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A B S T R A C T

We report on the dynamics of graded metamaterials in the context of micro-electromechanical systems (MEMS).
Graded metamaterials are known to exhibit space confinement of mechanical energy - or rainbow trapping - in
response to a tailored wave speed reduction. Such a behavior, in turn, is controlled by a gradual variation of
the resonant characteristics of an array of resonators dressed on a host structure which, as a result, exhibits
arbitrarily slow waves. The paper shows quantitatively that there is an adiabatic limit for the rate of change
of the grading. Below this limit, the rainbow effect takes place with a negligible scattering of energy, which
is otherwise detrimental to practical applications such as harvesting, sensing, and communication. The paper
also paves new ways to manipulate wave motion in MEMS through elastic metamaterials.
1. Introduction

By dressing elastic metamaterials onto host structures, a number of
unusual functionalities, inherently linked to different forms of periodic,
quasiperiodic, and aperiodic tessellations, can be activated. In other
words, one can take advantage of geometrical degrees of freedom to
mold architected systems with unusual characteristics in reciprocal
space, which manifest themselves in physical space through states
with nontrivial topological signature (Moore, 2010; Mousavi et al.,
2015; Huber, 2016; Deng et al., 2022; Miniaci et al., 2018; Riva
et al., 2018; Wang et al., 2015; De Ponti et al., 2023), nonrecipro-
cal waves (Marconi et al., 2020; Palermo et al., 2020), and wave
steering capabilities (Colombi et al., 2016b; Yan and Gao, 2023; Tol
et al., 2017), to name a few. The underlying idea is to tailor specific
tessellations, capable of taming waves through effective dynamical
properties (Antonakakis et al., 2013; Sridhar et al., 2016) impossible
to observe in homogeneous materials, whereby applications at different
scale levels can benefit these new dynamical characteristics and meet
otherwise non-accessible technological needs.

Whilst most examples usually exhibit fixed (non-varying) disper-
sion in physical space, a recent line of work leverages the gradual
modulation of one or more relevant parameters to slow down or speed-
up wave motion (De Ponti et al., 2019; De Ponti, 2021; Chaplain
et al., 2020a; Zhao et al., 2022). This phenomenon – also known as
the rainbow effect (Tsakmakidis et al., 2007) – has been investigated
through different physical platforms and has led to experimental works
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that have propelled the research done in the context of graded meta-
materials (De Ponti et al., 2020, 2021b; Alshaqaq et al., 2022; Chaplain
et al., 2020a,c). The key idea is to take advantage of resonator-structure
interactions to induce a frequency-invariant wavenumber transforma-
tion dictated by the gradual variation of the resonance frequency in
space.

A notable example extensively discussed in the literature consists
of a graded array of resonators rigidly connected atop an elastic half-
space. Such a configuration is known to exhibit the rainbow effect,
whereby the wave, initially accelerated when confined to the bound-
ary, is mode-converted from being localized as a surface wave to a
shear/pressure wave propagating in the bulk of the material (Colombi
et al., 2016a; Chaplain et al., 2020b; Palermo et al., 2016; Alan et al.,
2019). Other forms of graded metamaterials include 1D waveguides
that support a trapping mechanism suitable to confine energy in space
and, hence, convenient for harvesting purposes, e.g. in autonomous
sensors (De Ponti, 2022). We note that the achievable functionalities
of graded materials are not limited to the aforementioned examples
but include a number of rich wave phenomena emerging from a slow
modulation of one or more parameters, such as flexural-to-torsional
mode-conversion (De Ponti et al., 2021a), spatial frequency separa-
tion (Santini et al., 2022), and adiabatic pumping (Riva et al., 2020;
Xia et al., 2021; Grinberg et al., 2020).

It is therefore important to study the conditions under which the
rainbow effect manifests in spatially varying metamaterials and to un-
derstand how the choice of the graded profile influences the underlying
vailable online 20 October 2023
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Fig. 1. Graphical representation of the MEMS spring–mass chain with local resonators.
The system includes a number of masses (external frame) equipped with resonating
masses (colored solids). The ligaments are used as elastic elements to connect host
masses and resonating masses (𝑘𝑟), consecutive host masses (𝑘), and host masses to
ground (𝑘𝑓 ). The colors illustrate that there is a variation of the resonating mass along
𝑥. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

dynamics. Motivated by this, the paper delineates the limiting parame-
ters for a modulation to be considered adiabatic and, hence, suitable to
produce slow waves. In analogy with the temporal counterpart (Santini
and Riva, 2023), the problem is addressed via the adiabatic theorem,
whereby the energy, initially stored in a target mode, is assumed to
leak during nonadiabatic variation of the resonance frequency in space.
The velocity of the transformation is linked to the energy scattering
between the wave modes supported by the waveguide, providing a
machinery to quantify the degree of adiabaticity of the transformation.
Practically, nonadiabatic gradings can generate reflected waves that (i)
reduce the energy that can be potentially trapped, and (ii) alter the
wave field within the material, which is undesired for signal processing
and communication purposes. The above aspects are explored in our
paper and hereafter applied to a MEMS spring–mass chain where,
for simplicity, the resonating mass is varied in space. Our paper also
attempts to bridge the gap between recently explored behaviors at the
macroscale and the physics of metamaterials in microsystems, where
the contribution is limited to a few yet very promising applications (Cha
et al., 2018; Dubček et al., 2021; Marconi et al., 2023).

The paper is organized as follows. Section 2 discusses the simplified
and full-order models employed to perform numerical simulations. A
quantitative condition, which delineates the transition between adia-
batic and nonadiabatic grading, is presented in Section 3. In Section 4
the numerical results are reported and discussed critically, with par-
ticular emphasis on the role of the grading steepness on the rainbow
effect. Concluding remarks are reported in Section 5.

2. Modeling: from MEMS resonators to homogenized continuum

Consider the graded metamaterial illustrated in Fig. 1 and hereafter
studied by means of three visually different yet dynamically equivalent
models, all representing a MEMS spring–mass chain. The latter features
a planar geometry that is dictated by the MEMS production process
(Deep Reactive Ion Etching, DRIE), consisting of the etching of a plane
silicon wafer by means of a plasma jet. In this context, springs are
usually designed as flexible folded beams (Corigliano et al., 2017), as
shown in the inset of Fig. 1. The system is thus tailored to operate at
the micro-scale and, for simulation purposes, obeys the elastodynamic
equations of a solid under plane stress conditions. Such a system can
be represented through an elastic lattice (Fig. 2(a)), where each mass
is regarded as a rigid element. In the low-frequency regime, the elastic
lattice can be homogenized to resemble a rod as shown in Fig. 2(b). This
2

form is more functional to illustrate the role of grading in the formation
of slow waves. To emulate the rainbow effect, a linear distribution
of resonating masses (represented with colors) is hereafter applied to
gradually modify the wavenumber content of the impinging wave,
which is accompanied by a wave speed variable in space.

We start the discussion from Fig. 1, whereby a number of elements
with mass 𝑚 = 116.5 ng are equally spaced by a lattice constant 𝑎 =
205 μm and grounded by way of stiffness elements 𝑘𝑓 = 94.79 N∕m. As
it will be shown, the ground spring is used to obtain a self-sustained
structure and has a relatively low impact on the dispersion relation in
the region of interest. Each element is connected to nearest neighbors
through linear elastic springs 𝑘 = 772.2 N∕m and equipped with a
resonating element characterized by resonance frequency 𝜔𝑟 =

√

𝑘𝑟∕𝑚𝑟
where 𝑘𝑟 = 88.8 N∕m and 𝑚𝑟 are the resonator stiffness and mass,
being this latter variable along 𝑥 to induce the rainbow effect. Note
that the values for 𝑘𝑓 , 𝑘, and 𝑘𝑟 are inherently linked to the geometrical
parameters of the spring and evaluated through a static finite element
analysis. For completeness, we report the relevant values for the beam
lengths 𝑏 = 200 μm, 𝑐 = 42.9 μm 𝑑 = 49.1 μm and 𝑒 = 57 μm,
and respective widths 𝑤𝑐 = 𝑤𝑑 = 2 μm and 𝑤𝑒 = 5 μm. Hence, a
lumped parameter model for such a system can be easily deduced and
represented schematically as done in Fig. 2(a), where 𝑢(𝑛) and 𝑢(𝑛)𝑟 are
the longitudinal motion of the mass element along the chain and the
longitudinal motion of the resonator, respectively.

First and foremost, we provide the equation of motion for such
a system, where each element is considered as a lumped element to
ease numerical simulations. Later, we consider a homogenized version,
which is more suitable to address adiabaticity (Santini and Riva, 2023).
Both models will be validated through COMSOL Multiphysics by way
of a finite element discretization of the system shown in Fig. 1(a).

The elastodynamic equation of motion for the lattice model in
Fig. 2(a) reads:

𝑚�̈�(𝑛) +
(

2𝑘 + 𝑘𝑓
)

𝑢(𝑛) + 𝑘𝑟
(

𝑢(𝑛) − 𝑢(𝑛)𝑟
)

− 𝑘(𝑢(𝑛−1) + 𝑢(𝑛+1)) = 0

𝑚𝑟�̈�
(𝑛)
𝑟 + 𝑘𝑟

(

𝑢(𝑛)𝑟 − 𝑢(𝑛)
)

= 0.
(1)

𝑢(𝑛) are sought in exponential form 𝑢(𝑛) = �̂�(𝑛) e𝑗(𝑛𝜇−𝜔𝑡), where 𝜔 and
𝜇 = 𝜅𝑎 are frequency and dimensionless wavenumber, respectively.
Plugging 𝑢(𝑛) in the governing Eq. (1) gives the following dispersion
relation:

cos𝜇 = 1
2

⎛

⎜

⎜

⎜

⎝

2 + 𝛾𝑓 + 𝛾𝑟 −
𝜔2

𝜔2
0

−
𝛾𝑟

1 − 𝜔2

𝜔2
𝑟

⎞

⎟

⎟

⎟

⎠

, (2)

where 𝜔0 =
√

𝑘∕𝑚. Here, dimensionless quantities 𝛾𝑓 = 𝑘𝑓∕𝑘 and
𝛾𝑟 = 𝑘𝑟∕𝑘 are introduced.

A different approximation for the dispersion relation is achieved
from the homogenized version of the lattice (Fig. 2(b)). As such, the
governing equation is deduced by assuming continuous quantities for
the ground spring and the resonating elements, as well as for the linear
elasticity between nearest neighbors. Moreover, the effective mass is
adopted (Milton and Willis, 2007):

𝑚𝑒𝑓𝑓 = 𝑚 +
𝑚𝑟

1 − 𝜔2

𝜔𝑟(𝑥)2

, (3)

The homogenized governing equation reads:

𝜕
𝜕𝑥

(

𝑘𝑎 𝜕𝑢
𝜕𝑥

)

−
𝑘𝑓
𝑎
𝑢 =

𝑚𝑒𝑓𝑓

𝑎
𝜕2𝑢
𝜕𝑡2

. (4)

The solution is sought in the form 𝑢 (𝑥, 𝑡) = �̂�e𝑗
(

𝜇𝑥
𝑎 −𝜔𝑡

)

, yielding the
dispersion relation:

𝜇2 = −
𝑘𝑓 + 𝜔2𝑚𝑒𝑓𝑓 (5)

𝑘 𝑘
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Fig. 2. (a) Lattice approximation for the MEMS device. (b) Schematic of the homogenized version of the system, whereby the color is representative of a continuous modulation
of the resonating mass in space. The figure shows also schematically that there is a wavenumber transformation in response to the grading.
Fig. 3. (a) Dispersion relation for three different values of resonating mass. The black line is relative to the lattice model, while the red dots are obtained through the homogenized
model. The dispersion curves are also validated through COMSOL Multiphysics (blue dots). (b) Effect of ground spring variation with respect to the nominal value (𝑘𝑓 ). (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
After the introduction of the definition of the effective mass, Eq. (3),
one finds:

𝜇2 = −𝛾𝑓 + 𝜔2

⎛

⎜

⎜

⎜

⎝

1
𝜔2
0

+
𝛾𝑟∕𝜔2

𝑟

1 − 𝜔2

𝜔2
𝑟

⎞

⎟

⎟

⎟

⎠

. (6)

As a matter of fact, the dispersion relation in Eq. (6) can be obtained
from Eq. (2) as the limit case when 𝑎 → 0, that means 𝜇 → 0.

The dispersion relations for the above models and for the finite
element solution synthesized in COMSOL Multiphysics are compared
in Fig. 3(a). The black lines are evaluated through the lattice model,
while the homogenized dispersion is illustrated by way of red dots and,
finally, the COMSOL model is displayed with blue dots. All models
are in good agreement, especially in the neighborhood of the gap,
where the homogenization limit is satisfied. To ease visualization, three
representative dispersion relations are displayed, which correspond to
arrays with fixed 𝜔𝑟 values equal to the starting 𝜔𝑟,𝑖, intermediate 𝜔𝑟,𝑚,
and final 𝜔𝑟,𝑓 values of the grading. We can conclude that all the
models are representative of the same underlying dynamics. Finally,
the dispersion relation upon varying 𝑘𝑓 is reported in Fig. 3(b). The
analysis shows that 𝑘𝑓 has a large influence only at low frequencies,
while the effect close to resonance is limited.

3. Adiabatic limit for a space-graded array of resonators

At this step, it is expected that the rainbow effect manifests if
the resonance frequency 𝜔 = 𝜔 − 𝑣

(

𝑥 −𝑁 𝑎
)

is varied from 𝜔 ,
3

𝑟 𝑟,𝑖 𝑚 𝑖 𝑟,𝑖
to 𝜔𝑟,𝑓 , whereby a frequency-preserving wavenumber transformation
𝜅1

(

𝑁𝑖𝑎
)

→ 𝜅2
(

𝑁𝑓 𝑎
)

takes place along space from 𝑥 = 𝑁𝑖𝑎 to 𝑥 = 𝑁𝑓 𝑎
and is accompanied by a wave speed decrease. Here, 𝑣𝑚 is the steepness
of the grading, 𝑁𝑖𝑎 and 𝑁𝑓 𝑎 are the initial and final positions, and
𝑁𝑖, 𝑁𝑖 are the corresponding mass indices. Such a transformation,
occurring at the excitation frequency 𝜔 and in case of a positive
traveling wave (positive wavenumber), is represented with red dots
and arrows in Fig. 3(a). Note that, if the transformation occurs adia-
batically, wave propagation occurs without energy scattering toward
other states populating the lattice at the same excitation frequency
and for different wavenumbers. In the case at hand, there is only one
additional state at negative wavenumbers, which is represented with
the blue dots and arrows in Fig. 3(a) and constitutes a back-propagating
wave. This aspect is hereafter unfolded and discussed by starting from
the governing Eq. (4) with implied frequency dependence and suitably
combined with the adiabatic theorem to shed light on the role of the
modulation velocity.

Eq. (4) is recast as a system of first-order differential equations in
matrix form:

|𝜳 ,𝑥⟩ = 𝐻 (𝑥, 𝜔) |𝜳 ⟩ |𝜳 ⟩ =
⎛

⎜

⎜

⎝

𝜕𝑢∕𝜕𝑥

𝑢

⎞

⎟

⎟

⎠

𝐻 (𝑥, 𝜔) =
⎡

⎢

⎢

0 −𝑘𝑓+𝑚𝑒𝑓𝑓 (𝑥)𝜔2

𝑘𝑎2
⎤

⎥

⎥

,

(7)
⎣1 0 ⎦
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Fig. 4. (a) Adiabatic limit separating the region where the graded metamaterial is adiabatic (black domain) and nonadiabatic (white domain). The border is defined by exploring
the region of space included within the grading, and upon varying the number of unit elements 𝑁 . The three values for 𝑁 employed in the simulation are marked in red and
also used in (b) to illustrate degree of adiabaticity obtained through Eq. (10).
where an impinging wave with frequency 𝜔 is considered. Here, (.) ,𝑥
stands for 𝜕(.)∕𝜕𝑥 and 𝑚𝑒𝑓𝑓 (𝑥) is the effective dynamic mass density,
which is variable with 𝑥 due to the implied grading law for 𝜔𝑟. Ansatz
in the form |𝜳 ⟩ = |𝝍𝑛⟩e𝑗𝜅𝑥 effectively describe an eigenvalue problem
𝐻 (𝑥, 𝜔) |𝝍𝑅

𝑛 ⟩ = 𝑗𝜅𝑛|𝝍𝑅
𝑛 ⟩ equivalent to the dispersion relation in Eq. (6).

The formulation highlights that, for a given impinging frequency 𝜔,
a pair of states with opposite wavenumbers 𝜅1,2 = ±𝜅 populate the
lattice, corresponding to counter-propagating waves. To ease interpre-
tation, the two states and their evolution in space are marked with
blue/red dots and arrows in Fig. 3(a). The analogy with time-dependent
lattices (Santini and Riva, 2023; Riva et al., 2021) suggests that the
energy, initially injected in 𝜅1 = −𝜅 (i.e., a wave propagating from left
to right), does not leak to 𝜅2 = 𝜅 (i.e. from right to left) if a sufficiently
slow - or adiabatic-modulation is considered. The degree of adiabaticity
is quantified by adapting the adiabatic theorem to make it applicable
to space metagradings (Santini and Riva, 2023; Riva et al., 2021):
|

|

|

|

|

|

|

⟨

𝝍𝐿
2
|

|

|

𝐻(𝑥, 𝜔) ,𝑥
|

|

|

𝝍𝑅
1
⟩

(

𝜅2 − 𝜅1
)2

|

|

|

|

|

|

|

≪ 1, (8)

where |𝝍𝑅
1 ⟩ and ⟨𝝍𝐿

2 | are the left and right eigenvectors relative to
𝜅1,2 = ±𝜅 and suitably normalized such that

⟨
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𝑖
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|
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𝑚𝑒𝑓𝑓𝜔2−𝑘𝑓
𝑘𝑎2

1
√
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⎞

⎟

⎟

⎟
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⟨
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− 1
𝑗
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√

𝑘𝑎2
𝑚𝑒𝑓𝑓𝜔2−𝑘𝑓

1
√

2

)

(9)

Note that the bra-ket notation ⟨𝒂| 𝒃⟩ is equivalent to 𝒂† ⋅𝒃, being 𝒂 and
𝒃 column vectors and (⋅)† the Hermitian conjugate. While ⟨𝒂|𝐴 |𝒃⟩ is
equivalent to 𝒂†𝐴𝒃. Also, the mathematical steps to get to Eq. (8) are
reported in Appendix and discussed in detail.

We are now ready to assess adiabaticity of graded metamaterials
and perform numerical simulations.

4. Numerical results

To support the above discussion, we produce numerical simulations,
where three different modulation steepnesses 𝑣𝑚 are employed, or
equivalently, the number of elements 𝑁 is chosen in order for the
resonators to operate between 𝜔𝑟,𝑖 and 𝜔𝑟,𝑓 . The values for 𝑁 are
chosen across the adiabatic limit, in an attempt to capture how the
4

steepness of the grading 𝑣𝑚 affects the scattering process that takes
place within the material. By way of Eqs. (7)–(9) we get an expression
for the adiabatic limit:
|

|

|

|

|

|

|

𝑚𝑒𝑓𝑓 ,𝑥
𝜔2

8

√

√

√

√

𝑘𝑎2
(

−𝑘𝑓 + 𝑚𝑒𝑓𝑓𝜔2
)3

|

|

|

|

|

|

|

<< 1, (10)

which is a function of space, the steepness of the grading (included
in the term 𝑚𝑒𝑓𝑓 ,𝑥), and the excitation frequency 𝜔 (included in the
terms 𝑚𝑒𝑓𝑓 ,𝑥 and 𝑚𝑒𝑓𝑓 ). In other words, different points along the
MEMS chain are associated with different conditions for adiabaticity.
We remark that also 𝑘𝑓 plays a role in Eq. (10), which has a minimal
influence if the excitation frequency is close to resonance, consistently
with the analysis reported in Fig. 3(b) and since 𝑚𝑒𝑓𝑓 → ∞ if 𝜔 → 𝜔𝑟.

To illustrate the concept of adiabatic limit, the expression in Eq. (10)
is graphically represented in Fig. 4(a) upon varying the number of
resonators 𝑁 , evaluated for an incident wave at frequency 𝜔𝐼𝑁 =
0.88 𝜔𝑟,𝑓 , and plotted along the normalized position 𝑥∕𝐿𝑚, being 𝐿𝑚 =
𝑁𝑎 the total length of the grading region. 𝜔𝐼𝑁 = 0.88 𝜔𝑟,𝑓 is chosen suf-
ficiently below the gap. The domains defined through Eq. (10), and dis-
played in Fig. 4(a), are obtained by way of a thresholding process that
saturates to 0.01, which is considered a reasonable choice to delineate
a border between adiabatic and nonadiabatic transformations.

The black color delineates the regions in which the transformation
occurs adiabatically, while within the white regions the process is
nonadiabatic and, hence, generates scattering. Note that in the figure,
three horizontal lines are marked to show the values employed in the
numerical simulations, hereafter discussed. The corresponding three
spatial evolution of the amplitude defined Eq. (10) are reported in
Fig. 4(b). As expected from prior works on the topic, we observe that
the critical point occurs at spatial regions where the resonant frequency
of the grading approaches the frequency of the impinging wave. In the
limit 𝜔𝑟 → 𝜔𝐼𝑁 , the expression into Eq. (10) goes to infinity and, as
expected, adiabaticity can be met only with infinitely long lattices.

Now, to better illustrate the role of the grading steepnesses on the
phenomenon, a large domain with 𝑁𝑡𝑜𝑡 = 280 elements is employed.
The first 40 cells have a constant resonant frequency 𝜔𝑟 = 𝜔𝑟,𝑖, which
is regarded as the input domain, where the wave is generated. A
second domain with variable size 𝑁 embodies the grading, whereby
the resonator’s frequency is varied between 𝜔𝑟,𝑖 to 𝜔𝑟,𝑓 through a
finite number 𝑁 of MEMS elements. The grading is then connected
to a third domain, where the resonators exhibit a constant frequency
equal to 𝜔𝑟,𝑓 . And finally, 80 elements are added to provide absorbing
boundaries and, hence, prevent undesired reflections.

The wavefields are generated through an input force with a cen-
tral frequency of 𝜔𝐼𝑁 and a number of periods 𝑛 = 20, to provide
narrowband spectrum tone burst excitation sufficiently below the gap
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𝑢

Fig. 5. (a,c,e) wavefields 𝑢 (𝑥, 𝑡) ,𝑥 obtained with 𝑁 = 2, 𝑁 = 10, 𝑁 = 40, where 𝑁 is the number of elements within the grading. The corresponding values for 𝜔𝑟 are displayed
atop the wavefield. (b,d,f) Corresponding spectrograms, where the expected evolution of the wavenumber is marked with dashed lines.
(otherwise an infinitely long system would have been needed to explore
adiabaticity). Figs. 5(a), 5(c), and 5(e) illustrate the results in terms of
deformations of the lattice 𝑢 (𝑥, 𝑡) ,𝑥 for the three aforementioned values
for 𝑁 . The wavefield is later windowed with a moving Gaussian func-

tion 𝐺(𝑥, 𝑥0) = e−
(𝑥−𝑥0)

2

2𝑐2 , where the moving parameter is 𝑥0 ∈
[

0, 𝑁𝑡𝑜𝑡𝑎
]

and 𝑐 is a parameter that determines the width of the Gaussian function.
The windowed wavefield is Fourier transformed in reciprocal space
̂
(

𝜇, 𝜔, 𝑥0
)

,𝑥 and reduced to �̂�
(

𝜇, 𝑥0
)

,𝑥 by taking the 𝐿2 norm along the
frequency dimension. This allows mapping the wavenumber content
into spectrograms, as shown in 5(b), 5(d), and 5(f). In the spectrograms,
negative wavenumbers denote the left-to-right traveling waves, while
positive values represent a wave that is scattered back and propagates
toward the opposite direction. Interestingly, we observe a transition
that takes place when different values of 𝑁 are considered, whereby
the energy, initially injected before the grading, is partially reflected as
5

a back-scattered wave (Figs. 5(a–b)). The transmitted energy is instead
wavenumber-transformed and slowed down, which is the blueprint of
the rainbow effect. When the number of elements is increased to 𝑁 = 10
(Figs. 5(c–d)), the amount of reflection is decreased and more energy is
converted to exhibit a different wavenumber content. For a long array
of elements made of 𝑁 = 40 unit cells (Figs. 5(e–f)), the process can be
considered adiabatic and the amount of scattering is negligible.

5. Conclusions

In this paper, we have used the adiabatic theorem to investigate the
dynamics of graded metamaterials in the context of MEMS spring–mass
chain. In analogy with prior works on time-dependent lattices (Santini
and Riva, 2023), the link between the grading steepness and the rain-
bow effect has been revealed, providing a quantitative condition for the
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wavenumber transformation to occur without scattering. When such a
condition is satisfied, there is the formation of arbitrarily slow waves
emerging from an adiabatic variation of the resonators’ frequency in
space, which are functional for next-generation applications, such as
energy harvesting, communication, and signal processing. This work
also suggests new ways to design spatially graded metamaterials at the
micro-scale.
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Appendix. The adiabatic theorem for propagating waves

The derivation of the adiabaticity condition between state 1 and 2
described through Eq. (8) is herein reported. The discussion starts with
the equation of motion (7) with implied frequency dependence. A solu-
tion is expressed in exponential form |𝜳 ⟩ = |

|

𝝍𝑅
𝑛
⟩

e𝑗𝜅𝑛𝑥, which results in
a space-dependent instantaneous eigenvalue problem 𝐻 (𝑥, 𝜔) |𝝍𝑅

𝑛 ⟩ =
𝑗𝜅𝑛|𝝍𝑅

𝑛 ⟩. The space-varying eigenvalue 𝑗𝜅𝑛 (𝑥) and relative right eigen-
vector |

|

𝝍𝑅
𝑛
⟩

(𝑥) define the dispersion branches for any incident fre-
quency 𝜔. Here 𝑛 = [1, 2], which de facto represents two counter-
propagating waves with opposite wavenumbers 𝜅1 = −𝜅2.

After time modulation takes place, the solution consists of the linear
combination of all available wave modes |𝜳 ⟩ =

∑

𝑛 𝑐𝑛 (𝑥) ||𝝍𝑅
𝑛
⟩

(𝑥) e𝑗𝜃𝑛 ,
where 𝜃𝑛 = ∫ 𝑥

0 𝜅𝑛 (𝜉) 𝑑𝜉 is the geometric phase of the wave and 𝑐𝑛 is the
space-dependent participation factor the 𝑛th wave mode. Plugging this
Ansatz into Eq. (8) and after a few mathematical manipulations (Santini
and Riva, 2023) we get to a space-dependent differential equation for
the coefficients 𝑐𝑟 (𝑥), with 𝑟 = [1, 2]:

𝑐𝑟 ,𝑥 = −
⟨

𝝍𝐿
𝑟 | 𝝍𝑅

𝑟
⟩

𝑐𝑟 −
∑

𝑛≠𝑟

⟨

𝝍𝐿
𝑟
|

|

𝐻 ,𝑥
|

|

𝝍𝑅
𝑛
⟩

𝑗
(

𝜅𝑛 − 𝜅𝑟
) 𝑐𝑛e𝑗(𝜃𝑛−𝜃𝑟) (A.1)

Suppose now the energy is initially injected in the right propagating
wave, i.e., 𝑐1(0) = 1 and 𝑐2(0) = 0. If the integral of the coupling term
in Eq. (A.1) is small, the energy cannot leak toward other states:

∫

𝑥

0

∑

𝑛≠𝑟

⟨

𝝍𝐿
𝑟
|

|

𝐻 ,𝑥
|

|

𝝍𝑅
𝑛

⟩

𝑗
(

𝜅𝑛 − 𝜅𝑟
) 𝑐𝑛e𝑗(𝜃𝑛−𝜃𝑟)𝑑𝜉 = −

∑

𝑛≠𝑟

⟨

𝝍𝐿
𝑟
|

|

𝐻 ,𝑥
|

|

𝝍𝑅
𝑛

⟩

(

𝜅𝑛 − 𝜅𝑟
)2

𝑐𝑛e𝑗(𝜃𝑛−𝜃𝑟)
|

|

|

|

|

|

𝑥

0

+

∫

𝑥

0

𝑑
𝑑𝜉

(

∑

𝑛≠𝑟

⟨

𝝍𝐿
𝑟
|

|

𝐻 ,𝑥
|

|

𝝍𝑅
𝑛

⟩

(

𝜅𝑛 − 𝜅𝑟
)2

𝑐𝑛e𝑗(𝜃𝑛−𝜃𝑟)
)

(A.2)

where the integral term on the right-hand side is negligible since
further integration involves higher-order powers for the term at the
denominator

(

𝜅𝑛 − 𝜅𝑟
)

(Santini and Riva, 2023). We retain the first term
and finally get to:
|

|

|

|

|

|

⟨

𝝍𝐿
𝑟
|

|

𝐻 ,𝑥
|

|

𝝍𝑅
𝑛
⟩

(

𝜅𝑟 − 𝜅𝑛
)2

|

|

|

|

|

|

≪ 1 (A.3)

which represents the limiting condition in order for the energy, initially
6

injected into the 𝑟th wave mode, not to leak to the 𝑛th state.
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