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ARTICLE INFO ABSTRACT

Keywords: Masonry walls are highly vulnerable to waterborne debris impact loads occurring during extreme
Waterborne debris impacts hydrodynamic events. These loads are usually represented with a force-time (F-t) diagram
Flood

calculated using analytical models. Such models are currently derived from elastic structures,
neglecting the effects of potential failure mechanisms activated by the impact. At the same time,
Impulse-momentum theorem current design standards lack design prescriptions that consider structural failure in debris impact
Climate change design. To address this gap, the present paper investigates the effects of structural failure on F-t
Numerical simulation diagrams and proposes a new model, the Energy and Impulse-Momentum Model (EIMM), to
compute analytical nonlinear F-t diagrams that account for such structural nonlinearities. The
focus is on masonry structures due to their popularity in the built environment, but the findings
can be extended to any impact scenario. It is shown that structural failure significantly reduces
the impact force due to the decrease in structural stiffness. A Performance Index, PI, is used to
quantify this reduction and is proposed as a potential design parameter. It is also shown that the
proposed EIMM can effectively compute nonlinear analytical F-t diagrams. The results of this
research deliver new knowledge and methods for debris impact design of nonlinear structures
needed to guarantee public technical safety of structures in extreme hydrodynamic events.

Structural failure
Masonry

1. Introduction

Waterborne debris impacts in extreme hydrodynamic events are high-magnitude impulsive loads that can affect structural integrity
[1]. Under the changing climate and the expected increase in both the intensity and frequency of such events, it is critical to reliably
assess the resilience of existing structures under these loading scenarios.

The magnitude of waterborne debris impacts depends on the debris-structure interaction: the debris contributes with its
hammering action while the structure resists it. These actions are commonly characterised by analytical debris impact Force-time (F-t)
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Nomenclature

Aqg Log debris cross-section area
Aimpact Impact area

Gy Pressure water flow coefficient
DIF Dynamic Increase Factor

d Ductility parameter

5 Stiffness ratio

E Energy quantity for solid debris impact models
E Energy quantity for equivalent force impact models
E4 Debris Young’s modulus

E Structure Young’s modulus

€ Eccentricity parameter

€ Strain

€ Strain rate

ek Tensile cracking strain

Efl Tensile equivalent plastic strain

n Viscosity parameter

F Debris impact force

Fr Froude number

P4 Log debris cross-section diameter
g Gravity acceleration

G} Tensile fracture energy

G; Compressive fracture energy

V4 Generic error quantity

hy Water depth

H Target function solved by the EIMM
I Impulse of the F-t diagram

Lec Finite element characteristic length
K. Ratio of the biaxial to uniaxial compressive yield stresses
kq Debris stiffness

ks Structure stiffness

L4 Debris length

A Scaling factor

my Debris weight

u Mass ratio

v Poisson’s ratio

D Vertical loads

PI Performance Index

W Dilation angle

Ahd Hydrodynamic pressure

Qs Hydrostatic pressure

qw Water flow pressure

P Material density

Pw Fluid density

Pd Debris density

s Mesh size

Sw Structural self-weight

c Stress

Oho Biaxial compressive yield stress

oc Uniaxial compressive strength

0c0 Uniaxial compressive yield stress
o¢ Uniaxial tensile strength

t Simulation physical time

ty Debris impact duration

u Structural horizontal displacement
\7 Debris velocity

Vi Flow velocity

w Crack width
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diagrams. Existing analytical models, including those proposed in ASCE/SEI 7-22 [2], assume elastic debris-structure interactions, i.e.
debris and structure behave elastically during the impact. However, post-disaster surveys indicate that structures often exhibit
nonlinear behaviour under debris impacts as failure mechanisms are activated. This particularly occurs for low-tensile strength
structures like masonry [3,4]. While there are already a few studies on incorporating debris nonlinearities in calculating debris impact
forces on elastic structures [5], there is a lack of knowledge on the role of structural failure on these forces.

To address this gap, the present study investigates the influence of structural failure on the F-t diagram of waterborne log debris
impacts on masonry structures and proposes a novel analytical method, the Energy and Impulse-Momentum Model (EIMM), to
compute the associated analytical nonlinear F-t diagrams. The generalisation of the presented findings to other structures and debris
types is discussed. These research objectives are achieved by carrying out numerical simulations with the commercial software
Abaqus/CAE [6]. The influence of structural failure is assessed through high-fidelity impact simulations, comparing impact force
histories on elastic and nonlinear structures across various scenarios involving different debris and structure properties, vertical loads,
and water flow loads. The EIMM has finally been developed using these high-fidelity numerical data as a reference. The results of this
research deliver new knowledge and methods for debris impact design of nonlinear structures needed to guarantee public technical
safety of structures in extreme hydrodynamic events.

2. Structural model

Debris impacts on masonry walls are numerically simulated with explicit Finite Element models using the commercial code Abaqus
[6]. The analysed structure is a nonlinear masonry wall (Section 2.1). The debris is assumed to behave elastically to exclude the effects
of debris nonlinearities [5], thus isolating those of structural nonlinearities. The cases with both nonlinear debris and structures are out
of the scope of this study, and their investigation is postponed to future research. The debris and the other acting loads are defined in
Section 2.2.

2.1. Masonry wall

The masonry wall analysed is a rectangular running-bond clay brick wall with no openings. This wall is 5.615m wide, 2.475m tall
and 0.1025m thick, with 215x102.5 x 65mm?® bricks and 10mm thick 1:1:6 (cement:lime:sand) mortar layers. The wall has a fixed
base, supported vertical edges and a free top edge. A masonry micro model is used, where bricks and mortar are connected by tied
interfaces (Fig. 1-a). Mesh consists of linear hexahedral elements (C3D8), with a size s of 35mm. Mortar layers, however, contain only
one element across their thickness, leading to a smaller mesh size in that direction. Mesh nodes are set to coincide at the interfaces to
merge brick and mortar meshes and reduce computational costs.

This micro model is validated by [7] against experimental tests by [8] performed on different masonry walls under out-of-plane
loads. The validation is carried out for two different walls, i.e. the one described above and used in this study, and one with open-
ings. Results showed strong agreement between numerical and experimental data in terms of both structural behaviour and failure
modes. Strong agreements were also identified against other numerical results [9,10] simulating the same experimental tests.
Therefore, this micro model is suitable to analyse the structural behaviour of masonry walls under out-of-plane loads.

Materials are homogeneous with density p, Young’s modulus E and Poisson’s ratio v. Materials nonlinearity is modelled with the
Concrete Damage Plasticity (CDP) model [6], as common for masonry models [11]. Uniaxial compressive and tensile post-elastic
stress—strain (6 —¢) curves are defined. The compressive curve is [12]:

a i b
(a) brick intertace (b)

debris

mortar

Fig. 1. (a) Micro-model and mesh layout for the masonry wall. (b) Debris mesh layout.
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with yielding strain e, 3 = o./(3E), strain at peak strength ¢ = 5¢./(3E), ultimate strain e, = ¢ + 3G)‘£ /(2l,c0.), compressive strength
o and compressive fracture energy G;. The equivalent element length I, allows for a mesh-independent post-elastic response and is
equal to the element volume divided by its largest face area [13]. Instead, the tensile curve is [14]:

o(w) = o,
c c

3 w
1+ <c11> ]eczm v (1+c)ee 2
w, w,

with tensile strength o,, crack width w, coefficients ¢c; = 3 and ¢; = 6.93 and ultimate crack width w, = 5.14 G}/ o;, where G)E is the

tensile fracture energy. Bricks and mortar parameters are in Table 1. Across the text, subscripts “b” and “m” are used to refer to bricks
and mortar properties.

The CDP plasticity parameters are defined as in [7]. These include dilation angle y, eccentricity parameter €, ratio of the biaxial to
uniaxial compressive yield stresses o3, /0.0, ratio between the second stress invariant on the tensile meridian to that on the compressive
meridian K, and viscosity parameter 5. Default values are used for €, 6p,/0c0, K. and 7, i.e. 0.1, 1.16, 0.667 and 0. The angle y, is equal
to 35, while y,, is set by following [15] to replicate shear failures at bed joints under vertical stresses. Self-weight causes low vertical
stresses associated with y,, = 43’, while y = 10’ is required when higher vertical loads are present.

High strain rate effects are modelled by multiplying material properties by the Dynamic Increase Factors (DIF) function of the strain
rate ¢. This ¢ dependency is modelled with a user-defined Fortran subroutine proposed by [7]. DIF are applied only to ¢; and G} as the
most influential dynamic properties in these scenarios [7]. The DIF equation for bricks and mortar are [16]:

DIF. — | 0.0268In(¢) +1.3504, 2 108! <é<3.257! 3)
>~ 10.2405In(¢) + 1.1041, 3.257' < & < 1505}

pIF. — ] 0.0372In(¢) +1.4025, 210 55! <& <135 @
™1 0.3447In(¢) +0.5987, 135! < é < 200s7

2.2. Acting loads

The impact scenario is waterborne log debris impacting a masonry wall in an extreme hydrodynamic event (Fig. 2-a). The flow has
velocity vy, and depth hy,. The debris is driven with uniform motion until it hits the structure at midspan with velocity v4 equal to v,,
[17-19] and height equal to h,,. The log is assumed to impact the wall orthogonally to maximise peak impact force [20,21]. The debris
force is introduced in two different forms following two different modelling strategies: the solid debris impact model (Fig. 2-c) and the
equivalent impact force model (Fig. 2-d). In the solid debris impact model, the debris-structure interaction is explicitly modelled by
representing the debris hitting the structure. In contrast, the equivalent impact force model simplifies the mechanical system by
introducing the impact force with an equivalent F-t diagram. The solid model accurately simulates the debris-structure interaction
[22]. Therefore, it is used to analyse the effects of structural nonlinearities on the debris impact force and provides the reference data to
develop the proposed analytical model that integrates structural nonlinearities. Instead, the equivalent model is the current practice
for existing research and design, and is used in this study to evaluate the structural behaviour under F-t diagrams calculated a priori, e.
g., with the analytical model proposed in this research.

In the solid debris impact model, the log representing debris is meshed with linear hexahedral elements (C3D8) and s = 20mm
(Fig. 1-b), following [23], which shows that s ranging from 5mm to 30mm lead to mesh independent results with the same element
types. The debris-structure contact is modelled with the General Contact algorithm based on contact penalty [6]. The contact friction
coefficient is set to 0.50 as typical of wood against masonry to represent realistic interactions [24]. No damping is implemented as it
does not influence the peak structural responses such as maximum displacements under impact loads [25]. The impact force F is the
total force at the debris-structure contact area in time t and the value of F(t) defines the numerical F-t diagrams.

In the equivalent force impact model, the impact F-t diagram is implemented as a uniform pressure with total force equal to F(t) on

Table 1
Mechanical properties of bricks and mortar [7].
p[kg/m3] E[MPa] v[-] o.[MPa] G} [N/m] o:[MPa] G} [N/m]
Bricks 1590 16,700 0.20 38.20 38,200 3.82 64
Mortar 2113 4000 0.20 11.50 11,500 0.58 28
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Fig. 2. (a) Impact scenario, (b) solid debris impact model and (c) equivalent impact force model.

an impact area Ajmpqc: €qual to Ag. The F-t diagram can be defined in two ways. First, using analytical models, which lead to a sim-
ulations reliability depending on the accuracy of the applied F-t diagram. Second, using the high-fidelity numerical simulations carried
out with the related solid debris impact model, i.e. the one representing the same impact scenario. In this latter case, the applied F-t
diagram is defined as the actual F-t diagram, and the equivalent force impact model using such a diagram is defined as the actual
equivalent model.

The debris properties are set as the minimum design parameter by ASCE/SEI 7-22 for log debris. These properties are my = 454kg
and k; = 61300kN/m, which corresponds to a length of L; = 9m, a diameter of ¢; = 0.305m, E; = 7550MPa and p; = 690.4kg/m>.
Note that k4 is the axial log stiffness calculated as kg = EqA4/Lg4, with A4 being the debris cross-section. The Poisson’s ratio v4 is set to
0.3 as typical for wood [26].

In addition to the debris impact, the following loads also act on the structure. The structural self-weight, SW, and the vertical top
load p act in the vertical direction (Fig. 2-b). Note that p represents the gravity loads introduced to walls in typical two-storey buildings
considering two scenarios of p; = 13.19kN/m and p, = 37.76kN/m [27]. Moreover, the water flow pressure g,, acts horizontally over
the wall wet surface. This load, computed assuming a steady state flow as in existing literature, is the sum of a triangular hydrostatic
pressure g, and uniform hydrodynamic pressure gpq [27,28]. The load gy is calculated as qns = p,,8hw, where p,, is the fluid density set
to 1100kg/m® to consider water with entrapped sediments [2]. The load gy is calculated as gy = 0.5p,,C,v2, where C,, is the pressure
coefficient set to 1.5 [27]. It follows that g,, is a trapezoidal pressure with top value gy «p = qng and bottom value gy por = Gra + Gns-
The Froude number Fr = v,,/./ghs,, with g being the gravity acceleration, links v,, and h,,. A subcritical flow, Fr = 0.6, is assumed as a
common realistic condition [28]. The value of h,, is set equal to 0.9m as the minimum water depth to consider debris floating by ASCE/
SEI 7-22. This leads to v, = 1.78m/s. Using the selected values for h,, and vy, gy = 9.71kPa and gnq = 2.62kPa, leading to gy «p =
2.62kPa and qy, s = 12.33kPa. In summary, three load cases are considered, namely only-debris, SW +p and SW + q,,. The only-debris
case aligns with ASCE/SEI 7-22, in which debris impacts are not combined with other loads. The SW +p and SW +q,, cases consider the
contribution of SW, p and q,, in addition to the debris load. Therefore, comparing these results with the only-debris load case allows to
highlight the effects of such loads. Remembering that two values of p are defined, the related load cases are SW +p; and SW + pa.

3. Numerical investigations
3.1. Simulations programme

The importance of structural nonlinearities is investigated through high-fidelity simulations carried out using solid debris impact
models (Fig. 2-c) on a masonry wall defined in Section 2.1 and load cases introduced in Section 2.2. Numerical nonlinear F-t diagrams
are extracted from the results. The role of structural nonlinearities is identified by comparing these diagrams to numerical elastic F-t
diagrams. Numerical elastic diagrams are obtained by implementing only the elastic material properties for the studied structure. The
nonlinear and elastic F-t diagrams are compared in two steps. First, qualitative discussions examine the characteristics of the nonlinear
diagrams relative to the elastic ones. Second, such diagrams are quantitatively compared as a whole using the Performance Index PI,
calculated as:
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)

where Ioniinear and Iiqstic are the impulses of the nonlinear and elastic F-t diagrams, respectively. The value of PI is less than or equal to 1
and conveys the performance of a structure in resisting debris impacts. The impulse I is calculated as:
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To facilitate data discussion, nondimensional F-t diagrams are presented using Fyogim and t,oqim, calculated as:

F t

Frodim = thodim = ——F=——== )
. vavmgkq . 2¢/my/ky

The horizontal structural displacements u of nonlinear and elastic simulations are also compared to support the discussion on the
effects of structural nonlinearities. Such displacements are discussed in terms of both their whole time-history and maximum value
Unax- The displacement control point is on the wall surface opposite the impact surface and in correspondence with the impact area
centroid.

A broad overview of the effects of structural nonlinearities is obtained by analysing different load cases in different impact sce-
narios. These scenarios are defined by varying v4 and o, starting from the baseline values 6, = 0.58MPa and v4 = 1.78m/s (see
Sections 2.1 and 2.2, respectively). These analyses allow for overlooking the influence of different loads, structural damage, and
impact severity and generalise the results. For this, v4 values of 0.5, 3, 4, 5 and 6m/s, which are among the impact velocities tested by
Piran Aghl et al. (2014), and o, values of 1.16, 0.29, 0.15 and 0.07MPa, which are common mortar tensile strengths [11] are
considered. These values represent 100%, 50%, 25% and 12.5% of the baseline value, also leading to variable G} (as for Section 2.1)

with the same factors. This broad range of o, allows to effectively study weakening structures under the influence of mortar failure.
The baseline values of 6;, and v4 are used when varying v4 and o, respectively.

-------- Elastic structure
— Nonlinear structure

0.8

0.6

nodim [
u [mm]

{ time-zoom w g4

1 02y A | u (elastic str.) 0.2
— u (nonlinear str.)
0 : * 0
. 0 0.05 0.1 0.15
nodim ] tnodim [
(c) — (d)
& t; =t tz
0.005
0.001
ﬁ—f—v‘
(e) (f) T i
t3 R ty
——— = B e e =
—T{T [

Fig. 4. (a) Full and (b) time-zoomed numerical elastic and nonlinear F-t diagrams. Crack patterns at (c) t; = t, (d) t2, () t3 and (f) t,.
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3.2. Only-debris load case

The numerical nonlinear F-t diagrams obtained from the solid debris impact model are shown in Fig. 3-a, b as a function of 6, and
v4. The related numerical elastic diagrams are also shown for comparison. Note that the nondimensional elastic diagrams for varying
v4 coincide since results are normalised with respect to v, in lieu of Eq. (7). These analyses are obtained excluding the high-strain rate
effects in the material model to reduce the parameters potentially influencing the results. The influence of high-strain rate effects is
specifically investigated in Section 3.4.

Fig. 3-a, b show that the impact force of nonlinear F-t diagrams is lower than that of related elastic diagrams. Moreover, nonlinear
diagrams have lower force values as o;, decreases and as v4 increases. This is due to the structural damage, which reduces the
structural stiffness and, in turn, the impact force. Such a reduction is also observed in elastic impacts where impact forces decrease with
structural stiffness [20]. Displacements also significantly increase as o, decreases and as v, increases (Fig. 3-c,d), which is expected
given the increased structural damage. Moreover, PI (Eq. (5) is always lower than 1 (Fig. 3-e) and a relationship between PI, and 6¢m
and v, can be observed. In general, the impact force and the structural resistance are directly proportional, and the structural resistance
is given by the inertia forces and structural stiffness [20,22]. It is observed that PI decreases at a lower rate as v, increases than when
oym decreases. This is because, while the structural stiffness decreases as v4 increases due to the higher damage caused by the impact
action, the structural resistance is governed by the inertia forces, which increase with increasing v4 due to activation of higher
structural accelerations.

Nonlinear F-t diagrams and related structural displacements for the case of 6;, = 0.58MPa and v; = 1.78m/s are presented in
Fig. 4. Damage is shown with crack patterns on the back face of the wall (Fig. 2-a) at meaningful times (Fig. 4-a) in terms of equivalent
plastic tensile strain Efl, which is the CDP hardening variable in tension [6]. This strategy follows [7], who proposed 0.001 and 0.005 as
Efl contour thresholds, which correspond to 30 % and 70 % reduction for mortar peak strength, and 60 % and 98 % of brick peak
strength. These values effectively convey structural damage in bricks and mortar layers. It can be observed that the elastic and
nonlinear F-t diagrams coincide until t; (Fig. 4-b). Comparing the displacement u of the cases with elastic and nonlinear structures,
these also diverge at t; . Therefore, t; is identified as the time at which structural nonlinearities arise and referred to as the yielding time

@ : : . . .

N ]
— Elastic
-------- Nonlinear - only debris
08k — Nonlinear - SW 1
!‘ —— Nonlinear - SW + p,
_ Nonlinear - SW +
T os}| = -
£ i
°
2
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Fig. 5. Simulations for load cases SW + p: (a) numerical F-t diagrams, (b) PI and (c) u.
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ty. Crack patterns show that no damage occurs for t < t, (Fig. 4-c) and that the difference between the elastic and nonlinear outputs
increases as structural damage progresses when t > t, (Fig. 4-d,e,f). These data on F-t diagrams, structural displacements and crack
patterns show the governing role of structural damage in the nonlinear debris-structure interactions.

It is worth noting the similarities of the presented results with the earthquake engineering practice, where the elastic seismic
response spectrum is scaled to account for the structural nonlinear behaviour. This scaling is performed through the behaviour factor g
(or force modification factor R), which enables the carrying out of elastic analyses in place of inelastic ones. The g-factor depends on
the structural typology, structural systems and building materials [29]. Its value is directly proportional to the expected structural
ductility under the earthquake action [25]. Similarly, in debris impact problems, the nonlinear F-t diagrams can be reduced with
respect to the elastic one with PI as the quantifying parameter for this reduction. Therefore, PI can be used as a design parameter in a
performance-based debris impact design. The acceptable threshold values of PI for each design limit state require further investigations
and should be defined in future research.

While fully coupled debris and structure nonlinearities should be investigated in future research, the presented results show the
accuracy of the assumption of debris behaving elastically (see Section 2). Indeed, the maximum force is F =~ 800kN (from Eq. (7) for
vq = 6m/s), which corresponds to =~ 11MPa compressive stress on A4 and is lower than common wood strength, i.e. 30 —50MPa [26].
Moreover, despite referring to specific debris and structural properties, the presented results can be generalised in lieu of the clear
causation between the impact force reduction and structural damage. Therefore, these findings can be extended to various impact
scenarios with different debris types, e.g. cars, and different masonry structures and other nonlinear structures. Common variations of
the presented structural set-up would include the presence of openings in the wall. This presence would have the same effects as that of

(@ - : : : : : (b)
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(d) 0.29, (e) 0.15 and (f) 0.07 MPa, (g) PI and (h) u.
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weaker material strengths, as shown in this section. Indeed, wall openings would decrease the structural capacity [8] and consequently
lead towards a lower impact force and PI compared to the case with no openings. Moreover, the indirect proportionality between
structural capacity and opening ratio [8] conveys that the PI would decrease as the opening ratio increases. Another possible structure
variation is in terms of boundary conditions. In general, boundary conditions influence the structural stiffness and failure modes [9].
Structural stiffness is also proportional to the debris impact force [20]. Therefore, changing boundary conditions, e.g. pinning the wall
at the four sides, would modify, first, the related elastic impact force, and, second, the failure mode. Nevertheless, the wall failure
would still proportionally decrease the impact force and PI in line with the results of this section. However, given the intrinsic
nonlinearity of this problem, each debris-structure combination is expected to have specific parameters and key failure mechanisms
that govern the nonlinear debris-structure interaction. These specifics must be identified in dedicated future studies to assess the most
critical structural configurations for debris impacts..

3.3. Effects of vertical and horizontal loads

The results of the load cases SW +p alongside with those of the only-debris load case are presented in this section. Fig. 5-a and b
show that with increasing vertical loads, the impact forces change insignificantly, as also quantified by PI (Fig. 5-b). In contrast,
displacement variations are notable, as umqy is reduced by 11.9%, 20.4% and 25.1% for SW, SW +p; and SW + p., respectively, with
respect to the only-debris case (Fig. 5-c). These trends are likely due to vertical loads that increase the normal compressive stresses on
bed mortar joints, which in turn increase the shear resistance [15]. The limited contribution of shear failure mechanisms to the
structural capacity under out-of-plane debris impact loads [7] justifies the limited increase in PI.

Numerical F-t diagrams for load cases SW +g,, are in Fig. 6-a for varying o;,,. No significant variations can be observed from the
only-debris load case despite pre-impact damage (Fig. 6-b to f). The only notable variation is the lower initial loading rate for o;,, =
0.07MPa (Fig. 6-a). This occurs because, despite the debris impacting the wall orthogonally (see Section 2.2), the pre-impact de-
formations caused by g, lead to unparallel debris and wall surfaces. Indeed, it is known that a lower initial load rate is caused by
unparallel debris-structure contact areas [20].

The PI variations are also minimal (Fig. 6-g). However, the unaltered diagrams observed when using q,, are unexpected. Indeed,
pre-impact damage, reducing k;, was expected to cause a further reduction in impact force. A possible explanation is the following. The
impact force is governed by the structural resistance given by k; and m;, with inertia forces given by m; governing the initial impact
phase [22]. In the analyses, k; decreases with structural damage, but m;, is unchanged, as well as the inertial contribution. Meanwhile,
the subsequent impact phase is controlled by the debris damage, which is likely more important than the q,, damage. This aligns with
the PI —v, relationship also governed by inertia forces (see Section 3.1). The present data also show that g,, has a negative effect on
displacements as umqx notably increases as gy, is included and o, decreases (Fig. 6-h) due to the combined action of debris and g,,
under decreasing o p,.

3.4. High strain rate effects

The F-t diagrams obtained including the high strain rate effects in the material models, as explained in Section 2.1, are shown in
Fig. 7-a. The load case only-debris is analysed here. It can be observed that considering DIF led to an insignificant increase of PI from
0.63 to 0.66 ( + 4.76%). Conversely, the effects on displacements are more significant, with upq, reduced by 16.9%, in line with [7].
These results indicate that high strain rate effects positively influence the impact scenario, which is expected considering the enhanced

@ : : : : — ) 503 : : : :
1! ]
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-------- Nonlinear - No DIF 0.025}
0.8F — Nonlinear - DIF .
0.02} LT T IS 1
- 7
-L-E 0.6} T - 2
£ Eo.o15} G ]
8 5 2
[TH Cd
0.4r 1 4
0.01f / 1
0.21 1 0.005} .
0 . . . . . 0 . . i .
0 0.2 0.4 0.6 0.8 1 0 2 4 6 8
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Fig. 7. (a) F-t diagrams and (b) u without and with DIF.

10



A. De Iasio et al. Engineering Failure Analysis 182 (2025) 110070
material performances given by the high strain rate effects (see Section 2.1).
4. Proposed analytical model

The Energy and Impulse-Momentum Model (EIMM) is proposed here to compute analytical nonlinear debris impact F-t diagrams.
This model aims at replicating the numerical nonlinear F-t diagrams with a simplified curve. The EIMM F-t diagram is used in
equivalent force impact models to simulate a reliable nonlinear structural response under debris impact loads. Therefore, the use of
EIMM improves upon the higher computational and modelling efforts required for high-fidelity debris impact simulations on nonlinear
structures, which are carried out with solid debris impact models. An overview of the EIMM conceptualisation is given in Fig. 8 in
relation to the solid and equivalent impact models.

The data presented in Section 3 show that numerical nonlinear F-t diagrams have lower force values than the related numerical
elastic F-t diagrams. Considering this, EIMM calculates the analytical nonlinear F-t diagram as a scaled version of the related analytical
elastic F-t diagram. The scaling factor is determined by applying physically based compatibility equations to calculate the compatible
F-t diagrams. These equations are based on the principle of energy conservation [30] and the impulse-momentum theorem [31]. In
particular, the F-t diagram is correlated with the energy exchanged between debris and the structure, as well as with the change in
momentum of the debris during the impact, as verified in Appendix C. Note that secondary impacts, i.e., impacts due to debris-
structure interactions following the initial one, are not considered by the EIMM. This choice is based on [22], whose research,
using comparable high-fidelity debris impact simulations, argued that debris may rotate in real events after the first contact due to
debris-flow interactions. However, these interactions are not modelled in the present simulations, and such secondary impacts are
likely unrealistic. The EIMM definition is presented in Section 4.1, the benchmark results are discussed in Section 4.2, while the model
results are reported in Section 4.3. Critical results analyses and possible improvements are discussed in Section 4.4.

| Impact scenario ‘

/\

Solid debris impact model | | Equivalent force impact model

ﬁ(t)/P

Impact action applied by the solid debris Impact action applied by an equivalent F-t diagram,
in contact with the structure. which can be:

The key output is the numerical * an analytical F-t diagram from analytical models.

nonlinear F-t diagram. « the numerical F-t diagram from the related solid
model (this is the actual equivalent model).
@ Accurate debris-structure interaction. @ Lower computational and modelling efforts.
€ High computational and modelling €) Reliability linked to the F-t diagram accuracy.

SHIS: 0 Analytical models to calculate nonlinear F-t

diagrams currently not available.

| Emm |

* New model to calculate analytical nonlinear F-t diagrams
replicating the related numerical nonlinear F-t diagrams.

» It requires equivalent force impact models only. No need for
solid debris models.

» The key benchmark is the actual equivalent model.

Fig. 8. Overview of the EIMM conceptualisation in relation to the solid and equivalent impact models.
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4.1. Model definition

4.1.1. Application of the principle of energy conservation and impulse-momentum theorem
The energy balance principle states that the total energy of an isolated system is constant and that energy transforms as the system
changes [30]. Energy conservation in numerical simulations is verified through an energy balance equation, such as [6]:

E; + Ey + Epp + Ex + Ejyg — Ew — Epw — Ecw — Eyw — Exr = Eror = constant 8)

where Ej is the internal energy (e.g. strain energy), Ey is the viscous energy, Epp is the frictional energy, Ex is the kinetic energy, Eigg is
the internal heat energy, Ey is the work done by external loads, Epy, Ecw and Epny are the work done by contact penalties, constraint
penalties and added mass, respectively, and Epr is the heat energy. The energy sum is the constant total energy Eror. The energy
conservation principle is applied to the studied impact scenario as follows (Fig. 9). The initial condition is with the debris moving with
uniform motion at velocity v4 (instant “0"). This condition changes only at the impact start (instant “17), leading to vq; = v4. Note that
the energy first introduced into the system is the initial debris kinetic energy Ex 40, which is constant until the impact starts, leading to
Exq0 = Exq1. Energy transfer occurs after the impact starts, with part of Eg 41 becoming kinetic (Ex;) and internal (Ej;) structural
energies, part becoming debris internal energy E; 4 due to debris deformations, and another part dissipated as viscous (Ey) or friction
(Epp) energies. Thus, energies at the impact end (instant “2”) depend on the debris-structure interaction. The EIMM considers the
energy variations between the impact initiation and end (Fig. 9).

For the EIMM purposes, Eq. (8) is simplified considering the energy components of high-fidelity simulations from Section 3. These
components are weighed against the initial system energy, i.e. Ex 4o (Fig. 9). Fig. 10 shows that Ey, Epy and Epp are below 1.5% of Ex 40
between the impact start and impact end in various impact scenarios. The limited Ey is consistent with the absence of structural
damping, with this contribution given only by default bulk viscosity introduced in the solution algorithm to prevent numerical in-
stabilities under high-velocity loadings [6]. Moreover, Epy is minimal as the default contact penalties in the numerical model effec-
tively limit its value [6]. Also, perpendicular impacts limit sliding at the debris-structure interface, explaining the low Epp.
Consequently, Ey, Epy and Egp are neglected in formulating the EIMM.

Finally, Ejgr and Egr are null as no heat transfer is involved, as well as Ecy and Eppy since constraint penalties and mass scaling are
not implemented. Therefore, Eq. (8) becomes:

E; + Ex — Ew = Eror @

The energy balance equation (Eq. (9) is evaluated separately for the solid debris and equivalent force impact models. These equations
are subsequently combined to form the compatibility equations, which are presented later in Section 4.1.2. For solid debris impact
models, Eq. (9) is:

Exa+Erq+Exs +Eps — E%ydd = Eror (10)

where E%Vdd is the work done by the additional vertical and horizontal loads (see Section 2.2). Eq. (9) is initially evaluated at the
beginning of simulation (instant “0” in Fig. 9). Here, the structure is at rest position, vqo = v4, and no loads are acting yet since loads
are applied step-by-step starting from a null magnitude in FE simulations [6]. This leads to Exo = Er50 = Ei% = 0, while E; 4 is also
null as the debris is undeformed before the impact. Therefore, Eror is equal to Eg 40. Then, Eq. (9) is evaluated at the impact start and

end, i.e. instants “1” and “2” in Fig. 9, respectively. Eq. (9) at the impact start and end is, respectively:

Exa1+Era1 +Exsq +Ersq — an% = Eror 1)

Exa2+Era2 +Egs2 +Efso — E"ngiz = Eror 12)

| 1 1 )

1 1 1
Impact scenario beginning Impact start Impact end
(instant “0”) (instant “17) (instant “2”)

\. J

EIMM applization range

Fig. 9. Impact scenario timeline.
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Fig. 10. Ey, Epy and Epp normalised with respect to Ex 40 in various impact scenarios.

here, E;4; is null as the debris is undeformed before the impact, while E; 4, is neglected as the debris is unloaded and mostly unde-
formed after the impact, except for residual stress waves travelling along its body [20]. Note that Ex 1 and E;s; might not be zero
because the application of other loads might precede the impact action, e.g. vertical and horizontal loads. Combining Egs. (11) and
(12), it follows that:

Exa1 +Eks1 +Eps1 — E‘;?_’i = Exa2 +Egs2 +Eis2 *Ewdz (13)
Thereafter, Eq. (9) is similarly evaluated for equivalent impact force models, for which Eq. (9) is:

~ ~ ~add ~Ft =~
Exs+E—Ey —Ey=Eror (14)

where the cap differentiates these energies from those of solid debris impact models and ]Z";t, is the work done by the applied F-t di-

agram. Again, at the beginning of the simulation, the structure is in its rest position, and no loads are acting yet. This leads to Exs =

E‘Ls = Ea,;d = E;t, = 0. Therefore, Eror is null. As for Egs1 and Ej41, also EK_SJ and ELSJ might not be zero because the application of

other loads might precede the impact action, e.g. vertical and horizontal loads. Now, the impact start and end are evaluated. Eq. (9) at
the impact start and end is, respectively:

~ ~ ~add ~Ft ~
EK,s,l +El.s.l - EW,l - EWAl = ETOT (1 5)
~ ~ ~add  ~Ft ~
Exs2+Ers2 —Eyy —Eyy = Eror (16)

Combining Egs. (15) and (16), it follows that:
~ ~ ~add = ~ ~add  ~Ft
EK,S,] +EI.5.1 - Ewy] = EK.S.2 +EI,x.2 _vaz _EW.Q (17)

It is worth noting that all energy quantities can be directly obtained as output Abaqus variables. The only exception is the work of
external loads, which cannot be saved for individual loads but only as a global variable, including the work done by all external loads in
the simulation [6]. Therefore, E%3¢ in solid debris impact models is directly obtained as the output Abaqus variable Eyy since the vertical
and horizontal actions are the only external loads. Instead, the F-t diagram is also working in equivalent force impact models, making

Ey = E?,gd + Eﬁ, Thus, E{; is computed in post-processing analyses (see Appendix A), and E;‘jd as:

Ey' = Ey—E, 18)
The impulse-momentum theorem states that the impulse I of a generic force applied to a body of mass m moving at velocity v is equal to
the difference in the body momentum A(mv) between the start and the end of the force application [31] as:

I=A(mv) (19)

It is clear that dissipative phenomena, such as friction and viscosity, are therefore neglected by this equation. Applying the impulse-
momentum theorem (Eq. (19) between the impact start and end (instants “1” and “2” in Fig. 9, respectively) leads to:

13
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8L ng ly:
I=my(Vaz — Va1) (20)

Egs. (13) and (20) are used to verify the assumed correlation between the impact F-t diagram and the energy exchanged between debris
and the structure, as well as the change in debris momentum, respectively. These verifications are reported in Appendix C.

4.1.2. Compatibility equations
The compatibility equations are built by linking the energy balance equations of the solid debris (Eq. (13) and equivalent force (Egs.
(17) impact models. To do this, Egs. (13) and (17) are rearranged as:

Exs1 + Es1 — E"Vﬂﬁ — Egso — Eps0 + E%f,i_dz = —Exa1 + Exq2 (a)
~ ~ ~add  ~ ~ ~add ~Ft (21)
Exsi +Ersy —Ey; —Exso —Ers2 + Ey, = —Ey (b)
Then, their left- and right-hand sides are subtracted. Rearranging the terms, this leads to:
~Ft
Exa1 —Exd2 —Ey, +AE=0 (22)
where AE is the difference between the left-hand sides of Eq. 21-a and —b, computed as:

~ ~ ~add ~ ~ ~add
AE = (B +Era — By — Eoz — Eroz + By ) - (EK,S.l +Bis1 — iy~ Ecsz —Brsa + Ew.z) (23)

Furthermore, the properties of the actual equivalent model are exploited since the EIMM aims to replicate the results of such a model. It
is then expected that the actual equivalent model results in comparable structural behaviour to that one modelled by the related solid
debris impact model. It follows that:

- - ~ ~ ~add ~add
Exs1 = Exs1.Ers1 = Eis1, Exs2 = Exs2, Ersp = Eps0, Eslt =Ey, B4 = E,,, 24

The EIMM compatibility equations (Egs. (25) are finally obtained by combining the principle of energy conservation and the impulse-
momentum theorem. The former is considered in Eq. (25)-a, which is obtained by simplifying Eq. (22) assuming AE = 0 in lieu of Egs.
(23) and (24). The latter is considered in Eq. (25)-b, which is obtained from Eq. (20). Moreover, the classical kinetic energy formula for
Eg 4 is also considered to get Egs. (25)-c, d. Thus, the compatibility equations are:

~Ft
Exa1 — Exa2 —Ey, =0 (a)
I=my(Vaz — Vaz) (b)

1 (25)
Exd1 = Emdﬁ,l (c)

LI
Exaz2 = 3MdVa2 (d)

It is worth noting that every term of the compatibility equations can be determined when using equivalent force impact models. The
values of v4; and my are known quantities as these are initial conditions of the impact scenario, while I is calculated from the applied F-

t diagram by using Eq. (6). The value of E"I;;Z is calculated as an output of the equivalent force impact model. Ex 41, Ex 42 and v4, are

@ 4 (b) ()
| Exponential shape | | Parabolic shape
0.8
= Py
0.6
£
3 / P,
|.|_= 04
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l[/th AFh
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tnodim ! tnodim 1 tnodim H
— Nonlinear numerical " : — =1 —A=038 A=0.6
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= = Analytical elastic —A=04 —A=02 —/8 =0

Fig. 11. Nonlinear analytical F-t diagrams with (a) linear, (b) exponential and (c) parabolic shapes.
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calculated from Egs. (25)-b,c,d once the aforementioned terms are determined. The procedure to use the compatibility equations is
detailed in Section 4.1.3. It is also worth noting that assuming AE = 0 is necessary to make the EIMM solvable with equivalent force
impact models only. Indeed, AE depends on energy quantities also from solid debris impact models (see Eq. (24), which would be
unknown in a procedure based solely on equivalent models such as the EIMM. This assumption is verified in Section 4.2 and the effects
of its inaccuracies are discussed in Section 4.4.

4.1.3. Calculation of F-t diagrams

The calculation of the analytical nonlinear F-t diagrams with the EIMM is a step-by-step iterative procedure. The first step requires
obtaining the elastic analytical F-t diagram, which serves as the starting diagram for computing the nonlinear one. Then, the yielding
time ¢, is calculated from the results of two preliminary impact simulations. Both of these simulations represent the impact load using
the elastic analytical diagram, but one considers the elastic structure, while the other considers the nonlinear structure. The time t, is
identified as the time when the u time histories of the elastic and the nonlinear structure depart from each other. As such, t, marks the
limit after which the structural nonlinearities occur, and the elastic analytical F-t diagram loses its validity for t > t, because the
nonlinear structural behaviour breaks the assumption of elastic structure used to calculate the elastic analytical diagram.

Therefore, the EIMM F-t diagram coincides with the elastic one for t < t,. Instead, for t > t,, the EIMM F-t diagram is a scaled
version of the elastic one to mimic the relationship between nonlinear and elastic numerical F-t diagrams (see Fig. 3). The scaled
portion of the analytical nonlinear F-t diagrams is defined between the points P; (t;; F;) and P (t; F2(4)), (Fig. 11). Here, t; =t, and F;
equals the force of the elastic diagram at t,. Instead, t, is the same as the total duration of the elastic impact, while F, (1) equals the force
of the elastic diagram Fj, at t, scaled by a scaling factor A (Fig. 11). The nonlinear diagram coincides with the elastic diagram if A = 1,
which is set as the upper bound for this parameter. A A lower bound is not set, but if calculations lead to 4 < 0, only the positive part of
the analytical diagram is considered as the equivalent nonlinear diagram.

Moreover, the scaled diagram is designed to follow a specific shape function. Three shape functions, i.e. linear, exponential and
parabolic, are defined in this paper (Fig. 11) and their results are compared to assess the most suitable one. Fig. 11 also reports the
numerical nonlinear F-t diagram as a reference, along with the related analytical elastic F-t diagram (see Appendix E), to illustrate the
scaling rationale. It is worth noting that Fig. 11 presents nondimensional F-t diagrams to align with the diagrams in Section 3, whereas
EIMM calculations are performed using dimensional quantities. The equations of the shape functions are as follows. The equations for
linear shapes are:

F=at+b
F(t)) =F, (26)
F(t;) = F2(2)

F=ae''+b
F(t]) :Fl
F(t;) = F2(4) 27)

F(t) =K(F,(4) —F)/(t — t1)

with the F’ at t; considered as K times the slope of the line passing through P; and P,. The value of K must be defined a priori. For this
study, it is determined in Section 4.3.1 to get diagrams resembling the numerical nonlinear F-t diagrams presented in Section 3.1. The
equations for parabolic shapes are:

F=at+bt+c
F(ti))=F

F(ty) = F2(4)
F’(tz) = 0

(28)

with the additional condition being that the vertex of the parabola is at P,, which is chosen to mimic the numerical nonlinear F-t
diagrams presented in Section 3. The parameters a, b and c that define these curves are calculated by solving the related systems of
equations, i.e. Egs. (26), 27 and 28, once P; and P, are set.

The correct scaling factor 1 is determined through an iterative solution of the compatibility equations (Egs. (25). The iterations are
performed using the bisection method, a well-established generic iterative solution algorithm (see Appendix B). For this purpose, the
compatibility equations are parametrised to 4 as follows. First, Eq. (25)-a is rewritten as H(4):

~Ft

H() = Ex41 —Exa2(A) —Ey,(4) =0 (29)

Here, Eg 4, is independent of A and solely a function of the input my and v4; = v4 (see Eq. (25)-c). Instead, Eﬁ,‘z (1) depends on / as this is
the work done by the A-dependent analytical F-t diagram when used in the equivalent impact force model, i.e. the diagram controlled
by the shape functions of Egs. (26), 27 or 28. Moreover, Eg 42(4) depends on 4 since it is computed with Eq. (25) c-d by using v42(4;)
calculated inverting Eq. (25)-b as:
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I(2) +mgv,
Vas(3) = ") E Mavas (30)
my
where I(4) is the impulse of the A-dependent analytical F-t diagram.
The iterative steps are as follows. Initially calculate Eg 4; from the input my and v4; = v4 with Eq. (25)-c. Then, for each iteration i
the following is considered:

1. Set the value of /; and calculate the related A-dependent analytical F-t diagram

2. Use this F-t diagram in an equivalent force impact model with the structure modelled as nonlinear. From these analyses, extract
Eﬁt,,z (4;) and the maximum displacement umq.(4i) caused by the J;-dependent F-t diagram.

3. Calculate I(4;) with Eq. (6), then v42(4;) with Eq. (30), then Ex 42(4;) with Eq. (25)-d.

. Evaluate H(4;) with Eq. (29).

5. Calculate the relative errors y, for 4;, I(4;) and umax(4i) with Eq. B(3) and the error yy, calculated as:

N

H(2)

K.d,0

100 (31)

YH =
which is a global metric for the residuals of Eq. (29) with respect to Ex 40, i.e. the energy initially put into the system (see Fig. 9).

6. Iterate steps 1-5 to refine 4; using Eq. B(2) until y, and y; reach a minimum threshold. A +5% error threshold is deemed acceptable
in this study

Note that the bisection method requires an initial solution interval [ag, bo] (see Appendix B). The value of ay is set to 1, which is the 4
upper bound as discussed above. The value of by is suggested equal to 0, which is associated with a diagram having P, on the horizontal
axis (Fig. 11). The F-t diagrams shown in Section 3 convey that by = 0 is low enough to represent the typical scenarios, but every initial
interval must be checked using Eq. B(1). If not verified, by must be reduced until Eq. B(1) is satisfied. It is worth noting that the true
errors yr (Eq. B(4) are also computed for I and gy to verify the accuracy of the EIMM results. The used true data are those of the actual
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Fig. 12. Comparison between reference and actual equivalent impact force models in terms of (a) u and damage patterns at (b, ¢) t; and (d, e) t,.
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equivalent force impact model, which is the selected benchmark for EIMM (see introduction to Section 4).

4.2. Discussion of the benchmark accuracy

The benchmark used to assess the EIMM results is the actual equivalent force model. This benchmark is appropriate because the
EIMM aims to replicate the numerical nonlinear F-t diagrams with simplified curves, which is the diagram applied in the actual
equivalent model (Fig. 8). As such, EIMM results are expected to match those of the actual equivalent model. At the same time, the
actual equivalent force model is expected to match the results of the related solid debris impact model as the actual model considers the
F-t diagram measured from the solid model, i.e. the numerical nonlinear F-t diagram. Therefore, the accuracy of the actual equivalent
model is preliminarily verified in terms of u, damage patterns and energies. The load cases only-debris, SW+p and SW +q,, are
analysed, taking the results of Section 3 as a reference. This verification is quantified with the errors:

T — U E-E E-E AE
Yactualu = u me 100, YactudlE = E 100, Yactual Etot = Exao 100, Yactual E.glob = Exao 100 (32)
max »d ted)

The error y,.q, evaluates iy of the actual equivalent model against upq. of the related solid impact model. The error y,cpq e
evaluates the difference between the equivalent force model energies E relatively to those of the solid debris model E, while Y actual Etot
evaluates the absolute energy variations E —E in relation to the energy of the initial system Ey a0 (Fig. 9). Finally, the error ¥qcuar £ giob
quantifies the mathematical weight of assuming AE = 0 in formulating Eq. (25)-a.

The u time-history for the actual equivalent force impact model and the related solid debris impact model in the load case only-
debris are compared in Fig. 12. Secondary impacts, excluded from the EIMM formulation (see introduction to Section 4), must be
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Fig. 13. (a) Displacement time histories, (b) observed debris-structure contact surfaces, and (c) implemented debris-structure impact areas.
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included in these analyses for consistency. This is required to apply an F-t diagram in the equivalent model that is the same exact force
experienced by the structure in the related solid model (see the label “sec. imp.” in Fig. 12).

Results show that displacements are overestimated by the actual equivalent model (Fig. 12-a), with 4.4, = 19.1%. Damage is
also overestimated, but crack patterns are well predicted by the actual equivalent model (Fig. 12-b to g). Since secondary impacts are
not considered by the EIMM, the actual model excluding secondary impacts is also calculated. These results show that displacements
expectedly coincide until secondary impacts arise and unqx decreases by 55% (Fig. 12-a). Similar trends and errors occur for the load
cases SW+p and SW + gy,. The energy errors qcuarp> YactualEtor @09 YacruarE.gior (EQS- (32) are computed in different load cases for the

- =~ ~add . .
energy components of Egs. (24). In load case only-debris, Ex 1, Ers1 and E;, are null as no additional loads are present, leaving the
structure unloaded before the impact. Thus, all errors are null for these quantities. Instead, positive y,.qq 5 are observed for Ex ;2 and

Emz, conveying that actual equivalent model overestimates structural energies. Comparable errors occur in load cases SW+p; and
SW + qy. However, all load cases have acceptable values of y,pq1 g 1or 304 7qctuar £ gtob TANGING between —5% and 17%, which convey a
limited mathematical weight of assuming AE = 0 in formulating Eq. (25)-a. Detailed error values are reported in Appendix C.

The cause behind these errors is discussed hereafter. The actual equivalent model has the F-t diagram directly recorded from high-
fidelity simulations. Therefore, the observed errors cannot be caused by inaccuracies in the F-t diagram and must be identified
elsewhere. As such, deeper analyses are done on the results of the reference high-fidelity simulations. Here, data show that the debris-
structure contact area and stresses Ojmpq: are space- and time-dependent (Fig. 13-a, b). As expected, the contact area is initially
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Fig. 14. Results of the EIMM using (a,b,c) a linear analytical diagram type, (d,e,f) an exponential analytical diagram type and (g,h,i) a parabolic
analytical diagram type.
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comparable to the debris cross-section Ag, with a mostly uniform ompac;: distribution (t = t;). Successively, this area transforms to a
ring-shape with nonuniform oympqc: distribution (t = t,). This is likely due to bodies deformations, which break the initial debris-
structure surface parallelism. The impact area further reduces to edge-contacts and causes oympqc concentrations (t > t3) likely due
to the further increasing structural deformations.

Therefore, the observed debris-structure contact area and stresses (Fig. 13-b) are different from the impact area defined in the
equivalent impact force models, where the F-t diagram is applied as uniform pressure over Ajmpq;: equal to Ag (see Section 2.2). This
difference is likely the cause of the errors observed for the actual equivalent model. This possibility is verified by modifying Aimpac: in
the actual equivalent impact model. Two alternative ring-shaped areas are defined to mimic the observed contact surfaces (Fig. 13-c).
The impact force is still implemented as a uniform pressure over Apq to observe the influence of a single changing parameter. The
structural displacements u obtained when using the ring-shaped areas are reported in Fig. 13-a, which are associated with y,.4q1,
12% for both the ring-shaped areas. Note that this error improved from the case using Ajmpacc = Aqg. Similarly, the ring-shaped areas
also improve the energy errors ¥acuar s Yactual .ot @04 Yacruat £ giob (S€€ Appendix C). Yet, some inaccuracies remain, which are likely due to
the missed implementation of the final edge-contact area and the varying stress distribution (Fig. 13-c). These adjustments are outside
the scope of this study, and their investigation is postponed to future research, as also discussed in Section 4.4.

In conclusion, the results presented in this section show that the actual equivalent impact model overestimates the reference high-
fidelity simulation results given by the solid debris impact model. Moreover, data show that this overestimation is likely caused by how
the impact force is implemented in the equivalent model in terms of Ajmpqc: and pressure distribution over it. Nonetheless, the actual
model is still representative of the solid debris impact model in terms of u, crack patterns and energies. Therefore, the actual equivalent
model is a suitable benchmark for the EIMM in the absence of further improvements to its accuracy, which is postponed to future
research. Note that the results excluding secondary impacts are considered as benchmark since these impacts are not implemented in
the EIMM.

It is finally worth noting that the presented results suggest that the EIMM underpredicts the results of the actual equivalent model.
This is due to the positive yq.qq1 £ giob» Which means positive AE (see Egs. (32). As such, in Eq. (25)-a, Ex 4 is constant and lower values

of Ex 42 and E?V‘z are required to satisfy such an equation if a positive AE is neglected. A lower E;t,,z is associated to a F-t diagram with
lower magnitude, since the work done by a force is directly proportional to its magnitude. Consequently, the impulse I is also reduced,
leading to reducing vy (Eq. (30) and Ex 45 (Eq. (25)-d). This expected underestimating EIMM is discussed in Sections 4.3 and 4.4.
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Fig. 15. Results of the EIMM in load cases SW +p and SW + q,,: (a) F-t diagrams and (b) u. Results of the EIMM in including DIF in material models:
(c) F-t diagrams and (d) u.
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4.3. Model results

4.3.1. Only-debris load case

The EIMM is applied in this section to the only-debris load case (Fig. 14). Three different shape functions are tested for the
analytical diagrams, i.e. linear, exponential and parabolic shapes (Fig. 11), and their results are compared. Note that the parameter K
needed by the exponential diagrams is set equal to 5 to ensure resemblance with the numerical diagrams of Section 3.1. The initial
solution interval [ao, bo] is set to [0, 1] for the exponential and parabolic diagrams, while it is set to [ —0.5, 0] for the linear diagrams. The
baseline v4 and o, are used. The acceptable error threshold of +5% is passed by 7 in 1, 4 and 3 iterations for the linear, exponential
and parabolic diagrams, respectively (Fig. 14-a,d,g). Conversely, the relative errors y, for 4, I and u converge slower, and require
around 6 iterations to pass such a threshold (Fig. 14).

These data show that the EIMM requires limited iterations to converge to a solution independently from the shape of the analytical
diagram. However, different F-t diagram shapes significantly influence the true errors y;. Linear diagrams result in significant y; for I
(—32.2%) and u (—61.5%) (Fig. 14-b,c). Exponential and parabolic shapes result in better y, being —6.61% for I and —13.4% for u
(Fig. 14-e,f), and —9.96% for I and —14.9% for u (Fig. 14-h,i), respectively. The values of y; for PI are the same as for I.

Note that the negative y; indicates that the EIMM underestimates the impact force, which is expected (see Section 4.4). However, y
are significantly higher when using linear shapes. This is likely due to the notable differences between linear shapes and the numerical
nonlinear diagrams (Fig. 11-a). As such, linear shapes are not recommended. In contrast, exponential and parabolic shapes result in
similar and limited y;. Nonetheless, the exponential equations (Eq. (27) are difficult to generalise due to the required a priori definition
of K. Without sufficient data to generalise K, the parabolic shape is recommended and adopted next.

4.3.2. Including additional loads and high strain rate effects

The EIMM applied for load cases SW -+q and SW +q,, converges with similar speeds and results in comparable y; as the only-debris
load case (Section 4.3.1), i.e. = 6 —10%. Moreover, as in high-fidelity simulations (Section 3.3), the EIMM also calculates F-t diagram
and displacement variations with respect to the only-debris load case (Fig. 15). In load case SW + p, the F-t diagram increase, which
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Fig. 16. Comparing numerical, analytical elastic and analytical nonlinear (EIMM) models in terms of (a) F-t diagrams, (b) u and damage patterns at
(c,d,e) t; and (f, g, h) to.
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aligns with Fig. 5-a. Instead, u initially decreases as expected, but eventually increases (Fig. 15-a), marking a difference with Fig. 5-b.
Moreover, in load case SW + gy, the F-t diagram and displacements increase. The latter aligns with Fig. 6-h, but the former is not
observed in Fig. 6-a. These results show that the EIMM mostly adapts to different load cases. The observed differences with high-
fidelity simulations are likely due to different dynamic behaviours induced in equivalent force impact models, whose investigation
is postponed to future research. The detailed data of the EIMM application for load cases SW+q and SW +gq, are reported in
Appendix D.

The EIMM applied for the only-debris load case with included high strain rate effects in the material models, i.e. using DIF,
converges with similar speeds and results in comparable y; as the only-debris load case without DIF, i.e. = 6 —10% (see Section 4.3.1).
Moreover, the EIMM results in variations of F-t diagrams and structural displacements in line with those observed in high-fidelity
simulations, i.e. higher impact force (with PI increasing by 3.9%) and lower uyq, (—10.6%) (see Fig. 15). This demonstrates that
the EIMM adapts to the modified structural behaviour function of the strain rate dependent materials response. The detailed data of the
EIMM application for load cases that include DIF are reported in Appendix D.

4.4. Critical results analysis and possible improvements — Case-study analysis

The EIMM results are critically analysed in a representative case study that has the baseline structure and debris properties in the
only-debris load case. This case-study is simulated using three different equivalent force impact models, each representing the debris
action with a numerical nonlinear F-t diagram, an analytical elastic F-t diagram and an analytical nonlinear F-t diagram. The numerical
nonlinear F-t diagram is the one calculated in Section 3.2 using high-fidelity simulations. The results of this simulation are used as a
reference. The analytical elastic F-t diagram is the one previously presented in Fig. 11. This option represents the current state-of-the-
art for debris impact analyses, where the F-t diagrams are calculated using elastic analytical models, despite potential structural
nonlinearities (see Section 1). Finally, the nonlinear analytical F-t diagram is the one previously calculated using the proposed EIMM in
Section 4.3.1.

The results show that the analytical elastic F-t diagram significantly overestimates both impact force (Fig. 16-a), with I being 62.6%
higher, and displacements (Fig. 16-b), with umq, being 164.6% higher. Note that these errors are due to the structural nonlinear
behaviour and not to model errors (see Appendix E. Crack patterns, presented at t; = 1 and t; = 6 (Fig. 16-b), are also notably more
severe under the analytical elastic diagram (Fig. 16-d,g). Moreover, applying Eq. (29) to the results of this simulation results to y; =

—109%, demonstrating that the analytical elastic diagram is incompatible with the impact scenario. These results point out the in-
accuracy of assuming elastic structures in computing the analytical F-t diagrams if structural nonlinearities occur. In contrast, the
analytical nonlinear F-t diagram computed with the EIMM is more accurate (Fig. 16-a), with the error for I and PI improves to —9.96%.
The error for uy,, improves to —14.9% (Fig. 16-b). Finally, crack patterns are well predicted (Fig. 16-e,h). Note that, while the EIMM
displacement errors are unsafe, PI errors are safe. Indeed, a lower PI indicates a worse performance of the structure under the
considered impact load (see Section 3). The safe calculation of PI is a significant advantage of the EIMM because it allows for a
performance-based design procedure with conservative results. For example, given a minimum design PI threshold, the EIMM would
lead to a conservative structural design to meet this threshold. Instead, the unconservative displacement calculations discourage the
use of the EIMM for a displacement-based design procedure. Nonetheless, displacement errors are limited, and their values remain
representative of the global structural behaviour, as also conveyed by the well-predicted crack patterns.

Given these results, the EIMM improves upon the significantly overestimated results obtained by using elastic analytical F-t dia-
grams for nonlinear structures, which is the current state-of-the-art (see Section 1). Moreover, these data show that EIMM is a valid
new numerical strategy to reliably analyse debris impacts on nonlinear structures. Here, given a specific debris impact demand, real
practice applications can be carried out to assess the structural performance of existing structures under such debris, or to design a new
structure that satisfies minimum performance thresholds.

Finally, errors y; ranging between —10% and —15% are commented to identify possible improvements for the EIMM. These errors
are likely due to the assumed AE = 0 in defining Eq. (25)-a, while its value is 2 10 —17% of Ex 41 (S€€ Yqctuar g gop i Appendix C). To
verify this error source, the EIMM is reapplied by adding a fictitious constant term equal to 0.1Eg 4 in Eq. (25)-a to compensate for the
neglected AE. The only-debris and SW +q,, load cases are analysed as representative examples. This fictitious term lead to more ac-
curate results, with y; around 1 —2% (see Appendix D), confirming the causation between the EIMM accuracy and the neglected AE.
Moreover, AE depends on how the F-t diagram is implemented in terms of A;npqc; and pressure distribution (see Section 4.2). It follows
that the EIMM errors likely depends on the same reasons. Therefore, while the fictitious term added above cannot be generalised,
future EIMM improvements must work on more accurate implementations of the F-t diagrams. These studies would also generally
improve the accuracy of equivalent force impact models.

5. Conclusions

This study investigated the effects of structural failure on debris impact F-t diagrams and proposed a new model, the Energy and
Impulse Momentum Model (EIMM), to calculate analytical nonlinear F-t diagrams. High-fidelity Finite Element simulations were used
to collect the reference data for different impact scenarios of log debris impacts on masonry walls. Moreover, the proposed EIMM
consisted of a simplified iterative procedure based on physically-based compatibility equations formulated from the energy conser-
vation principle and the impulse-momentum theorem.

The main findings can be summarised as follows:
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e Structural failure resulted in a reduction of the impact force that was proportional to the damage experienced by the structure
during the impact.

e This reduction was quantified with the Performance Indicator (PI), which was calculated as the ratio between the impulses of the
nonlinear and elastic F-t diagrams. PI was calculated in a range between 0.8 and 0.4 for the common scenarios investigated. This
parameter was proposed as a potential design parameter in performance-based design methods.

e The proposed EIMM could effectively compute nonlinear analytical F-t diagrams, also generically integrating the effects of different
external loads and material properties.

o Results showed that the EIMM improved upon the highly overestimated results of applying analytical elastic diagrams to nonlinear
structures, which is the current practice. True errors y; from using the EIMM were around 10-15 % for PI and structural dis-
placements, against the 63 % and 165 %, respectively, calculated from using the current practice. Moreover, the results conveyed
advantageous real practice applications in performance-based design procedures as the EIMM calculated safe PI values.

Limitations of the EIMM remain in how the impact force is implemented in terms of the impact area and pressure distribution.
Critical error analyses showed that correcting such aspects would lead to more accurate EIMM outputs. These corrections would also
generally improve the accuracy of equivalent force impact models and will be investigated in future studies. Further extensions of the
presented research will also include debris nonlinearities to simulate more comprehensive nonlinear debris-structure interactions.
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Appendix A

The post-processing calculation of the impact force work in equivalent impact force models (E;[/,z) is carried out by applying the
classical definition of work, i.e. the product of the acting force times the caused displacement. This definition is exploited as follows.
The F-t diagram is applied as a uniform pressure on A;mpq: With total force F(t) (see Section 2.2). This area covers a number of mesh
nodes equal to nnodes, each of them indexed with j ranging from 1 to nnodes. The force acting on the j-th node is Fj(t) = F(t)/nnodes.
The horizontal displacement of the j-th node u; is calculated, while vertical displacements are neglected as the impact force is hori-
zontal. Despite the pressure load is a follower load, i.e. it remains perpendicular to the elements faces during the analysis [6], the
vertical components of F; are also neglected, approximating the horizontal components equal to F; assuming that their inclinations with

respect to the horizontal direction are small. Therefore, the instantaneous work done by the F; is equal to F;du;/dt, and Ef,t“ is computed
as:

g

~Ft nnodes du; (t)

Ew.zz/zjzl Fi(t) cjit dt (A1)
0

To solve this equation using the simulations output, Eq. A(1) is simplified as follows. The force F;(t) is the same for every node and can
be taken out of the summation over the surface nodes to get:

]

~Ft nnodesdu; (t
E,, = / I0) D éi ) e (A2)
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Then, expressing du;(t)/dt in discretised form as Au;(t)/At, it follows that:

nnodes AU (t 1 nnodes 1
ijld lZl(_' ) = Ezjzld Auj(t) = E’ [ul_z (t) — U1 (t) + Uz o (t) — Uz (t) + ...+ Uj,g(t) — llj_J (t)} (A3)

Collecting the terms, with uror being the summation of the nodal displacements, we get:

Uror2(t) = Uy 2(t) + U2 (t) + ... + Uj2(t)

urora (t) = U1 (t) + Uz (t) + ... + 151 (F) (A4)

Z;:zdesA”j(t) = Augor(t) (A5)

It results that:

Byys = / B 2uror®) g (A6)

which is solved with the trapezoidal rule using the simulation time-steps. The validity of these post-processing calculations is assessed
as follows. An equivalent impact force model is defined in the only-debris load case such that the F-t diagram is the sole external force.

This allows the use of the Abaqus output variable Ey, as a benchmark since only the F-t diagram contributes to it. The baseline
properties of Section 3.1 and the actual F-t diagram are used. The relative error yp,, is computed for Eﬂt, computed with Eq. A(6) against

= . . . ~Fi . .
the Abaqus output variable Ey. Fig. A1 shows that the post-processing calculation of Emt, underestimate the Abaqus output variable
results, but yg,, = 1.34% at maximum, validating such calculations.
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Fig. Al. E;[, from the related Abaqus output variable and proposed post-processing calculations.

Appendix B

The bisection method belongs to the family of numerical methods to solve analytical equations whose solution cannot be expressed
in closed form [32], such as the equation H(1) of the EIMM model (i.e. Eq. (29). These methods are based on successive solution
refining through an iterative procedure starting from an initial guessed value. The convergence of the approximated solution 4; to the
true solution Ar with an increasing number of iterations i is required for such methods to be effective. The rate at which 4; converge to
Ar is the rate of convergence. Among the available strategies, the bisection method is used.

The choice of the bisection method is motivated hereafter. This method is often avoided because it exhibits first-order convergence,
resulting in a relatively high number of iterations required to achieve an acceptable solution [32,33]. As such, 2nd other convergence
methods are commonly preferred, like the Newton-Raphson or secant methods. Nonetheless, the bisection method has less strict re-
quirements for solution convergence than other methods. Given an initial guessed interval [ag, by] that contains the solution of the
function H(A) to solve, the requirements of the bisection method are the continuity of H(4) in the interval [ag, by] and:

H(ao)H(bo) < 0 (B1)
Conversely, the Newton-Raphson and secant methods also require that H(4) is monotonous in the interval [ag, bo]. However, this
condition is not guaranteed for the equation to be solved in this study. This is demonstrated by applying a series of scaled F-t diagrams

with parabolic F-t diagram shapes and 4 ranging from 0 to 1. Two different structures are analysed using ¢;,, = 0.58MPa and 6, =
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0.15MPa, which are taken from the values of o, ,, considered analysing structural nonlinearities. The function H(4) is not monotonic in
the first case (Fig. B1-a), while it is monotonic in the second case (Fig. B1-b). Therefore, the monotonicity of H(1) cannot be generalised
for the problems analysed in this study, and numerical methods that require such a condition, e.g. the Newton-Raphson method, are
not recommended.

(a) 200 (b) 200
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-200 -200
T -400 = -400
T T
-600 -600
-800 -800
-1000 | o Maximum point I 1000 | [ ] Maximum point I
0 0.2 04 0.6 0.8 1 0 0.2 04 0.6 0.8 1
*H s[]

Fig. B1. H(4) using parabolic analytical F-t diagrams and o, equal to (a) 0.58 MPa and (b) 0.15 MPa.
The bisection method is applied as follows. The values of ay and by are initially defined such that Eq. B(1) is satisfied. The first
approximated solution is 1; = (ao + bg)/2. Then, the solution interval is refined to [ao, 41] or [41, bo] by adapting Eq. B(1). In general,
the i approximated solution is:

=0 with {a:ai’l’ e i=1,2,3,... (B2)

1
a=A1, b=>biy, if F(4i,)-

The iterative procedure is monitored with the relative error y,;, computed as:

Qi —Q

. B
Tri o, (B3)

where Q; is a generic parameter to indicate 4; or any other simulation output, e.g. Umqy, Selected based on the analysis needs. Iterations
are stopped when 7, ; is lower than a suitable arbitrary threshold. The true error y;; can also be evaluated as:

9 —Qr

YT Qr (B4

Obviously, Qr needs to be known to compute yr;, which is not the case when solving unknown problems, but it is in assessing the
accuracy of iterative methods in problems with known solutions, such as in this study.

Appendix C

The correlation between the impact F-t diagrams and the energy conservation and impulse-momentum theorem equations, Egs.
(13) and (20), respectively, is verified using the errors y; and y,. These errors are computed as the relative difference of the left-hand
side against the right-hand side of Egs. (13) and (20), respectively. The values of v4; and v4 in Eq. (20) are computed from Eg 4 and
Eg 42, respectively, using the classic definition of kinetic energy, i.e. Ex = 0.5mv2. The data from the high-fidelity simulations of
Section 3 are used as a reference. The errors y; and y, are reported in Table C1. These errors are negative, which is expected given the
neglected energies in Eq. (13) and the neglected dissipative phenomena like friction and viscosity in Eq. (20) (see Section 4.1.1).

Table C1

Values of y; and y, related to applying Egs. (13) and (20) in reference simulations.
Case 71 72 Case 71 72
only debris — 6,y = 1.16 MPa —-2.27 % -1.77 % Sw —4.52 % —3.05 %
only debris — 6;, = 0.58 MPa —2.81% —1.46 % SW+p1 —4.34 % —2.95 %
only debris — 6,y = 0.29 MPa —3.63 % -1.27 % SW + py —-4.19% —2.71 %
only debris — 6;, = 0.15MPa —4.31 % -1.18 % qw — otm = 1.16 MPa —4.12 % —2.51 %
only debris — 6;;n = 0.07 MPa —4.72 % -1.15% qw — 6tm = 0.58 MPa —4.58 % —2.41 %
only debris — vq4 = 0.50m/s —-1.35% —2.23% qw — 0tm = 0.29 MPa —5.82 % -1.29 %
only debris — v = 1.78m/s -3.31% -1.63 % qw — 6tm = 0.15MPa —6.69 % -1.47 %
only debris — v4 = 3.00m/s —4.12% -1.18 % qw — otm = 0.07 MPa —6.11 % —0.66 %
only debris — vq4 = 4.00m/s —4.62 % -1.22% DIF -3.11% —2.96 %

(continued on next page)
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Case " 7 Case " 7
only debris — v4 = 5.00m/s —4.80 % -1.29 % - - -
only debris — v4 = 6.00m/s —4.84 % -1.43% - - -

It is worth noting the increasing trend of y; for decreasing o, or increasing vy, i.e. for increasing structural damage. This is due to
the neglected E; 4, in Eq. (13) (Section 4.1.1). Indeed, higher amounts of E; 4, are retained by the debris due to the lower capacity of
more damaged structures to absorb the impact energy, as conveyed by the ratio E; 45 /Eror in Fig. C1-a,b. This leads to unbalance Eq.
(13), but E; 4, /Eror is limited for various impact scenarios. Moreover, the average y;, and y, are limited and equal to —4.47% and
—1.84%, with standard deviations being 1.14% and 0.73%, respectively, allowing to verify Egs. (13) and (20).
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Fig. C1. Ratio E; 4/Eror for varying (a) 6, and (b) v4.

Furthermore, Table C2 reports the energy errors y,cuatgs Yactual .ot a4 Yacuar ggiob (EQS- (32) calculated in different load cases. Note

. . = = ~add s .
that in load case only-debris, Ex 1, Ers1, Exs1, Ers1, E‘#d and E;, are null as no additional loads are present, leaving the structure

~add ~]
unloaded before the impact. Also, note that y,,q 5z for Esv,z is significant likely due to calculation errors in Eﬂt,’z (see Appendix A), that
consequently affect Eq. (18). Instead, Table C3 reports the same errors when varying the impact area.

Table C2
EITOTS qctualps Yactual E.cor AN YacrualEglob fOT different load cases.
only-debris SW+p1 SW + qw
[%] Yactual E Yactual E tot Yactual E glob Yactual E Yactual E tot Yactual E glob Yactual E Yactual E tot Yactual E.glob
Exs1 0 0 16.01 0 0 11.88 0 0 16.91
Eps1 0 0 0 0 0 0
Eks2 22.99 8.69 25.02 9.05 28.84 10.49
Eps2 18.49 7.31 16.28 6.29 15.67 6.42
Eedd 0 0 0 0 0 0
Eﬁvd_‘; 0 0 94.49 -3.09 —1886.5 —4.54
Table C3
EITOTS Voetual B> VactualE ot @04 Vactual .glop fOT different Aimpace (0ad case: SW + gu).
Aimpac— full cross-section Aimpace— ring-shaped #1 Aimpace— ring-shaped #2
[%] Yactual. B Y actual E.tot Y actual E.glob Yactual B Yactual E.tot Yactual E.glob Y actualE Yactual E.tot Y actual E.glob
Exsa 0 0 16.91 0 0 12.92 0 0 13.01
Epsa1 0 0 0 0 0 0
Egs2 28.84 10.49 24.30 10.49 24.79 9.02
Eps2 15.67 6.42 9.97 6.42 10.82 4.43
Eed 0 0 0 0 0 0
E%,,d_‘é —1886.5 —4.54 —1840.3 —4.1 —1852.6 —4.32
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Appendix D

The EIMM detailed results in load cases SW +p and SW +g,, are shown in Fig. D1. The EIMM detailed results in load case only-debris
and including DIF in material models are shown in Fig. D2. The EIMM detailed results adding the fictitious energy correction term are
shown in Fig. D3.

(a) (b) (0) —
I v =0.
50 & 50 Plsaw = 0.42 50 G
+5% Plirye = 0.62 --—Yr
= = "-. [ ] /\1 =0.5
c_:( 0 g e_.- 0 = = o '_: A,=0.25
= = NI e ® ),=0375
N
L ® ),=0438
50 50 -6.45% 50 -8.14% ® ),=0.469
@ ) =0484
0 2 4 6 0 2 4 6 8 0 4 6 8 @ ), =0492
n. iteration [-] n. iteration [-] n. iteration [-]
SW + qy,
e f
( ) ( ) — Target
Plgmm =058 | | | e Y,
A Plirye = 0.62 o0
= :"... . @ )= 0.5
S o= o — 2, =0.25
- w - -8 -0
- ke '\ ® 1,=0375
o \ ® ),=0438
P K .
50 50 7.33% 50 -9.35% ® ), =0469
® );=0453
0 2 4 6 8 0 2 4 6 8 0 2 4 6 8 @ ), =0461
n. iteration [-] n. iteration [-] n. iteration [-]
Fig. D1. EIMM applied in load cases (a,b,c) SW+p and (d,e,f) SW + qy.
only debris + DIF
@ nman 1O © o
i Plgy = 0.58 .
50 + 5% 50 Pliyye = 0.62 50 -- Y
Y > ® ) =05
g 0 ;.-E e 3 0 Ea { r—— S 0 N - Ap=0.25
o S !\ 5 o-%-0-0 3 s ’.,.—.. -e @® ),=0375
'_...\,’ '\ \ie R ® ),=0438
""" =0.469
50 @ 50 50 ® )
-10.7% -8.89% || @ A,=0.453
® ), =0461
0 2 4 6 8 0 2 4 6 8 0 2 4 6 8

n. iteration [-]

n. iteration [-]

n. iteration [-]

Fig. D2. EIMM applied in load case only-debris and including DIF in material models.
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only-debris (with fictitious term added in compatibility equations)

(a) (b) © —
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Fig. D3. Modified EIMM in load cases (a,b,c) only-debris and (d,e,f) SW + gy,
Appendix E

The elastic analytical F-t diagram of the impact scenario defined in Section 2.2 is calculated following [22]. The selected scenario is
associated with structure-to-debris mass (¢) and stiffness (8) ratios equal to 5.29 and 0.25, respectively, which are associated with the
Mass and Stiffness Ratios Model (MSRM) to compute analytical elastic F-t diagrams. This elastic diagram is shown in Fig. El-a.
Moreover, the inaccuracies of the analytical elastic F-t diagram discussed in relation to Fig. 16 are due to the nonlinear structural
behaviour and not to model errors. This is demonstrated by analysing the same scenario but with the structure modelled as fully elastic.
Indeed, F-t diagrams (Fig. E1-a) and u are well predicted (Fig. E1-b) in the case of elastic structural behaviour, with errors being 3.01%
for I and 5.04% for gy, in line with existing literature [22].

w103
@ (b) 7010 : . .
L ]
[ Numerical elastic F-t diagram
- bof-- Analytical elastic F-t diagram
| . E
k-] 3 =
g | 3
w 04} i
£
i
0.2f B
! .,
P I
0 L "
0 0.2 0.4 0.6 0.8 1 3 4
t [ t [

nodim nodim

Fig. E1. (a) F-t diagrams and (b) structural displacements for elastic numerical and analytical models.
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Data availability

Data will be made available on request.
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