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Abstract

Proximity operations to small bodies, such as asteroids and comets, demand high levels of autonomy
to achieve cost-effective, safe, and reliable Guidance, Navigation and Control (GNC) solutions. Enabling
autonomous GNC capabilities in the vicinity of these targets is thus vital for future space applications. How-
ever, the highly non-linear and uncertain environment characterizing their vicinity poses unique challenges
that need to be assessed to grant robustness against unknown shapes and gravity fields. In this paper, a
pipeline designed to generate variable density gravity field models is proposed, allowing the generation of
a coherent set of scenarios that can be used for design, validation, and testing of GNC algorithms. The
proposed approach consists in processing a polyhedral shape model of the body with a given density dis-
tribution to compute the coefficients of the spherical harmonics expansion associated with the gravity field.
To validate the approach, several comparison are conducted against analytical solutions, literature results,
and higher fidelity models, across a diverse set of targets with varying morphological and physical properties.
Simulation results demonstrate the effectiveness of the methodology, showing good performances in terms of
modeling accuracy and computational efficiency. This research presents a faster and more robust framework
for generating environmental models to be used in simulation and hardware-in-the-loop testing of onboard
GNC algorithms.

1. Introduction

In the last twenty years, the space sector has
experienced an unprecedented growth, marked by
significant advancements and achievements both
concerning Earth’s orbiting and deep-space missions.
The recent growing interest in small solar system
bodies such as asteroids and comets for scientific
inspection, exploitation of resources, and planetary
defense reasons is pushing the development of
innovative engineering solutions to better investigate
these celestial bodies. Ground-based observations
allow preliminary characterizations of small bodies
in terms of bulk properties, such as mass and shape,
orbit and rotational state. The major limitation
of this methodology is the signal to noise ratio [1]
which is acceptable only when the target is relatively
close to the Earth [2]. A drastic improvement in
the body characterization can be obtained with
in-situ observations with the use of specialized and

instrumented probes. Several missions successfully
performed proximity operations to these bodies such
as the Near Earth Asteroid Rendezvous (NEAR)
Shoemaker [3], Dawn [4], the Origins, Spectral
Interpretation, Resource Identification, Security,
Regolith Explorer (OSIRIS-REx) [5], Hayabusa [6],
Hayabusa2 [7], Rosetta [8], and the Double Asteroid
Redirection Test (DART)[9, 10]. Nowadays, space
exploration is witnessing a transition towards the use
of CubeSats, miniaturized platforms standardized in
size and form factor, for the systematic exploration
of the Solar System [11]. The idea is to use these
platforms performing riskier tasks and operating in
a cooperative multi-agent framework while cooping
with limited resources [12].

The dynamics characterizing small bodies
proximity operations is highly chaotic with solar
radiation pressure and non-spherical gravity effects
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compromising the very existence of stable closed
orbits. An accurate modeling of this environment
becomes crucial for a safe trajectory design and
to guarantee the satisfaction of mission objectives.
Moreover, on-board operations requires fast compu-
tation to coop with limited available resources. A
good compromise between accuracy and efficiency in
modeling the gravity field, is typically found in an
high-order expansion of the gravitational potential
in the form of spherical harmonics. This model is
typically valid only outside the Brillouin sphere of
the target [2], because of the convergence properties
of the Legendre polynomials, used as functional base
for the expansion [13]. An alternative formulation
resolving the convergence issue inside the Brillouin
sphere is the polyhedral gravity model proposed in
Werner and Scheeres [14]. This model computes the
gravity field from a constant density polyhedron in
an analytical form. Given that the polyhedron is
usually computed from images, errors are present
in the polyhedral model. The sensitivity of the
gravity field to perturbation in the polyhedral shape
are investigated by Bercovici et al. [15], to assess
the coupling between shape and gravity errors for
Werner and Scheeres’s [14] model. One of the
main drawback of the polyhedral gravity model
is that it is associated with a constant density
distribution inside the body which sometimes results
in contrast with gravity measurements [16, 17].
Even a small density variation may induce large
trajectory deviation with respect to a nominal path,
leading the spacecraft to miss its target goals and
potentially enter on impact or escape trajectories.
A quantitative example of this deviation is dis-
cussed later in this work using the variable density
gravity model generated with the proposed approach.

Motivated by the need of comparing spherical
harmonics coefficients from orbit determination and
the ones gathered from constant-density shapes,
Werner [18] shows how the spherical-harmonics coef-
ficients can be analytically retrieved from a general
shape polyhedral with uniform density model of the
asteroid combining recursive formula with trinomial
algebra. The sensitivity of the spherical harmonics
coefficients to shape variations is investigated by
Panicucci et al. [19] to understand whether the
shape can be a major source of error when comparing
orbit determination coefficients to shape-deduced
coefficients (e.g., see [16]) To improve the fidelity of
the forward gravity modeling of non-constant density
polyhedron, Chen et al. [20] extends Werner [18] to

variable density under the assumption of trinomial
density distribution. However, this hypothesis force
the density field to be continuous inside the body
forbidding the existence of density jumps. This may
not be the case when the asteroid is formed by two
different parent bodies or when denser nuclei and
internal geological structures are considered.

Another widely-used gravity field is mascon
model, introduced to model gravity anomalies on
the Moon [21]. Mascon models [22, 23] are typically
used to model non-uniform mass distribution. An
interesting comparison among different gravity
models, spherical harmonics, mascon and polyhedral,
is provided by Werner and Scheeres [14] for asteroid
(4769) Castalia. To the authors knowledge there
is currently no formulation of the spherical har-
monics expansion under arbitrary variable density
distribution and shape of the asteroid. This paper
proposes a pipeline for retrieving such gravity model
by performing analytical integration over a radially
discretized polyhedron. This approach falls thus in
between the methodologies proposed by Werner and
Cheng [18, 20] and the classical Mascon approach.

The paper is structured as follows: Section 2 de-
scribes the general formulation of the gravity field by
means of a spherical-harmonics expansion, Section 3
presents the methodology to compute the coefficients
of the expansion with non-uniform density, Section 4
applies the methodology to benchmark cases to test
its performances and, finally, Section 5 summarizes
the major findings.

2. Gravity field modeling

The acceleration due to the central gravity field,
expressed in the asteroid fixed frame B, can be com-
puted as the gradient of the gravitational potential
U (x)

aB = ∇U [1]

Being due to a conservative field, the potential
has to satisfy the Laplace equation outside the body,
i.e.

∇2U (x) = 0 [2]

A known solution to the Laplace equation, valid
outside the Brouillon sphere [2] of the asteroid, is ex-
pressed in spherical coordinates through an infinite
expansion of the potential U (r, λ, φ) into a series of
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spherical harmonics projected onto a function space
spanned by the associated Legendre polynomials [24].
The coordinates r, λ and φ are respectively the radial
distance from the asteroid, the longitude and the lati-
tude of the spacecraft. To avoid numerical errors and
improve accuracy for higher order terms this expan-
sion is typically used in the normalized form

U =
µ

r

∞
∑

n=0

n
∑

m=0

(

R0

r

)n

Pn,m (u)
(

Cn,m cos (mλ)+

+ Sn,m sin (mλ)
)

[3]

where u = sin (φ). The function Pn,m (u) refers
to the normalized associated Legendre polynomials,
while, the scaling factor R0 is a reference distance
used to compute the normalized coefficients Cn,m,
and Sn,m. The polynomials Pn,m (u) are expressed
as a function of the Legendre polynomials Pn as [24]

Pn,m (u) = Nnm

(

1− u2
)

m

2
dmPn

dum
[4]

with

Nnm =

√

(n−m)! (2n+ 1) (2− δ (m))

(n+m)!
[5]

and δ (·) indicating the Dirac delta operator.

δ (m) =

{

1 m = 0
0 otherwise

[6]

To speed up the computation of the fully-
normalized Legendre polynomials in Equation 4 the
recursive formula introduced by Rapp [25] are used.
The sequence is anchored on the first three elements
as

P 0,0 (u) = 1

P 1,0 (u) =
√
3u

P 2,2 (u) =
√
3
√

1− u2

[7]

and then the terms are recursively computed as
in Equation 8.

For m =n, n > 2,

Pn,n (u) =

√

2n+ 1

2n

√

1− u2Pn−1,n−1 (u)

for m =n− 1,

Pn,n−1 (u) =
√
2n+ 3uPn−1,n−1 (u)

for m <n− 1,

Pn,m (u) =Γn,mPn−1,m (u)+

− Γn,m

Γn−1,m
Pn−2,m (u)

[8]

with

Γn,m =

√

(2n+ 1) (2n− 1)

(n−m) (n+m)
[9]

Expressing the spacecraft position in Cartesian
coordinates, i.e. rB = xi + yj + zk, the gradient
of the pontetial can be expressed as [24]

aB = ∇U =

[

∂U

∂r

]T

=

=
∂U

∂r

[

∂r

∂r

]T

+
∂U

∂λ

[

∂λ

∂r

]T

+
∂U

∂φ

[

∂φ

∂r

]T

=

=

[(

1

r

∂U

∂r
− z

r2η

∂U

∂φ

)

x−
(

1

η2
∂U

∂λ

)

y

]

i+

+

[(

1

r

∂U

∂r
− z

r2η

∂U

∂φ

)

y +

(

1

η2
∂U

∂λ

)

x

]

j+

+

[

1

r

∂U

∂r
z +

η

r2
∂U

∂φ

]

k

[10]

with η =
√

x2 + y2. The partial derivatives
∂U

∂r

and
∂U

∂λ
are given by
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∂U

∂r
= − µ

r2

∞
∑

n=0

n
∑

m=0

(

R0

r

)n

(n+ 1)Pn,m (u)

(

Cn,m cos (mλ) + Sn,m sin (mλ)
)

[11]

∂U

∂λ
=

µ

r

∞
∑

n=0

n
∑

m=0

(

R0

r

)n

(n+ 1)Pn,m (u)m

(

−Cn,m sin (mλ) + Sn,m cos (mλ)
)

[12]

The derivative
∂U

∂φ
is more challenging since it

involves the derivatives of the associated Legendre
polynomial

∂U

∂φ
=

µ

r

∞
∑

n=0

n
∑

m=0

(

R0

r

)n
∂Pn,m (sin (φ))

∂φ
(

Cn,m cos (mλ) + Sn,m sin (mλ)
)

[13]

There are several recursive formulas to com-
pute the derivative of the fully normalized Legen-
dre polynomials [26]. For this implementation this
is achieved by combining the definition of the nor-
malized Legendre polynomials, in Equation 4, with
the set of recursive formula in Equation 8 leading to

∂Pn,m (sin(φ))

∂φ
=

[

∂Pn,m (u)

∂u

]

cosφ =

= −m tanφPn,m (u) +K (n,m)Pn,m+1 (u)

[14]

with

Kn,m =















√

(n−m) (n+m+ 1) m > 0

√

n (n+ 1)

2
m = 0

[15]

3. Normalized coefficients computation

The coefficients Cn,m and Sn,m are a function of
the asteroid shape and density distribution. In partic-
ular they are obtained integrating a set of trinomial
shape functions c̄nm and s̄nm over the body [18]

[

Cn,m

Sn,m

]

=

∫∫∫

B

[

c̄nm (x, y, z)
s̄sm (x, y, z)

]

dm =

=

∫∫∫

B

ρ

[

c̄nm (x, y, z)
s̄sm (x, y, z)

]

dxdydz

[16]

If the integration is performed over a polyhedron,
split in a collection of tethraedra, the full integral
is equivalent to the summation of the integrals over
each tetrahedron [19]

[

Cn,m

Sn,m

]

=

ns
∑

s=1

(∫∫∫

s

ρ

[

c̄nm (x, y, z)
s̄sm (x, y, z)

]

dxdydz

)

[17]

Lien and Kajiya [27] shows that, under the hy-
pothesis of constant density, each of these integrals,
can be solved analytically if a proper change of
coordinates is performed.

A similar approach is followed here to derive the
formulation with variable density distribution. Con-
sider the single polyhedron shown in Figure 1a

C1

C2

C3

x
z

yx

(a)

Z

Y

X

1 1

1

(b)

Fig. 1. Representation of the single tetrehedron of
the polyhedral shape model. (a) Represents the
tetrahedron in the asteroid fixed frame B, while
(b) shows the standard simplex obtained after the
coordinates change.

The general position inside the tetrahedron can
be identified as a linear combination of the vertex
coordinates C1, C2 and C3





x

y

z



 =
[

C1 C2 C3

]





X

Y

Z



 [18]

or better expressed in compact form as

x = JsX [19]

where the matrix Js is the Jacobian of the transfor-
mation. This change of coordinates allows to perform
the integration in Equation 16 over a standard sim-
plex, as shown in Figure 1b. From Equation 17 thus
follows
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[

Cn,m

Sn,m

]

=

ns
∑

s=1

∫∫∫

ss

(

ρ

[

c̄nm (X)
s̄sm (X)

]

det(Js)

)

dX

[20]

Since c̄nm (x) and s̄nm (x) are trinomials of order
n, and the transformation in Equation 18 is linear,
c̄nm (X) and s̄nm (X) will also be trinomials of order
n. The shape functions can then be expressed as

[

c̄nm (X)
s̄sm (X)

]

=
∑

i+j+k=n

([

ᾱijk

β̄ijk

]

XiY jZk

)

=

=
∑

i+j+k=n

(

pijkX
iY jZk

)

[21]

The components ᾱijk and β̄ijk of vector pijk can
be retrieved through a series of recursive relations
anchored on certain initial conditions. In this paper
the details of this procedure are omitted and the
coefficients can be considered to be known. The
interested reader can find a comprehensive discussion
of this process in [18, 19].

Combining Equations 20 and 21 the steps in
Equation 22 hold. Note that this does not contain
any assumption on the internal density distribution
of the body.

Consider now the uniform discretization of the
polyhedron, shown in Figure 2, in nq segments each
of them at a constant density ρq = ρ (xq) with xq

being the geometric center of segment q.

The integration over the standard simplex can
then be split further more in a summation of inte-
grals over each segment, leading to

[

Cn,m

Sn,m

]

=

ns
∑

s=1



det(Js)
∑

i+j+k=n

(

[

ᾱijk

β̄ijk

] nq
∑

q=1

ρq

(

∫ q+

0

gijk(Z)dZ −
∫ q−

0

gijk(Z)dZ

)))

[23]

with

gijk (Z) =

∫ 1−Z

0

∫ 1−Z−Y

0

XiY jZkdXdY dZ [24]

Lien and Kajiya [27] shows that this integral can
be computed analytically as

gijk(Z) =
β (j + 1, i+ 2)

i+ 1
(1− Z)

(i+j+2)
Zk [25]

where β is the Beta function, also known as Eu-
ler’s integral, with tabulated values. By substituting
the definition of gijk(Z) in Equation 23 follows that

[

Cn,m

Sn,m

]

=

ns
∑

s=1



det(Js)
∑

i+j+k=n

([

ᾱijk

β̄ijk

]

nq
∑

q=1

(

ρq

(

hq+,i,j,k − hq−,i,j,k

))

))

[26]

with

hq+,i,j,k =
β (j + 1, i+ 2)

i+ 1
β̃ (q, k + 1, i+ j + 3) [27]

and β̃ is the incomplete beta function, also known
and tabulated.

4. Validation

The expression provided in Equation 26 provides
an exact way of computing the normalized coeffi-
cients Cn,m and Sn,m starting from a generic shape
model of the asteroid and a generic density distri-
bution ρ (x). Apart from defining the shape of the
gravity field, the normalized coefficients provide also
important information on the inertia properties of
the body. For example, the Center of Mass (CoM) of
the body can be derived as:

rCoM,B =





C1,1

S1,1

C1,0





√
3R0 [28]

This can be used to validate the proposed method-
ology. Five test cases are investigated: the first three
are toy problems designed to validate the approach
comparing the CoM position computed from the
coefficients with known analytical solutions while
the other two presents a more realistic application
case to asteroid (433) Eros in which the acceleration
computed with spherical harmonics model is com-
pared against the one obtained with a Mascon model.

The first case is the one of a uniform density
sphere with density 2670 kg / m3 and radius R0 =
500 m. Being a sphere with constant density the
CoM is clearly in its center, as illustrated in Figure
3(a). The second case considers the same body but in-
troduces a density gradient between two hemispheres,
see Figure 3(b). In particular the density is assumed
to be
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[

Cn,m

Sn,m

]

=

ns
∑

s=1



det(Js)

∫∫∫

ss

ρ
∑

i+j+k=n

(

pijkX
iY jZk

)

dX



 =

=

ns
∑

s=1



det(Js)
∑

i+j+k=n

(

pijk

∫∫∫

ss

ρXiY jZkdX

)



 =

=

ns
∑

s=1



det(Js)
∑

i+j+k=n

(

pijk

∫ 1

0

∫ 1−Z

0

∫ 1−Z−Y

0

ρXiY jZkdX

)





[22]

C3

C1

C2

z

yx

Z

Y

X

1 1

1

q
+

q
−

xq

q
+

q
−

Fig. 2. Radial discretization of the tetrahedron

ρ (x) =

{

ρ1 = 3204 kg/m3 x ≥ 0

ρ2 = 1335 kg/m3 x < 0
[29]

In this case the CoM will only have an x component
that can be analytically computed as

xCoM =
3

8
R0

(

ρ1 − ρ2

ρ1 + ρ2

)

[30]

The third case considers instead the asteroid
(486958) Arrokoth, selected for its peculiar shape,
see Figure 3(c). A uniform density distribution is
assumed here, with a density of 235 kg/m3 and a cen-
ter of mass position rCoM = [0.101, 0.020, 0.079] km,
both estimated by Keane et al.[28].

Normalized spherical harmonics coefficients are
computed for these three cases using nq = 10 in the
methodology presented in this section, and the CoM
is computed as in Equation 28. Table 1 shows the ac-
curacy achieved in the three cases. The table shows
that an accuracy always below 1 meter is achieved
even when the CoM location is not analytically com-
puted but retrieved from literature as in the Arrokoth
case.

The last two examples refers to asteroid Eros.
Thanks to extensive mapping performed by NEAR

Table 1. Accuracy of the proposed model in deter-
mining the CoM location.

Case CoM error [m]
Uniform sphere 0.0162

Non-uniform sphere 0.4217
Arrokoth with uniform density 0.67

[3], Eros is the small body for which higher fidelity
models are available. A good description of its
gravity field is provided by Garmier et al. [29].
While the study reconstruct the asteroid density to
be almost uniform inside the body, gravitational
anomalies are detected that could be due to the
existence of denser areas in the central region [29].

To test the accuracy of the gravity model the
acceleration obtained from Equation 1 is compared
with the one computed with a variable density Mas-
con model [22] with the same density distribution
assumption. To make the computation affordable,
the model is derived starting from a 50k polyhedron
model· and performing a mesh simplification to
obtain a polyhedron with 12290 vertices and 24576
faces used to compute the gravitational coefficients.

First, a uniform density model is considered with
a density 2670 kg/m3. Figure 4 shows the error in the
acceleration among the two models over an ellipsoid
with semi-major axis 30 km × 20 km × 20 km seen
from the asteroid north pole. The figure shows an
error that is always below 1 mgal = 1e−5 m/s

2
. This

results to be less than one order of magnitude lower
than the perturbation due non spherical gravity at
that distance from Eros as shown in Rizza et al. [30].
Also note that the picks in the error are clearly linked
with the closest regions to the Brillouin sphere.

·https://3d-asteroids.space/asteroids/433-Eros
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(a)

(b)

(c)

Fig. 3. CoM estimation comparison, the cross indi-
cates the one computed with Eq.28 while the circle
the reference solution. (a) Uniform density sphere,
(b) Variable density sphere, (c) Uniform density
model of (486958) Arrokoth asteroid.

Then a variable density distribution with an in-
ner core with a density 10% larger than the nominal
values is considered. In particular

ρ (r) =

{

ρ1 = 2937 kg/m3 r ≤ 5 km

ρ2 = 2670 kg/m3 r > 5 km
[31]

Fig. 4. Error in the acceleration obtained comparing
the variable density spherical harmonics model dis-
cussed in this section with a Mascon model applied
to a constant density model of Eros.

This density profile, shown in Figure 4, leads to
an acceleration error that is slightly larger than the
one of the previous case, see Figure 4 but still always
below 1 mgal.

Fig. 5. Assumed density distribution for Eros with
an heavier inner core.

To show the relevance of density variation on the
spacecraft trajectory a comparison is shown in the
following. Considering the initial condition shown on
Table 2, the trajectory is propagated for 24 h using
the gravity field generated from the two previously
described density models.

Inertial and asteroid fixed trajectories are shown
in Figure 7 while the error on position and velocity
is reported in Figure 8.

The observed effect of the variable density gravity
field is to induce a cumulative error of more than 10
km and around 0.7 m/s at the end of the considered
time horizon.
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Fig. 6. Error in the acceleration obtained comparing
the variable density spherical harmonics model dis-
cussed in this section with a Mascon model with
the internal density distribution shown in Figure
5.

Table 2. Initial condition used to propagate the two
trajectories with different gravity models. The
spacecraft state is expressed in the inertial frame
N .

r0 [0.71,−45, 0] km
v0 [2.24,−0.035, 2.21] m/s

5. Conclusions

In this paper a pipeline for semi-analytical compu-
tation of normalized spherical-harmonics coefficients
is proposed. The algorithm takes as input only a
shape model of the asteroid and a generic density dis-
tribution function ρ(x). Different levels of accuracy
can be achieved simply by increasing the fidelity of
the shape model or the number of radial discretiza-
tion intervals nq. The methodology has been tested
against analytical results, literature findings and nu-
merical simulations, showing good accuracy. The set
of generated coefficients could be used on-board to
efficiently compute the effects of non-uniform den-
sity distribution without relying on computationally
heavier gravity models which are difficult to run on-
board.
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