ Eoed, f
Eoed, e

L
S2

� � ðS2�1Þ
ketan/

0

ss

s
� 1
2

Eoed, f
Eoed, e

L
S2

� �
, (31)

can be employed. The curve corresponding to Equation H¼H� for d¼ 0.5 m, l¼ 10 m, mechanical prop-
erties of Table 4 and varying S values is plotted in Figure 13.

The value of S ¼ S is the one corresponding to H ¼ He ¼ H�. S is the maximum spacing value associ-
ated with Cdiff ¼ 0. This condition is satisfied everywhere in subdomain 1 of Figure 14 ranging from the
vertical straight line S¼ 1 and function H ¼ H�(S).

By introducing S into the generalized constitutive relationship (Equation (8)), the increment in non-
dimensional average displacement (DUt, av) associated with the ballast construction can be calculated. The
corresponding increment in dimensional displacement:

Dut, av ¼ DUt, av
lce

Eoed, f
¼ 1:1mm < Dut, adm (32)

is admissible.
In case the average displacement increment was not admissible, a smaller S value should be chosen.

As is evident (Figure 14), H� decreases by decreasing S, meaning that the condition He > H� is satisfied.
In general, also the pile diameter is a design variable. Different d, therefore different L values, corre-

sponding to different functions H�(S) (Equation (31)), are associated with both different He and S values.
For a given system performance (in this case constraints (i) and (ii)), multiple combinations of d and s
can be obtained. For optimizing the design, a suitable cost definition has to be chosen as a function of
both in-situ conditions and technological construction constraints. For the sake of generality, this aspect
is here not addressed.

Table 4. Mechanical properties.

Eoed,e
[MPa]

/’e
[�]

we

[�]
ce

[kN/m3]
Eoed,f
[MPa]

cf
[kN/m3]

d
[�]

65 40 0 18 1.35 15 20

Figure 14. Variation of H� with S.

16 L. FLESSATI ET AL.



6. Concluding remarks

In this paper, by performing a series of 3D finite difference numerical analyses simulating a drained layer-
by-layer embankment construction, the authors analyse the mechanical response of embankment
founded on piles, whose tip gets a rigid bedrock. In particular, the role of pile shaft roughness is taken
into account.

The numerical results put in evidence that (i) owing to the embankment deformability, independently
of the pile shaft roughness, a ‘complete’ arching mechanism, completely deviating vertical stress incre-
ments toward the pile, does not develop and (ii) the pile shaft roughness reduces settlements at both
embankment top and base but does not significantly affect the height of the plane of equal settlements.

The final goal of this paper is the introduction of a displacement-based design numerical tool, useful
to optimize at the pre-design stage, the system geometry (pile diameter and spacing). To this aim, a gen-
eralized constitutive relationship, capable of assessing, once geometry and mechanical properties are
assigned, both average and differential settlements induced by the embankment construction, has been
proposed. The constitutive relationship, based on both a substructuring of the spatial domain and the
concept of plane of equal settlements, is conceived and calibrated on the basis of the previously men-
tioned finite difference results. The numerical tool has been validated by employing these results and its
reliability has been shown. Its practical application has proven the simplicity of its use.

The model proposed by the authors is conceived by considering axisymmetric conditions and, there-
fore, can only be applied for piles belonging to the central part of the embankment. Moreover, the
model here proposed considers end bearing piles but can also be extended to the case of ‘floating piles’
by adding elements to the upscaled constitutive model.
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Appendix A

According to the rheological scheme of Figure 7:

_Ut, f ¼ Ce, 2 _H þ Ce, 1 þ Cf , 1ð Þ _Rf þ Cf , 2 _Rf, 2 þ Cf , 3 _Rf, 3, (A1)

_Ut, c ¼ Ce, 2 _H þ Ce, 1 _Rc, (A2)

being

_Rf ¼ _H � 4 _T p, e

p S2 � 1ð Þ ¼ 1� 4ke tan/
0

ssHp, e

S2 � 1ð Þ

 !
_H, (A3)

_Rc ¼ _H þ 4 _T p, e

p
¼ 1þ 4ke tan/

0

ssHp, e

� 	
_H, (A4)

_Rf, 2 ¼ _Rf�
4 _T p, f

p S2 � 1ð Þ

* +
, (A5)

_Rf, 3 ¼ _Rf�
4 _T p, f þ _T e, f

� 	
p S2 � 1ð Þ

* +
, (A6)

where the Macaulay brackets, ensuring _Rf, 2 and _Rf, 3 to be positive, are introduced to ensure the force
increment globally transferred ( _T p, f and _T e, f ) by arching in the foundation soil not to exceed _Rf :

By introducing Equations (A1) and (A2) into Equations (2) and (3) it reads:

_Ut, diff ¼ Ce, 1 _Rf � _Rc


 �
þ Cf , 1 _Rf þ Cf , 2 _Rf, 2 þ Cf , 3 _Rf, 3, (A7)

_Ut, av ¼ Ce, 2 _H þ Ce, 1
S2

S2 � 1ð Þ _Rf þ _Rc

� 
þ Cf , 1 _Rf þ Cf , 2 _Rf, 2 þ Cf , 3 _Rf, 3


 �
S2 � 1ð Þ

S2
, (A8)

Finally, by substituting Equations (19) (22) (25), and (A3)–(A6) into Equations (A7) and (A8), Equations
(28) and (29) are obtained.
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