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paper further investigates stability by modeling and testing 
the FM gyroscope system of Fig. 1 under broad-spectrum 
vibrations. In the literature this key aspect is indeed missing. 

The manuscript is organized as follows: exhaustive 
analytical equations are presented in the next section, 
together with simulation results of a Simulink behavioral 
model, which proves their validity. Then, the setup used for 
the measurements is described and finally the measurement 
results are discussed and compared to predictions. 

MODEL DESCRIPTION 
Notation 
Along the manuscript the following notation is adopted. 

x, y x- and y-direction displacement
xa, ya amplitude of sinusoidal displacement x, y 
ax, ay x- and y-axis external acceleration
axa amplitude of sinusoidal acceleration a 

mx, my x- and y-axis modal mass
kx, ky x- and y-axis stiffness
bx, by x- and y-axis damping coefficient
ωx, ωy x- and y-axis resonance frequency

ωΔ= ωx-ωy frequency split
Fx, Fy electrostatic drive force 

Fxa, Fya amplitude of sinusoidal forces Fx, Fy 
Ω angular rate 

Table 1. Table of used parameters. 

Fig. 1: optical microscope pictures of the developed 
integrated circuit (a) and of an uncapped Lissajous FM 
gyroscope (b), built in a 24-µm-thick MEMS process. 

Fig. 2: measured Allan deviation of the FM gyroscope 
in uncontrolled laboratory environment, showing about 
30 mdps/√Hz angle random walk and few °/h bias 
stability at 1000 s of observation interval. 

ABSTRACT 
The work presents a detailed modeling and the first-

ever characterization of a frequency modulated (FM) yaw 
gyroscope in presence of vibrations from low frequency 
(30 Hz), through the main modes, and up to 40 kHz. The 
gyroscope two in-plane axes (around 25 kHz) are operated 
under a Lissajous trajectory (70 Hz period) by an integrated 
circuit (IC) including oscillators, frequency digitization, 
and digital demodulation stages. In presence of 2-gpk-pk 
vibrations, no effects are visible across the spectrum apart 
from the region including the modes. In this range, as 
predicted by theory, for each axis no effect is observed for 
accelerations at the axis resonance (< 0.1 dps/g), but a huge 
effect (tens of dps/g) is visible for accelerations at an offset 
frequency from resonance corresponding to the mode split. 

INTRODUCTION 
  The field of high-stability angular rate sensors is 

well debated and includes rejection of temperature effects 
[1], of aging [2], as well as of in-run vibrations [3]. The 
latter phenomenon may be the dominant factor affecting 
stability in certain harsh application fields like automotive. 
In recent years numerous studies on the topic have been 
presented in the literature, and corresponding strategies to 
minimize these effects were proposed. On one side, for 
amplitude-modulated (AM) gyroscopes, the most 
straightforward solution is to conceive a differential, 
levered structure [4], which, at the first order, compensate 
for all external forces acting on the suspended mass as a 
common mode (e.g. accelerations). Additionally, it has 
been shown and proved that the induced rate caused by 
accelerations decrease with drive amplitude; consequently, 
some effort was put in designing devices operated at a 
larger displacement (up to 12 µm). Combining these 
considerations, authors in [5] have shown a vibration error 
(a spurious change of the output) of less than 0.2 dps/g on 
a AM yaw differential structure.  

On the other side, the endless request for ultra-stable 
gyroscope performances against temperature, associated 
with low manufacturing costs, led to the development of 
gyroscopes based on different working principles, which 
theoretically avoid the dependence of offset and scale 
factor over process and environmental parameters. Among 
others, a Lissajous frequency-modulated (FM) topology [6] 
with associated electronics was developed up to the digital 
output within sub-500-µA consumption [7, 8]. This sensor 
(shown in Fig. 1 aside its integrated circuit, IC) relies on 
the precession of the orbit of a suspended mass, kept 
simultaneously in oscillation along two orthogonal modes 
(ωx, ωy) at a slightly mismatch frequency. The resulting 
effect is an amplitude modulation of the FM signal, 
proportional to the applied rate and to a modal ratiometric 
parameter (α). FM gyroscopes operated under Lissajous 
mode have shown exceptional stability performances of 
offset (few °/h at more than 1000 s observation interval, see 
Fig. 2 [8]), and scale factor (few tens ppm/K [7]). This 
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Analytical model 
The examined phenomenon has first been modeled 

with an analytical approach. The starting point is the well-
known system of coupled dynamic equations of a 
gyroscope, which comprises all the forces acting on the 
proof mass in both x- and y-direction. The external 
vibration is here supposed to occur along the x-direction, 
consistently with the measurements later discussed in the 
corresponding section of this manuscript. 

ቊ݉௫ݔሷ ൅ ܾ௫ݔሶ െ ሶݕ௫Ω௭݉ߙ2 ൅ ݇௫ݔ ൌ ௫ܨ ൅ ݉௫ܽ௫݉௬ݕሷ ൅ ܾ௬ݕሶ ൅ ሶݔ௬Ω௭݉ߙ2 ൅ ݇௬ݕ ൌ  ௬ܨ

(1) 

For the purpose of this research, one can ignore cross-
stiffness and cross-damping terms [9]. One can pass to a 
phasor description as indicated by Eqs (2): 

۔ۖۖەۖۖ
ۓ ݔ ൌ ݕ௔݁௝ఠೣ௧ݔ ൌ ௔݁௝ఠ೤௧ݕ ൌ ௫ܨ௔݁௝ሺఠೣିఠ౴ሻ௧ݕ ൌ ௬ܨ௫௔݁௝ఠೣ௧ܨ݆ ൌ ௬௔݁௝ఠ೤௧ܽ௫ܨ݆ ൌ ܽ௫௔݁௝ൣሺఠೣିఠ౴౗౮ሻ௧ାథబ,ೌ೎൧ܽ௬ ൌ 0

(2) 

Since the goal is to derive the expression of the resonance 
frequency and its dependence on the acceleration, both 
equations are divided by the displacement after substituting 
Eq. 2 into Eq. 1. This is shown by Eq. 3 at the bottom of 
the page. The analysis continues using the Euler identity 
and focuses on the real part of both equations (Eq. 4). 
A further simplification can be done assuming an ideal 
amplitude control (ݔ௔ ൌ  ௔) and linearizing the equationsݕ
assuming that the natural frequency of each mode is much 
greater than the amplitude of the two terms given by the 
rate and the accelerations, Eq. 5. The obtained result shows 
that, as expected, the rate is modulated at the frequency 
split between the two axes. Accelerations (ܽ௫௔) are instead 
divided by the velocity amplitude (߱଴௫ݔ௔) and modulated 
at a frequency corresponding to the difference ߱୼ୟ୶ 
between the acceleration frequency and the resonance 
frequency of the considered axis. Therefore, if the 
acceleration occurs at the resonance frequency ߱௫ , this 
term becomes a DC contribution, which goes out of the 

sensor bandwidth after the AM demodulation. Interestingly 
instead, if the acceleration occurs at a frequency which is 
split from the resonance by the same quantity of the mode 
split (or lies at a distance within the bandwidth from this 
value), an effect of the acceleration on the frequency should 
be well visible. Its amplitude randomly depends on the 
phase ߶଴,௔௖ of the acceleration term relative to the phase 
of the Lissajous pattern. Note that this effect occurs even in 
presence of amplitude control in the oscillators, since it is 
not trivial to implement a large-bandwidth amplitude 
control, i.e. with a high loop-gain and 180°-phase at the 
mismatch frequency [10].  
Far from the modes, no effect should be visible as the 
acceleration-induced signal lies well off the bandwidth set 
by the low-pass filter after the amplitude demodulation. 

Simulink and MATLAB behavioral 
The proposed analytical computation agrees with a 

Simulink behavioral model of the entire system, composed 
by the FM gyroscope, two analog oscillators, two 
frequency-to-digital stages and a digital demodulation. 

The applied acceleration in the simulation testbench has 
a constant amplitude and a varying frequency with time. 
The purpose is to simulate the frequency response of the 
FMG-system with an analysis performed in the time 
domain. Fig. 3 shows a detail of the x-axis output (in terms 
of input-referred angular rate) when the acceleration 
frequency sweeps over the range that includes the two 
sensor modes of interest. As predicted by Eq. (5) no effects 
are visible when ߱୼௔௫= 0, i.e. when the frequency of the 

۔ۖەۖ
െ߱௫ଶۓ ൅ ݆ܾ௫߱௫݉௫ െ ݆2Ω௭߱௬ ௔ݔ௔ݕ ݁ି௝ఠ౴௧ ൅ ݇௫݉௫ ൌ ௔݉௫ݔ௫௔ܨ݆ ൅ ܽ௫௔ݔ௔ ݁ି௝ൣఠ౴౗౮௧ାథబ,ೌ೎൧െ߱௬ଶ ൅ ݆ܾ௬߱௬݉௬ ൅ ݆2Ω௭߱௫ ௔ݕ௔ݔ ݁௝ఠ౴௧ ൅ ݇௬݉௬ ൌ ݆ ௔݉௬ݕ௬௔ܨ

(3) 

ቐ߱௫ ൌ ߱଴௫ െ Ω௭݊݅ݏሺ߱୼ݐሻ ൅ ܽ௫௔2߱଴௫ݔ௔ cos൫߱୼ୟ୶ݐ ൅ ߶଴,௔௖൯߱௬ ൌ ߱଴௬ െ Ω௭݊݅ݏሺ߱୼ݐሻ  (5) 

Fig. 3: behavioral model showing the rate error 
induced by an x-axis acceleration occurring at 
frequencies in the range of the two modes. 

۔ۖەۖ
௫ଶ߱ۓ ൌ െ2ߗ௭߱௬ ௔ݔ௔ݕ ሻݐሺ߱௱݊݅ݏ ൅ ݇௫݉௫ ൅ ܽ௫௔ݔ௔ ݐ൫߱௱௔௫ݏ݋ܿ ൅ ߶଴,௔௖൯߱௬ଶ ൌ െ2ߗ௭߱௫ ௔ݕ௔ݔ ሻݐሺ߱௱݊݅ݏ ൅ ݇௬݉௬ (4) 
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acceleration is equal to the resonance frequency ߱୶ of the 
x-axis, excited by the acceleration. A variable response
(depending on the random phase difference between the
acceleration and the oscillation) is instead visible for߱୼௔௫ ൌ ߱୼ i.e. when the frequency of the acceleration is
equal to the resonance frequency ߱୷  of the y-axis (not
excited by the acceleration). In general, an erroneous rate
appears also for accelerations occurring at a frequency
distance from ߱୷ within the bandwidth of the sensor. In
addition, a similar effect is visible for the odd order
harmonics of the mismatch, this being caused by the
square-wave amplitude demodulation.

MEASUREMENTS RESULTS 
The yaw FM gyroscope is first characterized under 

rotational rates: it shows a combined ratiometric scale-
factor of 1.6 Hz/Hz and a 4.5 °/h stability (Fig. 2). 

Fig. 4 shows the used setup for the vibration tests: the 
gyroscope is glued on top of the IC, in turn glued on a 
ceramic carrier. Electrical connections are obtained 
through bonding wires. The carrier is placed on a printed 
circuit board which brings the signal to an external digital 
acquisition board. The system is mounted on the shaker, 
capable of generating wide-spectrum vibrations up to few 
g-units of acceleration. The orientation of the board is such
that vibrations occur along one of the modes of interest (the
x-axis mode), for an initial validation of the proposed
model. The applied vibration amplitude is controlled in
feedback by an auxiliary piezoelectric accelerometer.
Vibrations are swept in time from low frequency (30 Hz,
the minimum applicable by the setup) to almost 40 kHz.
Portions of this range should be avoided due to the presence
of setup modes.

Experimental measurements confirm the model 
predictions over a broad spectrum, showing (i) no effects 

across the spectrum far from the modes (Fig. 5a, left range), 
(ii) no effects for accelerations at the resonance frequency
of the excited x-axis (Fig. 5c), but (iii) evident random
effects (up to 20 dps/g, depending on the random
acceleration phase) for accelerations occurring at the other-
axis frequency or up to a distance from it equal to the mode
split (see the zooms in Fig. 5b and 5d).

Finally, measurements at different amplitudes of 
oscillation along the two gyroscope axes are presented in 
Fig. 6. Here only the frequency range around ࣓ܡ is shown 
(corresponding to subfigure b of Fig. 5). As predicted by 
theory (Eq. 5), doubling the motion amplitude from 2.5 µm 
to 5 µm halves the spurious rate error down to 8 dps/g. On 
the contrary, halving the controlled motion amplitude by a 
factor 2 implies a heavier effect of vibrations by the same 
factor. The obtained values are in general larger than 
corresponding values for tuning-fork-based amplitude 
modulated gyroscopes. 

Fig. 4: picture of the setup including a mini-shaker with 
a reference accelerometer, aligned below the MEMS 
and IC (glued on a carrier), along the vibration axis 
(corresponding to the gyroscope x-axis in this case).

Fig. 6: effects of oscillation amplitude changes on the 
rate error caused by vibrations. As predicted by theory, 
doubling the motion amplitude from 2.5 µm to 5 µm 
halves the rate error down to 8 dps/g. 

Fig. 5: (a) measured system output under accelerations 
from 30 Hz to 40 kHz (2-gpk-pk). As predicted by the 
developed theory, and according to the behavioral 
model, effects are observed only at a frequency split 
(and its odd harmonics) from the axis frequency (b, d), 
with amplitude randomness given by the acceleration 
phase Φ0,ac relative to the split phase ωΔ·t. No effect for 
the x-axis output is visible for an acceleration at its 
resonance frequency (c).
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CONCLUSIONS 
 The presented considerations and evidences on 
rejection of external vibrations highlight a so far 
unconsidered issue for this class of sensors and push for the 
development of FM gyroscopes with either higher 
operating modes [11] and/or larger displacement. 
 Another viable option is the implementation of more 
sophisticated structures with improved vibration rejection 
capabilities. In analogy with AM gyroscopes, the 
development of two-mass structures could be beneficial. 
These structures have already been demonstrated for the 
LFM gyroscope topology [12], and in the future they will 
be tested under vibration disturbances to validate their 
effective robustness on this side. Similarly, quad-mass 
devices, already proposed in the literature [13, 14], will be 
investigated as alternative options – at the cost of an 
increased sensor footprint. 
 If not mitigated, the effects discussed in this work may 
jeopardize the benefits in terms of stability that Lissajous 
FM gyroscopes have demonstrated in previous works.  
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