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SYMMETRIC SOLUTIONS FOR A 2D CRITICAL DIRAC EQUATION

WILLIAM BORRELLI

ABSTRACT. In this paper we show the existence of infinitely many symmetric solutions
for a cubic Dirac equation in two dimensions, which appears as effective model in systems
related to honeycomb structures. Such equation is critical for the Sobolev embedding
and solutions are found by variational methods. Moreover, we also prove smoothness and
exponential decay at infinity.
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1. INTRODUCTION

1.1. Motivation and main results. This paper is devoted to the study of solutions of
the following nonlinear massive Dirac equations

(D+moz —w)p = [p*v  on R?, (1)

where w € (—m,m) is a frequency in the spectral gap of the Dirac operator D +mo3, with
m > 0, and the nonlinearity is Sobolev-critical.

Equation (1) appears in the effective description of wave propagation in two-dimensional
systems with the symmetries of a honeycomb lattice, under suitable assumptions. More pre-
cisely, If V € C*°(R?,R) possesses the symmetries of a honeycomb lattice, the Schrédinger
operator

H=-A+V(z), z€R? (2)
exhibit generically conical intersections (the so-called Dirac points) in its dispersion bands,
as proved in [18]. The massless (i.e., m = 0) Dirac operator then appears as an effective
operator describing, the dynamics of wave packets spectrally concentrated around those
conical points [20]. A mass term appears in the effective equation, when a perturbation
breaking parity is added, as shown in [18, Appendix|. Moreover, considering stationary
solutions of the nonlinear Schrédinger equation

i0pu = Hu + |u*u,

with frequency corresponding to the conical crossing (at least formally) leads to an effective
cubic nonlinearity of the form

2 2
<Egi}zﬂ? i ;gz}zj?;zi) 5 with o = (1, 19)7, )

as first computed in [19], where the parameters /31,32 > 0 depend on the potential V in
(2). In this paper we focus on the effective equation (1) with a pure power nonlinearity,
corresponding to the choice of parameters 51 = 1, 82 = 1/2, as it clearly leads to the same
analytical difficulties as the general case. We mention the paper [5], where the validity of
the effective cubic equation is addressed. Moreover, existence and qualitative properties
of stationary solutions to the effective massless cubic Dirac equation have been studied in
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[8, 9]. Concerning the massive case (1), the existence of a solution of a particular symmetric
form has been established in [7] by dynamical systems arguments. In this paper we prove
the existence of infinitely many (distinct) symmetric solutions, using variational methods,
crucially exploiting the classification for the limit massless equation obtained in [9] (see
Section 2).

Critical Dirac equations have been studied in connection with problem from conformal
spin geometry, for which we refer the reader to [2, 3, 4, 6, 21, 22, 23, 29, 33] and references
therein. We also mention that the case of coupled systems involving the Dirac operator
and critical nonlinearities have also been recently studied in the literature, see [10, 30].
From the point of view of analysis, those equation are conformally covariant or involve
conformally covariant nonlinear terms, so that one has to deal with the associated loss
of compactness, looking for a solution by variational methods. The required compactness
analysis for our case is performed in Section 4. The variational approach to nonlinear Dirac
equations has been introduced in [17] and has been subsequently widely employed, see for
instance [6, 14, 15, 23].

In this paper we focus on the existence of symmetric solutions to (1) of the following

form o) — (3;53) _ ( U@ifffl)ﬁ) , =zeR* Sez, (4)

iu(r)
where (r,0) € (0,00) x S! are polar coordinates in R?, and u,v are real-valued functions.

Remark 1.1. Functions of the above form are the counterpart for the Dirac operator, of
radial solutions for the Laplace equation. Indeed, while the laplacian commutes with rota-
tions, this is not the case for the Dirac operator. More details about this property and its
physical meaning can be found, for instace, in [35] and references therein.

Theorem 1.2. Let S € Z, S # 0 and take w € (—m,m), with m > 0. Then equation (1)
admits a non-trivial solution v € C*(R? C2) of the form (4). Such solution vanishes at
the origin, i.e. ¥(0) =0, and it is exponentially localized, namely

1(r,0)| < Ce™ "2 " r>0,0¢cS!,

for some constant C > 0.

Remark 1.3. The solutions given by the above Theorem and that found in [7] (for S = 0)
have the same exponential decay rate, but we do not know if such estimate is optimal.
However, by [13, Corollary 1.8] one easily sees that solutions cannot decay at infinity faster
than a gaussian. Indeed, in two dimensions such result holds in particular for Dirac equa-
tions of the form (D +mo3)y + Wi = wip, where W € Lf;’c(RQ, C? x C?), and in our case
it suffices to consider the scalar potential W := [¢)|%.

In [7] solutions of the form (4) with S = 0 were found by dynamical systems method,
while in this paper we deal with S # 0 using variational methods. We remark that our
proof relies on the localization properties of the solutions of the limit equation (9) of the
form (4). Those functions corresponds to the blow-up profiles appearing in the variational
procedure, and have been classified in [9]. For S = 0, it turns out they are not square
integrable, which prevents the application of the variational methods employed for S # 0,
while in this case solutions have a stronger decay at infinity.

1.2. Outline of the paper. The paper is organized as follows. In Section 1 we state the
main result of the paper and give an introduction to the problem under study. Section 2
contains some preliminary notions used in the sequel, while in Section 3 we explain how
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to reformulate the problem in an equivalent way, using duality arguments. As explained
through the paper, this approach allows to simplify the proof of the main results. The
required compactness analysis is performed in Section 4. Finally, we give the proof of the
main Theorem in Section 5, which is divided into three different steps, for the convenience
of the reader.

Acknowledgements. The author is grateful to B. Cassano for bringing to his attention
some results contained in [13].

The author is member of GNAMPA as part of INdAAM and is supported by Centro di
Ricerca Matematica Ennio de Giorgi.

2. PRELIMINARIES

In this section we present some basic notions and recall results useful in the sequel.

2.1. The operator. The Dirac operator is a first order differential operator formally de-
fined in two dimensions as

Dy =D + mos := —io - V + mos (5)

The constant m > 0 is referred to as the ‘mass’, as it usually represents such quantity in
applications. In the above formula we use the notation o -V := 0101 + 020 and the o), are
the Pauli matrices

) IR () IR A F

The operator Dy, is a self-adjoint operator on L*(R?, C?), with domain H*(R?, C?) and
form-domain H'/?(R?, C?).

Moreover, since in Fourier domain p = (p1, p2) the Dirac operator becomes the multipli-
cation operator by the matrix

Dot = (, y ")

1+ ip2 m

then the spectrum is given by

Spec(Dy,) = (—o0, —m] U [m, +00) (7)

where the gap is due to the mass term. The reader can find of the above mentioned results
in [35].

2.2. The functional. Equation (1) can be regarded as the Euler-Lagrange equation for
the functional

Lulw) =5 [ (@ 4may— i~ 5 [ joltdo, )

defined for ¢ € H'/2(R?,C?).

The above functional is strongly indefinite, that is, it is unbounded both from above and
below, even modulo finite dimensional subspaces. This is due to the unboundedness of the
spectrum (7). This constitutes a difficulty for the application of variational methods, but
several techniques have been introduced to deal with such situations (see for instance [34]

r [16]). The principal difficulty in the application of variational methods to the search of
critical points of (8) is given by the fact that we have to deal with the Sobolev embedding

HZ(R?,C?) < Li(R?,C?),
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whose compactness is prevented by the invariance by translation and scaling. The latter,
in particular, implies that the embedding is not even locally compact and gives rise to the
so called bubbling phenomenon. This means that Palais-Smale sequences for the functional
L., can concentrate peaking around some points in R?, preventing strong convergence in L*
and thus in H'/2. This phenomenon is common to variational problems involving Sobolev
critical nonlinearities. We refer to [26, 27] for a general account on this kind of problems,
in the framework of Concentration-Compactness theory and to [23], where the blow-up
analysis has been carried out for a critical Dirac equation on a compact spin manifold. A
similar result holds in our case, as explained in Section 4.

In the sequel we will consider critical points of the functional restricted to the susbpace
Es C HY?(R?,C?) of spinors of the form (4), see Section 5. Such ansatz breaks the
invariance by translation and partially simplifies the compactness analysis giving the origin
as the only possibile blow-up point for Palais-Smale sequences.

2.3. The limit equation. The blow-up profiles (the so-called bubbles) appearing in Palais-
Smale sequences for £, are given by rescaled solutions ¥ € H'/2 (R%,C?) of the equation

DY = |WPw, 9)
which can be considered as the the limit equation with respect to scaling. Indeed, at least
formally, one can realize that considering the scaling

s =06 1p(072) (10)
and letting § — 0. Equation (9) is the Euler-Lagrange equation for the functional
1 1
L) = [ (Deeldo— [ ol do, (1)
R2 R2

which then is invariant by translation and scaling. More precisely, both terms in (11) are
individually invariant by scaling, that is, given p € H'/ 2(R2,C?), there holds

/ (D s, p5) d — / (Do) de, / 5|t de = / ot da. (12)
R2 R2 R2 R2

Moreover, as proved in [23, Section 4], those terms are invariant with respect to a con-
formal change of metric.
Given S € Z, solutions to (9) of the form (4) have been classified in [9]. They are given,
up scaling (10) and sign change, by
v(r)etS?
U(r,0) = <ju(7“)6i(s+1)0 ) (13)

with
S —-S—-1

r r
u(r) = o225 + 1‘r25+1 @S v(r) =T7+/2|25 + 1‘r25+1 pec (14)

where 0,7 € {—-1,1} and o =7if S>0and 0 = —7 if S < 0.
Those solutions being critical points of (11), a straightforward computation gives

B(S) == Lo(V) = i/RQ |U*dzx = |28 + 1|7 (15)

As explained in Section 4 the above energy value is the threshold for the appearance of the
blow-up profiles in the Palais-Smale sequences for the functional £, see (8).

We add that, more generally, solutions of the form (4) to the limit equation with the
nonlinearity (3) have also been characterized in [9]. Moreover, ground state solutions to
the higher dimensional analogue of (9) have been recently classified in [11].
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3. THE DUAL ACTION

Following the idea of [23], we employ duality techniques, exploiting the convexity of
the nonlinear term in (8). This allows to study an equivalent problem involving a dual
functional, whose critical points ( and, more generally, whose Palais-Smale sequences) are
in one-to-one correspondence with those of the original functional. In particular, we also
exploit the fact that the dual functional has a mountain pass geometry.

Let
D := (D +mo3 — w).

The following isomorphisms hold

Do : H2(R?,C%) — H2(R2,C2) (16)
and
D - WHB(R2, C?) — LY3(R2,C?). (17)
Let A, and B,, be the inverse operators, respectively, that is
Aw = (Dmu)': H 2 (R%,C?) — H3(R%,C?) (18)
and
By = (Dmw) ' LY3(R?,C?) — WH/3(R2 C?). (19)
We denote by
i+ H2(R?,C2) — LY(R2,C?) (20)
and )
g WWB3(R? C?) — H2(R%,C?) (21)

the Sobolev embeddings.
Consider the following sequences of maps

K, : LY3(R?,C?) —“ H—3(R%,C?) -2, H3(R?,C2) — LY(R2,C2) (22
and
LA3(R2,C2) Poy WSR2, C2) — H2(R2,C2), (23)
where i* : LY3(R?,C?) — H_%(R2, C?) is the adjoint of . Then we have
A, 0i* = joB,, (24)
and since D is self-adjoint we also have
K:=K,. (25)

The functional £, is then defined as

1 )
Ew(¢) = §<Dm,w ¢a ¢>H7% XH% - 7‘1(2(7/)))
for ¢ € H?, where (-, ->H7% ;4 18 the duality pairing between H 3 (R%,C?) and H? (R%,C?)

and H is the functional on L*(R2, C?) defined by

1
) = [ ol do
RQ
The differential of the functional £, then reads as
dLL(1) = Dot — " dH(i(1)) € H2(R%,C?). (26)
for ¢ € H%(RQ,(CQ).
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The Legendre transform (see [31]) H* of H is the functional on L*3(R?, C?) defined by
H*(p) = max{ @) s — M) ¥ € LYR?, C?)}

= [ lettan ()

We see that dH* is the inverse of dH, that is
dHodH* = 1L4/3, dH* odH = 1L4- (28)
Then the dual functional £, is defined as

£3(0) = H'(9) — 5 (Ko, @) s

=1 [etrar = [ (Kupprdo,

for ¢ € L*3(R2,C?). It is not hard to see that £ is of class C.
A relevant property of the dual functional £}, is that its critical points and Palais-Smale
sequences are in one-to-one correspondence with the ones of L.

(29)

Lemma 3.1. There is a one-to-one correspondence between the critical points of L, in
H%(RQ,CZ) and the critical points of L, in L*/3(R? C?).
Proof. Let ¢ € H? be a critical point of £,. Then by (26), we have Dy, o, = i*dH(i(¢)).
Define ¢ := dH(i(¢))) € L*/3, so that Dy, 1 = i*¢. This implies that 1) = A, o i* () and
i() =10 A, 0i*(p) = K. (30)
On the other hand, by (28) we have
i() = dH* (). (31)
Combining (30) and (31) we obtain
AL, (p) = dH™ () = Ku(p) = 0.
and then ¢ is a critical point of L.

Conversely, suppose ¢ € L*/? is a critical point of £ and define ¢ = A, 0 i*(p) € H 3.
Since ¢ is a critical point, we have dH*(¢) — K (¢) = 0. This and (28) imply that

o =dHo K,(p) =dHoioA,oi*(p) =dH(i(v))). (32)
Then we have i*(¢) = i* o dH(i(¢))) and dL,(¢) = Dmw ¥ = i* o dH(i(v)), that is ¢ is a
critical point of £,. This concludes the proof. O

Moreover, there also exists a one-to-one correspondence between Palais-Smale sequences
for £, and L. We refer the reader to [23, Section 3 |

4. COMPACTNESS ANALYSIS

In this section we analyze the compactness properties of the functional £, restricted to
the subspace Fg. As explained in the previous section, the same results hold for the dual
functional L. The arguments employed rely on Concentration-Compactness theory, for
which the reader can refer to [26, 28] for a general exposition and to [32] for the case of
fractional Sobolev spaces needed in the sequel.

Let (Yn)nen € H'/2(R2,C?) be a Palais-Smale sequence for £, at level ¢ > 0, that is

Lo(n) = ¢, ALy (n) 250, (33)

as n — oo. It is not hard to see that v, is bounded.
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Lemma 4.1. Any Palais-Smale for L., is bounded.
Proof. There holds
(D+mos — ) = [an +0(1),  in H 2(R%,C?),

and thus )

Yn = (D+mos _w)_l(wn‘zwn) +o(1), in Hz(R?,C?). (34)
From this we get

[nllze S NbnlPdnll -1z + o(1),
and by the Sobolev embedding H%(RQ,(CZ) — L*R2?,C?), there holds L%(Rz,(cz) =
(L4(R2,C2))* — H~2(R2,C2?), and then
b Pl =172 S MonPnllpass = 1bnllza -

Moreover, by (33) we deduce that

1 1
Z /RQ |¢n|4 dr = Ew(wn) - §<d£w(¢n),7pn>H*1/2><H1/2
<O+ [Ynllgrre,

and then, combining the above observations we find

[nllz12 < Cllnlls < O+ [[hall =),

and the claim follows. O

Then, up to subsequences, we have

Y — thse,  weakly in HY/2(R2,C?), (35)
and
UV — Yoo strongly in L (R? C?), for 2 <p <4, (36)
U = Voo weakly in L*(R% C?), (37)
as n — oQ.

The strong H'/?-convergence of Palais-Smale sequences is a priori prevented by the
invariance by translation of the functional, and by the presence of a critical nonlinearity.
More precisely, we need to prove strong convergence in the L* norm.

Proposition 4.2. Assume

Un — Voo , strongly in L*(R?,C?), (38)
then

U — Voo strongly in HY/?(R?,C?). (39)

Proof. We claim that
[V P00 = Voo * Voo » strongly in L*/3(R2,C?). (40)

Preliminarily, observe that, up to subsequences,

[Yn|? = |¥sol?, strongly in L?(R?,C*%). (41)
Indeed, the sequence is bounded in L? as [||tn[?||12 = [[¢n]24 < C, uniformly in n € N.
Then [/|? = |thoo|?, weakly in L. Moreover, [[[tn[?[[z2 = [[¥nllZ:e = [¥ooll7e = [¢oolll 2,

by (38), and the L? strong convergence follows.
There holds

‘||wn|2wn - |71Z)00|2¢oo||L4/3 < |||¢n|27pn - |¢n|27/)ooHL4/3 + |||¢n|2¢oo - |¢00|27:Z)00HL4/3
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The Hoélder inequality and (38) give
4/3 4
Hw)n|2¢n - |71Z)n|2¢oo||L/4/3 = /R2 ||¢n|27pn - |71Z)n|2¢00|3 dx

4 % _ 4 %
<<AJ%‘M><AJ% w@dﬁ (42)

gc(/RQ ywn—wmr‘dxf =o(1).

Similarly, by Holder and (41) we get

H\%\Q%O - ‘woo’21/}ooHL4/3 = / Hwn’2woo - ‘woo’21/}oo‘§ dx
R2

2 1 (43)

2 212 s 4 s
< (L = tompPar) ([ ottan)” =ot).
R2 R2

This proves (40) and thus (39) follows, by (34). O

Proposition 4.3. The spinor 1o, € H/?(R?,C?) is a weak solution to (1).
Proof. Take ¢ € C°(R2,C?). Since v, is a Palais-Smale sequence for £, we get
0(1) = <d£w (¢n), SD>H’% XH%
(44)

:/ <wn,Dso>dx+/RQ<(mag_w)%,@d:ﬂ_/w o2, o) dit.

R2
By (36) we easily get that the first, second and third terms on the right-hand side of (44)
converge to [po (oo, D @) d, [po((mog — W)Yo, ) d, [pe V00 |? (Yoo, @) dz, Tespectively, as
n — 00. O

Choose S € Z,S # 0 and consider a Palais-Smale sequence (1), for L, restricted to
the subspace Eg of symmetric spinors of the form (4). This ansatz breaks the invariance
by translations and allows to prove that the only possible concentration point is given by
the origin, as shown in the following

Lemma 4.4. There exists v > 0 such that
[t de > ool dz + 0, in M(R?), (45)
where &g is the delta measure concentrated at the origin.

Proof. By [32, Theorem 5] there exists a (at most countable) set of distinct points x; € R?
and of numbers v; > 0, j € J, such that

[l dx = | da + D v, i M(R?), (46)
JjeJ
where the J,; are delta measures at x;. We claim that [J| = 1 and the only concentration

point is = 0. Indeed, observe that spinors of the form (4) are invariant by the following
St-action. Given @ € [0,27), there holds

iS50 iS(p+0)
Ro(p(r, ) = (e 0 6_i(s+1)9> (iug;(;gfﬁg(wa)) =1(r, ). (47)

Then, given a point z; # 0 in (46), by (47) Rpx; # x; is also a concentration point, Ry
being the counterclockwise rotation of angle § in R?. But this contradicts the fact that J
must be at most countable, and (45) follows. O
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Remark 4.5. Observe that if v = 0 in (45), by reflexivity we get strong convergence v, —
Voo in L4(R2,C?), as in that case we have weak L* convergence and convergence of the
norm, i.e. ||{nllra = ||¥sol| 11, as n — oco.

However, again by (45), for any £ > 0 there holds
Pn = Voo strongly in L*(R? \ B., C?). (48)
Combining this fact with (36) we can prove strong L?-convergence.
Proposition 4.6. There holds
Un — Voo , strongly in L*(R?,C?), (49)
as n — oo.

Proof. By (36), we only need to prove that strong convergence holds in L?(R?\ Bg, C?),
for any R > 0, exploiting (48).
To this aim, recall that being a Palais-Smale sequence 1, verifies

Dineo Un = [Un|*n +0(1),  in H 3(R2,C2). (50)

Fix R > 0 and take a smooth function f € C*°(R?) with supp f C R?\ Bg, 0 < f < 1 and
f =1on R?\ Byg. Observe that

fDm,w - Dm,w f + [fa Dm,w] 5

where the commutator [f, Dy ] = —io - Vf is supported on Bog \ Br. Then by (50) we
get

Dino(fn) = —1f, Dancolton + Flton|*n +0(1),  in H 2(R2,C2),

Similarly, since 1o is a weak solution to (1) there holds

Din o fhoo) = —[fs Dol oo + flthoo*tooe,  in H™3(R2,C2).

Arguing as for (40), one gets f|vn]?Yn — fltso|?Yoo strongly in L%, as n — oo. As
remarked, the commutator [f, Dy ] has compact support and so by (36) we also get

[fs Dmnwlttn = [f, Dmw|¥oo strongly in L%, as n — oo. Then, inverting Dy, ,, in the above
equations we finally get f1), — f1s strongly in L? and the claim follows. O

The result in (45) can be rephrased in terms of a profile decomposition (see [32, Theorem
4]). If v > 0 in (45), then there holds

U = oo + VAV Mn(- = 20)) + 7 (51)

where z,, € R?, #, — 0 and )\, — oo. Here VU is a bubble as in (14) and r, = o(1) in

o> (R2,C?). The rescaled profile ¥ is peaking at the origin, preventing strong L* conver-
gence. The next result shows that it also carries part of the ‘energy’ of the Palais-Smale
sequence.

Lemma 4.7. Set ¢, := ¥, — ¥s. There holds

Lis(hn) = Lu(thoo) + Lo(ion) +0(1), as n — oo, (52)
where Lo(p) = % [o2(D @, o) dr — 1 [go || d, see Section 2.
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Proof. Recalling that v¥,, = ¢, + ¥, We have

£w(1/}n) = %/RQ<D(<)On+¢oo)a(Pn+woo> d.%'—i—%/ <(m03_w)(§0n+woo)7§0n+woo> dz

]RQ

1
45 [ lon+ el da,
R2

(53)
and then by (35), (36) and (49) we find
1
Lan) = [ (Donn) + (Duestiochdot 5 [ (may ), ) d
R2 R2
; (54)
— 3 [ lon etz o),
4 Jgo
as n — 00. Moreover, by the Brezis-Lieb lemma [12] there holds
/ ]cpn+woo\4dx:/ ]cpn\4dx+/ oo | d + 0(1), as n — 0o,
R2 R2 R2
and combining it with (53) we get (52). O

We are now in a position to give the following compactness result.

Lemma 4.8. Let (¢¥,), € Eg be a Palais-Smale sequence for L, at level ¢ > 0, i.e.
c< p(S):=(2S+1)m, (55)

then (Yn)n is compact in H%(RQ,CQ).

Proof. We argue by contradiction, assuming (55) holds and v, is not compact in H 3. Then
U, 7> Voo, Where 1) is its weak limit (see (35)). Then by Prop. 4.2, 1, /4 ¥ in strong
sense in L*, so that v > 0 in (45).

Combining the profile decomposition (51) and (52) we get

Loy(Vn) = Lo(Woo) + Lo(WV/ ATV (A (- — zp)) +10) +0(1).
Since 1o is a weak solution to (1), there holds Ew(%o = 1 Jp2 [¥sc|*dz = 0. Recall

that the two terms in Ly are invariant by translations and scaling (see (12)), and then

Lo(VAYAn(- — 1)) = Lo(¥). We thus find
50(\/)‘771\1’()‘71(' —an)) +1n) = %/
/ VAT O (- = ) + |t dz + 0(1)

using the fact that r, = o(1) in H 2. Moreover, by the Brezis-Lieb lemma [12] we get

/|\/ WO (- —zp)) + |t de = = /|\If|4d:n—|— /|rn| dzx + o(1)
:_/ W[ da + o(1).
4 Joo

Then, by the above observations and using (15) we conclude that

liminf £,(¢n) > lim [£0(¥) + Lo(ra) + o(1)] = B(S),

(57)

contradicting the assumption (55). O
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5. PROOF OF THEOREM 1.2

In this section we give the proof of the main Theorem (1.2). For the convenience of
the reader we divide the proof into different steps, so that it will be achieved combining
Proposition 5.3, 5.6 and 5.9.

5.1. Existence of solutions. The results of Section 3 show that finding a critical point of
L, is equivalent to the same problem for the dual functional £f,. This allows us to exploit
the fact that the latter possesses a mountain pass geometry (see e.g. [34]).

Lemma 5.1. There exists p > 0 such that

inf{L%(p) = ¢ € LY3(R?,C%), [lp]lpas = p} > 0. (58)
Moreover, given ¢ € L*3(R?,C?) such that Sz (w0, Aup) > 0, there holds
tilglooﬁ (tp) = —o0. (59)

Proof. Recall that £3(¢) = 3[4 |g0| 8 dz— 3 [po{p, Awip) dx so that by the Sobolev embed-

ding
[ to o] < el g ol
< el 4l Awpllwas < llel? 4
so that (58) follows for p := HgoH 143 small. Moreover, (59) easily follows since for a fixed
¢ € LY3(R?,C?) with [5, (¢, Aup) > 0, there holds
* 3,4 1 2
Li(tp) = 713 !w!3dw—§t o Awp)de, 20
O
The mountain pass level for £} is defined as
Cw = inf { m%XEZ(tgo) @€ L4/3(R2,(C2),/ (p, App)dxz >0 } (60)
= R2
It can be easily shown that
1 (fpe el da)? 4/2 (2 2 / }
o i=inf{ = o e LY2(R?,C?), JApp)dr >0y,
3 Rt g 2 € 27, [ o)
Set )
1 (Jpa el da)®
J(p) = Jee (61)

Z (fR2 Re<907 Aw<p> dx)Q
According to the compactness analysis described in Section 4, we need to find a suitable
test spinor ¢ € L*3(R?,C?) such that

J(@) <8,

where £ is the lower bound for the energy of the bubbles. This allows to recover compactness
of Palais-Smale sequences and to get the existence of a critical point of L.

In what follows we fix S € Z\ {0} and consider spinors of the form (4), accordingly. We
assume S > 0, as the case S < 0 follows by the same arguments. In this case the bubbles
are given by (14), so that the threshold energy becomes 3(S) = (25 + 1), see (15).



12 W. BORRELLI

Lemma 5.2. There exists a spinor $ € L*3(R2,C*) of the form (4) such that

J(@) < B(S)=2S+)m (62)
Proof. Consider the bubble ¥ in (14). Given £ > 0 define
Yela) = 0 V(afe),  w R, (63)

where § € C2°(R?), 0 < § < 1, is a cutoff function supported in B(0), with n = 1 on By(0).
Define

() == D)e(x), zeR?. (64)
Our aim is to show that we can choose p = ., for suitable 0 < ¢ < 1.
Step 1: estimate of the numerator. Recalling that D ¥ = |¥|>¥, we have

lpo? = (e 0D W(a/e) — (0 - VO)U(a/e)
= e 202|0(z/e)|° + | VO T (x/c) 2

(65)
+ 26710\ (2 /¢)|? Re(¥ (z/¢), (—io - VO) U (x/e)),
=0
where the last term vanishes as the matrix —io - V6 is skew-hermitian.
On B3(0) we have
|l? < 72| (a/e)|® + VO] [¥(2/e)]?

<e 2 U(x/e)8 (1+ VO[T (x/e)|74) .

The elementay inequality (1 4 t)% <1+1t3,t>0, gives on By (0)
peld < emEw(a/e) (1423 V0P w(a/2)] 7 F)
= 8| U(a/e)|" + VO (/e
Observing that ¢. is supported on B3(0) and supp VO C By(0) \ B1(0) we find
[lediar<et [ pueltasc [ oo
R2 B>(0) Bs\B1
:g%/ \\I/\4dx+052/ 0|3 da,
By S
—_——
=0:(1)
as U € L3 for S # 0, see (14). Then there holds
/ ]@5]% do < &3 / | Ut dx + 0-(1) = 4(2S + 1)715% +o(e?).
R2 Ba
by (15), so that
3
</ PRk dm) <4325 +1)373e2 + 0(c 7). (66)
R2

Step 1: estimate of the denominator. Recall that A, = (D+mo3 — w)~! and let 7. be
defined setting

AWSDE = ¢€ + e, (67)
so that
Ne = Aw(w - m0'3)7/)e . (68)
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There holds

/ Re(gos,Awg0€>dx:/ Re(gpe,iﬁs)daz—i—/ Re(pe,ne) dx . (69)
R2 ]R2 R2
By (64), we have

/ Re(pe, ¥e) dx = 62 Re(e 1 DU (x/e), ¥(x/e)) da

R2 R2

+/ O Re(—i(o - VO)Y(z/e),V(x/¢e)) dx,
R2 ~

the matrix —i(o - V) being skew-hermitian. Then we find, by the definition of 6,

/Re(we,w€>dx:/ 5162]\I/(m/8)\4dx2/ afl\ﬁl(x/s)]‘ldx.

B1

Observe that

81/ \\Il(x/s)]4dx:€/ \\II\4dx:€/ \\Il\4dac—€/ | U |t da
B B R2 R2\B,

By (14) we deduce that |¥[* ~ 7~45+1) as 1 — oo, so that passing to polar coordinates we
find

o
/ [Tt da < / r45 3 dr = O(e*51?)
RA\By :
and then we get

/ Re(gpe,1p.) da > ¢ / U(z/e)[! dz + OESH3) = 4(28 + Den + O(ESH) . (70)
RQ RQ

We now turn to the second term on the right-hand side of (69). By (68) and (67) we find

/ Re(pe,ne) dx = / Re(Ay e, (w — mo3).) dz
R2

R2
- / (e, (w — mos)e)) da + / (e, (w0 — mo)e) de.
RQ RQ

Observe that supp 1. C Bs, so that elliptic estimates for the Dirac operator (see (68)) and
the Sobolev embedding give

< Cllnel 4., 115

[t = oy

= ‘/320757 (w —mas)ie) do

< C\Ingllwl,g(&)\|¢s||L4(Bg) < C||71Z)6HL4(BQ)||71Z)6HL%(BQ)'

Since ¢ () := 0(z)¥(x/¢)
21
e el 5 ) < B I 105

so that

/ (e, (w — mo3)Y.) dz| = o(e?).
R2
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Moreover, there holds

/R2(1/16,(w—m03)¢5>>dx:52/ﬂ§2<\11,(w—m03)\11>>dm—(’) EQ/R W[ da

\By
= 52/ (U, (w —ma3)W)) dz + o(e?),
R2
as W € L? (see (14)). Combining the above observation and (70) we get

/ Re{pe, Awpe) do > 4e(2S + 1) + 52/ (¥, (w—mo3)V)) dx + 0(53) ,
R2 R2

and then

2
(/ Re(pe, Awpe) dm) > 4262(25+1)27T2+6325(2S+1)2772/ (U, (w—ma3)¥)) de+o(e?)
R2 R2
(71)
Assume
M:= [ (¥, (w—mo3)¥))der >0. (72)
R2
Then, by (66) and (71) we find
T < X 43(28 + 1)373e2 + 0(e 3 )
7o) S L4225 + 1)202e2 + 25(28 + 1)272MeB + o(e9)
< (25 +1)m,
for € > 0 small, thus proving (62).

4
1+o(e3)
1+2eM +o(e)

=25+ )7

Suppose now M < 0 (see (72)). In this case we modify the test spinor (64) and set
e = 0(x)o3V(x/e),
where o3 is the third Pauli matrix, see (6). Observe that o3 is hermitian, unitary and
anti-commutes with D, that is
D 03 = —03 D s
so that D(03¥) = —|¥|?03V¥, where VU is one of the bubbles in (14). It is not hard to see
that (66) still holds. Concerning the denominator in (61), observe that

/ Re<<p5,1/1€>dx:—/ 8_102]\11(36/6)\46136:—52/ Ut dz 4+ O 82/ |U[* da
R2 R2 R2 R

2\B1
€

_ —52/ [ da + (=),
R2
as ¥ € L?. Moreover, we still have

/ (e, (@ — mos)pe)) da = & / (W, (w — mos) ) d +o(c?)
RQ ]RQ

=M<0

and )
(/ Re(pe, Awpe) d:c> = 42c%(25 4+ 1)*7? — 2°(28 + 1)?7° Me® + o(?),
RQ
so that, similarly to the previous case, we get

1+0(5%)

Tlee) < 5+ DM o

< (25 +1)m,
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for € > 0 small, as now M < 0. O

Proposition 5.3. Let S € Z, S # 0. Then the functional L, has a non-trivial critical
point in the subspace Eg C HY?(R?,C?) of spinors of the form (4). Such spinor is a weak
solution to (1).

Proof. Let ¢ be the minimax level of the dual functional £}, defined in (60). By Lemma
5.2 there holds ¢ < ((95), so that Lemma 4.8 and a standard deformation argument (see,
for instance, [34, Theorem 3.4]) give the existence of a critical point for L. Moreover, by
Lemma 3.1 this corresponds to a critical point of L, which in turn is a weak solution to
(1) as the latter is the Euler-Lagrange equation of the functional. O

5.2. Regularity. Since the nonlinearity in (1) is Sobolev-critical, regularity does not follow
by standard arguments and one needs a more refined bootstrap argument, as in [9]. To our
knowledge, the basic idea behind that proof can be traced back to [24].

Observe that

_ 2 2
(D—i—mag—w)(D—i-mag—i-w):( Atm® —w 0 >

0 — A4+m? — w?
Lemma 5.4. Fizp > 1. Let ¢ € LP(R?,C?) be a distributional solution to
(D +mos —w)yp =0, m>0,w e (—m,m). (73)
Then ¢ = 0.
Proof. Let ¢ € LP(R",C") be a distributional solution to (73), i.e.,

/ (W, (D+mos —w)y)de =0,  Vx € C(R?,C?). (74)
RQ
Then 1 is also a distributional solution to (— A +u?)y = 0, with p? = m? — w?, as

[ a0 de = [ (0.(D+moy—w) [(Dtmoy + ) de =0, ¥y e CRERACY).
R2 R2

€C*(R2,C?)
Then the claim follows by [25, Lemma 9.11]. O

We use the above lemma to rewrite (1) as an integral equation. The Green’s function T’
of the Dirac operator D is given by

F(x_y) :(Dm—Fng—FW)G(x—y), CE,yER2,CC7£y, (75)

where G(x — ) is the Green’s function of the operator (— A +u?), with y? = m? —w?. One
easily checks that this function satisfies for each fixed y € R? the equation
(Dy+mos +w)l'(x —y) =d(xz —y)lo in RZ (76)

in the sense of distributions. The function G(z — y) is given by

1
Gz —y) = 5 Ko(ulz = yl), z,y Rz £y,

with Ky denoting the inverse Fourier transform of (|¢|2 + p?)~! | i.e., the modified Bessel
function of second kind of order 0 [1, Section 9.6]. Then one sees that

D(x) ~ |z|7t, asx — 0 (77)
and

T _x
C@)| ~ [Ko(@)] ~ [ 5-e™ s faf = o0, (78)
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so that it belongs to the weak-L? space,

I € L>*(R%,C?). (79)
Lemma 5.5. If ) € L*(R? C?) solves (1) in the sense of distributions, then
o =T ([9]*y). (80)
Proof. Since v € L*, [1)|?y € L3 and therefore, by the weak Young inequality,
bo=Tx ([9*)

satisfies
) € LY(R%,C?),
as I' € L»*. Moreover, it is easy to see that
(D+moz —w) = [¥*¢  in R
in the sense of distributions. This implies that
(D +mos — w)(¥ — 1) =0 in R?
in the sense of distributions and therefore, by Lemma 5.4, 1) — ¢ = 0, as claimed. U
Proposition 5.6. Any distributional solution 1 € L*(R?,C?) to (1) is smooth.

Proof. Notice that the nonlinearity in (1) is smooth, so that we only need to show that
1 € L*°(R?,C?). Then smoothness follows by standard elliptic regularity theory.

We first prove that
Y e L'(R?,C?), for all 4 < r < oc. (81)

We claim that there exists C' > 0 such that for all M > 0 there holds

Sy = SUP{‘/RQW,SDM@“

e

and by density and duality, u € L".
Fix M > 0 and let € > 0 to be determined later. Notice that for any 0 < d <

el <1, el < M} <0, (2)

so that

el <1, SDGLM} <0,

fe =10 Ly

is bounded and supported on a set of finite measure. We have

Il = fol2 = / ltde < e
{l|<83U{ || >p}

for suitable 6, > 0, since ¥ € L*. Set g. := |¢|> — f. and consider ¢ € L™ N L*3 such
that ||vll,» <1 and |lv]l43 < M.
Then (80) gives

[ worde = [ (@x ) dot [ (00000 do.
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Fubini’s theorem allows to rewrite the second integral on the right-hand side :

/ (T % (g:0), ) dir = / d { / T — )(g: (1) (y))dy, o)
R2 ]R2 R2
_ / dy / de (9. (9) (), (& — y)o(@)) (83)
]R2 R2
=/ (g0, T x ) dy .
RQ

Arguing similarly, recalling that ¢ = T' * (|{)|>), we the last integral can be rewritten so
that

[ worte= [ g+ [ o, (59
R2 R2 R2
where

Xe = W}‘ZF *(g:(I' * ¢)) - (85)
Define s := % Then we can now estimate the first integral in (84) using the Holder and

Young inequalities

/ (T (fou), ) do
RQ

<+ (Fed)lrllellr < ATll2,00 L F2400 s ol

< Gls00ll fell = Nlullsliellr < Ce .

4—s

(86)

Notice that the constant C. does not depend on M, but only on ¢, r, .
The second integral on the right-hand side of (84) can be bounded as follows. By (85)
and Holder and Young inequalities, we get

Ixeller < N [l21IT # (92 (T * @)l < M1z 1T l2,00]lge (T % @) 1
%22l ll2,00lge 12T * @l < M1 l2l1T 113 00 llge 121l (87)
C'llgell2llell
the constant C’ > 0 depending on 1. Similarly, we get
Ixellas < M Pll2lIT * (g (T * @)l < Nl lIT 2001195 (T * 0)llass
P12 T 13,00 ll9e 210G+ @)lla < M I2NT 13 00 e N2l 2l (83)
< C'lgell2llllays -
Estimates (87) and (88) give

[

by (82). Choosing ¢ = (2C’)~! and taking into account (86) we obtain

[ sas

where C” equals the constant C. for ¢ = (2C")~!. Taking the supremum over all ¢ we have

<
<

< C'gells/2Sm < C'eSr,

1
< CH_" §SM,

1
Sy <’ + §SM — Sy < 20”,
thus proving (81). Recall that by (80), we have
vie) = [ T plwmPei)dy.

and since we can write I' as the sum of a function in L? and one in LY, for some 1 < p <
3 < q, by the Holder inequality we get 1 € L. O
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5.3. Exponential decay of solutions. We conclude the proof of Theorem (1.2) showing
that the solutions to (1) found in Section (5.1) have exponential decay at infinity. Let
¢ € L*(R% C?) be a distributional solution to (1), then by Proposition 5.6 such solution
is also smooth. Moreover, the proof of such result shows that ¢ € LP for all p € [4, ]
so that, using the properties of the Green function I' in (75) we can also prove that 1 is
Holder continuous.

Lemma 5.7. Let ¢ € L*(R%,C?) be a distributional solution to (1). Then 1 € C%* for
some « € (0,1)

Proof. Let z,z € R? with x # 2. Then by (80) we get

ota) = (2] = | [ (00 =) = 1= )l Po

Take r = |z — z|, and split the above integral as follows

/ (Pl — ) — Tz — )b ()Ply) dy
Bay (z)

(89)

+ =I+1II.

Lo =y - TGl o) dy
R2\ Bz, (x)

By the choice of the radius r we see that By.(z) C Bs,.(z) so that the first term can be
estimated as

1< [ we-plb@Pw s+ [ TE-plvwPiwd.  ©0)
Ba,(x) Bz, (z)
Then, since ¥ € L* for all s € [4,00] and using (77) we get
/| el <0 [ eyl el dy

Bar(x)
p—1

__p_ P
< Cl[Y] e </ |z —y| 7T dy)
Bar(x)

p—1

p
< Ol / |7 duw
B (0)

p=2
< COlpllpere=T,

where we have used the Holder inequality with p > 4 . The other integral in (90) can be
estimated similarly, and thus

p=2
I <ClWllpere=t,  p=4. (91)

We now turn to the second integral in (89). Observe that if y € R?\ By, (), then y # =
and y # z so that we can apply the mean value theorem and get the existence of a point
wy on the segment between y —x and z — y so that

P(z —y) =Tz —y)| < |VE(wy)[z — 2.
By (78) we see that
IV (wy)| < Cly —2|™,  yeR*\ Ba(z),
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and then, arguing as for (91), we can estimate

IT < Cr/ lz — y|2[Y(y)| dy
R2\ Bz (z)

g—1

a 92
<c%wwuq</’ mw2dw> (92)
R2 \BQT (0)

< C|[¢|| par® 27T

where ¢ > 4. Then the claim follows combining (91) and (92), by the arbitrariness of
pq =4 O

The above result implies, in particular, that ¢ is uniformly continuous and thus tends to
zero at infinity.

Lemma 5.8. Let ¢ € LP(R2?,C?) N C%Y(R2,C?) for somep >1,0<a < 1. Then
lim ¢(z)=0. (93)

|z| =00

Proof. Suppose (93) does not hold. Thus there exist ¢ > 0 and a sequence of points
(70)n € R2, with lim,, o |7,| = 00, such that

()| = €, Vn eN.

By uniform continuity there exists § > 0 such that

3 .
W@ >S, e <6
so that ”
/ WPde > =2, VneN,
|z—xn|<d 2p
contradicting the fact that ¢ € LP. O

Assume that 9 is a smooth solution to (1) of the form (4). Plugging such ansatz into (1)
we get the following system for (u,v):

S+1
u + + u= (u?+v*)v - (m—w)v
. (04
v — Zv=—(u? +v*)u— (m+w)u
r
where the v/ := le—;f, v = g—:.

Proposition 5.9. Let ¢ € L*(R% C?) N C>(R?,C?) be a solution to (1) of the form (4).
Then there holds 1¥(0) = 0 and

[(r, 0)? = u?(r) + v2(r) < Ce Vm—er r>0,60¢eSt, (95)
for some constant C > 0.

Proof. Define f := u? + v2. Observe that the singular terms in (94) and the smoothness
of 1 imply that u(0) = v(0) = 0, i.e, (0) = 0. Moreover, observe that by Lemma 5.7 and
(93) we know that

lim w?(r) +v%(r) =0. (96)

r—00
By a direct calculation, we get
S+1

S
fl=—-"""u?+ =0 = 2muv,
r r
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and

2 2

(wv)' = _1;_1) + (v* —u?)(u? 4+ v?) — (m — w)v* — (M + w)u?.

Then a straightforward computation gives
f(r) = 2m(m — w)v?(r) + 2m(m + w)u?(r) + V(r)(w?(r) + 0*(r)), (97)

where lim,_, V(r) = 0 by (96). Given 0 < € < 2m(m — w), take R. > 0 such that
V(r) > —e for all r > R.. Then the function

g(r) == f(r) = f(Re)eV2mim=e)=et=le) -y > R
verifies g(R:) = 0, lim, o g(r) = 0 and
g'(r) =2 @m(m —w) —e)g(r), >R
Then the maximum principle gives g(r) < 0, for all r > R., so that we find

fir) < f(Re)e™ Vv 2m(m-—w)—e(r—He) for r > R, .
By continuity, we conclude that there exists a constant C. > 0 such that
flr) < C’Ee_(\/m)r , for r > 0. (98)
Equation (97) can be rewritten as
—f"(r) + K f(r) = G(r),r >0,

where k? = 2m(m — w) and G(r) = =V (r)[(1 + 4mw)u?(r) + v*(r)] for which a decay
estimate analogous to (98) holds. Recall that f(0) = 0, that is, f verifies Dirichlet boundary
conditions, so that applying the Green’s function one finds

fr)= _% OOO G(p) (e—klr—p\ + e—k|r+p\) dp.

Then (95) easily follows. O
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