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Abstract—In this work, we experiment with quantum an-
nealing and the D-Wave suite by developing a new application
we call Quantum Graph Pursuit (QGP), which is a dynamic
combinatorial optimization problem. We delve into two models’
formulations and their implementation on the D-Wave system,
relying both on the hybrid and fully quantum settings. The final
objective of our work is twofold: to solve the initial problem,
finding the right trade-off between expressiveness and complexity,
and to obtain and share general indications on the formulation
and implementation process themselves.

Index Terms—Quantum Annealing, Combinatorial Optimiza-
tion

I. INTRODUCTION

Nowadays, the need for computing power is more prominent
than ever; classical computing is approaching its physical
limits, and without a paradigm shift, it seems impossible to
face the new challenges proposed by business and the scientific
community. Quantum computing promises to offer a dramatic
speed-up that will likely revolutionize how we set about entire
classes of problems in various fields. Quantum Annealing
represents an exciting alternative to the predominant Quantum
circuit model for solving specific classes of problems, in
particular, optimization ones.

With the goal of demonstrating the current level of maturity
of the Quantum Annealing implementation offered by D-
Wave!, in this paper we focus on a novel dynamic combi-
natorial optimization problem, which we call Quantum Graph
Pursuit (QGP). We define two alternative mathematical models
for this problem, we show how they can be implemented and
executed on the D-Wave platform, and demonstrate that we
can find feasible and, in some cases optimal, solutions for
meaningful sizes of this problem. We describe our solutions as
accurately as possible to ensure replicability and try to furnish
practitioners with insightful and generalizable recommenda-
tions for developing effective implementations in the future.

Consistently with this objective, the paper is structured
as follows: Section II presents the background on quantum
annealing and D-Wave, Section III presents QGP, Section IV
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describes the two models we have defined to solve the prob-
lem, Section V provides details about their implementation on
D-Wave, Section VI presents the results of our experiments,
Section VII introduces our general findings, Section VIII
presents the related work and Section IX concludes the paper.

II. BACKGROUND

Adiabatic Quantum Computing (AQC) [1] is a form of
universal quantum computation that leverages the principles
of quantum mechanics to solve computational problems in a
unique way, differently from both classical computation and
the standard quantum gate model. It is based on the time-
dependent Schrodinger equation:

ihg\ll(r,t) = H(t)¥(r,t)
ot

that regulates the evolution of the state of a quantum system.
In order to use AQC, we need a problem Hamiltonian Hp,
which encodes in its ground state the solution of our problem,
and a starting Hamiltonian Hg with a known ground state that
is easy to obtain. Moreover, we need to specify an adiabatic
evolution path p(t) as a function, dependent on time, having
as constraints p(tg) = 1 and p(teng) = 0. Combining all the
elements we obtain:

H(t)=p(t)Hs + (1 —p(t))Hp

We then let the system evolve according to our adiabatic evo-
lution path, and the adiabatic quantum theorem [2] guarantees
that the final quantum state will be the ground state of our
problem Hamiltonian, giving us the solution.

The relationship between AQC and the standard quantum
gate computation model is explored in [3] and in [4]. They
show that it is possible to efficiently simulate any given
quantum circuit as long as the adiabatic evolution theorem
is respected, with the final result of a polynomial equivalence
between the two computation models.

At the time of writing, the current quantum hardware cannot
yet show a complete AQC behavior. A specific instantiation
of AQC is, instead, offered by D-Wave: Quantum Annealing



(QA) is a specialized metaheuristic technique that loses the
universality property of AQC and restricts its focus to opti-
mization problems only. At the time of writing, D-Wave is
the leading developer and manufacturer of quantum annealing
technology, as well as the only company that offers end users
a platform to gain access to a quantum annealer. Its current
flagship machine is the Advantage Quantum computing system
version 6.4; it is characterized by more than 5000 qubits with
a number of couplers per qubit up to 15, reaching more than
35,000 couplers in total.

From the theoretical viewpoint, the paper by Kadowaki et al.
[5] can be seen as the foundation of the Quantum Annealing
technique. It has been expanded by the work by Farhi et al. [6]
that established its theoretical basis within the broader scope
of Quantum Computing.

We will look at two primary ways to describe QA op-
timization models according to D-Wave nomenclature: an
unconstrained one through BQMs (Binary Quadratic Models)
and a constrained one through CQMs (Constrained Quadratic
Models).

A. BOM

In order to formulate a BQM, the user defines an objective
function to be minimized; each solution of the problem is
encoded in an energy level of the quantum system, and
finding the lowest energy state corresponds to finding the
optimal solution. BQM forks into the Ising model, originating
from statistical physics, and the QUBO model, familiar to
practitioners in the field of machine learning and quantum
computing; these are the two possible alternatives used to
encode a problem directly on a D-Wave processing unit.

These models are crafted to discover an optimal assignment
for the binary variables x = (x...x,) that minimizes the
following objective function:

Z Qijrixy + Z hixs

i<j i
given Q;;, h; € R, we call the resulting model QUBO if z; €
{0,1} and Ising if z; € {—1,1}, in the last case the variables
are commonly called spin variables.

The equivalence between the QUBO model and the Ising
model arises through a simple linear transformation, and the
relationship is achieved by mapping binary variables in the
QUBO model to spin variables in the Ising model. Conse-
quently, the objective functions of the QUBO and Ising models
become equivalent, and optimization problems formulated in
one model can be translated into the other without altering the
nature of the problem or its solutions.

In contrast to traditional optimization formulations, the
defining characteristic of QUBO and Ising resides in their
unconstrained nature; this implies that all the constraints
necessary to describe the problem are incorporated within
their objective function as penalties. The solution space can
be seen as the set of all possible binary assignments that
lead to optimal or near-optimal solutions according to the
problem’s defined objective, and therefore, the size of the

solution space grows exponentially with the number of binary
variables, making its NP-Hard nature explicit [7].

B. COM

According to the definition given by D-Wave, Constrained
Quadratic Models (CQM) are problems formulated as:

min E a;r; + E b jx;x; +c
i

1<j
subject to one or more constraints of the form:

Zaixi + Zbi}jxiwj +c * 0
i i<j

where, in our case, the variables x; for ¢ € {1...N'} are binary,
a;i, b; ;, c are real values, % € {<,>,=}, and the range of
the quadratic-term summation for binary variables is i < j
because for {0,1} binary values we have 2> = z and for
{—1,1} spin variables s> = 1. The fact that CQMs present
explicit constraints means that we can define a feasible solu-
tion space with definite boundaries more precisely than with
the unconstrained models. This is very beneficial to complex
optimization problems with hard constraints to be satisfied.
CQMs can be transformed into an unconstrained model by
translating constraints into penalties. The instantiation of this
process to our problem is described in Section V.

C. D-Wave and the hybrid suite of instruments

Our interest concerns both hybrid and fully quantum so-
lutions. In the first case, it is possible to use either the
Dwave-hybrid framework [8] to develop a personalized hybrid
workflow or use the preexisting solutions contained in the Leap
hybrid solver service offered by D-Wave.

In the context of D-Wave, a personalized hybrid workflow
is nothing but a computational process that integrates classical
algorithms and quantum annealing in parallel branches to
solve optimization problems; it is possible to use preexisting
components from their portfolio or develop new ones.

The hybrid approach essentially uses quantum annealing
as an acceleration tool on top of classical optimization algo-
rithms; the input problem is, in fact, sent to one or more clas-
sical solvers that work in parallel, and during the execution,
they can send to their quantum counterparts queries contain-
ing sub-problems small enough to be directly embedded on
quantum architectures. The fully quantum approach, instead,
relies solely on the annealer to solve the entire problem;
this approach directly maps the problem onto the quantum
hardware and uses just quantum annealing to find the solution.

There are some major differences between the two ap-
proaches. The most evident one regards scalability: fully
quantum approaches are limited by the size and connectivity
of the specific quantum annealer’s architecture, while the
hybrid approach utilizes classical computing to manage and
decompose problems, making it possible to go far beyond what
the annealer could tackle alone.

Another difference regards the class of inputs that can be
managed by the two approaches in the context of the D-Wave
platform; the hybrid one can, in fact, solve both constrained



and unconstrained optimization models natively, while the
fully quantum can only deal with unconstrained ones.

ITI. THE QUANTUM GRAPH PURSUIT PROBLEM:
OVERVIEW

The Quantum Graph Pursuit (QGP) problem is a dynamic
combinatorial optimization problem set on a square lattice
graph; this setting serves as a stage for two fundamental types
of entities: one or more Preys and a Catcher. Preys represent
dynamic targets moving across the graph according to prede-
termined trajectories; the Catcher is tasked with navigating the
square lattice graph to capture the Preys, of which the Catcher
knows the trajectory.

An essential part of the problem is that the cost associated
with moving along an edge depends not only on the specific
edge but also on the specific time in which that edge is
followed.

The goal of QGP is to compute the Catcher’s path that
ensures the interception of the Preys and minimizes the cost
associated with the Catcher’s movements on the graph. The
cost metric can encapsulate factors such as distance traveled,
time taken, or energy expended, reflecting multiple aspects
of real-world problems. We explored different possibilities re-
garding the graph’s topology; however, we resorted to framing
the problem within the borders of a square lattice to abstract
complex navigation and interception tasks into a manageable
yet generalizable model. To generate prey paths, we used either
a "Random” policy — that picks a random alternative from
the set of valid outgoing edges for each time step — or an
”Unvisited nodes” policy that prioritizes the discovery of nodes
not yet visited to create less trivial paths.
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Fig. 1: An instance of the square lattice graph on which the
QGP problem is set.

In Figure 1 we can see a frame of an animation produced
to visualize the model and its setting. It represents an example
of a 4x4 square lattice graph with the Catcher depicted in red
and the two Preys, respectively, in blue and green. The labels
on the edges represent the cost of following that edge in a
particular discrete time instant; in this representation, the cost
of self-loops is not depicted.

Possible practical applications of QGP concern planning
dynamic paths in discrete contexts and navigating a dynamic
environment where obstacles or goals move over time. Such
problems are interesting especially in the robotics field; some
examples of the algorithms being studied and developed in

The set of discrete time instants indexed as natural numbers
The set of nodes in the square lattice graph

The set of Preys indexed as natural numbers starting from 0
The set of valid edges (i, j) with i,j € V

&l o <

TABLE I: Sets used in the formulation.

this area can be found in [9] and [10]. The solutions to QGP
we propose in this paper constitute a promising alternative.

To solve QGP exploiting quantum annealing we went
through the following steps: i. we modeled it as a Constrained
Quadratic Model (in particular, we explored two different for-
mulations showing different pros and cons); ii. we transformed
the previously obtained models in QUBO formulations; and iii.
we ran such formulations on D-Wave experimenting with both
hybrid and fully quantum approaches.

IV. MATHEMATICAL FORMULATION

In this section we present two possible formulations for the
QGP problem. The first one is the most expressive, and it leans
toward hybrid solutions on D-Wave; the second one focuses
on compactness at the cost of being less powerful. Both are
based on binary-valued variables and rely on the following
assumptions:

o No diagonal movements are possible;

o Catcher and Preys move at the same constant speed along
graph edges, and this speed is precisely one action per
discrete time instant;

o The Catcher must start in a node that is not occupied by
a Prey (otherwise we would have a trivial capture).

Moreover, they rely on the definitions of sets summarized in
Table 1. As for the set of nodes V' in the square lattice graph,
we assume that the nodes are indexed starting from 0, which
is assigned to the node on the first row and first column, and
proceeding sequentially from left to right and top to bottom.

A. First Model: ”Advanced”

We model the problem considering two aspects, the move-
ment of the Catcher through the graph, and relative cost, and
the movement and capture of Preys.

1) Catcher movement: The Catcher movement is repre-
sented through the binary decision variables z; ; ; with (4, j) €
FE, which taken individually indicate whether the Catcher
moves from node ¢ to node j at time t. The initial movement
is indicated as in Equation 1, where s; is the initial node and
so 1s one of its adjacent nodes. This grounds the model in a
defined starting point.

Tsy,89,0 = 1 (1)
s.t. (s1,82) € FE

Equation 2 ensures that exactly one action (movement or stay)
is chosen at each time step, encapsulating the limitation of
performing a single action within a discrete time frame.

>N wiju=1 VteT (2)

i€V jeV



st. (i,5)€eE

Equation 3 guarantees logical progression in movements, with
the current location directly reachable from the previous step,
thereby embedding spatial coherence into the model.

Tiji— Y ki1 <0 VijeEV VteT—{0} ()
keV

st. (i,5) e E (ki) eFE

The cost for a Catcher to move from node ¢ to node j at time
t is represented as a.(t)(c; .+ + 0; 5,¢), where:

e Cjj¢ represents the cost associated with moving from
node i to node j at time t, it introduces an element
of decision-making based on cost-efficiency, steering the
model towards finding the least expensive path to achieve
its objectives. Figure 5 is presented as a visual example.

e 0.t is a noise value sampled from a probability distribu-
tion that models the variability of the edge cost and adds
a layer to the cost computation that considers dynamic
elements that could influence action costs.

e «a(t): is a function with a discrete domain (t € T) that
serves as a Time-Dependent cost modifier. It is used to
model temporal variations in costs that depend only on
the specific time instant and not on the specific edge, so
it can depict periods in which it is inherently costly to
perform an action.

a(t) can be defined in various ways. It can be a trivial linearly
increasing or decreasing function:

a(t) =ap £kt

where «q is the initial value and k is the rate of increase or
decrease. In such manner, we could represent simple situations
in which delaying actions would linearly increase or decrease
costs as time goes on. Another alternative possible is to
describe «/(t) as a step function:

(6731 Zf tSTl
) <
Oé(t): (e %) ’Lf T <t<Ts

Ay Zf t>T,_1

Consequently, we can explicitly model the inherent cost of
specific intervals of time in our domain, which is useful
when we know a priori that our operational context changes
distinctly at known times.

2) Preys movement and capture: Preys are elements p € P.
Their movement is represented as a set of binary constant
values of the form yy, ; j ¢, taken individually they indicate that
”Prey” p has moved from node i to node j at time t. We use the
binary control variable z, ¢ to indicate whether a Prey indexed
by p has been intercepted by the Catcher at time t. Moreover,
we use the binary variable wp ¢ to model the permanence
of p in the capture status over time, after it is captured at
a time lower or equal than ¢. Based on these definitions,
Equation 4 models the capture, that is, the interaction between
the Catcher’s path and the Preys’ locations, with denoting

the presence of Prey signifying an actual interception event.
This is the heart of the model, capturing the core objective of
interception.

Z Z Z Tiy jtYpisjt = 2pt VDEP VteT (4)

11EV i€V jEV

st. (i1,j) € E (in,§) €E

The constraint, representing the main goal of the model, that
all Preys must be intercepted at least once is modeled by
Equation 5, while Equations 6 and 7 ensure that once a "Prey”
is captured, it is considered captured for all subsequent times.

> zpi>=1 VpeP (5)
teT
Wpy > zpy VpEP VieT—{0} (6)

Vpe P VteT—{0} (7

Wp,t = Wpt—1

To enable the possibility to enforce a specific ordering in the
capture process, we introduce 3, (t) that represents a collection
of functions (each Prey has one) with discrete domain (t
€ T) used in conjunction with w,; to reward the capture
of a particular Prey in a predetermined period of time. The
term in its entirety incentivizes the model to follow a user-
defined order of captures. For what concerns the practical
implementation, we have used a series of step functions for
Bp(t) to encode the value of the capture of a specific Prey
in a determined time frame. Usually, in the simulations we
cared about enforcing the order of only the first Prey p; to be
catched and to give it precedence on the others we have set
the values of 3,(t) equal to 0 V¢t € T and Vp € P — {p1 }.

To improve the efficiency of the model, we introduce
Equation 8 that links the individual capture statuses to a global
control variable u;, which ceases cost accumulation once all
Preys have been intercepted by or before time t.

pr)t >|Plx(1—wu) VteT (8)
P

3) Objective Function: The core of our optimization model
is its objective function, which is designed to capture the
dynamics of the Catcher-Prey interaction within our square
lattice graph.

The function is formulated as follows:

minz Z Z Ot(t)(CT;,Lt + 5i,j7t)xi7j7tut - Z ﬂp(t)wm

teT i€V jeVv pEP
©))

(1) —(®)

This objective function is constructed to balance the op-
erational costs of movements within the graph, given by
the first set of summations against the strategic benefits of
intercepting “Preys” over a discrete time horizon, given by
the last summation. Of course, the objective function is a
constrained one as all Equations presented before must hold.

st. (i,j) € E and



B. Second Model: "Simple”

In the second model we are characterizing the Catcher and
the Preys in terms of their successive positions on the graph
instead of explicitly modeling their movements with variables
254+ and constants yp, ; i ;.

For the sake of space, we introduce this formulation fo-
cusing mainly on the differences from the previous one. The
definitions for sets T, V, P, E and the time-dependent costs
ci j,¢ associated to each arc hold here as well.

1) Catcher movement: s; is a state variable that indicates
the presence of the catcher at node ¢ at time ¢. s; defines the
starting node for the Catcher and is given as a parameter to
the model. Given this, we have that

85,0 =1 (10)

This sets the starting position of the Catcher at node s;.
Constraint 11 ensures that the Catcher occupies only one
node at each time step.

S sig=1 WteT

eV

(1)

Equation 12 enforces that if the Catcher is at node j at time ¢, it
must have been at a node ¢ at time t— 1 such that (j,7) € E. It
effectively models the possibility of the Catcher moving only
along valid edges on the graph.

sie— Y siee1<0 VjeV vteT {0}
(i,9)€E

12)

2) Preys movement and capture: yp ;¢ is a parameter that
represents the fact that the Prey p is at node ¢ at time t. The
capture process is modeled by checking that each Prey and
the Catcher have been at least once in the same node at the
same time instant (see Equation 13.

Z SitYpat =1 VpeP
teT

13)

3) Objective Function:
min > YN at)erisii1550
teT—{0} i€V jEV

st. (i,5) € E

(14)

and (10) — (13)

The most evident difference between Objective Function 9
and 14 is, on the one side, the compactness of the second one
(this point will be substantiated in Section IV-C) and, on the
other side, the lack in Objective Function 14 of a mechanism to
cease cost accumulation after capturing all the Preys, i.e., after
reaching the goal of the model. This has a profound effect on
the optimization process; in fact, the cost cessation mechanism
in Objective Function 9 is implemented to prevent the model
from continuing the optimization process after reaching the
capture of all preys.

In Objective Function 14 this same mechanism could not be
introduced because otherwise the model would have become
cubic (we used the product s;;_1s;; to implicitly model
movement, so we had no room left to add an additional

multiplicative factor u; without increasing the degree of the
formula). A possible solution to this issue would be to use state
variables s; ; to infer additional movement variables z; ; ;, but
this would negate the gain in compactness given by using state
variables in the first place. Despite this difference, which in
any case can be leveled through a wise use of the 7' parameter,
it is possible to use interchangeably the two models in the same
contexts.

C. Numerical Interlude

In order to better contextualize the two models, we present a
more in-depth analysis of some of their less-discussed details
from a quantitative point of view.

1) On the number of variables of the two models: In both
the two models, the action is set on a square lattice graph
composed of |V| nodes; in the case of the first one, the Tt
variables to be optimized are related to possible movements
along valid edges, so are proportional to their number.

It is easy to demonstrate that in a square lattice graph, there
are 3|V| — 24/|V| edges in the presence of self-loops and
2|V| = 24/|V] in their absence, but since we have a dynamic
problem, we also have to account for the time dimension that
adds a factor |T'|. In addition to that, we also have to account
for wy, ; and 2, variables that are combined 2 * |P|  |T'| and
for the w; variables that are |T.

As regards the second model, the state variables s;; are
simply related to the number of nodes |V'| with a factor |T|
given by the time dimension. The difference in the count of
variables as a function of the number |V| of nodes in the graph
can be trivially calculated as (|[V| — 2/[V]+ 2% |P| + 1) *
|T'| without self-loops. It is evident how the second model
outclasses the first in terms of overall compactness.

2) On the time parameter: One interesting problem to
address is the definition of a heuristic to estimate 1,,,: the
size of the time frame given to the Catcher to fulfill its mission
of exploring the graph and catching all the Preys. This problem
depends on the topology of the graph and the relative position
of the Preys and the Catcher at the start. By increasing the time
available it is possible to proportionally increase the dimension
of the solution space and, possibly, find better results, but at
the same, the complexity of the model proportionally scales
up. Recalling the simplifying assumptions made in our models
and described in IV, one simple and cautious approach would
consider the maximum distance possible on the square lattice
graph multiplied by the number of Preys:

Tae = 2(VN = 1) % | P| (15)

where NN is the total number of nodes in the graph, in this
case we are sure to have a big enough solution space, but
the complexity of the model is greatly affected. An alternative
could be:

Tmaa: - ((Davg + Tadjust-‘) * |P| (16)

Where D,,4 is calculated as the mean of the Manhattan
distances from the Catcher starting position to each Prey
starting position and Tpgj, is a time adjustment factor that



accounts for the dynamic aspects of Prey movement and the
Catcher’s need to recalibrate its path as Preys move. This
factor can be derived empirically based on the specific initial
configuration and graph topology. We have found that a good
starting point is to use a fraction of Dg,, adjusted following
the outcomes of the simulations.

V. IMPLEMENTING THE QGP MODELS ON D-WAVE

To implement our formulations, we used an open-source
suite of Python tools offered directly by D-Wave and accessi-
ble through the Ocean software development kit [11]. for the
sake of reproducibility we report below the necessary details
of our implementation.

Our constrained models can be easily defined through
the ConstrainedQuadraticModel class in the dimod
package [12] of the SDK. After being constructed, the CQMs
objects are ready to be executed with a hybrid approach.

As anticipated in Section II-B, the choice of CQMs is based
on the fact that they allow for separating the objective function
from the constraints it is subject to, simplifying the problem
formulation and improving model clarity.

The drawback is that constrained models are not natively
compatible with fully quantum setups, and they need to be
transformed into either QUBO or Ising models to be embedded
in quantum processing units.

This transformation involves converting all constraints into
penalty terms added to the objective function. The difficulty of
this conversion lies in assigning appropriate penalty weights
that are large enough to enforce constraint satisfaction without
overwhelming the original objective function.

Given a binary combinatorial optimization problem:

min 7 Cx st. Ar=>b xe€{0,1}"

where C is a real diagonal matrix, A is a matrix defining the
constraints with real components, and b is a vector of real
values. After choosing a scalar weight term P, it is possible
to obtain an unconstrained formulation algorithmically by
following these mathematical steps [13]:

zTCx + P(Az — b)T (Az —b)
=2TCx+a'Dzx +c
=2TQz+c

To perform such transformation, we relyed on the
cqm_to_bgm function made available by D-Wave and con-
tained in the dimod package. The function offers a Lagrange
multiplier parameter that encodes the strength used when
translating the corresponding constraint.

Before executing a BQM on a QPU, there is a further step
to be executed, called minor embedding [14]. This technique
is used to map a problem onto the physical hardware of
a quantum annealer, even if the problem doesn’t match the
QPU architecture. The architecture of the QPU, in this case,
simply refers to the topology of its lattice of interconnected
qubits. In the case of the architecture behind the Advantage
system 6.4 used in this paper, the connectivity of the qubits

is not all-to-all; instead, they are interconnected in a specific
pattern known as Pegasus topology. Whenever we formulate a
computational problem for a quantum annealer, it can have an
alternative representation as a graph in which nodes represent
variables and edges represent interactions between variables.
The problem graph often requires more connectivity than the
hardware graph can provide; in this situation, a chain must
be created, a set of coupled physical qubits used to represent
a single logic qubit that can accommodate the connectivity
needed by the corresponding problem variable. Long qubit
chains are a symptom of bad implementation and can lead
to weak performances; the Ocean SDK offers a convenient
heuristic tool for minor embedding called minorminer [15]
that tries to find embeddings while creating qubit chains of
minimal length. In Figure 2, we can see the proportions of the

Fig. 2: An example of embedding of the second model
proposed on an D-Wave Advantage 6.4 system.

occupied area on the QPU of the embedding of our second
model on the Advantage 6.4 system, operated through the
minorminer tool, in the case of an instance characterized
by |V| = 16, |T| = 10, and |P| = 2. This representation
was obtained with the help of the D-Wave problem inspector
component [16].

VI. EXPERIMENTS AND ANALYSIS OF RESULTS
A. Goals of the experiments

The main objective of the experiments is to get an un-
derstanding of D-Wave potential to implement a non-trivial
problem as QGP. We focus both on the hybrid and the fully
quantum setup.

In the first one we assess the feasibility and optimality
properties of the samples obtained with graphs of 36, 49, 64,
and 81 nodes, we contextualize the total run time needed for
each problem size and observe the total QPU access time
to quantify how efficiently the hybrid system can leverage
quantum resources. We could treat even larger problems and
tested up to 225 nodes, but we could not collect statistically
relevant results due to time limits and limitations in the free
access to the resources.



In the fully quantum setup we could run only the simple
model and we focused on assessing the maximum model
size in terms of nodes embeddable on our reference quantum
system (Advantage system 6.4), as well as the feasibility
and optimality properties of the samples obtained with the
minimum non-trivial problem size (9 nodes).

B. Experimental setup

All experiments have been run on the D-Wave hard-
ware. In the hybrid setup (Section VI-C), we used the
hybrid_constrained_qgquadratic_model solver ver-
sion 1.12.

The experiments in the fully quantum context (see Sec-
tion VI-D) have been performed on the Advantage_system
6.4 QPU. In order to run our tests, we used the default
parameters represented in table II; in addition, we used the
default Lagrange multiplier parameter set to 10x, the biggest
bias in the model for the conversion from CQM to BQM, the
chain strength parameter set to 1000, and the number of reads
parameter set to 100.

In all cases, the function used to determine the time pa-
rameter is always the most conservative one (Equation 15),
and the number of Preys has been fixed to 2 unless otherwise
specified; their path has been generated according to the ”Un-
visited nodes” policy that tries to create non-trivial paths by
maximizing the total number of different nodes visited. In all
the experiments, we considered self-loops in our formulations,
and we used the [5,15] continuous range to assign the ¢; ;;
cost variables. Since our primary goals were to assess the
feasibility and then the optimality of the solutions, we do not
take into account the influence of the «(t) and 5, (¢) functions,
which add expressiveness to the models but do not directly
contribute to achieving valid solutions.

Parameter Value
System Name Advantage_system6.4
Number of Qubits 5760
Supported Problem Types Ising, QUBO
Topology Pegasus (16)
Annealing Time Range (us) 0.5 to 2000
Default Annealing Time (us) 20

Default Programming Thermalization (us) | 1000

Default Readout Thermalization (us) 0

Max Anneal Schedule Points 12

Number of Reads Range 1 to 10000
Per Qubit Coupling Range -18 to 15
Problem Run Duration Range (us) 0 to 1000000
Programming Thermalization Range (us) 0 to 10000
Readout Thermalization Range (us) 0 to 10000
H Range -4 to 4

H Gain Schedule Range -4 to 4

J Range -lto 1
Extended J Range 2tol

TABLE II: Specifications of the Advantage_system6.4 Quan-
tum Annealer used in the context of our experiments.

C. Analysis in a hybrid setup

The feasibility of samples is a fundamental component of
our study due to the hard nature of the constraints in the two
models. In Figure 3, we have calculated the mean feasibility

between the samples of a single iteration obtained as the ratio
between the number of feasible samples read and the total
number, and then we have taken the mean of means over 15
iterations. Predictably, our metric has a downward trajectory as
the number of nodes increases, but for both models, it remains
above 10% even in the worst case, meaning that in the context
of our test frame, the two models are always able to provide
a set of multiple feasible solutions.
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Fig. 3: Mean percentage of feasible samples of the two models,
hybrid setup.

We then consider the quality of the results obtained with
the maximum run time parameter of the sampling process set
to the minimum required by the specific instance size of the
problem, calculated with the help of the min_time_limit
function offered by the hybrid sampler itself. In Figure 6,
we can observe the percentage difference between the best
solution found in a particular iteration and the global best,
and we have a filled colored circle if the difference is zero,
meaning that we have found the optimal solution. As it is clear
from the figure, the model Simple has a maximum percentage
error of 6% obtained in the second iteration with 81 nodes,
while the model Advanced performed worse with a maximum
difference of 17.5% in the sixth iteration with 36 nodes.

Furthermore, in Figure 4, we have the mean percentage
difference between all feasible solutions and the global best
solution for each of the different problem sizes considered.
These results demonstrate the ability of the two models not
only to return a single near-optimal solution but also to return
a set composed of multiple solutions of comparable quality.

Figure 7 helps us to contextualize these results in terms of
the total run time needed: the influence of a higher number of
variables is evident in the trajectory of the average execution
time of the Advanced Model that increases with the number
of nodes even within our small test frame, on the other hand,
the model Simple seems to be unbothered by this increase.
The explanation is related to the time_limit parameter
calculated with the min_time_limit function that accounts
for the model’s overall size. Since the Simple model grows in
size much slower than the Advanced model, its time_limit
parameter also grows slower, and so does its execution time.
Figure 8, instead, focuses on the total QPU access time; it is
easy to notice how the Advanced model finds it increasingly
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Fig. 4: Mean percentage difference between the feasible sam-
ples obtained and the ground state of the two models, hybrid
setup.

difficult to make usage of the quantum processing unit as the
number of nodes increases. This is due to the fact that as the
model’s size increases, it becomes more and more challenging
to decompose it into bits that can be sent for execution to the
QPU. Instead, as attested by the QPU access time, the Simple
model continues to be able to leverage the quantum resources
also in the largest case considered.

D. Analysis on a fully quantum approach

For what concerns the fully quantum approach, we focused
our attention on the Simple model. We have been able to em-
bed a problem instance characterized by |V| = 16, |T'| = 10,
and |P| = 2, but we obtained significant results in terms of
feasibility and optimality only for instances up to |V| = 9,
|T| = 4, and |P| = 1. In Figure 9b, we can observe the
percentage of valid and invalid results obtained by the model
over 30 iterations and also the percentage of optimal solutions
found; as we can see, the model found a feasible solution 86%
of the time and 33% of the time found an optimal solution.
Furthermore, in Figure 9a, we can see how, not surprisingly,
the percentage difference between the best solution at each
iteration and the global best solution is higher on average
than what we have obtained with the hybrid setup in Figure 6.
The fully quantum approach had worse results than the hybrid
while dealing with much smaller problem instances.

VII. DISCUSSION

The Implementation process of our models provided us with
several key insights. The most important one is related to the
impact of a strategic model formulation on the efficiency and
effectiveness of quantum computing solutions. By strategic
model formulation, we mean the process of searching for
the best abstractions and simplifications that can enhance the
compatibility of a high-level model with quantum hardware
without compromising the problem’s core requirements and
goals. In our case, for example, this meant searching for the
best mathematical representation for each high-level constraint
or finding the best graph topology to set the problem on. This
search was driven by the practical goal of minimizing the
overall number of variables and the number of interactions

between them while keeping the expressiveness of the model
unchanged. The comparison of the results of the Advanced
and Simple models also highlights how there is a delicate
balance between the expressiveness of a model and its compu-
tational efficiency on quantum hardware, both in terms of the
feasibility of the solutions and their optimality, unconstrained
formulations on fully quantum setup are just not ready for
complex problems characterized by many hard constraints. On
the other hand, hybrid setups by leveraging classical comput-
ing for problem decomposition, preprocessing, and integration
of solutions seem to be a promising field of research that
is entirely worth investigating. Furthermore, at the moment,
finding optimal penalty weights to convert hard constraints
thus enabling the conversion from CQM to BQM, is more of
an art than a science; there are some studies like [17] or [18],
but there is no general-purpose consolidated technique.

VIII. RELATED WORK

The demonstration of QA potential in solving actual prob-
lems has been certified by Johnson et al. [19], giving way to
the prolific research line related to the development of models
and methods to solve increasingly complex problems with QA.
In this context, despite its focus on the standard gate model,
the work by Gemeinhardt et al. [20] represents a good starting
point for describing the state of the art in our specific topic
of interest, which is quantum combinatorial optimization. The
progress in hardware technology made it possible to expand
the scope of tractable problems; an example is Neukart et
al. [21], who tried to solve the complex problem of traffic
flow optimization, and Venturelli et al. [22] who approached
portfolio optimization problems. From a theoretical standpoint,
Glover et al. [13] detailed methods and best practices for
dealing with the formulation of problems in the QUBO format,
enabling further developments in the representation of com-
plex problems on quantum hardware. Another notable work
is that of Lucas [23], who provided the Ising formulation for
many NP problems, contributing to extending the suite of valid
examples available to practitioners.

It is evident that our specific field of interest, Quantum
Annealing models and techniques applied to dynamic com-
binatorial optimization problems, is still in its infancy, while
QA applications to static optimization problems are well-
documented. Our work fits into this spot, trying to make the
best of all the progress made in terms of quantum hardware
to solve a novel dynamic combinatorial optimization problem
and, by doing that, demonstrate the potential of the QA
approach also in this context.

IX. CONCLUSION

The exploration of the possibilities given by Quantum
Annealing in the context of our specific dynamic combinatorial
optimization problem, as presented in our study, has led not
only to the development of two distinct working models —
Advanced and Simple — each showcasing different advan-
tages in terms of expressiveness and efficiency, but also to
some generalizable knowledge.
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The idea of modeling problems in a way that indulges
the physical architecture of the QPU has represented the
background of most of our reasoning about the two different
formulations, and this was a significant component in the
positive goals we reached since at the time of writing it is
still unfavorable to ignore completely the low-level details
of the quantum hardware on which the model runs. An
exciting topic for the future regards the transformation of
the two models obtained into unconstrained representations
by means of a manual translation of the constraints into
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(a) The percentage difference between the best solution found in a
particular iteration and the global best, a filled colored half-circle signals
that an optimal solution was found, fully quantum setup, model Simple.
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Fig. 9: Quality of the samples and feasibility of the solutions,
fully quantum setup, model Simple.

penalties to obtain a more tailored QUBO formulation that
closely reflects the problem’s characteristics and requirements.
We could then change our workflow and start reasoning on
natively unconstrained formulations, comparing the pros and
cons of the two approaches. Another exciting path concerns
the development of personalized presolving techniques and
customized embedding algorithms, to reduce the size of the
problem before execution in terms of the overall number of
variables and interactions.
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