
IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING, VOL. 64, 2026 5209118

Impact of Atmosphere on Geostationary SAR:
Performance Analysis and Optimization

Matteo Monti , Graduate Student Member, IEEE, Alessandro Gatti , Martina Lagasio ,
and Andrea Monti Guarnieri , Senior Member, IEEE

Abstract—Geosynchronous synthetic aperture radar
(GEO-SAR) offers a unique capability for wide-area monitoring
with persistent observation, leveraging long integration times
to compensate for severe path losses at large sensor–target
distances. However, spatial and temporal variations in both
the troposphere and ionosphere during these long integrations
hinder effective azimuth focusing. This article addresses a
geosynchronous synthetic aperture radar (SAR) system whose
orbit complies with International Telecommunication Union
(ITU) regulations for geostationary platforms. Specifically, it
investigates optimizing the satellite orbit under constraints
imposed by available orbital slots and regulatory requirements.
The upper limit on the velocity is determined by additive
noise sources (thermal noise, radio frequency interference,
and so on), while the lower limit is constrained by the phase
noise due to the atmospheric turbulence. The article first
develops a statistical model describing the joint variability
of ionospheric and tropospheric delays. It then provides a
statistical characterization of atmospheric turbulence, which
is quantitatively evaluated through the analysis of large
datasets obtained from meteorological measurements and global
navigation satellite system (GNSS)-based observations. The
combination of the performance model and the statistical
characterization of atmospheric turbulence enables the
optimization of both the system and the satellite orbit. Results
show that while a ±0.1◦ ITU station-keeping box allows for
mission feasibility, expanding the tolerance to ±0.5◦—still
within experimental ITU limits—yields significantly better
performance.

Index Terms—Atmospheric phase screen (APS), Earth observ-
ing system, geostationary synthetic aperture radar (SAR),
ionosphere, multiple aperture interferometry, radar imaging,
radar interferometry, troposphere.

I. INTRODUCTION

SPACEBORNE synthetic aperture radar (SAR) is a well-
established technology for reliably mapping the Earth’s

surface and retrieving information about its physical prop-
erties, such as topography, morphology, roughness, and the
dielectric characteristics of the backscattering layer. SAR
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Fig. 1. Representation of an NZI GEO-SAR orbital track. Dimensions are
exaggerated [15].

interferometry further extends these capabilities, providing a
powerful tool for detecting and mapping surface displace-
ments over large temporal and spatial scales with precision
in the centimeter and even millimeter range [1], [2], [3], [4],
[5].

One of the major features of a spaceborne SAR is its
day-and-night, all-weather imaging capability, which makes it
unique in remote sensing. However, such capability is not fully
exploited nowadays, where a daily revisit can be achieved only
by dense constellations of low Earth orbit (LEO) SAR, which,
however, does provide a limited coverage [6], [7] In recent
years, increasing attention has been devoted to geosynchronous
SAR missions, which provide a unique capability for persistent
observations over very wide swaths, with super-continental
access [8]. These systems leverage the long integration time
to compensate for the huge path losses due to the distance.
Such compensation, however, remains challenging with cur-
rent technologies due to power and antenna size constraints.
Yet, a particular configuration has gained interest thanks to
the use of very-long integration time, enabled by a very
low velocity, achieved by an orbit with a small eccentricity
and/or inclination [9], [10], [11]. An example of the orbit of
an International Telecommunication Union (ITU) compliant
geostationary satellite with near-zero inclination (NZI) [12]
is shown in Fig. 1. The orbit is a small ellipse in the
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Earth-centered Earth-fixed (ECEF) frame, which enables the
use of integration times—up to several hours—ending in
moderate transmission power and medium-sized antennas [11],
[13], [14], [15], [16], [17], [18].

The drawback of using a long integration time, however,
is the impact of changes in both the target’s backscatter and
the optical path from the satellite to the target. The target
stability has been widely addressed in the literature [19], [20],
[21], [22], and it has been shown to be noncritical in systems
operating up to the C-band, thanks to the proven long-term
stability of the scene [23], [24], [25].

On the other hand, the spatiotemporal variation of the atmo-
spheric delay has been identified in the literature as the primary
challenge in such systems [26], [27], [28], [29]. With the term
”atmospheric” delay, we refer to the combined contribution of
both the tropospheric and the ionospheric propagation.

Indeed, these effects have been widely investigated in the
LEO SAR community, together with their estimation and
mitigation of their effect on the focused images [2], [21], [30],
[31], [32], [33]. However, the temporal variability of these
delays was never considered, as it was deemed negligible with
respect to the synthetic aperture time, which is on the order
of 1 s.

Atmospheric turbulence has been considered in inclined
geosynchronous SAR, but only in relation to the ionospheric
component, as these were L-band systems, which are loosely
affected by the troposphere [34].

In this article, we consider an NZI geosynchronous SAR
configuration, assuming a C-band system as a suitable com-
promise between spatial resolution and scene coherence.
The proposed approach can be readily extended to higher
frequencies, such as X-band systems. Within this frame-
work, we demonstrate that the turbulent phase fields induced
by both the background ionosphere and the troposphere
interact over the synthetic aperture time and may hinder
proper focusing if they are not accurately estimated and
compensated.

To that aim, we adapt and optimize an interferometric-
based autofocusing and evaluate the imaging performance as
a function of the actual atmospheric turbulence and of the
system parameters.

The feasibility of such a mission is driven by the intensity of
atmospheric turbulence and the duration of the synthetic aper-
ture time, which, in turn, depend on the orbit’s eccentricity. As
for the former, a systematic analysis of large tropospheric and
ionospheric data is presented here, along with a discussion
of the most appropriate statistical models and a quantitative
characterization of the associated parameters. As for the orbit,
the ITU regulations for geostationary satellites constrain the
orbit, in an ECEF frame, to be kept within a maximum
longitudinal slot of ±0.1◦ or ±0.5◦ for experimental missions
[12], [35]. The corresponding satellite velocity components in
the along-track direction with respect to the fixed Earth are
shown in Fig. 2 and will be used to check the feasibility and
mission performance.

In Section II, we present the qualitative and quantitative
modeling of both ionospheric and atmospheric phase screens
(APSs), derived from high-resolution Weather Research and

Fig. 2. Along-track velocity component with respect to the fixed Earth of
an NZI GEO-SAR for different ITU slots as a function of the time from the
perigee.

Forecasting (WRF) and electronic Space Weather upper atmo-
sphere (eSWua), respectively.

In Section III, we present a numerical framework for
evaluating the impact of joint tropospheric and atmospheric
turbulence on long-time integration SAR. The impact has been
evaluated in terms of End-to-End (E2E) SAR acquisition and
focusing impulse response function (IRF), for the case of an
isolated point target, and in terms of coherence for the case
of distributed targets. The analysis includes an evaluation of
SAR image quality in the presence of additive thermal noise
and multiplicative atmospheric phase noise, the most impactful
impairments in GEO-SAR.

In Section IV, we use the analysis tool to derive a process-
ing scheme that optimizes image performance and compare
theoretical results with simulations. Finally, we assess the
mission’s feasibility, taking into account compliance with ITU
regulations.

II. MODEL AND VALUES FOR ATMOSPHERIC TURBULENCE

A. Tropospheric Turbulence

The propagation of electromagnetic waves in the tropo-
sphere is affected by a delay related to the refractive index,
which depends on temperature, pressure, and humidity [36],
[37]. The resultant delay causes the optical path to exceed
the geometric one by several meters. However, the largest
portion of this delay varies slowly over time and has little
or no impact on SAR acquisition, whereas SAR focusing is
mostly influenced by the fast temporal and spatial variations
of water vapor. The wet delay (WD) is typically on the order
of 1 cm (one-way) but may reach 30 cm or more under strong
turbulent conditions [2], [38], [39], [40].

To quantify the impact of the turbulent tropospheric
field—here referred to as the WD—on SAR images, both
the structure function and the variogram have been proposed
in the literature [27], [28], [30], [34], [41]. The structure
function describes how differences in the refractive index affect
propagation; thus, given the statistics of the refractive index,
one can derive the delay integrated over the column and then
its statistics.
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A second approach consists of directly modeling the vari-
ogram of the integrated delay, which is the physical quantity
affecting SAR observations and focusing [26], [27], [42]. In
this article, we adopt this second approach as it is more directly
related to SAR acquisition and focusing.

The variogram of the WD follows a power-law behavior,
first introduced by Kolmogorov [43] and later confirmed by
extensive literature. In GEO-SAR systems, the extended and
oblique atmospheric path amplifies these effects, particularly
the wet component, which may introduce significant phase
noise in interferometric applications. The resulting WD dT

represents the extra path introduced by the reduced propaga-
tion velocity with respect to c [44]

dT =

Z
(v − c) dt =

Z
(n − 1) dl = 10−6

Z
N dl (1)

where v is the signal propagation velocity, n is the refractive
index along the signal path, and N = 106(n − 1) is the radio
refractivity. The WD is nondispersive and varies with time
and space; however, unlike the ionospheric delay, it can be
assumed to be isotropic. High-resolution numerical weather
models can be used for tropospheric delay correction [38],
[39], [45], [46]. These corrections have been shown to provide
some mitigation for the spatial turbulence in LEO-SAR cases,
but they are much less effective for a GEO-SAR, as they do
not provide the needed spatiotemporal resolution [26], [27],
[34], [42], [47].

The following joint time–space model for the WD vari-
ogram was proposed in [41] as a straightforward extension of
the Kolmogorov power law, which has been widely validated
separately in both the temporal and spatial domains

2VT (τ, x) = E
�
|dT (t + τ, χ+ x) − dT (t, χ) |2

�
=

2σ2
T

cos2 θ

241 − exp

0@−s� τ

τT

�2

+

�
x

xT

�2
1A35

(2)

where dT is the WD, σ2
T is the tropospheric sill, θ is the

incidence angle, τT is the tropospheric decorrelation time, xT

is the tropospheric decorrelation length, τ is the along-track
time lag, and x is the azimuthal separation.

The variogram in (2) is well-suited for modeling the impact
of tropospheric turbulence in long-integration-time SAR. How-
ever, its use had been limited due to the lack of quantitative
information on turbulence at the required fine temporal and
spatial resolutions. In fact, LEO-SAR provides information at
a very dense spatial resolution (hundreds of meters) but with a
coarse temporal resolution (days), whereas the global naviga-
tion satellite system (GNSS) is sparse in the spatial domain but
almost continuous in time. Even with meteorological models,
there remains a lack of data, particularly at fine sampling in
the joint space and time [48].

However, recent advances in meteorological models have
enabled the systematic production of maps with fine temporal
and spatial resolutions. In this article, we processed a large
dataset spanning an entire year, sampled at 1.5 km/h, to verify
the model (2) and provide statistics on the model parame-
ters, which enable a quantitative assessment of tropospheric

turbulence. The results, discussed in Appendix A, drive the
performance assessment and optimization that is the object of
this article.

B. Ionospheric Turbulence

The ionosphere is a dispersive plasma layer extending
from approximately 50 to 1000 km above Earth, composed
of free electrons and ionized particles, with the electron
density peaking around 400 km. It is well established that
ionospheric propagation effects significantly impact signal
properties, causing a phase delay that is more pronounced at
lower radar frequencies (e.g., P-band and L-band). This delay
is inversely proportional to the carrier frequency and directly
related to the total number of electrons encountered along the
propagation path, resulting in the case of LEO SAR in image
shift, distortion, and resolution degradation [49], [50].

However, for a GEO-SAR, the frozen-time assumption that
holds for a LEO-SAR is no longer valid, and the variation of
the background ionosphere becomes a major source of image
degradation, causing defocusing and delays [33], [51]. So far,
the impact of the ionosphere has been limited to the case of
geostationary SAR operating in the L-band. The analysis of a
geostationary SAR in the C-band is quite different since, on
the one hand, the synthetic aperture is much longer due to the
lower velocity (orders of magnitude), and on the other hand,
the dispersion in the C-band is much lower than for L-band
at similar resolution.

The magnitude of the single-pass delay at nadir can be
computed by [51]

dI (λ) =
K
c2 · λ

2 (3)

expressed in total electron content unit (TECU) (1016 e−/m2),
where K = 40.28 m3/s2, c is the speed of light, and λ is the
wavelength.

For the C-band, a variation of 1 TECU gives from (3) a
phase shift of 3.1 rad, which would greatly degrade the quality
of the focused data. In [33], TEC variations of 2–3 TECU
over 1000 s are reported for the few cases considered. Such
variations will totally jeopardize GEO-SAR focusing, unless
properly compensated and mitigated.

This motivates an extensive analysis of the fluctua-
tion of the ionospheric delay and its associated phase.
In Appendix B, we report statistics derived by modeling
ionospheric delay variograms in space and time and validating
them with over one year of maps of vertical total electron
content (VTEC), provided by the Italian National Institute of
Geophysics and Volcanology (INGV) [52]

From the results in Appendix B, we can deduce that the
impact of ionospheric turbulence on the C-band (and higher
frequencies) is essentially in its temporal structure. To get this,
let us evaluate the interval in which the ionospheric phase
standard deviation changes by less than one radian, which is
usually assumed as a limit for proper focusing, according to
the depth of focusing criterion [53]. This interval is less than
17 s during the most turbulent period of the year (Spring)
according to the statistics in Appendix B for observations at
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Fig. 3. Azimuth resolution achieved in 17 s at the height of the ionosphere
layer for different values of the satellite velocity.

40◦ N. In such an interval, a synthetic aperture can be formed,
giving an azimuth resolution

ρaz (R) =
λ

2v0 · Ts
· R (4)

where Ts is the integration time and R is the distance
from the satellite. This resolution corresponds to a patch of
2–30 km, measured at the height of the ionospheric screen (R
= 37 000–38 000 km), and plotted in Fig. 3 for different values
of the velocity. The colored bands represent the allowable SAR
acquisition velocities for each ITU slot, i.e., from 1.5 h after
the ascending node to perigee.

The worst case resolution is ∼30 km, and over this
scale, the spatial variation of the ionosphere, as computed in
Appendix B, is less than 0.8 rad. This is sufficient for focusing,
allowing us to conclude that the ionosphere can be modeled
using its temporal variogram

2VI (τ) =
2αI

cos2 θ
|τ| (5)

where αI is the delay rate expressed in mm2/s. As detailed
in Appendix B, this model is based on a statistical analysis
of VTEC maps derived from GNSS measurements provided
by the eSWua database. The fitting errors, which are on the
order of a few percent, are consistent with the Kolmogorov
turbulence model for the ionosphere [54].

III. IMPACT OF ATMOSPHERIC TURBULENCE ON
GEO-SAR FOCUSED IMAGES

The quantitative analysis of tropospheric and ionospheric
turbulence presented in Appendices A and B highlights the
need to jointly model their impact on geostationary SAR. This
joint modeling is essential to derive an effective mitigation
approach, evaluate the achievable performance, and ultimately
assess the mission’s feasibility. This section addresses a gap
by providing a unified model that can assess the combined
influence of both atmospheric layers on GEO-SAR imaging
performance.

A. Acquisition Model

The consolidated approach for mitigating the APS in long-
term focusing SAR is the processing of short subapertures
[26], [27], [28], [47]. In a short interval, the range com-
pressed data src can be modeled as monodimensional, in the
slow-time τ

src (τ) = w (τ) e jφI (τ)
Z

s (x) e− j 4π
λ ∆R(τ,x)e jφT (τ,x) dx (6)

where ∆R is the path delay from a target at azimuth x to the
sensor at slow time τ, w is the window superposed to the
synthetic aperture, φT (τ, x), the spatial–temporal tropospheric
phase screen and φI(τ), the temporal ionospheric one.

The mathematical formulation provided by (6) is typically
approximated by the Fourier transform, which maps it into the
Doppler domain, in the case of a rectilinear track. This would
need to estimate the Fourier transform of the variograms and
the aperture window, in the discrete case, to which we prefer
the exact numeric representation

src = (ΦR �W �ΦT �ΦI) s (7)

where � represents the Hadamard product and src is the
[Nx × 1] column vector of Nx complex samples of the SAR
reflectivity along azimuth. In the equation, the matrices ΦI

and ΦT of size [Nτ × Nx] implement the random ionospheric
and tropospheric phase screens, W is the subaperture window,
made by Nx identical columns, and ΦR is the discretization of
the first exponential in (6), which accounts for phase due to
the travel path distance ∆R(τn, xm) = |P(xm) − S (τn)|. Without
loss of generality, we may assume atmospheric delay to be
null at a specific time origin

ΦT (n,m) = exp
�

j
4π
λ

(dT (τn, xm) − dT (0, 0))
�

ΦI (n,m) = exp
�

j
4π
λ

(dI (τn) − dI (0))
�

∀m ∈ {1, . . . ,Nx} (8)

where dT and dI have been defined in (1) and (3). The
formulation in (8) defines the atmospheric phase relative to a
specific time origin, t = 0. This approach effectively removes
the mean atmospheric delay (the ”background” component),
which typically varies on much longer scales than the synthetic
aperture time. By referencing the phase to the start of the
aperture, we focus on the turbulent fluctuations (dT and
dI). These fluctuations are modeled as zero-mean stochastic
processes, as is standard in the Kolmogorov-based turbulence
theory.

B. E2E Model

SAR focusing is implemented, as usual, by the matched
phase filter, applied to the windowed subaperture, src in (7)

ŝAPS = ΦH
R (ΦR �W �ΦT �ΦI) s = H s (9)

where ΦH
R is the Hermitian transposition of the APS-free

acquisition phasor. The operator H provides a compact for-
mulation for the E2E SAR acquisition and focusing in the
presence of atmospheric disturbances.
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This matrix formulation enables the performance evaluation
under various ionospheric, tropospheric, and orbital condi-
tions, as well as for different parameters such as the aperture
window. Finally, we utilize the statistics from Section II and
Appendices A and B to evaluate the IRF in terms of its mean
value, standard deviation, and the decorrelation resulting from
the turbulent atmosphere. To account for the random nature
of atmospheric phenomena, this evaluation is achieved by
deriving theoretical models and validating them through Monte
Carlo simulations.

C. Impulse Response Function

To assess the impact of the ionosphere and troposphere on
a focused geostationary image without compensating for the
APS, the SAR focusing quality is evaluated in terms of the
shape of the squared amplitude of the IRF

HIRF = |H|2 =
�
diag

�
ŝAPS · ŝH

APS

��
. (10)

In our case, the IRF in (10) is stochastic due to the randomness
of the atmospheric component ΦT � ΦI in (9). This is a major
departure from a conventional LEO-SAR, where APS is frozen
during the short acquisition interval and, thus, acts only as a
constant phase shift. The IRF quality needs to be evaluated in
terms of the mean value and the variance HIRF.

The mean value results by combining (10) and (8)

E [HIRF (xi)] =

NτX
k=1

NτX
l=1

Φ∗R (τk, xi) ΦR (τl, xi)

·ΦR (τk) Φ∗R (τl) w (τk) w (τl)

· E
�
ΦT (τk) Φ∗T (τl)

�
E
�
ΦI (τk) Φ∗I (τl)

�
.
(11)

The mean value can be computed by the double summation
and by replacing the two expectations with the value derived
from the variograms in (2) and (5)

E
�
ΦT (τk) Φ∗T (τl)

�
= exp

�
−
� 4π
λ

�2 σ2
T

cos2 θ

·

 
1 − exp

 
−

r�
τk−τl
τT

�2
!!!

E
�
ΦI (τk) Φ∗I (τl)

�
= exp

�
−
� 4π
λ

�2 αI
cos2 θ

|τk − τl|

�
. (12)

The variance of the IRF can also be derived from (10)

var (HIRF) = E
�
diag

�
ŝH

APS ŝAPS
�
� diag

�
ŝH

APS ŝAPS
��

−

ˇ̌̌
E
�
diag

�
ŝH

APS ŝAPS
��2
ˇ̌̌
. (13)

We remind that ŝAPS is the focused IRF, distorted by the atmo-
spheric phase—the stochastic component—and back-projected
on the ground. For the central limit theorem, we assume
the back-projection to be normally distributed, and then, in
virtue of the moment theorem for normal processes, we can
develop (13)

var (HIRF) = 2E
�
diag

�
ŝH

APS ŝAPS
��
E
�
diag

�
ŝH

APS ŝAPS
��

+ E
�
diag

�
ŝH

APS ŝH
APS

��
E
�
diag (ŝAPS ŝAPS )

�
−

ˇ̌̌
E
�
diag

�
ŝH

APS ŝAPS
��2
ˇ̌̌

TABLE I
GEO-SAR SYSTEM AND ATMOSPHERIC TURBULENCE PARAMETERS

=

ˇ̌̌
E
�
diag

�
ŝH

APS ŝAPS
��2
ˇ̌̌

+ E
�
diag

�
ŝH

APS ŝH
APS

��
E
�
diag (ŝAPS ŝAPS )

�
=

ˇ̌̌
E
�
diag

�
ŝH

APS ŝAPS
��2
ˇ̌̌

= (E [HIRF])2. (14)

This final formulation, achieved by considering that both
tropospheric and ionospheric phasors have zero mean from (8),
shows that the variance equals the square of the mean value
in (11). This implies that the standard deviation of the IRF is
equal to its mean. The assumption of zero mean atmospheric
phasors holds when the two-way delay is comparable or larger
than the wavelength, that is, from (27)

σ2
s =

�
4π
λ

�2 σ2
T

cos2 θ
� π. (15)

This is the case for C-band even with normal tropospheric
conditions, where σ2

T = 100 mm2 [2], [41], and then, σ2
s ∼ 12.

Any residual nonzero mean component introduces an additive
phase constant, which superimposes onto the defocusing term
primarily induced by zero-mean turbulent fluctuations, poten-
tially leading to undesired phase wrapping.

To validate the expressions for the mean and variance of
the IRF, we conducted a Monte Carlo simulation using the
system parameters listed in Table I. These parameters refer
to a C-band mission pointing at mid-latitudes, with an image
time limited to 1 h. As described in previous analyses in [28]
and [55], the troposphere can be in normal (σ2

T = 100 mm2)
or turbulent conditions, depending on the sill value. As the
ionospheric parameter αI , described in Appendix B, the value
αI = 0.44 mm2/s has been considered. For the decorrelation
time and space of the troposphere, typical literature values of
τT = 10 h and xT = 10 km have been taken, which have also
been confirmed in the statistical analysis of Appendix A [28],
[41], [42], [48], [56], [57].

In the simulation, several runs of acquisition and focusing
have been carried out by implementing (10), where random
APSs were generated as colored Gaussian noise, by using the
Von Karman spectrum, as from reference [58], to match the
variograms in (2) and (5).

The mean and standard deviations of the resulting IRF have
been plotted in Fig. 4, on the top, and compared with the
numerical model from (11) and (12). As an intermediate case
for the ±0.5◦ slot GEO orbit, the velocity of the satellite is
assumed to be 16 m/s, and the integration time is 1 h. The
case of the normal troposphere of the Table I is considered,
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Fig. 4. Expected value and standard deviation of (top) IRF and (bottom)
example of a single random IRF. The satellite velocity is 16 m/s, and the
integration time is 1 h. The azimuth resolution is 1150 m.

Fig. 5. Azimuth resolution of the IRF in the presence of APS as a function
of the satellite velocity by assuming a Hamming window and both normal
and turbulent tropospheres.

and the window function is rectangular. The match is good
enough to validate the model proposed here. In the same
figure, on the bottom, a random realization of the IRF has
been plotted to appreciate the impact of the APS. We observe
that this realization is reasonably bounded around the mean
IRF, with the standard deviation from (14) used as error bars.
It can be noted that the impact of the turbulent APS is really a
distortion of the IRF, which includes a shift, but is not limited
to that. This implies that autofocusing methods based on the
estimation of IRF shifts, which are commonly used in LEO
SAR, are not effective in this case.

The analysis was conducted using two window functions:
rectangular and Hamming. The Hamming window has been
introduced to reduce sidelobes, which are too high with a
simple rectangular window. In Fig. 5, the azimuth resolution of
the IRF in the presence of APS as a function of the satellite
velocity is represented. In this case, the Hamming window
is considered and applied under both normal and turbulent
tropospheric conditions. The dominance of the ionosphere is
evident, given that resolution performance remains largely
unaffected by the transition from normal to turbulent tropo-
spheric states.

D. Distributed Target

While the quality of the IRF is used to assess E2E perfor-
mance on point targets, the coherence is the metric widely
adopted for distributed targets and, more specifically, the
coherence between an APS-free and an APS-affected image

γAPS =
tr
�
E
�
ŝ ŝH

APS
��q

tr
�
E
�
ŝŝH
��
· tr
�
E
�
ŝAPSŝH

APS
�� (16)

where the APS-free image is retrieved as

ŝ = ΦH
R (ΦR �W) s. (17)

Also, for this quality figure, we can provide an ”exact”
numerical model by combining (9) and (16)

γAPS =

ˇ̌
tr
�
Href

�
ΦeapsΦR

��ˇ̌q
tr
�
HH

refHref
�
· tr
�
HH

refHref
� (18)

where
Href = ΦH

R (ΦR �W) (19)

and
Φeaps = ΦR �W � E [ΦT ] � E [ΦI] . (20)

The expected values of the two matrices on the right can be
derived from the variograms of the troposphere (2) and the
ionosphere (5)

E [ΦT (τ, x)] = exp

 
−
� 4π
λ

�2 σ2
T

cos2 θ

·

 
1 − exp

 
−

r�
τ
τT

�2
+
�

x
xT

�2
!!!

E [ΦI (τ)] = exp
�
−
� 4π
λ

�2 αI
cos2 θ

|τ|
�
. (21)

The desired coherence estimate results from numerical
evaluation of (18), (19), and (21). It is worth noting in (18)
that the denominator simplifies to the square of the same term,
implying that the total power of the APS-affected image is
identical to that of the APS-free case. This consistency stems
from the unit modulus of the atmospheric phasors discussed in
Section III, which ensures that the atmosphere acts as a phase-
only (or purely dispersive) medium without introducing power
attenuation. This numerical model is flexible with respect to
variogram models and different window shapes and can be
used to optimize the estimation and compensation of APS and
then evaluate the mission feasibility.
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An approximated, simple expression can be provided by
generalizing the one in [28], derived for the sole tropo-
spheric component and assuming rectangular windowing for
the subaperture, under the assumption of uniformity within the
azimuth resolution cell

γ̂APS =
1

ρaz Ts

Z Ts/2

−Ts/2

Z ρaz/2

−ρaz/2
E [ΦT (τ, x)]E [ΦI (τ)] dx dτ.

(22)
The expression can be further approximated by decomposing
it into the temporal and spatial components, γ̂τ and γ̂x

γ̂APS =
1
Ts

Z Ts
2

−
Ts
2

E [ΦT (τ, 0)]E [ΦI (τ)] dτ

·
1
ρaz

Z ρaz
2

−
ρaz
2

E [ΦT (0, x)] dx = γ̂τ · γ̂x. (23)

By solving the integrals of (23) separately, γ̂τ and γ̂x are
computed as follows:

γ̂τ =
1
Ts

Z Ts/2

−Ts/2
e−(

4π
λ )2 σ2

T
cos2 θ

|τ|
τT e−(

4π
λ )2 αI

cos2 θ
|τ| dτ

=
2
Ts

Z Ts/2

0
e−ξ0τ dτ

=
2

Ts ξ0

�
1 − exp

�
−

Ts ξ0

2

��
(24)

γ̂x =
1
ρaz

Z ρaz/2

−ρaz/2
e−(

4π
λ )2 σ2

T
cos2 θ

|x|
xT dx

=
2
ρaz

Z ρaz/2
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0T
xT

x dx

=
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where

ξ0 =
σ2

0T

τT
+ α0I

σ2
0T

=

�
4π
λ

�2 σ2
T

cos2 θ

α0I =

�
4π
λ

�2
αI

cos2 θ
. (26)

In this way, from (22), (24), (25), and (26), the coherence
given by the total APS is

γ̂APS =
8xT v0

ξ0 σ
2
0T
λR0

�
1 − exp

�
−

Ts ξ0

2

��
·

 
1 − exp

 
−
σ2

0T
λR0

4xT v0Ts

!!
. (27)

E. APS Estimation: Optimal Subaperture Time

Based on the performance analysis presented, it becomes
clear that a geostationary SAR system cannot produce high-
quality, well-focused images unless the ionospheric distortions

Fig. 6. Coherence between APS-free focused data and APS-affected ones
as a function of integration time for σ2

T = 100 mm2 and v0 = 16 m/s.
(Top) Spatial, temporal, and total coherences from the approximate model
(27). (Bottom) Comparison of the approximate model (yellow) with the exact
numerical boxcar result (blue) and the Hamming-window result (red).

and atmospheric turbulence are properly estimated and com-
pensated.

The subapertures approach is the most effective for estima-
tion and compensation [26], [27], [28], [47]. They are based
on the idea that, in a short subaperture, turbulence has a negli-
gible impact, allowing the computation of a coarse-resolution
focused image. This image is then combined interferometri-
cally with a reference one to retrieve the APS.

The effectiveness of this approach critically depends on the
subaperture duration and the quality of the coarsely focused
SAR image. As in [28], the optimal subaperture time is derived
as the value Ts that balances the temporal decorrelation with
the spatial decorrelation [see (24) and (25)]. This can be
derived via a proportionality (scaling) argument subject to the
time–bandwidth product constraint

ξ0To =
σ2

0T

xT
ρaz

To =

s
σ2

0T
λR0

2 v0 xT ξ0
. (28)

Fig. 6 shows the temporal and spatial coherence, as a
function of subaperture time, which can be expected in nor-
mal tropospheric and ionospheric conditions as defined in
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Appendices A and B, and by assuming the parameters used
in Table I and a satellite velocity of 16 m/s.

One can observe that the variation in the background iono-
sphere increases temporal decorrelation and reduces optimal
time and coherence. The shortening of To is critical since the
integration time, in SAR focusing, is lower bounded by the
requirement on a large time × bandwidth product, TBP

T BP = To × BD = To × v0/ρaz > 1. (29)

In a geostationary geometry, this constraint becomes critical,
requiring a more robust approach. In particular, we notice from
the top figure of Fig. 6 that the decrease in coherence due to a
reduction of the subaperture time Ts is much steeper than the
one due to its increase. This implies that the impact of spatial
broadening of the resolution cell is dominant over temporal
fluctuations. This effect can be mitigated by applying a smooth
window to the subapertures rather than a rectangular one.

The numerical computation of coherence enables both the
evaluation of different window shapes and the optimization of
the subaperture duration. The bottom figure of Fig. 6 shows
that using a Hamming window provides a significant improve-
ment in coherence and the extent of the optimal integration
time, thereby relaxing the requirement on the time–bandwidth
product. It can be inferred that, under optimal conditions for
the two windows, approximately 40 s for the boxcar and
80 s for the Hamming, the TBPs are nearly 0.4 and 1.5, respec-
tively, meaning that the lower bound of 1 is satisfied only for
the Hamming window. The increase in the optimal integration
time associated with the Hamming window is inherent to
the functional characteristics of the window itself. While the
Hamming window effectively suppresses sidelobe levels, it
simultaneously broadens the main lobe, thereby degrading
azimuth resolution. Consequently, to maintain target-resolution
performance, a proportional increase in the synthetic aperture
length is required. It follows that the degree of resolution
degradation introduced by a specific window function is
directly correlated with the required optimal integration time.
The performance is sensitive to the choice of the subaper-
ture length. As shown in Fig. 6, for short subapertures,
coherence is primarily limited by the spatial decorrelation
of the troposphere. In this regime, the coherence exhibits a
steep decline, indicating that performance degrades rapidly as
integration time decreases. Conversely, for long subapertures,
temporal decorrelation becomes dominant, and the coherence
smoothly approaches an asymptote. These results demonstrate
that employing longer integration times can provide more
robust performance when the optimal parameters are not
known.

Although the approximated expression in (27) tends to
overestimate coherence, the optimal synthetic aperture time
derived from (27) and evaluated in (28) closely matches the
exact value, as shown in Fig. 6. Consequently, it can be
reliably used to determine the optimal subaperture size for
a rectangular window.

In order to verify the coherence model so far introduced, we
run a Monte Carlo simulation, similar to the one described for
the point target analysis, but assuming a distributed target and
optimal integration time. The results are plotted in Fig. 7 as

Fig. 7. Coherence between APS-free and APS-corrupted images with respect
to the tropospheric variogram sill value computed by assuming the optimum
subaperture time and 16 m/s of velocity. The four curves represent the
temporal (dotted), spatial (yellow), and total coherence (red), computed
according to the approximated model, and are compared with the results of
a Monte Carlo estimation (blue).

Fig. 8. Optimal subaperture extent as a function of the velocity.

a function of atmospheric turbulence, assuming a rectangular
window—which is not optimal nor recommended but which
allows us to verify the goodness of the simple approximation
provided by (27). Statistics have been evaluated by averaging
over Nr = 1000 range lines, under the assumption that
every range line is subjected to the same atmosphere but
with a different random source. The estimated coherence is
fairly consistent with the theoretical model. The approximated
formulation is no longer valid when a Hamming window is
applied; therefore, the exact numerical model is required to
correctly evaluate this configuration. Crucially, our exact anal-
ysis demonstrates that applying a Hamming window improves
coherence and yields an optimal aperture length approximately
twice the theoretical value.

In Fig. 8, the values of the optimal synthetic aperture
are plotted as a function of velocity over the range relevant
to geostationary orbits. The resulting coherence is shown
in Fig. 9. Velocity ranges corresponding to different orbital
eccentricities are indicated by shaded regions. Note that the
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Fig. 9. Coherence between APS-free and APS-affected images with respect
to the velocity in different atmospheric conditions.

Fig. 10. Schematic block diagram for focusing of APS-affected data.

background ionosphere has a significant impact on the system
design.

IV. COMPENSATION OF APS AND SYSTEM PERFORMANCE

So far, we have shown that the spatiotemporal variability of
the APS significantly hinders the generation of high-quality
images, affecting both azimuth resolution and coherence. The
quality can, however, be recovered by estimating the APS and
then compensating for it during the focusing process. The final
performance will then depend on the accuracy of the estimated
APS phase.

The method assumed here for focusing that embeds APS
estimation and compensation is based on interferometric
autofocusing, as shown in Fig. 10. This approach is well
established in the literature, with variants proposed in [28],
[33], [47], and [59]. The purpose of this work is to

assess the final focusing quality in the presence of iono-
spheric and atmospheric effects using the optimal approach
proposed here and to provide a quantitative performance
assessment based on the statistical analysis presented in
Appendices A and B.

The accuracy of the estimated APS phase can be derived
by considering that, for each range and azimuth position r0, x0
inside a subaperture interferometric pair, we estimate the APS
φAPS (r0, x0; τs) by averaging nearby samples of the interfero-
gram. When dimensioning the estimation window, one must
consider that the APS decorrelates with space. The coherence
contribution of the APS for two samples at a distance ∆x can
be computed by assuming a normal distribution of the APS
phase

γAPS (∆x) = E
�
exp ( jφa (x0)) · exp (− jφa (x0 + ∆x))

�
= exp

 
−
σ2
φa · ∆x

2

!
= exp

 
−
σ2

0T

cos2 θ

|x|
xT

!
(30)

where the last expression has been derived by the tropospheric
variogram (2) computed at time lag τ = 0. In Appendix C,
the Cramér–Rao bound (CRB) for the estimation of the inter-
ferometric SAR phase is derived for the case of exponential
decorrelation

σφ =

s
1 − γ2

2Neqγ2

γ = γ0 · γAPS · γS NR (31)

where the total coherence, γ, has been expressed as the product
of one due to APS, γAPS in (30), one due to signal-to-noise
ratio, γS NR, and one term, γ0, which accounts for all the other
decorrelation sources, mostly temporal decorrelation, already
analyzed in [20]. The equivalent number of looks Neq is
computed according to the expression in Appendix C

Neq = 0.28 ·
ρla

ρazρgr
(32)

where ρla is the area of the estimation window, whose size
is the APS decorrelation interval x2

T , and ρaz and ρgr are the
range and azimuth resolution of the focused data.

A. Performance Optimization

The standard deviation of the estimated phase is the primary
performance metric in SAR interferometry and, in our case, the
key driver for estimating the APS. To optimize this quantity,
we note that it depends directly on the signal-to-noise ratio
(SNR) through the coherence γS NR in (31) but also indirectly
on the range resolution.

As the range resolution becomes finer, the equivalent num-
ber of looks Neq increases, but the SNR degrades. These
two effects act in opposition with respect to the phase esti-
mation accuracy, implying that an optimal trade-off—and
consequently an optimal range resolution—can be derived.
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TABLE II
SYSTEM PARAMETERS

In order to find the optimum, let us express γS NR as

γS NR =
1

1 + σN
σ0

(33)

where σN and σ0 represent the backscatter coefficient of
thermal noise and the scene, and their ratio is the inverse of
the SNR.

The thermal noise, or noise equivalent sigma zero (NESZ),
can be related to the range resolution, ρgr, the mean transmitted
power Pm, and the other radar parameters through the radar
equation [14]

SNR =
PmG2λ2ηρazρgrTs

(4π)3 R4
0N0

· σN = 1→ σN =
Kp

ρgr

Kp =
(4π)3 R4

0N0

PmG2λ2ηρazTs
. (34)

In (34), we have evidenced that NESZ is inversely propor-
tional to the range resolution through the term Kp. This implies
that we can evaluate the optimal σN by minimizing σφ in (31)
and combining with (32) and (34)

arg min
σN

�
σ2
φ

�
= arg min

σN

�
1 − γ2

γ2 ·
ρaz · ρgr

2ρla

�
. (35)

The minimization can be carried out formally by replacing ρgr,
from (34), and γ from (33)

arg min
σN

�
1 −

γ2
0γ

2
APS

(1 + σN/σ0)2

�
·

�
1
σN

+
2
σ0

+
σN

σ2
0

�
. (36)

The exact closed-form solution is not simple, but, by noticing
that γ � 1 by including all the decorrelation sources, we easily
get the near optimum

arg min
σN

�
1
σN

+
σN

σ2
0

�
→ −

1
σ2

N
+

1
σ2

0
= 0→ σN = σ0. (37)

This means that the optimum SNR should be unitary, and then,
γS NR = 0.5, which, in turn, confirms the approximation above.

Given the optimal values of SNR and resolution, we can
compute the accuracy of the estimated phase under different
orbit (velocity) and power conditions and, based on that, assess
the mission’s feasibility. The analysis is carried out by keeping
γ0 fixed and by assuming the parameters listed in Table II.

By combining (31), (32), (33), and (37), σφ can be
expressed as a function of γ0, v0, and Pm

σφ (Pm, v0, γ0) =

vuut 1 − 0.25γ2
0γ

2
APS (v0)

2 0.28·x2
T

ρaz(v0)·ρgr(Pm,v0) 0.25γ2
0γ

2
APS (v0)

� . (38)

Fig. 11 shows the values of the standard deviation of the
estimated APS, σφ, as a function of the average transmitted
power for the sensors’ velocities allowed by ITU regulations.

Fig. 11. Standard deviation of the estimated APS as a function of average
transmitted power and the sensor velocity.

It is clear that the higher the power and the velocity, the
better the performance. Consequently, using orbital velocities
corresponding to ITU longitudinal extensions of ±0.5◦ results
in a significant reduction of σφ.

V. APS ESTIMATION AND COMPENSATION: SIMULATIONS

In long apertures typical of NZI GEO-SAR systems, decor-
relation induced by the troposphere and, more critically, by
the ionosphere becomes significant. Therefore, the estimation
and compensation strategy relies on multiple subapertures,
following the approaches proposed in [28] and [60].

The estimation and compensation procedure is illustrated in
Fig. 10. The performance of the proposed method is assessed
through simulations in a scenario in which the atmosphere is
the only source of decorrelation. The objective is to evaluate
the interferometric phase accuracy, the final azimuth resolu-
tion, and the resulting coherence.

In the simulation, the satellite velocity is fixed at 16 m/s,
and the total integration time is set to 1 h, yielding a nominal
azimuth resolution of 18 m. To improve the atmospheric
estimation accuracy, 1000 range lines are averaged. The scene
reflectivity is modeled as a complex Gaussian random process
with dimensions [Nx × Nr]. Each subaperture is centered
at every slow-time sample, maximizing the overlap between
consecutive subapertures and preventing information loss.
Since the atmosphere is assumed to be the only decorrelation
source, thermal noise and external decorrelation effects are
not considered. A Hamming window is applied, as it provides
better performance, as discussed in the previous sections. In
Algorithm 1, the pseudocode for the estimation and compen-
sation method is reported.

In the case of a single subaperture, (38) can be validated
by estimating only the spatial component of the APS and
evaluating the accuracy in this 1-D scenario. This is achieved
by computing the standard deviation of the residual phase error
between the true APS, evaluated at the aperture center, and the
interferometric phase. For this validation, a single range line

Authorized licensed use limited to: Politecnico di Milano. Downloaded on July 16,2026 at 12:17:33 UTC from IEEE Xplore.  Restrictions apply. 



MONTI et al.: IMPACT OF ATMOSPHERE ON GEOSTATIONARY SAR: PERFORMANCE ANALYSIS AND OPTIMIZATION 5209118

Algorithm 1 Subaperture Focusing and APS Estimation
Require: Reference signal s, phase matrices ΦR,ΦT,ΦI, grid

dimensions Nτ,Nx,Nr, sub-aperture integration time To,
and temporal step ∆τ

Ensure: Interpolated estimated APS phase φ̂APS
1: Compute half sub-aperture size Nhal f

ss = bTo/(2∆τ)c
2: Define sub-aperture centers C = {c1, c2, . . ., cNs } with

unitary step size
3: for each sub-aperture k ∈ {1, . . .,Ns} do
4: Extract slow-time indices for the k-th center: isat = (ck −

Nhal f
ss , . . ., ck + Nhal f

ss )
5: Generate normalized Hamming window W(k) over the isat

6: Compute the k-th focused data without APS through (17)
7: Compute the k-th focused data with APS through (9)
8: Compute the k-th interferometric product I(k)

9: Calculate the mean along the range dimension:

I(k) =
1
Nr

NrX
r=1

I(k)(:, r)

10: Extract total sub-aperture phase estimations
11: Interpolate the estimated APS phasor to the original grid

size Nτ

12: Extract final interpolated phase φ̂APS :

is considered, and the results are averaged over 1000 Monte
Carlo realizations.

By adapting (38) to the considered case (1-D azimuth
and atmospheric decorrelation only) and using the parameters
reported in Table I under normal atmospheric conditions and
optimal integration time, the theoretical phase accuracy is
0.58 rad. The phase accuracy estimated from the simulation
is 0.61 rad, showing excellent agreement with the theoretical
prediction. The minor discrepancy can be attributed to the
equivalent number of looks and the azimuth resolution, which
is ideally computed using (4), without accounting for the
effects of the windowing function and the APS.

Once the APS is estimated for each subaperture, the full-
resolution APS is reconstructed by interpolating the estimates
onto the original grid. The reconstructed APS is then sub-
tracted from the true APS, yielding the compensated signal.

A representative atmospheric scenario is simulated using
the parameters reported in Table I under normal atmospheric
conditions. In this case, the optimal subaperture integration
time is approximately 40 s. However, as shown in Fig. 6, when
a Hamming window is applied, the optimal integration time
is approximately twice the theoretical value. Consequently, an
integration time of 80 s is adopted for each subaperture. Given
the high variability of the atmosphere, a Monte Carlo approach
has been carried out by applying the APS compensation
algorithm proposed in Section IV over 100 realizations.

Fig. 12 shows an example of APS estimation results. The
residuals between the total APS and the estimated APS are
shown in Fig. 13.

Fig. 12. Simulated APSs. (Top-left) Tropospheric phase. (Top-right) Iono-
spheric phase. (Bottom-left) True APS (wrapped). (Bottom-right) Estimated
APS (wrapped).

Fig. 13. Residuals between total and estimated APS after (left) one iteration
and (right) two iterations.

Fig. 14. IRF after APS compensation compared to APS-free and APS-affected
cases. The satellite velocity is 16 m/s, and the total integration time is 1 h.
The other parameters are reported in Table I, assuming normal tropospheric
conditions. A Hamming window is applied.

A. Impulse Response Function

By assuming a single impulsive target in the center of the
scene, as in Section III-C, the IRF in (10) is evaluated in the
case of the compensated signal.

In Fig. 14, where an example of a single realization is rep-
resented, a significant performance improvement is observed.
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The central lobe is clearly reconstructed, unlike in the APS-
affected case (single realization), and the nominal azimuth
resolution is almost recovered. Under APS-free conditions,
the nominal azimuth resolution is 18 m. The application of
a Hamming window slightly degrades this value to 24 m.
After applying the compensation procedure, the final achieved
azimuth resolution is 25 m.

B. Distributed Target

In the case of the distributed target described in
Sections III-D and III-E, the coherence between the two
signals after the APS compensation procedure is evaluated.
The compensated focused data are expressed as

ŝAPS,c = ΦH
R

�
ΦR �W �ΦT �ΦI � Φ̂

∗

APS

�
s (39)

where Φ̂
∗

APS denotes the complex conjugate of the estimated
APS phasor e jφ̂APS and φ̂APS is the estimated total atmospheric
phase. The coherence is then computed using (16) applied to
the compensated focused data in (39)

γAPS ,c =
tr
�

ŝ ˆsH
APS ,c

�
r

tr
�

ŝŝH
�
· tr
�

ˆsAPS ,c
ˆsH

APS ,c

� . (40)

The mean value of the coherence after the APS compen-
sation computed using (40) over the Monte Carlo simulation
is 0.75 with a standard deviation of 0.027. This represents a
significant improvement compared to the coherence value of
0.05 (standard deviation of 0.03) obtained in the uncompen-
sated case.

The proposed method demonstrates strong performance,
achieving a final coherence of 0.75. To further refine these
results, an iterative strategy was investigated, specifically by
doubling the subaperture length to enhance the resolution of
each subimage. Experimental results indicate that this doubling
strategy yields superior performance, with a final coher-
ence of 0.84. The residual standard deviation decreases from
0.84 rad after the first iteration to 0.70 rad after the second.
These results were obtained without applying any azimuth
multilook, representing a worst case scenario for the estimation
process. Even under these conditions, the standard deviation
remains below 1 rad, indicating robust performance. This is
further verified by evaluating the Cramér–Rao bound (CRB)
in this scenario

σφCRB =

s
1 − γ2

APS ,c

2γ2
APS ,c

. (41)

After the first iteration, the CRB calculated using (41) is
0.62 rad, which validates our results as being close to the the-
oretical lower bound. Furthermore, after the second iteration,
the estimation accuracy approaches this bound, suggesting
that further iterations would yield only marginal performance
improvements.

VI. CONCLUSION

The joint contribution of tropospheric and ionospheric phase
screens has been identified as a key driver in the feasibility

Fig. 15. ZWD over Italy at 00:00 on January 1, 2023.

assessment and system design of an NZI geosynchronous
SAR. A stochastic model has been developed to account for
the overall APS, and a numerical approach has been introduced
to quantify its impact on the mean and standard deviation
of a focused point target, as well as on coherence loss for
distributed targets. The proposed model has been used to
optimize the subaperture window shape and duration, and to
evaluate the accuracy of APS estimation via interferometric
autofocusing.

The actual performance has been evaluated under realistic
conditions by exploiting large datasets to retrieve ionospheric
and tropospheric variogram parameters.

All the results have been supported by simulations.
The feasibility of the geostationary mission depends on

the platform velocity and the available power. Results are
presented for the C-band, but they can be readily extended
to other frequencies.

The final conclusion is that, if the orbit is constrained
within the ±0.1◦ ITU box, the mission is feasible, but the
performance is not optimal. In contrast, a box five times
wider—still compliant with ITU regulations for experimental
platforms—provides significantly improved performance.

APPENDIX A

The quantitative assessment of the spatial and temporal
variabilities of water vapor is crucial for evaluating the perfor-
mance of long-integration SAR systems, such as geostationary
SAR operating at the C-band and higher frequencies. The
variogram model in (2) was first introduced in [41] as an
extension of the temporal and spatial power laws, which are
well established in the literature [61], [62], [63], [64].

The verification and quantification of this variogram model
are nowadays enabled by the generation of high-resolution
weather models. For the present analysis, we rely on zenith
WD (ZWD) data covering an entire year (2023) over the
1000× 1000 km domain shown in Fig. 15.

These ZWD fields were derived from a WRF model with
a temporal resolution of 1 h and a spatial resolution of
1.5 × 1.5 km. WRF is a mesoscale forecasting system that
solves the nonhydrostatic, fully compressible Euler equations
on an Arakawa-C grid with mass-based terrain-following
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Fig. 16. Histograms of tropospheric variogram parameters and fit error,
estimated over 200 000 variograms in the entire year 2023.

coordinates. It is designed for both research and operational
applications and supports spatial resolutions ranging from
hundreds of meters to hundreds of kilometers [65].

The WRF configuration adopted here employs three nested
domains with horizontal resolutions of 13.5, 4.5, and 1.5 km
and includes the following physical parameterizations. The
Yonsei University scheme [66] is used for planetary boundary
layer turbulence closure; the RRTMG shortwave and longwave
radiation schemes [67], [68], [69] are applied for radiative
transfer; and the rapid update cycle (RUC) multilevel soil
model (six levels: 0, 5, 20, 40, 160, and 300 cm) [70],
[71] is used for land–surface processes. For consistency with
the GFS initial and boundary conditions, the New Simplified
Arakawa–Schubert convection scheme [72] is activated only in
the outermost domain (13.5 km), while the two inner domains
(4.5 and 1.5 km) do not employ a cumulus scheme, as their
grid spacing allows explicit resolution of convection. The
model outputs have been validated seasonally, and the rainfall
forecast performance has also been compared with that of
another limited area model over one year to assess predictive
capability [73]. An example ZWD map is shown in Fig. 15.

The fitting process has been carried out by estimating
variograms in the space–time domain, limited to the land
masses, since SAR cannot provide water vapor maps over the
sea. In the entire year, over 200 000 variograms were generated
and fit for the three parameters involved in (2): the space and
time decay, xT and τT , and the sill σ2

T .
The parameter histograms are shown in Fig. 16, together

with the normalized fitting error, which is defined as

ε =

RR �
VT ,E (τ, x) − VT (τ, x)

�2 dτ dxRR �
VT ,E (τ, x)

�2 dτ dx
(42)

where VT ,E(τ, x) is the empirical semivariogram and VT (τ, x)
is the fit model.

Fig. 17. Histogram of coherence estimated using (27) with v0 = 14.2 m/s.

TABLE III

SEASONAL EQUIVALENT SILL VALUES [MM2 ] FOR
NORMAL AND STRONG TURBULENCES

As shown, there is a considerable spread across all three
parameters. However, for the present analysis, it is necessary
to define representative ”normal” and ”turbulent” conditions.

To this end, a set of 200 000 fit variogram parameter triplets
was used to evaluate the coherence, γAPS , according to (27),
and assuming that θ = 50◦ and v0 = 16 m/s. The resulting
coherence histogram is shown in Fig. 17. The mean value
reported therein is very close to the coherence obtained using
the parameter set σ2

T = 100 mm2, τT = 10 h, and xT = 10 km,
as recommended in the literature [2], [31], [41], [48]. This
confirms the consistency with previously reported ”normal”
atmospheric conditions.

For strong turbulence conditions, the same parameter set
yields a coherence value close to the lower bound of the
histogram in Fig. 17, supporting its use as a conservative
reference.

For further insight, the values of σ2
T corresponding to the

median and 5th percentile of the seasonal WRF-based analysis
are reported in Table III as recommended for ”Normal” and
”Strong” turbulences.

APPENDIX B

Historical nowcastings of the total electron content (TEC)
over the Mediterranean area are provided by the eSWua
database [52], developed by INGV. These maps contain VTEC
values derived from GNSS measurements, sampled every
5 min with a 1-min integration time, and gridded at a spatial
resolution of 0.5◦ × 0.5◦. The dataset covers Europe from
10◦ W–45◦ E and 30◦ N–76◦ N. Owing to their continuous
temporal coverage, these maps enable the monitoring of large-
scale, slowly varying ionospheric structures that introduce
continuous and systematic phase delays in the C-band radar
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Fig. 18. Example of VTEC nowcasting over Europe.

Fig. 19. Solar activity from the year 2000 to the present. Data source: WDC-
SILSO, Royal Observatory of Belgium, Brussels [76].

TABLE IV

SEASONAL AVERAGE DISTANCE FOR 1-TECU VARIATION

signals [51]. This aspect is especially relevant for GEO-SAR,
where the long integration times required for data acquisition
preclude neglecting background ionospheric variability. Con-
versely, rapid and localized scintillation effects—although less
significant at mid-latitudes [51], [74]—are not considered in
this work.

Since TEC dynamics exhibit partially predictable behavior,
ionospheric forecasting models may be used to compensate
for background effects; however, the residual error from such
predictions still needs to be accounted for. An example of
an eSWua VTEC map is shown in Fig. 18. To extract
background variability statistics, VTEC data from Decem-
ber 2021 to November 2022—corresponding to medium
solar activity within Solar Cycle 25 (2019–2030)—were ana-
lyzed. This cycle is expected to peak in 2025, as illustrated
in Fig. 19 [75].

Background TEC exhibits both spatial and temporal vari-
abilities. Spatial variations are strongest near tropical and
polar latitudes and are smallest at mid-latitudes [77], where

Fig. 20. Seasonal spatial averages of VTEC variograms over the Mediter-
ranean region. (Left) Along longitude and (right) latitude.

TABLE V

AVERAGE LONGITUDINAL VTEC RATE

most NZI GEO-SAR acquisitions will be conducted. Due
to the large-scale nature of ionospheric structures, spatial
variability was evaluated first in latitude and then in longitude.
A total of 500 000 spatial variograms were computed up to
a lag of 500 km, and the empirical distances corresponding
to a 1-TECU variation were extracted for different seasons
and directions. Table IV summarizes these distances, while
Fig. 20 shows the seasonal average longitudinal and latitudinal
variograms. Spring exhibits the largest variability. Overall,
however, these spatial gradients remain modest and are not
expected to degrade subaperture focusing. The corresponding
linear rates in VTEC for each season are reported in Table V.

In contrast, temporal variations were found to dominate,
with fluctuations reaching 1 TECU within minutes. Since these
variations exceed the spatial component during SAR focusing,
the temporal variogram was used to model ionospheric vari-
ability for the algorithm presented in Section III. From the
dataset, 20 000 temporal variograms with time lags up to 1 h
were computed over six subregions, defined by three latitudi-
nal and two longitudinal bands. A suitable approximation for
the expected variability of the TEC at zenith is given by the
linear model

2VTEC (τ) = E
�
|VTEC (t + τ) − VTEC (t)|2

�
=
|τ|

αTEC
(43)

where τ is the time lag, θ is the GEO-SAR incidence angle, and
αTEC is the increase-rate parameter, expressed in s/TECU2. The
incidence angle factor was not used during the fitting of VTEC
values but is included here for SAR propagation modeling.

The fitting error was computed as in (42). Examples of fit
variograms are shown in Fig. 21, and the distributions of fitting
parameters for the summer season are given in Fig. 22. Sea-
sonal statistics are reported in Table VI. Median fit errors are
only a few percent, consistent with the Kolmogorov turbulence
model for the ionosphere [54]. The expected variability of the
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Fig. 21. Empirical VTEC variograms and corresponding linear fits.

Fig. 22. Histogram of variogram fitting parameters for (left) summer 2022
and (right) corresponding fitting error.

TABLE VI

SEASONAL TEMPORAL STATISTICS OF αTEC

TABLE VII

SEASONAL MEDIAN VALUES OF αLOS AT 16.73◦ E

TEC in the line of sight (LOS) is expressed as

2VTECLOS (τ) =
|τ|

αTEC cos2 θ
=

|τ|

αTECLOS

(44)

where αLOS is the ionospheric increase-rate parameter in LOS.
Spatial variations of αLOS across the three subregions are
reported in Table VII.

As illustrated, the equinox seasons exhibit the greatest
variability, and similar trends are observed at lower latitudes

Fig. 23. (Left) Median VTEC variance rate (αTEC = 428 s/TECU2) and
(right) corresponding single-pass propagation delay.

closer to the tropics. For the compensation algorithm, the
overall median value of Table VI, αTEC = 428 s/TECU2,
was adopted. This corresponds to a single-pass propagation
delay variance rate of αI = 0.44 mm2/s at nadir, as shown in
Fig. 23. The ionospheric delay variogram used in Section II-B
is parameterized accordingly.

APPENDIX C
ML ESTIMATION OF THE INTERFEROMETRIC PHASE

We derive here the maximum likelihood (ML) optimal phase
estimator for the case of two interferometric vectors with
known coherence, as in the atmospheric variogram.

We model the reference and secondary observations over a
local window, u and v, as

u = s1, v = s2 e jφ (45)

where s1 and s2 are [N × 1] column vectors representing the
underlying reflectivity in the two acquisitions and φ is the
interferometric phase to be estimated.

We assume that the sources are zero-mean, complex circular
Gaussian, mutually uncorrelated, with unit variance, and with
a known diagonal cross-covariance

Cs = E
�
s1s∗2

�
= diag (γ1, . . . , γN) (46)

where (·)∗ denotes the Hermitian transpose. For the application
of interest, all γn’s are real.

We stack the two observations into the [2N × 1] vector

z =

�
u
v

�
.

The ML phase estimate φML maximizes the conditional prob-
ability density of z

fz|φ (z | φ) ∼ Nc (0,Cz)

where Nc denotes the circular complex Gaussian distribution
and Cz is the covariance matrix

Cz =

�
IN Cse− jφ

Cse jφ IN

�
(47)

with IN being the N×N identity matrix. All blocks in Cz are
diagonal.

The ML estimate maximizes the log-likelihood

φML = arg max φ
�
−z∗C−1

z z
�

(48)

since log |Cz| is independent of φ.
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The inverse covariance is also block-diagonal

C−1
z =

�
G H
H∗ G

�
(49)

with

G = diag
�

1
1 − γ2

1
, . . . ,

1
1 − γ2

N

�
H = diag

�
γ1

1 − γ2
1
, . . . ,

γN

1 − γ2
N

�
e jφ.

By combining (48) and (49), we obtain

φML = arg min φ
�
u∗ v∗

� �G H
H∗ G

� �
u
v

�
(50)

= arg min φ

 
2

NX
n=1

�
gn + hn<

�
vnu∗ne− jφ��! (51)

where gn and hn denote the diagonal elements of G and H,
and < is the real part.

By nulling the derivative of (51) with respect to φ, the ML
phase estimate becomes

φML = arg

(
NX

n=1

vnu∗n
γn

1 − γ2
n

)
(52)

i.e., a coherence-weighted average of the interferometric sam-
ples in = vnu∗n. For constant coherence γn = γ0, (52) reduces
to the standard multilook phase estimator.

The estimation accuracy is bounded by the CRB. The Fisher
information for φ is

F = −tr
�
∂Cz

∂φ

∂C−1
z

∂φ

�
.

The derivatives are
∂Cz

∂φ
=

�
0 − jCse− jφ

jCse jφ 0

�
∂C−1

z

∂φ
=

�
0 − jHe− jφ

jHe jφ 0

�
and their product is

∂Cz

∂φ

∂C−1
z

∂φ
=

�
HCs 0

0 HCs

�
.

Hence, the Fisher information is

F = 2
NX

n=1

γ2
n

1 − γ2
n

(53)

and the CRB becomes

σ2
φ ≥ σ

2
CRB =

 
2

NX
n=1

γ2
n

1 − γ2
n

!−1

. (54)

For constant coherence γn = γ0, this reduces to the classical
result

σ2
CRB,0 =

1 − γ2
0

2Nγ2
0
. (55)

Consider now an exponential decorrelation model

γn = γ0 exp
�
−
|xn|

xT

�
(56)

and let Neq be such that

NX
n=1

2γ2
n

1 − γ2
n
'

2Neqγ
2
0

1 − γ2
0
. (57)

If γ0 dominates over the exponential term (i.e., |xn| � x0),
then

Neq '
X

n

exp
�
−

2 |xn|

xT

�
.

Approximating the sum over −x0 < x < x0 with spacing ρx

yields

Neq ' 0.28
2x0

ρx
= 0.28 N0 (58)

where N0 is the number of independent looks within a span
of width 2xT .
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