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Abstract

We consider a strongly nonlinear differential equation of the following
general type

(®(a(t, z(t)) 2" (1) = f(t,x(t),2'(t)), ae. on[0,T]

where f is a Carathédory function, ® is a strictly increasing homeomor-
phism (the ®-Laplacian operator) and the function a is continuous and non-
negative. We assume that a(t,z) is bounded from below by a non-negative
function h(t), independent of z and such that 1/h € L?(0,T') for some p > 1,
and we require a weak growth condition of Wintner-Nagumo type. Under
these assumptions, we prove existence results for the Dirichlet problem as-
sociated to the above equation, as well as for different boundary conditions.
Our approach combines fixed point techniques and the upper/lower solutions
method.

1 Introduction

Recently many papers have been devoted to the study of boundary value problems
(BVPs for short) associated to nonlinear ODEs involving the so-called ®-Laplace
operator (see, e.g., [B, B, [4 [9]). Namely, ODEs of the type

(2(2) = f(t,z,a"), (1.1)

where f is a Carathédory function and ® : R — R is a strictly increasing homeo-
morphism such that ®(0) = 0.

The class of ®-Laplacian operators includes as a special case the classical r-
Laplacian ®(y) := y|y|"~2, with » > 1. Such operators arise in some models,
e.g. in non-Newtonian fluid theory, diffusion of flows in porous media, nonlinear
elasticity and theory of capillary surfaces. Other models (for example reaction-dif-
fusion equations with non-constant diffusivity and porous media equations) lead
to consider mixed differential operators, that is, differential equations of the type

(a(z) d(2))" = f(t,2,2"), (1.2)

where a is a continuous positive function (see, e.g., [8]). Furthermore, several
papers have been devoted to the case of singular or non-surjective operators (see


http://arxiv.org/abs/1910.10802v1

[L, [6, [10]). Usually, these existence results stem from a combination of fixed
point techniques with the upper and lower solutions method. In this context,
an important tool to get a priori bounds for the derivatives of the solutions is a
Nagumo-type growth condition on the function f. Let us observe that, when in the
differential operator is present the nonlinear term a, some assumptions are required
on the differential operator ®, which in general is assumed to be homogeneous, or
having at most linear growth at infinity.

More recently, in collaboration with Cristina Marcelli, we considered two dif-
ferent generalizations of equation ([2)). In the paper [I5], it is investigated the
case in which the function @ may depend also on t. More precisely, the authors
obtain existence results for general boundary value problems associated with the
equation

(a(t,z(t)) ®(' (1)) = f(t,2(t),2'(t), ae.onl:=][0,T]

where a continuous and positive, and assuming a weak form of Wintner-Nagumo
growth condition. Namely,

£tz )] <v(alt,2) @) - (60 +v(t) ol 7). (13)

where v € L*(I) (for some s > 1), £ € L*(I) and ¥ : (0,00) = (0,00) is a
measurable function such that 1/1 € L{ (0, 00) an

> ds

el

This assumption is weaker than other Nagumo-type conditions previously consi-
dered, and allows to consider a very general operator ®, which can be only strictly
increasing, not necessarily homogeneous, nor having polynomial growth. Let us
also observe that the same equation

(a(t,x) ®(2")) = f(t,z,2)

was studied in [I3] 14] to obtain heteroclinic solutions on the real line.

On the other hand, in [7] possibly singular equations are considered, including a
non-autonomous differential operator which has an explicit dependence on t inside
®. Namely

(2 (k) x’(t)))/ — F(t,2(t), 2 (1)), acc.on T (1.4)

where the function k is allowed to vanish in a set having null measure, so that
equation (L)) can become singular. [7] assumed 1/k € L?(I) and look for solutions
in the space W1P(I), rather than C*(I,R). According our knowledge, very few
papers have been devoted to this type of equations, and just for a restricted class
of nonlinearities f (see [11} 12]).

In this paper we tackle a further generalization of equation (4], allowing also
a dependence on x inside ®. More in detail, we consider the BVP

(@(a(t,z(t))x’(t)))' — f(t (), /(1) ac.onl,
z(0) = v, x(T) = va.

(1.5)



where vy, € R, ® : R — R is a strictly increasing homeomorphism, f is a
Carathéodory function and a : I X R — R is a continuous non-negative function
satisfying the following estimate from below:

a(t,x) > h(t) for every t € I and every z € R, (1.6)

where h € C(I,R) is non-negative and such that 1/h € LP(I) for some p > 1.
Notice that, differently to other papers quoted above, here we do not require
the positivity of the function a, and thus the equation in (L) may be singular.
Consequently, as in [7], we look for solutions in W11(I).

For example, estimate (L6]) is verified when a(t, z) has a simpler structure of
a product or of a sum, as in the following special cases:

(%) if a(t,z) = h(t) - b(z), where h is continuous, non-negative and such that
1/h € LP(I), and b is continuous and such that infg b > 0;

(%) if a(t,xz) = h(t) + b(x), where h is continuous, non-negative and such that
1/h € LP(I), and b is continuous and non-negative.

Our main result, Theorem below, yields the existence of a solution of the
Dirichlet problem (LH) assuming a weak Wintner-Nagumo condition, similar to
the one in ([[3). Theorem extends in a natural way the main result in [7], in
the case when a(t,x) = k(t) does not depend on x. The proof is obtained by the
method of lower /upper solutions, combined with a fixed point technique applied to
an auxiliary functional Dirichlet problem (see Section [2). In Section [Bl we provide
some illustrating examples in which our main result can be applied.

Finally, in Section ] we consider different BVPs, such as the periodic problem,
Neumann-type problem and Sturm-Liouville-type problem, and with classical tech-
niques we derive existence results.

2 The abstract setting

Let T > 0 be fixed and let I := [0,T]. Moreover, let v1,v2 € R. Throughout this
section, we shall be concerned with BVPs of the type

(2(4.0) x’(t)))/ — F(t), ac.onl,
z(0) = vy, 2(T) = va,

(2.1)

where ®, A and F satisfy the following structural assumptions:

(H1) @ : R — R is a strictly increasing homeomorphism;

(H2) A: WhP(I) C C(I,R) — C(I,R) is continuous wrt the uniform topology of
C(I,R); moreover, there exist hq, ho € C(I,R) such that

(H2); hi,he >0 on I and there exists p > 1 such that
1/h1,1/hg € LP(I);

(H2)y hi(t) < Ag(t) < ha(t) for every z € WHP(I) and every ¢ € I;



(H3) F : WhP(I) — L(I) is continuous (with respect to the usual norms) and
there exists a non-negative function v € L*(I) such that

|F.(t)] < 4(t) for every o € WHP(I) and a.e.t € 1. (2.2)

Remark 2.1. We point out that, as a consequence of assumptions (H2); and
(H2),, for every x € WP(I) we have A, > hy > 0 and

/oT %(t) ar = /OT Aml(t) = /OT hll(t) d.

Since 1/h1,1/hg € LP(I), then the same is true of 1/A4, (for any x € W1P(I)).

In the sequel, we shall indicate by F the integral operator associated with F', that
is, the operator  : WP(I) — C(I,R) defined by

70= [ CFy(9)ds,

Remark 2.2. We observe, for future reference, that J is continuous from Wh? (1)
to C(I,R): this follows from the continuity of F' and from the estimate (holding
true for every z,y € WhP(I))

sup [F5 () = Fy ()] < [|Fo = Fy 1 (2.3)

Furthermore, assumption ([2.2)) gives
sup [T, ()] < |¥||pr, for every 2 € WHP(I). (2.4)
tel

Definition 2.3. We say that a continuous function = € C(I,R) is a solution of

the boundary value problem (21)) if it satisfies the following properties:
(1) 2 € WhP(I) and t — ®(A,(t)2'(t)) € WH(I);

(2) ((ID (Az(t) :c'(t)))/ = F,(t) for a.e.t € I;

(3) z(0) = 1 and z(T) = vs.

Remark 2.4. We point out that, if z € WP () is a solution of (2.1]), by condition
(1) in Definition (and the fact that ® is a homeomorphism, see assumption
(H1)), there exists a unique A, € C(I,R) such that

Az(t) = Az (t)2'(t) for ae.t € 1.
We shall use this fact in the next Section

The main result of this section is the following ezistence result.

Theorem 2.5. Under the structural assumptions (H1), (H2) and (H3), the boun-
dary value problem ZI) admits at least one solution x € W1P(I).

The proof of Theorem requires some preliminary facts.



Lemma 2.6. For every x € WYP(I), there exists a unique &, € R such that

T 1 . B B

Furthermore, there exists a universal constant co > 0 such that
€] < co  for every x € WHP(I). (2.6)
Proof. Let x € WP(I) be fixed and let

1
Ax ()

T
fz R — R, fx(§) :/0 O (E+ T, (1)) dt.

Since F, is continuous on I (see Remark [2.2]) and since, by assumptions, ® is con-
tinuous on the whole of R, an application of Lebesgue’s Dominated Convergence
Theorem shows that f, € C(R,R) (see also Remark [ZT]); moreover, since ® is
increasing, the same is true of f, and, by (Z4)), we have

27~ ) (/T PR IIOELCE
<o et o) ' ")

From this, we deduce that f,(§) — +oo as £ = +o00; thus, by Bolzano’s Theorem
(and the monotonicity of f;), there exists a unique &, € R s.t.

(2.7)

T
fm(fm) = /0 All(t) q)71(§x + Stz(t)) dt = vy — vy

We now turn to prove estimate (2.6). To this end we observe that, by (Z3) and
the Mean Value Theorem, there exists t* = ¢ € I such that

o1& + Fau(th)) - (/OT f@)dt) IR

as a consequence, we obtain

cvaier=ofon ([ s8] )

Now, by crucially exploiting Remark 2.1 we see that

(2 =) (/T o dt)_l = e =l (/T e dt)_l =

for every x € W'P(I); setting M := sup|_, ,; |®|, we get (see also (ZF))

€] < |60 + Fa(t)] + [T (t™)]

: "I’(% e (/OT o dt)_l)‘ +sup|3(1)]

< M+ 9l = co.

Since ¢p > 0 does not depend on z, this gives the desired (2.6]). O



We now consider the operator P : WhP(I) — W1P(I) defined by

Pu(t) =11 +/O All(s) O (& + Fals)) ds, (2.8)

where £, is as in Lemma We note that P is well-defined, in the sense that
P, € WHP(I) for every x € WP(I): indeed, assumption (H2)s and ([2.4) give

_ 1

#746 + 5,06)| < 7y 0 6+ )
ha(t)

thus, since 1/hy € LP(I), we conclude that P, € W1P(I), as claimed. Furthermo-

re, it is not difficult to see that the solutions of (2I) (according to Definition [Z3])

are precisely the fixed points (in W?(I)) of P.

Az(s)

In view of this fact, we can prove Theorem by showing that P possesses
at least one fixed point in W1?(I); in its turn, the existence of a fixed point of P
follows from Schauder’s Fixed Point Theorem if we are able to demonstrate that
P enjoys the following properties:

e P is bounded in WP (I);
e P is continuous from WP () into itself;
e P is compact.

These facts are proved in the next lemmas.

Lemma 2.7. The operator P defined in (Z8) is bounded in WP (I), that is,
there exists a universal constant c1 > 0 such that

|Pellwir <1 for every x € WHP(I).
Proof. For every x € WHP(I), by combining (Z.4) and (2.6]), we have
|€x + Fu(s)| < co+ ||Y|lpr =:m, for every s € I;

thus, if we set M = max(_, , |®~'|, we obtain (see assumption (H2);)

(& + fﬂv(s))’ < for every s € I, (2.9)

- h,l (S)

and the estimate holds for every x € W1P(I). With such an estimate at hand, we
can easily prove the boundedness of P: indeed, by (2.9]) we have
1

o= ([ |k

for every x € WLP(I); moreover, one has

WAMS{AT@M+At@@>

< TYP (] + M |1/ k| 1),

A (s)

P 1/p
ds) < M ||1/h1] e

ot (éz + 9}(5))

O (& + Fuls)) ’ ds)p dt}l/p




and again the estimate holds for every z € W1P(I). Summing up, if we introduce
the constant (which does not depend on x)

c1i=TY? (jvi| + M |[1/h1]| 1) + M ||1/ha]|» > 0,
we conclude that, for every o € WP(I), one has
1Pallwre = [[Palle + 1Pl < 1.
This ends the proof. O

Remark 2.8. It is contained in the proof of Lemma 2.7 the following fact, which
we shall repeatedly use in the sequel: there exists a constant M > 0 such that, for
every x € WP(I),

max ‘qu(gm + sz(t))‘ < M. (2.10)

We also highlight that, since the injection WP (I) C C(I,R) is continuous, the
boundedness of P in W1P(I) implies the boundedness of P in C(I,R): more
precisely, there exists a real ¢} > 0 such that

sup [P.(t)] < ¢}, for every z € WHP(I). (2.11)
tel

We now turn to prove the continuity of P.
Lemma 2.9. The operator P defined in (Z.8) is continuous on WP(I).

Proof. Let o € WYP(I) be fixed and let {z,}nenw € WLP(I) be a sequence
converging to zo as n — oco. We need to prove that P, — P, as n — oo.

To this end, we arbitrarily choose a sub-sequence {z,, }rew of {Tn}nen and
we show that there exists a further sub-sequence {xnkj }jen such that

lim Py, =Py in Whr(I).

j—o0

First of all, by (ZH), the sequence {§znk }ken is bounded in R; thus, there exist
an increasing sequence {k;};ew € IN and a real {; € R such that

& = Emnkj — & asj— oo

Moreover, since J is continuous from WHP(I) to C(I,R) (see Remark 22)), we
have J; := fr"xnk‘ — Fy, uniformly on [ as j — oco. Finally, since A is continuous

wrt the umform]topology of C(I,R) (by (H2)), one has

Aj = Ay, ~— Ag, uniformly on I as j — oc.
Gathering together all these facts (and reminding that ® € C(R,R)), we get

. 1 _
1

N Az, (t) O (& + Ty (t)) foraetel

(2.12)




From this, owing to estimate [ZI0) and Remark [Z] we infer that

I
Jggo A

Y&+ () ds
(2.13)

A 50 + Fuo(s)) ds  for every t € 1.
o

In particular, since we know from Lemma that

T

1

/ <I)_1(§j + fr"j(s)) ds =15 — 17 for every j € IN,
o Aj(s)

identity (ZI3) implies that

Oy + Fuy(5)) ds = vo — vy
Azo (S) ( Zo ( ))
thus, by the uniqueness property of &, in Lemma [Z8 we get § = &, As a
consequence, by exploiting the very definition of P (see (2.8))), identity (ZI3)
allows us to conclude that Pz, ~— Py, point-wise on I as j — oo.
J

To complete the proof of the lemma, we need to show that the sequence fPInk‘

J
actually converges to P, in W1P(I) as j — oo. To this end we first observe that,
by exploiting estimate (ZI0), for almost every ¢ € I one has

p D
» M

<.
Tome)

‘Ajl(t) O + T5(t) - Ami(t) D (Epy + T (1))

as a consequence, since 1/hy € LP(I) (by assumption (H2)), a standard application
of Lebesgue’s Dominated Convergence Theorem gives (see also ([Z12]))

lim ||P, -7,
jg{}ol\ T, Nl

T p

= lim dt = 0.
Jj—o Jo

e+ F5() - " (Eao + T (1))

40" .07

On the other hand, since P is bounded in C(I,R) (see Remark [Z]]), one has
[P, (1) = Pay (B[P < 2P ) for every t € I
J
thus, again by Lebesgue’s Dominated Convergence Theorem, we get
lggo ”:Pxnkj = PaollTs
T
= lim [P, (t) — Poy(H)|Pdt = 0.
j—o0 0 kj
Gathering together these facts, we conclude that [|P;,, —Pu,[lwi» — 0as j — oo,
J
and this finally completes the demonstration of the lemma. [l

Finally, we prove that P is compact.

Lemma 2.10. The operator P defined in [Z8)) is compact on WP (I).



Proof. Let {zy}new € WHP(I) be bounded. We need to prove that the sequence
{P:, }nen possesses a sub-sequence which is convergent (in the WP-norm) to
some function yo € WP(I).
Fist of all, since {&;, }ner is bounded in R (see (2.]), there exist a real £y and
a sub-sequence of {x, }nen, denoted again by {x, }nen, such that
lim &, =& and [€o0] < co. (2.14)
n—oo
Moreover, since {Z, }nen is bounded in WHP(I) and p > 1, there exist a suitable
function xg € W1P(I) and another sub-sequence of {x,, } e, which we still denote
by {2n}nen, such that x, — 2z uniformly on I as n — oo.
As a consequence, since the operator A is continuous with respect to the uni-
form topology of C(I,R) (by assumption (H2)), we have

Ay, — Ay, uniformly on I as j — oc. (2.15)
We now observe that, by assumption (H3), we have the estimate
F,, (t) < 9(t), holding true for a.e.t € I and every n € IN;

thus, {F,, }new is bounded and equi-integrable in L'. Owing to the Dunford-
Pettis Theorem, we infer the existence of a function g € L!(I) and of another
sub-sequence of {x, }nen, denoted once again by {z,}nen, such that

(x) lim FE, (s)v(s)ds = /0 g(s)v(s)ds for every v € L*=(I);

n—oo 0

() llgllzr < 9l
Choosing v as the indicator function of [0,¢] (with ¢ € I), we get

t
Fe, (t) = G(t) := / g(s)ds foreverytel
0

(2.16)
and  sup |§(4)] < ||| L1
tel
Gathering together (Z14), (ZI5) and (ZI6]), we deduce that
. 1 1
Jim .0 O (&, + T2, (1)
" 1 (2.17)
= (& + G(t)) forae.tel.
A et
From this, owing to (ZI4), (216 and Remark 1] we conclude that
d (& +5(t }< € LP(I) foraetel 2.18

and that, for every ¢t € I, one has

lim P, (¢) = lim {1/1 + /Ot A(; @71(&” + rfzn(s))}

n—00 n—00 xn)(s)

t
=1 +/ ! &1 (& + G(s)) =1 yo(t) forevery t e 1.
0



To complete the proof of the lemma, we need to show that the sequence {P,. }»
actually converges to yo in WHP(I) as n — oo.

On the one hand, by using estimate [2.I8) and by arguing exactly as in the
proof of Lemma [2.9] we easily recognize that

nll)ngo ||:P/zn - y(/)”Zzp =

= 1li f_t ! Fo (¢ 1 1! G(t pdt—O
= At e T O) gy o G )] =0

On the other hand, since P,,, — yo point-wise on I, from (ZI1]) we get
lyo(t)| <} for every t € I;
hence, by arguing once again as in the proof of Lemma [2Z.9, we conclude that

Jim [P, — yollZs

T
= lim |P..,, (t) — yo(t)|” dt = 0.
Summing up, P, — yo in WHP(I) as n — oo, and the proof is complete. O

Gathering Lemmas [2.7] and [Z10] we can prove Theorem

of Theorem[ZZ. We have already pointed out that a function z € WP(I) is a
solution of the boundary value problem (Z1)) if and only if x is a fixed point of
the operator P defined in (2.8]). On the other hand, since P is bounded, continuous
and compact on the Banach space WP(I), the Schauder Fixed Point Theorem
ensures the existence of (at least) one z € WP (I) such that P, = x, and thus the
problem (Z1]) possesses at least one solution. O

3 The Dirichlet problem for singular ODEs

In this section, we exploit the existence result in Theorem in order to prove
the solvability of boundary value problems of the following type

(@(a(t,:c(t))x’(t)))/ = f(t,x(t),2'(t)), a.e.onl,
z(0) = v, x(T) = va.

(3.1)

As in Section 2, I = [0,T] (for some real T > 0) and v, 2 € R; furthermore, the
functions ®,a and f satisfy the following structural assumptions:

(A1) @ : R — R is a strictly increasing homeomorphism;
(A2) a € C(I x R,R) and there exists h € C(I,R) such that

(A2); h >0 on I and there exists p > 1 such that

1/h € LP(I);

10



(A2) a(t,x) > h(t) for every ¢t € I and every z € R;

(A3) f:IxR?— Risa Carathéodory function, that is,
(%) the map t — f(t,z,y) is measurable on I, for every (z,y) € R?;
(%) the map (x,y) — f(t,z,y) is continuous on R?, for a.e.t € I.

Remark 3.1. As in Section 2 we point out that, as a consequence of (A2)1-(A2),,
for every (t,z) € I x R one has a(t,x) > h(t) > 0 and

T 1 L
OS/O o 2(0) ‘“S/o o)

for any measurable function = : I — R. Hence, t — a(t,z(t)) € LP(I).
We now give the definition of solution of the problem (B.IJ).

Definition 3.2. We say that a continuous function = € C(I,R) is a solution of
the Dirichlet problem (B.J) if it satisfies the following properties:

(1) 2 € WhI(I) and t — ®(a(t,z(t)) 2/ (t)) € WHH(I);
2) (@(a(t,x(t)) z’(t)))/ = f(t,2(t), 2 (t)) for almost every t € I;

(3) 2(0) = vy and z(T) = va.
If z fulfills only (1) and (2), we say that z is a solution of the ODE

(®(alt 2(0) 2’ (1)) = F(t,2(0),2' () (3.2)

In order to clearly state the main result of this section, we also need to introduce
the definition of upper/lower solution of the equation in (BI).

Definition 3.3. We say that a continuous function o € C(I,R) is a lower [re-
spectively upper| solution of the differential equation (B2 if

(1) « € WHI(I) and t — @(a(t, a(t)) o/ () € WHL(D);
2) (cp(a(t, a(t)) o/(t)))/ > <] f(t, a(t), /(1)) for almost every ¢ € I.

Remark 3.4. If z € WhH1(1) is a solution of the problem (B.I]), we denote by A,
the unique continuous function on I such that (see also Remark [2.4))

Az (t) = a(t,z(t)) 2’ (t) for ae.tel.

Notice that, as a consequence of condition (1) in Definition (and again of the
fact that ® is a homeomorphism, see (H1)), such a function exists.

Analogously, if « € W1(I) is a lower /upper solution of ([3.2)), we denote by
A, the unique continuous function on I such that

Aq(t) = alt,a(t)) o' (t) for ae.tel.

The existence of such a function follows from (1) in Definition

11



We are ready to state our main existence result.

Theorem 3.5. Let us assume that, together with the structural assumptions (Al)-
to-(A3), the following additional hypotheses are satisfied:

(A1°) there exists a pair of lower and upper solutions o, 3 € WLHL(I) of the diffe-
rential equation B.2) such that a(t) < B(t) for every t € I;

(A2’) for every R > 0 and every non-negative function v € LP(I) there exists a
non-negatiwe function h = hg . € LP(I) such that

[f (&2, y(0)] < hry (1) (3.3)

for a.e.t € I, every x € R with |x| < R and every function y € LP(I)
satisfying |y(t)| < v(t) a.e.on I.

(A3’) there exist a constant H > 0, a non-negative function u € L1(I) (for some
1 < g < ), a non-negative function | € L*(I) and a non-negative measu-
rable function ¢ : (0,00) — (0,00) such that

(%) 1/¢ € L (0,00) and /100 % dt = oo; (3.4)

) 1zl <e(|ot2))l) - (10 +u@l ) (35)
for a.e.t € I, every x € [a(t), 5(t)] and every y € R with |y| > H.

Then, for every vi € [a(0),5(0)] and every va € [a(T),B(T)], the (singular)
Dirichlet problem ([B.J)) possesses a solution x € WhP(I) C WHL(T) (where p > 1
as is assumption (A2)), further satisfying

a(t) <z(t) < B(t) for everyt e I. (3.6)

Furthermore, if M > 0 is any real number such that sup; |af, sup; |B| < M, it is
possible to find a real Ly; > 0, only depending on M, such that

max |z(t)| <M and max|Ag(t)| < L. (3.7)
tel tel

The main idea behind the proof of Theorem is to think of the Dirichlet
problem B1)) as a particular case of an abstract BVPs of the form ([2.1), and then
to apply the existence result contained in Theorem

Unfortunately, we cannot directly apply our Theorem[Z5] to the problem (B.1I):
in fact, in general, we cannot expect the (well-defined) functional

WUYP(I) 5 2w Fy = f(t,2(t),2'(t) € L*(I)

to satisfy assumption (H3) (or, more precisely, estimate (Z2)).

Thus, following an approach similar to that exploited by [10, [15], we introduce
a suitable truncated version of problem (BI]), to which Theorem can apply.
To this end, to simplify the notation, we first fix some relevant constants we shall
need for the proof of Theorem [3.5l henceforth, we suppose that all the assumption
in the statement of Theorem are satisfied.
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Let M > 0 be any real number such that sup; ||, sup; |8] < M and let H > 0 be
the constant appearing in assumption (A3’); moreover, we define

ap := max {a(t,x) : (t,x) € I x [-M, M]} (3.8)

We choose a real N > 0 such that

2M
N>max{H,T}~a0 and

O(N)-®(—N) <0 (with B(N) > 0);

(3.9)

accordingly, we fix Ly; > 0 in such a way that (see (B.4]))

®(Lum) q —®(=Lm) 1 q—1
min —ds,/ —ds} > |+ «(2M) "« . (3.10
UL 59 [ a0 > Ml + s (200)°5 - (310)

Notice that Ljy; depends on M (and also on [ and p), but not on «, 8 nor on v
and vo. Introducing the functions

voi=Lu/he LP(I)  and  §:=n0+ |+ 8] € L\(D),

we then consider the following truncating operators:

<
T W) — WD), T(2)(t) = a(t), if z(t) € [a(t), Bt)];
>

—4(@), if 2(t) < —4(8);
2(t), if|z(8)] <A(@);
A@), i =2(8) > 4().

We also consider the truncated function f* : I x R?2 — R defined by

D: LYI) — LY(I), D(2)(t) :=

f(t,B(1),8(t)) + arctan (z — B(t)), if z > B(t);
[t zy) =1 ft z,y), if z € [a(t), B(t)];
f(t,a(t), o/ (t)) + arctan (z — a(t)), if z < a(t).

By means of the function f* and of the operators T and D, we are finally in a
position to introduce a “truncated version” of the Dirichlet problem (B.1):

(<I> (a(t,ﬂ'(m)(t)) x’(t)))l = f* (t, z(t), ZD(‘.T(:I:)'(t))), a.e.on I,
2(0) = vy, 2(T) = va.

(3.11)

The next proposition shows that the “abstract” existence result in Theorem 2.5
does apply to the “truncated” Dirichlet problem BII)).

Proposition 3.6. Let the above assumptions and notation apply. Then, there
exists (at least) one solution x € WP (I) of the Dirichlet problem (B.I1)).

13



Proof. We consider the operators A and F' defined as follows:
A:WEP(I) — CO(I,R), Ay (t) = a(t, T(z)(t)),
FoWie(h) — LMD, Fa(t) = 1 (620, D(T@) (1))

By means of these operators, the problem ([B.I1]) can be re-written as

(2(4.) z/(w))' — F,(t), ac.onl,
z(0) = v, 2(T) = va.

We claim that A and F satisfy assumptions (H2) and (H3) in Theorem 251
First of all, since T is continuous with respect to the uniform topology of
C(I,R) (as is very easy to see) and since, by the choice of M, we have

—M < oa(t) <T(x)(t) <p({t) <M foreverytel,

the uniform continuity of a on I x [—M, M] implies that A is continuous from
WLP(I) (as a subspace of C(I,R)) to C(I,R). Moreover, by ([3.8) one has

Ay(t) =a(t,T(z)(t)) <ao for every x € W"P(I) and every t € I.
Finally, by assumption (A2), there exists h € C(I,R) such that
(x) h>0and 1/h € LP(I);
(x) Az(t) > h(t) for every x € WHP(I) and every t € I.
Thus, the operator A satisfies (H2) in Theorem 5] (with hs(t) = ag).

As for the functional F', by arguing exactly as in [7, Theorem 3.1], one can
recognize that it is continuous from WP (I) to L'(I) and that

|Fu(t)] < O(t) := hars(t) + g

for every x € W1P(I) and almost every t € I (here, h M,4 is the function appearing
in assumption (A2’) and corresponding to M and 4 = vy + |&/| + |5'|). Since,
obviously, © € L'(I), we conclude that F' satisfies (H3) in Theorem ZF]
Gathering together all these facts, we are allowed to apply Theorem to
problem ([B.I1), which therefore admits a solution x € WP (I). O

We now turn to prove that any solution of (B11]) actually solves (B)).

Proposition 3.7. Let the above assumptions and notation do apply, and let x €
WLP(I) be any solution of the truncated problem (B.II).
Then the following facts hold:

(i) a(t) < x(t) < B(t) for every t € I;
(i) supy |x| < M;
(iii) |Ax(t)| < Las for every t € I;

() |2’ (t)| < Lar/h(t) = vo(t) for a.e.t € I.
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Proof. Let x € WHP(I) be any solution of ([BII)). According to Remark 24, we
denote by A, the unique continuous function on I such that

As(t) = A(z(t) 2’ (t) = a(z, T(z)(t)) 2’ (t) for ae.t € 1.
Once we have proved that x(t) € [a(t), B(t)] for all ¢ € I, we shall obtain
Az (t) = a(t,z(t)) 2’ (t) for ae.t e l.
Let us then turn to prove statements (i)-to-(iii).

(i) Let us assume, by contradiction, that x(t) ¢ [«(?),3(t)] for some t € I;
moreover, to fix ideas, let us suppose that z(f) < a(t).

Since, by assumptions, 1 = 2(0) > «(0) and vo = z(T") > (T, it is possible
to find suitable points t1,%2,60 € I, with t; < 8 < t9, such that

(a) z(0) — a(f) = Iglé}l (z(t) — a(t)) < 0;
(b) z(t1) — a(t1) = z(t2) — a(ta) = 0 and = < « on (i1, t2).
In particular, from (b) we infer that T(z) = « on (¢1,¢2) and that
7 (t, (1), @(7(95)/(15))) = f(t,a(t), o/ (t) + arctan ((t) — a(t))
< f(t,a(t),d' (1)), for a.e.t € (t1,t2).

As a consequence, since x solves the Dirichlet problem @BII) and « is a lower
solution of the ODE ([B.2)), for almost every ¢ € (¢1,t2) we obtain

(2(A:0)) = (@ (a(t, 7() (1)) x’(t)))/

= (1), D(T@) (1)) < f(t,a),0'(1)) (3.12)

/

< (#(atea@)a'®) ) = (2(400))"
We now introduce the subsets I, I> of I defined as follows:
L:={te(t1,0):2'(t) < (t)} and IL:={te (0,t2):2'(t) > (t)}.

Since x < « on (t1,t2), it is readily seen that both I; and I must have positive
measure; thus, it is possible to find 7, € I; and 75 € I such that

(*x) 0 < ha(r) < a(r, a(ry)) for i = 1,2;
(%) Aa(m) = a(m, a(ry)) o/ (1;) for i = 1,2 (see Remark [B4);
(*) Az (1) = a(r, T(x) (7)) ' (13) = al1i, (7)) 2/ (1) for i = 1, 2.
From this, by integrating both sides of inequality (312]) on [r1, 6], we get
@(Az(G)) — @(a(ﬁ, a(ﬁ)) z'(ﬁ)) < @(Aa(t?)) — @(a(ﬁ, 04(71)) 0/(7'1));
hence, by the choice of 7y and the fact that ® is strictly increasing, one has

P(AL(0)) — @(Aa(d)) <O. (3.13)
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On the other hand, if we integrate both sides of [BI12) on [0, 2] we get

@(a(TQ, a(Tg)) x’(Tg)) - @(AI(G)) < (I)(G(TQ, a(Tg)) 0/(72)) — @(AQ(G))
and thus, by the choice of 75 and again the monotonicity of ®, we obtain
P(A(0)) — ®(Aalf)) >0,

This is clearly in contradiction with [I3]), hence z > « on I. By arguing analo-
gously one can prove that < § on I, and statement (i) is established.

(ii) By statement (i) and the choice of M, we immediately get
—M < a(t) <z(t) <p(Et) <M foreverytel.
(iii) We split the proof of this statement into two steps.

STEP I: We begin by showing that, if N > 0 is as in (89)), then

min | A (t)| < N. (3.14)

We argue again by contradiction and, to fix ideas, we assume that
Az (t) = a(t,z(t)) 2’ (t) > N for a.e.t € I. (3.15)

By integrating both sides of this inequality on [0, T], we get

/T Ag(t)dt = /T a(t,z(t))z'(t)dt > NT;
0 0

from this, by statement (ii), (8.8)) and the choice of N in ([B.3), we obtain (notice
that, by (B150), we have z/(t) > 0 a.e.on I)

T T
NT</ a(t,x(t))x'(t)dtgao-/ 2() dt
0 0
Z(VQ—Vl)-a():|V2—V1|'a0§(2M)'a0<NT.

This is clearly a contradiction, hence A, < N on I. By arguing analogously one
can also prove that Ay > —N on I, and (314) is established.

STEP I1: We now turn to prove statement (iii). To this end, arguing once again
by contradiction, we assume that there exists £ € I such that

‘Am (f)| > LM;
moreover, to fix ideas, we suppose that A, (t) > Ly;.

Since, by definition, Ly; > N, from Step I and Remark B.4] we infer the exis-
tence of two points t1,ts € I, with ¢; < ta, such that (for example)

(*) Az(tl) = N and Am(tg) = LM;
(xx) 0 < N < A, (t) < Ly for every t € (t1,t2);
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from this, by statement (ii), (B8] and the choice of N (see (89)), we obtain

N L
0<H<—<a(t)< Wj\t/[) = y0(t) <A(t) for a.e.t € (t1,ts). (3.16)
0

Now, by definition of D, we deduce from BI6) that D(z') = 2’ a.e.on (t1,t2);
moreover, by statement (i) and the definition of f*, we have

f*(t,x(t),D(‘.T(x)’(t))) = f(t,z(t), 7' (t)) for ae.t € (t1,t2).

As a consequence, since x(t) € [a(t), 5(t)] for every ¢t € I (by statement (i)) and
since 2'(t) > H > 0 for a.e.t € (t1,t2) (again by (316)), we are entitled to apply
estimate ([3.3]), which gives (remind that x solves (BI1]) and see (xx))

‘(@(Am(t)))/’ = ’(@(a(t,x(t))x’(t)))" — £t 2(t), 2 (1)
< v (|@(att ()2 (1)) - (10) + o) (' (1))

=v([o(A.m)]) - (1) + pt) (1) F)
(since, by (xx) and ([B3.9), we have ®(A,(t)) > ®(N) > 0)

- w(@(Am(t))) : (l(t) +ou(t) (x'(t))%) (a.e.on (1, t2)).

In particular, by exploiting this inequality, we obtain

®(La)  q P(Ax(t2))  q
/ LN / S
ovy  Y(s) oA () P(8)
I

b (A1) “ et
S/t(, MOV /t (105) + pu(t) (' (£)) 7 ) at

(by Holder’s inequality)

g—1

t1 7
<Nl + e ([0 ar)
to

< ltllpr + llllze - (2(t2) — 2(to))
(by statement (ii))
< Ulzy + llpllza - (2M)

g=1
q .

This is in contradiction with the choice of Ly (see (BI0)), hence A, < Ly on I.
Analogously, one can prove that A, > —Ljys on I and statement (iii) is completely
proved.

(iv) From statement (iii) and assumption (A2) we immediately infer that

L L
|2’ ()] < a(tizﬁt)) < W]f) =70(t) for almost every t € I,

and the proof is finally complete. [l
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By combining Propositions and 3.7l we can prove Theorem [3.5]

Proof (of Theorem [3J]). First of all, by Proposition[3.0] there exists (at least) one
solution 2 € W1P(I) of the “truncated” Dirichlet problem (B.I1)); moreover, by
statements (i) and (iii) of PropositionB.7] (and the very definitions of the operators
T and D), for almost every ¢t € I we obtain

(cp (a(t, x(t)) z’(t)))l - <<I)(a(t, T(2)(t)) z’(w))/
= 1" (L2, DT 1)) = F(t.2(t), (1))

Thus, z is actually a solution of the Dirichlet problem (BI). To complete the
demonstration of the theorem, we show that x satisfies (3.6]) and (B7]).

As for [B4), it is precisely statement (i) of Proposition B estimate (B.7),
instead, follows from statements (ii) and (iii) of the same proposition. O

Some examples. We close the section with a few illustrating examples, in which
we consider a generic function a(t, ) satisfying assumption (A2). We explicitly
point out that (A2) is verified, e.g., in the following special cases:

(1.) when a(t,z) has a product structure
a(t,x) = h(t) - b(x),

where h : I — R is a continuous non-negative function on I such that 1/h is
in LP(I) (for some p > 1) and b € C(R) is such that infg b > 0;

(2.) when a(t,x) is a sum
a(t,z) = h(t) + b(zx),
where h : I — R is a continuous non-negative function on I such that 1/h is

in LP(I) (for some p > 1) and b € C(R,R) is non-negative.

In the next Example B.8 the growth of the right-hand side f with respect the
variable y is linear, and this allows the choice ¢y = 1 in the Wintner-Nagumo
condition [B3A). Thus, condition ([X) does not require any relation among the
differential operator ®, the function a appearing inside ®, and f.

Example 3.8. Let us consider the Dirichlet problem

!’

(®(alt.2() /(1)) = o(B)(@(t) + p(t) + gla(t) o' (1)
z(0) = v1, 2(T) = va,

(3.17)

where ¢, a, o, p and g satisfy the following assumptions:
(x) @ : R — R is a generic strictly increasing homeomorphism;
(*) a € C(I x R, R) satisfies assumption (A2);
(x) o € L'(I) and o > 0 a.e.on I;
(x) pe C(I) and g € C(R, R) are generic.
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We aim to show that our Theorem can be applied to problem [BIT). To this
end, we consider the function f defined as follows:

f:IxR?* =R, ft,z,y) =o(t)(z+ p(t)) + g(x)y.

Obviously, f is a Carathéodory function; moreover, it is very easy to recognize
that f satisfies assumption (A2)’. Indeed, let R > 0 be arbitrarily fixed and let v
be a non-negative function in L!(I); setting

Mp := max |g],
[_R7R]

we then have

[f(t, 2, y(1)] < o(t) (R+[p(t)]) + Mp - 5(t) = hrs (),

for every z € R with |z| < R and every y € L' (1) satisfying |y(¢)| < ~(¢) for almost
every ¢ € I. Since the function hp . is non-negative and belongs to € L'(I) (by
the assumptions on o, p and 7), we conclude that f fulfills (B3] in assumption
(A2)’, as claimed.

We now observe that, setting N := maxy |p|, the constant functions

a(t):==—N  B(t):=N (fort el

are, respectively, a lower and a upper solution of ([B.2) such that @ < S on I[;
hence, assumption (A1)’ is satisfied. Furthermore, since we have

oyl < @N)o@) + ( max |g(@)]) Iy

z€[—N,N]

for every t € I, every |z| < N and every y € R, we conclude that f also satisfies
assumption (A3)’ with the choice (here, My := max_y v} |g])

H:=1, ¢=1, I{t):==2No(t), wpEt):=My and ¢g=oc.

We are then entitled to apply Theorem B8] which ensures that there exists (at
least) one solution of problem [BI7) for every fixed vq, vy € [N, N].

In the next Example we provide an application of Theorem for a rather
general right-hand side, with possible superlinear g rowth wrt u’.

Example 3.9. Let us consider the following Dirichlet problem

(2 (alt.2(0) @) = o0) - 9(a(0) -1/ ()]
w(0) = v, w(T) = va,

(3.18)

where ®,., a, 0, g and the exponent § satisfy the following assumptions:

(x) @, : R — R is the standard r-Laplacian, that is,
(€)= |¢|"2- ¢ (for a suitable r > 1);
(*) a € C(I x R, R) satisfies assumption (A2), that is,
e h>0on I and 1/h € LP(I) (for some p > 1);

o a(t,x) > h(t) for every t € I and every z € R.
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(x) o0 € L7(I) for a suitable 7 > 1 satisfying the relation

r—1

1
o <1 (3.19)
T p

(x) g € C(R,R) is a generic function;

(%) d is a positive real constant satisfying the relation
1 1

6§1——+(r—1)(1——). (3.20)

T p

We aim to show that our Theorem can be applied to problem ([B3). To this
end, we consider the function f defined as follows:

fiIxR*=R,  f(t,o,y):=0) glx)-|y°.

Obviously, f is a Carathéodory function; moreover, it is not difficult to recognize
that f satisfies assumption (A2)’. Indeed, let R > 0 be arbitrarily fixed and let
be a non-negative function in L!(I); setting

Mp := max |g|,
[_R7R]

we then have

[f(t 2, y()] < Mg - |o(t)] - (1(1))° =2 hr(t)
for every |z| < R and every y € L'(I) such that |y(t)] < ¥(t) a.e.on I. Now, by
combining (3I19) with [B.20) we readily see that

5 < (1 - %) P; (3.21)

from this, by Holder’s inequality (and the assumptions on o and ), we infer that
hr~ (which is non-negative on I) belongs to L'(I), whence f satisfies (A2)’. In
order to prove that also assumptions (A1)’ and (A3)’ are satisfied we first notice
that, if N > 0 is arbitrary, the constant functions

a(t) == —-N B(t) =N (fort eI

are, respectively, a lower and a upper solution of [B.2) such that @ < § on [;
hence, assumption (A1)’ is fulfilled. Moreover, by (.20) we have

-1
5§(T*1)+q—, where ¢ := TP

— > 1.
q p+7(r—1)

From this, setting My := max(_y,n1|g|, we obtain

g—1
[f(tz,y)| < My - [o(t)] - lyl° < My -|o ()] - [y~ - [y| ™=

= |®(a(t, )y)| - (W) |5

(since a(t,x) > h(t) for every (t,z) € I x R)
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for a.e.t € I, every x € R with |z] < N and every y € R satisfying |y| > 1. Thus,
if we are able to prove that

s O )
we can conclude that f satisfies assumption (A3)’ with the choice

_ My -lo(®)|

(At

and ¢ as above. On the other hand, the needed (B:22)) is an easy consequence of
Holder’s inequality, assumption ([BI9) and of the fact that 1/h € LP(I).

We are then entitled to apply Theorem B3] which ensures the existence of (at
least) one solution of the Dirichlet problem BI8) for every vy v2 € R.

H:=1, ¢(s):=s, I(t):=0, pt):

4 General nonlinear boundary conditions

The main aim of this last section is to prove the solvability of general boundary
value problems associated with the (possibly singular) differential equation

(2(alt,x(®) (1)) = f(t.2(t),a' (1)), aconl. (4.1)

(here, ®, a and f satisfy the assumptions (A1)-to-(A3) introduced in Section ().
As a particular case, we shall obtain existence results for periodic BVPs and for
Sturm-Liouville-type problems (associated with (1])).

To be more precise, taking for fixed all the notation introduced so far, we aim
to study the following general BVPs (associated with ([@.T])):

(2(alt,x(®) (1)) = f(t.20),2' (1)), aconl,
9(x(0), 2(T), A2(0), Ax(T)) = 0, (4.2)
#(T) = p(a(0)).

Here, w : R — R and ¢ : R* — R satisfy the following general assumptions:

(G1) p € C(R,R) and is increasing on R;

(G2) g € C(R* R) and, for every fixed u,v € R, it holds that

(G2); g(u,v,-,2) is increasing for every fixed z € R;
(G2), g(u,v,w,-) is decreasing for every fixed w € R.

We now state one of the main existence results of this section.

Theorem 4.1. Let us assume that all the hypotheses of Theorem[3.3 are satisfied,
and that g and h fulfill the assumptions (G1)-(G2) introduced above. Moreover, if
a, € WHP(I) are as in assumption (A1’), we suppose that

9(a(0), a(T), Aa(0), Aa(T)) = 0, 9(B8(0), B(T), As(0), As(T)) <0,
a(T) = p(a(0)) B(T) = p(B(0)).
(4.3)
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Finally, let us assume that the function a satisfies the following condition:
a(0,2) #0 and a(T,z) #0 for every x € R.
Then the problem ([EZ2) possesses one solution x € WLP(I) such that
at) < x(t) < B(t) for every t € I. (4.4)

Furthermore, if M > 0 is any real number such that sup; ||, sup; |8 < M and
Ly > 0 is as in Theorem B.H (see (BI0)), one has

rilealx‘x(t)’ <M and I?EaIX’.AI(t)’ < L. (4.5)

The basic idea behind the proof of Theorem H] inspired by the work of [3]
and already exploited by [I5], is to think of the boundary value problem [{2) as
a “superposition” of Dirichlet problems to which our existence result in Theorem

apply. Following this approach, we first establish a compactness-type result
for the solutions of the ODE (&1).

Proposition 4.2. For every n € N, let z,, € WHP(I) be a solution of

(@(a(t, z(t)) x’(t)))/ = f(t,z(t),2' (1)), a.e.on I. (4.6)

We assume that, together with (Al)-to-(A3), f satisfies assumption (A2') of Theo-
rem [3.0; moreover, we suppose that there exist M, L > 0 such that

sup |z, <M and sup|A,, | <L for every n € IN. (4.7)
I I

It is then possible to find a sub-sequence {xn, }kew of {@n}nen and a solution
29 € WLP(I) of the equation ([EI) with the following properties:

(1) an, (t) = zo(t) for everyt € I as n — oo;

(2) As,, (t) = Azy(t) for everyt € I asn — oo.

Proof. For every natural n, we set z,, := (@(Amn))/. Since x,, is a solution of (£.4),
by (@) and the fact that f satisfies (A2’), we have (see also (3.3])

|zn ()] = [ f(t, 2n(t), 2, (1)) < harq(t) forae.tel, (4.8)

where, hyr, € LP(I) is the function appearing in assumption (A2’) and correspon-
ding to M and vy = L/h. Moreover, again by ([@7]), one has
) ()] < = = () foraetel. (4.9)
T R()
As a consequence, both {z,}, and {2}, are uniformly integrable in L*(I). Then,
by Dunford-Pettis Theorem (see, e.g., [2]), there exist v,w € L*(I) such that, up
to a sub-sequence, o/, — v and z, — w in L'(I) as n — oc.
Now, since the sequence {z,(0)}, is bounded in R (again by (@7T)), we can
assume that x,(0) converges to some vy € R as n — oo; from this, reminding that
2!, — v in LY(I), we get

n—oo

zn(t):cn(O)Jr/O z,(s)ds — I/OJr/O v(s)ds =:xo(t) Vtel. (4.10)
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Notice that, by its very definition, xg satisfies the following properties:
(a) xo is absolutely continuous on I and z{, = v € L'(I);
(b) sup; |zo| < M (this follows also from (@7)) .

Thus, to complete the demonstration, we need to prove that xg is a solution of the
equation ([A6]) and that A, — Az, point-wise on I as n — oo.

First of all, since also the sequence {A,, (0)}, is bounded in R (again by (£.1)),
we can suppose that Az, (0) = 1 as n — oo for some v, € R; thus, since z, — w
in L1(I), we have

n—oo

®(As, (t) = (Aq, (0)) —|—/O 2l (s)ds — (b(ué)—i—/o w(s) ds.

As a consequence, by the continuity of ®~!, we obtain

n—oo

Ay, (1) — @71 (CID(V(’,) + /t w(s) ds) =:U(t) foreveryte I. (4.11)
0

Notice that, by definition, U € C'(I,R) and it satisfies
(a), ® oUW is absolutely continuous on I and (® o U) = w € L*(I);
(b), sup; |U| < L (this follows also from (7)) .

Now, since a is continuous on I xR, we derive from [@I0) that a(t, z,(t)) converges
to a(t,zo(t)) for every t € I as n — oo; thus, the above [II) (together with the
fact that a(t,z) > h(t) > 0 for a.e.t € I) gives
z (t) — ! U(t) forae.tel (4.12)
" n—oo at, xo(t)) - ’ '
Taking into account (£9) and the fact that 1/h € LP(I) (see assumption (A2)), it
is easy to recognize that

x = - also in L'(I);

a(-,xo(-))

on the other hand, since we already know that 2/, — v in L'(I) as n — oo, we

necessarily have
1

o(t) = —————
RTOEIG)
From this, by reminding that v = z{, (see (a)), we infer that

(%) &y, = v € LP(I), whence xg € WHP(I) (as |U/a(-,zo(+))] < L/h);

U(t) a.e.on I. (4.13)

(x) a(t,zo) x5 = U a.e.on I;

(%) ® o (alt,z0)xp) = PolU e WHH(I) and (see (a)1)

(®(alt, zo) zg))/ = w.

We now turn to prove that zq solves the ODE ([6)). To this end we observe that,
by @I2) and @I3)), we have z, () — v(t) = z((t) for a.e.t € I; as a consequence,
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since x,, is a solution of ([@6) for every n and f is a Carathéodory function (see
(A3)), we obtain (remind that x,, — x¢ point-wise on I)

o = ((I)(Amn))l = J(twat). 2y (1) — F(tzo(t).2h(1) for .t .

On the other hand, by ([8), we have that z, — f(t,z0(t),z{(t) also in L'(I);
since we already know that 2z, — w in L!(I), we conclude that

(@ (alt, zo(t)) zg(t)))/ =w(t) = f(t,zo(t), z((t)) for ae.t el

that is, xo is a solution of (£0). Finally, since U is a continuous function on I
such that U = a(t, xo) z{, a.e.on I, we have U = A, on I and, by (£I1),

Ay, (t) — Ax(t) foreverytel.

n—oo
This ends the proof. [l
We also need the following technical lemma.

Lemma 4.3. Let o, 3 € WHP(I) be, respectively, a lower and a upper solution of
the equation [@Il) such that o < B. Moreover, let us assume that

a(0,2) #0 and a(T,z) #0 for every xz € R.
Then the following facts hold true:
(i) if a(0) = B(0), then Aq(0) < Ap(0);
(ii) if a(T) = B(T), then An(T) > Ag(T).
Proof. We only prove statement (i), since (ii) is analogous.

First of all, since both a(0, «(0)) and a(0, 3(0)) are different from 0 (by assum-
ption), it is possible to find § > 0 such that, for a.e.t € [0, d], we have

Aa(t Ag(t

a’(t) _ ( ) B( )
a(t, a(t)) a(t, B(t))

moreover, both u; and wus are continuous on [0,d]. Let us now assume, by con-

tradiction, that A,(0) > Ag(0). Since, by assumption, «(0) = 5(0) (and a is
non-negative on I x R), there exists §' < § such that

=:ui(t) and f'(t) = =: uy(t)

o (t) = ui(t) > ua(t) = B'(¢t) for ae.t €[0,0];

thus, by integrating this inequality on [0, 6'], we get
t t
a(t) = a(0) +/ a'(s)ds = (0) Jr/ a'(s)ds
0 0

> ((0) —l—/o B'(s)ds = B(t) (for every t € [0,0'],

which contradicts the fact that o < 8 on I. This ends the proof. O

We can now prove Theorem [Tl
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Proof (of Theorem[{.1)). Let v € [a(0), 5(0)] be fixed. Since, by assumption, p is
increasing on R and «, 8 satisfy ([3]), we have p(v) € [a(T),5(T)]; as a conse-
quence, by the existence result in Theorem [B.5] the Dirichlet problem

(2(alt.2(0) (1)) = f(ta(t).o' (1), aconl,
#(0) = v, (T) = p(v)

admits one solution x, such that o < z,, < 8 on I. Moreover, if M > 0 is such
that sup; |a|, sup; |8] < M and Las > 0 is as in Theorem 3.5 we have

(D)

() suple,(®) <M and  sup|Ay, ()] < Lur.
tel tel

We then consider the following set:
V= {u € [a(0), B(0)]: 3 a solution x,, € WP(I) of (D,) s.t.a <z, < B,

x,, satisfies (x) and g(x,(0), 2, (T), Az, (0), A, (T)) > 0}.

Cram I: We have v := «(0) € V. In fact, by Theorem B3] there exists a
solution z,, € WHP(I) of (D,) such that

a<z, <Bonl,
and satisfying (x); in particular, we have
z,(0) = v = «a(0).

From this, by applying Lemma with z, in place of § (notice that, z, being a
solution of (D, ), it is also a upper solution of (A1), we get

Aa(0) < Aq, (0).
Analogously, since we have (remind that « satisfies (4.3])
2y (T') = p(v) = p(a(0)) = a(T),
again by Lemma (with 8 replaced by z,) we have
Ao(T) 2 A, (T).
Thus, by (@3] and assumption (G2) we obtain
9((0), 2(T), Az, (0), Az, (T)) = 9((0), a(T), Aa(0), Aa(T)) = 0.

This proves that v € V| as claimed. In particular, V # @.

Cram II: If 7 := supV, we have 7 € V. In fact, if 7 = «(0), we have
already proved in Claim I that 7 € V; if, instead, 7 > «(0), we choose a sequence
{Vn}n C V such that v,, - 7 as n — oo and v, <7 for every n. Since {v,}, C V,
there exists a solution z,, € WP (I) of (D,,) s.t.

(a) a <z, <Bonl,

(b) x,, satisfies (x);

25



(c) 9(20(0),2n(T), As,(0), Az, (T)) = 0.

On account of (b) we can apply Proposition 2] which provides us with a
solution zg € WP(I) of ([@&I)) such that (up to a sub-sequence)

Tn(t) = x0(t) and Ay, (1) = Ay (t) for every t € I.

Now, since v,, — ¥ and p is continuous, it is readily seen that xg is a solution of
(D5); moreover, since x,, satisfies () and o < x,, < § on [ for every n € N, then
the same is true of . Finally, by (¢) and the continuity of the function g on
whole of R* (see assumption (G2)) we conclude that

g(ZEo (0)’ Lo (T)a ‘Awo (O)a ‘Awo (T))

= nh_{rolo g(‘rn (O)a Tn (T)a ‘Aln (O)a ‘Amn (T)) >0,

and this proves that 7 € V.

With Claims I and II at hand, we now prove the existence of a solution for ([€.2).
In fact, let 7 = supV € [«(0),5(0)] and let 2 € WHP(I) be a corresponding
solution of (Dy) satisfying (*) and such that

(i) a<ay <Bonl;
(i) g(25(0), 25(T), Az (0), Asrp(T)) > 0.
If 7 = B(0), we have 25(0) = 3(0) and (by [@3))
27(T) = p(B(0)) = B(T);

on the other hand, since we also know that o < 8 on I, from Lemma [£3] (with «
replaced by 27, which is a solution of (Dy)) we infer that

‘AIF(O) < ‘AB (0) and ‘AJE?(T) > ‘AB (T)
Hence, by (ii), the monotonicity of g (see (G2)), and ([@3]) we obtain
0 < g(25(0), 25(T), Aa;(0), Awr(T) = 9(B(0), B(T), Az (0), Ao (T))
< 9(8(0), B(T), Ap(0), A5(T)) <0,

and this proves that x is a solution of ([@2) satisfying (£4]) and [@H]).

If, instead 7 < (0), we choose a sequence {fim}m C [a(0),5(0)] such that
m — U as m — oo and p,, > ¥ for every m. Since xy is a solution of (Dz)
satisfying (i)-(ii) above, we can think of xz and f§ as, respectively, a lower and
a upper solution of (A1) satisfying (A1’) in Theorem BB} moreover, by the very
choice of M > 0 we also have that

sup |z7(t)], sup|B(t)] < M.
tel tel

Hence, for every m there exists a solution u,, of (D,,, ) such that
ea<zy<uy<PBonl;

o sup; |[um| < M and sup; |A,,, | < L.
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In particular, u,, satisfies (x) for any m. We can then apply Proposition 2] which
provides us with a solution ug of (&I]) such that (up to a sub-sequence)

Um(t) = uo(t) and A, (1) = Ay, () for every t € I.
Since p,,, — 7 and p is continuous, ug solves (Dg); hence
uo(T) = p(uo(0)).

We now observe that, since p,, > 7 = supV, then p,, ¢ V; as a consequence,
since a < Uy, < B on I and u,, satisfies (%) for every m, we necessarily have

G(um (0), um, (1), Au,, (0), Ay, (T)) <O0.
From this, by the continuity of g (see assumption (G1)), we get
9(0(0), uo(T'), Au, (0), Auo (T')) < 0. (4.14)
On the other hand, since both x5 and ug solve (D), we have
u0(0) = 2(0) =7 and uo(T) = z5(T) = p(¥);

moreover, since u,, > xz on I for every m, then the same is true of ug. From
this, by exploiting once again Lemma H3] (with o = 2 and 8 = w,,, which are
solutions of (Dg)), we infer that

Aug(0) > Ay (0) and Ay (T) < Ay (T).
By (#I4), the by monotonicity of ¢ and (ii) above, we then obtain
0> g(u0(0), uo(T), Aug (0), Aug (T) = g(25(0), 25(T), Aug (0), Auy (T'))
> g(l‘;(O), xU(T)ava(O)"AIV(T)) =0,

and this shows that ug solves ([£2)). Finally, since o < u,, < 8 on I and wu,y,
satisfies (x) for every m, we conclude that ug satisfies (€4)- (5. O

As a particular case of Theorem L]}, we have the following result.

Corollary 4.4. Let us assume that all the hypotheses of Theorem[3.3 are satisfied;
moreover, if a,3 € WYP(I) are as in assumption (A1’), we suppose that the
following inequality hold:

Aal0) 2 Aa(T),  [As(0) < A5(T),
a(T) = a(0), B(T) = B(0).
Finally, let us assume that the function a satisfies the condition:
a(0,2) #0 and a(T,z) #0  for every x € R.
Then, there exists (at least) one solution x € WP (I) of
(@(a(t,x(t))z’(t)))l — f(t2(0), 2 (),  aeonl,
Ae(0) = A (T),
x(0) = z(T).
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Proof. Tt is a straightforward consequence of Theorem 1] applied to
p(r)=r and g(u,v,w,z)=w— 2z

(which trivially satisfy assumptions (G1) and (G2)). This ends the proof. O

We conclude the present section by turning our attention to Sturm-Liouville-
type and Neumann-type problems associated with the ODE (&1)).
To be more precise, we consider the following boundary value problems:

(@(a(t,x(t))z’(t)))/ — f(ta(t),2'(t),  ac.onl,
p(m(O),Am(O)) =0, q(‘T(T)aAm(T)) =0.

(4.15)

Here, the functions p,q : R? — R satisfies the following general assumptions:

(S1) p € C(R? R) and, for every s € R, the map p(s,-) is increasing on R;

(S2) ¢ € C(R%, R) and, for every s € R, the map (s, -) is decreasing on R.
The following theorem is the second main result of this section.

Theorem 4.5. Let us assume that all the hypotheses of Theorem[3.3 are satisfied,
and that the functions p and q fulfill the assumptions (S1)-(S2) introduced above.
Moreover, if a,3 € WYP(I) are as in assumption (A1’), we suppose that the
following inequality hold:

p((0),A4(0)) = 0, p(8(0),A45(0)) <0,
q(a(T), Aa(T)) = 0; q(B(T), Ap(T)) < 0.

(4.16)

Finally, let us assume that a satisfies the “compatibility” condition:
a(0,2) #0 and a(T,z) #0 for every x € R.
Then the problem [EIH) possesses one solution x € WP (I) such that
a(t) <z(t) < B(t) for every t € I. (4.17)

Furthermore, if M > 0 is any real number such that sup; ||, sup; |8 < M and
Ly > 0 is as in Theorem [33 (see (BI0)), then

<M d A (t)] < L. 4.18
max [(t)| < M and - max A, ()] < (4.18)
The proof of Theorem relies on the following lemma.

Lemma 4.6. Let the assumptions and the notation of Theorem [{-3 apply. Then,
for every fized v € [a(T), B(T)], the boundary value problem

(@(a(t,z(t))x’(t)))' — fha(t), @' (),  aeonl,
(D”> p(m(O),Am(O)) =0,
x(T) =v.

possesses at least one solution x € WYP(I) such that o < x < 3 on I. Further-
more, if M and Ly; are as in the statement of Theorem@ then

sup|z(t)| < M and supl|A.(t)] < L. (4.19)
tel tel
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Proof. We fix v € [a(T), 8(T")] and we consider the following functions:
K p:R—=R, p(r) =v;
(x)g:R*—= R, g(u,v,w,z):=pu,w).

Then, by means of these functions, we can re-write the problem (D, ) as

(@(a(t, z(t)) x’(t)))/ = f(t,z(t),2'(t)), a.e.on I,
g(‘r(o)’x(T)"Az(o)aAm(T)) =0,

2(T) = p(x(0))-

Now, taking into account (S1), it is readily seen that p and g satisfy, respectively,
(G1) and (G2) in the statement of Theorem (I} thus, to prove the lemma, it
suffices to show the existence of a lower and a upper solution for (41 satisfying
(A1) and (@3] (with the above choices of p and g).

To this end we first observe that, by assumption, o and § are, respectively, a
lower and a upper solution for ([@I) satisfying (A1l’) (that is, « < 8 on I); as a
consequence, by Theorem [3.5] the Dirichlet problem

(2(alt.2(0) (1)) = f(ta(t).o/ (1), aeonl,
z(0) = a(0), z(T) =v

(D)1

possesses (at least) one solution z; € W1P(I) such that « < 27 < 3 on I. More-
over, if M and Lj; are as in the statement of Theorem [£.J] we have

sup|z1(t)] < M and sup|Ag, (t)] < L. (4.20)
tel tel

We claim that the function z1, which is obviously a lower solution of (1)), satisfies
the first assumption in (@3] (with g as above). In fact, since

21(0) = «(0) and 21 > @ on I,
from Lemma 3] (with x; in place of 8) we infer that
Az, (0) > Aa(0);
as a consequence, by assumption (S1) and ([@I6]), we obtain
9(x1(0),21(T), Az, (0), A, (T) = p(21(0), Az, (0))
= p(a(0), Az, (0)) = p(a(0),Aa(0)) = 0.

Furthermore, since z; solves (D);, we have z1(T) = v = p(21(0)), and this proves
that 21 satisfies the first assumption in (£3).

We now turn to prove the existence of a upper solution x5 of (£I]) such that
22 > 1 on I and satisfying the second assumption in ([@3]).

First of all, we notice that z; and (8 are, respectively, a lower and a upper
solution for (@) such that z; < 8 on I; moreover,

v=ux1(T) € [z1(T), B(T)].
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Finally, by ([@20) and the choice of M, we have

sup |z1(t)], sup[B(t)] < M.
tel tel

As a consequence, by Theorem 3.5 the Dirichlet problem

(@(a(t,z(t))x’(t)))' — f(t,2(6),2(8),  ac.on,
z(0) = B(0), =(T) =v

(D)2

has a solution zo € Wl’p(I) such that 1 < zo < 8 on I, further satisfying

sup |z2(t)] < M and  sup|A,,(t)] < L, (4.21)
tel tel

for the same M > 0 fixed at beginning (and Ljs as in Theorem[B.H). We claim that
x9, which is obviously a upper solution of [I]), satisfies the second assumption in
#3). In fact, since

x2(0) = B(0) and z2 < B on I,

by exploiting Lemma, (with z2 in place of «) we get
Az, (0) < Ag(0);
thus, by assumption (G2) and again (£I6]) we have
9(22(0), 22(T), Az, (0), Az, (1) = p(22(0), As, (0))
= p(B(0), A, (0)) < p(8(0),A5(0)) <O0.

Furthermore, since a2 solves (Ds), one has x2(T) = v = p(22(0)), and this proves
that zo > x1 satisfies the second assumption in ([@I6).

Gathering together all these facts, we can conclude that all the assumptions in
Theorem [Tl are fulfilled (with the above choice of g and p); thus, there exists (at
least) one solution z € WP (I) of (D,) such that

a<r <zx<zs<f onl.

In particular, by the choice of M and L), (according to (3.I0)) and the fact that
x1, xo fulfill, respectively, (£20) and [@21), we deduce that

sup|z(t)] < M and sup|A.(t)] < L,
tel tel

with the very same M, Ly; > 0 fixed at the beginning. This ends the proof. O

Remark 4.7. Let the assumptions and the notation of Lemma apply.
By giving a closer inspection to the proof of this lemma, we see that the only
property of @ and 8 we have used is the following (see (£I0)):

(%) p(a(0),A4(0)) =0 and  p(B(0),As(0)) < 0.
Hence, Lemma 8 still holds if we replace ([@I0) with the weaker (¥).

Thanks to Lemma [£.6] we are able to prove Theorem
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Proof (of Theorem[f.5). Let v € [o(T), 5(T")] be fixed. By Lemmald6] there exists
(at least) one solution z, € WP (I) of the BVP

(@(a(t, z(t)) x’(t)))l = f(t,z(t),2'(t)), a.e.on I,
(Dv) p((0), Az (0)) =0,
z(T) =v,

such that a < x, < 8 on I; moreover, if M, Ly; > 0 are as in the statement of the
theorem (that is, Ly, is as in (3.10)), we have (see Lemma [4.6])

(%) sup |z, (t)] < M and sup|Ag, (t)] < L.
tel tel

We then consider the following set:
V= {u € [a(T), B(T)]: 3 a solution z,, € WP(I) of (D) s.t.a < z, < B,
x, satisfies (x) and ¢(z,(T), A, (T)) > O}.

STEP I: We have v = a(T') € V. In fact, by Lemma L6, there exists a solution
x, € WHP(I) of (D,) such that a < x, < 8 and satisfying (x); in particular, we
have z,(T) = «(T). Hence, by Lemma [L.3] we get

Az, (T) < Aa(T).
From this, by assumption (S2) and ([@I6]), we obtain
@(@(T), Aq, (T)) = q((T), A, (T)) = q(c(T), Aa(T)) = 0.

This proves that v € V, as claimed. In particular, V # &.

STEP II: Setting 7 := supV, we have 7 € V. In fact, if 7 = «(T), by Step I
we know that 7 € V; if, instead, 7 > «(T'), we can choose a sequence {v,}, CV
such that v, - 7 as n — oo and v, < 7 for every n. Then, for every natural n
there exists a solution z,, € WHP(I) of (D,, ) such that

(a) a <, < Bonl;
(b) ,, satisfies (x);
(©) ¢(zn(T), Az, (T)) = 0.

On account of (b) we can apply Proposition 2] which provides us with a solution
xo € WHP(I) of ([@J) such that, up to a sub-sequence,

Tn(t) = 20(t) and Ay, (t) = Az (2) for every t € I.
Now, since v, — 7 and p is continuous, we see that zg solves (Dg); hence
p(xo(O),Azo (0)) =0.

Moreover, since z,, satisfies (x) and a <z, < 8 on I for every natural n, then the
same is true of . Finally, by (¢) and the continuity of ¢, one has

q(‘TO(T)"A‘mo (T)) = nh_?;o Q(-Tn(T)a‘Amn (T)) > 0.
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This proves that 7 € V', as claimed.

Now we have established Claims I and II, we can finally prove the existence of
a solution to (IH). In fact, let ¥ = supV € [a(T), B(T)], and let z € WP (1)
be a solution of (D) satisfying (x) and such that

() a<aw<Ponl;
If v = B(T), we have
2p(T) =7 = B(T) and  p(zz(0), Az, (0)) = 0;

moreover, since zy <  on I, Lemma [£3]implies that A, (T) > Ag(T); from this,
by (ii), the monotonicity of ¢ (see (S2)) and ([@I6]), we obtain

0 < q(z5(T), Aar(T)) = q(B(T), Asr(T)) < q(B(T), Ap(T)) < 0,

and this proves that x5 is a solution of [@IH) satisfying (£I7) and (EIF).

If, instead, 7 < B(T), we choose a sequence {jim}m C [a(T), 8(T)] such that
tm — U as m — oo and p,, > 7 for any m. Since zz solves (Dz) and 2z < 8
on I, we can think of xz and  as, respectively, a lower and a upper solution of
(&J) satisfying (A1’) in Theorem and (%) in Remark BT (see indeed (@.I6));
moreover, by (%) and the choice of M we have

sup |z(t)], sup|B(t)] < M.
tel tel

As a consequence, by Remark [7] for every m € IN there exists a solution u,, €
WhP(I) of (D,,,) such that

e a<uzy<u,<pPonl
o sup; [um| < M and sup; [A,,, | < L.

In particular, w,, satisfies (%) for every m. We can then apply Proposition [12]
which provides us with a solution ug of (@] such that (up to a sub-sequence)

Um(t) = uo(t) and A, (1) = Ay, () for every t € I.
Thus, since p,,, — 7 and p is continuous, we see that ug solves (Dy); hence
p(uo(0), Ay, (0)) =0.

We now observe that, since p,, > 7 = supV, then pu,, ¢ V; as a consequence,
since @ < uy, < B on I and wu,, satisfies (x) for every m, we necessarily have

q(um(T), Auw,,(T)) <0 for every m € N
From this, by the continuity of ¢ (see assumption (S2)), we get

4(u0(T). Auo(T)) = Tim_q(un(T), Ay, (T)) < 0. (4.22)

On the other hand, since both x5 and ug solve (D), we have

27(T) =7 = uo(T);
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moreover, since u,, > xy for every natural m (by the construction of u,,), then
the same is true of ug. From this, by using Lemma we infer that

Auog (T) < A (T).
By (&22]), the monotonicity of ¢ (see (S2)) and (ii) above, we then get
0> q(uo(T), Auy (1) = q(25(T), Auy (T)) = q(25(T), Aay (T)) = 0,

and this shows that wug solves ({I8). Finally, since @ < u,, < 8 and u,, satisfies
(x) for every m, we conclude that ug fulfills (£17)-(@IS). O

From Theorem we easily deduce the following results.

Corollary 4.8. Let us assume that all the hypotheses of Theorem[3.3 are satisfied.
Moreover, let 0y, b3, v1, vo € R and let my, ma € [0,00). If a and 8 are as in
assumption (Al)’, we suppose that

l1a(0) +m1 Aa(0) > 1y, 01 B8(0) + mq Ag(0) < w4,
{ﬁga(T) —mao An(T) > vo; {Egﬂ(T)mgflg(T) <y
Finally, we assume that the function a fulfills the the following assumption:
a(0,2) #0 and a(T,z) #0 for every xz € R.
Then, there exists a solution x € WYP(I) of the Sturm-Liouville problem

(@(a(t,x(t))z’(t)))l — f(t2(6), 2 (),  aeonl,
01 2(0) + my AL (0) = vy,
lox(T) —mo Ay(T) = va.
Proof. Tt is a direct consequence of Theorem applied to the functions
p(s,t) :=Llrs+mit—1y and q(s,t) :=Llas —mat — 1o,
which satisfy (S1)-(S2) (since mq,mg > 0). This ends the proof. O

Corollary 4.9. Let us assume that all the hypotheses of Theorem[3.3 are satisfied.
Moreover, let v1, va € R be arbitrarily fized. If o and § are as in assumption (A1),
we suppose that the following conditions are satisfied:

{AQ(O) >, {Aﬂ(O) <u,

Aa(T) < v; Ap(T) = vy

Finally, we assume that the function a fulfills the following assumption:
a(0,2) #0 and a(T,z) #0 for every xz € R.

Then, there ezists a solution x € WYP(I) of the Neumann problem

(@(a(t,x(t))z’(t)))l — f(t2(0), 2 (),  aconl,
Az(0) =11,
Ae(T) = vs.
Proof. Tt is another direct consequence of Theorem applied to
p(s,t) :=t—1 and q(s,t) =g — t,
which obviously satisfy assumptions (S1)-(S2). This ends the proof. O
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