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 a b s t r a c t

High-performance controller tuning in industrial systems is still constrained by costly and time-consuming on-
hardware experimentation. Although simulation models are widely available, they are often used only for offline 
verification and not as active information sources during optimization. This paper proposes the Adaptive Twin-
in-the-Loop architecture, a framework that runs an ensemble of real-time digital twins in parallel with the phys-
ical plant to accelerate controller tuning in real applications. We develop a multi-source Bayesian Optimization 
method that jointly models real and virtual data through a multi-output Gaussian Process. A dedicated batch 
acquisition function then selects virtual evaluations that maximally reduce uncertainty in the most promising 
region of the real-system objective. Statistical validation on standard benchmarks and experimental testing on 
a brushless direct current motor speed controller show that the proposed framework accelerates convergence, 
reaching near-optimal closed-loop performance, on average, with only one-third of the on-hardware trials re-
quired by single-source Bayesian Optimization.

1.  Introduction

The deployment of high-performance control systems in modern in-
dustrial applications remains a labor-intensive bottleneck. For complex 
electromechanical systems, such as Brushless Direct Current (BLDC) mo-
tors, achieving optimal tracking and stability is particularly challenging 
due to inherent non-linearities, unknown mechanical loads, and varying 
parameters like stator resistance or inertia (Kethiri et al., 2025; Mah-
mud et al., 2020). While initial controller parameters can be derived 
from classical models or tuned offline, these static configurations of-
ten degrade in performance when deployed on the real physical plant 
due to unmodeled load scenarios (Kethiri et al., 2025). Consequently, 
optimal tuning requires iterative, data-driven frameworks that interact 
directly with the physical plant to capture its exact operating conditions 
and unmodeled dynamics (Busetto et al., 2023). To safely and systemati-
cally execute this online interaction, the field has shifted toward sample-
efficient zeroth-order frameworks (Larson et al., 2019) that optimize a 
performance metric through a limited number of physical trials, treating 
the closed-loop physical system as a black box.

Within this class of optimizers, Bayesian Optimization (BO) (Gar-
nett, 2023), typically implemented with Gaussian Process (GP) surro-
gate models, is the most broadly utilized framework for controller tun-
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ing (Neumann-Brosig et al., 2019; Nobar et al., 2024). Particularly for 
electromechanical systems and electric motor drives, BO has proven 
highly effective, achieving optimal closed-loop performance through 
data-driven evaluations (Khosravi et al., 2022). Its popularity has led 
to the development of multiple extensions, including constrained opti-
mization (Gardner et al., 2014), safe exploration strategies designed to 
avoid unstable regions (Sui et al., 2015), risk-averse formulations that 
mitigate the influence of aleatoric uncertainty (Makarova et al., 2021), 
and, more recently, transfer-learning and simulation-informed variants 
that leverage prior tasks or auxiliary models to improve sample effi-
ciency (Bai et al., 2023; Garces et al., 2024).

Despite the inherent sample efficiency of BO, many controller tuning 
implementations still rely primarily on the physical system as the main 
information source. This restriction is limiting because physical experi-
mentation has a tangible cost in elapsed test time, hardware wear, and 
safety risk during exploration (Busetto et al., 2023). This motivates aug-
menting the optimization with virtual evaluations that are cheaper only 
relative to physical trials, since they shift effort from hardware experi-
mentation to computation.

Over the last few years, accelerated by the momentum of In-
dustry 4.0, virtual representations of physical systems have become 
widely deployed operational assets across the automotive, aerospace,
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\begin {equation}a(\theta _1, \ldots , \theta _q | \mathcal {D}) = \int \alpha (\theta _1, \ldots , \theta _q \mid \mathbf {y}, \mathcal {D}) p(\mathbf {y} \mid \mathcal {D}) d\mathbf {y} \, . \label {eq:batch_acqfcn}\end {equation}
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\begin {equation}a^{\scriptscriptstyle {(\mathrm {DT})}}(\theta _1, \ldots , \theta _P \mid \mathcal {D}^\star ) \approx \sum _{j=1}^{N_{\mathrm {test}}}{[\Sigma _{\mathrm {post}}^{\scriptscriptstyle {(\mathrm {RS})}}(\vartheta _j \mid \mathcal {D}^\star ) -\Sigma _{\mathrm {post}}^{\scriptscriptstyle {(\mathrm {RS})}}(\vartheta _j \mid \mathcal {D}^\star \cup \{\theta _p^{\scriptscriptstyle {(\mathrm {DT}_p)}}\}_{p=1}^P)]}, \label {eq:DTs_var_reduction_acqfcn_MC}\end {equation}
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\begin {align}R_i = \left \{ \theta \in \Omega \mid \operatorname {lcb}_i(\theta ) \leq \min _{\theta ' \in \Omega } \operatorname {ucb}_i(\theta ') \right \}, \label {eq:relevant_region}\end {align}
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\begin {equation}\theta ^\star = \argmin _{\theta \in \Omega } J^{\scriptscriptstyle {(\mathrm {RS})}}(\theta ) \,, \label {eq:atil_optimization_problem}\end {equation}
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\begin {equation}J^{\scriptscriptstyle {(\mathrm {RS})}}(\theta )\sim \mathcal {GP}\left ( m(\theta ), \; k(\theta , \cdot ) \right ). \label {eq:GP_definition}\end {equation}
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manufacturing, and energy sectors. However, many of these virtual rep-
resentations operate strictly as offline Digital Models rather than true 
Digital Twins (DTs) (Grieves & Vickers, 2017; Kritzinger et al., 2018). 
By definition, a DT requires a continuous, bidirectional flow of informa-
tion: data from the physical asset informs the virtual environment in real 
time, while optimized parameters, synthesized using both virtual and 
physical data, are fed back to control the physical plant (Sepasgozar, 
2021). While offline models offer a risk-free testing environment, they 
cannot actively compensate for unmodeled physical phenomena or un-
known mechanical loads. Therefore, integrating true DTs directly into 
the online optimization loop presents a powerful strategy.

A significant barrier to integrating virtual data into the tuning pro-
cess is the discrepancy between simulated and physical responses, com-
monly referred to as the simulation-to-reality (sim2real) gap. This gap 
arises because DTs cannot fully capture real-world phenomena such 
as unmodeled dynamics, parameter drift, or noise. Consequently, con-
trollers that exhibit high performance in virtual environments may un-
derperform or become unsafe upon deployment on the physical plant. 
This paper introduces a multi-source BO (MSBO) framework designed to 
overcome this limitation by actively querying both the real system (RS) 
and an ensemble of randomized DTs running in parallel. The sim2real 
gap is addressed at the surrogate level by the Intrinsic Coregionaliza-
tion Model (ICM), a symmetric multi-output Gaussian Process (MOGP) 
that represents the real system and all DTs jointly and learns statistical 
correlations among the corresponding objective functions during opti-
mization. By explicitly modeling the sim2real gap, the optimizer contin-
uously interacts with the real plant while leveraging concurrent virtual 
evaluations to reduce the model’s uncertainty. This drastically decreases 
the number of real-world interactive evaluations required to safely tune 
the physical plant.

1.1.  Related work

Related literature on data-efficient sim2real tuning and multi-source 
Bayesian Optimization spans several complementary directions.
Fröhlich et al. (2022) adopt a contextual BO viewpoint for Model Predic-
tive Control (MPC) tuning in autonomous racing, showing how explicit 
context variables can be incorporated to adapt controller parameters 
quickly across operating conditions. However, this strategy requires a 
compact and measurable context representation. In our setting, the dom-
inant context corresponds to latent plant parameters (e.g., load, friction, 
inertia mismatch) that are not directly measured.

Marco et al. (2017) present a BO framework that partitions queries 
between cheap, lower-fidelity simulations and time-consuming physi-
cal experiments using a multi-fidelity GP with a dual-kernel structure. 
Despite its demonstrated success, this strategy is limited to one virtual 
source and strictly sequential queries between digital and real systems.

Nobar et al. (2024) introduce Guided BO, a data-efficient algorithm 
that employs an event-triggered digital twin to perform virtual explo-
ration when surrogate uncertainty is high. While effective in reducing 
physical experiments, the approach is limited to a single, sequential DT 
and lacks a multi-source surrogate capable of explicitly distinguishing 
between real and virtual data.

While previous approaches rely on a single DT evaluated sequentially 
with the real system, Allamaa et al. (2025) introduce a framework that 
executes an ensemble of DTs simultaneously. This architecture replaces 
the Bayesian surrogate with a combination of an Unscented Kalman 
Filter (UKF) and Simultaneous Perturbation Stochastic Approximation 
(SPSA) to perform derivative-free parameter updates. However, the ab-
sence of a Bayesian model precludes integration with risk-averse or safe 
BO variants and prevents the scheme from incorporating pre-simulated 
offline data.

Beyond the specific domain of control, prior BO methods that exploit 
auxiliary sources can be broadly divided into two groups. A first line of 
work addresses multi-fidelity modeling through hierarchical surrogate 
constructions, such as recursive co-kriging and multi-fidelity GP ban-

dit optimization (Kandasamy et al., 2019; Le Gratiet & Garnier, 2014). 
These methods assume that the available sources can be organized as 
progressively more accurate approximations of the target objective. This 
assumption does not match our setting: the DTs are not naturally ordered 
into fidelity levels, since they all have the same structure and fidelity 
and differ mainly through randomized parameterizations introduced to 
span model uncertainty, rather than through a known hierarchy of ac-
curacies. As a result, the problem considered here is not fidelity-level se-
lection within a hierarchy, but coordinated information extraction from 
multiple correlated virtual sources.

A second line of work considers multiple tasks or information sources 
with cost-aware transfer, including multi-task BO and multi-information 
source optimization (Bai et al., 2023; Feurer et al., 2018; Leen et al., 
2012; Poloczek et al., 2017; Swersky et al., 2013). These methods are 
relevant because they model cross-source correlations. However, their 
query policy is sequential: at each iteration, they select one source and 
one design point, while all other information sources remain unused. 
This limitation is critical in settings with multiple parallelizable sources. 
In this paper, we address it by adopting a parallel-query setting in which 
each iteration runs one experiment on the real system and concurrent 
experiments on multiple DTs.

1.2.  Main contributions

In this article, we propose (C1) the Adaptive Twin-in-the-Loop frame-
work (A-TiL), which uses multiple randomized DTs in parallel with the 
real system to achieve target performance with fewer on-hardware ex-
periments, by shifting part of the exploration to virtual evaluations that 
do not consume additional plant trials. We develop (C2) an innovative 
multi-source BO algorithm that is able to jointly select samples from 
both the real system and the DTs, fully exploiting the parallel archi-
tecture of A-TiL. This is achieved by modeling the combined virtual 
and real data using the Intrinsic Coregionalization Model, a symmetric 
multi-output GP that learns cross-source correlations within the surro-
gate, supporting information transfer from DT evaluations to the real-
system model, and by designing (C3) a novel multi-source batch acqui-
sition function (AF) that uses virtual data to reduce model uncertainty 
in the region of potential improvement.
Statistical analysis on four benchmark functions shows that the strategy 
achieves significantly faster convergence than single-source BO meth-
ods, albeit with higher computational complexity. The method is then 
applied to a real control tuning problem for a speed controller of a BLDC 
motor, where the proposed framework (C4) achieves near-optimal per-
formance on average in one-third of the on-hardware experiments re-
quired by single-source BO.

Structure of the article
This article is structured as follows. Section 2 introduces the Adap-

tive Twin-in-the-Loop architecture and optimization problem. Section 3 
recalls Bayesian Optimization fundamentals, single-source Gaussian 
Processes and acquisition functions. Section 4 presents the multi-source 
GP surrogate, starting from the multi-output setting and then detailing 
the Intrinsic Coregionalization Model adopted in this work, while Sec-
tion 5 describes the multi-source acquisition function designed for paral-
lel query selection across the real system and the DTs. Section 6 reports 
controlled synthetic experiments to analyze convergence and compu-
tational behavior and Section 7 validates the same methodology on a 
BLDC motor testbed. Finally, Section 8 concludes the article and out-
lines future research directions.

2.  Adaptive twin-in-the-loop architecture

The A-TiL scheme leverages an ensemble of 𝑃  real-time executable 
DTs running in parallel. Each DT is defined by a different parameteriza-
tion 𝜉(𝑝) (𝑝 = 1,… , 𝑃 ) to capture different possible model uncertainties 
and parameter variations. This use of a parameterized ensemble is a 
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form of Domain Randomization (Peng et al., 2018; Tobin et al., 2017), 
a technique designed to bridge the inherent sim2real gap between any 
simulation environment and its physical counterpart. Rather than rely-
ing on a single, inevitably imperfect DT, the goal is to create a diverse 
set of models that collectively span the space of possible real-system be-
haviors. The chosen set of perturbed parameters should consist of those 
that significantly influence closed-loop stability and performance, par-
ticularly those subject to modeling errors. This ensures the digital twin 
ensemble provides a robust representation of the physical plant’s behav-
ior, effectively spanning the sim2real gap.

The objective is to tune a controller (𝜃) parameterized by 𝜃 ∈ Ω ⊆
ℝ𝑑 by minimizing a closed-loop performance metric 𝐽 (RS)(𝜃) on the real 
system (e.g., tracking error, overshoot, phase margin). Formally, the 
goal is to find

𝜃⋆ = argmin
𝜃∈Ω

𝐽 (RS)(𝜃) , (1)

The DTs and RS operate in closed loop with a common reference 
signal 𝑟(𝑡), and evaluate different controller parameters: while the RS 
evaluates the cost 𝐽 (RS)(𝜃(RS)𝑖 ) for a specific controller parameter set 𝜃(RS)𝑖 , 
the DTs assess virtual costs 𝐽 (DT𝑝 )(𝜃(DT𝑝 )𝑖 ) for various parameter sets 𝜃(DT𝑝 )𝑖 . 
These virtual evaluations act as lower-cost proxies relative to real-
system experiments, as they can be generated without additional on-
hardware trials.

Fig. 1 illustrates the A-TiL architecture: the lower area (green) shows 
the controller (𝜃(RS)𝑖 ) closed on the real system. Using the reference 𝑟(𝑡), 
control action 𝑢(𝑡), and measurement 𝑦(𝑡), the real cost 𝐽 (RS)(𝜃(RS)𝑖 ) can be 
computed. The upper area (light blue) shows the parallel DTs; for each 
DT, the virtual cost function 𝐽 (DT𝑝 )(𝜃(DT𝑝 )𝑖 ) is computed. An adaptation 
law (orange, on the right) then uses real and virtual data as part of 
an active learning strategy to propose the next candidate controllers 
to test on the RS 𝜃(RS)𝑖+1  and on the DTs 𝜃

(DT𝑝 )

𝑖+1 . In this work, we propose 
a novel multi-source BO algorithm to implement this adaptation law, 
where learned correlations enable information transfer from virtual to 
real data. Finally, a batch multi-source acquisition function is designed 
to select the next candidate parameters to evaluate in parallel on the 
real system and on the DTs.

It is important to emphasize that the A-TiL framework employs true 
Digital Twins rather than offline Digital Models. Following the estab-
lished taxonomy by Kritzinger et al. (2018), a DT requires a bidirec-
tional flow of information with the physical asset. In our architecture, 
the DTs run in real time alongside the physical plant and share the same 
dynamic reference signals and inputs (tracking the real system). Simul-

Fig. 1. Adaptive twin-in-the-loop architecture. The controller (𝜃𝑖) is closed on 
the real system (lower area, green) and the real cost 𝐽 (RS)(𝜃(RS)

𝑖 ) is computed. In 
parallel, 𝑃  digital twins (upper area, light blue) run closed loop with the same 
reference signal 𝑟(𝑡) and evaluate virtual costs 𝐽 (DT𝑝 )(𝜃(DT𝑝 )

𝑖 ). An adaptation law 
(orange) uses real and virtual data to propose the next candidate controllers to 
test on the RS 𝜃(RS)

𝑖+1 and on the DTs 𝜃
(DT𝑝 )

𝑖+1 . (For interpretation of the references 
to colour in this figure legend, the reader is referred to the web version of this 
article.)

taneously, the data generated by the DTs is continuously fed into the 
multi-source optimization algorithm to update the real plant’s controller
parameters.

3.  Preliminaries

3.1.  Bayesian optimization

Unlike sample-intensive zeroth-order methods such as DIviding 
RECTangles (DIRECT) (Jones, 2009), Particle Swarm Optimization 
(PSO) (Eberhart & Kennedy, 1995), or genetic algorithms (Srinivas & 
Patnaik, 1994), Bayesian Optimization is an Efficient Global Optimizer 
(Jones et al., 1998) designed specifically for maximum sample effi-
ciency.

After each sample, BO fits a probabilistic surrogate model to the ob-
jective function. This surrogate informs an acquisition function 𝑎(𝜃), 
a utility function that selects the next query point by balancing ex-
ploration (sampling uncertain regions) and exploitation (targeting pre-
dicted minima).
Single-Output Gaussian Processes. While various probabilistic models can 
serve as surrogates, GPs are favored for their analytically tractable pos-
terior. Formally, a GP is a stochastic process defined as a distribution 
over functions, such that the distribution of the process at any finite set 
of input points is a multivariate Gaussian. It is fully specified by a mean 
function 𝑚(𝜃) and a covariance (kernel) function 𝑘(𝜃, 𝜃′), and is denoted 
as

𝐽 (RS)(𝜃) ∼ (𝑚(𝜃), 𝑘(𝜃, ⋅)). (2)

In experimental settings, exact evaluations of the objective function 
are rarely accessible. Instead, we assume access to a dataset (RS) =
(Θ(RS), 𝐽 (RS)) of observed input-output pairs, where 𝐽 (RS) represents the 
cost evaluations at inputs Θ(RS) = {𝜃(RS)1 ,… , 𝜃(RS)𝑛 }, corrupted by indepen-
dent and identically distributed (i.i.d.) Gaussian noise with variance 𝜎2. 
Conditioning the GP prior (2) on the observations  yields a closed-form 
posterior distribution: 
𝐽 (RS)(𝜃) ∣ 𝜃, ∼ 

(

𝜇post (𝜃), Σpost (𝜃, 𝜃)
)

, (3a)

𝜇post (𝜃) = 𝑚(𝜃) +𝐾(𝜃,Θ(RS))𝐶−1(𝐽 (RS) − 𝑚(Θ(RS))
)

, (3b)

Σpost (𝜃, 𝜃′) = 𝐾(𝜃, 𝜃′) −𝐾(𝜃,Θ(RS))𝐶−1𝐾(Θ(RS), 𝜃′), (3c)

where 𝐶 = 𝐾(Θ(RS),Θ(RS)) + 𝜎2𝐼 . The notation 𝐾(𝐴,𝐵) refers to the co-
variance matrix computed between all pairs of points in sets 𝐴 and 𝐵, 
such that [𝐾(𝐴,𝐵)]𝑖𝑗 = 𝑘(𝑎𝑖, 𝑏𝑗 ).

To maintain computational efficiency, we adopt an empirical Bayes 
(or Type-II Maximum Likelihood) treatment for the GP hyperparameters 
𝜓 , which include the signal variance and the characteristic lengthscales 
of the kernel. This approach avoids computationally demanding numer-
ical integration by instead maximizing the log-marginal likelihood of 
the observed data 𝑝(𝐽 (RS) ∣ Θ, 𝜓) (Williams & Rasmussen, 2006).
Single-Source Acquisition Functions. The acquisition function 𝑎(𝜃) directs 
the search by quantifying the utility of sampling a specific candidate 
point. While various formulations exist, such as Expected Improve-
ment (EI), Entropy Search (ES), and Knowledge Gradient (KG) (Garnett, 
2023), this work adopts the Lower Confidence Bound (LCB):
𝑎LCB(𝜃 ∣ ) = −lcb(𝜃) = −

(

𝜇post (𝜃)
⏟⏟⏟
exploitation

−𝛽 𝜎post (𝜃)
⏟⏟⏟
exploration

)

, (4)

where the outer minus sign transforms the minimization problem into 
a maximization one and the parameter 𝛽 > 0 balances the exploration-
exploitation trade-off. At every iteration, the next candidate is selected 
by solving 𝜃𝑖+1 = argmax𝜃∈Ω 𝑎LCB(𝜃 ∣ ).

The algorithm for BO is summarized in Algorithm 1. Building on 
this single-source BO framework, we will develop a multi-source BO 
algorithm that can leverage both real and virtual data within the A-
TiL architecture. This will be achieved by modeling the combined data 
using a multi-output Gaussian Process (Section 4) and designing a novel 
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acquisition function that selects samples from both sources in parallel 
(Section 5).

Algorithm 1: Classical Bayesian optimization.
Input: 𝑁BO number of BO iterations, 𝑁seed number of initial 

points, 𝜓 GP hyperparameters.
// Initialization

1: Randomly sample 𝑁seed seed points
2: Update dataset  = {(𝜃𝑖, 𝐽

(RS)
𝑖 )𝑁seed

𝑖=1 }
// BO loop

3: for 𝑖 ← 𝑁seed + 1 to 𝑁BO +𝑁seed do
// Optimize GP hypers and update posterior model

4: 𝜓 ← argmax𝜓 log 𝑝(𝐽 (RS) ∣ Θ, 𝜓)
5: 𝐽 (RS)(𝜃) ← Eq. (3a) conditioned on 

// Optimize acquisition function
6: 𝜃𝑖 ← argmax𝜃∈Ω 𝑎(𝜃 ∣ )

// Evaluate objective function
7: Sample 𝐽 (RS)

𝑖 = 𝐽 (RS)(𝜃𝑖) + noise
8: Update dataset  ←  ∪ {(𝜃𝑖, 𝐽

(RS)
𝑖 )}

9: end 
10: return Best evaluated point 𝜃⋆ = argmin𝜃𝑖∈Θ 𝐽

(RS)
𝑖

4.  Multi-source GP surrogate

4.1.  Multi-output GP setting

In the proposed A-TiL setting, information is collected from multiple 
sources: the RS and an ensemble of DTs. To construct a GP surrogate 
from multiple sources, two main strategies are available: extending the 
input space with a source/context variable (as in Fröhlich et al., 2022) 
or modeling the sources as multiple outputs (Berkenkamp et al., 2016). 
In this work, we adopt the second strategy, and represent the objective 
as 𝐉(𝜃) = [𝐽 (RS)(𝜃), 𝐽 (DT1)(𝜃),… , 𝐽 (DT𝑃 )(𝜃)]⊤ ∈ ℝ𝑃+1.

Multi-output GP models are commonly classified based on their de-
pendency structure into symmetric and asymmetric models (Liu et al., 
2018). Asymmetric models are suited to hierarchical outputs and are 
often used in multi-fidelity settings, where lower-fidelity outputs sup-
port faster learning of higher-fidelity outputs (Marco et al., 2017). 
Conversely, symmetric MOGPs are intended for outputs that are of 
equal importance, as they adopt bidirectional exchange of informa-
tion. The two classes should not be considered mutually exclusive cat-
egories, as the most commonly adopted asymmetric model, the auto-
regressive MOGP, can be interpreted as a special case of the sym-
metric Semiparametric Latent Factor Model (as shown in §4.2.1 of 
Do & Zhang, 2025).

In our setting, the optimization target is the RS, but the available 
DTs are treated as auxiliary sources that are comparably informative 
with respect to one another. We therefore adopt a symmetric MOGP 
under the mild assumption that each DT has an objective function that 
shares the same smoothness properties as the RS objective function. This 
is consistent with multi-task BO settings, where data from related tasks 
is transferred to improve optimization on a target task using symmet-
ric coregionalization models (Bonilla et al., 2007; Swersky et al., 2013). 
Section 6.2 will analyze the effect of uncorrelated DTs on the optimiza-
tion performance.

In this work, we use the Intrinsic Coregionalization Model, which as-
sumes a shared input kernel across outputs and source-specific coupling 
through a coregionalization matrix. Since our focus is optimization un-
der scarce data rather than high-accuracy multi-output regression, this 
choice avoids the heavier hyperparameter burden of more expressive 
models such as the Linear Model of Coregionalization (Alvarez et al., 
2012), which can be problematic in data-scarce scenarios. Future work 
will analyze more complex models and the problem of DTs-to-RS hier-
archical transfer.

4.2.  Intrinsic coregionalization model

Given the multi-output setting above, we now specify the concrete 
GP surrogate used throughout the paper. The ICM models the vector-
valued objective function 𝐉(𝜃) as a MOGP:

𝐉(𝜃) =

⎡

⎢

⎢

⎢

⎢

⎣

𝐽 (RS)(𝜃)
𝐽 (DT1)(𝜃)

⋮
𝐽 (DT𝑃 )(𝜃)

⎤

⎥

⎥

⎥

⎥

⎦

∼ (𝐦(𝜃), 𝐵 ∗ 𝐾(𝜃, ⋅)) , (5)

where 𝐦 ∈ ℝ𝑃+1 is the GP prior mean, 𝐵 ∈ ℝ(𝑃+1)×(𝑃+1) the coregional-
ization matrix and ∗ the Khatri-Rao matrix product. In this study, the 
squared exponential kernel is adopted.

Let us assume that for each source 𝑠 = {RS, DT1, … , DT𝑃 }, 𝑁𝑠
(noisy) observations {(𝜃(𝑠)𝑖 , 𝐽

(𝑠)
𝑖 )}𝑁𝑠𝑖=1 are available, where every output 

has its own independent (homoscedastic) noise:
𝐽 (𝑠)
𝑖 = 𝐽 (𝑠)(𝜃(𝑠)𝑖 ) + 𝜀(𝑠)𝑖 with 𝜀(𝑠)𝑖 ∼  (0, 𝜎𝑠2) . (6)

The samples and observations for each task can be collected in vectors

Θ(𝑠) =

⎡

⎢

⎢

⎢

⎣

𝜃(𝑠)1
⋮
𝜃(𝑠)𝑁𝑠

⎤

⎥

⎥

⎥

⎦

∈ ℝ𝑁𝑠×𝑑 and 𝐽 (𝑠) =

⎡

⎢

⎢

⎢

⎣

𝐽 (𝑠)
1
⋮
𝐽 (𝑠)
𝑁𝑠

⎤

⎥

⎥

⎥

⎦

∈ ℝ𝑁𝑠 ,

which can be stacked to form the complete dataset  = (Θ, 𝐽 ), where

Θ =
⎡

⎢

⎢

⎣

Θ(RS)

⋮
Θ(DT𝑃 )

⎤

⎥

⎥

⎦

∈ ℝ𝑁×𝑑 and 𝐉̄ =
⎡

⎢

⎢

⎣

𝐽 (RS)

⋮
𝐽 (DT𝑃 )

⎤

⎥

⎥

⎦

∈ ℝ𝑁 .

Once conditioned with the data , the GP model posterior becomes: 
𝐉(𝜗) ∣ 𝜗, ∼ 

(

𝝁post (𝜗), 𝚺post (𝜗, 𝜗)
)

, (7a)

𝝁post (𝜗) = 𝐦(𝜗) +
(

𝐵 ∗ 𝐾𝜗Θ
)

𝐶−1
𝑀𝑂

(

𝐉̄ −𝐦(Θ)
)

, (7b)

𝚺post (𝜗, 𝜗′) =
(

𝐵 ∗ 𝐾𝜗𝜗′
)

−
(

𝐵 ∗ 𝐾𝜗Θ
)

𝐶−1
𝑀𝑂

(

𝐵 ∗ 𝐾𝜗′Θ
)⊤, (7c)

where 𝐶𝑀𝑂 = 𝐵 ∗ 𝐾ΘΘ + Σ𝑛. Σ𝑛 ∈ ℝ𝑁×𝑁  is the noise covariance matrix: 
Σ𝑛 = diag(𝜎21 𝐼𝑁1

, … , 𝜎2𝑃+1𝐼𝑁𝑃+1 ) ∈ ℝ𝑁×𝑁 . The covariance matrices 𝐾ΘΘ, 
𝐾𝜗Θ and 𝐾𝜗𝜗′  are block matrices with (𝑃 + 1) × (𝑃 + 1) blocks to match 
the dimensions of 𝐵. They are computed as follows:
𝐾𝜗𝜗′ = 𝟏(𝑃+1)×(𝑃+1) ⊗𝐾(𝜗, 𝜗′)

𝐾𝜗Θ = 𝟏(𝑃+1)×1 ⊗ [𝐾(𝜗,Θ(RS)), 𝐾(𝜗,Θ(DT1))… , 𝐾(𝜗,Θ(DT𝑃 ))]

𝐾ΘΘ =

⎡

⎢

⎢

⎢

⎢

⎣

𝐾(Θ(RS) ,Θ(RS) ) 𝐾(Θ(RS),Θ(DT1)) ⋯ 𝐾(Θ(RS),Θ(DT𝑃 ))
𝐾(Θ(DT1),Θ(RS)) 𝐾(Θ(DT1),Θ(DT1)) ⋯ 𝐾(Θ(DT1),Θ(DT𝑃 ))

⋮ ⋮ ⋱ ⋮
𝐾(Θ(DT𝑃 ),Θ(RS)) 𝐾(Θ(DT𝑃 ),Θ(DT1)) ⋯ 𝐾(Θ(DT𝑃 ),Θ(DT𝑃 ))

⎤

⎥

⎥

⎥

⎥

⎦

where 𝐾(⋅, ⋅) is the covariance matrix computed using the kernel func-
tion 𝑘(⋅, ⋅) as in Section 3.1, ⊗ is the Kronecker product and 𝟏𝑎×𝑏 is an 
𝑎 × 𝑏 matrix of ones.

4.3.  Coregionalization matrix parameterization

To further minimize the hyperparameter count and ensure numeri-
cal stability, we parameterize 𝐵 using the continuous relaxation method 
(Saves et al., 2023), where tasks are represented by one-hot encodings 
𝑒𝑠 = [0, … , 0, 1, 0, … , 0]⊤ ∈ ℝ𝑃+1 (the 𝑠-th entry is 1 and all the oth-
ers are 0). Consequently, the correlation between two sources 𝑠 and 𝑠′
can be expressed as 𝑏𝑠𝑠′ = cov(𝑒𝑠, 𝑒𝑠′ ). Since 𝑒𝑠 and 𝑒𝑠′  are vectors, their 
covariance can be modeled using a canonical kernel function. Using the 
Automatic Relevance Determination (ARD) squared exponential kernel, 
the entries of 𝐵 become:

𝑏𝑠𝑠′ =

{

1 if 𝑠 = 𝑠′

exp
(

−1∕2 ⋅
(

𝓁−2
𝑠 + 𝓁−2

𝑠′
))

if 𝑠 ≠ 𝑠′
, (8)
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Fig. 2. Illustrative ICM GP example with correlated but distinct sources. The 
plot displays the posterior mean (dashed lines) and ±2𝜎 confidence intervals 
(shaded regions) for the target 𝐽 (RS). The single-output GP (grey) is only condi-
tioned on 𝐽 (RS) samples while the ICM MOGP (blue) also relies on data from 𝐽 (DT1 )

(orange points) and 𝐽 (DT2 ) (green points). The ICM achieves significantly lower 
uncertainty and a mean estimate that more accurately tracks the true function 
(solid line). (For interpretation of the references to colour in this figure legend, 
the reader is referred to the web version of this article.)

where 𝓁𝑠 and 𝓁𝑠′  are the lengthscales associated with sources 𝑠 and 𝑠′, 
and they are learned during marginal likelihood optimization. This pa-
rameterization allows one to model inter-source correlations with only 
𝑃 + 1 hyperparameters (one lengthscale per source), significantly reduc-
ing the number of hyperparameters compared to a full 𝐵 matrix param-
eterization, which would require (𝑃 + 1)(𝑃 + 2)∕2 parameters (Bonilla 
et al., 2007).

Overall, the ICM MOGP requires optimizing the classic GP hyper-
parameters (signal variance, lengthscales, noise variances) plus 𝑃 + 1
lengthscales for the coregionalization matrix. Analogously to Algo-
rithm 1, hyperparameters are learned by maximizing the log marginal 
likelihood of the observed data : 𝑝(𝐉 ∣ Θ, 𝜓), where 𝜓 is the set of all 
hyperparameters.

4.4.  ICM MOGP illustrative example

Fig. 2 illustrates a simple 1D example of ICM MOGP compared to 
single-output GP. Three distinct information sources are considered: 
𝐽 (RS) (blue for ICM, grey for single-output GP), 𝐽 (DT1) (orange) and 𝐽 (DT2)

(green). Each sample is color-matched to its source. Only posteriors for 
the target source 𝐽 (RS) are shown. Since the ICM leverages data from all 
sources, the resulting posterior has lower uncertainty (shaded area) and 
a mean estimate (dashed line) much closer to the true function (solid 
line), when compared to the single-output GP. The higher the inter-
source correlation, the more pronounced the information transfer and 
the resulting uncertainty reduction.

Once the multi-source surrogate model is defined, the next Section is 
devoted to the design of an acquisition function that selects candidates 
from all the information sources.

5.  Multi-source acquisition functions

5.1.  Batch acquisition background

In our multi-source setting, each BO iteration can exploit one RS 
query and multiple DT queries in parallel. This requires a batch decision 
rule across candidate evaluations. Classical acquisition functions (LCB, 
EI, ES, KG) select one point per iteration, whereas batch acquisition 
functions generalize the selection to 𝑞 points in parallel.

Early batch methods were mainly greedy: GP-BUCB (Batch Upper 
Confidence Bound, Desautels et al., 2014) iteratively selected points 
with hallucinated outcomes from the posterior mean, while GP-UCB-
PE (Contal et al., 2013) combined one UCB point with subsequent Pure 
Exploration points in promising regions. These strategies are computa-

tionally efficient, but their sequential construction can be suboptimal 
because early selections constrain the rest of the batch. Joint batch 
optimizers, such as batch Entropy Search (Shah & Ghahramani, 2015) 
and 𝑞-EI (Wang et al., 2019), mitigate this issue at the cost of higher-
dimensional and often Monte Carlo-intensive optimization.

In the present problem, the objective is not only to select multiple 
points, but also to allocate them across heterogeneous sources, an area 
largely unexplored in current literature. Existing multi-task BO formu-
lations (e.g., Marco et al., 2017; Swersky et al., 2013) remain funda-
mentally sequential, as they select one point from one source at a time. 
To our knowledge, a parallel multi-source batch AF that jointly selects 
multiple candidates from multiple sources has not been previously re-
ported.

5.2.  Proposed multi-source acquisition functions

Using the multi-source ICM posterior defined in Section 4.2, we now 
define the decision mechanism that maps uncertainty into candidate 
points for the RS and DTs. In the A-TiL framework, the RS is the tar-
get source and the DTs are auxiliary sources. Accordingly, we split the 
acquisition mechanism: the RS point is selected with a single-point AF 
on the RS posterior, while DT points are jointly selected to improve the 
RS model. The resulting multi-source BO procedure is summarized in 
Algorithm 2, while the associated AF optimization routine is detailed in 
Algorithm 3.

RS AF. As acquisition function for the RS, we employ the LCB:
𝜃(RS)𝑖+1 = argmax

𝜃∈Ω
[− lcb𝑖(𝜃)], (9)

lcb𝑖(𝜃) = 𝜇(RS)
post (𝜃) − 𝛽

√

Σ(RS)
post (𝜃), (10)

where 𝜇(RS)
post (𝜃) = 𝐞⊤1 𝝁post (𝜃), Σ(RS)

post (𝜃) = 𝐞⊤1 𝚺post (𝜃)𝐞1 and 𝐞1 =
[1, 0,… , 0]⊤ ∈ ℝ𝑃+1 selects the RS source.

DT AF. A naive strategy for the DTs would be to select the same point 
for RS and DTs. However, this presents two main issues. First, it can 
cause autokrigeability problems in the ICM (see §2.3 in Bonilla et al., 
2007), where the inter-source correlations cancel out. Second, sampling 
the same point on different sources is inefficient, as evaluating a point 
on a related task can never reveal more information than evaluating the 
same point on the task of interest (RS).

In this work, we propose an approach similar to the Pure Exploration 
of GP-UCB-PE by Contal et al. (2013), expanded to a multi-source setting 
and reformulated as a batch optimization rather than a greedy one. The 
DT samples are selected to explore the uncertain region 𝑅𝑖 of the model 
that potentially contains the optimum. This region is defined as the set 
of points where the RS lower confidence bound is below the minimum 
of the upper confidence bound: 

𝑅𝑖 =
{

𝜃 ∈ Ω ∣ lcb𝑖(𝜃) ≤ min
𝜃′∈Ω

ucb𝑖(𝜃′)
}

, (11a)

where ucb𝑖 is defined as in Eq. (10) but with a plus sign before the vari-
ance term. This region 𝑅𝑖 encompasses all points that could potentially 
yield better objective values than the best upper confidence bound found 
so far, thus focusing exploration on the most promising areas of the 
search space. By construction, the next RS sample 𝜃(RS)𝑖+1  always lies within 
this relevant region: 𝜃(RS)𝑖+1 ∈ 𝑅𝑖, as min𝜃∈Ω lcb𝑖(𝜃) ≤ min𝜃′∈Ω ucb𝑖(𝜃′).

The DT incumbents are then selected to maximally reduce the RS 
posterior variance over the relevant region 𝑅𝑖:
𝜃(DT1)𝑖+1 ,… , 𝜃(DT𝑃 )

𝑖+1 = arg max
𝜃1 ,…,𝜃𝑃 ∈𝑅𝑖

𝑎(DT)(𝜃1,… , 𝜃𝑃 ∣ ⋆),

being

𝑎(DT)(𝜃1,… , 𝜃𝑃 ∣ ⋆) =∫𝑅𝑖

(

Σ(RS)
post (𝜗 ∣ ⋆)
⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟
variance before
sampling DTs

−Σ(RS)
post (𝜗 ∣ ⋆∪ {𝜃(DT𝑝 )𝑝 }𝑃𝑝=1)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

variance after
sampling DTs

)

𝑑𝜗,

(12)
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Algorithm 2: Multi-source BO.
Input:  = {RS,DT1,… ,DT𝑃 } sources, 𝑁max BO iterations, 𝑁 (𝑠)

seed
(𝑠 ∈ ) initial points per source, 𝜓 ICM GP 
hyperparameters.

// Initialization (parallelized over sources)
1: parfor 𝑠 ∈  do
2: Randomly sample 𝑁 (𝑠)

seed seed points 𝜃
(𝑠)
𝑖

3: Update dataset (𝑠) {(𝜃(𝑠)𝑖 , 𝐽
(𝑠)
𝑖 )

𝑁 (𝑠)
seed

𝑖=1 }
4: end 
5:  ←

⋃

𝑠∈ (𝑠)

// BO loop
6: for 𝑖 ← 𝑁 (RS)

seed + 1 to 𝑁max +𝑁
(RS)
seed do

// Optimize ICM hypers and update posterior
7: 𝜓 ← argmax𝜓 log 𝑝(𝐉 ∣ Θ, 𝜓)
8: 𝐉(𝜃) ← Eq. (7a) conditioned on 

// Optimize multi-source acquisition function
9: (𝜃(RS)𝑖 , 𝜃(DT1)𝑖 ,… , 𝜃(DT𝑃 )

𝑖 ) ← OptMSAcqFcn(𝐉)
// Evaluate objective functions (parallelized)

10: parfor 𝑠 ∈  do
11: Sample 𝐽 (𝑠)

𝑖 = 𝐽 (𝑠)(𝜃(𝑠)𝑖 ) + noise
12: Update dataset (𝑠) ← (𝑠) ∪ {(𝜃(𝑠)𝑖 , 𝐽

(𝑠)
𝑖 )}

13: end 
14:  ←

⋃

𝑠∈ (𝑠)

15: end 
16: return Best evaluated point for the RS 𝜃⋆ = argmin𝜃𝑖∈Θ(RS) 𝐽 (RS)

𝑖

where Σ(RS)
post (𝜗 ∣ ⋆) is the posterior variance of the RS evaluated at point 

𝜗, computed using Eq. (7c), while Σ(RS)
post (𝜗 ∣ ⋆ ∪ {𝜃(DT𝑝 )𝑝 }𝑃𝑝=1) is the pos-

terior after adding the new DT samples. ⋆ =  ∪ {𝜃(RS)𝑖+1 } represents the 
dataset augmented with the new RS sample optimized in Eq. (9). We use 
this updated dataset to account for the impending uncertainty reduction 
at that point. Neglecting this update could lead the acquisition function 
to select DT points close to 𝜃(RS)𝑖+1  (the RS sample), yielding redundant 
information and inefficiently exploring the space, as shown in A.2.

Overall, the chosen acquisition function aims to select DT points that 
maximally reduce the uncertainty of the RS model in the most promising 
region 𝑅𝑖, thus improving the model where it matters most.

Eq. (12) also explains why DT samples do not collapse into the same 
region. The 𝑃  DT points are optimized jointly as one batch, so two 
nearby candidates yield strongly redundant covariance updates and a 
smaller integrated RS-variance reduction over 𝑅𝑖. As a consequence, 
the optimizer naturally favors spatially separated and information-
complementary DT queries.

The variance reduction in Eq. (12) can be computed efficiently using 
the following identity:
𝚺post (𝜗 ∣ ⋆) − 𝚺post (𝜗 ∣ ⋆ ∪ {𝜃(DT𝑝 )𝑝 }𝑃𝑝=1) =

= 𝚺post
(

𝜗,Θ⋆
)(

𝚺post
(

Θ⋆,Θ⋆
)

+ Σ𝑛
)−1𝚺post

(

𝜗,Θ⋆
)⊤, (13)

where Θ⋆ = [Θ⊤ 𝜃(RS)𝑖+1
⊤]⊤ is the augmented set of training points includ-

ing the new RS sample. The matrix inversion in (13) can be precomputed 
before optimizing the acquisition function, thus reducing the computa-
tional burden.

Unlike outcome-based batch AFs, Eq. (12) depends only on GP vari-
ance and therefore does not require marginalization over pending out-
comes. This is a key computational advantage over EI/ES/KG-style 
multi-source batch extensions, which evaluate expected utility by inte-
grating over unobserved outcomes. Our method still requires integration 
over the input region 𝑅𝑖 via Monte Carlo (MC) sampling, as discussed in 
A.1, but this step is typically lighter than full outcome marginalization. 
Compared with existing approaches, this rule is novel in combining par-
allel source allocation and batch-point selection in a single decision step: 

Algorithm 3: Optimize multi-source acq. Fcn.
1: Function OptMSAcqFcn(𝐉)

// Optimize RS Candidate (Eq. 9)
2: 𝜃(RS) ← argmax𝜃∈Ω[− lcb𝑖(𝜃)]
3: ⋆ ←  ∪ {𝜃(RS)}

// Define Relevant Region 𝑅𝑖 (Eq. 11a)
4: ucb ← min𝜃∈Ω ucb𝑖(𝜃)
5: Generate a set of 𝑁samples candidate points Θsamples ⊂ Ω

using LHS
6: 𝑖 ← {𝜃 ∈ Θsamples ∣ lcb𝑖(𝜃) ≤ ucb} ∪ {𝜃(RS)}
7: if |𝑖| < 𝑁min samples then

// Build boxes  around points in 𝑖 and sample
8:  =

⋃

𝜃𝑗∈𝑖
𝐻𝑗 , where 𝐻𝑗 = [𝐥(𝜃𝑗 ),𝐮(𝜃𝑗 )] and each 

dimension 𝑘 of 𝐥, 𝐮 is obtained as 
𝑢𝑘(𝑙𝑘) ← 𝜃𝑗 +− sup𝛼≥0{lcb(𝜃𝑗 +− 𝛼𝑒𝑘) ≤ ucb}

9: Sample 𝑁min samples − |𝑖| points from  using LHS and 
add them to 𝑖

10: end 
// Generate candidate batches and evaluate DT AF

11: Draw 𝑁raw batches Φ1,… ,Φ𝑁raw
 of 𝑃  distinct points from 

𝑖 each
12: Evaluate 𝑣𝑗 ← 𝑎(DT)(Φ𝑗 ∣ ⋆) for 𝑗 = 1,… , 𝑁raw

// Use best batches as starting points for local optimiz.
13: Identify indices   of the 𝑁restart largest 𝑣𝑗
14: (𝜃(DT1),… , 𝜃(DT𝑃 )) ← arg localmax 𝑎(DT)(Φ ∣ ⋆) initialized at 

Φ𝑗 , for each 𝑗 ∈ 
15: return (𝜃(RS), 𝜃(DT1),… , 𝜃(DT𝑃 ))

one RS point is selected by LCB, while 𝑃  DT points are jointly selected 
to maximize RS variance reduction over 𝑅𝑖.

AF Optimization Procedure. To optimize the AF, we use multiple random 
restarts and local optimization, as performed in most BO frameworks 
(as Balandat et al., 2020). The procedure is reported in Algorithm 3 and 
summarized below:

(a) Sample 𝑁samples quasi-random (Latin Hypercube Sampling, LHS) 
points within the optimization variable space Ω (line 5 of Alg. 3). 

(b) Identify the subset of these points belonging to the relevant region 
𝑅𝑖 of Eq. (11a) (line 6 of Alg. 3). 

(c) Randomly select 𝑁raw combinations of 𝑃  points from the set in b, 
and evaluate each combination using the DT AF of Eq. (12) (lines 
11-12 of Alg. 3). 

(d) Use the 𝑁restart best combinations as starting points for local con-
strained optimization (Limited-memory Broyden-Fletcher-Goldfarb-
Shanno, L-BFGS) of the AF (lines 13-14 of Alg. 3).

The most computationally intensive software-side steps are c and d, as 
they require multiple evaluations of the DT AF.

If the search space is large relative to the relevant region 𝑅𝑖, the ini-
tial quasi-random sampling may yield an insufficient number of points 
within 𝑅𝑖, rendering step c infeasible. In such cases, we employ a heuris-
tic that locally approximates 𝑅𝑖 using hyper-rectangles centered on valid 
samples, from which additional candidates are drawn (lines 7-10 of Alg. 
3). This also motivates the LCB choice: as established above, the RS 
query belongs to 𝑅𝑖 by construction, so at least one valid center for 
the hyper-rectangle heuristic is always available. If an alternative AF 
such as EI or KG were utilized for the RS, finding a feasible initial point 
satisfying a similarly bounded probable-improvement region would re-
quire solving an additional, potentially complex, constraint satisfaction
problem.

The complete procedure for our proposed Multi-Source BO algorithm 
is summarized in Algorithms 2 and 3.
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5.3.  AF illustrative examples

Perfectly correlated sources. Fig. 3 illustrates the acquisition function 
for a case of perfect correlation (𝐽 (RS) = 𝐽 (DT1) = 𝐽 (DT2)). The top subplot 
(Fig. 3a) shows the GP posterior for the RS, with the relevant region 
𝑅𝑖 highlighted in grey. The red star indicates the next RS sample (LCB 
minimum), while vertical lines denote the next DT samples, targeting 
high-uncertainty areas in 𝑅𝑖. Training points are shown for RS (blue), 
DT1 (orange), and DT2 (green). The bottom subplots (Fig. 3b) present 
a contour plot of the DT AF (Eq. 12) for the two DTs. 𝑅𝑖 is visualized 
as transparent cutouts within the shaded overlay that covers the rest of 
the parameter space. A few key observations can be made:

• The AF shows horizontal and vertical valleys close to previously sam-
pled points (represented as circles on the top and left margins), as 
sampling close to already acquired points offers minimal new infor-
mation.

• The AF is low along the diagonal, penalizing DT points close to each 
other, which would provide redundant information.

• The AF is highest where both DTs are far from existing samples, pro-
moting exploration. The red cross indicates the selected DT samples 
(maximum of the DT AF in 𝑅𝑖).

The top and left marginal plots of Fig. 3b illustrate the DTs-to-RS co-
variance: the light blue line shows the covariance (7c) conditioned only 
on , while the dark blue line shows the covariance conditioned on the 
augmented dataset ⋆. These plots reveal that including the next RS 
sample 𝜃(RS)𝑖+1  in the dataset significantly alters the DTs-to-RS covariance, 
effectively discouraging DT sampling in that vicinity. Overall, the DT 
AF effectively identifies points that maximize uncertainty reduction in 
the RS within 𝑅𝑖, while avoiding redundant sampling.
Correlated but distinct sources. Fig. 4 illustrates the acquisition function 
for the correlated but distinct sources case of Fig. 2. Here, vertical and 
horizontal valleys are present only close to points corresponding to each 
specific DT source, as the sources provide different information to the 
RS. The AF surface is asymmetric due to unequal source correlations, 
and the bisector is no longer a low-AF region, as different sources con-
tribute different information to the RS.

6.  Results with synthetic functions

To connect the methodological development of Sections 4.2 and 5 
with empirical evidence, we first evaluate the proposed method on con-
trolled synthetic functions before moving to the physical testbed. We 
apply the MSBO algorithm in three cases: 𝑃 = 0 (standard BO on the RS 
only), 𝑃 = 3, and 𝑃 = 6 DTs.

The synthetic tests are designed to isolate the key behaviors claimed 
by the method: convergence speed, uncertainty reduction from DT in-
formation, and algorithmic computational overhead. Within this sec-
tion, we first report baseline convergence and runtime behavior, then 
provide dedicated sensitivity analyses and an ablation study on weakly 
informative sources. We consider four synthetic functions with differ-
ent dimensionality and smoothness, commonly used as benchmarks in 
BO literature: (i) Ackley (2D), exhibiting thousands of local minima, (ii) 
Hartmann (3D), smoother than Ackley but with one additional dimen-
sion, (iii) Hartmann (6D), generalizing the 3D case, and (iv) Griewank 
(12D), to test high-dimensional optimization. For each benchmark func-
tion, the real system 𝐽 (RS) is taken to be the canonical function definition. 
The DTs 𝐽 (DT𝑝 ) are instead generated by multiplying the canonical pa-
rameters by a (scaled) random normal variable. Table 1 summarizes the 
definitions, parameterizations and optimization domains of each func-
tion, while Table 2 reports the MSBO hyperparameters adopted.

For each optimization problem, 30 independent optimizations are 
run with different random seeds for statistical significance. Fig. 5 re-
ports the convergence plots of the best evaluation so far (best-so-far, 
bsf) after each iteration. The MSBO algorithm (blue and orange lines) 

Fig. 3. DT acquisition function for a perfect correlation case.

outperforms standard BO (yellow lines), achieving both faster conver-
gence and reduced optimization variability. The higher the complexity 
of the function (in terms of dimensionality and number of local min-
ima), the greater the performance gain achieved by using multiple DTs. 
This is particularly evident in the Hartmann (6D) and Griewank (12D) 
functions, where the explorative information provided by the DTs sig-
nificantly accelerates convergence. Going from 𝑃 = 3 to 𝑃 = 6 DTs gen-
erally provides further performance improvements, although the gain is 
far less pronounced than that of going from 𝑃 = 0 to 𝑃 = 3. This suggests 
diminishing returns when adding DTs, likely due to the simplicity of the 
ICM, which is limited in capturing complex inter-source relationships.

Computational times. Fig. 6 breaks down the mean iteration time for 
each function and DT configuration. These times refer to optimization-
side computation (software runtime) in the synthetic benchmarks. The 
computation time is divided into three components: (i) objective eval-
uations (orange), (ii) GP fitting (hyperparameter optimization and pos-
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Fig. 4. Acquisition function for the correlated but distinct sources case of Fig. 2.

terior update) (green), and (iii) AF optimization (Algorithm 3). Since 
the objectives are synthetic functions, their computation time is negli-
gible, while AF optimization dominates the total computation time. As 
dimensionality and the number of DTs increase, the computation time 
lengthens. In terms of convergence improvement per unit time, 3 DTs 
offer a better trade-off than 6 DTs, as the marginal performance gain is 
limited while the computational cost approximately doubles.
Fig. 7 further details the computational time over the iterations for the 
Griewank function with 3 DTs, highlighting how AF optimization and 
GP fitting times grow with iterations as the dataset expands.‘

6.1.  Acquisition function sensitivity analyses

Offline data availability. We investigate the sensitivity of MSBO to the 
number of offline DT seed samples, a practically relevant setting since 
DTs can be pre-simulated before on-hardware optimization. Three con-
figurations are tested on Ackley with 3 DTs: 𝑁 (DT)

seed ∈ {1, 10, 100} and the 
results are shown in Fig. 8. In particular, the bottom left panel of Fig. 8 
reports the learned DTs-to-RS correlations: the solid line represents the 
mean DTs-to-RS correlation, the dotted curves denote the correspond-
ing highest and lowest correlations along the iterations, averaged across 
30 runs. The 𝑁 (DT)

seed = 1 and 10 profiles are close, with the 10-seed case 
showing consistently higher DTs-to-RS correlations, indicating slightly 
more effective transfer; this is consistent with the small convergence 
advantage of 10 seeds (top left panel of Fig. 8). The 𝑁 (DT)

seed = 100 case is 
more distinctive: correlations remain near zero for about the first 10 it-

Table 1 
DT parameterization for each benchmark.

Function
Equation

Nominal parameters
DT perturbations 𝜉(𝑝)𝑖 = 𝜉𝑖(1 + 𝜖

(𝑝)
𝑖 )

Ackley
(2D)

𝐽 (𝜃) = 𝑎
(

1 − exp
(

−𝑏
√

1
𝑑

∑𝑑
𝑖=1 𝜃

2
𝑖

))

− exp
(

1
𝑑

∑𝑑
𝑖=1 cos(𝑐 𝜃𝑖)

)

+ 𝑒1

𝑎=20, 𝑏=0.2, 𝑐=2𝜋; domain [−20, 20]2

𝜉 = [𝑎, 𝑏, 𝑐]⊤; 𝜖(𝑘){𝑎,𝑏} ∼  (0, 0.102), 𝜖(𝑘)𝑐 ∼  (0, 0.052).

Hartmann
(3D)

𝐽 (𝜃) = −
∑4
𝑖=1 𝑐𝑖 exp

(

−
∑3
𝑗=1 𝐴𝑖𝑗

(

𝜃𝑗 − 𝑃𝑖𝑗
)2
)

𝑐 ∈ ℝ4, 𝐴, 𝑃 ∈ ℝ4×3 as in (Jamil & Yang, 2013);
 domain [0, 1]3

𝜉 = [𝑐, 𝐴𝑖𝑗 , 𝑃𝑖𝑗 ]; 𝜖(𝑘) ∼  (0, 0.102).

Hartmann
(6D)

𝐽 (𝜃) = − 𝑚0

𝑚1
− 1

𝑚1

∑4
𝑖=1 𝑐𝑖 exp

(

−
∑6
𝑗=1 𝐴𝑖𝑗

(

𝜃𝑗 − 𝑃𝑖𝑗
)2
)

𝑐 ∈ ℝ4, 𝐴, 𝑃 ∈ ℝ4×6 as in (Jamil & Yang, 2013);
𝑚0=2.58, 𝑚1=1.94; domain [0, 1]6

𝜉 = [𝑐, 𝐴𝑖𝑗 , 𝑃𝑖𝑗 ]; 𝜖(𝑘) ∼  (0, 0.102).

Griewank
(12D)

𝐽 (𝜃) =
∑𝑑
𝑖=1

𝜃2𝑖
𝑑1

−
∏𝑑

𝑖=1 cos
( 𝜃𝑖
√

𝑖

)

+ 1

𝑑1=4000, 𝑠𝑝=1, 𝑠𝑐=1; domain [−5, 5]12

𝜉 = [𝑑1, 𝑠𝑝, 𝑠𝑐 ]⊤; 𝜖(𝑘) ∼  (0, 0.102).

Table 2 
Experimental parameters for the benchmark functions.
Parameter Ackley (2D) Hart3 (3D) Hart6 (6D) Griewank (12D)
𝑁samples 1000 2000 10,000 20,000
𝑁raw 250 500 1000 2000

 Common Parameters:
 (unless specified)

𝑁 (RS)

seed = 𝑁 (DT)

seed = 1, 𝑁restart = 2, 𝛽 = 3,
𝑁min samples = 1.5 ⋅𝑁raw

erations, indicating that the optimizer initially struggles to align DT and 
RS information. Around iteration 10, all DTs-to-RS correlations increase 
sharply, and this transition coincides with the jump observed in the con-
vergence plot, showing that once sufficient RS information is available 
the model can exploit cross-source correlations and ultimately outper-
form the other configurations. These results suggest that while offline 
data is beneficial for warm-starting, an excessively large initial dataset 
can temporarily suffer from “correlation lag” and slow down the conver-
gence, despite providing superior long-term accuracy. Naturally, these 
performance gains are accompanied by an increase in total algorithmic 
runtime due to the larger dataset, as shown on the right panel of Fig. 8.
DT ensemble size (batch-size sensitivity). In our formulation, the number 
of DT evaluations per iteration coincides with the DT batch size 𝑃 . We 
now analyze this sensitivity using 𝑃 ∈ {3, 10, 20}, with results shown in 
Fig. 9. The convergence panel in the top left of Fig. 9 shows that 𝑃 = 10
yields the best performance, while 𝑃 = 3 is slightly slower and 𝑃 = 20
degrades. The correlation panel in the bottom left of Fig. 9 clarifies this 
trend: 𝑃 = 10 achieves the highest DTs-to-RS correlations, 𝑃 = 3 exhibits 
slightly lower initial correlations, and 𝑃 = 20 remains close to zero for 
most iterations. This indicates that, with limited data, the ICM struggles 
to reliably correlate a large number of sources, reducing transfer effec-
tiveness and worsening convergence. The software runtime (right panel 
in Fig. 9) also increases significantly with 𝑃 , primarily due to AF op-
timization and larger multi-source GP updates. Overall, the trade-off is 
non-monotonic: increasing 𝑃  can improve convergence only while cor-
relations remain reliably learnable, after which model quality degrades 
and computational cost grows. These sensitivity results motivate the ab-
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Fig. 5. Convergence rates for the synthetic benchmark functions using standard BO (𝑃 = 0) and the proposed multi-source BO with 𝑃 = 3 and 𝑃 = 6 DTs. The 
multi-source BO consistently outperforms standard BO, with larger performance gains for more complex functions (higher dimensionality and more local minima).

Fig. 6. Average iteration time breakdown across benchmarks. These timings 
measure software execution in the optimization loop. AF optimization (blue) 
represents the dominant component compared to GP fitting (green) and objec-
tive evaluations (orange).

Fig. 7. Computation times over iterations for the Griewank function with 𝑃 = 3
DTs. These timings measure software execution in the optimization loop. The AF 
optimization and GP fitting times increase with iterations as the dataset grows.

lation study in Section 6.2, where we explicitly test how MSBO behaves 
when the DT ensemble contains uninformative sources.

6.2.  Ablation study on weakly informative sources

In this ablation study, we evaluate the robustness of MSBO when the 
DT ensemble includes weakly informative sources, namely weakly cor-
related or uncorrelated DTs. We consider the Ackley function with 3 
DTs, where one source is uncorrelated with the RS or where all sources 
are uncorrelated with the RS. While the RS is the canonical Ackley func-
tion, the uncorrelated DTs are generated from perturbed Branin func-
tions. The convergence results in Fig. 10 show that the fully correlated 
configuration still provides the best performance, as expected. However, 
introducing one uncorrelated DT does not lead to severe degradation: 
convergence becomes slightly slower (closer to the BO baseline), though 
eventually outperforming BO without DTs after approximately 20 iter-

Fig. 8. Effect of offline DT pre-sampling on MSBO (Ackley function, 3 DTs) 
for three offline DT seed sizes: 𝑁 (DT)

seed ∈ {1, 10, 100}. The top left panel reports 
convergence times, while the bottom left panel reports the learned DTs-to-RS 
correlations (the solid curve denotes the mean DTs-to-RS correlation averaged 
across DTs and 30 runs, the dotted curves denote the maximum and minimum 
of the same averaged quantity, and the shaded envelope visualizes variability 
between these bounds). Moderate pre-sampling (𝑁 (DT)

seed = 10) yields the most con-
sistent early transfer, while large pre-sampling (𝑁 (DT)

seed = 100) induces an initial 
correlation lag followed by rapid correlation recovery and superior late-stage 
convergence. The right panel shows the total algorithmic computation time, 
which increases with dataset size.

ations. The DTs-to-RS correlation panel clarifies this behavior: in the 
dark-blue case (one uncorrelated DT), the learned correlations are ini-
tially close to zero for all sources; around iteration 20, the ICM separates 
the sources, keeping one correlation near zero (uninformative DT) while 
increasing the other two (informative DTs), as reflected by the widening 
gap between the highest and lowest correlations (dotted curves). This 
indicates that the model needs an initial adaptation phase to correctly 
identify informative and uninformative sources; once this identification 
occurs, MSBO still outperforms BO.

In contrast, when all sources are uncorrelated (pink color), conver-
gence becomes significantly worse, and the ICM correctly assigns near-
zero correlation to all DTs, indicating no effective transfer.

Overall, these sensitivity analyses and ablation study demonstrate 
that MSBO performs best when the DT ensemble is sufficiently infor-
mative, moderately sized, and supported by an appropriate amount 
of offline data. While additional DT data and sources can improve
convergence, their benefit is not monotonic: excessive offline samples 
may introduce a temporary correlation lag, and too many DTs can chal-
lenge the ICM’s ability to infer reliable inter-source correlations. At the 
same time, the method remains reasonably robust to a small number of 
weakly correlated or uncorrelated DTs, since the model can identify and 
down-weight uninformative sources during optimization. These findings 
also underline the limitations of the adopted ICM formulation, motivat-
ing future work on more flexible multi-source architectures for larger 
and more heterogeneous digital twin ensembles, as well as on lever-
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Fig. 9. Effect of DT ensemble size on MSBO (Ackley function) for three differ-
ent DT ensemble sizes: 𝑃 ∈ {3, 10, 20}. The top left panel reports convergence, 
the bottom left panel reports the learned DTs-to-RS correlations, and the right 
panel shows the total algorithmic computation time. Increasing from 3 to 10 
DTs slightly strengthens information transfer (correlations) and improves con-
vergence. However, with 20 DTs, the ICM struggles to reliably infer correlations 
under limited data, leading to near-zero DTs-to-RS correlations and reduced op-
timization effectiveness.

Fig. 10. Impact of one uncorrelated DT on MSBO (Ackley function, 3 DTs). The 
convergence panel (top) compares BO without DTs, MSBO with 3 correlated 
DTs, MSBO with 1 uncorrelated DT and MSBO with all 3 DTs uncorrelated. In-
troducing one uncorrelated DT slightly slows convergence relative to the fully 
correlated case, but MSBO still outperforms BO without DTs. For this case, the 
DTs-to-RS correlation of the uninformative source is set to zero while higher cor-
relations are assigned to the remaining DTs (after iteration 20). In contrast, when 
all sources are uncorrelated (pink color), convergence is significantly worse than 
all other cases, and the ICM assigns near-zero correlation to all DTs, indicating 
no effective transfer.

aging the learned correlations to dynamically adapt the DT ensemble 
during optimization.

7.  Experimental results

Following the synthetic validation stage, this section applies the 
same A-TiL and MSBO pipeline to a physical setup. Specifically, we pro-
vide an empirical validation for the speed control of a BLDC motor.

7.1.  Experimental setup

The testbed, depicted in Fig. 11, consists of a 100W BLDC motor 
rigidly coupled to an aluminum disk which acts as an inertial load 
(≈ 1.425 × 10−4 kgm2), emulating industrial systems like conveyor belts 
or robotic joints. To address the inherent uncertainty of such loads, we 
model the system with a fixed but unknown inertia. This motivates the 

Fig. 11. Experimental testbed setup. The BLDC motor is coupled to an inertial 
load. The control loop runs on a microcontroller, while parameters are updated 
online by the A-TiL framework running on an external PC.

use of domain randomization in the DTs, where varying virtual param-
eters allow the ensemble to capture a range of dynamics and effectively 
bridge the sim2real gap.

The motor is operated via a dedicated microcontroller, while an ex-
ternal computer runs the MSBO algorithm and the A-TiL parallelized 
framework and communicates the controller’s parameters to the mi-
crocontroller. The MSBO hyperparameters are set to 𝑁samples = 1000, 
𝑁raw = 250, 𝑁restart = 20, 𝛽 = 3, and 𝑁 (RS)

seed = 𝑁 (DT)
seed = 1.

The control objective is to optimize the PI controller gains 𝜃 =
[𝑘𝑝, 𝑘𝑖]⊤ within the bounds 𝑘𝑝 ∈ [10−1, 103] and 𝑘𝑖 ∈ [10−4, 1]. The de-
sired closed-loop behavior is defined by filtering the reference signal 
through the first-order target model

𝐹 (𝑠) = 1
1 + 𝑠

𝜔𝑐

, 𝜔𝑐 = 25 rad∕s, (14)

thus obtaining the desired trajectory 𝑦des. The performance metric 𝐽 (𝜃)
is defined as a weighted sum of three normalized terms:
𝐽 (𝜃) = 𝐽tracking(𝜃) + 𝐽effort (𝜃) + 𝐽smooth(𝜃), (15)

where 𝐽tracking is the root-mean-square (RMS) error between the mea-
sured motor speed and 𝑦des, while 𝐽effort and 𝐽smooth are the RMS values 
of, respectively, the control action (current 𝑖𝑞) and its derivative, in-
cluded to penalize high-frequency chatter and promote smooth control 
actions.

The Digital Twin. The DT is implemented as a Simulink model captur-
ing the electromechanical dynamics of the system. In practice, the DT 
ensemble is built in three steps. First, a nominal model is defined using 
available plant knowledge: electrical motor coefficients from the man-
ufacturer’s datasheet and the mechanical load nominal value. Second, 
we identify which parameters most affect the speed-loop dynamics of 
interest and should therefore be randomized; parameters with negligi-
ble effect in our operating range are not prioritized, while load inertia 
and air friction are retained as dominant uncertain parameters. Third, 
we tune the perturbation magnitudes through domain randomization so 
that the DT ensemble spans plausible plant variability and the real re-
sponse lies inside the simulated trajectory envelope. In this work, load 
inertia and air friction are perturbed with Gaussian noise (𝜎 = 10% of 
nominal identified values).

Fig. 12 provides the first validation level (open-loop consistency): the 
real motor speed response to current steps is compared against the DT 
envelope, which broadly contains the measured trajectory. The source 
correlation panel of Fig. 13 provides a complementary diagnostic dur-
ing optimization: the learned DTs-to-RS statistical correlations within 
the ICM surrogate remain non-zero for informative twins, supporting 
information transfer from DT evaluations to the RS surrogate.

7.2.  Optimization results

In this section, we compare the performance of MSBO against stan-
dard single-source BO over 20 independent runs, and against a tradi-
tional one-shot tuning baseline.

Control Engineering Practice 175 (2026) 107128 

10 



G. Delcaro et al.

Fig. 12. Open-loop validation of the DT ensemble against the real system. The 
plot displays the measured speed response (black line) overlaid on the uncer-
tainty generated by the perturbed DTs under current-step excitation. The com-
bined uncertainty (grey) comprehensively covers the real dynamics.

Fig. 13 summarizes the convergence behavior of the BO-based meth-
ods. The top left panel reports the scaled cost versus iteration, where 
the dashed horizontal line denotes the 5% threshold from the optimum. 
Standard BO (0 DTs) converges more slowly, requiring on average 6 it-
erations to reach this threshold. In contrast, our proposed multi-source 
strategy converges in only 2 iterations when using either 3 or 6 DTs. 
As already observed in the synthetic benchmarks, increasing the num-
ber of DTs from 3 to 6 yields only marginal additional benefit in this 
experimental setting.

The DTs-to-RS correlation panel in the bottom left of Fig. 13 com-
plements this result: informative DTs keep non-negligible learned cor-
relations with the RS throughout the run, which supports model-level 
cross-source information transfer rather than purely independent paral-
lel search.

The right panel of Fig. 13 reports the corresponding timing break-
down. The dominant contribution to the per-iteration wall-clock time is 
the on-hardware experiment, which requires approximately 26.5 s per 
evaluation, whereas the additional software overhead introduced by 
MSBO remains marginal. Consequently, reducing the average number 
of iterations from 6 to 2 translates into a decrease in total on-hardware 
testing time from approximately 159.1 s to 53.0 s.

As an additional benchmark, we compare the obtained result with a 
one-shot data-driven tuning baseline: Virtual Reference Feedback Tun-
ing (VRFT, Campi et al., 2002). VRFT is a well-known method for direct 
data-driven controller design, which computes the controller parame-
ters in one shot based on a single open-loop dataset. The method recon-
structs the virtual signals associated with a desired target model, which 
in this experiment is the same model used to define the reference trajec-
tory in Eq. 14. VRFT is attractive in terms of experimental cost, since it 
requires only a single open-loop dataset and does not involve iterative 
on-hardware optimization. However, it is limited to linear systems and 
linear controllers, and in the present experiment its final closed-loop 
performance is lower than that achieved by the BO-based methods.

A comparison of the closed-loop responses after 3 iterations is shown 
in Fig. 14. To quantify the control-performance differences visible in 
this representative multi-step response, additional indicators were com-
puted from the same traces. At iteration 3, MSBO with 3 DTs reduces 
the root-mean-square error (RMSE) with respect to the filtered refer-
ence from 467 rpm for standard BO and 147 rpm for VRFT to 52 rpm. The 
mean absolute error is similarly reduced from 262 rpm for standard BO 
and 50 rpm for VRFT to 16 rpm. The maximum overshoot over the multi-
step reference transitions decreases from 31% for standard BO and 28.7%
for VRFT to 7.3% for MSBO, while the mean first-entry time into the 5%
band decreases from 1.56 s for standard BO and 0.29 s for VRFT to 0.13 s
for MSBO. These indicators confirm the qualitative behavior shown in 
Fig. 14: by iteration 3, the MSBO controller tracks the filtered refer-
ence more closely, exhibits smaller overshoot after set-point changes, 
and converges faster to the new operating points than both standard 
BO at the same iteration and the one-shot VRFT baseline. It is worth 

Fig. 13. Experimental results over 20 independent runs. The dashed horizontal 
line in the convergence plot (top left) marks the 5% threshold from the optimum. 
MSBO converges significantly faster than standard BO, reaching this threshold 
on average in 2 iterations instead of 6, thanks to the non-zero DTs-to-RS cor-
relation (bottom left). The right panel shows that the computational overhead 
introduced by the MSBO algorithm is negligible compared to the physical ob-
jective evaluation time of each on-hardware experiment.

Fig. 14. Representative closed-loop responses at iteration 3. MSBO with 3 DTs 
(blue) tracks the filtered reference more accurately, exhibits smaller overshoot 
and transient deviations after set-point changes, and converges faster to the new 
operating points than both the one-shot VRFT tuning (purple) and standard BO 
evaluated at iteration 3 (orange). The lower panel shows the corresponding con-
trol action 𝑖𝑞 . (For interpretation of the references to colour in this figure legend, 
the reader is referred to the web version of this article.)

noting that the VRFT solution does not correspond to the filtered refer-
ence trajectory, since the method is not guaranteed to work perfectly for 
nonlinear systems and saturated control actions. Table 3 complements 
this trace-level comparison by reporting the median controller gains and 
scaled cost over the 20 independent runs. For the BO-based methods, we 
report both the best-so-far solution at iteration 3 and the best overall so-
lution. The only solutions well below the 5% threshold at iteration 3 are 
those obtained by MSBO, with a scaled cost of about 1.4% for 3 DTs and 
1.8% for 6 DTs, against 6.5% for VRFT and 11.3% for standard BO.

Table 3 
Median performance across the 20 independent tests. For each run, 
the reported BO-based solution is either the best-so-far solution up 
to iteration 3 or the best on-hardware solution over all iterations. 
The scaled cost is computed with the same global normalization 
used in Fig. 13.

Method Iter. 𝑘̄𝑝 𝑘̄𝑖 × 10−4 𝐽scaled

VRFT 1-shot 1.10 0.25 0.065
BO (0 DTs) 3 0.10 1.00 0.113
MSBO (3 DTs) 3 1.30 1.00 0.014
MSBO (6 DTs) 3 2.60 2.90 0.018
BO (0 DTs) best 1.70 1.00 0.005
MSBO (3 DTs) best 2.15 2.30 0.005
MSBO (6 DTs) best 2.72 1.00 0.006
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Overall, the proposed method reduces the on-hardware experimental 
effort and elapsed testing time while also providing high-quality closed-
loop performance earlier in the optimization process.

8.  Conclusions and future work

In this article, we presented the A-TiL framework, a novel archi-
tecture for sample-efficient controller tuning that leverages an ensem-
ble of executable digital twins in parallel with the physical plant. To 
exploit this architecture, we developed a multi-source Bayesian Opti-
mization algorithm based on a multi-output Gaussian Process ICM. Cen-
tral to this approach is an innovative batch acquisition function that 
strategically selects virtual evaluations to minimize model uncertainty 
within the region of potential improvement on the real system. Numer-
ical benchmarks across various dimensionalities demonstrated that our 
framework significantly accelerates convergence by effectively bridg-
ing the sim2real gap. Finally, experimental validation on a BLDC motor 
speed control testbed showed that, on average, the proposed strategy 
reaches near-optimal closed-loop performance using one-third of the on-
hardware trials required by standard single-source BO.

Future work will consider more flexible surrogate models for large 
offline datasets and higher-dimensional or heterogeneous DT ensembles, 
including multi-fidelity settings.
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Appendix A.  Acquisition Function Analysis

As discussed in Section 5.1, batch acquisition functions are often de-
fined using marginalization (Gonzalez et al., 2016; Wilson et al., 2017):

𝑎(𝜃1,… , 𝜃𝑞|) = ∫ 𝛼(𝜃1,… , 𝜃𝑞 ∣ 𝐲,)𝑝(𝐲 ∣ )𝑑𝐲 . (A.1)

Here, 𝛼(𝜃1,… , 𝜃𝑞 ∣ 𝐲,) represents the joint utility of the batch condi-
tioned on the hypothetical observation outcomes 𝐲 = [𝑦1,… , 𝑦𝑞]⊤. In this 
formulation, 𝛼 is often defined as the maximum utility among batch can-
didates relative to a single-point AF (see Table 1 in Wilson et al., 2018). 
Since 𝐲 are unknown a priori, the utility is computed by marginalizing 
over the GP predictive posterior 𝑝(𝐲 ∣ ). However, this integral is typ-
ically intractable and requires MC approximations, which significantly 
increase the cost of the AF optimization process.

The proposed DT AF (Eq. 12) eliminates marginalization over hypo-
thetical observations 𝐲 by defining the utility 𝛼 solely in terms of the 

GP posterior variance, which is independent of the observed values. By 
bypassing the expectation step over 𝐲, the complexity is reduced to a 
spatial integral over 𝑅𝑖. While this integral is also approximated via MC 
sampling, it requires fewer samples than the marginalization typically 
used in outcome-dependent batch AFs.

A.1.  Role of the integration over 𝑅𝑖

The integral in Eq. (12) is approximated using random test points 
sampled within the region of interest 𝑅𝑖:

𝑎(DT)(𝜃1,… , 𝜃𝑃 ∣ ⋆) ≈
𝑁test
∑

𝑗=1
[Σ(RS)

post (𝜗𝑗 ∣ 
⋆) − Σ(RS)

post (𝜗𝑗 ∣ 
⋆ ∪ {𝜃(DT𝑝 )𝑝 }𝑃𝑝=1)],

(A.2)

where {𝜗𝑗}𝑁test
𝑗=1  represents a set of 𝑁test test points sampled within 𝑅𝑖 via 

Latin Hypercube Sampling, as described in step b of the AF optimiza-
tion procedure (Section 5). This decoupling of the test locations 𝜗𝑗 from 
the candidate query points 𝜃𝑝 is critical, as it enables the algorithm to 
quantify the joint information gain across the entire 𝑅𝑖.

To demonstrate the necessity of integrating over the relevant region 
𝑅𝑖, consider a simplified acquisition function that relies solely on point-
wise variance reduction:

𝑎(DT)noint (𝜃1,… , 𝜃𝑃 ∣ ⋆) =
𝑃
∑

𝑗=1
[Σ(RS)

post (𝜃𝑝 ∣ 
⋆) − Σ(RS)

post (𝜃𝑝 ∣ 
⋆ ∪ {𝜃(DT𝑝 )𝑝 }𝑃𝑝=1)].

(A.3)

In this formulation, the variance reduction is only assessed at the DT 
query points themselves. Without a fixed set of test points, the optimiza-
tion objective becomes prone to degeneracy, causing all 𝑃  candidates to 
collapse onto the single point of maximum uncertainty. This occurs be-
cause the test points vary with the candidates, allowing the optimizer 
to compute and sum the same local variance reduction 𝑃  times. Lacking 
a fixed spatial domain, the optimizer perceives 𝑃  identical samples as 
providing 𝑃  times the information, failing to account for the fact that 
repeated sampling of a single location yields no additional reduction in 
uncertainty.

Fig. A.1 illustrates this issue in the perfect correlation scenario de-
scribed in Fig. 3a. The AF contour plot is substantially different from 
Fig. 3b: it lacks the valley along the bisector, and the optimization se-
lects identical values for both DTs. By contrast, integrating the variance 
reduction over 𝑅𝑖 serves as a spatial regularizer, ensuring that overlap-
ping queries provide diminishing returns.

A.2.  Role of the augmented dataset ⋆

To quantify the impact of the augmented dataset ⋆ in Eq. (12), 
Fig. A.2 illustrates the acquisition surface computed using only the ex-
isting observations . Neglecting the impending RS evaluation results 
in suboptimal DT candidate selection; specifically, one of the AF max-
ima appears in the immediate vicinity of the RS sample. Because the RS 
trial will already yield high-fidelity information at this location, such 
DT queries are redundant. By conditioning the DT selection on ⋆, the 
framework effectively penalizes spatial proximity to the RS candidate, 
as shown in Fig. 3.
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Fig. A.1. Acquisition function in a perfect correlation case, computed without 
the integral term (Eq. A.3). The AF differs substantially from Fig. 3, and does 
not exhibit the valley along the bisector. Consequently, the optimization selects 
identical values for both DTs. This result highlights the critical role of the inte-
gral term in preventing redundant sampling.
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