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Stochastic incompleteness of a Riemannian manifold M amounts to the noncon-
servation of probability for the heat semigroup on M. We show that this property
is equivalent to the existence of nonnegative, nontrivial, bounded (sub)solutions to
AW = (W) for one, hence all, general nonlinearity 1 which is only required to be
continuous, nondecreasing, with 1(0) = 0 and ¥ > 0 in (0, +00). Similar statements
hold for (sub)solutions that may change sign. We also prove that stochastic incom-
pleteness is equivalent to the nonuniqueness of bounded solutions to the nonlinear
parabolic equation d;u = A¢(u) with bounded initial data for one, hence all, general
nonlinearity ¢ which is only required to be continuous, nondecreasing and noncon-
stant. Such a generality allows us to deal with equations of both fast-diffusion and
porous-medium type, as well as with the one-phase and two-phase classical Stefan
problems, which seem to have never been investigated in the manifold setting.
© 2025 The Author(s). Published by Elsevier Masson SAS. This is an open access
article under the CC BY-NC-ND license (http://
creativecommons.org/licenses/by-nc-nd/4.0/).

RESUME

L’incomplétude stochastique d’une variété riemannienne M équivaut a la non-con-
servation de la probabilité pour le semi-groupe de la chaleur sur M. Nous montrons
que cette propriété est équivalente & lexistence de (sous-)solutions bornées, non
négatives et non triviales de I’équation AW = (W) pour une, et donc pour toute,
non-linéarité générale 1), supposée simplement continue, croissante, avec 1(0) = 0
et ¢ > 0 sur (0,+00). Des énoncés analogues valent pour des (sous-)solutions qui
peuvent changer de signe. Nous démontrons également que I’incomplétude stochas-
tique est équivalente a la non-unicité de solutions bornées de 1’équation parabolique
non linéaire d;u = Ap(u) avec des données initiales bornées, pour une, et donc
pour toute, non-linéarité générale ¢ supposée simplement continue, croissante et
non constante. Un tel degré de généralité nous permet d’aborder des équations a
la fois de type diffusion rapide et de type milieu poreux, ainsi que les problémes
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classiques de Stefan & une ou deux phases, qui, & notre connaissance, n’ont encore
jamais été étudiés dans le contexte des variétés.
© 2025 The Author(s). Published by Elsevier Masson SAS. This is an open access
article under the CC BY-NC-ND license (http://
creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Let M be a noncompact Riemannian manifold of dimension N > 2, not necessarily complete. It is said
to be stochastically complete if T;1 = 1 for every t > 0, where T; is the heat semigroup on M. In terms of
the minimal heat kernel (¢, z,y) of M, this property reads

/k(t,x,y) dV(y) =1 V(z,t) € M x (0,+00), (1.1)
M

where V is the Riemannian volume measure of M, and can equivalently be stated by asserting that the
lifetime of Brownian paths is a.s. infinite. On the contrary, M is said to be stochastically incomplete if
the above integral is strictly smaller than 1 for some, hence all, (z,t) € M x (0,+00). We stress that our
treatment of stochastic completeness will be purely analytic, through properties of the heat equation and the
associated heat kernel, rather than explicit probabilistic methods. We assume M to have empty boundary,
nonetheless M need not be complete.

In fact, there exist several analytic, geometric and probabilistic criteria ensuring that a manifold is
stochastically (in)complete. Since it is hopeless to give an exhaustive account of the literature, we limit
ourselves to quoting the following relevant papers, without any claim to completeness: [2,8,13,18,29-33,36—
38,40,41,44,45,47]. They involve, for example, curvature conditions, in the form of sufficiently fast diver-
gence of the sectional curvatures to —oo at spatial infinity (stochastic incompleteness), or volume growth
conditions, in the form of not-too-fast divergence of the volume of geodesic balls as a function of their radius
(stochastic completeness). We refer to A. Grigor’yan’s works [15-17] for more comprehensive reviews; see
also [19, Appendix B] for a concise reminder of some of such criteria.

In order to properly introduce our work, it is of particular importance to comment that, again according
to a result of Grigor’yan, stochastic completeness of a manifold M turns out to be equivalent to any of the
following two conditions:

o Forall T € (0, +00] and all ug € L>°(M), the Cauchy problem

{atu =Au in M x (0,T), (1.2)

u = U on M x {0},

admits a unique solution in L (M x (0,7));

o For all A > 0 the equation AU = AU does not admit any (nonnegative) nontrivial bounded solution.

It can also be shown, using for instance [17, Theorem 8.18], that stochastic incompleteness is in turn
equivalent to any of the following conditions, which in principle is stronger than the mere negation of the
above properties:

o For all T € (0,400] and all ug € L>®(M), the Cauchy problem (1.2) admits at least two solutions in
L>(M % (0,T));
e For all A > 0 the equation AU = AU admits a (nonnegative) nontrivial bounded solution.
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Note that (1.1) amounts to the fact that, in the special case ug = 1, the unique bounded solution to (1.2)
is the constant 1.

The goal of the present paper is to prove general nonlinear analogues of the above characterization results.
In particular, we will show that stochastic incompleteness is equivalent to the existence of a nonnegative,
nontrivial, bounded (sub)solution to the nonlinear elliptic equation

AW = (W)  in M, (1.3)

for one, hence all, nonlinearity ¢ only assumed to be continuous in [0, +00), nondecreasing, such that
¥(0) =0 and ¢ > 0 in (0,+00), and in fact to the existence of infinitely many such solutions. This is the
content of Theorem 1.1. The assumptions on the nonlinearity 1 are essentially optimal, see the discussion
in Remark 1.2. As a direct consequence, we have that the existence of a bounded (sub)solution to (1.3) as
above for one v ensures that same is true for all ¢. Similar statements hold for (sub)solutions that may
change sign as well, see Theorem 1.4. It is important to stress that boundedness is unavoidable in order
to get an equivalence result: even in RY, which is stochastically complete, it is well known that there are
specific nonlinearities for which (1.3) admits positive unbounded solutions, see [21,24] for some examples
in the Riemannian setting as well, and [35] for a self-contained reminder of the Euclidean case and the
associated Keller-Osserman conditions, along with suitable Riemannian generalizations.
Besides, in the evolutionary setting, we will consider the filtration equation

Ou = Ag(u) in M x (0,T), (1.4)

u=1ugp on M x {0}, .

with T" € (0,400] and ug € L>®(M) (possibly sign changing), where ¢ is only assumed to be a continuous,
nondecreasing and nonconstant function. We will show that stochastic incompleteness is equivalent to the
nonuniqueness of solutions in L™ (M x (0,T)) to (1.4) for one, hence all, set of data ¢, T, ug. This is
the content of Theorem 1.7. Note that strict monotonicity is not required. It is remarkable that this result
covers simultaneously degenerate and singular nonlinear evolutions such as the porous medium equation
and fast diffusion equation (that is ¢(u) = |u|™ tu with m > 1 and, respectively, m € (0,1)), the one-
phase classical Stefan problem, which corresponds to ¢(u) = (u — L)™ for some L > 0 (the latent heat),
u being the enthalpy and ¢(u) the temperature, along with its two-phase generalization, corresponding to
é(u) = (u—L1)* — (u+ Ly)~ for some parameters Ly, Ly > 0.

In order to better explain our contribution, let us briefly discuss what was previously available in the
literature. As concerns the elliptic setting, Grigor’yan’s results have been widely generalized by Pigola,
Rigoli and Setti in [40,41]. In particular, it is shown there that stochastic completeness is equivalent to the
nonexistence of suitable subsolutions to

Aw = f(w) in M, (1.5)

for any f € C°(R) (not necessarily monotone), where w is required to be of class C?, bounded from above
and to satisfy an unavoidable condition involving the supremum of w™. This is a very strong statement,
since the assumptions on f are quite general and the result involves subsolutions only. It should however
be observed that:

(1) Tt is not possible, from the above result, to gain information on the existence of subsolutions to (1.5)
when M is stochastically incomplete, for an arbitrarily given f. For the same reasons, one cannot
conclude that if (1.3) admits no nonnegative, nontrivial, bounded solution for a single nonlinearity v,
then the same is true for all nonlinearities, and hence M is stochastically complete.
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(2) The required regularity assumption on w is restrictive, especially for subsolutions.

We will deal with precise answers the points raised above in one of our main results, Theorem 1.1. A further
extension of some of the relevant statements of [40,41] is also provided in Theorem 1.4, see the subsequent
Remark 1.5.

In the recent paper [19], these results have been improved, although for a significantly more restrictive
class of nonlinearities. In fact, it is shown there that stochastic completeness is equivalent to the nonexis-
tence of nonnegative, nontrivial, bounded solutions to nonlinear elliptic equations of the form (1.3) with ¢
convez, strictly increasing (with ¢(0) = 0) and C'. This settles item (1) above, under the stated additional
assumptions on f = 1. We also comment that item (2) is dealt with as well, since solutions are just required
to be very weak (i.e. solutions in the sense of distributions) and the methods employed do not in principle
require continuity, although elliptic regularity of course yields more than that. It should however be men-
tioned that results for subsolutions are not explicitly provided in [19], even if they may be deduced from the
corresponding techniques of proof. In this framework, the prototype nonlinearity for (1.3) is v(W) = WP
with p > 1.

The second main result in [19] involves nonlinear generalizations of the Cauchy problem for the heat
equation (1.2). In particular, uniqueness issues for nonnegative bounded solutions to (1.4) are investigated,
where ¢ = ¢~ ! and v is the nonlinearity appearing in the elliptic equation (1.3), so that ¢ is concave, strictly
increasing (with ¢(0) = 0), continuous in [0, +00) and C! in (0, +00), T € (0, +00] and ug € L>°(M), with
ug > 0. In this case, the prototype nonlinearity in (1.4) is ¢(u) = v with m € (0, 1), namely the previously
mentioned fast diffusion equation, see [9,46]. In fact, it is shown in [19] that stochastic completeness is
equivalent to the uniqueness of nonnegative bounded solutions (in the very weak sense) to the Cauchy
problem (1.4) for one, hence all, nonlinearities ¢ having the just stated properties. We stress that such
a result yields the very first example in which nonuniqueness of bounded solutions to the fast diffusion
equation with bounded data occurs, as this is the case on all stochastically incomplete manifolds. On the

contrary, we observe that in [23] it is shown that uniqueness of (nonnegative, very weak) solutions to the fast

2

2 (M), on a class of (stochastically complete) manifolds

diffusion equation holds even for data that are in L
satisfying suitable curvature bounds from below, which are very close to those distinguishing stochastically
complete from stochastically incomplete manifolds. We also refer to the seminal paper [28] for important
results originally proved in the Euclidean framework, in which uniqueness is shown for (strong) solutions
taking L{ . initial data.

In the present paper, we are able to remove the convexity and concavity assumptions on @ and, re-
spectively, ¢, which were essential in [19]. Moreover, we can strongly relax the further hypotheses on such
nonlinearities: we do not assume any regularity of ¢ and ¢ beyond continuity and drop strict monotonicity.
In addition, we manage to deal with solutions that may change sign, whereas nonnegativity was a crucial
requirement for the previous techniques to work.

Let us briefly explain the main technical novelties of our approach. In [19], a single equivalence result
was stated and proved (see Theorem 1.1 there), where the function 1) was identified with ¢~1. The first key
point towards a more general characterization consists of uncoupling (1.3) and (1.4), thus establishing two
corresponding (independent) equivalence results, namely Theorems 1.1 and 1.7 (see below). In particular,
the proof of the former is now completely self contained and merely relies on comparison principles for
very weak sub- and supersolutions, along with the construction of suitable nontrivial solutions. We stress
that, contrarily to [19], we avoid any use of Kato-type inequalities. This strategy turns out to be successful
regardless of the convexity, regularity and strict monotonicity of .

As for the evolutionary problem, which is by far the most delicate one, we use a delicate barrier method
that, instead of looking directly for a “large” solution to (1.4) in a pointwise sense (which was the original
approach of [19]), aims at constructing a solution that satisfies a prescribed condition “on a portion of the
infinity of M”, in an integral sense, and this is precisely what allows us to get rid of the concavity of ¢.
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The arbitrariness of such a condition is the one ensuring the multiplicity of solutions on a stochastically
incomplete manifold. The reverse implication follows a strategy similar to that of [19], except that concavity
is exploited only at the level of moduli of continuity (rather than directly on ¢). We also stress that,
by means of our general arguments, we are able to treat sign-changing solutions, for nonlinearities that
are merely continuous and not necessarily strictly increasing. Moreover, our methods only rely on local
comparison principles and the weak regularity of the constructed solutions. For these reasons, we believe
that the approach we adopt here is robust enough to be extended to rougher frameworks (e.g. operators
with nonsmooth weights). On the other hand, such a generality calls for an abstract viewpoint in order
to be able to show that the solutions to the local approximating problems we want to solve (on bounded
smooth domains — see Section 2) exist and suitably converge to a global solution in M. As opposed to [19],
the latter do not enjoy any monotonicity property with respect to the domain, so that compactness must
be proved with subtle ad-hoc arguments that are not very common in the literature related to the filtration
equation. To this end, it is convenient to resort, locally, to the theories of gradient flows in Hilbert spaces
and m-accretive operators in Banach spaces (see [3] and [46, Chapter 10]), which provide crucial a priori
estimates.

Finally, we mention that the evolutionary problem (1.4) has been the object of investigation of recent
works when ¢ is convez (i.e. the case not covered by [19]), especially in the specific framework of the porous
medium equation ¢(u) = u™ with m > 1, see [21,22,24-26]. In these papers, the main issues addressed
are existence and uniqueness/nonuniqueness of solutions as well as their asymptotic behavior. A general
theorem characterizing uniqueness, or nonuniqueness, of solutions corresponding to bounded data, in terms
of precise features of the manifolds involved, was anyway missing there. Thus, the present results are entirely
new even in the special, but widely investigated, case of the porous medium equation. In this regard, we
point out that as a byproduct of our methods of proof we establish a property concerning the lack of compact
support of solutions (Corollary 1.9), which is somewhat surprising for the porous medium equation having
in mind its well-known finite speed of propagation in the Euclidean setting [46]. Besides that, as discussed
above, the generality in which we work allows us to also deal, for the first time, with global well-posedness
issues for the one-phase classical Stefan problem on manifolds and its two-phase variant: we refer the reader
to [1,5,6,10-12,27,43] among the extensive (Euclidean) literature.

1.1. Statements of the main results
First of all, we introduce the following classes of real functions:
¢:={¢p:R —> R : ¢ is continuous, nondecreasing and nonconstant}
and
¢t:={ype: (0)=0and ) >0in (0,+00)}.

For any 1 € €T, we will consider the nonlinear elliptic equation

AW = (W) in M, (1.6)
and for any ¢ € €, T € (0,+00] and ug € L>®(M) we will also treat the nonlinear parabolic Cauchy problem

{atu = Ad¢(u) in M x(0,T), an

u = U on M x {0}.
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As mentioned above, solutions and sub/supersolutions to (1.6) or (1.7) are tacitly meant in the very weak
sense (or equivalently in the sense of distributions), according to Definitions 1.11 or 1.12 below, respectively.
We refer to Remark 1.13 for the significance of such a choice.

Our first result concerns the equivalence between stochastic incompleteness and the existence of nonneg-
ative, nontrivial, bounded subsolutions, or solutions, to (1.6).

Theorem 1.1. Let M be a noncompact Riemannian manifold. Let 1 € €. Then the following properties are
equivalent:

(a) M is stochastically incomplete;
(b) The nonlinear elliptic equation (1.6) admits infinitely many nonnegative, nontrivial, bounded solutions;
(¢) The nonlinear elliptic equation (1.6) admits a nonnegative, nontrivial, bounded subsolution.

Remark 1.2 (Assumptions on 1)). Let us comment on the sharpness of the class € we consider.

e Positivity away from 0 is necessary. In fact, if ¢ vanishes in the interval (0,b) for some b > 0, then
any constant lying in such an interval is a nontrivial solution to (1.6), regardless of the stochastic
incompleteness of M.

e The hypothesis 1(0) = 0 is also crucial. Indeed, if ¥(0) > 0 and W is nonnegative, nontrivial, bounded
and satisfies AW > ¢(W), then a fortiori

A
—W >1 in M.
¥(0)
Hence, the function
W, = W1l oo (ary =W

¥(0)

is nonnegative, nontrivial, bounded and satisfies —AW, > 1 in M. As a consequence, it is straightforward
to check that M is nonparabolic, i.e. it admits a positive minimal Green function G. Moreover, the
function

() = / G(z.y) dV(y)

M

turns out to be the minimal positive solution to —A~y = 1, which is thus bounded above by Wj.
Therefore, from [39, Theorem 28] (see also [14, Theorem 3]) it follows that M is not L!-Liouville (the
fact that the authors treat manifolds with boundary is immaterial). However, this property is in general
stronger than stochastic incompleteness, since [39, Example 36] provides the construction of a manifold
which is stochastically incomplete and L'-Liouville.

o Monotonicity is unavoidable in order to be able to pass from (c) to (b) in Theorem 1.1. In fact, the
construction of a bounded solution to (1.6) that lies above a given nontrivial subsolution strongly relies
on a local comparison principle (see Subsection 2.1). In turn, the validity of such a comparison principle
in the generality we treat requires ¥ to be nondecreasing. Nevertheless, in Theorem 1.4 we will see that
this property, along with the positivity of W, can be almost entirely dropped as long as subsolutions
are concerned.

As an immediate consequence of Theorem 1.1, we can infer the following.
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Corollary 1.3. Let M be a noncompact Riemannian manifold. Assume that the nonlinear elliptic equation
(1.6) admits a mnonnegative, nontrivial, bounded subsolution for some 1 € €%. Then it admits infinitely
many nonnegative, nontrivial, bounded solutions for all 1 € €.

With similar methods of proof, we are also able to establish a generalized version of Theorem 1.1, where
positivity and monotonicity can be relaxed.

Theorem 1.4. Let M be a noncompact Riemannian manifold. Let f : R — R be a continuous function such
that

flwog) =0 and flw) >0 Yw e (wo,ws], (1.8)
for some w1 > wy. Then the following properties are equivalent:

(a) M is stochastically incomplete;
(d) There exists w € L (M) with wt € L>(M) and f(w) € Li (M) satisfying

loc

Aw > f(w) in the sense of distributions in M (1.9)
and
fw*) >0, where w* = esssup w. (1.10)
M

If, in addition, f is nondecreasing in [wo,w1], then (a) and (d) are also equivalent to the following:
(d*) There exist infinitely many w € L (M) satisfying (1.10) and
Aw = f(w) in M .

Remark 1.5 (Comparison with a result of [/1]). First of all, we observe that Theorem 1.4 is equivalent to
asserting that M is stochastically complete if and only if all function w as in (d) that satisfies Aw > f(w)
is such that f(w*) < 0. Note that such equivalence holds for each fized nonlinearity f as above. This is a
stronger statement with respect to Theorem 3.1 and condition (vii) on page 43 of [41] (see also [39]), in which
stochastic completeness is shown to be equivalent to the fact that for all nonlinearity f and any function
w such that Aw > f(w) it holds f(w*) < 0. Also, we recall that the additional assumption w € C?(M)
is required in [41], whereas our results basically hold under the least regularity hypotheses ensuring the
meaningfulness of (1.9); this may be especially relevant in settings where regularity is not even guaranteed
for solutions, e.g. when considering differential operators with degenerate or singular weights (see e.g. [20]).

Remark 1.6 (Assumptions on f). As concerns the “local vanishing and positivity” condition (1.8), we point
out that it is actually not needed in the proof of (d)=-(a). On the other hand, it is clear that there is no hope
to establish the inverse implication (a)=-(d) without further assumptions on f. For instance, if inf f > 0,
then an argument similar to that of Remark 1.2 (second item) shows that, should a function w as in (d)
exist, then M would not be L'-Liouville. On the contrary, it seems an open problem to establish whether
the implication (a)=-(d) can still be proved when f has no zeros but inf f = 0; note that this might only
be possible for some function w as in (d) with infw = —oo, otherwise we could immediately reduce the
problem to the case inf f > 0.
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Our second main characterization of stochastic incompleteness is provided in terms of the multiplicity
of bounded solutions to (1.7) or, equivalently, of a substantial ill-posedness of the problem in the L*°
framework.

Theorem 1.7. Let M be a noncompact Riemannian manifold. Let ¢ € €, T € (0,400 and up € L>®(M).
Then the following properties are equivalent:

(a) M is stochastically incomplete;
(e) The Cauchy problem (1.7) admits infinitely many solutions in L (M x (0,T));
(f) The Cauchy problem (1.7) admits at least two solutions in L>°(M x (0,T)).

Similarly to Corollary 1.3, from Theorem 1.7 we can readily deduce the following.

Corollary 1.8. Let M be a noncompact Riemannian manifold. Assume that the Cauchy problem (1.7) admits
at least two solutions in L>°(M x (0,T)) for some ¢ € €, some T € (0,+00] and some ug € L>(M). Then
it admits infinitely many solutions in L>°(M x (0,T)) for all ¢ € €, all T € (0,400] and all ug € L*>(M).

Again, we stress that there is no available result in the literature characterizing uniqueness, or nonunique-
ness, of solutions to (1.7) even in the specific case of the widely studied porous medium equation, namely
¢(u) = |u|/™ tu for m > 1, and a fortiori in the broad class of nonlinearities considered here. Interestingly,
as a byproduct of our techniques, we discover a phenomenon of lack of compact-support preservation, which
is quite relevant especially in the porous-medium case, marking a striking difference with respect to the
Euclidean setting.

Corollary 1.9. Let M be a stochastically incomplete noncompact Riemannian manifold. Let ¢ € €, T €
(0,400] and ug € L>®(M). Then there exist infinitely many solutions uw € L (M x (0,T)) to the Cauchy
problem (1.7) such that

SUPP U prx s,y € M X [s, 1] Vt,s: O0<s<t<T, (1.11)
where supp u is understood in the sense of measures.

Remark 1.10 (Stochastic completeness). Clearly, both Theorem 1.1 and Theorem 1.7 may equivalently be
stated in terms of stochastic completeness. This means that, under the running assumptions on ¢ and ¢,
on a stochastically complete manifold M the only nonnegative bounded solution to (1.6) is the constant
W = 0, whereas problem (1.7) is always well posed in the L (M x (0,T)) setting.

1.2. Notation and basic definitions

We collect here the essential definitions of solutions to (1.6) and (1.7), as well as of sub/supersolutions,
with which we will work. Before, let us introduce some basic notation and terminology that will be regularly
adopted in the sequel.

We denote by V the Riemannian volume measure on M, and by S the corresponding (N —1)-dimensional
Hausdorff measure. From here on, we will take for granted that M is a noncompact Riemannian manifold of
dimension N > 2. For simplicity, we will also tacitly assume that M is connected, but our arguments can be
easily extended to deal with the non-connected case too (see Remark 5.2 at the end of the paper). Except
when it is necessary due to possible ambiguities, in order to lighten notation we will drop the explicit writing
of “a.e.” for properties, identities or inequalities that hold almost everywhere with respect to V. As we will
see in the next section, we will often deal with problems posed on sufficiently regular subsets £ € M for a
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function f (or a measure) defined in M or in a set that contains E, we will write f|r whenever we want to
emphasize that we specifically refer to its restriction on E. Also, we adopt the standard notations Hg(E)
and H~1(E) to refer to the closure of C°(E) with respect to the norm ||V (+)|2 and, respectively, its dual
space. Similarly, we denote by H!(E) the Sobolev space of L?(E) functions whose distributional gradient
is also in L2(E). Clearly, if E is regular enough (which will always be the case for us), the latter coincides
with the closure of CS°(E) with respect to the norm | - [|2 4 ||V ()]]2.

Now, let us provide the following standard definition of a wvery weak solution (or solution in the sense
of distributions) to (1.6). Although our main interest is for nonlinearities in €*, for technical reasons it is
convenient to temporarily work in the wider class €.

Definition 1.11. Let ¢ € €. We say that a function W € L{ (M) is a very weak solution to the nonlinear
elliptic equation (1.6) if (W) € LL (M) and it satisfies

loc

/WAndV: /w(vv)ndv (1.12)

for all n € C%(M). Similarly, we say that a function W € LL (M) is a very weak subsolution (resp. super-
solution) to (1.6) if (W) € LL (M) and (1.12) is satisfied with “=" replaced by “>" (resp. “<”), for all
nonnegative n € C2(M).

As concerns (1.7), we can also give the usual definition of a very weak solution in which the initial datum
is absorbed into the formulation itself, rather than taken with continuity.

Definition 1.12. Let ¢ € €, T € (0, +00] and ug € L (M). We say that a function u € L>(M x (0,7T)) is a
very weak solution to the Cauchy problem (1.7) if it satisfies

T T
O/N[uatgdwwo/ﬂl $(u) AE dVdt = 7/u0(x)5(x70) () (113

M

for all ¢ € C2(M x [0,T)).

Remark 1.13 (On the notions of solution). Both for elliptic and parabolic problems, we decided to work
with the concept of very weak solution (or sub/supersolution), which as the name suggests is to some extent
the weakest notion one can employ to give a meaning to (1.6) or (1.7). A strictly related concept is that of
weak solution, namely when W (resp. ¢(u)) belongs at least locally to the Sobolev space H!, so that it is
feasible to use it as a test function in (1.12) (resp. (1.13)). Because subsolutions to (1.6) are in particular
subharmonic, the very recent result [42, Theorem 3.1] ensures that they are actually weak. Nevertheless,
as mentioned above, in order to keep the discussion as much as possible self-contained and open to other
frameworks where such a property is unknown, we preferred not to take advantage of this fact in the proof
of Theorem 1.1. On the contrary, to our knowledge there is no general result establishing that any given very
weak solution to (1.7) is necessarily weak, especially in the cases when uniqueness fails (e.g. stochastically
incomplete manifolds).

In the following, in order to prove some auxiliary intermediate results, we will focus on suitable elliptic
and parabolic problems posed on bounded smooth domains. More precisely, we say that £ C M is a bounded
smooth (or regular) domain if it is a precompact, open and connected set whose boundary JF is an (N —1)-
dimensional submanifold. In this case, F is naturally orientable, and it is thus well defined an outward
(smooth) normal vector field that we denote by v. We point out that, when dealing with OF, the reference
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measure is implicitly assumed to be S. A connected noncompact Riemannian manifold M always admits a
reqular exhaustion, namely a sequence of bounded smooth domains {Ey} C P(M) such that Ej, € Fjy4+1 and
U Ex = M. For further references in this regard, see e.g. [23, Subsection 2.1] or the monograph [34]. Note
that if M is complete and there exists 0 € M with empty cut locus (or even empty away from a compact
set), one can simply choose Ey = Bj(0). In order to avoid redundancy, when we say “regular exhaustion”
we implicitly mean a regular exhaustion of M.

The paper is organized as follows. In Section 2 we collect some crucial local comparison principles for very
weak solutions, subsolutions and supersolutions to localized versions of (1.6) and (1.7), along with related
fundamental existence results. The corresponding proofs are quite technical because of the distributional
sense in which the problems are understood and the very general nonlinearities we treat. For the sake of
readability, they have been deferred to Section 3 (elliptic) and Section 4 (parabolic). The proofs of all our
main results are contained in Section 5, and basically they can be read independently of Sections 3 and 4.

2. Auxiliary existence and comparison results for local problems

This section is devoted to establishing some preliminary results that are key to the proofs of Theo-
rems 1.1, 1.4 and 1.7. More precisely, we will solve the analogues of (1.6) and (1.7) on bounded smooth
domains, completed with suitable boundary conditions, and show related comparison principles. We stress
that establishing such properties in a very weak setting is more involved, and requires several additional
technical tools. Among them, for the reader’s convenience we recall an important result from [23], whose
statement is adapted to the (simpler) version that is enough to our purposes.

Proposition 2.1 (Proposition 3.1 of [25]). Let M be a connected and noncompact Riemannian manifold. Let
T € (0,+00] and g € L (M x [0,T)) satisfy

loc

T
/ / g ALV < F(€,0,€)
0 M

for all nonnegative ¢ € C2(M x[0,T)), where F is a continuous functional on Co(M x[0,T))x Co(M x[0,T)).
Then there exists a reqular exhaustion {Ey} C P(M), possibly depending on g, such that

/T/gA§dth—/T / 9loE, %d&ltﬁ F(€, 0:€)

0 Ej 0 O0FE

for all nonnegative & € C2(Ey, x [0,T)) with & =0 on dE,x(0,T), for every k € N, where & is the extension
of € to M x [0,T), set to be zero outside Ej x [0,T).

We recall that the restriction g|spg, enjoys all the properties that a “trace” is expected to have: in
particular, and most importantly to our goals, if g > ¢ (resp. < ¢) holds V-almost everywhere in M then
also glag, > ¢ (resp. < ¢) holds S-almost everywhere on 9Ey.

2.1. Elliptic problems

We consider the Dirichlet problem

AW =¢(W) in E,
W=c on OF,
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for a bounded smooth domain F, a nonlinearity ¥ € € and a given constant ¢ € R. For simplicity, we take
the boundary datum in (2.1) to be a constant (which suffices for our goals), but of course more general
traces on OF could be prescribed.

Let us provide an appropriate notion of very weak (sub-, super-) solution to (2.1).

Definition 2.2. Let £ C M be a bounded smooth domain. Let ¢ € € and ¢ € R. We say that a function
W € LY(E) is a very weak solution to the Dirichlet problem (2.1) if /(W) € L'(E) and it satisfies

on
WAndY — [ c2LdS = [ v(W)ndy (2.2)
Z Bé 3V E/

for all n € C? (E) with 7 = 0 on JE. Similarly, we say that a function W € L(FE) is a very weak subsolution
(resp. supersolution) to (2.1) if (W) € LY(E) and (2.2) is satisfied with “=" replaced by “>” (resp. “<”),
for all nonnegative 1 as above.

We now state two results regarding (1.6) and (2.1) that will be crucial in the proofs of Theorem 1.1,
Theorem 1.4 and, partially, of Theorem 1.7. They will be proved in Section 3.

Proposition 2.3. Let E C M be a bounded smooth domain. Let 1 € € and c € R. Let W and W be a very
weak subsolution and, respectively, a very weak supersolution to the Dirichlet problem (2.1), in the sense of
Definition 2.2. Then W < W in E.

Proposition 2.4. Let ¢ € € with ¢(0) = 0. Assume that the nonlinear elliptic equation (1.6) admits a very
weak subsolution W, in the sense of Definition 1.11, such that W € L>(M). Then it also admits a solution
W, in the sense of Definition 1.11, such that

WE<sW < |[WH ey  in M. (2.3)

We recall that, in the proof of Proposition 2.4 and more generally throughout the paper, we do not take
advantage of Kato-type inequalities. As an alternative approach, one may notice that W™ satisfies

AW > xqwsoyp(W) = (W) in M (2.4)

in the sense of distributions. Then, once a nonnegative and bounded subsolution such as W is available,
a routine monotonicity argument (that is also used in our proof) yields a solution complying with (2.3).
However, as far as distributional subsolutions are concerned, in order to rigorously obtain (2.4) one needs
to exploit a manifold version of the Brézis-Kato inequality, which has been established only very recently
in [42, Proposition 4.1].

2.2. Parabolic problems

For convenience, let us set

D(u) := /(;5(1") dr, (2.5)

0

for ¢ € €. If ¢(0) = 0, which is a relevant case as it will be clear shortly, due to the monotonicity of ¢ we
have that ¢(u) > 0 for u > 0 and ¢(u) < 0 for v < 0. In particular, the function ® is nonnegative and
convex. In addition, for technical reasons, it is useful to define the following pseudo inverses of ¢:
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o7 (p)i=if{ueR: ¢(u) = p} and ¢;'(p):=sup{ueR: ¢(u)=p}  Vped(R).

Both functions are nondecreasing with ¢, L' < ¢! and it is not difficult to check that ¢l_1 is lower semi-

r o

continuous (possibly taking the value —oo), whereas ¢, ! is upper semi-continuous (possibly taking the value
+00). Clearly, if ¢ is strictly increasing, these two functions are continuous and coincide with the actual
inverse ¢~ 1.

Given a bounded smooth domain E C M, ¢ € €, a time T € (0, +00], a constant 8 € ¢(R) and an initial
datum uy € L*(F), we consider Cauchy-Dirichlet local problems of the form

Ou = A¢p(u) in E x (0,T),
d(u)=p on OF x (0,T), (2.6)
u = ug on E x {0}.

Again, we limit ourselves to the case of constant boundary data because it is more than enough to our
purposes. However, we stress that more general boundary data could be treated in the spirit of [46, Chapter
5], but this is out of scope for us.

Next, let us provide a suitable notion of very weak (sub-, super-) solution to (2.6).

Definition 2.5. Let £ C M be a bounded smooth domain. Let ¢ € €, T € (0,+cc], 5 € ¢(R) and ug €
L*>(FE). We say that a function u € L>®(E x (0,T)) is a very weak solution to the Cauchy-Dirichlet problem
(2.6) if it satisfies

T

T
//uatgd]/dt—l—o/E/Mu) AEdVdt = —E/uo(x) &(z,0)dV(x //B—det (2.7)

0 FE 0 OF

forall{ € C2(E x [0,T)) with § = 0 on 0E x (0,T). Similarly, we say that a function v € L>(E x (0,T)) is a
very weak subsolution (resp. supersolution) to (2.6) if (2.7) is satisfied with “=" replaced by “>" (resp. “<”),
for all nonnegative £ as above.

We start by stating an existence result for the homogeneous problem (2.6), along with some extra prop-
erties of the constructed solutions that will turn out to be key.

Proposition 2.6. Let E C M be a bounded smooth domain. Let ¢ € € with ¢$(0) =0, f =0 and ug € L>*(FE).
Then:

(i) There exists a very weak solution u, in the sense of Definition 2.5, to the Cauchy-Dirichlet problem (2.6)
with T = +o0, such that

||U||L°°(Ex(0 +o0)) = ||UUHL°O(E) (2.8)
(it) Furthermore, we have that
u € ACioc([0,+00); H-H(E)) N C([0, +00); L' (E)), B(u(-,t)) € HY(E) Vt>0,

and the energy estimates

/ 6, Dy ) ds < 190y Ve >0 (2:9)
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and

12 (o)l 11 ()
t

A

100, )l g1y = N6 0) gy iy < for a.c.t>0 (2.10)

hold.

(iii) If ug < v € L®(E) and we let v be the above constructed solution to the Cauchy-Dirichlet problem
(2.6) with ug replaced by vy, the following comparison holds:

u<v in B x (0,400). (2.11)

Remark 2.7 (The nonhomogeneous case). When ¢(0) # 0 or 8 # 0, there is an easy way to reduce problem
(2.6) to the homogeneous version treated in Proposition 2.6. To this end, it is enough to choose any « €
¢~ 1(B) and set ¢o(v) := ¢p(v + a) — B, vo := ug — a and apply Proposition 2.6 with (ug,®) replaced by
(vo, Pa); as a result, one obtains a function v € L>(E X (0,+00)) satisfying the very weak formulation

700/118,55 dvdt + 700/ [O(v+ ) — flALdVdt = — / [up(z) — o] &(x,0) dV(z) (2.12)
0 F 0 E

E

for all £ € C2(E x [0,+00)) with £ =0 on OF x (0,400). Upon letting u = v + o and integrating by parts
the integrals in (2.12) involving the constant terms « and S, it is plain to see that w fulfills (2.7) (with
T = +00).

The statement of Proposition 2.6 is certainly not a major novelty, but the mild assumptions we make on
the nonlinearity ¢ call for a nonstandard construction that goes back to the abstract theory of gradient flows
(or more generally maximal monotone operators) in Hilbert spaces and m-accretive operators in Banach
spaces [4,3,7], which must be properly combined to yield a family of solutions that have all the desired
properties.

Upon taking advantage of Proposition 2.6 and its crucial estimates, we are able to show that solving
(homogeneous) Cauchy-Dirichlet problems on an exhaustion of domains of M always leads to a solution to
(1.7), at least for a special class of initial data.

Proposition 2.8. Let ¢ € € with ¢(0) = 0 and ug € L°°(M) with compact support. Given any reqular
exhaustion {Ex} C P(M), let {ur} be the solutions to the homogeneous Cauchy-Dirichlet problems

Orup, = Ap(ug)  in Ey x (0,+00),
d(ug) =0 on OE x (0,4+00),

uzuOJEk on EkX{O},

provided by Proposition 2.6. Then there exists a very weak solution u to the Cauchy problem (1.7) with
T = +o0, in the sense of Definition 1.12, such that (up to a subsequence)

up — u  weakly™ in L (M x (0,+00)) and dlup) — o(u) in LE (M x [0,+00)), (2.13)

k—o0 k—oco loc

where both uy, and ¢(uy) are implicitly extended to zero outside F,.

For very weak sub- and supersolutions to (2.6), a crucial comparison principle holds. Its proof relies on
a technical but by now classical duality argument, borrowed from [46, Section 6].
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Proposition 2.9. Let E C M be a bounded smooth domain. Let ¢ € €, T € (0,4o0c], 8 € ¢(R) and
ug € L*(E). Let u and @ be a very weak subsolution and, respectively, a very weak supersolution to the
Cauchy-Dirichlet problem (2.6), in the sense of Definition 2.5. Then

u<u in E x (0,T).

Note that, in the light of Proposition 2.9 (and Remark 2.7), we can assert that the above constructed
solution to (2.6) is unique in the class of very weak solutions.

A further, and even more important consequence of Proposition 2.9, is that it is always possible to find
a solution to (1.7) which is smaller than any two given solutions. This will play a central role in the proof
of Theorem 1.7(f)=(a).

Proposition 2.10. Let ¢ € €, T € (0, +00] and ug € L=(M). Assume that the Cauchy problem (1.7) admits
two very weak solutions i1 and Ug, in the sense of Definition 1.12. Then it also admits a very weak solution
u to the same Cauchy problem such that

As a byproduct of the method of proof of Proposition 2.10, we are able to guarantee that the smallest
possible solution to (1.7), among nonnegative bounded solutions, always exists.

Proposition 2.11. Let ¢ € €, T € (0, +00] and ug € L (M), with ug > 0. Then there exists a nonnegative
very weak solution u to the Cauchy problem (1.7), in the sense of Definition 1.12, called the minimal one,
i.e. such that

u<w in M x (0,T)

for any other nonnegative very weak solution v to the same Cauchy problem. Moreover, u is independent of
T and satisfies the upper bound

u < [uoll oo (ar) in M x (0,400).
The proofs of all the above results will be carried out in Section 4.
3. Proofs for local elliptic problems

Proof of Proposition 2.3. We employ a duality-based strategy. First of all, we observe that by subtracting
the very weak formulations satisfied by W and W we obtain

/[(E—W) An+ ($(W) = (W) n] dv >0, (3.1)

E

for all nonnegative n € C? (F) with = 0 on OF. Indeed, this follows from the definition of sub- and
supersolutions given in Definition 2.2, upon subtracting the two inequalities satisfied by W and W. By
defining

(W ()~ (W(a))
c(;p) = W (z)—W (x)

it W
0 if W
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we see that (3.1) can be written as

[ =) @g-cnav=o. (32)
E

for all  as above. Since 1 is nondecreasing and W, W, (W), 1/J(W) € LY(E), it is plain that ¢ complies
with

0 <e¢(z) <400 for a.e. x € E.

Indeed, nonnegativity is clear from the monotonicity of 1». Moreover, c is a.e. finite since when W (x) = W (z)
by definition ¢(z) = 0, and in addition poW —gpoW € L', so that it is a.e. defined. Hence, given an arbitrary
€ > 0, we can pick b. > 0 so large that

(W) = p(W)|dV <. (3.3)

{e>be}

Then, we let
e :=cAb,
and select a sequence of nonnegative and bounded functions {c,} C C>(E) such that

lim c,(z) =c.(x) forae z€FE, Sup ||cn || poo () < F00. (3.4)
neN

n—oo

For each n € N let us consider the (smooth) solution 7,, to the following linear Dirichlet problem:

{_Ann+cnnn =w ink, (35)

N =0 on OF,

where w € C°(E), with w > 0, is arbitrary but fixed. Because ¢,, > 0, standard maximum principles ensure
that 0 < n, < C, for a suitable positive constant C' depending on E and w but independent of n. We can
now substitute n = n,, into (3.2) using (3.5), which yields

/(wa)wdv+/(wa) (cnfce)nndVJr/(wa) (cmO)mdV>0.  (36)
E E E

We aim at showing that the rightmost terms on the left-hand side of (3.6) vanish as n — oo and £ — 0.
From the definitions of ¢, ¢, (3.3) and the uniform bound on 7,,, we have:

/|(wa)(csfc)77n|dV: / (W — ) (c — bo) | dV < / (W — ) en| dv

{c>b.} {c>be}
(3.7)

<C / |v(W) —p(W)|dV < Ce.

{ec>be}

On the other hand, from (3.4), the uniform bound on 7,, and dominated convergence, we can infer that for
every fixed € > 0
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lim [ (W —=W) (¢, —cc)nndV =0. (3.8)

n— o0
E

Hence, upon letting first n — oo and then ¢ — 0 in (3.6), using (3.8) and (3.7), we end up with
/mﬁggwwza
E

The thesis follows owing to the arbitrariness of w. 0O

Proof of Proposition 2.4. By assumption, W satisfies

ZWMW>/WWMV

M

for all nonnegative n € C2(M). Hence, as a special case of Proposition 2.1, we can infer that there exists a
regular exhaustion {Ej} C P(M) (possibly depending on W) such that

/medv /||W+||Lm "ds>/WAndv /W aEkgndS>/z/; yndv,  (3.9)

OFEy FEy OFy Ey

for every k € N and all nonnegative n € C? (Fk) with n = 0 on JFj, the leftmost inequality deriving
from the fact that 1 <0 on OFy. Next, we consider the (weak) solutions {W}} to the following nonlinear
Dirichlet problems.

AW = (W, in Ey,
g wi k) g (3.10)
Wi = HE HLoo(M) on 9y,
which can be constructed through a routine variational argument and satisfy
/Wk Andy — / ||W+||Lw ) 8 4s = /1& W) ndy (3.11)

OF),

for all n € C? (Ek) Also, because v is nondecreasing and (0) = 0, we have that the constants 0 and
HEW’OC are a subsolution and, respectively, a supersolution to (3.10), thus classical maximum principles
(or even Proposition 2.3) yield

0< W < ||Wt in Ej . (3.12)

lzos

Thanks to (3.9) and (3.11), we are in position to apply Proposition 2.3, which entails
E S Wk in Ek 5 (313)

for every k € N. Since Wy1 € H'(Ej1), the latter has in particular a well defined trace on 0F} which is
less than |[W™* Hoo in view of (3.12) (with k replaced by k + 1), therefore it is a (weak) subsolution to the
Dirichlet boundary problem solved by W, that is

AWii1 =y (Wiky1)  in By,
Wit < HEJFHLOQ(M) on 0Ky,
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which entails Wy11 < W}, in Fj, again by virtue of Proposition 2.3. The sequence {W}}, extended to
the value HE*HOO in M \ Ej, is then nonincreasing in k, therefore it admits a pointwise limit W which,
upon letting & — oo in (3.12) and (3.13), turns out to comply with (2.3). Finally, we observe that for each
n € C2(M) there exists a large enough ko such that suppn € Ej, for every k > kg, whence (3.11) yields

/Wk AndV:/w(Wk)ndV. (3.14)
o o

Thanks to the just proved monotone convergence of Wy to W, and the continuity of v, we can safely pass
to the limit in (3.14) and deduce that W is indeed a solution to (1.6) in the sense of Definition 1.11. O

4. Proofs for local parabolic problems

Proof of Proposition 2.6. The existence of a very weak solution to the corresponding Cauchy-Dirichlet prob-
lem (2.6) when 5 = ¢(0) = 0 can be obtained as a direct consequence of the theory of gradient flows in
Hilbert spaces, applied to evolutionary PDEs, developed in [3] (see also [46, Section 10.1]). Indeed, by virtue
of [3, Corollary 31] (for completeness see also Theorems 17 and 23 of the same paper), for homogeneous
boundary data a solution to problem (2.6) can be obtained as the gradient flow in H~!(E) of the energy
functional

J(u) fE<I>(u)dV ifue H-Y(E)NLYE),
u) =
400 elsewhere,

where ® has been defined in (2.5). We recall that a function v € L'(E) belongs to H~!(E) if and only if
the map

77b—>/u77dV Vn € CX(E)
E

can be extended to become a continuous functional on H} (E), see e.g. [3, Example 3]. Note that the function
¢, actually called 8 in [3], is not required to be strictly monotone (in fact also continuity could be dropped
provided it is a maximal graph), but it must satisfy the condition lim, 1. ¢(u) = Foo for coercivity
purposes. Nevertheless, since we are interested in bounded solutions only, we will explain below why this is
not restrictive for us. Hence, such an abstract construction provides a solution to (2.6) in the sense that u
is a curve in C([0, +00); H~!(E)) satisfying u(0) = uo,

u € LS. ((0,400); LY(E)), 0w € LS, ((0,+00); HH(E)), ¢(u) € L. ((0,+00); H)(E)) ,

loc

along with the key identity

H-1(E) (&gu(-,t),n}Hé(E) = —/V¢(u(~,t)) -Vndy for a.e. t >0, (4.1)
E

for all n € HJ (E). Moreover precisely, the identity in (2.10) is a direct consequence of (4.1), whereas estimate
(2.9) follows from the fact that the energy function ¢ — J(u(-,t)) is nonnegative, absolutely continuous on
(0, +00), continuous on [0, +00) and its derivative fulfills

%J(u(-,t)) =— / Vo (u(-,t)|* dv for a.e. t > 0. (4.2)
B
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Note that (4.2) is formally due to the chain rule £®(u) = dyu¢(u) combined with (4.1), but it can be
rigorously justified owing to [4, Theorem 3.6]. As for the rightmost estimate in (2.10), it is due to the fact

that ¢(u(-,t)) € H}(E) for every t > 0 and the “slope” function

t = lo(ul D)y )

is nonincreasing. Again, this can be formally seen by using 7 = 1 d;u¢’(u) as a test function in (4.1)
(provided ¢ is differentiable), and rigorously justified according to [4, Lemma 3.1 and Theorem 3.7].
Upon exploiting such a monotonicity property in (2.9), the claimed estimate readily follows. In particu-
lar, because J(up) = [[®(uo)|z1(m) < +oo and ¢ — 1/v/t is locally integrable, we can also deduce that
u € AC1o¢ ([0, +00); HTH(E)).

The fact that u satisfies the very weak formulation (2.7) is due to (4.1). Indeed, if we take an arbitrary
¢ € HL ((0,+00); HJ(E)), upon testing (4.1) with n = £(-,¢) and integrating in time we end up with the
formula

2 ta
!Zuaﬁngdt_tl/ZV¢(u('at))-Vﬁdth

_ /u(x,tg)f(a:,tg)dl}(x) - /u<x,t1)g(m,t1)dwx>,

E E

for every ty > t; > 0. Also, from (2.9) we have that ¢(u) € L?((0, +00); Hg(E)), thus it is possible to send
t1 — 0 in (4.1) to obtain

+o 400
O/E/u@tdedt— O/b/V¢(u(.7t))-V§dth = —b/uo(x)g(x,o) av(z) (4.3)

for all £ € H'((0,400); Hj(E)) that are identically zero eventually (in time). Clearly, any £ €
C2(E x [0,+00)) with £ = 0 on JE x (0,+00) falls within this class, so that an integration by parts
of the right term on the left-hand side of (4.3) shows that u does comply with (2.7).

What we are missing is the proof of the uniform bound (2.8), the continuity property in L'(E) and the
comparison principle (2.11). To these aim, it is useful to change viewpoint and interpret u as the (locally
uniform) limit in C([0, +00); L*(E)), as h — 0, of the L'(E) curves obtained by recursively solving the
elliptic problems

{—A¢(Uk+1) + = B, (4.4)

$ups1) = 0 on OE,

and converting the discrete sequence {uy} into a piecewise-constant function u), on time intervals of size
h. In this way one can obtain solutions to (2.6) by resorting to the theory of m-accretive operators in
Banach spaces (see [46, Sections 10.2 and 10.3] — the reference Banach space here is L'(E)); on the other
hand, for the kind of initial data we consider, problem (4.4) coincides with the resolvent equation (Yosida
approximation) exploited in [4,3] to construct the above H~1(E) gradient flow, hence the limit object is
exactly the same. The advantage is that these solutions satisfy the bounds

Hu(h)HLOO(EX(O,+oo)) < ||UOHL°°(M) =:{ Vh >0, (4.5)
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as a consequence of standard LP(E) non-expansivity results for (4.4) (we refer e.g. [7, Propositions 1 and
2]), so the same bound holds for u upon letting A~ — 0T. In particular, we observe that the behavior of ¢
in the complement of the interval [—/, £] is immaterial (provided monotonicity is preserved), hence one can
artificially modify it there in such a way that the coercivity condition lim, 1. ¢(u) = +oo is satisfied.
Likewise, the resolvent equation also enjoys the order-preserving property (see again [7, Propositions 1 and
2]), which implies that if one takes another initial datum vy > ug and generates the corresponding sequence
{vi} by recursively solving (4.4) with vy in the place of ug, the latter is consistently pointwise ordered with
respect to {ug}, yielding

Un)y < U(n) in £ x (0,400), Yh >0,

with the obvious definition of v,). The comparison principle (2.11) then follows upon letting o — 0.
We stress that, for the validity of (4.5), the assumption ¢(0) = 0 is crucial. At least in the case where
¢ is differentiable and strictly increasing, this can be easily checked from an elementary proof, which can
be obtained by using |ux|P~lup as test functions in the discrete resolvent problems (eventually letting
p—00). O

The next auxiliary result will be very useful in the proof of Proposition 2.8, in order to identify limits
when we let £ — o0, especially if ¢ is not strictly increasing.

Lemma 4.1. Let E C M be a bounded smooth domain and ¢ € €. Let {ur} C L™(E) be a sequence such
that

up > u weakly* in L*°(E) and o(ug) P pointwise a.e. in E.
—00 —>00

Then p = ¢(u) a.e. in E.
Proof. First of all we notice that, from the definitions of qf)l_l and ¢, 1, we have

o (9(ux(2))) < un(x) < 67 (B(ur()))  forae z€ B, (4.6)

for every k € N. Thanks to the lower semi-continuity of zj)fl and the upper semi-continuity of ¢!, we
readily infer that

O (p()) < liminf 67 (§(us(x))) < limsup 67 (D(us(0))) < 67" (p(a))  forae.xe B (47)

k—o0

Our goal is to show that
o (p(@) S ulw) < o7 (p(x))  forae z € B, (4.8)
whence the thesis readily follows. If we set M := sup,c ||tk ]|oc, in view of the assumptions it is plain that
lull sy M and ol sy < [9(M)] V [o(—M)].
Therefore, in order to establish (4.8), it is enough to prove both
o, (p(2)) < u(z) for a.e. z € A, (4.9)

and
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u(z) < ¢, (p(x)) for a.e. z € By, (4.10)

where, for each n € N (arbitrarily large), we set

Ay ={z € E: p(x)>¢(-M)+ 1}, By:={zeE: p(x)<pM)—1}.

We will show (4.9) only, the proof of (4.10) being completely analogous. By Egorov’s theorem, for every
e > 0 there exists a measurable set A C A, with V(A, \ AZ) < ¢, such that {¢(u)} converges uniformly
to p in A7. In particular, we can assert that

—00 < ¢ H((-M) + &) < o Hp(uk(x) Vo€ AT,

for every k large enough. Hence, given any measurable set 2 C AZ, thanks to (4.6), (4.7), Fatou’s lemma
and the weak* convergence of {uy}, we obtain

/¢l YdVy < /hminf¢;1(¢(uk))dv < liminf/¢l_1(¢(uk))dv < lim | wpdV = /udv,
k—o0 k—o0 k—o0
Q

Q Q

which yields (4.9) by virtue of the arbitrariness of Q and e. O

Proof of Proposition 2.8. Estimate (2.8), applied with F replaced by Ej and u replaced by uy, reads

||ukHL°°(Ek><(O,+oo)) < ||u0HL°°(M)7 (4.11)

for every k € N. Hence, the sequence {u} (extended to zero outside F}) is bounded in L™ (M x (0, +00)),
therefore it admits a subsequence that converges to some function v weakly* in L (M x (0,400)). Because
ug is bounded and compactly supported, it is plain that

1@ (o)l 1 (ary < 003

as a result, from Proposition 2.6(ii) we infer the uniform estimates

@ (o)l 1 (ar
10tk (s ) 1 (i) = 6 (o) g iy < f” for a.e. t > 0, (4.12)

for every k € N, where the rightmost inequality is in fact true for every ¢ > 0. In particular, given any
fixed i € N, we have that for every 7 > 0 the sequence {uy} is (eventually) uniformly equicontinuous in
C([0,7]; H"*(E;)) and bounded in L>((0,7); L?(E;)). Therefore, since L?(E;) is compactly embedded in
H~Y(E;), we are in position to apply the infinite-dimensional version of the Ascoli-Arzela theorem, which
ensures that there exists a subsequence (that we will not relabel) such that

Uk > U in C([0,7); H'(E;)) and up (-, t) e u(-,t) weakly in L?(FE;), Vt € [0,7], (4.13)
where we have implicitly assumed that we are working on a subsequence where the above weak® L>
convergence already occurs. Now we observe that, still by virtue of (4.11) and (4. 12) for every t > 0 the
sequence {¢(uy(-,t))} is bounded in H'(E;), thus it admits a subsequence {¢(uy, ( } that converges
strongly in L?(E;) to some function p; € L?(E;). Thanks to the weak convergence in (4 1 3) (which is also
weak™* in L>°(E;)), we are in position to apply Lemma 4.1, ensuring that in fact p; = ¢(u(-,t)). Because the
limit has been identified independently of the selected j-subsequence, we can assert that
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d(ur (1)) — d(u(-, 1)) in L*(E;), Vt € (0,7]. (4.14)

k—o0

As {¢(ux)} is also bounded in L>((0,7); L*(E;)), from (4.14) we easily deduce that

d(up) — ¢(u)  in L*(E; x (0,7)). (4.15)
k— o0
In the light of (4.15), by means of a standard diagonal procedure we can select a further subsequence such
that (2.13) is fulfilled. We are only left with showing that u is a very weak solution to (1.7). To this aim, it
is enough to take an arbitrary & € C2(M x [0, +00)), write the very weak formulation satisfied by each uy
(with k so large that E} x [0,+00) contains the support of £), that is

o +00
O/E[Uk O& dVdt + O/E[Muk)Angdt: —/uo(x)g(q;,o) aV(z),

Ey

and pass to the limit as k — oo upon taking advantage of (2.13). O

Proof of Proposition 2.9. The strategy of proof is exactly the same as in [46, Theorem 6.5], and it takes
advantage of a duality argument similar (although more involved) to the one employed in the proof of
Proposition 2.3. For the sake of completeness, we carry out the main computations, since this is a crucial
result to our purposes. First of all we observe that, by subtracting the very weak formulations satisfied by
w and u, we obtain

Ot

[ 1= wag+ @@ - ow) agavar <o (4.16)
E

for all nonnegative £ € C2(E x [0,T)) with ¢ = 0 on OE x (0,T). A standard cut-off argument in time then
shows that (4.16) implies

/ / (@ — ) 06+ ($(T) — dlu)) AE] dVit + / lu(z,7) — Tz, 7)] £z, 7) dV(z) <0, (4.17)
0 F E

for almost every 7 € (0,7) and all nonnegative £ € C? (E x [0, T]) with £ = 0 on OF x (0, 7). More precisely,
one applies (4.16) to the test functions (,t) ¢, (t), where is {(, } a smooth approximation of x[o (%), and
lets n — o0o. Next, we introduce the function

RN

(z,t)—u(z,t) u(w,t),

Sl —o(@t) if 7y ¢)
a(xz,t) := “ ,
(z,t) 0 it u(z,t) = u(z,1).

Note that, by construction, the nondecreasing monotonicity of ¢ entails
0 <a(z,t) < +o0 for a.e. (z,t) € E x (0,T), (4.18)
although a priori a does not belong to any LP space. Hence, we can rewrite (4.17) as follows:

/ / (T — u) [04€ + a AE] AVt + / lu(, 7) — (e, 7)] €(z, ) V() < 0. (4.19)

E
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Given an arbitrary € > 0, we pick K. > ¢ so large that (let ® denote the product of measures)

Ve ® LY om){a> Kc}) <&, (4.20)

which is feasible by virtue of (4.18), where £* stands for the one-dimensional Lebesgue measure. Next, we
let

ac :=(aVe)ANK,
and pick a sequence of positive and bounded functions {a, } C C>(E x [0,T]) such that
nlLH;o||a€ - an|‘L2(E><(07T)) = 07 (4.21)
satisfying in addition the uniform bound from below

an > —. (4.22)

DN ™

Now, given an arbitrary nonnegative function w € CS°(E), for each n € N we consider the nonnegative
solution &, to the following dual backward parabolic problem:

Hén +an, AL, =0 in E x (0,7),
& =0 on OF x (0,7), (4.23)
fn =w on E x {r}.

Due to the smoothness of the data and the fact that suppw &€ E, standard parabolic regularity theory
ensures that &, is also a smooth function up to the boundary. Hence, in view of (4.23), the admissible choice
& =¢, in (4.19) entails

/ / (7 — ) (a — an) A&y dVdt + / lu(z, 7) — (e, 7)) w(z) V() < 0. (4.24)
0 F

E

The crucial point is to suitably estimate the Laplacian of &,, in order to handle the left term on the left-hand
side of (4.24). To achieve it, we multiply the differential equation in (4.23) by AE,, and integrate by parts
in E x (0,7), obtaining the identity

1 2 r 2 1 2
= |VEn(z,0) dV(z) + an (AE)2 dVdt = = [ [Vw|?dV . (4.25)

Hence, a routine application of the Cauchy-Schwarz inequality combined with (4.25) yields

2

I IVl oy | [ [ (@ = w)? (@ — an)?
(@— ) (a—an) A&, dVdt| < avdt| . (4.26)

Recalling the definition of a., along with (4.20) and (4.22), we can estimate the integral on the right-hand
side of (4.26) as follows:
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/T/ (ﬂ@z(:“")z dVd
0 F

/u—u (ac — an)? dVdt +
E

(‘f)lrl>

//u—u (a —a.) dVdt

E

IN
o0 |
o\

('S

< = [ — ull Foe g 0.1y 18 = @nllT2(mx 0.y + = // (@ —u)® e? dvdt

€
{a<€}
// U —u) 22 dvdt

{a>Ke

4, 2 2 _ 2
< z 1% = ullp oo (Ex(0,7)) 10 = anllL2(mx0,)) + 46 1T = Ull2(px 0,1y

_ 2
+4e [|¢(@) — ¢(w)l| 2o (mx (0,1)) -
Going back to (4.24), upon letting n — oo, using (4.21) and finally letting ¢ — 0, we end up with

/ [w(z, 7) — u(z, )] w(z) dV(z) <0

E

whence the thesis in view of the arbitrariness of w and 7. O
Proof of Proposition 2.10. First of all, let

C = llwoll g (ary V 811l oo (arxo,7)) V 12l oo (arx (0,7 - (4.27)

Given an arbitrary regular exhaustion {Fy} C P(M), we denote by u; the corresponding solutions to the
Cauchy-Dirichlet problems

Opup, = Ad(ug) in By x (0,+00),
¢(ur) = ¢(—C) on OE) x (0,+00), (4.28)

U = Uug OnEkX{O}.

Via the change of variables (and back) employed in Remark 2.7, with & = —C, thanks to Proposition 2.6(i)
and (iii) we can assert that such solutions exist and comply with the uniform bounds

for every k € N, where in the leftmost inequality of (4.29) we used the fact that ug+C > 0, thus u; +C >0
owing to (2.11). More specifically, they satisfy the very weak formulation of (4.28) according to Definition 2.5,

that is
+oo “+o0
ug, 0y€ dVdt + O(ug) AEdVdt = — [ ug(x) &(x,0) dV(x)
[ [rocom]] /

/ / (-~ det

0 OFE

(4.30)
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for all £ € C2(Ej x [0,+00)) with £ =0 on dEj, x (0,+00). On the other hand, the energy estimate (2.9)
ensures that

¢(ur) € L*((0, +o00); H' (Ey))

so that each ¢(uy) has a well-defined trace on OE}), and more generally on @D for every bounded smooth
domain D € Fj. As a result, it also satisfies

+o0 +00
O/ g wp O dVdt + / / d(up) AEdVdt

_ / wo () €(x,0) V(@ / / S (us JaD det (4.31)
D

0
oo
S—D/uo( ) €(2,0) dV(x +O/a£¢> —det

for every D as above and all nonnegative & € C2(D x [0, +00)) with £ = 0 on D x (0, +0c0), where in the
last inequality we took advantage of the lower bound in (4.29), along with the monotonicity of ¢ and the
fact that g—ﬁ < 0. Hence, by using (4.31) with D = Ej_1, we infer that uy is a very weak supersolution to
problem (4.28) posed in Ej_1 in the place of Fy; therefore, a direct application of Proposition 2.9 yields

Ukp—1 < Uk in Er_1 x (0,+00). (4.32)

The claimed solution u is simply obtained as u = limg_,o g, Where this limit is pointwise monotone
in k£ thanks to (4.32), up to extending each wuy to the value —C outside Ej, and uniformly bounded by
(4.29). The fact that u is indeed a very weak solution to (1.7) (with 7" = 400 actually), in the sense of
Definition 1.12, is readily seen by passing to the limit in the very weak formulations (4.30) tested against
all fixed ¢ € C?(M x [0, 4+00)), provided k is so large that supp & € Ej, x [0, +00).

We are left with proving that u complies with (2.14). Before, it is useful to notice that the limit function u
is independent of the exhaustion considered. To this aim, let {D;} C P(M) be another regular exhaustion,
and to avoid ambiguity let {@;} denote the analogues of the solutions {uy} to (4.28), with D; replacing Ej,.
We may then call & the corresponding limit solution obtained as above. Due to the definition of a regular
exhaustion of M, it is plain that we can find an increasing sequence {ji} such that for every k € N the
precompact inclusion Ej € Dj, holds. Therefore, the same argument that led to (4.32) ensures that

u < Uy, in By x (0,400),
whence, by taking limits as k — oo, we end up with
u<q in M x (0,400).

Upon reversing the roles of {Ej} and {D,} we infer the opposite inequality as well, thus v = %. Next we
apply Proposition 2.1 to the given solution 4; (i = 1,2), which ensures the existence of a regular exhaustion
{D;} C P(M), possibly depending on #;, such that
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T T
O/ D/ @; 0, dVdt + 0/ D/ o(@;) AE dVdt

. / wo(, 0) €(,0) dV(x / / (2 JD]8 dsat (4.33)

D; 0 oD,
S—/uo(x,O)ﬁ(x 0) dV(z //qb —det
D; 0 8D,

for every j € N and all nonnegative test function £ € C2(D; x [0,T)) with £ = 0 on dD; x (0,T), where
in the last passage we used (4.27), the monotonicity of ¢ and again the fact that outer normal derivative
of § on dD; is nonpositive. Similarly to (4.31), inequality (4.33) establishes that @;]p,x(0,r) i a very weak
supersolution, in the sense of Definition 2.5, to the Cauchy-Dirichlet problem satisfied by @; (keep in mind
the above notation). Hence, Proposition 2.9 is again applicable, ensuring that

i; <d; inD;x(0,T) (4.34)

for every j € N. The thesis then follows by taking limits as j — oo in (4.34), recalling that {@,} converges
tou. O

Proof of Proposition 2.11. The argument follows closely the ideas behind the proof of Proposition 2.10.
Indeed, it is enough to construct the claimed minimal solution as the pointwise limit of the solutions uy to
the homogeneous Cauchy-Dirichlet problems (let Ej, C P(M) be a given regular exhaustion)

Oyuy, = A¢(uk) in B, X (0, +OO) ,
¢(up) =0 on OF), x (0,+00),
u=1uy >0 on Ej x {0},

assuming with no loss of generality that ¢(0) = 0. From Proposition 2.6(i) and (iii), we can readily infer
that

0 < ug < [luoll oo (ar) in Ey x (0,4+00),

for every k € N. Moreover, the monotonicity inequalities (4.32) still hold. As a result, the nonnegative and
bounded function u = limy_, o uy is a very weak solution to (1.7). The fact that u is smaller than any other
nonnegative very weak solution v to the same Cauchy problem just follows by showing that u is independent
of the chosen exhaustion, and repeating the final part of the proof of Proposition 2.10 with v replacing ;.
It is plain that T plays no role in the construction of u. In the case ¢(0) # 0, it is enough to apply the
above argument to ¢g := ¢ — ¢(0), upon observing that u,v are very weak solutions to (1.7) if and only if
they are very weak solutions to the same problem with ¢ replaced by ¢ + ¢, for any constant c € R. O

5. Proofs of the main results

In this section, we will first establish Theorem 1.1 (along with Theorem 1.4) and then Theorem 1.7, as
the latter, at least in one implication, takes advantage of the former.
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Proof of Theorem 1.1. (a)=-(b) Since ¥ is, in particular, locally bounded, for every A > 0 we can find
K > 0 so large that

PY(w) < KA Yw € [0,2A4]. (5.1)

In view of hypothesis (a), and using [17, Theorem 8.18], we can assert that there exists a nonnegative and
bounded function U such that

AU=KU inM and Ul Lo (ary = 24
Let us consider the function
wW:=U-A.
Due to (5.1), the fact that 0 < U < 24 and the monotonicity of ¢, we have:
AW =AU = KU > KA>y(U) > (U - A) = (W) where U > A (5.2)
and
AW =AU =KU >0>¢((U — A) = (W) where U < A, (5.3)

recalling that ¢(0) = 0 and thus ¥(w) < 0 for w < 0. As a result, we can deduce that the function W
satisfies

AW > (W)  in M,
namely it is a very weak subsolution to (1.6) (in fact it is more regular than that). Moreover, by construction,
+ —
I ey = A
Hence, we are in position to invoke Proposition 2.4, which guarantees that a solution W to (1.6) exists and

fulfills (2.3). In particular, W is nonnegative and complies with the identity ||| = A. Because A > 0 is
a free parameter, different values of A yield different solutions, thus (b) follows.

(b)=(c) It is obvious.

(c)=(a) Hypothesis (c) ensures the existence of a nonnegative, nontrivial, bounded function W satisfying
AW > (W) in M.
Let us set
¢ = Wiy > 0.

and define

1<
i

S
|

N0

Similarly to (5.2) and (5.3), we have:
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AU = AW 2 p() = (s) = L) .

—~

o

v

>

—~
N0

) U where W > 3 (5.4)

S]]

N0
Nlo

and

Y

—~

\Glle}

)

AU = AW = (W) = 4(0) =0 =

U where W < 5. (5.5)

N0

Note that in (5.4) and (5.5) we have exploited the monotonicity of v along with the fact that U < § by
construction. We can therefore deduce that the function U, which is nontrivial and bounded, satisfies

AU > AU in M

, Where

along with [[U™]| =5

A:@>O,

[\Glfe}

the positivity of the parameter A\ being ensured by the fact that ¢ € €*. Hence, upon applying again
Proposition 2.4 in the special case )(w) = Aw, we obtain a nonnegative, nontrivial, bounded solution U to
AU = AU, which means that M is stochastically incomplete. O

Proof of Theorem 1.4. (a)=(d) In view of the assumptions on f, it is plain that the auxiliary function

f(w) = [maX] f Yw € [wo, w1]

is continuous, nondecreasing and satisfies

f(wo) =0, f>0 in (wo,w], F=f in[we,w]. (5.6)
Therefore, the function
0 if z<0,
P(z) = f(z +wp) if z € [0,w1 — wp], (5.7)
f(wl) if z>w; —wg,

falls within the class €1, so that Theorem 1.1(a)=-(b) is applicable, ensuring the existence of a nonnegative,
nontrivial and bounded function W such that

AW = (W)  in M. (5.8)

Moreover, from the corresponding proof, one can see that the L>°(M) norm of W can be tuned to be
arbitrarily small; in particular, we may assume that [|[W]|_ < w; — wo. Let

w:=W4wg.

By construction, the (essential) image of w lies in the interval [wo, w:]; hence, due to (5.6), (5.7), (5.8) and
the definition of ¥, we end up with

Aw =AW = (W) = f(W +wo) = f(w) > f(w)  in M.



28 G. Grillo et al. / J. Math. Pures Appl. 206 (2026) 103839

Also, we observe that f(w*) > 0 because f is strictly positive in (wg, w1]. We have therefore constructed a
function w which complies with all the requirements of (d) (it has even stronger properties).

(d)=(a) Let w € LL (M) be as in the statement. First of all, we define the following auxiliary function:

loc

. w— w* +ming, .« f ifw <w*,
flw) = S
f(w*) if w>w*.

It is plain that f is continuous, nondecreasing and satisfies

flw*)=fw*) >0 and F<f in (—oco,w.

A

Moreover, by construction, it admits a unique zero, that we call wg. Clearly, wg < w*. Because f is less
than f in the essential image of w, we have that w also satisfies

Aw > f(w) in M

in the dense of distributions or, equivalently, is a very weak subsolution in the sense of Definition 1.11.
Hence, we deduce that the function W := w — wy is in turn a very weak subsolution to

AW > f(W +wo) = (W) in M.

Since ¥ € €1, we are in position to apply Proposition 2.4, which yields the existence of a very weak solution
W to (1.6) that complies with

(w—wo)" =W <W < [WH], .,y =w" —wo  inM.
The function W being nonnegative and nontrivial, we can conclude that M is stochastically incomplete as
a consequence of Theorem 1.1(c)=-(a).
(d*)=-(d) It is obvious.

(a)=(d*) It is enough to observe that, if f is in addition nondecreasing in the interval [wp, w1], in the proof
of (a)=-(d) the function f coincides with f, hence we end up with a solution w to

Aw = f(w) in M,

which by construction satisfies wy < w < w; along with (1.10). Finally, the fact that one can actually
construct infinitely many such solutions still follows from the arbitrariness of the L>°(M) norm of the
auxiliary solution W used in (a)=(d). O

Before providing the proof of Theorem 1.7, we need to recall a useful property in real analysis concerning
the concavity of the modulus of continuity, that we prove for the sake of completeness.

Lemma 5.1. Let ¢ : I — R be a continuous function, where I is a closed and bounded interval. Then there
exists a concave, continuous and strictly increasing function F : [0,+00) — [0,4+00) such that F(0) = 0,

lim, 4o F(2) = 400 and

|¢(u) = o) < F(lu=v])  Vuvel. (5.9)
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Proof. Since ¢ is continuous in a compact interval, it is well known that its modulus of continuity

w(d) := max |p(u) — p(v)] Vo >0

w,wel: lu—v|<d

is in turn a continuous function from [0, +0c0) to [0, +00) with w(0) = 0, which is also nondecreasing and
satisfies

|p(u) — ¢(v)] < w(|u —v|) Vu,v € 1.

In order to exhibit a function F' as in the statement, one can simply take the concave envelope of (the graph
of) w and add to it the identity function:

F(z):=z+ sup {Aw(z) + 1 =N w(ze): z=Az1+ (1= A) 22} Vz>0.
A€[0,1], 21,22 €[0,4+00)

It is not difficult to check that F' is still continuous, strictly increasing and fulfills F(0) = 0 and
lim, o F(2) = +00. Moreover, it satisfies (5.9) (just note that w < F') and it is concave by construc-
tion. O

Proof of Theorem 1.7. (a)=-(e) Since M is stochastically incomplete, we know that there exists a nonneg-
ative, nontrivial and bounded function U such that

AU=U in M. (5.10)
For future convenience, and without loss of generality, we will assume that
10Ul o (ary = 1
which is always feasible by the linearity of (5.10). Let us set
Qi={zeM: Ulx)>1i}.
Because U is at least continuous (it is in fact smooth), we observe that € is open in M, although we will

never exploit this property explicitly. What actually matters is that it is a set of positive measure, along
with all the superlevel sets of U up to the level 1. Let us define

By construction, the function V' is also smooth and fulfills
0<V<1l inQ, V<0 in Q°, HV||LOO(Q):1. (5.11)
Since AU > % in 2, we infer that V satisfies
AV >1 in Q; (5.12)
in particular, it admits no maximum in Q (hence V' < 1 is in fact a strict inequality). We now introduce,

by means of V', two auxiliary functions that will be key to our purposes. Given an arbitrary o € R, we let
B8 = ¢(«), and for a constant ¢ > 0 to be chosen later we set
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Z=c(V-1)+p5. (5.13)
Thanks to (5.11), we have that
Z < inQ, Z < —c+f inQ°, (5.14)
whereas from (5.12) and (5.10) it follows that
AZ>c¢ inQ, AZ >0 inQ°. (5.15)
Similarly, for another constant x > 0 to be chosen later, we set
Y =k(1-V)+8. (5.16)
As in (5.14) and (5.15), it is readily seen that Y satisfies
Y>p inQ, Y>k+p8 inQ°,
and
—AY >k inQ, —-AY >0 in Q°.

Let {E}} C P(M) be a regular exhaustion. For every i, j € N, we consider the following approximate initial
data:

ugij = a+ (ug — @) xm — (uo — @) "X, ; (5.17)
it is readily seen that

ug A < Ug i < Uit s Ug,i, 41 < Ugy,j < Uug V. (5.18)

Consider the following Cauchy-Dirichlet problems:

atukﬂ"j = A¢(uk’i,j) in B, X (0, —‘,—OO) ,
d(ug,i ;) =0 on 0E x (0,+00), (5.19)

Uk,i,5 = U0,i,j5 on Ek X {0} .

As in Remark 2.7, upon setting ¢o (v) := ¢(v+ ) — B, Vo5 = U0,i,j — @, Vki,j i= Uk, j — @, it is plain that
Uy, ; is the solution to (5.19) if and only if v; ; 5 is the solution to the homogeneous problem

(‘)tvk,m = A¢a(vk7i,j) in Fj, X (0, +oo),
(ba(vk,i,j) =0 on 0F}, x (07 +OO) R (520)

Vk,i,j = V0,i,j on Ek X {0} .

Proposition 2.6 is thus applicable to (5.20), guaranteeing that the corresponding very weak solutions exist
(in the sense of Definition 2.5); moreover, in view of the monotonicity inequalities in (5.18) and item (iii)
of the just cited proposition, such solutions preserve the ordering of the initial datas:

Vk,i,j < Vk,it+1,j and Vk,i,5+1 < Vk,i,j in B X (O,+OO) (521)
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In addition, since
- +
— o = allpoe(ary < = (w0 — @) < w65 < (w0 — )" < uo — all ooy 5

as a straightforward consequence of Proposition 2.9 we infer that

—lluo = all poe (ary < ki < lluo — allpoe ) in By x (0,400), (5.22)
because the constant functions — ||ug — |, and ||ug — a||, are a subsolution and, respectively, a superso-
lution to (5.20). Note that, by construction, we have that each vy ; ; is bounded with compact support in
M. Hence, we can appeal to Proposition 2.8, which ensures that there exists some function v; ; such that
(up to subsequences and the obvious extensions outside E})

Vk,ij k—) v;; weakly™ in L°°(M x (0,400)) and ¢q(vk, ;) k—) ¢a(vi ;) in LIQOC(M x [0,400)); (5.23)
— 00 — 00

furthermore, each v; ; is a very weak solution to the Cauchy problem

{&vi,j = Agq(vij) in M x(0,+00), (5.24)

Vi,j = V0,i,j on M x {0} .

Note that, via a standard diagonal procedure, the subsequence under which (5.23) holds can be taken to be
independent of ¢ and j. Therefore, as a consequence of (5.21), the solutions {v; ;} preserve ordering:

Vs, 4 < Vit1,5 and Vi, j+1 < Vi, 5 in M x (O, +OO) y
as well as uniform boundedness:
—lwo — allpocary S viyj < lluo — llpcnry  in M x (0,+00).

Hence, by letting first ¢ — oo and then j — oo, recalling (5.17), we can pass to the limit twice in (5.24) by
monotonicity (first increasing then decreasing), to obtain a very weak solution v to the Cauchy problem

0w = Agg(v) in M x (0,+00),
v=1up —« on M x {0}.

By undoing the changes of variables ¢(u) = ¢o(u — ) + 8, u = v + « and integrating by parts, we easily
infer that u is a very weak solution to the original Cauchy problem (1.7) with 7' = +o00. Our next goal is to
show that, by virtue of the boundary condition prescribed in (5.19), such a solution has a specific spatial
asymptotic behavior. More precisely, we claim that

S
/¢(U(~,t)) dt>SZ inM (5.25)
0
and

S
/ Su( ) dt<SY  in M (5.26)
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for suitable choices of the parameters ¢ and &, where S € (0,7T) is fixed once for all and we recall that Z
(resp. Y) is defined in (5.13) (resp. (5.16)). First, let us explain why the claim yields the thesis. For every
e >0, let

Qo={zeM: 1-e<V(z) <1}, (5.27)

which has positive measure by construction. Due to (5.25) and (5.26), we can deduce that

5
S(—ce+p) §/¢ ))dt < S(ke+pf) in Q.. (5.28)
0

From (5.28) and the arbitrariness of ¢ (note that €. is independent of /), it is apparent that different values
of B give rise to different solutions; because 3 is an arbitrary element of ¢(R) and ¢ is a continuous and
nonconstant function, the thesis follows.

We are thus left with establishing (5.25) and (5.26); to this end, we introduce the integral functions

Frig = [ O(unij(-,t))dt.
/

Let us start from (5.25). Upon integrating (5.19) in time, one sees that these functions satisfy the elliptic
problems

{A]:k,i,j = uk,i,j(') S) — U0,i,5 in Ek s (5 29)

]:Ic,i,j = S,B on 6Ek .

We point out that ux; ;(-,S) is well defined thanks to the continuity properties of the solutions vy ; ;, which
follow from the statement of Proposition 2.6. Moreover, by virtue of (2.9) (applied to v ;), we can assert
that Fy;; € H'(Ey), thus (5.29) is certainly satisfied at least in the weak sense. Due to (5.22), we have
that

AFpij < 2o = allpeeay and Frij > So(a—lluo —allpepy)  in B (5.30)
Now, if we choose ¢ > 0 to be any constant satisfying
Se 2 2Juo = all oo (ar and —c+ B < Pla— Huo—aHLoo(M)), (5.31)
and let
G:=8Z — Fy,j € H'(Ey),

thanks to (5.15) and the left inequalities in (5.30) and (5.31) we see that the latter function satisfies

0 in QN E,
AG > H = o § (5.32)
—2[juo — el o ary n Ex\Q,

weakly in Ej. Furthermore, thanks to (5.14), the boundary condition in (5.29), the right inequalities in
(5.30) and (5.31), it is plain that G < 0 in (Ex \ Q) U OE. Therefore, if we test (5.32) with the function
—G* € H}(Ey), we end up with
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/|VG+ dy < — /HG*dV* /HG*dV*O, (5.33)

QNE}

which readily entails Gt = 0, that is SZ < Fj; ; in the whole Ej;:

S
/¢ Ui( 1) dt > SZ  in By. (5.34)
0

In view of (5.23) and the monotonicity of {uy ; ;} with respect to the indexes ¢ and j, it is plain that (5.34)
is stable under passage to the limit as k,,j — oo, whence (5.25). Finally, let us deal with (5.26). Still in
view of (5.22), we have that

AFij =2 =2 |luo — a||L°° () and Frij < S¢(0‘ + [luo — a||L°°(M)) in Ej .
Therefore, if we let k be so large that
Sk > 2luo — &l o (ar) and K+ B> o(a+ luo—allpear )
set
J = Fri;—SY € H'(Ey)
and reason exactly as above, we find that also J satisfies
AJ > H weaky in E .

Since J < 0 in (Ex \ Q) U dF}, by applying (5.33) with G replaced by J we infer that J* = 0, namely
Fri; < SY in Ey, i.e. the analogue of (5.34) from above. Upon taking limits as k, %, j — oo, we reach (5.26).
(e)=(f) It is obvious.

(f)=(a) Thanks to Proposition 2.10, we can assume without loss of generality that there exist two different
solutions u,v € L*(M x (0,T)) to the Cauchy problem (1.7) which are also ordered, say v > u. By
multiplying (v — u) by e~* and differentiating with respect to time, we obtain the following identity:

et (v—u)] =e " [Ap(v) — Ap(u)] — e~ (v —u), (5.35)

to be interpreted in the very weak sense over M x (0,T). Now, let us integrate (5.35) between ¢ = 0 and
t = T. By exploiting the fact that v > u and v(-,0) = u(-,0) = up, we end up with the inequality

A | [ 1ot 0) - otutp)e®t| = [ ot.t) - ul o) e, (5.30

still in the very weak sense over M, where we set

1_6;iT ifT < 400,

et if T = +oo.
Note that, rigorously, these computations can be justified by taking a separable test function of the form
&(z,t) = é(t)n(x) in (1.13) and cutting it off at ¢t = T, where n € C2(M), with n > 0, is arbitrary. Clearly,
we have that



34 G. Grillo et al. / J. Math. Pures Appl. 206 (2026) 103839

- (||u||L°°(M><(O,T)) v ||UHL°°(M><(O,T))) S u v < ull oo arsory VIV Lo (arx o,y = €< +o0.

As a result, Lemma 5.1 is applicable to ¢ in the interval T = [—/, ], ensuring the existence of a concave,
continuous and strictly increasing function F' : [0, +0c0) — [0,400) such that (recall that v > u and ¢ is
nondecreasing)

o(v(z,t)) — d(u(x, b)) < F(o(z,t) — u(x,t)) for a.e. (z,t) € M x (0,T),
that is, F being bijective between [0, +00) and itself,
F~Yo(v(z,t) — o(u(x, b)) < v(z,t) —u(z,t) for a.e. (z,t) € M x (0,T),

which entails
T T
/F71(¢(v(m,t)) — ¢(u(z, b)) é(t)dt < / [v(x,t) —u(z,t)] é(t) dt for a.e. z € M (5.37)
0 0

upon integration against é(t) over (0,7). On the other hand, since F~! is convex and é(t) is a probability
density on (0,7, by Jensen’s inequality we deduce from (5.37) that

p! / [6(v(z,1)) — dlu(z, )] é(t) dt | < / () —ulz, O] é(t)dt  forae.zeM.  (5.38)
0 0

Hence, in view of (5.36) and (5.38), it holds

T T
A /[d)(v(',t)) — ¢(u(-,t)]e(t)dt| > F~ /[d)(v(wt)) — o(u(-,1))] (t) dt
0 0

We have therefore shown that the function

E@%=/W@@¢D—MW%mwwﬁ,

which is nonnegative (recall that ¢ is nondecreasing) and bounded by construction, satisfies
AW > F' (W)  in M
very weakly, where F~! is a strictly increasing and continuous function on [0, +0c) with F~1(0) = 0.

Moreover, and most importantly, we can also assert that W is nontrivial: indeed, if W = 0 identically, then
from (5.36) we would infer that

T
/wmw—uumawmso
0

which is a contradiction to the fact that v > w and v is essentially different from u. Hence, thanks to
Theorem 1.1(c)=-(a), it follows that M is stochastically incomplete. O
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Proof of Corollary 1.9. First of all, one sees that the proof of Theorem 1.7(a)=-(e) can be reproduced
verbatim with time origin shifted to s and S =t — s, yielding the two-sided estimate

(t—s)(—ce+pP) < /¢(u(~77))d7 <(t—s)(ke+pB) in ., (5.39)

where Q. has been defined in (5.27). Let 8 be any value in ¢(R) \ {#(0)}, and let € > 0 be so small that

(cVEK)e< w . (5.40)

Given an arbitrary smooth domain £ € M, we observe that the set
E°NQ.

necessarily has positive measure. Indeed, if this was not the case, it would imply that . C E up to a
negligible set and therefore

V<1l-¢ on OF,

which in turn entails V' < 1 — ¢ in the whole F as V is subharmonic, a clear contradiction to the definition
of Q.. As a result, thanks to (5.39) and (5.40), we can assert that

/¢(u(~, 7)) dr # (t — s) $(0) a.e. in BN Q.

whence property (1.11) follows thanks to the arbitrariness of E. Note that the latter is enjoyed by the
infinitely many solutions constructed in Theorem 1.7, except at most the one corresponding to 5 = ¢(0). O

Remark 5.2 (When M is not connected). In the above proofs, the connectedness of M is used only when
we appeal to the existence of a regular exhaustion {Ej} C P(M). On the other hand, even if M is not
connected, it is plain that it is stochastically incomplete if and only if it admits at least one stochastically
incomplete (hence noncompact) connected component. Therefore, there is no loss of generality in assuming
that M is in addition a connected manifold.
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