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 a b s t r a c t

Standard isoparametric 8-node hexahedral Finite Elements (FEs) are among the most widely used 
elements for the simulation of 3D problems. While these elements provide excellent results in the 
case of regular meshes, their accuracy may deteriorate with increasing distortion, finally failing 
in the case of degenerate elements, where the Jacobian determinant of the geometry mapping 
vanishes inside the element. In the case of simulation domains of complex geometries, the gener-
ation of a mesh of regular or only mildly distorted brick elements can be extremely difficult and 
time consuming, and in some cases it is even impossible to obtain a mesh free of degenerate ele-
ments. Three-dimensional Virtual Elements (VEs) are well known to be highly robust with respect 
to extreme element distortion; however, at least in the conforming setting, they are restricted to 
polyhedral elements with planar faces. To enhance the usability of VEs and to make possible 
their integration in meshes of FE isoparametric bricks, thus significantly reducing the meshing 
time, in this work we formulate a new 8-node, order 1, hexahedral VE with curved faces, that 
we name virtual brick. With reference to a simple reaction-diffusion problem, it is shown that 
the proposed element is convergent and fully compatible with regular 8-node isoparametric FEs. 
Furthermore, the integrals on the element faces and volume can be computed using the standard 
Gauss quadrature rules of the isoparametric FE, a property of great importance in the case of 
nonlinear problems. All these properties hold also in the degenerate case, as long as the virtual 
brick faces do not intersect with each other.

1.  Introduction

In engineering applications, the standard isoparametric Finite Element Method (i.e. based only on primal variational formulations) 
is one of the most widely used and effective approaches for solving partial differential equations. Its popularity stems from its 
flexibility in handling complex geometries and its direct implementation within the Galerkin framework. However, the performance 
of the isoparametric FEM depends on the mesh quality, and it faces significant challenges when the elements deviate from an ideal 
configuration.

The most common types of elements used for practical engineering continuum-based problems are isoparametric triangles or 
quadrilaterals in 2D and tetrahedral or hexahedral elements in 3D. Despite the fact that hexahedral mesh generation algorithms are less 
general and effective (for a complex model, creating a hexahedral mesh can take much longer than a corresponding tetrahedral mesh 
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$\Pi _1^\nabla $


$\Reals ^3$


$\Reals ^2$


$i,j,k,\dots $


$\a ,\b ,\dots $


$\Bhat :=[-1,+1]^3\subset \Reals ^3$


$\Vhat _i=(\u _i,\v _i,\w _i)$


$i=1,\dots ,8$


\begin {align}\begin {split} &\Vhat _1=\begin {bmatrix}-1\\-1\\-1\end {bmatrix},\
\Vhat _2=\begin {bmatrix}+1\\-1\\-1\end {bmatrix},\
\Vhat _3=\begin {bmatrix}+1\\+1\\-1\end {bmatrix},\
\Vhat _4=\begin {bmatrix}-1\\+1\\-1\end {bmatrix}\ \\ &\Vhat _5=\begin {bmatrix}-1\\-1\\+1\end {bmatrix},\
\Vhat _6=\begin {bmatrix}+1\\-1\\+1\end {bmatrix},\
\Vhat _7=\begin {bmatrix}+1\\+1\\+1\end {bmatrix},\
\Vhat _8=\begin {bmatrix}-1\\+1\\+1\end {bmatrix}. \end {split} \label {eq:vertices_of_reference_cube}\end {align}


$\N _i(\u ,\v ,\w )$


$\Bhat $


\begin {align}\N _i(\u ,\v ,\w ):=\dfrac {1}{8}(1+\u _i\u )(1+\v _i\v )(1+\w _i\w ) \label {Xeqn2-2}\end {align}


$\N _i(\Vhat _j)=\delta _{ij}$


$V_i$


$i=1,\dots ,8$


$\Reals ^3$


$\vF : \Bhat \rightarrow \Reals ^3$


\begin {align}\vF (\u ,\v ,\w ) := \sum _{i=1}^8 \N _i(\u ,\v ,\w )V_i. \label {eq:map F}\end {align}


$\vF (\Vhat _i)=V_i$


$\detJF (\u ,\v ,\w )>0$


$(\u ,\v ,\w )\in \Bhat $


$\vF : \Bhat \rightarrow \vF (\Bhat )$


$\B $


$\Bhat $


$\vF $


$\B :=\vF (\Bhat )$


$\B $
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$\Bhat $


$\vF $


$\detJF (\u ,\v ,\w )>0$


$(\u ,\v ,\w )\in \Bhat $


$\vF $


$(\u ,\v ,\w )$


$\u \v ^2\w $


$\u ^2\w $


$\u ^2\v ^2\w $


$V_i$


$\detJF $


$\B $


$\mathbb {Q}_1$


$\myphi _i(x,y,z)$


\begin {align}\myphi _i(x,y,z):=\N _i(\u ,\v ,\w ) \label {Xeqn4-4}\end {align}


$\vF (\u ,\v ,\w )=(x,y,z)$


\begin {align}\nabla _{(x,y,z)}\myphi _i(x,y,z)=\JF ^{-\text {T}}(x,y,z) \nabla _{(\u ,\v ,\w )}\N _i(\u ,\v ,\w ). \label {Xeqn5-5}\end {align}


$\Bhat $


$\Q \subset \Reals ^2$


$V_\a =(x_\a ,y_\a )$


$\a =1,\dots ,4$


$\Qhat =[-1,+1]\times [-1,+1]$


$\Vhat _\alpha =(\u _\a ,\v _\a )$


$\Qhat $


$(\u _1,\v _1)=(-1,-1)$


$(\u _2,\v _2)=(+1,-1)$


$(\u _3,\v _3)=(+1,+1)$


$(\u _4,\v _4)=(-1,+1)$


$\N _\a (\u ,\v )$


\begin {align}\N _\a (\u ,\v ) := \dfrac {1}{4}(1+\u _\a \u )(1+\v _\a \v ). \label {eq:defNa}\end {align}


$\vFt : \Qhat \rightarrow \Reals ^2$


\begin {align}\vFt (\u ,\v )=\sum _{\a =1}^4 \N _\a (\u ,\v )V_\a . \label {eq:map F2}\end {align}
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$\Q $


$\Q $
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$\Bhat $


$\vF $
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$\w \equiv 1$
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$[-1,+1]^2$


$\face $


$\B $


$\vF _{|\w \equiv 1}$


$\vF _{|\w \equiv 1}$


$\face $


$\Vf _\a $


$\a =1,\dots ,4$


$\Reals ^3$


$\face $


$\B $


$\vFf : \Qhat \rightarrow \Reals ^3$


\begin {align}\vFf (\u ,\v ) := \sum _{\a =1}^4 \Nf _\a (\u ,\v )\Vf _\a \label {eq:map-Ff}\end {align}


$\Nf _\a $


$\face $


$\vFf $


$\vF $


$\Bhat $


$\vFf : \Qhat \rightarrow \vFf (\Qhat )$


$\face =\vFf (\Qhat )$


$\vFf : \Qhat \rightarrow \vFf (\Qhat )$


$\B $


$\Bhat $


$\Vhat _1$


$\Vhat _7$


$\vFf : \Qhat \rightarrow \vFf (\Qhat )$


$\B $


$\face = \vFf (\Qhat )$


$\vF $


$\vF $


$\B $


$\Bhat $


$\vF $


$\vF (\Bhat )$


$\B $


$\vFf $


$\face $


$\vFf : \Qhat \rightarrow \vFf (\Qhat )$


$\vFf $


$\Vf _\a =(x_\a ,y_\a ,z_\a )$


$\a =1,\dots ,4$


$\vFf =(\Ffx ,\Ffy ,\Ffz )$


\begin {align}\Ffx (\u ,\v )=\sum _{\a =1}^4 \Nf _\a (\u ,\v )\,x_\a ,\
\Ffy (\u ,\v )=\sum _{\a =1}^4 \Nf _\a (\u ,\v )\,y_\a ,\
\Ffz (\u ,\v )=\sum _{\a =1}^4 \Nf _\a (\u ,\v )\,z_\a . \label {eq:map-Ff-components}\end {align}


$\Nf _\a (\u ,\v )$


\begin {align}1 = \sum _{\a =1}^4\Nf _\a (\u ,\v ),\quad \u = \sum _{\a =1}^4\u _\a \Nf _\a (\u ,\v ),\quad \v = \sum _{\a =1}^4\v _\a \Nf _\a (\u ,\v ). \label {eq:barycentric-coordinates}\end {align}


$\vP =(P_x,P_y,P_z)$


$\face =\vFf (\Qhat )$


$(\u ,\v )$


$\Qhat $


$\vFf (\u ,\v )=\vP $


\begin {align}\begin {bmatrix} 1 \\ P_x \\ P_y \\ P_z \end {bmatrix} = \begin {bmatrix} 1 & 1 & 1 & 1\\ x_1 & x_2 & x_3 & x_4 \\ y_1 & y_2 & y_3 & y_4 \\ z_1 & z_2 & z_3 & z_4 \end {bmatrix} \begin {bmatrix} \Nf _1(\u ,\v ) \\ \Nf _2(\u ,\v ) \\ \Nf _3(\u ,\v ) \\ \Nf _4(\u ,\v ) \end {bmatrix}. \label {eq:F=AN}\end {align}


$V_i$


$V_\a $


$\N _\a (\u ,\v )$


$\vP $


$\sum _{\a =1}^4(-1)^\a \Nf _\a (\u ,\v )=-\u \v $


\begin {align}\begin {bmatrix} 1 \\ \u \\ \v \\ -\u \v \end {bmatrix} = \begin {bmatrix} +1 & +1 & +1 & +1\\ -1 & +1 & +1 & -1 \\ -1 & -1 & +1 & +1 \\ -1 & +1 & -1 & +1 \end {bmatrix} \begin {bmatrix} \Nf _1(\u ,\v ) \\ \Nf _2(\u ,\v ) \\ \Nf _3(\u ,\v ) \\ \Nf _4(\u ,\v ) \end {bmatrix} \label {Xeqn12-12}\end {align}


$16\neq 0$


$\vP =(\Ffx (\u ,\v ),\Ffy (\u ,\v ),\Ffz (\u ,\v ))\in \face $


$\face $


$(\u ,\v )\in \Qhat $


$\vFf $


$\Vf _\a $


$\mR $


$\Reals ^3$


$\Vf _\a $


$\mR $


$\vFf $
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$(x,y)$


$\vFf $


$\Reals ^2$


$\VVEM (\B )$
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$\VVEMtilde (\B )$


$\PNU $


$\VVEM (\B )$


$\VVEMtilde (\B )$


$\PNU $


$\PNU $


$L^2$


\begin {align}\PZU \vh =\PNU \vh \label {eq:PNU=PZU}\end {align}


\begin {align}\left \{ \begin {aligned} -\div (\mD \nabla u) + \reaction u &= f \quad \text { in }\Omega \\ u &= g \quad \text { on }\partial \Omega \end {aligned} \right . \label {eq:poisson}\end {align}


$\VVEMtilde (\B )$


$\VISO (\face )$


$\VISO (\face )$


$\B $


$\mathbb {Q}_1$


$\B $


$\vF $


\begin {equation*}\VISO (\B ) := \{ \vh : \B \longrightarrow \Reals \text { such that $\vh \circ \vF $ is trilinear in $(\u ,\v ,\w )$} \}.\end {equation*}


$\face $


$\B $


$\face $


$\face $


$\VISO (\B )$


\begin {align}\VISO (\face )=\{ g_h : \face \rightarrow \Reals \text { such that } g_h\circ \vFf \text { is bilinear in $(\u ,\v )$}\}, \label {eq:face-space}\end {align}


$\vFf $


$\vF $


$\Bhat $


$\VISO (\face )$


$g_h\in \VISO (\face )$


$\face $


$g_h\in \VISO (\face )$


$g_h\circ \vFf $


$\N _\a $


\begin {equation*}g_h(\vFf (\u ,\v ))=\sum _{\a =1}^4 c_\a \Nf _\a (\u ,\v )\end {equation*}


$(\u ,\v )=\Vhatf _{\b }$


$c_\b =g_h(\Vf _\b )$


$\VISO (\face )$


$\vF $


$\VISO (\face )$


$\face $


$\face $


$\B $


$\face $


$\VISO (\face )$


$\face $


$\face $


$\VISO (\face )$


$\face $


$p_1(x,y,z)=a+bx+cy+dz$


\begin {equation*}(p_1\circ \vFf )(\u ,\v )=a+b\,\Ffx (\u ,\v )+c\,\Ffy (\u ,\v )+d\,\Ffz (\u ,\v )\end {equation*}


$(\u ,\v )$


${p_1}_{|\face }\in \VISO (\face )$


$\face $


$\VISO (\face )$


$\VISO (\face )$


$\face $


$\face $


$1$


$x$


$y$


$z$


$\VISO (\face )$


\begin {equation*}1\circ \vFf =1,\quad x\circ \vFf =\Ffx ,\quad y\circ \vFf =\Ffy ,\quad z\circ \vFf =\Ffz \end {equation*}


$\vFf $


$1$


$\Ffx $


$\Ffy $


$\Ffz $


$\Qhat $


\begin {align}\begin {bmatrix} 1 \\ \Ffx \\ \Ffy \\ \Ffz \end {bmatrix} = \begin {bmatrix} 1 & 1 & 1 & 1\\ x_1 & x_2 & x_3 & x_4 \\ y_1 & y_2 & y_3 & y_4 \\ z_1 & z_2 & z_3 & z_4 \end {bmatrix} \begin {bmatrix} \Nf _1 \\ \Nf _2 \\ \Nf _3 \\ \Nf _4 \end {bmatrix} \label {eq:F=AN-bis}\end {align}


$\Vf _\a =(x_\a ,y_\a ,z_\a )$


$\face $


$\Nf _1$


$\Nf _2$


$\Nf _3$


$\Nf _4$


$\face $


$\face $


$\face $


$\VISO (\face )$


$\VVEM (\face )$


\begin {align}\VVEM (\face ) := \VISO (\face ). \label {eq:faceVEM=faceISO}\end {align}


$\VVEMtilde (\B )$


$B_1(\partial \B )$


$\VVEM (\face )$


\begin {equation*}B_1(\partial \B ) := \{ g_h : \partial \B \longrightarrow \Reals \text { such that } g_h\in C^0(\partial \B ) \text { and } g_{h|\face }\in \VVEM (\face )\text { for all faces }\face \}.\end {equation*}


$\VVEMtilde (\B )$


$\B $


$B_1(\partial \B )$


\begin {align}\VVEMtilde (\B ): = \{ v_h : \B \longrightarrow \Reals \text { such that } {v_h}_{|\partial \B }\in B_1(\partial \B )\text { and } \Delta v_h\in \Poly \}. \label {eq:local-space}\end {align}


$\VVEMtilde (\B )$


$\VVEMtilde (\B )$


$8+4=12$


$\vh \in \VVEMtilde (\B )$


$\vh (V_i)$


$\B $


$\mathbb {Q}_1$


$\dim B_1(\partial \B )=8$


$\dim \Poly =4$


$\VVEMtilde (\B )$


$\dim \VVEMtilde (\B )=12$


$\VVEMtilde (\B )$


\begin {equation*}\left \{ \vh (V_i)=0,\ i=1,\dots ,8 \quad \text {and}\quad \intB \vh \,p_1\dvx =0 \text { for all }p_1\in \Poly \right \} \quad \text {implies}\quad \vh \equiv 0.\end {equation*}


$\vh (V_i)=0$


${\vh }_{|\partial \B }=0$


$|\vh |_{1,\B }^2$


\begin {equation*}|\vh |_{1,\B }^2 = \intB |\nabla \vh |^2\dvx = -\intB \Delta \vh \,\vh \dvx +\intdB \dfrac {\partial \vh }{\partial \vn }\,\vh \dS .\end {equation*}


$\Delta \vh \in \Poly $


${\vh }_{|\partial \B }=0$


$\nabla \vh \equiv 0$


$\vh $


$\partial \B $


$\Poly \subset \VVEMtilde (\B )$


${p_1}_{|\partial \B }\in B_1(\partial \B )$


$\Delta p_1\equiv 0$


$\PNU $


$\PNU $


$\vh \in \VVEMtilde (\B )$


$\Poly $


$\PNU $


$H^1_0(\B )$


\begin {align}\intB [\nabla \PNU \vh ]\cdot \nabla p_1\dvx =\intB \nabla \vh \cdot \nabla p_1\dvx \quad \text {for all }p_1\in \Poly . \label {eq:pinabla}\end {align}


$\PNU $


\begin {align}\dfrac 18\sum _{i=1}^8[\PNU \vh ](V_i)=\dfrac 18\sum _{i=1}^8\vh (V_i); \label {eq:fix-constants}\end {align}


$\nabla [\PNU \vh ]$


\begin {align}\nabla [\PNU \vh ]=\mintB \nabla \vh \dvx \label {eq:nablaPNUvh}\end {align}


$\PNU \vh $


\begin {align}[\PNU \vh ](\vx )=\left [\mintB \nabla \vh \dvx \right ] \cdot (\vx -\Vbarv )+{\bar v}_h \label {eq:PN-explicit-expression}\end {align}


$\Vbarv :=\frac 18\sum _{i=1}^8V_i$


$\B $


${\bar v}_h:=\frac 18\sum _{i=1}^8\vh (V_i)$


$\B $


$\vh $


$\vh $


\begin {equation*}\intB \nabla \vh \dvx =\intdB \vh \vn \dS = \sum _{\face }\left \{\sum _{\a =1}^4\vh (\Vf _\a )\intQhat \Nf _\a (\u ,\v ) \left (\ndS \right )\du \dv \right \}.\end {equation*}


$\PNU \vh $


$\vh $


$\vh $


$\B $


$\PZZ $


$L^2$


\begin {align}\nabla [\PNU \vh ] =\PZZ [\nabla \vh ]. \label {eq:NABLAPN=PZNABLA}\end {align}


$\VVEM (\B )$


$\VVEM (\B )$


$\VVEMtilde (\B )$


$\vh $


$\PNU \vh $


\begin {equation*}\VVEM (\B )=\{\vh \in \VVEMtilde (\B )\text { such that } \intB \vh \, p_1\dvx = \intB \PNU \vh \, p_1\dvx \text { for all $p_1$}\in \Poly \}.\end {equation*}


$\displaystyle \intB \vh \, p_1\dvx =\intB \PZU \vh \, p_1\dvx $
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$\VVEMtilde (\B )$
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$\dim \Poly =4$
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\begin {equation*}\dim \VVEM (\B )\ge \dim \VVEMtilde (\B )-4=8.\end {equation*}


$\VVEM (\B )$
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$x^\alpha y^\beta z^\gamma $
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\begin {align}x^\alpha y^\beta z^\gamma = \div \left (\dfrac {1}{\alpha +1}x^{\alpha +1} y^\beta z^\gamma \ve _1\right ) \label {Xeqn23-23}\end {align}


$\ve _1=(1,0,0)^T$


\begin {align}\intB x^\alpha y^\beta z^\gamma \dvx &= \intB \div \left (\dfrac {1}{\alpha +1}x^{\alpha +1} y^\beta z^\gamma \ve _1\right )\dvx = \notag \\ &= \dfrac {1}{\alpha +1}\intdB x^{\alpha +1} y^\beta z^\gamma (\ve _1\cdot \vn ) \dS = \dfrac {1}{\alpha +1}\sum _{\face } \intf x^{\alpha +1} y^\beta z^\gamma (\ve _1\cdot \vnf ) \dS .\end {align}
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\begin {align}\intf x^{\alpha +1} y^\beta z^\gamma \left (\ve _1\cdot \vnf \right )\dS = \intQhat \Ffx (\u ,\v )^{\alpha +1}\Ffy (\u ,\v )^{\beta }\Ffz (\u ,\v )^{\gamma } \left [\ve _1\cdot \left (\ndS \right )\right ]\du \dv , \label {eq:27}\end {align}
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\begin {align}\intB f(\vx )\dvx = \intBhat f(\vF (\vu ))\, \detJF (\vu ) \dvu . \label {eq:change-of-variable-3}\end {align}
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\begin {align}\intB p\dvx =\intB \text {div}\,\vP \dvx =\intdB \vP \cdot \vn \dS = \sum _{\face }\intQhat \vP (\vF ^\face (\u ,\v ))\cdot \left (\ndS \right )\du \dv . \label {eq:first-expression}\end {align}
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\begin {align}\intB p \dvx = \intBhat p(\vF (\vu ))\, \detJF (\vu ) \dvu \quad \text {(for $\B $ regular)}. \label {eq:second-expression}\end {align}
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$V_i$


$\B $


$f$


$\B $


$\pLS \in \Poly $


$f(V_i)$


\begin {align}\sum _{i=1}^8 \big |f(V_i)-\pLS (V_i)\big |^2 \text { is minimum}. \label {Xeqn31-33}\end {align}


$\B $


\begin {align}\intB f(\vx )\dvx \approx \intB \pLS (\vx )\dvx . \label {Xeqn32-34}\end {align}


$f$


$\Poly $


$\pLS \equiv f$


$\omegaLS _i$


$\piLS _i$


$\Poly $


$\delta _{ij}$


\begin {align}\piLS _i(V_i)\approx 1,\quad \piLS _i(V_j)\approx 0 \quad \text {for }j\neq i. \label {Xeqn33-35}\end {align}


$\pLS $


$\piLS _i(\vx )$


\begin {align}\label {eq:pd} \pLS (\vx )=\sum _{i=1}^{8} f(V_i)\, \piLS _i(\vx )\end {align}


\begin {align}\label {eq:int_rule} \intB \pLS (\vx )\dvx = \sum _{i=1}^{8} f(V_i) \intB \piLS _i(\vx )\dvx .\end {align}


$\omegaLS _i$


\begin {align}\omegaLS _i=\intB \piLS _i\dvx . \label {eq:omegaLS}\end {align}


$\mD =\mD (x,y,z)$


$3\times 3$


$\reaction =\reaction (x,y,z)$


\begin {align}\left \{ \begin {aligned} &\text {find }u\in H^1_g(\Omega ), \text { such that}\\ &a(u,v)=F(v)\text { for all }v\in H^1_0(\Omega ) \end {aligned} \right . \label {Xeqn38-40}\end {align}


$H^1_g(\Omega ):=\{ v\in H^1(\Omega ) \text { such that $u=g$ on $\partial \Omega $}\}$


\begin {align}a(u,v)=\int _\Omega \big (\mD \nabla u \cdot \nabla v + \reaction u v \big )\dvx , \qquad F(v)=\int _\Omega f v \dvx . \label {Xeqn39-41}\end {align}


$\Omega $


$\B $


$V_h$


$V_{h,g}$


\begin {align}V_h=\{ v\in H^1(\Omega )\text { such that } v_{|\B }\in \VVEM (\B )\} \label {Xeqn40-42}\end {align}


\begin {align}V_{h,g}=\{ v\in V_h \text { such that } v_{|\partial \Omega }=g_h\} \label {Xeqn41-43}\end {align}


$\face $


$g_h$


$g$


$\face $


\begin {align}\label {eq:discrete_problem} \left \{ \begin {aligned} &\text {find $u_h\in V_{h,g}$ such that}\\ &\text {$a_h(u_h,v_h)=F_h(v_h)$ for all $v_h\in V_{h,0}$} \end {aligned} \right .\end {align}


$a_h(u_h,v_h)$


$F_h(v_h)$


\begin {align}a_h(u_h,v_h) = \sum _{\B }a^\B _h(u_h,v_h),\quad F_h(v_h) = \sum _\B F^\B _h(v_h) \label {Xeqn43-45}\end {align}


$a^\B _h$


$F_h^\B $


\begin {align}a_h^\B (u_h,v_h)\approx \intB \big (\mD \nabla u_h \cdot \nabla v_h + \reaction u_h v_h \big )\dvx \quad \text {and}\quad F_h^\B (v_h)\approx \intB f v_h \dvx . \label {Xeqn44-46}\end {align}


$\B $


$\mKvem ^\B $


$\vbvem ^\B $


\begin {equation*}\mKvem _{ij}^\B := a_h^\B (\myphi _j,\myphi _i), \quad \vbvem ^\B _i := F_h^\B (\myphi _i), \quad i,j=1,\dots ,8.\end {equation*}


$\intB \mD \nabla \myphi _j\cdot \nabla \myphi _i\dvx $


$\myphi _i$


$\B $


$\PNU $


\begin {align}\intB \mD \nabla \myphi _j\cdot \nabla \myphi _i\dvx \approx \intB \mD \nabla [\PNU \myphi _j]\cdot \nabla [\PNU \myphi _i]\dvx = \intB \mD \PZZ [\nabla \myphi _j]\cdot \PZZ [\nabla \myphi _i]\dvx \label {eq:consistency}\end {align}


$\PZZ $


$\nabla \myphi _j$


$\PZZ [\nabla \myphi _j]$


\begin {align}h_\B \, \dfrac {\trace (\mD _\B )}{3}\, \sum _{k=1}^8 \dof _k(\myphi _j - \PNU \myphi _j)\, \dof _k(\myphi _i - \PNU \myphi _i), \label {eq:dofi-dofi}\end {align}


$\dof _k(\vh ) := \vh (V_k)$


$k$


$\vh $


$h_\B $


$\B $


$\mD _\B $


$\mD $


$\B $


$\nabla \myphi _i$


$\vPstar (x,y,z)$


\begin {align}\int _\B \mD \PZS [\nabla \myphi _j] \cdot \PZS [\nabla \myphi _i]\dvx \label {eq:Pstar-matrix}\end {align}


$\PZS [\nabla \vh ]$


$\vh $


$\vPstar $


$\PZS [\nabla \vh ]$


\begin {equation*}\intB \PZS [\nabla \vh ]\cdot {\vq }_*\dvx = \intB \nabla \vh \cdot {\vq }_*\dvx \quad \text {for all $\vq _*\in \vPstar $}.\end {equation*}


\begin {equation*}\intB \nabla \vh \cdot \vq _*\dvx = - \intB \vh \,\div \vq _*\dvx + \intdB \vh \vq _*\cdot \vn \,\dS .\end {equation*}


$\div \vq _*=0$


$\vh $


$\B $


$\vPstar $


$m$


\begin {equation*}\textbf {P}_\star :=\nabla \Hm =\{\nabla p_{m}^{\textsc {h}},\text { with } p_{m}^{\textsc {h}}\in \mathbb {P}_m(x,y,z)\text { and }\Delta p_{m}^{\textsc {h}}=0\}.\end {equation*}


$\nabla \Hm $


$\nabla \Hm $


$(m+1)^2-1$


$m=2$


$7$


$\dim (\vPstar )\ge 7$


$m=2$


$\nabla \mathcal {H}_{\le 2}$


$(2+1)^2 - 1 = 8$


$\nabla \mathcal {H}_{\le 2}$


$\vPstar $


$\B $


$\B $


$\Bhat $


$\Psih $


$\Psih (x,y,z)=xyz$


$\Psih $


$(-1)^i$


$V_i$


$i=1,2,3,4$


$(-1)^{i+1}$


$i=5,6,7,8$


$\Psih $


$+1$


$-1$


$\Psih $


$\pm \u \v $


$\PZS [\nabla \Psih ]=0$


$\ptwoh \in \mathcal {H}_{\le 2}$


\begin {equation*}\intBhat \nabla \Psih \cdot \nabla \ptwoh \dvx =0.\end {equation*}


\begin {equation*}\intBhat \nabla \Psih \cdot \nabla \ptwoh \dvx = -\intBhat \Psih \,\underbrace {\Delta \ptwoh }_{=0}\dvx +\sum _{\face }\intf \Psih \,\dfrac {\partial \ptwoh }{\partial \vn }\dS = \sum _{\face }\intf \Psih \,\dfrac {\partial \ptwoh }{\partial \vn }\dS ,\end {equation*}


$\Delta \ptwoh \equiv 0$


$\Bhat $


$[-1,+1]^3$


$(\u ,\v )$


$\Psih $


$\pm \,\u \v $


$\dfrac {\partial \ptwoh }{\partial \vn }$


$\u $


$\v $


$[-1,+1]^2$


$\pm \,\u \v $


$\u $


$\v $


$\Psih (V_i)$


\begin {equation}\sum _{j=1}^8 \left [\intBhat \mD \,\PZS [\nabla \myphi _j] \cdot \PZS [\nabla \myphi _i]\dvx \right ]\Psih (V_j) = \intBhat \mD \,\PZS \nabla \left [\sum _{j=1}^8\Psih (V_j)\myphi _j\right ] \cdot \PZS [\nabla \myphi _i]\dvx = \intBhat \mD \,\underbrace {\PZS [\nabla \Psih ]}_{=0} \cdot \PZS [\nabla \myphi _i]\dvx = 0.\end {equation}


$L^2$


$\nabla \VVEM (\Bhat )$


$\nabla \mathcal {H}_{\le 2}$


$m=3$


$m=3$


$\vPstar = \nabla \mathcal {H}_{\le 3}$


$(3+1)^2 - 1 = 15$


$\mathbb {Q}_1$


$\vPstar $


$\nabla \mathcal {H}_{\le 3}$


$\left [\begin {array}{@{}c@{}}1\\0\\0\end {array}\right ], \left [\begin {array}{@{}c@{}}0\\1\\0\end {array}\right ], \left [\begin {array}{@{}c@{}}0\\0\\1\end {array}\right ]$


$\left [\begin {array}{@{}c@{}}0\\z\\y\end {array}\right ], \left [\begin {array}{@{}c@{}}-x\\2\,y\\-z\end {array}\right ], \left [\begin {array}{@{}c@{}}z\\0\\x\end {array}\right ], \left [\begin {array}{@{}c@{}}y\\x\\0\end {array}\right ], \left [\begin {array}{@{}c@{}}2\,x\\-y\\-z\end {array}\right ];$


$\left [\begin {array}{@{}c@{}}2\,x\,z\\-8\,y\,z\\x^2-4\,y^2+3\,z^2\end {array}\right ], \left [\begin {array}{@{}c@{}}2\,x\,y\\x^2-2\,y^2+z^2\\2\,y\,z\end {array}\right ], \left [\begin {array}{@{}c@{}}3\,x^2-4\,y^2+z^2\\-8\,x\,y\\2\,x\,z\end {array}\right ],$


$\left [\begin {array}{@{}c@{}}-8\,x\,z\\2\,y\,z\\-4\,x^2+y^2+3\,z^2\end {array}\right ], \left [\begin {array}{@{}c@{}}-8\,x\,y\\-4\,x^2+3\,y^2+z^2\\2\,y\,z\end {array}\right ], \left [\begin {array}{@{}c@{}}-2\,x^2+y^2+z^2\\2\,x\,y\\2\,x\,z\end {array}\right ], \left [\begin {array}{@{}c@{}}y\,z\\x\,z\\x\,y\end {array}\right ].$


$\B $


\begin {align}\label {eq:react} \intB \reaction \,\myphi _j \myphi _i\dvx \approx \sum _{k=1}^8 \reaction (V_k) \,\myphi _j(V_k)\,\myphi _i(V_k)\,\omegaLS _k= \sum _{k=1}^8 \reaction (V_k) \,\delta _{jk}\,\delta _{ik}\,\omegaLS _k= \begin {cases} \reaction (V_i)\, \omegaLS _i & \text {if $i=j$} \\ 0 & \text {if $i\neq j$} \end {cases}\end {align}


\begin {align}\label {eq:load} \intB f \myphi _i \dvx \approx \sum _{k=1}^8 f(V_k) \,\myphi _i(V_k)\,\omegaLS _k = \sum _{k=1}^8 f(V_k) \,\delta _{ik}\,\omegaLS _k = f(V_i)\,\omegaLS _i\end {align}


$\omegaLS _k$


$\myphi _i$


$L^2$


$\Pi ^0_1 \myphi _i$


\begin {align}\label {eq:react-load2} \intB \reaction \,\myphi _j \myphi _i\dvx \approx \intB \reaction \,(\Pi ^0_1 \myphi _j)\,(\Pi ^0_1 \myphi _i)\dvx , \qquad \intB f \myphi _i \dvx \approx \intB f \,\Pi ^0_1 \myphi _i\dvx .\end {align}


$\omegaLS _k$


$\left \{\Th \right \}_{h>0}$


$h$


$h_\B $


$\B \in \Th $


$\rho >0$


$h$


$\B \in \Th $


$B_r$


$\vx _0\in \B $


$r$


$\rho \, r\geq h_\B $


$r$


$\B $


$\gamma >0$


$h$


$\B \in \Th $


$\face $


$\B $


$\sqrt {{\rm Area}(\face )}\geq \gamma \, h_\B $


$e$


${\rm Length}(e)\geq \gamma \, h_\B $


$\sigma $


$1\geq \sigma >0$


$h$


$\B \in \Th $


$\vv \in {\mathbb R}^3$


$V_j\in \B $


\begin {align}\label {eq:H2} (V_j-\vx _0)\cdot \vv \geq \sigma \,|V_j-\vx _0|\, |\vv | \quad \text { ($\vx _0$ as in {\bf H1} above)}.\end {align}


$u$


$u_I$


$\vx _0$


$\psi : \B \to \Reals $


\begin {align}\label {eq:quad_err} \intB \psi (\vx )\dvx - \intB \pLS (\vx )\dvx = \intB \psi (\vx )\dvx - \sum _{i=1}^{8} \psi (V_i) \intB \piLS _{i}\dvx .\end {align}


$L^\infty (\B )$


$\psi \longrightarrow \pLS $


$\B $


$\psi \in L^\infty (\B )$


\begin {align}\label {eq:quad_stab} || \pLS ||_{L^\infty (\B )}\lesssim || \psi ||_{L^\infty (\B )}.\end {align}


$\pLS \in {\mathbb P_1}(\B )$


\begin {align}\label {eq:stab-proof1} \sum _{i=1}^{8} \pLS (V_i) q_1(V_i) = \sum _{i=1}^{8} \psi (V_i) q_1(V_i) \qquad \forall q_1\in {\mathbb P_1}(\B ) .\end {align}


$q_1=\pLS $


\begin {align}\label {eq:stab-proof2} \sum _{i=1}^{8} \pLS (V_i)^2 \leq \left ( \sum _{i=1}^{8} \psi (V_i)^2 \right )^{1/2} \left ( \sum _{i=1}^{8} \pLS (V_i)^2 \right )^{1/2} \le 2\sqrt {2} || \psi ||_{L^\infty (\B )} \left ( \sum _{i=1}^{8} \pLS (V_i)^2 \right )^{1/2} ,\end {align}


\begin {align}\label {eq:stab-proof3} \left ( \sum _{i=1}^{8} \pLS (V_i)^2 \right )^{1/2}\le 2\sqrt {2} || \psi ||_{L^\infty (\B )} .\end {align}


\begin {align}\label {eq:stab-proof4} || \pLS ||_{L^\infty (\B )} \lesssim \left ( \sum _{i=1}^{8} \pLS (V_i)^2 \right )^{1/2} .\end {align}


$\nabla \pLS \ne 0$


$\pLS $


\begin {align}\label {eq:stab-proof5} || \pLS ||_{L^\infty (\B )} \le \rho || \pLS ||_{L^\infty (B_r)} .\end {align}


$\pLS (\vx )$


$\pLS (\vx ) = p_0 + \va \cdot (\vx - \vx _0)$


$\va $


$\nabla \pLS $


\begin {align}\label {eq:stab-proof7} || \pLS ||_{L^\infty (B_r)} = |p_0| + |\va |\, r = \pLS (\vx ^\ast ), \qquad \mbox {where } \vx ^\ast = \vx _0 + {\rm sgn}(p_0)\, r\, \frac {\va }{|\va |}.\end {align}


$\vv = {\rm sgn}(p_0)\, \va $


$V_j\in \B $


\begin {align}\label {eq:stab-proof8} (V_j-\vx _0)\cdot ({\rm sgn}(p_0)\, \va ) = |V_j-\vx _0|\, |\va | \cos \vartheta _j\geq \sigma \,|V_j-\vx _0|\, |\va |,\end {align}


$\vartheta _j$


$V_j-\vx _0$


${\rm sgn}(p_0)\, \va $


${\rm sgn}[(V_j-\vx _0)\cdot \va ] = {\rm sgn}(p_0)$


\begin {align}\label {eq:stab-proof9} \begin {aligned} | \pLS (V_j) | &= | p_0 + \va \cdot (V_j - \vx _0) | = | p_0\, {\rm sgn}(p_0) + ({\rm sgn}(p_0)\va )\cdot (V_j - \vx _0) |\\ & = | p_0| + |V_j-\vx _0|\, |\va | \cos \vartheta _j \ge |p_0| + \sigma \,|V_j-\vx _0|\, |\va | \ge |p_0| + \sigma \,r\, |\va | \\ & \ge \sigma \left ( | p_0| + \,r\, |\va | \right ) = \sigma || \pLS ||_{L^\infty (B_r)} \ . \end {aligned}\end {align}


\begin {align}\label {eq:stab-proof6} || \pLS ||_{L^\infty (B_r)} \leq \frac {1}{\sigma }\left ( \sum _{i=1}^{8} \pLS (V_i)^2 \right )^{1/2} .\end {align}


\begin {align}\label {eq:stab-proof10} || \pLS ||_{L^\infty (\B )} \leq \frac {\rho }{\sigma }\left ( \sum _{i=1}^{8} \pLS (V_i)^2 \right )^{1/2} ,\end {align}


$\B $


$k=0,1,2$


\begin {align}\label {eq:quad_error} \left | \int _\B (\psi - \pLS ) \right |\lesssim {\rm vol}(\B ) \, h_\B ^k | \psi |_{W^{k,\infty }(\B )}\qquad \forall \psi \in W^{k,\infty }(\B ) .\end {align}


$\psi \in W^{k,\infty }(\B )$


$\psi $


\begin {align}\label {eq:quad-err1} \psi \in W^{k,\infty }(\Reals ^3)\qquad \mbox {and }\quad || \psi ||_{W^{k,\infty }(\Reals ^3)} \lesssim || \psi ||_{W^{k,\infty }(\B )} \ .\end {align}


$\Ch $


$\sqrt {3}\, h_\B $


$\B \subseteq \Ch $


\begin {align}\label {eq:quad-err2} || \psi ||_{W^{k,\infty }(\Ch )} \lesssim || \psi ||_{W^{k,\infty }(\B )} \ .\end {align}


\begin {align}\label {eq:quad-err3} \begin {aligned} L_1\,:\, W^{k,\infty }(\Ch &)\longrightarrow {\mathbb P}_1(\Ch )\subset L^{\infty }(\Ch ) \\ &\psi \mapsto L_1 \psi := \pLS \end {aligned}\end {align}


${\mathbb P}_1$


$\Bhat $


\begin {align}\label {eq:quad-err4} ||\psi -\pLS ||_{L^\infty (\Ch )}\lesssim h_\B ^k | \psi |_{W^{k,\infty }(\Ch )} \ .\end {align}


\begin {align}\label {eq:quad_error5} \begin {aligned} \left | \int _\B (\psi - \pLS ) \right | &\leq \int _\B |\psi -\pLS | \leq {\rm vol}(\B ) \, ||\psi -\pLS ||_{L^\infty (\B )}\\ &\leq {\rm vol}(\B ) \, ||\psi -\pLS ||_{L^\infty (\Ch )} \lesssim {\rm vol}(\B ) \, h_\B ^k | \psi |_{W^{k,\infty }(\B )} \ . \end {aligned}\end {align}


$h$


$k=0,1,2$


\begin {align}\label {eq:quad_glob1} \left | \int _\Omega (\psi - \pLS ) \right | \lesssim h^k\, {\rm vol}(\Omega )\, | \psi |_{W^{k,\infty }(\Omega )} \qquad \forall \psi \in W^{k,\infty }(\Omega )\ .\end {align}


$v_h\in V_h$


$f\in W^{1,\infty }(\Omega )$


\begin {align}\label {eq:load1} \int _\Omega (fv_h - L_1(fv_h)) \lesssim h ||f ||_{W^{1,\infty }(\Omega )} ||v_h ||_{1,\Omega } \ ,\end {align}


$L_1$


$\B $


$L_1(fv_h)\in {\mathbb P_1}(\B )$


\begin {align}\label {eq:load-proof1} \sum _{i=1}^{8} [L_1(fv_h)](V_i) q_1(V_i) = \sum _{i=1}^{8} f(V_i) v_h(V_i) q_1(V_i) \qquad \forall q_1\in {\mathbb P_1}(\B ) .\end {align}


$q_1 = L_1(fv_h)$


\begin {align}\label {eq:load-proof2} \begin {aligned} \sum _{i=1}^{8} [L_1(fv_h)](V_i) ^2 & = \sum _{i=1}^{8} f(V_i) v_h(V_i) [L_1(fv_h)](V_i)\\ & \lesssim || f ||_{L^\infty (\B )} \sum _{i=1}^{8} v_h(V_i) [L_1(fv_h)](V_i)\\ & \lesssim || f ||_{L^\infty (\B )} \left ( \sum _{i=1}^{8} v_h(V_i)^2 \right )^{1/2} \left ( \sum _{i=1}^{8} [L_1(fv_h)](V_i) ^2 \right )^{1/2} \ . \end {aligned}\end {align}


\begin {align}\label {eq:dofi_equiv} h_\B ^{-1/2} (| v_h |_{H^1(\B )} + h_\B ^{-1} || v_h ||_{L^2(\B )} ) \lesssim \left ( \sum _{i=1}^{8} v_h(V_i)^2 \right )^{1/2} \lesssim h_\B ^{-1/2} (| v_h |_{H^1(\B )} + h_\B ^{-1} || v_h ||_{L^2(\B )} ) \ .\end {align}


\begin {align}\label {eq:load-proof3} \left ( \sum _{i=1}^{8} [L_1(fv_h)](V_i) ^2 \right )^{1/2} \lesssim || f ||_{L^\infty (\B )}\, h_\B ^{-1/2} (| v_h |_{H^1(\B )} + h_\B ^{-1} || v_h ||_{L^2(\B )} ) \ .\end {align}


\begin {align}\label {eq:load-proof4} || L_1(fv_h) ||_{L^\infty (\B )} \lesssim || f ||_{L^\infty (\B )}\, h_\B ^{-1/2} (| v_h |_{H^1(\B )} + h_\B ^{-1} || v_h ||_{L^2(\B )} ) \ ,\end {align}


\begin {align}\label {eq:load-proof4bis} || L_1(fv_h) ||_{L^2(\B )} \lesssim {\rm vol}(\B )^{1/2}\, || f ||_{L^\infty (\B )}\, h_\B ^{-1/2} (| v_h |_{H^1(\B )} + h_\B ^{-1} || v_h ||_{L^2(\B )} ) \ .\end {align}


$f=1$


\begin {align}\label {eq:load-proof4ter} || L_1(v_h) ||_{L^2(\B )} \lesssim {\rm vol}(\B )^{1/2}\, h_\B ^{-1/2} (| v_h |_{H^1(\B )} + h_\B ^{-1} || v_h ||_{L^2(\B )} ) \ .\end {align}


$\bar f\in {\mathbb P_0}(\B )$


$f_{|_\B }$


\begin {align}\label {eq:load-proof5} \begin {aligned} \int _\B (fv_h - L_1(fv_h)) & = \int _\B \left (fv_h - L_1((f-\bar f) v_h) - L_1(\bar f v_h)\right )\\ & = \int _\B \left ( (f-\bar f)v_h - L_1((f-\bar f) v_h) + \bar f v_h- L_1(\bar f v_h)\right )\\ & = \int _\B (f-\bar f)v_h - \int _B L_1((f-\bar f) v_h) + \int _B (\bar f v_h- L_1(\bar f v_h))\\ & = T_1(\B ) + T_2(\B ) +T_3(\B )\ . \end {aligned}\end {align}


$T_1(\B )$


\begin {align}\label {eq:load-proof6} \begin {aligned} T_1(\B ) = \int _\B (f-\bar f)v_h \leq || f - \bar f||_{L^\infty (\B )} \int _\B | v_h | \lesssim | f |_{W^{1,\infty }(\B )} h_\B \, {\rm vol}(\B )^{1/2} || v_h ||_{L^2(\B )} \ . \end {aligned}\end {align}


$T_2(\B )$


\begin {align}\label {eq:load-proof7} \begin {aligned} T_2(\B ) & = - \int _B L_1((f-\bar f) v_h) \leq || L_1((f-\bar f) v_h)||_{L^\infty (\B )}\, {\rm vol}(\B )\\ & \leq || f - \bar f||_{L^\infty (\B )} \, {\rm vol}(\B )\, h_\B ^{-1/2} (| v_h |_{H^1(\B )} + h_\B ^{-1} || v_h ||_{L^2(\B )} )\\ & \lesssim | f |_{W^{1,\infty }(\B )} \, {\rm vol}(\B ) h_\B ^{1/2} (| v_h |_{H^1(\B )} + h_\B ^{-1} || v_h ||_{L^2(\B )} ) \ . \end {aligned}\end {align}


$T_3(\B )$


$\bar v_h$


$v_h$


$\B $


$\bar v_h = L_1(\bar v_h)$


\begin {align}\label {eq:load-proof8} \begin {aligned} T_3(\B ) & = \int _B (\bar f v_h- L_1(\bar f v_h)) = \int _B \bar f (v_h- L_1(v_h))= \int _B \bar f ((v_h - \bar v_h) - L_1(v_h - \bar v_h)) \\ & \leq || f ||_{L^\infty (\B )} \int _B ( |v_h - \bar v_h| + | L_1(v_h - \bar v_h) | )\\ & \leq || f ||_{L^\infty (\B )} \, {\rm vol}(\B )^{1/2}\big ( || v_h - \bar v_h ||_{L^2(\B )} + || L_1(v_h - \bar v_h) ||_{L^2(\B )} \big )\\ & \lesssim || f ||_{L^\infty (\B )} \, {\rm vol}(\B )^{1/2} \big ( h_\B | v_h |_{H^1(\B )} + || L_1(v_h - \bar v_h) ||_{L^2(\B )} \big ) \ . \end {aligned}\end {align}


$v_h - \bar v_h$


\begin {align}\label {eq:load-proof9} T_3(\B ) \lesssim || f ||_{L^\infty (\B )} \, {\rm vol}(\B )^{1/2} \big ( h_\B | v_h |_{H^1(\B )} + {\rm vol}(\B )^{1/2}\, h_\B ^{-1/2} | v_h |_{H^1(\B )} \big ) \ .\end {align}


$\int _\Omega (fv_h - L_1(fv_h))$


${\rm vol}(\B )\approx h_\B ^3$


\begin {align}\label {eq:load-proof10} \begin {aligned} \int _\Omega (fv_h - L_1(fv_h)) &= \sum _{\B }\big ( T_1(\B ) + T_2(\B ) + T_3(\B ) \big )\\ & \lesssim \sum _{\B } || f ||_{W^{1,\infty }(\B )} {\rm vol}(\B )^{1/2} \, h_\B \, || v_h ||_{H^1(\B )} \\ & \leq h\, || f ||_{W^{1,\infty }(\Omega )}\,\sum _{\B } {\rm vol}(\B )^{1/2} \, || v_h ||_{H^1(\B )} \\ & \leq h\, || f ||_{W^{1,\infty }(\Omega )}\, \left ( \sum _{\B }{\rm vol}(\B ) \right )^{1/2} \left ( \sum _{\B }|| v_h ||_{H^1(\B )}^2 \right )^{1/2} \\ & = h\, || f ||_{W^{1,\infty }(\Omega )}\, {\rm vol}(\Omega )^{1/2}\, || v_h ||_{H^1(\Omega )} \ , \end {aligned}\end {align}


$\int _\Omega c u v$


$L^2$


$\int _\Omega fv$


$L^2$


$L^2$


$u$


$u_h\in V_h$


$u\in H^1_g(\Omega )\cap H^2(\Omega )$


\begin {align}\label {eq:convergenceL2} ||u - u_h ||_{H^1(\Omega )} = O(h)\ .\end {align}


$u$


$u_h\in V_h$


$u\in H^1_g(\Omega )\cap H^2(\Omega )$


\begin {align}\label {eq:convergenceLS} ||u - u_h ||_{H^1(\Omega )} = O(h)\ .\end {align}


\begin {align}\label {eq:first-strang} \sup _{v_h\in v_h} \frac {\int _\Omega (fv_h - L_1(fv_h))}{||v_h ||_{1,\Omega }} \lesssim h ||f ||_{W^{1,\infty }(\Omega )} \ .\end {align}


\begin {equation*}\mD =\begin {bmatrix}x^2+1&xy&xz\\xy&y^2+1&yz\\xz&yz&z^2+1\end {bmatrix}, \quad c = x^2+y+\log (2+z)\end {equation*}


\begin {equation*}u_\text {ex}=y\sin (3xz)-\log (2+x^2+y^4+z^2)+[\cos (x+\exp (y)+z)]^2.\end {equation*}


$f$


$g$


$u_\text {ex}$


$d$


$\Omega =[0,1]^3$


$N\times N\times N$


$N$


$2\times 2\times 2$


$d$


$d$


$d=0$


$1/N$


$d$


$V$


$2\times 2$


$d$


$d$


$2 \times 2 \times 2$


$2 \times 2 \times 2$


$d=0$


$d=0.9$


$d=0.2$


$d=0.4$
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$d=0.8$


$d$


$d$


$d$


$2\times 2\times 2$


$4\times 4\times 4$


$L^2$


$H^1$


$L^2$


$H^1$


$d=0$


$d=0.2$


$\mathbb {Q}_1$


$\mathbb {Q}_1$


$H^1$


$\mathbb {Q}_1$


$\mathbb {Q}_1$


$\mathbb {Q}_1$
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[1,2]), hexahedral meshes are often preferred because they typically require from 4 to 10 times less elements than a tetrahedral mesh 
to obtain the same level of accuracy [1,3]. When these isoparametric elements are distorted, e.g. skewed, stretched or collapsed, the 
mapping from the reference element to the current element deteriorates, possibly affecting the approximation of the solution fields [4,
5] and of their gradients [6], especially in the case of coarse meshes. A key requirement of the method is that the Jacobian determinant 
of the mapping remains above zero throughout the element, so that the mapping is invertible. Elements with a Jacobian determinant 
changing sign inside the element, such as concave elements in 2D and folded elements in 3D, are said to be degenerate. Poor-
quality meshes can produce small Jacobian determinant values, leading to numerical instabilities and, when they contain degenerate 
elements, to complete failure of the simulation.

A common strategy to mitigate these issues is to use mesh improvement algorithms to eliminate distorted elements, based on 
suitable distortion metrics [3,7]. However, these techniques may be computationally demanding, requiring significant user interac-
tion, and possibly not capable of producing meshes free from degenerate elements in the case of extremely complex domains [8]. An 
alternative approach is to retain the distorted mesh and adapt the solution method. Examples in this line are the different variants of 
hybrid or mixed finite element methods, or methods based on reduced integration with stabilization. See [9], and references therein, 
for a review on mixed and enhanced strain methods (see also e.g. [10,11] for other approaches). In this respect, the Virtual Element 
Method (VEM) [12] is of particular interest, since it operates directly on the physical element, without resorting to a geometry map-
ping from a parent element and, therefore, it is free from the problems connected with the mapping inversion, such as those related 
to the vanishing of the Jacobian determinant. For a recent review of the VEM, see [13]. Despite its high tolerance to distortion, even 
for elements of arbitrary and nonconvex shape, the Virtual Element Method (VEM) in three dimensions in the conforming setting is 
limited to polyhedral elements, i.e. elements with an arbitrary number of planar polygonal faces (see [14]). An attempt to overcome 
this difficulty is described in [15], where, however, only one curved face per polyhedron is allowed. For the nonconforming setting 
some preliminary results can be found in [16].

Given the previous limitations, while there have been proposals of 2D Virtual Elements (VEs) with curved edges [17–19], all the 
3D VEM applications proposed so far in the literature make use of polyhedral elements. An attempt to overcome the limitation of flat 
faces in the case of hexahedral elements has been presented in [20], where 12-faces "Deltahedral" brick VEs have been formulated, 
with each quadrilateral face subdivided into two triangles. Other examples of 3D applications of the VEM with polyhedral elements 
to solid mechanics are, e.g., [21] for linear elasticity, [22] for linear elastic elastodynamics, [23–25] for large strains hyperelasticity, 
[26–28] for large strain plasticity.

Another difficulty with the implementation of the VEM is the need to stabilize the stiffness matrix. The standard VEM stabilization 
is known to potentially produce a loss of accuracy in the presence of highly distorted VEs [29]. For this reason, the formulation of self-
stabilized (or stabilization-free) VEs is gaining increasing popularity (see, e.g., [30–32] for self-stabilized VEM in 2D and [20,33,34] 
in 3D) and is pursued also in the present work.

To tackle the problem of element distortion, to overcome the 3D VEM limitation to elements with flat faces and to allow for 
a seamless integration of VEs in a finite element mesh of hexahedral elements, in this work we introduce a new hexahedral self-
stabilized VE, possibly degenerate, with curved quadrilateral faces, which we call the virtual brick. A virtual brick is defined as a 
solid with six quadrilateral faces that are bilinear transformations of the reference square, without relying on the trilinear mapping 
used for the interior of the element. The face functional space coincides with that of the standard 8-node isoparametric brick. Our 
approach has the following features.

• The virtual brick is extremely robust with respect to mesh distortion, a property already observed for the VEs in many other 
situations.

• Full compatibility between virtual bricks and classical Finite Element (FE) bricks is ensured, which means that virtual bricks can 
be easily integrated into standard meshes of FE bricks.

• Since the virtual brick is based on the same degrees of freedom of the FE isoparametric brick element, the virtual brick seamlessly 
supports adaptive strategies that selectively employ VEM only in regions with highly distorted or degenerate elements, while 
maintaining conventional FEs elsewhere.

• The standard quadrature rules based on Gauss points, commonly used in the FEM, can be used also for our virtual bricks, both for 
the volume and surface integrals, a feature which is particularly important in view of a possible extension to nonlinear applications.
As a proof of concept, in this work, the proposed method is applied to a simple thermal problem with a reaction term and, with the 

aid of numerical tests, we will show how these capabilities provide a robust and versatile framework for complex three-dimensional 
simulations. The paper is organized as follows.

In Section 2 we recall the definition of the standard isoparametric brick FE, while in Section 3 we introduce a suitable definition 
of the virtual brick. For such a virtual brick, in Section 4 we construct a virtual space, by considering a suitable extension of the 
isoparametric bilinear functions defined on the brick faces. To this aim, we introduce the typical VEM polynomial projector Π∇

1  and 
discuss its computability. Section 5 is devoted to the integration of functions defined on a virtual brick. In Section 6 we present 
the discretization of the thermal problem in this framework, also considering a self-stabilized formulation. Section 7 deals with the 
method convergence: under suitable hypotheses (quite classical in the framework of the VEM theoretical analysis), we state the 
theorems which show the optimal convergence rate of the scheme. Finally, the numerical results are presented in Section 8.

Throughout the paper, we employ rather standard notation. In particular, in Sections 5 and 7 we use classical notation for the 
functional spaces, see e.g. [35]. However, we remark that vectors in ℝ3 are denoted by bold symbols, while vectors in ℝ2 are always 
indicated in components. Furthermore, Latin indices 𝑖, 𝑗, 𝑘,… will range from 1 to 8 while Greek indices 𝛼, 𝛽,… will range from 1
to 4.
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Fig. 1. The trilinear map F.

2.  The isoparametric 8-node brick

In this Section, we briefly recall the standard isoparametric 8-node brick. All quantities referring to the reference biunit cube or 
square will be denoted by a superposed hat.

We start by defining the reference biunit cube ̂ ∶= [−1,+1]3 ⊂ ℝ3, with vertices 𝑉𝑖 = (𝜉𝑖, 𝜂𝑖, 𝜁𝑖), 𝑖 = 1,… , 8, given by 

𝑉1 =
⎡

⎢

⎢

⎣

−1
−1
−1

⎤

⎥

⎥

⎦

, 𝑉2 =
⎡

⎢

⎢

⎣

+1
−1
−1

⎤

⎥

⎥

⎦

, 𝑉3 =
⎡

⎢

⎢

⎣

+1
+1
−1

⎤

⎥

⎥

⎦

, 𝑉4 =
⎡

⎢

⎢

⎣

−1
+1
−1

⎤

⎥

⎥

⎦

𝑉5 =
⎡

⎢

⎢

⎣

−1
−1
+1

⎤

⎥

⎥

⎦

, 𝑉6 =
⎡

⎢

⎢

⎣

+1
−1
+1

⎤

⎥

⎥

⎦

, 𝑉7 =
⎡

⎢

⎢

⎣

+1
+1
+1

⎤

⎥

⎥

⎦

, 𝑉8 =
⎡

⎢

⎢

⎣

−1
+1
+1

⎤

⎥

⎥

⎦

.

(1)

The corresponding reference trilinear shape functions 𝑁̂𝑖(𝜉, 𝜂, 𝜁 ) are defined on ̂ by 

𝑁̂𝑖(𝜉, 𝜂, 𝜁 ) ∶=
1
8
(1 + 𝜉𝑖𝜉)(1 + 𝜂𝑖𝜂)(1 + 𝜁𝑖𝜁 ) (2)

and have the property 𝑁̂𝑖(𝑉𝑗 ) = 𝛿𝑖𝑗 . Given 8 ordered points 𝑉𝑖, 𝑖 = 1,… , 8 in ℝ3, we define the trilinear map F ∶ ̂ → ℝ3 as 

F(𝜉, 𝜂, 𝜁 ) ∶=
8
∑

𝑖=1
𝑁̂𝑖(𝜉, 𝜂, 𝜁 )𝑉𝑖. (3)

It is clear that by construction F(𝑉𝑖) = 𝑉𝑖. If det 𝐽F(𝜉, 𝜂, 𝜁 ) > 0 for (𝜉, 𝜂, 𝜁 ) ∈ ̂, the map F ∶ ̂ → F(̂) is an invertible transformation 
and we define the 8-node isoparametric brick element  as the image of ̂ through F, i.e.  ∶= F(̂). In this case,  is a standard 
8-node brick element in space; its skeleton is made of straight edges while faces in general are curved, see Fig. 1.
Definition 1. A regular brick  is the image of ̂ through F when det 𝐽F(𝜉, 𝜂, 𝜁 ) > 0 for all (𝜉, 𝜂, 𝜁 ) ∈ ̂. 
Note that in this work, a brick element is considered degenerate (in opposition to regular) when the Jacobian determinant of the 
geometry mapping is negative in some parts of the element volume. However, the accuracy is known to degrade as this limit distortion 
is approached and therefore different definitions of degeneration can be found in the literature.

By direct computation, it can be seen that the determinant of the Jacobian of F is a polynomial in (𝜉, 𝜂, 𝜁 ) of at most second degree 
in each variable, yet in every monomial only one variable can appear with exponent 2: for instance, 𝜉𝜂2𝜁 and 𝜉2𝜁 can be present, but 
𝜉2𝜂2𝜁 cannot.

It is not straightforward to give sufficient conditions on the location of the vertices 𝑉𝑖 ensuring that the corresponding brick is 
regular; an efficient algorithm can be found in [36]. It has been shown in [37] that it is not even enough to check that det 𝐽F is positive 
on all edges to ensure that it is positive everywhere.

The situation is much easier in two dimensions: the determinant of the Jacobian of the transformation is a first-order polynomial 
and a quadrilateral is regular in the sense of Definition 1 if and only if it is convex; furthermore, it is enough to check that the 
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Fig. 2. Convex .

determinant of the Jacobian is positive at the four vertices to ensure that it is positive everywhere. In the next subsection, we describe 
in details the two-dimensional case, as it will be useful later.

For regular bricks  we have the classical ℚ1 isoparametric finite element, obtained by defining the basis function 𝑁𝑖(𝑥, 𝑦, 𝑧) as 
𝑁𝑖(𝑥, 𝑦, 𝑧) ∶= 𝑁̂𝑖(𝜉, 𝜂, 𝜁 ) (4)

where F(𝜉, 𝜂, 𝜁 ) = (𝑥, 𝑦, 𝑧) so that 
∇(𝑥,𝑦,𝑧)𝑁𝑖(𝑥, 𝑦, 𝑧) = 𝐽−T

F (𝑥, 𝑦, 𝑧)∇(𝜉,𝜂,𝜁 )𝑁̂𝑖(𝜉, 𝜂, 𝜁 ). (5)

The stiffness matrix and load vector can be efficiently computed by integrating over the reference cube ̂ using product Gaussian 
quadrature formulas.

2.1.  Two-dimensional case

Let  ⊂ ℝ2 be a quadrilateral with vertices 𝑉𝛼 = (𝑥𝛼 , 𝑦𝛼), 𝛼 = 1,… , 4 and let ̂ = [−1,+1] × [−1,+1] the reference biunit square.
Let 𝑉𝛼 = (𝜉𝛼 , 𝜂𝛼) be the vertices of the reference square ̂, with (𝜉1, 𝜂1) = (−1,−1), (𝜉2, 𝜂2) = (+1,−1), (𝜉3, 𝜂3) = (+1,+1), (𝜉4, 𝜂4) =

(−1,+1). The bilinear basis functions 𝑁̂𝛼(𝜉, 𝜂) can be written as 

𝑁̂𝛼(𝜉, 𝜂) ∶=
1
4
(1 + 𝜉𝛼𝜉)(1 + 𝜂𝛼𝜂). (6)

The bilinear transformation map 𝐹 ∶ ̂ → ℝ2 is then given by 

𝐹 (𝜉, 𝜂) =
4
∑

𝛼=1
𝑁̂𝛼(𝜉, 𝜂)𝑉𝛼 . (7)

If the quadrilateral  is convex, the application 𝐹  maps ̂ onto  and is invertible, see Fig. 2.
If the quadrilateral  is concave, the image of the reference square ̂ through the map 𝐹  is larger than ; the rectangle ̂ in 

Fig. 3a is mapped onto the region  of Fig. 3b which is outside . The determinant of the Jacobian of the transformation 𝐹  changes 
sign across the diagonal of ̂, and each point in the region  of Fig. 3b maps back, through 𝐹 , to two points in the rectangle ̂ of 
Fig. 3b. The resulting points are symmetric across the diagonal.

3.  The virtual brick

Consider a regular brick  which is the image through the map F of the reference cube ̂. If we restrict the map F to a face of ̂, 
by taking for instance 𝜁 ≡ 1, we obtain a bilinear map in (𝜉, 𝜂) from the biunit square [−1,+1]2 to a face f of , see Fig. 4.

We observe that the bilinear map F
|𝜁≡1 depends only on the vertices of the face f, and can be expressed through the bilinear basis 

functions of the reference square in the same way as we did in Eq. (7). More precisely, given 4 points 𝑉 f
𝛼 , 𝛼 = 1,… , 4 in ℝ3 which are 

the vertices of a face f of the brick , we define the bilinear map Ff ∶ ̂ → ℝ3 as 

Ff(𝜉, 𝜂) ∶=
4
∑

𝛼=1
𝑁̂𝛼(𝜉, 𝜂)𝑉 f

𝛼 (8)
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Fig. 3. Concave .

Fig. 4. The bilinear face map F
|𝜁≡1.

where the function 𝑁̂𝛼 are defined in (6). For each face f, the map Ff coincides with the restriction of the map F to the corresponding 
face of the reference cube ̂, see Fig. 4. The resulting surface is a hyperbolic paraboloid (see Fig. 5).

If the brick is regular, the map Ff ∶ ̂ → Ff(̂) is invertible and f = Ff(̂). However, it can happen that the six maps Ff ∶ ̂ → Ff(̂)
are invertible but the brick  is not regular. In Fig. 6b we show a non-regular brick obtained by starting from the reference cube ̂
(see Fig. 1a) and then "pushing" vertices 𝑉1 and 𝑉7 towards the origin. In Fig. 6a we show the surfaces in the reference cube where 
the Jacobian is singular.
Definition 2. If the six functions Ff ∶ ̂ → Ff(̂) defined above are invertible and the faces do not intersect each other, we define 
the virtual brick  as the region of space enclosed by the union of all faces f = Ff(̂). 
Remark 1. For a virtual brick, the map F is not necessarily invertible. When F is not invertible, the virtual brick  is no longer 
the image of the reference cube ̂ through F, since F(̂) strictly contains . See Subsection 2.1 for a thorough analysis of the two-
dimensional case. 
Concerning the invertibility of the map Ff, we have the following theorem:
Theorem 1. If the four vertices of f are not coplanar, then the map Ff ∶ ̂ → Ff(̂) is invertible. If the vertices are coplanar, the map Ff is 
invertible if and only if they form a convex quadrilateral. 
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Fig. 5. Mapped face.

Fig. 6. A degenerate brick.

Proof.  Let 𝑉 f
𝛼 = (𝑥𝛼 , 𝑦𝛼 , 𝑧𝛼), 𝛼 = 1,… , 4, and Ff = (𝐹 f

𝑥 , 𝐹
f
𝑦 , 𝐹

f
𝑧 ). Then by (8)

𝐹 f
𝑥 (𝜉, 𝜂) =

4
∑

𝛼=1
𝑁̂𝛼(𝜉, 𝜂) 𝑥𝛼 , 𝐹 f

𝑦 (𝜉, 𝜂) =
4
∑

𝛼=1
𝑁̂𝛼(𝜉, 𝜂) 𝑦𝛼 , 𝐹 f

𝑧 (𝜉, 𝜂) =
4
∑

𝛼=1
𝑁̂𝛼(𝜉, 𝜂) 𝑧𝛼 . (9)

The functions 𝑁̂𝛼(𝜉, 𝜂) are a set of barycentric coordinates, hence in particular the following identities hold: 

1 =
4
∑

𝛼=1
𝑁̂𝛼(𝜉, 𝜂), 𝜉 =

4
∑

𝛼=1
𝜉𝛼𝑁̂𝛼(𝜉, 𝜂), 𝜂 =

4
∑

𝛼=1
𝜂𝛼𝑁̂𝛼(𝜉, 𝜂). (10)
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Let P = (𝑃𝑥, 𝑃𝑦, 𝑃𝑧) be a point on f = Ff(̂); we want to show that there is a unique (𝜉, 𝜂) in ̂ such that Ff(𝜉, 𝜂) = P. To this aim, we 
put together (9) and the first identity in (10), obtaining the linear relationship 

⎡

⎢

⎢

⎢

⎢

⎣

1
𝑃𝑥
𝑃𝑦
𝑃𝑧

⎤

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎣

1 1 1 1
𝑥1 𝑥2 𝑥3 𝑥4
𝑦1 𝑦2 𝑦3 𝑦4
𝑧1 𝑧2 𝑧3 𝑧4

⎤

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎣

𝑁̂1(𝜉, 𝜂)
𝑁̂2(𝜉, 𝜂)
𝑁̂3(𝜉, 𝜂)
𝑁̂4(𝜉, 𝜂)

⎤

⎥

⎥

⎥

⎥

⎦

. (11)

The matrix in (11) is invertible if and only if the four vertices 𝑉𝑖 are not coplanar, since its determinant is the (signed) volume of 
the tetrahedron with vertices 𝑉𝛼 multiplied by 6. Hence, if this is the case, we can invert (11) and recover 𝑁̂𝛼(𝜉, 𝜂) in terms of P. By 
expanding (10) together with the relation ∑4

𝛼=1(−1)
𝛼𝑁̂𝛼(𝜉, 𝜂) = −𝜉𝜂, we obtain 

⎡

⎢

⎢

⎢

⎢

⎣

1
𝜉
𝜂

−𝜉𝜂

⎤

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎣

+1 +1 +1 +1
−1 +1 +1 −1
−1 −1 +1 +1
−1 +1 −1 +1

⎤

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎣

𝑁̂1(𝜉, 𝜂)
𝑁̂2(𝜉, 𝜂)
𝑁̂3(𝜉, 𝜂)
𝑁̂4(𝜉, 𝜂)

⎤

⎥

⎥

⎥

⎥

⎦

(12)

where the determinant of the matrix is 16 ≠ 0. Hence, if we start from a point P = (𝐹 f
𝑥 (𝜉, 𝜂), 𝐹

f
𝑦 (𝜉, 𝜂), 𝐹

f
𝑧 (𝜉, 𝜂)) ∈ f and the vertices of 

f are not coplanar, we get a unique (𝜉, 𝜂) ∈ ̂. Hence, the map Ff is invertible.
If the vertices 𝑉 f

𝛼  are coplanar, we can argue in the following way. We start by observing that if R is a rotation matrix in ℝ3 and 
we rotate the vertices 𝑉 f

𝛼  by multiplying them by R, the new map will simply be the old Ff multiplied by R. Hence, if the vertices 𝑉 f
𝛼

are coplanar, we can assume that they lie in the (𝑥, 𝑦) plane. In this case, the map Ff is the standard isoparametric map in ℝ2 defined 
by (7), and, as we have already observed, it is invertible if and only if the four vertices form a convex quadrilateral. ∎

4.  The virtual element space for the virtual brick

In this section, we construct a virtual element space 𝑉 VEM
1 () on a virtual brick  that is face-compatible with the standard 

isoparametric finite element on regular bricks. We will only use the very basic ideas of the Virtual Element Method that can be 
found for instance in [12,38,39]. We follow the construction described in [39]: we first define an auxiliary space 𝑉 VEM

1 (), then we 
construct the Π∇

1  projector, and finally we define 𝑉 VEM
1 () as a subspace of 𝑉 VEM

1 () by means of Π∇
1 . This construction will allow to 

compute, along with the Π∇
1  projection, also the standard 𝐿2 projection of virtual functions onto linear polynomials (see (22)), which 

is important to discretize zero-order terms (cf. the reaction term of (39), for instance). 
Since we want our local space 𝑉 VEM

1 () to be face-compatible with the isoparametric brick, we begin by describing the face space 
𝑉 ISO
1 (f) of the 8-node isoparametric brick.

4.1.  The face space 𝑉 ISO
1 (f)

Let  be a regular brick. Then the local ℚ1 isoparametric space on  is defined through the trilinear map F:
𝑉 ISO
1 () ∶= {𝑣ℎ ∶  ⟶ ℝ such that 𝑣ℎ◦F is trilinear in (𝜉, 𝜂, 𝜁 )}.

Let f be a face of . The space on f consists of the restrictions to f of functions in 𝑉 ISO
1 (); hence it is given by 

𝑉 ISO
1 (f) = {𝑔ℎ ∶ f → ℝ such that 𝑔ℎ◦Ff is bilinear in (𝜉, 𝜂)}, (13)

where we recall that the bilinear maps Ff are obtained as restrictions of F to the faces of the reference cube ̂ (see Fig. 4). We observe 
that the face space 𝑉 ISO

1 (f) has dimension 4, and that a function 𝑔ℎ ∈ 𝑉 ISO
1 (f) is completely determined by its value at the vertices of 

f. In fact, given 𝑔ℎ ∈ 𝑉 ISO
1 (f), since 𝑔ℎ◦Ff is bilinear it can be written as a linear combination of the basis 𝑁̂𝛼 defined in (6):

𝑔ℎ(Ff(𝜉, 𝜂)) =
4
∑

𝛼=1
𝑐𝛼𝑁̂𝛼(𝜉, 𝜂)

and by taking (𝜉, 𝜂) = 𝑉𝛽 , we get 𝑐𝛽 = 𝑔ℎ(𝑉 f
𝛽 ). Hence we can define 𝑉 ISO

1 (f) face by face even for a virtual brick, without needing to 
resort to the global map F.

We show now that each isoparametric face space 𝑉 ISO
1 (f) contains the restriction to f of linear polynomials. We have the following 

theorem:

Theorem 2. Let f be a face of a virtual brick . Then:

i) If the vertices of f are not coplanar, the space 𝑉 ISO
1 (f) consists precisely of the restrictions to f of linear polynomials.

ii) If the vertices of f are coplanar and form a convex quadrilateral, the space 𝑉 ISO
1 (f) contains strictly the restrictions to f of linear 

polynomials.
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Proof.  Let 𝑝1(𝑥, 𝑦, 𝑧) = 𝑎 + 𝑏𝑥 + 𝑐𝑦 + 𝑑𝑧 be a linear polynomial. Then with the notation of Theorem 1
(𝑝1◦Ff)(𝜉, 𝜂) = 𝑎 + 𝑏 𝐹 f

𝑥 (𝜉, 𝜂) + 𝑐 𝐹
f
𝑦 (𝜉, 𝜂) + 𝑑 𝐹

f
𝑧 (𝜉, 𝜂)

which is obviously bilinear in (𝜉, 𝜂). Hence, by (13), 𝑝1|f ∈ 𝑉 ISO
1 (f), regardless of whether the vertices of f are coplanar or not.

i) As we have already observed, the dimension of 𝑉 ISO
1 (f) is 4. Hence, to show that all functions in 𝑉 ISO

1 (f) are restrictions to f of 
linear polynomials, it is enough to show that the restrictions to f of 1, 𝑥, 𝑦, and 𝑧 are linearly independent in 𝑉 ISO

1 (f). Since we 
have

1◦Ff = 1, 𝑥◦Ff = 𝐹 f
𝑥 , 𝑦◦Ff = 𝐹 f

𝑦 , 𝑧◦Ff = 𝐹 f
𝑧

and because Ff is invertible by hypothesis, this is equivalent to showing that 1, 𝐹 f
𝑥 , 𝐹 f

𝑦 , and 𝐹 f
𝑧  are linearly independent on ̂. 

From the proof of Theorem 1, we have the linear relationship 
⎡

⎢

⎢

⎢

⎢

⎣

1
𝐹 f
𝑥
𝐹 f
𝑦
𝐹 f
𝑧

⎤

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎣

1 1 1 1
𝑥1 𝑥2 𝑥3 𝑥4
𝑦1 𝑦2 𝑦3 𝑦4
𝑧1 𝑧2 𝑧3 𝑧4

⎤

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎣

𝑁̂1
𝑁̂2
𝑁̂3
𝑁̂4

⎤

⎥

⎥

⎥

⎥

⎦

(14)

where 𝑉 f
𝛼 = (𝑥𝛼 , 𝑦𝛼 , 𝑧𝛼) are the vertices of the face f. Since 𝑁̂1, 𝑁̂2, 𝑁̂3, 𝑁̂4 are linearly independent, the result follows if the matrix 

is nonsingular, which in turn is equivalent to the fact that the vertices of f are not coplanar.
ii) If the vertices of f are coplanar, the restriction to f of linear polynomials is the space of linear polynomials in two variables which 

has dimension 3; hence, since the dimension of 𝑉 ISO
1 (f) is 4, it is strictly contained into it.

 ∎
Since we want compatibility at the face level between the isoparametric brick and the virtual brick, we adopt definition (13) as 

the face space 𝑉 VEM
1 (f) for functions on virtual bricks: 

𝑉 VEM
1 (f) ∶= 𝑉 ISO

1 (f). (15)

4.2.  The auxiliary space 𝑉 VEM
1 ()

We start defining the boundary space 𝐵1(𝜕) by gluing together with continuity the face spaces 𝑉 VEM
1 (f):

𝐵1(𝜕) ∶= {𝑔ℎ ∶ 𝜕 ⟶ ℝ such that 𝑔ℎ ∈ 𝐶0(𝜕) and 𝑔ℎ|f ∈ 𝑉 VEM
1 (f) for all faces f}.

The auxiliary VEM local space 𝑉 VEM
1 () is defined as the extension inside  through the Laplace operator of the boundary space 

𝐵1(𝜕), i.e. 
𝑉 VEM
1 () ∶= {𝑣ℎ ∶  ⟶ ℝ such that 𝑣ℎ|𝜕 ∈ 𝐵1(𝜕) and Δ𝑣ℎ ∈ ℙ1(𝑥, 𝑦, 𝑧)}. (16)

The following Theorem characterizes the space 𝑉 VEM
1 ():

Theorem 3. The space 𝑉 VEM
1 () has dimension 8 + 4 = 12, and as degrees of freedom for 𝑣ℎ ∈ 𝑉 VEM

1 () we can take:

• boundary degrees of freedom: the 8 pointwise values 𝑣ℎ(𝑉𝑖) at the vertices of , as for the isoparametric ℚ1 elements;
• internal degrees of freedom: the 4 moments against a basis for linear polynomials.

Proof.  For a bounded and sufficiently regular domain, the Dirichlet problem for the Laplace equation establishes a one-to-one linear 
correspondence between the boundary and source data and the solution; hence, since dim𝐵1(𝜕) = 8 and dimℙ1(𝑥, 𝑦, 𝑧) = 4, from the 
definition of 𝑉 VEM

1 () it is clear that dim𝑉 VEM
1 () = 12. To show that the pointwise values at the vertices and the moments of order 

up to one form a set of degrees of freedom for 𝑉 VEM
1 (), is enough to show that

{

𝑣ℎ(𝑉𝑖) = 0, 𝑖 = 1,… , 8 and ∫
𝑣ℎ 𝑝1 dx = 0 for all 𝑝1 ∈ ℙ1(𝑥, 𝑦, 𝑧)

}

implies 𝑣ℎ ≡ 0.

We first notice that since 𝑣ℎ(𝑉𝑖) = 0, then 𝑣ℎ|𝜕 = 0. Integrating by parts |𝑣ℎ|21,, we have

|𝑣ℎ|
2
1, = ∫

|∇𝑣ℎ|2 dx = −∫
Δ𝑣ℎ 𝑣ℎ dx + ∫𝜕

𝜕𝑣ℎ
𝜕n

𝑣ℎ d𝑆.

The first term is zero because Δ𝑣ℎ ∈ ℙ1(𝑥, 𝑦, 𝑧), while the second term is zero because 𝑣ℎ|𝜕 = 0. Hence ∇𝑣ℎ ≡ 0 so that 𝑣ℎ is constant, 
and being zero on 𝜕, it is zero everywhere. ∎
Remark 2. We have ℙ1(𝑥, 𝑦, 𝑧) ⊂ 𝑉 VEM

1 (). In fact, by Theorem 2, 𝑝1|𝜕 ∈ 𝐵1(𝜕) and Δ𝑝1 ≡ 0. 
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4.3.  The projector Π∇
1

The next step in the definition of a Virtual Element Method is the computation of the projection Π∇
1 , which takes a function 

𝑣ℎ ∈ 𝑉 VEM
1 () and projects it onto the space of linear polynomials ℙ1(𝑥, 𝑦, 𝑧) using only its boundary degrees of freedom. The projection 

Π∇
1  is defined by requiring that it is orthogonal with respect to the energy scalar product in 𝐻1

0 (), i.e. 

∫
[∇Π∇

1 𝑣ℎ] ⋅ ∇𝑝1 dx = ∫
∇𝑣ℎ ⋅ ∇𝑝1 dx for all 𝑝1 ∈ ℙ1(𝑥, 𝑦, 𝑧). (17)

We need an extra condition to fix Π∇
1  onto the constant functions. Here we will make use of the simplest possible choice, i.e. 

1
8

8
∑

𝑖=1
[Π∇

1 𝑣ℎ](𝑉𝑖) =
1
8

8
∑

𝑖=1
𝑣ℎ(𝑉𝑖); (18)

we refer to [12] for the details. By observing that ∇[Π∇
1 𝑣ℎ] is a constant vector, it is easy to see that (17) simply means that 

∇[Π∇
1 𝑣ℎ] =

1
vol() ∫

∇𝑣ℎ dx (19)

and a direct application of (18) gives an explicit expression of Π∇
1 𝑣ℎ: 

[Π∇
1 𝑣ℎ](x) =

[

1
vol() ∫

∇𝑣ℎ dx
]

⋅ (x − 𝑉 ) + 𝑣̄ℎ (20)

where 𝑉 ∶= 1
8
∑8
𝑖=1 𝑉𝑖 is the vertex center of  and 𝑣̄ℎ ∶= 1

8
∑8
𝑖=1 𝑣ℎ(𝑉𝑖). The integral on  of the gradient of 𝑣ℎ can be explicitly 

computed given the boundary degrees of freedom of 𝑣ℎ, by

∫
∇𝑣ℎ dx = ∫𝜕

𝑣ℎnd𝑆 =
∑

f

{ 4
∑

𝛼=1
𝑣ℎ(𝑉 f

𝛼 )∫̂
𝑁̂𝛼(𝜉, 𝜂)

(

𝜕Ff

𝜕𝜉
× 𝜕Ff

𝜕𝜂

)

d𝜉 d𝜂

}

.

We conclude that Π∇
1 𝑣ℎ depends only on the boundary degrees of freedom of 𝑣ℎ, and can be computed explicitly without recovering 

𝑣ℎ inside .
Remark 3. By denoting with Π0

0 the 𝐿2 projection onto constants, by (19) we have 
∇[Π∇

1 𝑣ℎ] = Π0
0[∇𝑣ℎ]. (21)

4.4.  The space 𝑉 VEM
1 ()

We finally define 𝑉 VEM
1 () as the subspace of 𝑉 VEM

1 () consisting of the virtual functions 𝑣ℎ whose moments against linear 
polynomials coincide with the corresponding moments of Π∇

1 𝑣ℎ:

𝑉 VEM
1 () = {𝑣ℎ ∈ 𝑉 VEM

1 () such that ∫
𝑣ℎ 𝑝1 dx = ∫

Π∇
1 𝑣ℎ 𝑝1 dx for all 𝑝1 ∈ ℙ1(𝑥, 𝑦, 𝑧)}.

Since ∫
𝑣ℎ 𝑝1 dx = ∫

Π0
1𝑣ℎ 𝑝1 dx, in 𝑉 VEM

1 () we have the property 

Π0
1𝑣ℎ = Π∇

1 𝑣ℎ (22)

which allows us to compute the 𝐿2 projection of virtual functions onto linear polynomials.
The next Theorem characterizes the space 𝑉 VEM

1 ().

Theorem 4. The dimension of 𝑉 VEM
1 () is equal to 8 and as degrees of freedom in 𝑉 VEM

1 () we can take the boundary degrees of freedom 
of 𝑉 VEM

1 (), i.e. the pointwise values at the vertices of . 
Proof.  Since dimℙ1(𝑥, 𝑦, 𝑧) = 4, the conditions defining 𝑉 VEM

1 () as a subspace of 𝑉 VEM
1 () are 4, hence

dim𝑉 VEM
1 () ≥ dim𝑉 VEM

1 () − 4 = 8.

We prove that the dimension of 𝑉 VEM
1 () is exactly 8 by showing that if the 8 boundary degrees of freedom of a function 𝑣ℎ ∈ 𝑉 VEM

1 ()
are zero, then 𝑣ℎ ≡ 0. To this end, we just observe that if 𝑣ℎ(𝑉𝑖) = 0, then Π∇

1 𝑣ℎ ≡ 0, hence by (22) also Π0
1𝑣ℎ ≡ 0 meaning that the 

internal degrees of freedom of 𝑣ℎ are zero as well. Hence by Theorem 3 we conclude that 𝑣ℎ ≡ 0.
Furthermore, it is clear from our argument that as degrees of freedom in the space 𝑉 VEM

1 () we can take the boundary degrees of 
freedom of the space 𝑉 VEM

1 (), i.e. the pointwise values at the vertices. ∎
The Lagrange basis functions 𝑁𝑖(𝑥, 𝑦, 𝑧) ∈ 𝑉 VEM

1 (), 𝑖 = 1,… , 8, are defined as usual by the condition dof𝑖(𝑁𝑗 ) = 𝑁𝑗 (𝑉𝑖) = 𝛿𝑖𝑗 .

Remark 4. We have ℙ1(𝑥, 𝑦, 𝑧) ⊊ 𝑉 VEM
1 (). In fact, if 𝑞1 ∈ ℙ1(𝑥, 𝑦, 𝑧), we have Π∇

1 𝑞1 = 𝑞1 so that the equation defining 𝑉 VEM
1 () is 

trivially satisfied for 𝑣ℎ = 𝑞1. 
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We summarize what we have done so far:
• given a virtual brick  (see Definition 2), we have defined the local virtual space 𝑉 VEM

1 () (see (16)) which is an extension of the 
face spaces 𝑉 VEM

1 (f) = 𝑉 ISO
1 (f) glued together;

• the space 𝑉 VEM
1 () has dimension 8 and contains linear polynomials. As degrees of freedom we take the pointwise values at the 

vertices;
• functions in 𝑉 VEM

1 () are explicitly known (given the degrees of freedom) only on faces; however, as usual in the Virtual Element 
Method context, their values inside  are never used;

• if  is a virtual brick and ′ is an adjacent regular brick, i.e. an isoparametric 8-node brick, the local space on their shared face 
is the same.

Remark 5. The previous construction can be repeated also for more general solids with both triangular and curved quadrilateral 
faces, opening the route to the construction of general polyhedral virtual elements featuring triangular faces and curved quadrilateral 
faces, suitable for the treatment of complex geometries. 
Remark 6. The described virtual brick approach can be extended to the higher-order case. In fact, the face spaces can be defined 
by using the standard isoparametric design, while in the element interior one can follow the typical construction of the higher-order 
virtual elements. 

5.  Integration on a virtual brick

This section addresses the problem of integration over a virtual brick, with the goal of computing the stiffness matrix in practical 
applications.

We first consider functions that are known on the brick, and then turn to virtual functions, treated with a distinct approach.

5.1.  Integration of monomials

On a virtual brick, monomials 𝑥𝛼𝑦𝛽𝑧𝛾 can be easily integrated by applying the divergence theorem. We choose for instance the 𝑥
variable and observe that 

𝑥𝛼𝑦𝛽𝑧𝛾 = div
( 1
𝛼 + 1

𝑥𝛼+1𝑦𝛽𝑧𝛾e1
)

(23)

where e1 = (1, 0, 0)𝑇 . Hence,

∫
𝑥𝛼𝑦𝛽𝑧𝛾 dx = ∫

div
( 1
𝛼 + 1

𝑥𝛼+1𝑦𝛽𝑧𝛾e1
)

dx =

= 1
𝛼 + 1 ∫𝜕

𝑥𝛼+1𝑦𝛽𝑧𝛾 (e1 ⋅ n)d𝑆 = 1
𝛼 + 1

∑

f
∫f
𝑥𝛼+1𝑦𝛽𝑧𝛾 (e1 ⋅ nf)d𝑆. (24)

The integral on each face f can be computed by going back to the reference square: 

∫f
𝑥𝛼+1𝑦𝛽𝑧𝛾

(

e1 ⋅ nf)d𝑆 = ∫̂
𝐹 f
𝑥 (𝜉, 𝜂)

𝛼+1𝐹 f
𝑦 (𝜉, 𝜂)

𝛽𝐹 f
𝑧 (𝜉, 𝜂)

𝛾
[

e1 ⋅
(

𝜕Ff

𝜕𝜉
× 𝜕Ff

𝜕𝜂

)]

d𝜉 d𝜂, (25)

where we have used that nd𝑆 =
(

𝜕Ff

𝜕𝜉
× 𝜕Ff

𝜕𝜂

)

d𝜉 d𝜂. By direct computation, it can be seen that the components of 𝜕F
f

𝜕𝜉
× 𝜕Ff

𝜕𝜂
 are 

bilinear polynomials in 𝜉 and 𝜂. Hence, the integrand in (25) has degree at most (𝛼 + 1 + 𝛽 + 𝛾) + 1 in each variable. Consequently, to 
compute the exact integral it is enough to take a 𝑁 ×𝑁 Gauss quadrature formula on the reference square where 𝑁 =

⌈

𝛼 + 𝛽 + 𝛾 + 3
2

⌉

.

5.2.  Integration of general functions

We will present here a quadrature formula based on the use of the map from the reference cube, even in the case of a non-regular 
virtual brick  (i.e., when its geometry mapping is not invertible).

Given a function 𝑓 defined on , if the trilinear map F ∶ ̂ →  is invertible so that det 𝐽F(𝝃) > 0, it is possible to compute ∫
𝑓 (x)dx

by using the change of variable determined by F: 

∫
𝑓 (x)dx = ∫̂

𝑓 (F(𝝃)) det 𝐽F(𝝃)d𝝃. (26)

In this way we can readily evaluate numerically the integral on ̂ by Gauss product quadrature formulas for the cube. Our claim is 
that formula (26) works also when  is not regular, despite the fact that F is no more invertible. Note that we take the determinant 
of the Jacobian of F with its sign.

We recall that for a non-regular virtual brick we have F(̂) ⊋ , i.e. the brick "folds". Hence, for the integral on the right hand side 
of (26) to make sense, we need to extend 𝑓 to F(̂) ⧵ . We will see that the value of the integral is independent of the extension, as 
shown in the following theorem.
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Theorem 5. Let 𝑓 ∶  → ℝ be a continuous function, and let 𝑓 be a continuous extension of 𝑓 defined on F(̂) ⊇ . Then 

∫
𝑓 (x)dx = ∫̂

𝑓 (F(𝝃)) det 𝐽F(𝝃)d𝝃. (27)

Proof.  The proof of this result follows from a general theorem in geometric integration, which states that (27) holds whenever the 
map F has topological degree 1 (see, e.g., [40], Chap. 4; see also [41] for a very illuminating introduction to the subject). In our 
setting, this requirement is satisfied because, by Definition 2, the restriction of F to the boundary of ̂ is an orientation-preserving 
bijection onto the boundary of . For completeness, we also provide below an elementary proof tailored to our specific case.

We start by proving Eq. (26) when 𝑓 is a polynomial 𝑝. Let P be a polynomial vector field such that divP = 𝑝; for instance, we can 
take a primitive 𝑝̃ of 𝑝 with respect to 𝑥 and set P ∶= (𝑝̃, 0, 0). For any virtual brick , regular or not, by the divergence theorem we 
have 

∫
𝑝dx = ∫

divPdx = ∫𝜕
P ⋅ nd𝑆 =

∑

f
∫̂

P(Ff(𝜉, 𝜂)) ⋅
(

𝜕Ff

𝜕𝜉
× 𝜕Ff

𝜕𝜂

)

d𝜉 d𝜂. (28)

If  is a regular brick, i.e. such that det 𝐽F(𝝃) > 0 on ̂, we also have 

∫
𝑝dx = ∫̂

𝑝(F(𝝃)) det 𝐽F(𝝃)d𝝃 (for  regular). (29)

Consider now the two expressions above for ∫ 𝑝dx as functions of the coordinates of the vertices (𝑥1, 𝑦1, 𝑧1, 𝑥2, 𝑦2, 𝑧2,…) of the brick 
. Recall that both F and Ff are a linear combination of vertices of  (see (3) and (8)). Thus, the 24 vertex coordinates appear in 
polynomial form in both integrands of (28) and (29), implying that, after integration, both expressions remain polynomials in these 
24 variables.

To show that the two expressions (28) and (29) define the same polynomial, it suffices–by the identity theorem for multivariate 
polynomials–to verify that they agree on an open set in all variables. This condition is satisfied: if the brick  is regular (i.e., if its 
vertices are sufficiently close to those of the reference cube ̂), then det 𝐽F > 0 and the two expressions coincide. Since they agree on 
an open neighborhood of the vertex coordinates, they must be equal as polynomials, and thus coincide for all values of the vertex 
coordinates. In particular, they remain equal for any virtual brick , including the non-regular case.
Remark 7. Note that in the argument above it is not required that the map Ff(𝜉, 𝜂) be polynomial in 𝜉 and 𝜂; the only property that 
actually matters is that Ff(𝜉, 𝜂) and F(𝜉, 𝜂, 𝜁 ) are linear combinations of the vertices 𝑉𝑖. 

Let now 𝑓 be a continuous extension of 𝑓 defined on F(̂) ⊇ . By the Weierstrass theorem, for any 𝜀 > 0 there exists a polynomial 
𝑝 such that 

max
x∈F(̂)

|𝑝(x) − 𝑓 (x)| < 𝜀 (30)

so that
|

|

|

|

∫
𝑓 dx − ∫̂

𝑓 (F(𝝃)) det 𝐽F(𝝃)d𝝃
|

|

|

|

≤
|

|

|

|

∫
𝑓 dx − ∫

𝑝dx
|

|

|

|

+
|

|

|

|

∫
𝑝dx − ∫̂

𝑝(F(𝝃)) det 𝐽F(𝝃)d𝝃
|

|

|

|

+
|

|

|

|

∫̂
𝑝(F(𝝃)) det 𝐽F(𝝃)d𝝃 − ∫̂

𝑓 (F(𝝃)) det 𝐽F(𝝃)d𝝃
|

|

|

|

. (31)

The first and the third term can be bounded by a constant times 𝜀, while the second term is zero. Hence the theorem is proved. ∎
An immediate consequence of this theorem is that

∫F(̂)⧵
𝑓 dx = 0.

Hence, given a function 𝑓 defined on , any continuous extension 𝑓 to F(̂) leaves the integral computed via the isoparametric map 
unchanged; in other words, the exact integral does not depend on the choice of extension.
Remark 8. When the integral (27) is approximated using a quadrature formula, the result does depend on the extension 𝑓 , because 
quadrature nodes that fall outside F(̂) require evaluating 𝑓 at those points. Of course, if the extended function 𝑓 is smooth, accuracy 
is preserved. 

When 𝑓 is a polynomial, it is automatically defined on the whole ℝ3. Hence a first important conclusion of this analysis is that 
we can integrate polynomials on virtual bricks in the same way (i.e. with the same code) as on regular 8-node bricks. As we have already 
observed, det 𝐽F(𝜉, 𝜂, 𝜁 ) is polynomial of maximum degree 2 in each variable; hence, to integrate exactly a polynomial 𝑝𝑑 (𝑥, 𝑦, 𝑧) of 
degree 𝑑 on  with formula (27), we need 𝑁 ×𝑁 ×𝑁 Gauss points on the reference cube where 𝑁 =

⌈𝑑 + 3
2

⌉

: 

∫
𝑝𝑑 (x)dx = ∫̂

𝑝𝑑 (F(𝜉, 𝜂, 𝜁 ))
⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟
max degree 𝑑 in
each variable

det 𝐽F(𝜉, 𝜂, 𝜁 )
⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟
max degree 2 in
each variable

d𝜉 d𝜂 d𝜁. (32)
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Remark 9. From Remark 8, it emerges that the computation of volume integrals may require evaluating the integrand function at a 
Gauss quadrature point in the reference cubic element that is mapped to a point outside the physical domain of the distorted element. 
This is of particular concern in the case of nonsmooth material behavior, such as, e.g., elastoplasticity for solid mechanics problems. 
Theorem 5 states that the extension of the integrand function outside the element is arbitrary for the analytical value of the integral. 
Hence, a clever extrapolation of the integrand function using only the values inside the physical brick could give accurate results and 
this is the object of current investigations. 

5.3.  Integration of virtual functions

Virtual functions are known only through their degrees of freedom which in this case are the values at the vertices 𝑉𝑖 of the virtual 
brick . It will be useful in the sequel to have at our disposal a quadrature formula which is exact for polynomials of degree 1 whose 
nodes are the vertices themselves. The quadrature formula will be based on least-squares approximation.

Let 𝑓 be a function defined on , and let 𝑝ls1 ∈ ℙ1(𝑥, 𝑦, 𝑧) the polynomial that approximates the value 𝑓 (𝑉𝑖) in least-squares sense, 
i.e. such that 

8
∑

𝑖=1

|

|

|

𝑓 (𝑉𝑖) − 𝑝ls1 (𝑉𝑖)
|

|

|

2 is minimum. (33)

It is clear that such a polynomial exists and is unique unless all vertices of  are coplanar. Then we make the approximation 

∫
𝑓 (x)dx ≈ ∫

𝑝ls1 (x)dx. (34)

If 𝑓 belongs to ℙ1(𝑥, 𝑦, 𝑧), then 𝑝ls1 ≡ 𝑓 so the quadrature formula has degree of precision at least 1. In order to identify the weights 
𝜔ls𝑖  of the quadrature formula constructed in this way, we define as 𝜋ls𝑖  the polynomial belonging to ℙ1(𝑥, 𝑦, 𝑧) that approximates in 
the least square sense the data 𝛿𝑖𝑗 , i.e. 

𝜋ls𝑖 (𝑉𝑖) ≈ 1, 𝜋ls𝑖 (𝑉𝑗 ) ≈ 0 for 𝑗 ≠ 𝑖. (35)

Since the polynomial 𝑝ls1  depends linearly on the data, we can express it as a linear combination of the polynomials 𝜋ls𝑖 (x) as follows: 

𝑝ls1 (x) =
8
∑

𝑖=1
𝑓 (𝑉𝑖)𝜋ls𝑖 (x) (36)

so that 

∫
𝑝ls1 (x)dx =

8
∑

𝑖=1
𝑓 (𝑉𝑖)∫

𝜋ls𝑖 (x)dx. (37)

Hence, the weights 𝜔ls𝑖  of the quadrature formula are simply given by 

𝜔ls𝑖 = ∫
𝜋ls𝑖 dx. (38)

6.  VEM Approximation of a reaction-diffusion problem

For the sake of simplicity, we will consider the thermal problem with a reaction term, supplemented by Dirichlet boundary 
conditions: 

{

−div(D∇𝑢) + 𝑐𝑢 = 𝑓  in Ω
𝑢 = 𝑔  on 𝜕Ω

(39)

where the diffusion D = D(𝑥, 𝑦, 𝑧) is a symmetric and uniformly positive definite 3 × 3 matrix and the reaction 𝑐 = 𝑐(𝑥, 𝑦, 𝑧) is positive. 
The variational formulation of (39) reads 

{

find 𝑢 ∈ 𝐻1
𝑔 (Ω),  such that

𝑎(𝑢, 𝑣) = 𝐹 (𝑣) for all 𝑣 ∈ 𝐻1
0 (Ω)

(40)

where 𝐻1
𝑔 (Ω) ∶= {𝑣 ∈ 𝐻1(Ω) such that 𝑢 = 𝑔 on 𝜕Ω} and 

𝑎(𝑢, 𝑣) = ∫Ω

(

D∇𝑢 ⋅ ∇𝑣 + 𝑐𝑢𝑣
)

dx, 𝐹 (𝑣) = ∫Ω
𝑓𝑣dx. (41)

Assume to subdivide Ω in virtual bricks  in a conformal way, and define the virtual spaces 𝑉ℎ and 𝑉ℎ,𝑔 as 
𝑉ℎ = {𝑣 ∈ 𝐻1(Ω) such that 𝑣

| ∈ 𝑉 VEM
1 ()} (42)

and 
𝑉ℎ,𝑔 = {𝑣 ∈ 𝑉ℎ such that 𝑣|𝜕Ω = 𝑔ℎ} (43)
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where on each boundary face f, the function 𝑔ℎ is the interpolant of 𝑔 at the vertices of f. The approximate problem reads 
{

find 𝑢ℎ ∈ 𝑉ℎ,𝑔 such that
𝑎ℎ(𝑢ℎ, 𝑣ℎ) = 𝐹ℎ(𝑣ℎ) for all 𝑣ℎ ∈ 𝑉ℎ,0

(44)

where 𝑎ℎ(𝑢ℎ, 𝑣ℎ) and 𝐹ℎ(𝑣ℎ) are written as 
𝑎ℎ(𝑢ℎ, 𝑣ℎ) =

∑


𝑎ℎ (𝑢ℎ, 𝑣ℎ), 𝐹ℎ(𝑣ℎ) =

∑


𝐹
ℎ (𝑣ℎ) (45)

and 𝑎ℎ , 𝐹
ℎ  are such that 

𝑎ℎ (𝑢ℎ, 𝑣ℎ) ≈ ∫

(

D∇𝑢ℎ ⋅ ∇𝑣ℎ + 𝑐𝑢ℎ𝑣ℎ
)

dx and 𝐹
ℎ (𝑣ℎ) ≈ ∫

𝑓𝑣ℎ dx. (46)

As standard in a finite element context, we have to compute for each brick  the local stiffness matrix K and the load vector b:
K
𝑖𝑗 ∶= 𝑎ℎ (𝑁𝑗 , 𝑁𝑖), b𝑖 ∶= 𝐹

ℎ (𝑁𝑖), 𝑖, 𝑗 = 1,… , 8.

6.1.  Diffusion term

We start with the approximation of the diffusion term ∫ D∇𝑁𝑗 ⋅ ∇𝑁𝑖 dx. As standard in the Virtual Element Method, since the 
basis functions 𝑁𝑖 are not known inside , we substitute them with their Π∇

1  projections: 

∫
D∇𝑁𝑗 ⋅ ∇𝑁𝑖 dx ≈ ∫

D∇[Π∇
1𝑁𝑗 ] ⋅ ∇[Π∇

1𝑁𝑖]dx = ∫
DΠ0

0[∇𝑁𝑗 ] ⋅ Π0
0[∇𝑁𝑖]dx (47)

where the last equality follows from (20). The resulting matrix preserves consistency (see [12]) but it is rank-deficient. Indeed, to 
ensure the invertibility of the global stiffness matrix, its kernel should contain only the constant vector, hence its rank should be 7. 
However, since the image of the projector Π0

0 has dimension 3, its rank is also 3. Hence, the matrix obtained by substituting ∇𝑁𝑗 with 
Π0
0[∇𝑁𝑗 ] in the diffusion term needs to be supplemented with a stabilization matrix, which does not spoil consistency but restores 

the correct rank.
Remark 10.  In view of Theorem 5, the integrals in (47) can be computed using the standard Gauss integration scheme of the 
isoparametric brick. This is of outmost importance in the case of nonlinear problems, where the material behaviour is usually evaluated 
at the Gauss points. 

6.1.1.  The dofi-dofi stabilization
A common choice (the so-called "dofi-dofi" stabilization; see [12] for a thorough discussion) is the following: 

ℎ
tr (D)

3

8
∑

𝑘=1
dof𝑘(𝑁𝑗 − Π∇

1𝑁𝑗 )dof𝑘(𝑁𝑖 − Π∇
1𝑁𝑖), (48)

where dof𝑘(𝑣ℎ) ∶= 𝑣ℎ(𝑉𝑘) denotes the 𝑘-th degree of freedom of 𝑣ℎ, ℎ is the diameter of , and D is the value of D at the centroid 
of .

6.1.2.  Self-Stabilized or stabilization free VEM
Following the approach proposed in [42], in Eq. (47) we could project ∇𝑁𝑖 onto a larger vector polynomial space, say P⋆(𝑥, 𝑦, 𝑧), 

so that the resulting matrix 

∫
DΠ0

⋆[∇𝑁𝑗 ] ⋅ Π0
⋆[∇𝑁𝑖]dx (49)

is no more rank-deficient and a stabilization term like (48) is no longer needed. To compute Π0
⋆[∇𝑣ℎ] directly from the degrees of 

freedom of 𝑣ℎ, the space P⋆ should consist of divergence-free polynomials; in fact, computing Π0
⋆[∇𝑣ℎ] amounts to solve the linear 

problem

∫
Π0
⋆[∇𝑣ℎ] ⋅ q∗ dx = ∫

∇𝑣ℎ ⋅ q∗ dx for all q∗ ∈ P⋆.

To evaluate the right-hand side, we integrate by parts:

∫
∇𝑣ℎ ⋅ q∗ dx = −∫

𝑣ℎ divq∗ dx + ∫𝜕
𝑣ℎq∗ ⋅ n d𝑆.

It is then clear that we need divq∗ = 0 in order to eliminate the volume term, whose evaluation is impossible since 𝑣ℎ is unknown 
inside .

A natural candidate for a space of divergence-free polynomials P⋆ is the space of gradients of harmonic polynomials of degree less 
than or equal to 𝑚:

P⋆ ∶= ∇≤𝑚 = {∇𝑝h𝑚,  with 𝑝h𝑚 ∈ ℙ𝑚(𝑥, 𝑦, 𝑧) and Δ𝑝h𝑚 = 0}.
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The spaces ∇≤𝑚 are invariant under rigid motions, and, as a consequence, the matrix (49) is frame-indifferent. In the three-
dimensional space, the dimension of ∇≤𝑚 is (𝑚 + 1)2 − 1 (see [43]).
• Case 𝑚 = 2. A necessary (but not sufficient) condition for the matrix (49) to have rank 7 is that dim(P⋆) ≥ 7. When 𝑚 = 2, the 
dimension of ∇≤2 is (2 + 1)2 − 1 = 8, so ∇≤2 is a potential candidate for P⋆. However, it can be easily shown that in this case the 
rank of the matrix (49) is strictly less than 7 when  is a cube, for example. Indeed, let  be the reference cube ̂ with vertices 
given by (1) and Ψℎ the virtual function defined by Ψℎ(𝑥, 𝑦, 𝑧) = 𝑥𝑦𝑧. It is easy to check that Ψℎ takes the value (−1)𝑖 at vertex 𝑉𝑖 for 
𝑖 = 1, 2, 3, 4, and (−1)𝑖+1 for 𝑖 = 5, 6, 7, 8 so that, on each face, the values of Ψℎ at the vertices alternate between +1 and −1 and, as 
function of the parameters of the face, Ψℎ is given by ±𝜉𝜂.

We show that Π0
⋆[∇Ψℎ] = 0. In order to do so, we need to prove that for any 𝑝h2 ∈ ≤2, we have

∫̂
∇Ψℎ ⋅ ∇𝑝h2 dx = 0.

We integrate by parts:

∫̂
∇Ψℎ ⋅ ∇𝑝h2 dx = −∫̂

Ψℎ Δ𝑝h2
⏟⏟⏟

=0

dx +
∑

f
∫f

Ψℎ
𝜕𝑝h2
𝜕n

d𝑆 =
∑

f
∫f

Ψℎ
𝜕𝑝h2
𝜕n

d𝑆,

because Δ𝑝h2 ≡ 0. Since ̂ is the cube [−1,+1]3, on each face in local coordinates (𝜉, 𝜂) the virtual function Ψℎ is given by ± 𝜉𝜂 and 
𝜕𝑝h2
𝜕n

 is a first–order polynomial in 𝜉 and 𝜂. Hence each integral reduces to the integration over the square [−1,+1]2 of ± 𝜉𝜂 times a 
first–order polynomial in 𝜉 and 𝜂, which yields always zero. As a consequence, the array Ψℎ(𝑉𝑖) is in the kernel of the matrix (49). In 
fact we have:

8
∑

𝑗=1

[

∫̂
DΠ0

⋆[∇𝑁𝑗 ] ⋅ Π0
⋆[∇𝑁𝑖]dx

]

Ψℎ(𝑉𝑗 ) = ∫̂
DΠ0

⋆∇

[ 8
∑

𝑗=1
Ψℎ(𝑉𝑗 )𝑁𝑗

]

⋅ Π0
⋆[∇𝑁𝑖]dx = ∫̂

D Π0
⋆[∇Ψℎ]

⏟⏞⏞⏟⏞⏞⏟
=0

⋅Π0
⋆[∇𝑁𝑖]dx = 0. (50)

Hence the 𝐿2 projection of ∇𝑉 VEM
1 (̂) into ∇≤2 is, in general, not sufficient to avoid the need for a stabilization term.

• Case 𝑚 = 3. When 𝑚 = 3, the dimension of P⋆ = ∇≤3 is (3 + 1)2 − 1 = 15. In this case, for a cube the matrix (49) coincides with 
the stiffness matrix given by the ℚ1 isoparametric finite elements. Preliminary numerical experiments using this choice of P⋆ yielded 
highly satisfactory results, which are reported in Section 8 together with the results obtained using the dofi-dofi stabilization (48).

For the actual computation, we list here a possible basis for the space ∇≤3, grouped by degree:
• degree 0:

⎡

⎢

⎢

⎣

1
0
0

⎤

⎥

⎥

⎦

,
⎡

⎢

⎢

⎣

0
1
0

⎤

⎥

⎥

⎦

,
⎡

⎢

⎢

⎣

0
0
1

⎤

⎥

⎥

⎦

• degree 1:
⎡

⎢

⎢

⎣

0
𝑧
𝑦

⎤

⎥

⎥

⎦

,
⎡

⎢

⎢

⎣

−𝑥
2 𝑦
−𝑧

⎤

⎥

⎥

⎦

,
⎡

⎢

⎢

⎣

𝑧
0
𝑥

⎤

⎥

⎥

⎦

,
⎡

⎢

⎢

⎣

𝑦
𝑥
0

⎤

⎥

⎥

⎦

,
⎡

⎢

⎢

⎣

2 𝑥
−𝑦
−𝑧

⎤

⎥

⎥

⎦

;

• degree 2:
⎡

⎢

⎢

⎣

2 𝑥 𝑧
−8 𝑦 𝑧

𝑥2 − 4 𝑦2 + 3 𝑧2

⎤

⎥

⎥

⎦

,
⎡

⎢

⎢

⎣

2 𝑥 𝑦
𝑥2 − 2 𝑦2 + 𝑧2

2 𝑦 𝑧

⎤

⎥

⎥

⎦

,
⎡

⎢

⎢

⎣

3 𝑥2 − 4 𝑦2 + 𝑧2

−8 𝑥 𝑦
2 𝑥 𝑧

⎤

⎥

⎥

⎦

,

⎡

⎢

⎢

⎣

−8 𝑥 𝑧
2 𝑦 𝑧

−4 𝑥2 + 𝑦2 + 3 𝑧2

⎤

⎥

⎥

⎦

,
⎡

⎢

⎢

⎣

−8 𝑥 𝑦
−4 𝑥2 + 3 𝑦2 + 𝑧2

2 𝑦 𝑧

⎤

⎥

⎥

⎦

,
⎡

⎢

⎢

⎣

−2 𝑥2 + 𝑦2 + 𝑧2

2 𝑥 𝑦
2 𝑥 𝑧

⎤

⎥

⎥

⎦

,
⎡

⎢

⎢

⎣

𝑦 𝑧
𝑥 𝑧
𝑥 𝑦

⎤

⎥

⎥

⎦

.

6.2.  Reaction and load terms

The reaction and load terms appearing in the weak formulation of the problem can be approximated using different strategies.
• A first approach is to employ the quadrature formula described in Subsection 5.3. In this case, the integrals are replaced by discrete 
sums over the vertices of the element : 

∫
𝑐 𝑁𝑗𝑁𝑖 dx ≈

8
∑

𝑘=1
𝑐(𝑉𝑘)𝑁𝑗 (𝑉𝑘)𝑁𝑖(𝑉𝑘)𝜔ls𝑘 =

8
∑

𝑘=1
𝑐(𝑉𝑘) 𝛿𝑗𝑘 𝛿𝑖𝑘 𝜔ls𝑘 =

{

𝑐(𝑉𝑖)𝜔ls𝑖 if 𝑖 = 𝑗
0 if 𝑖 ≠ 𝑗

(51)
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∫
𝑓𝑁𝑖 dx ≈

8
∑

𝑘=1
𝑓 (𝑉𝑘)𝑁𝑖(𝑉𝑘)𝜔ls𝑘 =

8
∑

𝑘=1
𝑓 (𝑉𝑘) 𝛿𝑖𝑘 𝜔ls𝑘 = 𝑓 (𝑉𝑖)𝜔ls𝑖 (52)

where the weights 𝜔ls𝑘  are defined in (38).
• A second approach consists in substituting the basis functions 𝑁𝑖 in the integrals with their 𝐿2 projection Π0

1𝑁𝑖 onto the space of 
linear polynomials (see Subsection 4.4, Eq. (22)), i.e.: 

∫
𝑐 𝑁𝑗𝑁𝑖 dx ≈ ∫

𝑐 (Π0
1𝑁𝑗 ) (Π0

1𝑁𝑖)dx, ∫
𝑓𝑁𝑖 dx ≈ ∫

𝑓 Π0
1𝑁𝑖 dx. (53)

After this projection, the integrals can be computed using the method described in Subsection 5.2.

These two strategies provide consistent ways to evaluate the reaction and load contributions in the discrete formulation, depending 
on the computational framework used.

However, we remark that the second approach leads to a scheme for which a rigorous error analysis can be developed, see 
Section 7. For the first approach the same result could be established provided one were able to prove that the weights 𝜔ls𝑘  are all 
positive. To our best knowledge, such a proof is not yet available for the vertex configuration of a general virtual brick. However, we 
highlight that all the numerical tests we have developed suggest that the weight positivity is true.

7.  Convergence of the virtual brick method

In this Section we briefly consider the convergence property of the method described in Section 6. In particular, for the reaction 
term we select the approximation given by (53). Instead, for the loading term we can indifferently take one of the two choices (52) 
or (53). As usual, we introduce a sequence of brick meshes {ℎ

}

ℎ>0 with meshsize ℎ. From now on, we denote by ℎ the diameter of 
 ∈ ℎ. For such a mesh sequence we assume what follows.
Hypotheses.

• H1. There exists 𝜌 > 0, independent of ℎ, such that every  ∈ ℎ is star-shaped with respect to a ball 𝐵𝑟, centered in x0 ∈  and 
of radius 𝑟, with 𝜌 𝑟 ≥ ℎ (of course, the radius 𝑟 depend on ; this dependence is here omitted for notational simplicity).

• H2. There exists 𝛾 > 0, independent of ℎ, such that, given  ∈ ℎ. it holds:
– for every face f of , 

√

Area(f) ≥ 𝛾 ℎ (i.e. in a brick, the diameter of every face is comparable to the diameter of the brick 
itself);

– for every edge 𝑒, Length(𝑒) ≥ 𝛾 ℎ (i.e. in a brick, the length of every edge is comparable to the diameter of the brick itself).
• H3. There exists 𝜎, with 1 ≥ 𝜎 > 0 independent of ℎ, such that, for every  ∈ ℎ and any vector v ∈ ℝ3, at least one vertex 𝑉𝑗 ∈ 
satisfies 

(𝑉𝑗 − x0) ⋅ v ≥ 𝜎 |𝑉𝑗 − x0| |v|  (x0 as in H1 above). (54)

Remark 11. We remark that assumptions H1-H2 are on the line of the typical hypotheses assumed for the Virtual Element theoretical 
analysis. They are sufficient to define, for a regular analytical solution 𝑢 of Problem (39), an interpolant 𝑢𝐼  with optimal convergence 
rate properties. Assumption H3 essentially means that the brick vertices are not all located in any half-space passing through x0. It is 
useful for the analysis of the first order least squares quadrature rule (see Section 7.1). We remark that such an assumption is satisfied 
in most of the meshes of practical interest.

Since the least squares approximation can be employed for the load term computation, we now consider the study of the resulting 
quadrature rules.

7.1.  A first analysis of least squares quadrature rules

In this Section we focus on the quadrature rule (36)-(37), when using linear polynomials, as described in Section 5.3. Therefore, 
for a continuous function 𝜓 ∶  → ℝ, we wish to study the error 

∫
𝜓(x)dx − ∫

𝑝ls1 (x)dx = ∫
𝜓(x)dx −

8
∑

𝑖=1
𝜓(𝑉𝑖)∫

𝜋ls𝑖 dx. (55)

We first prove the 𝐿∞()-stability of the construction 𝜓 ⟶ 𝑝ls1 .

Theorem 6. Under hypotheses H1 and H3, for every  and every 𝜓 ∈ 𝐿∞(), it holds 
||𝑝ls1 ||𝐿∞() ≲ ||𝜓||𝐿∞(). (56)

Proof.  We notice that 𝑝ls1 ∈ ℙ1() is characterized by the following variational equations: 
8
∑

𝑖=1
𝑝ls1 (𝑉𝑖)𝑞1(𝑉𝑖) =

8
∑

𝑖=1
𝜓(𝑉𝑖)𝑞1(𝑉𝑖) ∀𝑞1 ∈ ℙ1(). (57)

Computer Methods in Applied Mechanics and Engineering 453 (2026) 118823 

15 



M. Cremonesi et al.

Choosing 𝑞1 = 𝑝ls1 , we get 
8
∑

𝑖=1
𝑝ls1 (𝑉𝑖)2 ≤

( 8
∑

𝑖=1
𝜓(𝑉𝑖)2

)1∕2( 8
∑

𝑖=1
𝑝ls1 (𝑉𝑖)2

)1∕2

≤ 2
√

2||𝜓||𝐿∞()

( 8
∑

𝑖=1
𝑝ls1 (𝑉𝑖)2

)1∕2

, (58)

by which it holds 
( 8
∑

𝑖=1
𝑝ls1 (𝑉𝑖)2

)1∕2

≤ 2
√

2||𝜓||𝐿∞(). (59)

Therefore, estimate (56) will follow if we prove that 

||𝑝ls1 ||𝐿∞() ≲

( 8
∑

𝑖=1
𝑝ls1 (𝑉𝑖)2

)1∕2

. (60)

We suppose ∇𝑝ls1 ≠ 0, since (60) is trivial if 𝑝ls1  is constant. We first remark that we have 
||𝑝ls1 ||𝐿∞() ≤ 𝜌||𝑝ls1 ||𝐿∞(𝐵𝑟). (61)

We write 𝑝ls1 (x) as 𝑝ls1 (x) = 𝑝0 + a ⋅ (x − x0), where a is (the constant vector) ∇𝑝ls1 . Hence, we have 

||𝑝ls1 ||𝐿∞(𝐵𝑟) = |𝑝0| + |a| 𝑟 = 𝑝ls1 (x∗), where x∗ = x0 + sgn(𝑝0) 𝑟
a
|a|

. (62)

Due to assumption H3, taking v = sgn(𝑝0) a, there exists a vertex 𝑉𝑗 ∈  that satisfies 
(𝑉𝑗 − x0) ⋅ (sgn(𝑝0) a) = |𝑉𝑗 − x0| |a| cos 𝜗𝑗 ≥ 𝜎 |𝑉𝑗 − x0| |a|, (63)

where 𝜗𝑗 denotes the angle formed by the vectors 𝑉𝑗 − x0 and sgn(𝑝0) a. We notice that from (63) we have sgn[(𝑉𝑗 − x0) ⋅ a] = sgn(𝑝0). 
Hence, still from (63) it holds: 

|𝑝ls1 (𝑉𝑗 )| = |𝑝0 + a ⋅ (𝑉𝑗 − x0)| = |𝑝0 sgn(𝑝0) + (sgn(𝑝0)a) ⋅ (𝑉𝑗 − x0)|

= |𝑝0| + |𝑉𝑗 − x0| |a| cos 𝜗𝑗 ≥ |𝑝0| + 𝜎 |𝑉𝑗 − x0| |a| ≥ |𝑝0| + 𝜎 𝑟 |a|

≥ 𝜎
(

|𝑝0| + 𝑟 |a|
)

= 𝜎||𝑝ls1 ||𝐿∞(𝐵𝑟) .

(64)

From (64) we thus get 

||𝑝ls1 ||𝐿∞(𝐵𝑟) ≤
1
𝜎

( 8
∑

𝑖=1
𝑝ls1 (𝑉𝑖)2

)1∕2

. (65)

Combining (61) and (65) we get 

||𝑝ls1 ||𝐿∞() ≤
𝜌
𝜎

( 8
∑

𝑖=1
𝑝ls1 (𝑉𝑖)2

)1∕2

, (66)

i.e. estimate (60). The proof is complete. ∎
A rough quadrature error estimation, but enough for our purposes, is detailed in the following result.

Theorem 7. Under hypotheses H1 and H3, consider a brick . Then for 𝑘 = 0, 1, 2 it holds 
|

|

|

|

∫
(𝜓 − 𝑝ls1 )

|

|

|

|

≲ vol()ℎ𝑘|𝜓|𝑊 𝑘,∞() ∀𝜓 ∈ 𝑊 𝑘,∞(). (67)

Proof.  We start by recalling that, by Stein’s extension theorem (e.g., see [35]), given 𝜓 ∈ 𝑊 𝑘,∞() there exists an extension, for 
simplicity still denoted with 𝜓 , such that 

𝜓 ∈ 𝑊 𝑘,∞(ℝ3) and ||𝜓||𝑊 𝑘,∞(ℝ3) ≲ ||𝜓||𝑊 𝑘,∞() . (68)

We now denote by ℎ  a cube of diameter 
√

3ℎ such that  ⊆ ℎ . From (68) we have 
||𝜓||𝑊 𝑘,∞(ℎ ) ≲ ||𝜓||𝑊 𝑘,∞() . (69)

We remark that the application 
𝐿1 ∶ 𝑊 𝑘,∞(ℎ ) ⟶ ℙ1(ℎ ) ⊂ 𝐿

∞(ℎ )

𝜓 ↦ 𝐿1𝜓 ∶= 𝑝ls1
(70)

is linear, continuous (by Theorem 6) and obviously ℙ1-invariant. Exploiting the reference cube ̂ we can thus invoke the Bramble-
Hilbert lemma to obtain 

||𝜓 − 𝑝ls1 ||𝐿∞(ℎ ) ≲ ℎ
𝑘
|𝜓|𝑊 𝑘,∞(ℎ ) . (71)
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Hence, from Hölder inequality, estimates (71) and (69), we get 
|

|

|

|

∫
(𝜓 − 𝑝ls1 )

|

|

|

|

≤ ∫
|𝜓 − 𝑝ls1 | ≤ vol() ||𝜓 − 𝑝ls1 ||𝐿∞()

≤ vol() ||𝜓 − 𝑝ls1 ||𝐿∞(ℎ ) ≲ vol()ℎ𝑘|𝜓|𝑊 𝑘,∞() .
(72)

 ∎
Summing all the local estimates of Theorem 7, for a mesh with size ℎ we get the following global quadrature error bound.

Corollary 1. Under hypotheses H1 and H3, for 𝑘 = 0, 1, 2 it holds 
|

|

|

|

∫Ω
(𝜓 − 𝑝ls1 )

|

|

|

|

≲ ℎ𝑘 vol(Ω) |𝜓|𝑊 𝑘,∞(Ω) ∀𝜓 ∈ 𝑊 𝑘,∞(Ω) . (73)

We now study the error stemming from the approximation of the load term, cf. (52). We have the following result.
Theorem 8. Under hypotheses H1 and H3, for every 𝑣ℎ ∈ 𝑉ℎ and 𝑓 ∈ 𝑊 1,∞(Ω), it holds 

∫Ω
(𝑓𝑣ℎ − 𝐿1(𝑓𝑣ℎ)) ≲ ℎ||𝑓 ||𝑊 1,∞(Ω)||𝑣ℎ||1,Ω , (74)

where 𝐿1 is defined by (70).
Proof.  We first establish local error bounds, on each brick . However, we need suitable modifications of the results described in 
Theorems 6 and 7. According to (57), the least squares approximation 𝐿1(𝑓𝑣ℎ) ∈ ℙ1() is defined by 

8
∑

𝑖=1
[𝐿1(𝑓𝑣ℎ)](𝑉𝑖)𝑞1(𝑉𝑖) =

8
∑

𝑖=1
𝑓 (𝑉𝑖)𝑣ℎ(𝑉𝑖)𝑞1(𝑉𝑖) ∀𝑞1 ∈ ℙ1(). (75)

Choosing 𝑞1 = 𝐿1(𝑓𝑣ℎ), we get 
8
∑

𝑖=1
[𝐿1(𝑓𝑣ℎ)](𝑉𝑖)2 =

8
∑

𝑖=1
𝑓 (𝑉𝑖)𝑣ℎ(𝑉𝑖)[𝐿1(𝑓𝑣ℎ)](𝑉𝑖)

≲ ||𝑓 ||𝐿∞()

8
∑

𝑖=1
𝑣ℎ(𝑉𝑖)[𝐿1(𝑓𝑣ℎ)](𝑉𝑖)

≲ ||𝑓 ||𝐿∞()

( 8
∑

𝑖=1
𝑣ℎ(𝑉𝑖)2

)1∕2( 8
∑

𝑖=1
[𝐿1(𝑓𝑣ℎ)](𝑉𝑖)2

)1∕2

.

(76)

We now notice that it holds 

ℎ−1∕2 (|𝑣ℎ|𝐻1() + ℎ
−1
 ||𝑣ℎ||𝐿2()) ≲

( 8
∑

𝑖=1
𝑣ℎ(𝑉𝑖)2

)1∕2

≲ ℎ−1∕2 (|𝑣ℎ|𝐻1() + ℎ
−1
 ||𝑣ℎ||𝐿2()) . (77)

Hence, from (76) and (77) we have 
( 8
∑

𝑖=1
[𝐿1(𝑓𝑣ℎ)](𝑉𝑖)2

)1∕2

≲ ||𝑓 ||𝐿∞() ℎ
−1∕2
 (|𝑣ℎ|𝐻1() + ℎ

−1
 ||𝑣ℎ||𝐿2()) . (78)

Proceeding as in Theorem 6, we get 
||𝐿1(𝑓𝑣ℎ)||𝐿∞() ≲ ||𝑓 ||𝐿∞() ℎ

−1∕2
 (|𝑣ℎ|𝐻1() + ℎ

−1
 ||𝑣ℎ||𝐿2()) , (79)

by which we also obtain 
||𝐿1(𝑓𝑣ℎ)||𝐿2() ≲ vol()1∕2 ||𝑓 ||𝐿∞() ℎ

−1∕2
 (|𝑣ℎ|𝐻1() + ℎ

−1
 ||𝑣ℎ||𝐿2()) . (80)

In particular (𝑓 = 1), it holds 
||𝐿1(𝑣ℎ)||𝐿2() ≲ vol()1∕2 ℎ−1∕2 (|𝑣ℎ|𝐻1() + ℎ

−1
 ||𝑣ℎ||𝐿2()) . (81)

We denote with 𝑓 ∈ ℙ0() the mean value of 𝑓|  and write 

∫
(𝑓𝑣ℎ − 𝐿1(𝑓𝑣ℎ)) = ∫

(

𝑓𝑣ℎ − 𝐿1((𝑓 − 𝑓 )𝑣ℎ) − 𝐿1(𝑓𝑣ℎ)
)

= ∫

(

(𝑓 − 𝑓 )𝑣ℎ − 𝐿1((𝑓 − 𝑓 )𝑣ℎ) + 𝑓𝑣ℎ − 𝐿1(𝑓𝑣ℎ)
)

= ∫
(𝑓 − 𝑓 )𝑣ℎ − ∫𝐵

𝐿1((𝑓 − 𝑓 )𝑣ℎ) + ∫𝐵
(𝑓𝑣ℎ − 𝐿1(𝑓𝑣ℎ))

= 𝑇1() + 𝑇2() + 𝑇3() .

(82)
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We separately bound the three terms above.
Bound for 𝑇1(). A standard approximation result and Holdër and Cauchy-Schwarz inequalities give 

𝑇1() = ∫
(𝑓 − 𝑓 )𝑣ℎ ≤ ||𝑓 − 𝑓 ||𝐿∞() ∫

|𝑣ℎ| ≲ |𝑓 |𝑊 1,∞()ℎ vol()1∕2||𝑣ℎ||𝐿2() . (83)

Bound for 𝑇2(). From (79), Hölder inequality and standard approximation results, we obtain 

𝑇2() = −∫𝐵
𝐿1((𝑓 − 𝑓 )𝑣ℎ) ≤ ||𝐿1((𝑓 − 𝑓 )𝑣ℎ)||𝐿∞() vol()

≤ ||𝑓 − 𝑓 ||𝐿∞() vol()ℎ
−1∕2
 (|𝑣ℎ|𝐻1() + ℎ

−1
 ||𝑣ℎ||𝐿2())

≲ |𝑓 |𝑊 1,∞() vol()ℎ
1∕2
 (|𝑣ℎ|𝐻1() + ℎ

−1
 ||𝑣ℎ||𝐿2()) .

(84)

Bound for 𝑇3(). Denoting with 𝑣̄ℎ the mean value of 𝑣ℎ over , noticing that it obviously holds 𝑣̄ℎ = 𝐿1(𝑣̄ℎ), and using standard 
approximation results, we have 

𝑇3() = ∫𝐵
(𝑓𝑣ℎ − 𝐿1(𝑓𝑣ℎ)) = ∫𝐵

𝑓 (𝑣ℎ − 𝐿1(𝑣ℎ)) = ∫𝐵
𝑓 ((𝑣ℎ − 𝑣̄ℎ) − 𝐿1(𝑣ℎ − 𝑣̄ℎ))

≤ ||𝑓 ||𝐿∞() ∫𝐵
(|𝑣ℎ − 𝑣̄ℎ| + |𝐿1(𝑣ℎ − 𝑣̄ℎ)|)

≤ ||𝑓 ||𝐿∞() vol()1∕2
(

||𝑣ℎ − 𝑣̄ℎ||𝐿2() + ||𝐿1(𝑣ℎ − 𝑣̄ℎ)||𝐿2()
)

≲ ||𝑓 ||𝐿∞() vol()1∕2
(

ℎ|𝑣ℎ|𝐻1() + ||𝐿1(𝑣ℎ − 𝑣̄ℎ)||𝐿2()
)

.

(85)

We now exploit estimate (81) and a Poincaré-Wirtinger inequality for the 𝑣ℎ − 𝑣̄ℎ, to get 
𝑇3() ≲ ||𝑓 ||𝐿∞() vol()1∕2

(

ℎ|𝑣ℎ|𝐻1() + vol()1∕2 ℎ−1∕2 |𝑣ℎ|𝐻1()
)

. (86)

We are now ready to estimate ∫Ω(𝑓𝑣ℎ − 𝐿1(𝑓𝑣ℎ)) by summing all the local contributions. From (82), (83), (84) and (86), noticing that 
vol() ≈ ℎ3, we get 

∫Ω
(𝑓𝑣ℎ − 𝐿1(𝑓𝑣ℎ)) =

∑



(

𝑇1() + 𝑇2() + 𝑇3()
)

≲
∑


||𝑓 ||𝑊 1,∞()vol()

1∕2 ℎ ||𝑣ℎ||𝐻1()

≤ ℎ ||𝑓 ||𝑊 1,∞(Ω)
∑


vol()1∕2 ||𝑣ℎ||𝐻1()

≤ ℎ ||𝑓 ||𝑊 1,∞(Ω)

(

∑


vol()

)1∕2(
∑


||𝑣ℎ||

2
𝐻1()

)1∕2

= ℎ ||𝑓 ||𝑊 1,∞(Ω) vol(Ω)
1∕2

||𝑣ℎ||𝐻1(Ω) ,

(87)

i.e. estimate (74). ∎

7.2.  Statement of the convergence results

We conclude this Section by stating the convergence Theorems of our method. We recall that the reaction term ∫Ω 𝑐𝑢𝑣 is approx-
imated by using the local 𝐿2 projection onto the linear polynomials, cf. (53). Instead, the load term ∫Ω 𝑓𝑣 can be treated using the 
local least squares approach, cf. (52), or alternatively the local 𝐿2 projection onto the linear polynomials, again cf. (53).

7.2.1.  Load term computed by means of the 𝐿2 projection
For this case it is possible to prove the following optimal convergence result, whose proof is omitted since it can be developed 

using standard techniques (see [12], for example).
Theorem 9. Let 𝑢 be the solution of Problem (39) and 𝑢ℎ ∈ 𝑉ℎ be the solution of Problem (44). Suppose that hypotheses H1 and H2 are 
fulfilled, and 𝑢 ∈ 𝐻1

𝑔 (Ω) ∩𝐻
2(Ω). Then it holds: 

||𝑢 − 𝑢ℎ||𝐻1(Ω) = 𝑂(ℎ) . (88)

7.2.2.  Load term computed by means of least squares approximation
For this case it is still possible to prove an optimal convergence result:

Theorem 10. Let 𝑢 be the solution of Problem (39) and 𝑢ℎ ∈ 𝑉ℎ be the solution of Problem (44). Suppose that hypotheses H1, H2 and H3 
are fulfilled, and 𝑢 ∈ 𝐻1

𝑔 (Ω) ∩𝐻
2(Ω). Then it holds: 

||𝑢 − 𝑢ℎ||𝐻1(Ω) = 𝑂(ℎ) . (89)
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Table 1 
Description of the six numerical schemes used in the numerical tests shown in Figures 9–14, 
which investigate the effect of increasing distortion parameter 𝑑.
label method line style
ISO 2×2×2: ℚ1 isoparametric FEM, 2×2×2 Gauss points solid green ( )
ISO 4×4×4: ℚ1 isoparametric FEM, 4×4×4 Gauss points dashed green ( )
VEM: dofi-dofi stabilized VEM for all bricks solid blue ( )
SSVEM: Self-Stabilized VEM for all bricks solid red ( )
ISO-VEM: •ℚ1 isoparametric FEM for regular bricks dashed blue ( )

•dofi-dofi stabilized VEM for degenerate 
bricks

ISO-SSVEM: •ℚ1 isoparametric FEM for regular bricks dashed red ( )
•Self-Stabilized VEM for degenerate bricks

Fig. 7. Displacement of the central vertex 𝑉  of a 2 × 2 block according to the distortion parameter 𝑑.

Fig. 8. Example of the distorsion of a 2 × 2 × 2 block of bricks.

Again, the proof is omitted as it follows standard guidelines. However, we observe that from Theorem 8 we obviously get 

sup
𝑣ℎ∈𝑣ℎ

∫Ω(𝑓𝑣ℎ − 𝐿1(𝑓𝑣ℎ))
||𝑣ℎ||1,Ω

≲ ℎ||𝑓 ||𝑊 1,∞(Ω) . (90)

This means, by the first Strang lemma, that the load computation using the least squares approximation under consideration, does 
not affect the first order convergence rate of the method.
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Fig. 9. Distortion 𝑑 = 0.

Fig. 10. Distortion 𝑑 = 0.2.
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Fig. 11. Distortion 𝑑 = 0.4.

Fig. 12. Distortion 𝑑 = 0.6.
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Fig. 13. Distortion 𝑑 = 0.8.

Fig. 14. Distortion 𝑑 = 0.9.

Computer Methods in Applied Mechanics and Engineering 453 (2026) 118823 

22 



M. Cremonesi et al.

8.  Numerical experiments

For the numerical experiments we consider problem (39) with the following coefficients:

D =
⎡

⎢

⎢

⎣

𝑥2 + 1 𝑥𝑦 𝑥𝑧
𝑥𝑦 𝑦2 + 1 𝑦𝑧
𝑥𝑧 𝑦𝑧 𝑧2 + 1

⎤

⎥

⎥

⎦

, 𝑐 = 𝑥2 + 𝑦 + log(2 + 𝑧)

and known solution
𝑢ex = 𝑦 sin(3𝑥𝑧) − log(2 + 𝑥2 + 𝑦4 + 𝑧2) + [cos(𝑥 + exp(𝑦) + 𝑧)]2.

The data 𝑓 and 𝑔 are chosen so that 𝑢ex is the exact solution of (39).
The objective of the numerical experiments is to show that when a brick element becomes too distorted for reliable isoparametric 

finite element treatment, it can be seamlessly replaced by a virtual element, without compromising compatibility with the standard 
isoparametric formulation.

To control the distortion of the virtual bricks and prevent the creation of self-intersecting elements, the meshes are generated as 
follows.

We consider sequences of meshes with decreasing mesh size, each parameterized by a distortion factor 𝑑 between 0 and 1, which 
governs the magnitude of the applied distortion. Starting from a uniform partition of the computational domain Ω = [0, 1]3 into 
𝑁 ×𝑁 ×𝑁 cubes (with 𝑁 even), we group each block of 2 × 2 × 2 cubes and perturb its central vertex according to 𝑑. More precisely, 
we define a concentric cube centered in the block at a (normalized) distance 𝑑 from its center, and select a point on its surface as 
the new position of the central vertex. The point is chosen randomly, with a bias toward locations near the vertices of the concentric 
cube, in order to increase the geometric distortion.

When 𝑑 = 0, blocks are not distorted and the mesh is just a uniform cube mesh composed of elements with side length 1∕𝑁 . When 
𝑑 increases, the elements become more and more distorted.

In Fig. 7 the procedure is shown in the two-dimensional case. The concentric cube at distance 𝑑 from the center is drawn in red 
and the region where the new vertex is chosen randomly is thickened. A resulting 2 × 2 × 2 block of bricks in three dimensions is 
shown in Fig. 8.

In Figs. 9– 14, we report the numerical experiments obtained for increasing values of the distortion parameter 𝑑, comparing the 
six methods shown in Table 1.

For each value of 𝑑, in the first panel we present a table summarizing key features of the corresponding mesh sequence. The second 
and third columns report the numbers of regular and degenerate bricks, respectively; the degeneracy test is implemented according to 
the algorithm described in [36]. The fourth and fifth columns list the numbers of bricks for which the Jacobian determinant becomes 
negative at one or more Gauss quadrature points, for the 2 × 2 × 2 and 4 × 4 × 4 integration schemes, respectively.

In the second panel, the maximum error at the vertices is plotted for all methods. It is observed that, whenever the Jacobian 
determinant becomes negative at some Gauss quadrature points, the isoparametric scheme fails. Therefore, as it is well known, the 
isoparametric formulation proves unreliable for degenerate brick elements.

In the third and fourth panel, we plot the 𝐿2 and 𝐻1 errors for the pure VEM and the mixed isoparametric–VEM schemes (each with 
the two possible VEM stabilization strategies). The results demonstrate remarkable robustness, even for highly distorted elements.

The 𝐿2 and 𝐻1 errors for the isoparametric formulation are meaningless for degenerate bricks and are therefore omitted from the 
third and fourth panels.

For 𝑑 = 0 and 𝑑 = 0.2, no degenerate bricks are present; consequently, the ISO–VEM and ISO–SSVEM schemes yield identical 
solutions, which coincide with the pure isoparametric results.

The numerical experiments presented here provide clear evidence that the Virtual Element Method is able to handle highly 
degenerate brick elements with curved faces in a stable and accurate manner. Moreover, they confirm that the method can be 
employed in combination with the standard Isoparametric Finite Element Method without any loss of consistency or compatibility, 
thereby ensuring a seamless integration of the two approaches within the same computational framework. 

9.  Conclusions

We have presented a new 8-node, order 1, hexahedral VE with curved faces, named "virtual brick". The element is intended to 
replace the standard 8-node, trilinear isoparametric FE bricks in a FE mesh, whenever a suitable indicator suggests that the brick 
distortion exceeds a "safety limit". In such cases, the element would be either degenerate, thus leading the simulation to fail, or 
excessively distorted, thus resulting in an unacceptable loss of accuracy.

The proposed method is developed with reference to a simple thermal problem with a reaction term. The main features of the 
proposed virtual brick are as follows.

• The virtual brick is defined as a solid with six quadrilateral faces that are each a bilinear transformation of the reference square, 
without making use of the trilinear mapping of the element interior.

• The virtual brick is based on the same degrees of freedom of the standard 8-node isoparametric ℚ1 FE brick. Furthermore, the 
functional space on the faces is also the same, allowing for a seamless incorporation in a FE mesh, replacing excessively distorted 
FEs, while maintaining the FE bricks elsewhere.
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• Volume and surface integrals on the virtual brick can be computed using the standard quadrature rules based on Gauss points, 
commonly used in the FEM, even in the degenerate case. This is of utmost importance in the case of nonlinear problems, where the 
material behavior is enforced at these points, and also greatly simplifies the incorporation of the virtual bricks in the element library 
of existing commercial FE codes. However, while preliminary numerical experiments are encouraging, it should be emphasized 
that a rigorous assessment of the accuracy of standard quadrature rules in the degenerate case is still missing.

• The virtual brick enjoys the typical robustness with respect to mesh distortion exhibited by the other types of VEs existing in the 
literature.

The following properties characterize the virtual brick.
• The faces of a virtual brick can be arbitrarily distorted as long as their mapped geometries do not intersect with each other. The 
functional space inside the element volume is "virtual", i.e., not explicitly defined.

• A self-stabilized version, i.e., without requiring an explicit stabilization term, is presented. The self-stabilization is achieved by 
projecting the gradient of the virtual functions onto the gradient of cubic harmonic polynomials.

• In the special case that the self-stabilized virtual brick is a rectangular parallepiped, its stiffness matrix exactly coincides with that 
of the standard ℚ1 isoparametric FE cube.

• For the integration of virtual functions, a least-squares quadrature formula with nodes at the vertices has been provided, which is 
exact for polynomials of degree 1.

• First order convergence of the method in the 𝐻1 norm has been shown to hold for different types of numerical integration of the 
loading term.

Numerical tests with different distortion levels have confirmed that the virtual brick provides the same results as the standard 
isoparametric ℚ1 FE in the case of regular brick elements, while excellent performances have been obtained also in the case of severe 
distortions, even beyond the degeneration limit, where the standard isoparametric ℚ1 FE fails. In addition, full compatibility of the 
virtual brick with isoparametric ℚ1 FE has been assessed in the case of meshes containing regular FE bricks and highly distorted 
virtual bricks.

The formulation of a virtual brick for solid mechanics nonlinear problems is in progress and will be presented in a forthcoming 
paper.
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