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1 | INTRODUCTION

In this paper we study the isoperimetric structure for large volumes of complete Riemannian
manifolds (M", g) with nonnegative Ricci curvature, Euclidean volume growth, and quadratic
Riemann curvature decay. More precisely, we shall assume that Ric > 0 everywhere on M" and
that for some (and hence for every) base point p € M it holds

vol(B,(p) _

AVR(M) := rll»nolo T , (W)
where w,, is the volume of the unit ball in R", and
. c
|Riem(x)| < ———— forallx e M, 1.2)

d?(x, p)

for some constant C > 0. This class of manifolds has been studied thoroughly in the literature and
includes several examples of interest. Under these assumptions, it is known (see, for instance, [5,
45]) that isoperimetric sets with volume V exist for each V' > 0.

It is well-known that Riemannian manifolds with nonnegative Ricci curvature and Euclidean
volume growth have metric cones as blow-downs, namely any pointed sequence (M, rl._zg, 0)
for o € M and diverging r; admits a subsequence converging in pointed measured Gromov-
Hausdorff sense to an n-dimensional metric measure cone (C,d¢c, H™), see [20]. Assuming in
addition (1.2), then all the blow-downs of (M", g) are metric cones (C(N), dr? + r?gy) over some
compact Riemannian manifold (N, gy), where gy is a C* Riemannian metric for each o < 1,
and Ricy > n — 2 (possibly in a weak sense). Although the blow-down of (M", g) is not neces-
sarily unique under these assumptions, see [52] and the more recent [28], the manifold (M", g) is
C1% asymptotic to the family of its blow-down cones, for each a < 1. Moreover, for each of these
asymptotic cones the isoperimetric set with volume V' is unique, it has strictly volume preserving
stable boundary, and it coincides with a ball centered at the vertex for each volume V > 0, see
[47], unless the blow-down is isometric to R". However, if a blow-down is isometric to R"”, then
(M™", g) is necessarily isometric to R", see [27].

Our main result shows that uniqueness and strict volume preserving stability of the
isoperimetric sets hold for most sufficiently large volumes also for the complete manifold (M", g).

Theorem 1.1. Let (M", g) be a smooth complete Riemannian manifold with Ric > 0, Euclidean vol-
ume growth (1.1), and quadratic Riemann curvature decay (1.2). Assume that (M", g) is not isometric
to R". Then there exists a measurable set G C (0, o0) such that

lim LGN (r,2r)) _

r—oo r

1, (1.3)
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UNIQUENESS ON AVERAGE OF ISOPERIMETRIC SETS | 3

and foreach V € G there exists a unique isoperimetric set E;, C M" with vol(Ey,) = V. Moreover, the
boundary of Ey, is a smooth strictly volume preserving stable constant mean curvature hypersurface.

Theorem 1.1 is sharp, in the sense that neither the uniqueness nor the strict stability statement
can be obtained for all sufficiently large volumes in this generality. Indeed, we construct exam-
ples of complete surfaces with nonnegative Gaussian curvature, quadratic volume growth, and
quadratic curvature decay such that uniqueness and strict stability fail for isoperimetric sets of
arbitrarily large volumes.

Theorem 1.2. There exists a complete smooth Riemannian surface (M?, g) with nonnegative Gaus-
sian curvature, quadratic volume growth (1.1), and quadratic curvature decay (1.2), such that the
following holds. There are disjoint intervals L, C (0, o) withinf L,, —» oo and |L,| — coasn — oo,
such that for every n € N, and for every V € L,, there are isoperimetric sets with volume V in M
which are neither strictly volume preserving stable, nor unique.

The construction of Theorem 1.2 can be easily generalized to obtain analogous examples with
Ric > 0 satisfying (1.1) and (1.2) in any dimension n > 3.

The question of existence, uniqueness, and characterization of isoperimetric sets for large vol-
umes, and more in general of constant mean curvature hypersurfaces on complete Riemannian
manifolds under various types of curvature constraints and asymptotic conditions at infinity has
received a great deal of attention in the last 30 years, see for instance [14, 15, 17, 18, 22-24, 29, 30,
34, 38, 55], and the references therein. We mention in particular [25] where the authors obtain the
uniqueness of isoperimetric regions for each sufficiently large volume in complete Riemannian
manifolds (M", g) that are C>*-asymptotic to a fixed cone C(N"*~!) whose link (N1, g\ ) satisfies

Ricy > n -2, vol(N) < vol(S"1). 1.4)

Note that the conditions in (1.4) are satisfied for each cross-section of any blow-down of a manifold
(M", g) as in the assumptions of Theorem 1.1. On the other hand, the assumptions of Theorem 1.1
are not sufficient to guarantee neither the uniqueness of the blow-down, nor the C*>* convergence.

The mild curvature decay condition (1.2) makes the techniques of [25], which exploit the
implicit function theorem leveraging the higher regularity at infinity, unsuitable for the present
setting. Moreover, to the best of our knowledge, the uniqueness on average captured in Theorem 1.1
had not been studied before.

In the rest of the introduction we outline the proof of Theorem 1.1 and highlight the main
novelties of our approach.

1.1 | Strict stability for many volumes

To set the notation, we recall that the stability (or Jacobi) operator of a smooth two-sided constant
mean curvature hypersurface X"~ ¢ M" takes the form

C®(Z) 3 f b —Asf — (Ric(v, ) + [II]2)f € CX(D), 1.5)

and it is associated to the quadratic form
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C¥E®) 3 f o I(f.f) i = / [IVsf 12 = (Ric,») + [11]2)f2] dvols . (16)

P

In (1.5) and (1.6), v and I denote a unit normal to ¥ and its second fundamental form, respectively.
If ¥ is the boundary of an isoperimetric region and X is smooth, then it is a volume preserving
stable constant mean curvature hypersurface. Namely, the stability operator in (1.5) is nonnega-
tive definite on the subspace of functions with 0 average on X.! Equivalently, the quadratic form
in (1.6) on C*(X) is nonnegative whenever /2 f = 0. We say that such constant mean curvature
hypersurface X is strictly (volume preserving) stable provided there exists A > 0 such that

I(f, f) > 4 / f2dvoly, forall f € C®(Z) such that / fdvoly = 0. 1.7)
z z

Under the assumptions of Theorem 1.1, for each volume V > 0 it is natural to consider the
rescaled pointed manifold

My = (M",r;'d, p), (1.8)

where we set
_11
ry = (AVR(M)w,) nVn, (1.9)

with w,, the volume of the unit ball in R". For any sequence V; — oo, up to the extraction of a sub-
sequence that we do not relabel, the pointed manifolds My, converge to one of the blow-downs
C(N) of (M", g) in the pointed Gromov-Hausdorff sense and in the C* sense locally away from
the singular vertex, for each a < 1, see for instance [20]. Denoting by E; a sequence of isoperimet-
ric sets in the rescaled manifold My, with volume equal to AVR(M)w,, in the rescaled metric, a by
now standard argument shows that the isoperimetric boundaries 0E; converge in the Hausdorff
sense to the boundary of B;(0), the ball of radius 1 centered at the vertex of the limit cone C(N),
along this converging sequence. See Lemma 3.2 below for the precise statement and [7] for a proof
in a more general setting. For comparison, let us mention that in the literature about the isoperi-
metric problem in the asymptotically flat case, see for instance [24, 30], proving that rescalings of
isoperimetric sets converge to a centered ball for large volumes is a central difficulty.

Note that on a cone the Ricci curvature in the radial direction vanishes, and balls centered
at the vertex are totally umbilical. Hence, it follows from (1.4) and the Lichnerowicz and Obata
theorems that 0B, (o) is strictly stable, unless the cone is isometric to R". Ideally, we would like
to prove that the stability operators (under volume preserving variations) of dE; C My, converge
in some sense to the stability operator of the limit isoperimetric region B;(0) C C(N) in the blow-
down, or at least that their first eigenvalues are lower semicontinuous with respect to i. The lower
semicontinuity would be clearly enough to prove the strict stability of dE; for any sufficiently large
i € N. However, Theorem 1.2 shows that this is too optimistic in the present generality. We shall
see that the main issue is related to the Ricci curvature term of the stability operator, which should
be viewed as an error term and does not converge to 0 in general. The key for us will be that the
Ricci curvature term goes to O on average with respect to the volume, see Proposition 3.4 for a
precise statement. Establishing this convergence requires a new method with respect to the above
mentioned list of references. Indeed, for the proof of Proposition 3.4 we will reverse the usual

'In order to avoid confusion we stress that in general this is not an invariant subspace under the action of the
Jacobi operator.
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argument for proving the concavity of the isoperimetric profile via the second variation formula,
see [7,11, 13, 14].

1.2 | Uniqueness for many volumes

The proof of the uniqueness part of Theorem 1.1 is based on the broad principle that strictly sta-
ble implies locally uniquely minimizing (possibly under a volume constraint). This principle was
originally put forward for minimal hypersurfaces in [60], and later extended to constant mean cur-
vature hypersurfaces in [33] and [48]. However, the implementation in the present setting requires
some new insights. Most importantly, the principle cannot be implemented without restricting
the set of volumes, as the examples constructed in Theorem 1.2 illustrate. Indeed, the blow-down
argument discussed above shows that, for V' large enough, if there exist two different isoperimet-
ric regions EV,E"/ C M with volume V then they must be close to each other in a scale-invariant
sense and this scale-invariant distance converges to 0 as V' — oo. If both E}, and E{, have strictly
stable boundaries, then by [33, 48] they have neighborhoods 6E;, C U and 6E{, C U’ where they
are uniquely isoperimetric. The difficulty stems from the fact that the size of these neighborhoods
might not be scale invariantly bounded away from 0. Hence it is not clear whether aE{/ cUor
8Ey C U’.We shall see that it is possible to effectively estimate the size of these neighborhoods, up
to further restricting the set of good volumes. This estimate requires a new method with respect
to those present in the literature, due to the weak convergence of (M", g) to its tangent cones
under rescaling.

There will be three main steps in the proof of the uniqueness. The first step will be to show that
if there are two distinct isoperimetric regions EV,E{, with the same sufficiently large volume V
and the same mean curvature of the boundary, then 6E{, can be written as a normal graph over
0Ey, with effective scale-invariant bounds on the graphing function. See Proposition 4.3 for the
precise statement. This step requires some effective versions of classical estimates in geometric
measure theory.

The second step of the proof will amount to getting an effective control on the Ricci curvature
of (M", g) in the direction perpendicular to the boundary of an isoperimetric set, for each isoperi-
metric set of volume V and for most large volumes V. To accomplish this, we use an argument
involving estimates on the maximal function of the second derivative of a power of the isoperi-
metric profile, see the proof of Proposition 4.4. To the best of the authors’ knowledge, the only
other instance in the literature where the isoperimetric profile is used to show the uniqueness of
isoperimetric sets is [14]. However, in that case, there is exact Schwarzschild symmetry outside a
compact set, and the isoperimetric profile satisfies an ODE.

In the last step we will effectively perform a Taylor expansion of the perimeter functional near
0Ey, by integrating the Laplacian of the signed distance function d%v in the region between Ey,
and E{/ We note that effective Taylor expansions of the area functional have been employed with
a different aim in the recent [39]. The approach of this paper seems to be novel, even though the
relationship between the Laplacian of the distance function, the mean curvature and the stability
operator has been used extensively in the last decades, see for instance [43, 44, 57]. Setting

1

Uu.:=w-— wdPg, , (1.10)
P(Ey) Jog, "

with w denoting the graphing function obtained in the first step described above, the main terms
in the Taylor expansion of the perimeter will be the stability operator I55,, (u, u) and an error term
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6 | ANTONELLI ET AL.

involving the Ricci curvature of M. While the Taylor expansion holds for every volume, we will
be able to exploit the result of the second step to show that for most large volumes the Ricci
curvature term is negligible. Hence we can deduce uniqueness of isoperimetric sets for such vol-
umes. Indeed, if for such a volume Ey, and E{/ are distinct isoperimetric sets, observe they have
the same perimeter. Since the stability operator I55, (u, u) is the dominating term in the effective
Taylor expansion of the perimeter, the strict stability of 0Ey, yields a contradiction.

1.3 | Conjectures and open questions

We end this introduction by mentioning a few open questions that arose during the present work
and might be worthwhile of future investigation.

In the case of surfaces, that is, for n = 2, a slight variant of the argument discussed in Sec-
tion 3 allows to prove that most isoperimetric sets have strictly volume preserving stable boundary
without assuming that the Gaussian curvature decays quadratically. In this regard we raise the
following:

Conjecture 1.3. If n = 2, Theorem 1.1 holds true without assuming that the Gaussian curvature
decays quadratically.

We do not venture in any conjecture in higher dimensions, however we record the follow-
ing question. We recall the following terminology. We say that a metric space X splits a line
isometrically if there is a metric space Y such that X is isometric to the metric product R X Y.

Open Question 1.4. Let (M?, g) be a complete Riemannian manifold with nonnegative Ricci
curvature and Euclidean volume growth such that no blow-down splits a line isometrically.
Understand whether there exists a measurable set G C (0, co) such that

lim LY G (r,2r)) _

r—oo r

1, (1.11)

and, for each V' € G, and every isoperimetric set E;y C M" with vol(Ey) = V, the boundary of Ey,
is a smooth strictly volume preserving stable constant mean curvature hypersurface.

The examples that we construct in the proof of Theorem 1.2 have the drawback that, although
for many large volumes the isoperimetric set with that volume is not unique, all the isoperimetric
sets that we can find are isometric to each other.

Open Question 1.5. Understand whether there exists a complete Riemannian manifold (M", g)
with nonnegative Ricci curvature, Euclidean volume growth, quadratic curvature decay, and such
that there exists a sequence V; — oo with the following property. For every i € N there exist two
distinct isoperimetric sets E;, El’ C M with volume V; such that dE; and aE; are not isometric.

By a well-known argument (see, e.g., [12, Remarque 2.3.2] and [50]), a positive answer to
Conjecture 1.5 would follow from a positive answer to the following:

Open Question 1.6. Understand whether there exists a complete Riemannian manifold (M", g)
with nonnegative Ricci curvature, Euclidean volume growth, quadratic curvature decay, and such
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UNIQUENESS ON AVERAGE OF ISOPERIMETRIC SETS | 7

that there exists a sequence V; — oo with the following property. For every i € N the isoperimetric
profile of M is not differentiable at the point V;.

We address the reader to [50] for some related constructions in the compact case.

2 | THE EXAMPLE: PROOF OF THEOREM 1.2
This section is dedicated to the proof of Theorem 1.2, that we restate below for the ease of readers.

Theorem 2.1. There exists a complete smooth Riemannian surface (M?, g) with nonnegative Gaus-
sian curvature, quadratic volume growth (1.1), and quadratic curvature decay (1.2), such that the
following holds. There are disjoint intervals L, C (0, c0) withinf L,, —» oo and |L,| — coasn — oo,
such that for every n € N, and for every V € L,, there are isoperimetric sets with volume V in M
which are neither strictly volume preserving stable, nor unique.

The examples will be warped products over S'. We will show that it is possible to choose the
warping function in such a way that balls centered at the origin of the warped product do not
have volume preserving stable boundaries and all the other requirements are met. In particular,
balls centered at the origin cannot be isoperimetric sets for their enclosed volume. The fact that
isoperimetric sets are not unique and not strictly volume preserving stable will follow immediately
by the existence of an S!-symmetry. We will need the following elementary lemma, whose proof
is postponed at the end of the section.

Lemma 2.2. Let (a,), (b,) be two sequences of positive real numbers such that:

i) ay, isdiverging, a,,1 > a, + b,, a,, > by,;
ii) there holds

oo

b
LR
=0 In

Denote I, :=[a,,a, +b,] and let J, CC I,. Then there exists a smooth concave function ¢ :
[0, 0) = R, with ¢(r) = r in a neighborhood of 0, such that for every n there holds

¢'(r) > o(r) > gr. (2.1)

o] IEN

[c9)
POl = Vrel, l'0lzo Vrel, ¢'0)=0 weOo\JL, €2
n=0

n n

P () = (¢'(N)* +1

220r) <0 VrelJ,, (2.3)
_EW 16 e (0,00). (2.4)
p(r) ~r?
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8 | ANTONELLI ET AL.

Proof of Theorem 2.1. Let (a,),(b,) be two sequences of positive real numbers satisfying the
assumptions of Lemma 2.2. We can further assume that (b,,) diverges. Let I,,,J,, ¢ be given by
Lemma 2.2. Note that, in particular, inf I, = a,, - o, and |I,,| = b,, = .

We consider the manifold M given by the warped product [0, o) X S! endowed with the metric
g 1= dr? + ¢(r)*gs:1. The sectional curvatures of the rotationally symmetric warped products are
computed in [53, Section 4.2.3]. The fact that ¢ is concave and (2.4) holds imply that Sect > 0
and Sect = O(r—2). Applying for example [6, Corollary 5.9] (see also the earlier [56] and the more
recent [9, Theorem 1.4]) we get that isoperimetric sets exist for any volume on M. Moreover, since
we also have ¢(r) > 7r /8 (see 2.5), we get that M has Euclidean volume growth (1.1).

By (2.3), we see that all the balls B,(0) with r € J,, have unstable boundaries with respect
to volume-preserving variations. Hence, in particular, they are not isoperimetric. Indeed, since
0B,(0) is isometric to a circle of length 27 ¢(r), there exists f € C*(dB,(0)) with faz}, © f =0and
f # O such that

1
[owre= 2,
3B,(0) ¢*(r) Jop,(0)

where the gradient is understood with respect to the submanifold 0B, (0). Recalling that IT55 (o) =
¢’
—(

s g — dr?) on the tangent space along dB,.(0), we find

() 2 "
/ |Vf|2_ <‘IIaBr(O)|2+RiC(V,V)>f2 =/ (1 (§0 (V))2+ §0(V)§0 (r)>f2 <0,
9B,(0) 3B,(0) ®2(r)

due to (2.3).

Let L, :={|B,(0)| : r €J,}, where we denote by |B,(0)| the Riemannian volume measure
of B,(0). Isoperimetric sets with volume V' € L,, always exist as we argued above. However they
cannot be balls centered at o because B,.(0) is not volume-preserving stable for r € J,,. Since M
is rotationally symmetric, rotating isoperimetric sets with volume V € L,, shows that isoperi-
metric sets of such volumes are not (even locally) unique, and that they are not strictly volume
preserving stable.

Finally, notice that inf L,, — o0. Moreover, since (b,,) diverges, we can choose J = [a},, b),] for

suitable a},, b}, such that b}, — a], — co. Thus it is readily checked that |L, | = 27 f p(r)dr - oo
as well, because ¢(r) > 7r /8 (see 2.5). O

Proof of Lemma 2.2. We choose ¢(r) = r in a right neighborhood of zero. We now explicitly con-

struct ¢’ in such a way ¢’/ (r) < 0 everywhere and such that it is nonzero only on the intervals I,,.

On every I,, we take '’ equal to a negative smooth function such that |¢”| = —¢" < ZonI » and
an

[ a2
I T

n

Nl —

l¢""] = —¢" > — onJ,. In particular
an

In this way, for every r € (0, c0), we have

r o0 b
/r_/0=/ "> _ n’
@'(r)—¢'(0) Oqo E a,
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UNIQUENESS ON AVERAGE OF ISOPERIMETRIC SETS 9

hence, using ¢(0) = 0, and ¢'(0) = 1,

o) 2 Ir. 25)

o] N

¢'(r) >

Let us now verify (2.4). The inequality is trivially satisfied outside I,,. For r € I;, since in particular
a, <r <a,+b,,and a,, > b,, we have that a,, > r/2, and then

124
P (r) < 16 < E
o(r) 7a,r ~ r2

Let us now verify (2.3). For r € J,, we have

r 7
N > !
@"(re(r) > Sa, 22
and thus
7 2
p(P" (N - @ +1< -3 - (5) +1<0,
which implies (2.3). O

3 | STRICT STABILITY FOR MANY VOLUMES

The goal of this section is to prove the strict stability part of Theorem 1.1. The statement will be
important later when it comes to proving uniqueness for most large volumes.
We state below the precise result for the ease of readers.

Theorem 3.1. Let (M", g) be a smooth complete Riemannian manifold with Ric > 0, Euclidean vol-
ume growth (1.1), and quadratic Riemann curvature decay (1.2). Assume that (M", g) is not isometric
to R". Then there exist €;; > 0 and a measurable set G C (0, oo) such that

lim LYG N (r,2r)) _

r—00 r

1, 3.1)

and foreach V € G the first eigenvalue of the Jacobi operator for volume preserving variations on the
boundary of every isoperimetric set E,, C M of volume V is at least €,V ~2/". In particular, dEy, is a
(smooth) strictly volume preserving stable constant mean curvature hypersurface.

There are three intermediate steps for the proof of Theorem 3.1, corresponding to the following
statements:

Lemma 3.2. Let (M", g) be a smooth complete Riemannian manifold with Ric > 0, Euclidean vol-
ume growth (1.1), and quadratic Riemann curvature decay (1.2), and assume that M is not isometric
toR". Let p € M be a fixed base point. For every € > 0 there exists Vi = V(g) > 0 such that for every
V >V, and for every isoperimetric set Ey, C M of volume V, setting

ry := (AVR(M) wn)_%V%, (3.2)
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the following hold:
du(B,(p),Ey) <ery, du(0B,, (p),dEy) <ery, (3.3)

where dy denotes Gromov-Hausdorff distance.

Proposition 3.3. Let (M", g) be a smooth complete Riemannian manifold with Ric > 0, Euclidean
volume growth (1.1), and quadratic Riemann curvature decay (1.2). Then, for every ¢ > 0 there exists
Vo = Vy(e) > 0 such that for every V > V, any isoperimetric set Ey; C M with volume V is smooth
and satisfies

sup [V [MLgp, 12G6) - (n — D@, AVRQM)" | <, (34)

x€0Ey

where 15, is the second fundamental form of 0Ey,.

Proposition 3.4. Let (M",g) be a complete smooth Riemannian manifold with Ric > 0, and
Euclidean volume growth (1.1). For every € > 0 there exists a measurable set G, C (0, o) such that

. LY G.n(r,2r)
lim —= 7~ =

r—00 r

1, (3.5)

and for every volume V € G, and every isoperimetric set E;, C M with volume V (if there exists one),
it holds

2
Vi f Ric(vag,,, Vor,) <&, (3.6)
OEy
where v denotes the choice of a unit normal.

Note that Proposition 3.4 does not require the quadratic curvature decay (1.2), and it makes
sense as soon as isoperimetric sets exist for sufficiently large volumes. However, if we assume
that the curvature decays quadratically, the L! estimate for the Ricci curvature in the normal direc-
tion can be immediately improved to an L estimate for every 1 < p < o0, up to a multiplicative
constant independent of the volume V.

We start by proving Lemma 3.2 below, as this will provide us with some relevant terminology
for the proof of Theorem 3.1.

Proof of Lemma 3.2. We claim that under the present assumptions (M, g) does not split any
line, and no blow-down of (M, g) splits any line. Given the claim, the statement follows from
[8, Theorem 1.2], and [7, Theorem 4.23]. The rest of the proof is aimed at establishing the claim.

It is sufficient to prove that no blow-down of (M, g) splits any line, as if (M, g) splits a line then
every blow-down must also split a line.

Since (M, g) has Euclidean volume growth, every blow-down is a metric cone C(Z) over an
(n — 1)-dimensional metric space (Z, dy). The latter comes from [20], see also the previous [10]
for the same conclusion under the quadratic curvature decay assumption. By the quadratic cur-
vature decay, (Z,d,) is a C* Riemannian manifold for every a < 1. If C(Z) splits a line then Z
is a spherical suspension over an (n — 2)-dimensional metric space (Z’,d/). Since (Z,d;) is a
C'* Riemannian manifold, all points z € Z are regular, that is, the tangent cone at each point
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is isometric to R"~1. In particular, the suspension points are regular and hence (Z’, d;/) must be
isometric to the standard sphere S”~2? endowed with a metric with constant sectional curvature
1. Therefore, Z is isometric to the standard sphere S"~1 endowed with a standard metric with
constant sectional curvature 1, and hence C(Z) is isometric to R". By volume convergence and
volume rigidity, see [27], (M, g) is also isometric to R", a contradiction. |

Before giving detailed proofs of Proposition 3.3 and Proposition 3.4, we discuss how to complete
the proof of Theorem 3.1 by taking them for granted.

Proof of Theorem 3.1. The proof will be divided in three main steps. In Step 1 we argue that the
stability operators of the unit spheres have a uniform spectral gap among all blow-downs of (M, g).
In Step 2 we rely on Lemma 3.2 and Proposition 3.3 to show that for any sequence of volumes V; —
oo and any sequence of isoperimetric sets E; such that vol(E;) = V; the boundaries JE; with the
induced Riemannian metrics from the ambient M converge in the C1% sense to a cross-section of
a blow-down of M, up to rescaling. In Step 3 we show that, roughly speaking, the first eigenvalue
of the stability operator is lower semicontinuous along any such converging sequence provided
that the Ricci curvature term is sufficiently small. The proof will be completed with the help of
Proposition 3.4, whose aim is exactly to control that Ricci curvature term for many volumes.

Step 1. We claim that there exists €); > 0 such that for every cross-section (N, gy) of a blow-
down C(N) of (M, g) the first nonzero eigenvalue of the Laplacian A, (N) satisfies 4;(N) > n —1 +
2ep.

As we argued in the proof of Lemma 3.2 above, any cross-section of a blow-down of (M, g) is a
C'* Riemannian manifold (N, g) with Ricci curvature bounded from below by n — 2 in the sense
of RCD spaces or, equivalently given the C1% regularity, in the sense of distributions. Moreover,
no such cross-section is isometric to the standard sphere S"~! with constant sectional curvature
equal to 1, otherwise C(N) and hence (M, g) would be isometric to R", by [27]. By the Lichnerow-
icz estimate for the spectral gap of the Laplacian, see for instance [31, Theorem 4.22] for the setting
of RCD spaces, the first non-zero eigenvalue of any such cross-section satisfies 4;(N) > n — 1. By
Obata’s rigidity theorem [40], the inequality is strict for each such N. Indeed, if not, N would be
a spherical suspension and we already argued that this is not possible under the present assump-
tions. The conclusion follows from a standard compactness argument based on the stability of the
first eigenvalue of the Laplacian under (measured) Gromov-Hausdorff convergence with lower
Ricci curvature bounds and on the compactness of the set of possible cross-sections of blow-downs
of (M, g) with respect to the same topology (see, e.g., [3, Theorem 1.9.4]).

Step 2. Let V; — oo be a sequence of volumes and let E; C M be isoperimetric sets with
vol(E;) = V;. Recall the expression for ry that was introduced in (3.2). We claim that with the
metrics induced by the rescaled ambient spaces (M", r;l_ld) the boundaries J0E; converge in the
Gromov-Hausdorff sense to a cross-section of a blow-down of M, up to the extraction of a sub-
sequence. Moreover, the induced metrics on 0E; have uniform two-sided sectional curvature
bounds. Hence they converge in C* for every a < 1. The rest of this step will be aimed at
establishing the Gromov-Hausdorff convergence with the induced metrics.

We first note that the uniform two-sided bounds for the sectional curvatures of the induced Rie-
mannian metrics on 0E; (after rescaling) follow from the quadratic curvature decay of (M, g), the
second estimate in (3.3), the convergence of the second fundamental forms from Proposition 3.3
and the Gauss equations.

Up to the extraction of a subsequence that we do not relabel, (M",r;;'d, p) converge in the
pointed Gromov-Hausdorff sense to a blow-down cone C(N) of (M, g). Mor;aover, the convergence
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is C1* for every a < 1 away from the vertex of the cone. We claim that dE; with the induced Rie-
mannian metrics converge to the cross-section (N, gy ) in the Gromov-Hausdorff sense. We note
that the (n — 1)-dimensional measures of JE;, that is, their perimeters, computed with respect
to the rescaled metrics as above, converge to H"~'(N) by [7, Theorem 4.23]. Moreover, from the
forthcoming Lemma 3.6 we infer that the boundaries dE; with the induced metrics have uniformly
bounded diameters (after rescaling) and injectivity radii uniformly bounded away from 0. Thanks
to the discussion above they also have uniform two-sided bounds on the sectional curvature. In
particular, up to the extraction of a subsequence that we do not relabel, by Cheeger’s precompact-
ness theorem they converge in the Gromov-Hausdorff sense to a Riemannian manifold (N’, g’)
where g’ is a C'** Riemannian metric for every « < 1, and the convergence is C'# for every g < 1.
We claim that (N’, g’) is isometric to (N, gy). Thanks to the Hausdorff convergence of E; to N
from Lemma 3.2 we can find a 1-Lipschitz surjective map F : (N’,g’) — (N, gy). Moreover, we
already argued above that

H"Y(N'") = lim H""'(3E;) = H""}(N). 3.7)

Above, it is understood that H"~1(3E;) is computed with respect to the rescaled metric on M.
The well-known Lipschitz volume rigidity in Riemannian geometry (see e.g., [19, Lemma 9.1]
and references therein) guarantees that F is an isometry. Therefore, dE; with the induced length
distances Gromov-Hausdorff converge to N thus completing the proof of the claim.

Step 3. We claim that there exist € > 0 and V;; > 0 such thatif V' > V; and V € G, where the
set G, was introduced in the statement of Proposition 3.4, then the first eigenvalue (with respect
to volume preserving variations) of the Jacobi operator on the boundary of each isoperimetric set
Ey € M with vol(Ey,) = V is at least £,,V~%/", where ), has been introduced in Step 1 above. In
particular, Ey, has strictly volume preserving stable boundary. The proof of the claim will complete
the proof of Theorem 3.1.

We argue by contradiction, relying on the convergence and stability of Sobolev functions
defined along Gromov-Hausdorff converging sequences of manifolds, see [3, 32, 37] for the
relevant background. If the claim does not hold then there exists a sequence V; - oo and
isoperimetric sets E; C M with vol(E;) = V; such that

2

lim V' f Ric(vag,, Vs,) = O, (3.8)

=00

and there are smooth functions f; : dE; — R with f; not identically vanishing such that

/ fidPsg, =0, (3.9)
and
. 3
/ [Vog, fil*dPsp, < / [RIC(VaEi,VaE,.) + [Igg, |* + 5 &M f1dPs, (3.10)
E; 3E;

for each i € N. Note that both (3.8), (3.9), and (3.10) are scale-invariant. We let %; : = JE; endowed
with the metric g; induced by the embedding into (M",r;_ld) and the induced Riemannian

(n — 1)-dimensional volume vol;. By Step 2, (Z;, g;,vol;) converge in C* for every a < 1 to
(N, gn,voly), up to the extraction of a subsequence that we do not relabel. Here N denotes the
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cross-section of a blow-down C(N) of (M, g). The conditions (3.9) and (3.10) can be rephrased by
saying that there exists a sequence of smooth functions f; : £; — R such that

/ fidvol; =0, / frdvol; =1, (3.11)
and
/ |Vfl-|2dvoll- < / hl-fl.zdvoli s (312)
% Z
where we set
h’i = RiC(VZi’VZi) + IIIZi |2 + %EM s (313)
foreachi € N.
By Proposition 3.3
s, |> - (n— 1), (3.14)

uniformly as i — co. Hence, by (3.8) and the quadratic curvature decay (1.2), h; > (n —1) + %EM
in L9 as i —» oo for every 1 < g < oo0. By the quadratic curvature decay assumptions again and
(3.14), the functions h; are uniformly bounded with respect to i. Hence, by (3.11) and (3.12), the
functions f; have uniformly bounded H'> norms. By Step 2, a (p, 2)-Sobolev inequality with uni-
form constants independent of i € N holds along the sequence (Z;, g;), for every p > 1, see also
Lemma 3.6 below. Hence for any p > 1, up to the extraction of a subsequence that we do not rela-
bel, the functions f; converge in L? to a function f : N — R. In particular, if we choose p > 2,
then by (3.11) we get that

/ fdvoly =0, / f2dvoly =1. (3.15)
N N

Moreover, the combination of the L9 convergence of h; — (n — 1) with the LP convergence of
fi = f yields that

/ h;fidvol; - (n — 1)/ f?dvoly=n—-1 asi— . (3.16)

% N

Taking into account the lower semicontinuity of the Dirichlet energy under L? convergence we
get from (3.12) that

= 3
/ |Vf|2dvolN5n—1+§£M. (3.17)
N
This is a contradiction to the uniform spectral gap estimate that was obtained in Step 1. O
Remark 3.5. Regarding the argument in Step 1 above, we note that in the present setting, where
two-sided uniform sectional curvature bounds are in force, the set of cross-sections is compact in

the C1* topology and it is much more elementary to check that the spectrum of the Laplacian is
stable in this case, see [53, Chapter 10] for the relevant background.
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Proposition 3.3 is a consequence of the effective regularity theory for (almost) minimizers of
the perimeter under two-sided curvature bounds that is discussed in Appendix A and Lemma 3.2.

Proof of Proposition 3.3. Arguing by contradiction, it is enough to prove the following statement.
Let V; — oo, and let E; be isoperimetric sets with volume V;. Then, up to subsequences,

2 2
lim sup |V [z [*(x) = (n = 1)(@,AVR(M)) | = 0. (3.18)

7% xedE;
1 L

Denoter; := (AVR(M)w,) »V/",andfix0 < &’ < a < 1. Let E; denote the set E; considered in
the rescaled manifold M; := (M", rl._ldg, p). Up to subsequences, let (C(IN), 0) be the asymptotic
cone that is the limit of M; in the pointed Gromov-Hausdorff sense, and in the C1*-sense outside
the tip o. Let g€ be the limit metric metric on C(N), and let g; denote the rescaled metric on M;.
We aim at proving the following assertion.

Claim. There are p, C > 0 such that for every p € 6BIC(N)(0) there exists a chart ¢ : B,(0") —
C(N) centered at p such that for every 0E; © p; — p the following holds up to subsequences
in i. There exist open sets B,,(p) C ¢(B,(0")) C U; C C(N), and Bﬁ%(pi) cV;cM,;, and
diffeomorphisms F; : U; — V; with F;(p) = p; for which:

(1) It holds
llp*g© — (Fiop)*gillcra(s, ,(0m) = 0- (3.19)

(2) There exist u,u; : B,/;(0""") — R such that

@ @BY™(0)) N B, /5(0") = {(x, u(x)) : x € B, /»(0"")} N B,2(0"), (3.20)
(Fio9) ™ (BE;) N B /2(0") = {(x, ui(x)) : x € B,/2(0" ")} N B, 5(0"), (3.21)
||uillcz,oc(Bp/4(0n—l)) <C for everyi € N, (3.22)

and
w—u  inC>¥(B,5(0"). (3.23)

In particular,

lim sup |1l |(x) —(n —1)] =0. (3.24)

= xeaEi

The proof the present proposition will be completed after the proof of the Claim. Indeed, (3.24)
is equivalent to (3.18) after scaling.

In order to prove the Claim we rely on the results in Appendix A. Item (1) comes from the C1%-
convergence of M; to C(N) outside the tip 0. Moreover, (3.21) and (3.22) in Item (2) come from
(the proof of) Theorem A.6, and Allard’s result Theorem A.5, see in particular (A21). Recall that
Theorem A.6 can be applied in the setting of the present Proposition 3.3 due to Remark A.7. Finally
(3.22) in item (2) implies precompactness in C>%'(B,, /5(0"1)), so that u; — @ up to subsequences
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in Cz*“'(Bp /5(0"™1)). Since 0E; — aBlc(N)(o) in the Hausdorff sense, we infer that % = u, and thus
(3.23) is proved. Finally, (3.24) is a direct consequence of (3.19), and (3.23). O

The next Lemma is a consequence of the results in Appendix A, and it was already used in the
proof of Theorem 3.1 above.

Lemma 3.6. Let (M", g) be a smooth complete Riemannian manifold with Ric > 0, Euclidean vol-
ume growth (1.1), and quadratic Riemann curvature decay (1.2). There exists V,, C > 0 such that the
following holds. Let Ey, be an isoperimetric set of volume V > V,,, and let T := 0Ey,. Let gs be the
Riemannian metric induced by g on Z. Then

diam(Z, g5) < CV/n, inj(Z, gz) > CV/". (3.25)

Proof. 1t is enough to prove the following Claim, and then argue by contradiction.

Claim. Let V; — oo, and let E; C M be an isoperimetric set with volume V;. Denote r; :=
1

1 -
(AVR(M)w,) V. Let E; denote the set E; considered in the rescaled manifold M; :=
M, d; 1= rl._ldg,p). Set Z; := 0E;, and denote by g;, d; the metric and distance on M;, and by
gs, the induced metric on ;. Then
lim sup diam(Z;, g5,) < o0, lim inf inj(%;, g5,) > 0.
i—>00 I— 00

By (3.19), (3.21), and (3.23) in the proof of Proposition 3.3, the intrinsic and the restricted dis-
tances on X; are locally equivalent. That is, there exist constants p, C > 0 such that, for all i large
enough (up to subsequences) we have

Vpez, Vgq,re B?f"(p) NZ;, |dg(q,r)—di(g,r)| < Cdi(q,r). (3.26)

Thus, joining (3.26) with the density estimates in [7, Corollary 4.15], we get that, possibly taking a
smaller p, there exists a constant £ > 0 such that, for all i large enough,

Vp €%, voly, (BS (p)) > £ > 0. (3.27)

Above BE" denotes the ball in the metric g5 . By (3.24), the quadratic Riemann curvature decay
(1.2), and the Gauss equation, there exists a constant K > 0 such that, for i large enough,

[Secy,| < K. (3.28)
By (3.27), (3.28), and [53, Lemma 11.4.9] we obtain that
liminf inj(Z;, g5,) > 0. (3.29)
=00
. C(N) CIN)( Y s ;
Finally, observe |Z;| — |0B; " "(0)| by [7, Theorem 4.23], where B, " "’(0) is the unit ball centered
at the tip of an asymptotic cone M; is converging to, up to subsequences. Hence |Z;| is uni-

formly bounded above. Joining the latter information with (3.29), and (3.28), a standard covering
argument using Bishop-Gromov comparison theorem gives

lim sup diam(Z;, g5,) < oo.

i—o0

Hence the Claim is proved, and the proof is concluded. O

35UB017 SUOLILLIOD SAEBID 3|0t dde 3} AQ PeusBA0B 212 SOOI WO (88N JO 3N 104 ARRIGITSUIIUO /B U0 (SUORIPLIOO-PUE-SULIBYLICO" AB| 1 AReAci1[BUIUO// SUY) SUORIPUCD PUB SULB L 3} 39S *[5202/v0/v0] U AXe:q113UIIUO AB1IAM * ONTIAl I ODINOFLITOd - BiZ20d 0o AQ 26222 edo/00T OT/I0p/we0 A3 | 1w ARe.qi[put|uO//:SAHY o1 Papeojumoq ‘0 ‘ZTE0L60T



16 | ANTONELLI ET AL.

As already mentioned, controlling the Ricci curvature term of the stability operator is the most
delicate part of the argument for proving strict stability. One of the reasons is that, contrary to
the other terms of the stability operator, the Ricci curvature term does not pass to the limit under
blow-downs in general, and a careful volume selection argument is needed.

We note that a quadratic lower curvature decay in (1.2), combined with (1.1) is sufficient to
guarantee that the Ricci curvature of (M", g) weakly converges to 0 in the almost radial direc-
tions when we consider any blow-down, see [41, Theorem 1.1]. However, even under the stronger
two-sided quadratic curvature decay assumption, this weak convergence does not localize to (all)
boundaries of large isoperimetric sets.

To illustrate the idea of the proof of Proposition 3.4 it is helpful to introduce the notion of
isoperimetric profile of (M", g). We define the isoperimetric profile I; = I : [0, o) — [0, c0) by

I(v) :=inf{P(E) : E C M, vol(E) = v}. (3.30)
and letJy; = J := I be the normalized isoperimetric profile. In [7] it was shown that if (M", g)
is complete and satisfies Ric > 0, then J is a concave function, see also the earlier [45] where the
same result was obtained under some additional assumptions. Moreover, if AVR(M) > 0, then

T ~Jew (3.31)

for large volumes, where J(y) denotes the normalized isoperimetric profile of one of the blow-
downs of (M", g). Note that Jo(yy is an affine function whose slope depends only on AVR(M)
(equivalently, on vol(N), which is independent of the blow-down), see [7, 47].

For the proof of Proposition 3.4 we will reverse the usual argument for proving the concavity
of J via the second variation formula, see [7, 11, 13, 14]. The main idea is that J is concave and
asymptotically affine. Hence its second derivative converges to 0 with a rate in an integral L!-
sense as V' — oo. In particular, it converges to 0 with the same rate on sets of volumes of scale
invariantly larger and larger measure. For those volumes, we shall be able to control the Ricci
curvature term of the stability operator.

The proof of the forthcoming Proposition 4.4 will require an effective version of the idea dis-
cussed above. We prefer to prove the weaker Proposition 3.4 separately in order to introduced the
first main idea of the proof in a simplified case.

Proof of Lemma 3.4. By [7, Theorem 1.1], letting J : (0, c0) — (0, 00) be defined as J :=In»1 as
above, J is a concave function. By [5, Corollary 3.6] the right-derivative J/. (which is well-defined
at every point by concavity) has a finite limit as v — co. Denoting by J” the second derivative,
which is well-defined £'-a.e., we get from elementary convex analysis that

2r
/ J"(w)dv - 0, asr — . (3.32)
r

For every § > Owelet F5 C (0, o) be the set of points v € (0, o0) such that J is twice differentiable
atv and 0 > J"'(v)v > —6. Taking into account (3.32) and the nonpositivity of J it is elementary
to infer that

. LYFsn(r,2r)
lim —————~ 22 =

r—00 r

1, (3.33)

for every § > 0.
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UNIQUENESS ON AVERAGE OF ISOPERIMETRIC SETS | 17

Fix § > 0 and let us consider any volume V' € Fs. Let E C M be any isoperimetric region in M
with vol(E) = V, if there exist any. Let E, be the t-enlargement of E for all ¢ in a small neighbor-
hood of O, thatis, E; :={x € M : d(x,E) < t}ift > 0andE; :={x e M : d(x,M \ E) > —t}for
t <0. A standard argument in geometric measure theory based on the first variation formula for
the perimeter shows that it is possible to find a continuous function 7 defined in a neighborhood
(V =,V + ) 3V with 7(V) = 0 and such that vol(E;) = v for eachv € (V — u,V + ). We
note that, by the very definition of the isoperimetric profile, it holds

Iy () 1= P(Exy) 2 1(v), (3.34)

n

for every v € (V — i,V + u). Moreover, setting J;, :=I;;"", we have

d? - n [ {2 2 o
why:va = IP(E)’H [n 3" de (ITeg | + Ric(veg, vor)) (3.35)
n 2-n
<- @) f Rictssvan). (3.36)
n-1 OF

Above, in order to pass from (3.35) to (3.36) we applied the Cauchy-Schwartz inequality to the
(n — 1) eigenvalues of I15. By (3.34) it readily follows that Jy, > J on (V — u,V + w) and J;,(V) =
J(V). Hence, since V € Fs, we get

n n . é
- 1P(E) n-1 faE Ric(vsg, v55) < v (3.37)

If 8E is smooth, the second derivative of J;, above makes sense in the classical sense. Otherwise,
the present argument can be adapted to infer (3.37) even when E has singular boundary, by using
the fact that the codimension of the singular part of 0F is atleast 8, and standard arguments in geo-
metric measure theory, compare with [13]. We note that there exists a constant C > 1 depending
only on the asymptotic volume ratio of M such that

1

n—1
il <PE)XCV " , (3.38)

for any isoperimetric set E C M with vol(E) = V. Therefore, the statement follows from (3.37) up
to choosing § < J(¢) sufficiently small and setting G, := Fi(). O

4 | UNIQUENESS FOR MANY VOLUMES

The goal of this section is to prove the uniqueness part of Theorem 1.1. We state below the precise
result for the ease of readers.

Theorem 4.1. Let (M", g) be a smooth complete Riemannian manifold with Ric > 0, Euclidean vol-
ume growth (1.1), and quadratic Riemann curvature decay (1.2). Assume that (M", g) is not isometric
to R". Then there exists a measurable set G C (0, oo) such that
Ll en(r2r
o LGN 2r) _

r—oo r

1, (4.1)

and for any V € G the isoperimetric set Ey, C M of volume V is unique.
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18 | ANTONELLI ET AL.

The key idea will be to make effective the broad principle according to which strictly stable
implies locally uniquely minimizing. As mentioned in the introduction, the proof of Theorem 4.1
is divided in a few steps. A first technical tool is the fact that the reach of isoperimetric bound-
aries of large volumes is uniformly bounded below in a scale-invariant form. We recall that
for a bounded open subset QO C M with smooth boundary in a Riemannian manifold (M, g),
the reach of dQ is the supremum of all positive numbers r such that for every point x; in
{xeM : d(x,0Q) < r} there exists a unique y, € 9Q such that d(x,, y,) = d(xy, Q). In par-
ticular the signed distance function from Q is smooth in the open tubular neighborhood of 6Q
having size equal to the reach of 6Q.

Lemma 4.2. Let (M", g) be a smooth complete Riemannian manifold with Ric > 0, Euclidean vol-

ume growth (1.1), and quadratic Riemann curvature decay (1.2). Then there exists V, p > 0 such that

forevery V. >V the reach of the boundary of every isoperimetric set E;, C M of volume vol(Ey,) =V
1

is bounded from below by pV n.

Proof. Afterscaling, for a constant C depending on M, we can prove the claim for isoperimetric sets
E having volume CAVR(M)w,, that are (A, 1)-minimizers (Definition A.2) for some fixed A > 0
in manifolds with a uniform bound on |Riem|, and such that (A7), and (A8) hold for a suitable
choice of local chart at boundary points of E (see Remark A.7, Proposition A.4, and Theorem A.1).
In particular Theorem A.5 can be applied at boundary points of E and (A10) implies that (B1)
is satisfied for some ¢, independent of the specific isoperimetric set. Taking into account also
Proposition 3.3, the conclusion follows by Proposition B.1. O

The first main step for the proof of Theorem 4.1 amounts to prove that for every sufficiently large
volume away from a countable set, any two isoperimetric sets with that volume can be written
one as a normal graph over the boundary of the other, with suitable scale-invariant bounds on the
graphing function. The set of bad volumes consists of the set of nondifferentiability points of the
isoperimetric profile I of (M, g). The precise statement is as follows.

Proposition 4.3. Let (M", g) be a smooth complete Riemannian manifold with Ric > 0, Euclidean
volume growth (1.1), and quadratic Riemann curvature decay (1.2). Then there exists a constant C > 0
such that the following holds.

Foranye > 0 thereexists V) = V(g) > 0such that forevery V > V, away from a countable set the
following holds. If Ey,, EI’, C M are two distinct isoperimetric regions with vol(Ey) = Vol(E{,) =V,
then dE{, is the normal graph over 0Ey, of a function w : 0E, — R satisfying:

1

Wl <eVr, [[Vwlle <e, (4.2)
_nl
lwllew <CV 20 lwllz25E,) » (4.3)
_1
IVwlli26E,) < CV rllwllr2eey) - (4.4)

In the second step of the proof, we are going to effectively control the average of the Ricci cur-
vature in normal directions on tubular neighborhoods of any size for isoperimetric sets of most
volumes. The precise statement follows:

35UB0|7 SUOLILIED BARR1D 3|qedl|dde aU) Aq peueob aie 301 O ‘88N JO S3NJ 10} A%IqIT 3UIIUO /B UO (SUORIPUOD-PUR-SLLBIALI0Y B | IM ARRIq 1 [eu1U0//:SANY) SUORIPUOD PUe SWS 1 83U} 83S *[5202/70/70] Uo A%IqIT8UIIUO AB1IM * ONV 1IN 1A ODINDILITOd -BHezzod 00RIN Ad 25222 2do/200T 0T/I0p/L0 A8 | 1M AseiqjeulUo//Sdny Wwoiy papeojumod ‘0 ‘ZTE0.60T



UNIQUENESS ON AVERAGE OF ISOPERIMETRIC SETS | 19

Proposition 4.4. Let (M", g) be a smooth complete Riemannian manifold with Ric > 0, Euclidean
volume growth (1.1), and quadratic Riemann curvature decay (1.2). Then for every € > 0 there exists
a set G, C (0, o) such that

. LYG.n(r,2r)
lim ———~ =2 =

r—oo r

1, (4.5)

and for every volume V' € G, and every isoperimetric set Ey, C M with volume V' it holds

2

sup Vn f Ric(Vdyg,, Vdag, )dvol < €. (4.6)
L B,(8Ey)
0<r<CyVn

In order to complete the proof of Theorem 4.1 we are going to perform a Taylor expansion
to compare the perimeter of two distinct isoperimetric sets Ey, and Ej, with the same volume
V. The identity Per(Ey,) = Per(E{,) will result in a contradiction provided that the volume V is
suitably chosen. In the next section we discuss the details by taking for granted Proposition 4.3
and Proposition 4.4, whose proofs are deferred to a subsequent section.

4.1 | Proof of Theorem 4.1 given Proposition 4.3 and Proposition 4.4

Let e > 0 and let G, be given by Proposition 4.4. Without loss of generality we can assume that the
conclusion of Theorem 3.1 holds for all volumes V' € G,. We claim that if € is small enough, then
the theorem follows taking G = G, N (v, o0) for some v, > 0.

We will denote by C > 0 any constant depending on M only, independent of €, that may change
from line to line. Up to removing a countable (and hence negligible) set from G,, we can assume
that the isoperimetric profile is differentiable at any volume in G, and that Proposition 4.3 can be
applied at any volume in G, N (V(€), o0). The strategy will be to argue by contradiction. Assume
that there exists a sequence V; € G, such that V; /' oo and such that there exist two distinct
isoperimetric sets EV;-’EI,/,- of volume V;. There will be three main steps. In Step 1 we are going
to rely on Proposition 4.3 to infer that 6E{,l_ is a graph over 0Ey,, and to use the assumption that
vol(Ey,) = Vol(E{,i) = V; to obtain an effective estimate on the average of the graphing function.
In Step 2 we are going to perform a Taylor expansion of the perimeter functional in a neighbor-
hood of 0Ey, in terms of the stability operator and an error term depending on the ambient Ricci
curvature. In Step 3 we will conclude with the help of Proposition 4.4, whose aim is exactly to

control the potentially large Ricci curvature term.
1

1 -

Step 1. Denote r; := (AVR(M)w,) nV}, and My, := (M",r;"dg, p). Let g; be the rescaled
metric on My,. After rescaling and up to extracting a subsequence, we can assume that My, con-
verges in Gromov-Hausdorff sense to an asymptotic cone C(N) with C*#-cross section (N, gy)
and the sets Ej, El’ corresponding to EVi’Erl/i’ respectively, converge to the unit ball of C(N) cen-
tered at the tip strongly in L'. For large i, by Proposition 4.3 there exists a sequence of functions
w; € C*®(JE;) that parametrize 6El.’ over 0E; as a normal graph, that is,

OE] = {exp, (w;(X)vg,(x)) : x € JE;}.
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20 | ANTONELLI ET AL.

We claim that for any i € N sufficiently large it holds

1
/ wi——HaEi/ wl2 SEC/ wl.z. 4.7)
3E; 2 3E; OF;

The effect of (4.7) is to tell that the graphing functions w; have almost zero average on dE;, in a
very quantitative way. This will be key later when it comes to reaching a contradiction to the strict
volume preserving stability of 0E;.

From Proposition B.1, we know that the reach of dE; is bounded below by a constant p > 0
independent of i. Hence, for any large i, we can fix an open neighborhood U; of JE; such that
aE; c{x : d(x,0E;) < p/2} € U;, and such that the metric g; on U; can be written in Fermi
coordinates with respect to E;. Namely,

(U, 8) =~ ((—p, p) X OE;,dz* + g,), (4.8)

where g, is the pull-back on JE; via exponential map of the induced metric on the parallel hyper-
surface {exp, (zvg,(x)) : x € 8E;}, for z € (—p,p). On the manifold ((—p, o) X 8E;,dz* + g,)
a normal graph over JE; defined by a function u € C*(3E;) with |u| < p is a set of the form
S ={(u(x),x) : x € 0E;}, and the upward unit normal of S can be written as the vector field
a — u
#ul , (4.9
(1+ |Vuul?)?

where V¥ and | - |, denote gradient and norm with respect to the metric g, on JE; given by
(8u)p 1= (Gu(p))p at any p € JE;. Also, integration with respect to the volume form on the graph
S of u can be written in terms of the volume form with respect to g, as

/f(z, x)dvolg = /f(u(x), x)(1+ |V”u|§)§ dvol, , (4.10)

for any continuous function f on S.

Recall thatd,+/detg, = —y/detg, Ad® in any local chart on 9E; and Hs, (x) = Ad*(0, x), where
d® is the signed distance function from E; (d° is defined to be positive outside E;, and negative
inside E;). Then for any x € 0E; working in a local chart on JE; such that 1/det g,(x) = 1, we can
expand

z
ydetg,(z,x)=1-— / Vdetg,(s,x) Ad*(s, x) ds
0

z N
=1-Hypz — / / [V2dS|%(t, x) + Ric, 1)(8;,0,) dr ds+ (4.11)
0 0

_/Z/s(\/@(S,x)_1>Ads(s,x)ds.
0 0

Note that |Ils, |, Hsg, are uniformly bounded with respect to i by Proposition 3.3. Exploiting the
uniform scale invariant Riemann curvature bounds and the Riccati equation for the evolution
of Ad’(s, x) and V2d’(s, x) with respect to s (see also the proof of Lemma 4.6 below), it fol-
lows that [V2d®|%(t, x) + Ric(; x)(8,,8,) + |AdS(t, x)| < C for any x € JE; and any |t| < p. Hence
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UNIQUENESS ON AVERAGE OF ISOPERIMETRIC SETS 21

|v/detg,(z,x) — 1] < C|z| and

|\/detgz(z, x) =1+ Hgpz| < cz>. (4.12)
Thus

dvolgz
— (1 = Heg,2)

<Cz?, (4.13)
d volgo

- — dvoly, . I I .
for any z € (—p, p), where dzolgz is the Radon-Nikodym derivative of vol, with respect to vol, .

Olgo
We proceed with the proof of the claimed (4.7). Let i be fixed and let {E;};c[o 1] be the one-

parameter family of sets having boundary

{exp, (tw;(X)vg,(x)) : x € OE;}, (4.14)

such that Ey = E;, E; = El’ Denote V(¢) := vol;(E;). Exploiting (4.9) and (4.10) with u = tw; we
can compute

1

d, — tV¥iw; 3
V/(t)=/ gil — z - ,wiaz <1+t2|Vtwiwi|[2wi)2dV01
(1+t v w‘wiltw,)

= —/ widvolgtw_,
3E; '

where g; here equals dz? + g, and denotes the metric tensor on My, in the Fermi coordinates
chart. Hence

1 1
0=|E]| - |E]| = —/ V/(t)dt =/ / w; dvolg, —dt
0 0 JoE;

1 dvolg,
= /0 AEi w; Tolgo —(1—HaEitwi)+(1—HaEitwi) dVOlgO dt

1 5 1 dvolg,
= / w; dVOlgO _EHaEi / wi dVOlgO +/ / w; W - (1 - HaEitwi) dVOlgO de.
OE; OE; 0 JOE; 80

l (4.16)

gtwi

N =

(4.15)
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22 | ANTONELLI ET AL.

Therefore

1
/ w; — —HaEA / w2
2 i 1
6Ei 6Ei

1 dvolgtw_
< o T8 .
B ‘/0 »/6Ei “i dVOlgO (1 HaEitwl) dVOlgO dt
(4.2) 1 dvol
< e / /
0 JOE;

8rw;
(4.13) 1
< EC/ / r*w? dvoly, dt,
0 BEL
and (4.7) follows.

dvolg,
Step 2. The goal of this second step is to prove that for every sufficiently large i € N it holds

— (1 — Hyg, twy)| dvoly, dt (4.17)

1

5/ IVwi|2—|IIaEi|2wi2dPaEiSEC/ w; dPyp, (4.18)
OE; E

i

w;(x) z
+ / / / Ric(; )(05,9,)dsdzdvol,, . (4.19)
8E; Jo 0

The estimate will be obtained by applying the Gauss-Green theorem to the gradient of the signed
distance function from JE; in the region bounded between JE; and 0E l’ , carefully expanding all
the terms and exploiting the assumption that P(E;) = P(E l’ ).

We start from the Gauss—Green identity

/ Adyy, = / gV, ) APy — P(E). (4.20)
E/AE; OE! ! '

where v denotes the inner normal of El’ and d* is the signed distance from E;.
Exploiting Fermi coordinates around JE; again, and recalling (4.9) and (4.2), for € small enough
we can compute

1
(VA% —v)dPyyy = 4P (1,(),
</5E_’gl( 1)El.) O] AE[ (1 + |Vwiwi|5)i(X))1/2 OF; (wl(x) x)

1 ) .
< [ 1= 2Vt G+ 2Vl () dPas (0 (6. )
OE! '

“2pE)
1 ) . 5 1 dvol ”
+ -/dEi <_§|Vwiwi|wi(x) + 2|Vwiwi|w,-(x)> (14 |VPuwg, (x))> Avolg, dvolg (x).

Expanding | - |, with respect to z, it can be checked that (1 — C|w;|)|Vw;|? < |V¥i wilﬁji <+
Clw;])|Vw;|?, where |Vw;|? is understood to be computed with respect to g, (see the proof of
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Lemma 4.6, and in particular the second of (4.39)). Hence, (4.2), (4.4), and (4.13) imply
1
[ s0d =Py <PE) -3 [ 1wl P 4eC [ 1VuP P
oE! OE; E;
+gc/ |Vw;|* dPsp, (4.21)
(4.4) , 1 5 )
< P(Ei)__/ |le| dPBEL-+EC/ wl. dPaEi.
2 6Ei aEi
Since P(E;) = P(E)), (4.20) is equivalent to
/ Adsp, < —1/ |Vw;|* dPsp, + sC/ w? dPsp, - (4.22)
E!AFE; 2 OE; OE;
By the coarea formula we can also compute
5
/ Adgg, =/ / Adgg,(z,x)dvol,, dz
E]AE; —p J{x€0E; : (z,x)EE]AE;}
/E/ (x)Adsg ( )dVOIgZd 1, d
= Xiw>z(X)Adsg, (2, x)————dvo z+
-5 J{w;>0 wi dvolg, £
3 dvoly,
+/ / Xiw;>z(X)Adyg, (2, x)d—1 dvoly dz
-5 J{w;<0} VOlg,
3 (4.23)
/ /p (2)Adsg ( )dVOIgde 1
= Xow;0))(Z oE;(Z, X zZdvol, +
fw;>0} J —p o dvolg, g
/ /[3 (2)Adsp ( )dVOIgde 1
+ X(w;(x),0(Z oE;(Z, X zdvo
<oy 5" dvolg, &
/ /wi(x) dvolg
=— AdS(z, x) ~ dzdvol, .
oE; Jo dvolg, o
Recall the evolution equation
z
AdS(z,x) = Hop, (x) + / |V2d¥|2(s, x) + Ric(s (8, 8,) ds. (4.24)
0
Since
|IV2d* (s, x) — [V2d*[2(0, )| < Cls] (4.25)

35UB0|7 SUOLILIED BARR1D 3|qedl|dde aU) Aq peueob aie 301 O ‘88N JO S3NJ 10} A%IqIT 3UIIUO /B UO (SUORIPUOD-PUR-SLLBIALI0Y B | IM ARRIq 1 [eu1U0//:SANY) SUORIPUOD PUe SWS 1 83U} 83S *[5202/70/70] Uo A%IqIT8UIIUO AB1IM * ONV 1IN 1A ODINDILITOd -BHezzod 00RIN Ad 25222 2do/200T 0T/I0p/L0 A8 | 1M AseiqjeulUo//Sdny Wwoiy papeojumod ‘0 ‘ZTE0.60T



24 | ANTONELLI ET AL.

thanks to the scale invariant Riemann curvature bounds, we thus find

/ Adgg, =
E!AE;

w;(x) z
—/ / <HaE; + / [V2d5|%(s, x) + Ric(s (8, ;) ds>(1 — Hpp,z)dzdvolg, +
0 0

/aE /wl(X) AdS(z, x)<
2

(4. 13) w:
/ Hppw; — — + g, |2— dvolg, +

w;(x) z
_ / / (1 — Hap,2) / Ric( )(8;,0,) ds dz d voly, +
3E; Jo 0

- EC/ wl.2 dvolg,
3E;

4.7) 1 wix) - rz
> —/ —|HaE,-|2wl~2dV01go—/ / / Ric(s (0, 0,) dsdzd voly +
oE; 2 3E; /0 0

2
—EC/ w; dvolgo

Recalling (4.22) we get the claimed (4.18).
Step 3. In this last step we are going to reach a contradiction to the strict volume preserving
stability of 0E; by estimating the Ricci curvature term in (4.19) with the help of Proposition 4.4.
We start by noting that

w;(x) llwill o
/ / / Ric(; )(0;,9;,)dsdzdvoly < [lw;lle / / Ric(s )(0;,9;) dsdvolg,
OE; lwilleo </ OE;

Rewriting the integral in (4.6) exploiting Fermi coordinates around JE; and using (4.13) as we did
above, it is readily checked that Proposition 4.4 implies

Hsp, (x)z)) dzdvolg,

[lwilleo
/ [ Ricu(@:.02)dsdvoly, < eClurll + Cllwils (426)
lwilleo
Hence,
w;(x) (4.3)
/ / / Ric(; )(8;,0;)dsdzdvoly, <eCllwl3, < EC/ w; dPyp, . (4.27)
3E; Jo 0 9E;

Combining (4.18) and (4.27) we end up with

/ |Vw; | — [T, |*w? dPyg, ggc/ w? dPsp;, . (4.28)
3E; il

i
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Letuy; :=w; — faE,- w; dPgp;, . Notice that

2
/ w? = / u? + f w; | +2u; f
OE; OF; OF; O,

(4.7) 5 5
< 2/ u; dPap, +EC/ w; dPy, .
3E; BE;

2
3.1
w; 52/ u?dPsp + = —— / w;
i g i " 2P(E) 3E, i

i i

Analogously,

s

L

2

Mo Pu? = [ e fad 24w [ |IIaEi|2ui+<f wi)/ o, I
3E, o5, JoE 9E, 3E,

1

@7 2,,2 2
< |II@E1| ul. dP@El- +¢eC ul. dP@El-‘
OE; OE;

Therefore, (4.28) can be rewritten as

/ |Vu;|? — |Isg, |2} dPyp, gac/ u? dPyp, . (4.29)
aEi aEi

Observing that faE» u; = 0, the strict stability stability estimate for the Jacobi operator from
Theorem 3.1 implies
EC/ uiz dPaEi > EM/ uiz dPaEi , (430)
E; BE;

for some ¢,; > 0 depending on M. Hence, if € was taken sufficiently small, this implies that w; is
constant. Since w; # 0 as E; and El’ are distinct, this implies that vol;(E;) # voli(El.’), where the
volume is computed in the metric of My, . This results into a contradiction, thus completing the
proof of Theorem 4.1.

4.2 | Estimates for isoperimetric graphs

The goal of this section is to establish several technical estimates that will be useful later for the
proof of Proposition 4.3.

We shall consider a smooth n-dimensional Riemannian manifold (M, g) and we will assume
that:

(1) There exist two isoperimetric sets EV,E{, having equal volume V' > 0, having smooth bound-
ary, and such that Hyp, = HaE’V- Moreover, we assume & < Hap, <7, for some &,7 >
0.

Q) .= 6E{, can be written as the normal graph over X :=JEy of a function w : £ — R.
Namely,

2 = {exp,(w(p)vx(p)) : p €I}, (4.31)

where vy is the unit inner normal of Ey,.
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(3) T’ c U where U is an open neighborhood of T where the metric g can be written in Fermi
coordinates with respect to Z. Namely, there is a > 0 such that

U,8) ~((—a,a) x =,dz*> + g,), (4.32)

where g, is the pull-back on X via exponential map of the induced metric on the parallel
hypersurface

3, = {expp(zvz(p)) :pEZ}, (4.33)

forz € (—a,a).Let ¥, : £ — X, be the map ¥,(p) := expp(zvz(p)).

(4) There exists K > 1 such that ||II]||s + SUp ey |Riem(p)| < K forevery p € U.

(5) There exists ¢, := ¢y(K, n,3,n,a) such that, if C;(X, a), C,(n,K, 7, a), C3(n, K, a) denote the
constants appearing in Lemma 4.6, (4.44), and (4.46) below, respectively, then

1

5 <a- Cieg)? < (1 + Cien)? < 2, (4.34)
2 . 1 8
max {gg, g7 (1 + C1€p), C1€9, C2€p | < min 0T [ (4.35)

and [[wlle + Vwlle < &.

We will denote by g, the metric on X such that (g,,), (v, V") := gy (v, V"), for every v,v’" €
T,Z. We denote with V¥ := V&u the gradient with respect to the metric g,, on Z, and with | - |,
the norm in the metric g,,. In this notation g, is the metric induced by g on . We stress that V
denotes the gradient with respect to the metric gy, and | - | is the norm with respect to the metric
8o-

We will denote g, := d,g,. Notice that g, isa(0,2)-tensoron X, and g, = 2IIy . We can identify
g, with a (0,2)-tensor on X via the pull-back with the map ¥, defined in Item 3, namely, for every
p €Z,and every v,0’ € T,Z, (¢,),(v, V") = 21Ty _(d(¥,)(v), d(¥,)(V)). We also denote (), :=
8u(p)-

A standard computation exploiting Jacobi fields, Item 3 and Item 4 implies that there exists a
constant C := C(K, a) such that for every p € Z, every v € T, with (g,),(v,v) = 1, and every
z € (—a,a), it holds

g.(v,v)<C. (4.36)

We record the expression for the mean curvature of =’ in terms of w, borrowed from [49]. It will
be key for the subsequent estimates.

Lemma 4.5 [49, Proposition 4.1]. Assume Item 2, and Item 3 above hold. The mean curvature of ¥’
is

. vw . 18,(VPw, VPw
Hy = —divg v + (1 + |V“’w|fv) tro, Suw — ng(—l). (4.37)

1
(1+ |Vew|?)? (1+ |Vew|2)?

1
2

N =
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In the next lemma we compare induced metrics and volume forms at different heights with
respect to £ with the background metric gy, with the help of the second fundamental form and
Riemann curvature bounds.

Lemma 4.6. Assume that Item 2, Item 3, and Item 4 above hold. There exists C; := C,(K, a) such
that the following holds. For every p € Z, and every v € T, Z with gy(v,v) = 1,

|(gw)p(vs v) — (gO)p(U: v)| < Crlw(p)l,

|(gw)p(v7 U) - (gO)p(Uy U)l < Cl |w(P)| .

(4.38)

Moreover,

(1= Cyllwllo)?voly, <voly < (1+ Cyllwlle)™/?volg, , (439)
Vw21 = Gy w]) <[V¥w]? < [Vwl2(1+ C;|w]). '

Proof. Let us fix some notation. Let Z"~! be a hypersurface in (M", g), let {e;,...,e,_;} be an

orthonormal frame for X, and let IIy be the second fundamental form of . We define II% TE X

TX — R as follows: for every X,Y € TZ we set II%(X, Y):= ZZ: g (X, er), (Y, er)).
Recall that the evolution equation of the second fundamental form IIy_is

d,1Iy, +1I3 + Riem(d,,,d,,) = 0. (4.40)

Hence, by using Item 4 and ODE comparison, there is £ := K(K, a) such that ||IIy ||, < K for
every z € (—a, a).

Notice that g, = 3,g, = 2IIy_. Via the pull back with the map ¥, defined in Item 3 we are
identifying g, with a (0,2)-tensor on X as explained above. Hence, for every z € (—a, a), since
|Sect| and [[IIy_||, are uniformly bounded above by K, and since (4.36), and (4.40) are in force,

we have
|z] |z|
|g—m$/ @&h2/
0 0

Here (4.41) has to be understood evaluated at every point p € %, and at every v € T,)Z with
(80)p(v,v) = 1. Hence the first estimate of (4.38) holds. Similarly, we get the second inequality
in (4.38) by using d,g, = 2IIy_, the fact that ||II;_||, is uniformly bounded above by K, and (4.36).
Finally, the two inequalities in (4.39) are a direct consequence of the second estimate in (4.38),
possibly enlarging C;. [l

aznzz| < Cy(a,K)|z]. (4.41)

Our next goal is to exploit the constant mean curvature condition for =’ to obtain L*-L? and
gradient estimates for the graphing function w, via elliptic regularity theory. The precise statement
follows.

Lemma 4.7. Assume Item 1, Item 2, Item 3, Item 4, and Item 5 above hold. Then there exists a
constant C := C(n,K,a,V,diam(X)) > 0 such that the following hold.

lwlle < Cllwllzas) » (4.42)

IVwllr2s) < Cllwllra) - (4.43)
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Before we can prove Lemma 4.7 we need one last technical estimate.

Lemma 4.8. Assume that Item 1, Item 2, Item 3, Item 4, and Item 5 above hold. Then there exists a
constant C, .= C,(n,K,n, a) > 0 such that

. vw
divg, Y <ol + 1vHw). (4.44)
(1+|Vew|})?
Proof. Let us first prove that
VUJ
~div, <ol + IV wl). (4.45)
(1+|Vew|?)?

By (4.35) in Item 5, and the second estimate in (4.39), we have |V*¥w]|,, < 1, and |w| < 1. Taking
into account (4.38), there is a constant C5 := C3(n, K, a) > 0 such that

try gy 2 trg gy — 2C;|w]. (4.46)

Moreover, taking into account that Hy > 9 > 0, and that Csgy < 8 by (4.35), we get Cs||w]|o <
Hs. Hence, again recalling |V*w|,, < 1, we have

. (446) IRV
tre, 8w = (1+|wa|w)2<§trg0go—c3|w|>

1
2

(141V*wl})

N =

1
= (14 IV“wl2) (s — Csful) (447
1w 12 >
2 (14 7IVPwly |(Hy = Glwl) 2 Hy — 2 Cslw].

In addition, using the second estimate in (4.38), the fact that ||g, || = 2||II5_|ls is uniformly

bounded from above by K by Item 4, and (4.36), we get, for some C, := C4(K,a) > 0,
18,(V¥w, V¥w)
S <oy VRwld. (4.48)

2 1
(1+|Vew|E)?

Using that Hyy = Hy, and combining (4.47), (4.48), and (4.37), we get the sought (4.45) with C, :=
max{Cy, 2C3}. Analogously, bounding from above try ¢, and using H < 7, one can also get

. yvw
divg, = < C(n.K.n,a)(|w] + [VPw]2),

(1+|Vrwl})

1
2

and thus the proof is concluded. O
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Proof of Lemma 4.7. We claim that there exists C(n, K, a) > 0 such that for every p > 1 it holds

2
p__H
p/wf__1|Vw+|2dvolg0 5C/<w+2 ) dvolg , (4.49)
s >

where w, denotes the positive part of w. Recall that |V¥w]|,, < 1 since (4.35) and the second esti-

mate in (4.39) hold. By exploiting the latter information, and integrating (4.44) against w?, we
get

p/wi_llvwarlfvdvolgw < \/ECZ/ (war1 + w+|wa+|waf_1>dvolgw . (4.50)
z z

By (4.35) we get \/5C2w+ < \/ECZEO < p/2, so we can absorb the term in the right hand side of
(4.50) to obtain

p / wf_llvwar 12d vol, < 2\/5C2 / wi“dvolgw . (4.51)
b b
By (4.34) and the first of (4.39), we get that

1
3 vol, < volg <2volg . (4.52)

Moreover by (4.35) and the second estimate of (4.39), we get
1 2 w 2
§|Vw+| < IVPwy g (4.53)

By joining (4.52) and (4.53) with (4.51), we finally get the sought (4.49).

We now aim at obtaining (4.42) by exploiting (4.49), and a standard Moser iteration argument.
By using the Gauss equations, we get |Secty| < C(n, K), since ||IIz|| + |Sect| < K by Item 4.
Hence there exists a constant C(n, K, V,diam(X)) such that, calling 2* := (2n)/(n — 2),

Cllf = Fll o) < IVl ol Vf € Lip(E). (4.54)

From now on we abbreviate || - ||y :=|| - “LS(Z’VolgO) forany s > 1. Let g := p + 1 > 2. In the fol-
lowing computations the constants C, C, only depending on n,K, a,V,diam(Z), might change
from line to line. We have

(4.49) (4.54)
2 2
lw, 17?2 cIvw?I, = c?

q

Va-1

q/2 q/2
wy  —wy

2 ~ 2
> C?u],, - el
2+ 2* 1

q/2 ~ /2 q/2 ~ /2
= C2”w+“nq/(n—2) - Czcﬂwz— ||1 = C2”w+”nq/(n_2) - C2c2”w3_ ”2
/2 .
= Cflw |y = CPCllw I

(4.55)
Set ¢* := nq/(n — 2). From (4.55) we get

2/q

q

lwillg- < (C — +C> lwillg - (4.56)
q —
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k
Recalling that p > 1 was arbitrary, we can take p = p; such that g =g, =2 (ﬁ) for k > 0.
Hence applying (4.56) with g = gy, and letting k — o0, the usual Moser iteration scheme gives

lwillw < Cllwil - (4.57)

Reasoning analogously with w_ in place of w,, we get (4.57) for w_ as well. Hence (4.42) follows.
We now aim at proving (4.43). Again, we can integrate (4.44) against w. Arguing verbatim as
we did to obtain (4.49) (with p = 1) we conclude

/2|Vw|2dV01go SC/szdvolgO, (4.58)

which is the sought (4.43). I

4.3 | Proof of Proposition 4.3

Let V be the set of volumes V' € (0, o0) such that the isoperimetric profile I, is differentiable at
V. Recalling that I, is concave [7], then (0, 00) \ V is a countable set. In particular, ¥ has full
measure in (0, o0). We divide the proof in two steps.

Step 1. Let C be the constant in (1.2). We claim that there exist C := C(M) > 0, and ¢; :=
€0(C,AVR, n) > 0 such that the following holds. For every ¢ < ¢, every sequence ¥ 3 V; — oo,
and every isoperimetric regions Evi,E{,i C M with vol(Ey,) = VOl(E{/[) =V, there is iy € N such
that for every i > ip, £/ := 6E{,i is the normal graph over %; := dEy, of a function w; : £; - R
satisfying

1

lwillo <V, [[Vwille <, (4.59)
=)
lwillo <CV, " Nwillz2sy) » (4.60)
_1
IVwillzas,) < CV; " llwillras,) - (4.61)

Let p € M be a fixed point. Let ¢y be small enough to be determined, and let € < g,. Let us set
11
ry, 1= (AVR(M)w,) nV,and M; := (M",r;;'d,, p). Let Z;, =] C M; denote the sets £;, £/ ¢ M
in the rescaled manifold M;. By the second estimate in (3.3) we get that, for i large enough,

iy (2, =) < dif' 8B} (p).2) + di (3BY (p), =) < ¢,
B o . (4.62)
Bl I(Zi) UBl l(zl‘) c B3 l(p)

By (3.4), (1.2), and the second line of (4.62), we get that there is a constant C; := C;(C, AVR) only
depending on the constant C appearing in (1.2) and AVR such that, for i large enough,

sup [II(x)| + sup |Riem(x)| <C;. (4.63)
X€Z; xeBli(z)
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Hence, if ¢, is chosen small enough with respect to C;, we can use the first line in (4.62), and the
results in Appendix A (in particular, we are using (3.20), (3.21), and (3.23) as stated in the proof of
Proposition 3.3 to %;, Zlf ) to get the existence of a function w; : %; — R such that E; is the normal
graph over Z; of ;, and

1Dilloo 5, + IVZ Wi lleoz, <€ (4.64)

Also notice that, since V; € V, it holds Hy, = Hyy > C,, where C, := C,(n, AVR) and the lower
bound comes from [8, Equation (3.18), Corollar§r 3.5]. Thanks to the bounds (3.20), (3.21), and
(3.23) as stated in the proof of Proposition 3.3, (B1) holds. Hence Proposition B.1 applies. Thus
Item 1, Item 2, Item 3, and Item 4 in Section 4.2 are satisfied, since we also have a uniform
upper bound Hy, = Hyy < C(n,AVR) by [8, Equation (3.17), Corollary 3.5]. Hence, choosing
g :=gy(n,C,AVR) smaill enough, we get that Item 5 is also in force, due to (4.64). By Lemma 3.6,
there is a constant C5 depending on the manifold M such that for i large enough diamZ%; < Cs,
where %; is endowed with the metric induced by the ambient M;. Hence Lemma 4.7 applies and
there exists a constant C := C(n,C, AVR, C3) such that

10ill o5, < CllWillz2cz)) s (4.65)

”Vziwi”LZ(Zi) < Cllw;llras,) - (4.66)

Scaling back we get (4.59), (4.60), and (4.61) are satisfied. This completes the proof of the claim.
Step 2. Let V be as at the beginning of the proof, and let ¢,, C be as in the Step 1 above. We
claim that for every € < ¢, there exists V) : = V(¢) such that for every ¥V o V > V,, the conclusion
of Proposition 4.3 holds with the constant C. This will be enough to conclude the proof.
Suppose the latter is not true. Hence there is € < g, such that there is V 2 V; — oo such that
the conclusion of Proposition 4.3 with the constant C is false for every volume V;. This contradicts
the claim at the beginning of Step 1, thus completing the proof.

4.4 | Proof of Proposition 4.4

For the proof of Proposition 4.4 we will need to make effective some of the ideas that were
introduced for the proof of Proposition 3.4 above. More precisely, we are going to exploit the
asymptotics of the isoperimetric profile of M to estimate the Ricci curvature in the direction nor-
mal to the isoperimetric boundaries. With respect to the proof of (3.6) several additional error
terms arise, that need to be carefully controlled.

We will denote by C > 0 a constant depending on M only that may change from line to line.
Consider a volume V' > 0 such that the isoperimetric profile I of M is differentiable at V. Let E C
M be any isoperimetric set of volume V. Fort € R, we denote by E; the t-enlargement of E, namely

E; :={x €M : dj < t},whered}, denotes the signed distance from E. By Lemma 4.2 there exists
1

0 > 0 independent of E, V such that the reach of E is bounded below by pV =, for any V large
1 1

enough. Hence, for t € (—pV », pV n) we can compute the perimeter P(E,) of t-enlargements as

n n 1 3 S 2 n
PAti(E) = P () + —" me)t/ HaE+/ / 4 pi ) drds
n—1 oE o Jo dr?

35UB017 SUOLILLIOD SAEBID 3|0t dde 3} AQ PeusBA0B 212 SOOI WO (88N JO 3N 104 ARRIGITSUIIUO /B U0 (SUORIPLIOO-PUE-SULIBYLICO" AB| 1 AReAci1[BUIUO// SUY) SUORIPUCD PUB SULB L 3} 39S *[5202/v0/v0] U AXe:q113UIIUO AB1IAM * ONTIAl I ODINOFLITOd - BiZ20d 0o AQ 26222 edo/00T OT/I0p/we0 A3 | 1w ARe.qi[put|uO//:SAHY o1 Papeojumoq ‘0 ‘ZTE0L60T



32 ANTONELLI ET AL.

n 2—n 2
o nPni(E)H Loripei(E
=Pn1(E) + (E) oy = Pra(Er) Hzp | drds+
n—1 n—1 o Jo n—1 3E r

t s
/ / Pwi(E,) / HZ, — s, |* — Ric(Vdy, Vdy)drds.  (4.67)
o Jo E, r

n—1

Note that the last term appearing in (4.67) is exactly the term we would like to estimate.
LetJ(-) := I»1(-), where I is the isoperimetric profile of M. Since E is isoperimetric, denoting
1

for brevity by | - | := vol the Riemannian volume on M, for t € (0, pV ) we can estimate

JUED) +J(E_]) = 2(V) < Pri(E,) + Pii (E_,) — 2P7-1 (E)

n_I//Pnnl_(}i)</aErHaE,>

1
+PE(EF)/ H3, — s, |* — Ric(Vd}, Vd}) dr ds
OE, "

t N 1 1
< "1/ / Pn1(E,) / H3, | —Pni(E,) Ric(Vd}, Vd3)drds.
n==~1Jo J—s oE, OE,

By the isoperimetric inequality on manifolds with nonnegative Ricci and Euclidean volume
growth, see for example, [16, Corollary 1.3], and taking into account [7, Corollary 3.13, Corollary
4.19] and [5, Corollary 3.6], for any V' large enough we can further estimate

2

(4.68)

-1

Ir| n _

H nol_ 1
CPn n1(E,) 2 |E,| 2 |[E_jy| 2V — P(E)/ ( nf’iz) dz>V —cVn pVn  (4.69)
+

1 1
for some C, ¢ depending on n, AVR(M), for any r € (—pV », pV ). Hence, up to possibly decreas-
1 1 1 1
ing o, (4.69) implies that P»-1(E,) > CV'n, for any r € (—pVn,pVr) and any V large enough.
Observe also that the previous argument implies that

3 5
ZV < |E,| < ZV, (470)

1 1
for any r € (—pV'n,pVn) and any V large enough, up to decreasing p.
Moreover, computing integrals in Fermi coordinates as in the first part of the proof of
Theorem 4.1 (see 4.10), it follows from Proposition 4.3 that

/ Ric(Vdy, Vdy) > C / ric(r, x) dPsp(x), 4.71)
OE, 5]

1 1
for any r € (—pV'n,pV ), where ric(r, x) : = Ric(Vd}, Vd})o(exp, (rve'(x))) for any x € OE,
where vg"t is the unit outer normal along JE.
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1

Combining (4.69) and (4.71), for t € (0, oV ) we get

t s
/ / PE(EV)/ Ric(Vdy, Vdy)drds > CVn / / / ric(r, x) dPag(x) drds
0 J—s 0E, —s

Lot et Lot
> CVZ/ / / ric(r, x) dPsp(x)dsdr = CV'n / (t— |r|)/ ric(r, x) dPsp(x) dr
-t J|r| JOE —t OE

t t
1 5 1 -
zcvz/z(t— |r|)/ ric(r, x) dPap(x)dr > CV'r 5/2
_f oE 2 t

2

/ ric(r, x) dPsg(x) dr .
0E

Combining with (4.68) we find

t
1 5 Lops
Vﬁ/z/ ric(r,x)dPaE(x)dr$C<L/ / Pn1(E,) / H3, )drds+
-2 JoE n—1J, J_ oE, "

—(ED +J(E-D - ZJ(V))> :

(4.72)

We now aim at estimating the difference J(|E;|) + J(|E_;|) — 2J(V). This is the goal of the
following lemma, whose proof is postponed to the end of this section.

Lemma 4.9. In the same assumptions of Proposition 4.4 and notation as above, for any n € (0, 1)
and € > 0 there exists G, C (0, o0) such that (4.5) holds and

1

~((ED +J(E_ ) = 27(V)) <CyP(E)et?V n

- L

In n=1(|E, DI’ (|E, |)</ HaEr)drds (4.73)
3B,

foranyV € ¢~

Let ¢ be as in the assumptions of Proposition 4.4. We fix n = n(M) € (0, 1), whose choice will
be clear at the end of the proof of Proposition 4.4 (more precisely, see (4.77) below). Hence let G,
be given by Lemma 4.9. We continue the proof of Proposition 4.4 assuming that V' € ¢..

Combining (4.72) and (4.73) we deduce

t
1 5 1
tvz/j/ ric(r,x)dPaE(x)dr§C<C77P(E)st2V7+
-1 JeE
2

n_l//_sPnl(E)(/ H2, )—IﬁqErDI'qE,D(/aEHaE,>drds>, (4.74)

1
fort € (0,pVn).

2We only stress dependence with respect to ¢ because 7 is eventually chosen to be a constant depending on M.
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The proof of Proposition 4.4 will be completed with the help of the following:

Lemma 4.10. In the same assumptions of Proposition 4.4 and notation as above, for any ¢, > 0
there exists V = V(e,n, M) > 0 such that

1 1 n-2
sp P (E»( / HgE,> —In—1<|E,|)I'+(|Er|>( / HaE,> <envT. @)
re(—pVn [2,0V 1 /2) OF, O,
foranyV > V.

Applying Lemma 4.10, whose proof is postponed to the end of this section, with ¢ as in the
assumptions of Proposition 4.4 and 7 as fixed above, we can combine (4.74) and (4.75) and obtain
1

the following. For t € (0, pV = /2), for any V € G,, up to replacing G, with G, N (V, ), it holds

t
1 - 1 n—2
tVﬁ/f/ ric(r,x)dPaE(x)dr§C<77P(E)Et2V_Z +£77V7t2>
-t JeE
2

(4.76)
1
< CnP(E)et?V ™ n .
Exploiting Fermi coordinates again, arguing similarly as in (4.71), we conclude that
2
Vn f Ric(Vdy;, Vdy) < Cne < ¢, (4.77)
B,(3E)

1
for any r € (0,C,V ») for some Cy > 0. Note that in (4.77) above we estimated Cz < 1 for a choice

of 7 depending only on the last constant C appeared, hence depending only on M. This completes
the proof of Proposition 4.4, modulo the proofs of Lemma 4.9 and Lemma 4.10 whose details are
discussed below.

Proof of Lemma 4.9. Denote by D?J the (negative) finite measure given by the distributional sec-
ond derivative of J. For W > 4 we consider the maximal function My, of x(w /4,+c0) |D%J|, namely

My (0) 1= sup — [D2T|((v — b, v + h) O (W /4, o). (4.78)
h>0 2h

Denoting by |A| := L£}(A) for any measurable set A C R, the classical Hardy-Littlewood
inequality (whose proof works also for measures, cf. [35, Theorem 3.5.6]) implies

1 2 o 3
{” SR My()> W‘1(|D21|<W/4,+oo>)§}’ e
(4.79)
2 P
= i O i g, ).
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Notice that if v € Xy, then

sup %lDzll((v —h,v+h)Nn(W/4,00)) < W (|DX|(W /4, +oo))% . (4.80)
h>0

Define recursively W = 5, W, = 2W;, and let X; = Xw, N(Wi, Wigq).
1
Lete > 0,7 € (0,1). There exists i; > 1 such that (|D2J|(W;/4,+0)) 2 < enforanyi > i.>. We

claim that the set G, can be chosen as

G :={v>w, : Irvi\JX. (4.81)

i>i,

Indeed, we first note that for any z > W;_large, writing W; <z < W, , for some i,, it holds

@22)n|JX| < |5ziz| + |;?,.z+1|
i>i,
1
< 5W, (IDXT|(W, /4, +0)) % + 5W; 41 (ID*T|(W_11/4,+0))

1
2

1
<10Wy 41 (IDXT|(W, /4, 4+)) 2

1
2

<20z(|D|(z/8,+))>2 .

Therefore lim,_, , , £' ((z,22) N (U;;.X})) /z = 0 and (4.5) follows.
Hencelet V € G, and let E C M be any isoperimetric set of volume V, as considered above. Let
iy be such that W; <V < W; .. Recalling (4.70), let h, := max{V — |E_,|, |E,| — V} <V /4 for
1

r € (0,pVn).Since V —h, > %V > W, /2, (4.80) implies

IDAJI(IE_ |, |E/]) < IDXTI(V = by, V + k) = DUV = by, V + ) 0(W /4, 00))

(480 2h,  4h
< T

< —Len.
< NS reEn

lo
Moreover, arguing similarly as in (4.69), one estimates h, < CP(E)r (see [7, Corollary 3.13]).
Hence,

&
ID*JI(IE_ ], |E/]) < CnP(E)y;r (4.82)

1
forr € (0,pV ).
Let us now conclude the proof with a mollification argument. Let o, : R - R, for 7 € (0,1) be
a family of non-negative symmetric mollifiers with supportin (—7,7). LetJ, :=J % p, : (1,00) =
R. HenceJ, issmooth, andJ!” = DJ * p,.SinceJ is concave, D?J < 0in the sense of distributions.
Since the convolution with non-negative mollifiers preserves the sign of a distribution we also get
thatJ! < 0. Thus, J; is concave.

3We only stress dependence with respect to ¢ because 7 is eventually chosen to be a constant depending on M.
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Performing a Taylor expansion of J.(|E;|) with respect to ¢ as done in (4.67) for P»-1(E,), using
1

[7, Proposition 3.11] and [5, Corollary 3.6], up to taking a larger i, for t € (0, pV » ) we can estimate

CUED + T.(E_]) - 2.(V)) = / / |J;'|<|E,|>P<Er)2—J;<|Er|>< / HaE,)drds
0 J—s OE,
|Eg|

H 1 t t N
< <1+ njElan>P(E)/ / |J;’|(v)dvds—/ / J;(lE,l)(/ HaEr>drds
0 J—|E| 0 J—s 0E,
t |E| t s
SCP(E)/ / |J§’|(v)dvds—/ / JL(E,]) / Hgp | drds.
0 J—|E| 0 J—s OE,

Letting 7 — 0 we get

(4.82) tops
~UUED +I(B- ) -2V < erpere - [ f J;(|Er|>< / HaE,)drds
0 J—s OE,

1

< CyP(E)et>V n

" m L ,
_/0 [s P 1In1(|Er|)I+(|Er|)(/aEr HaEr>drdS. (483)

(]

Proof of Lemma 4.10. Note that (4.75) is a scale invariant estimate. Hence to prove it we can
1 1

argue by contradiction and assume that there exist sequences V; /' oo, r; € (—,BVI.; / Z,ﬁvf /2),
and isoperimetric sets E; of volume V; such that

n—2

1 1 —
Prn (E,i)</ HgEr_> — In-1 (|Eri|)Iﬁr(|Eri|)(/ HaEr,) >env,", (4.84)
OE,, i 9E,,

where E,. is the r;-enlargement of E; in M. In the sequence of rescaled manifolds My, this means
that there exists a sequence of isoperimetric sets E; C My, such that |E;| = AVR(M)w,,, and a
sequence ¥; € (—p, p) such that

PF(Ea)( A Hé;) — 17 B DAY, B |)< /A
aE'fi Ti OFEx

i

HaE;) > Cen, (4.85)

where perimeters, volumes, distances, and isoperimetric profile are computed on My,.

The key for the proof will be the stability of the signed distance functions from isoperimetric
sets and their Laplacians under Gromov-Hausdorff convergence.

Up to the extraction of a subsequence that we do not relabel, My, converges to an asymptotic
cone X, with isoperimetric pr”oﬁle Ix,and7; - ry. Moreover, I; — Iy locally uniformly on (0, o).

n 1

Since the right derivative (I iE ), converges to the constant n»-1 (6w, )1 almost everywhere and
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o o n 1
17! is concave, where 6 := AVR(M), then also (I ), = nn-1(Bw,)n—1 locally uniformly on
€ 1
(0, 00). Hence I (I;), = (n6w,)1(n — 1) locally uniformly on (0, c0).
X

Denoting H; := H;, ., We know from [7, Theorem 4.23] that E}i converges to the ball B(1+r ) in

X centered at the tip, and H; — n — 1. Moreover by [7, Proposition 3.11] we get

n6w, (1 +ry,)"" = Px(BY,, ) < liminf P;(E7,)
o i

H. n—1
< liminf (1 + n_—11r°°> P,(E) (4.86)

1

=nbw,(1+ry,)" L.

Finally, by [7, Theorem 1.2],

I .
Afi——Hl_ZO on{0 > f; > —2p}, ,_lI
1+ —Ff L+

n—1 n

—Af;>20 on{0<f; <25}, (4.87)

where f; is the signed distance function from E;. Moreover, the Riccati equation for the evolu-

tion of Af; along geodesics perpendicular to dE;, together with Proposition 3.3, implies that A f;

is uniformly bounded on {—2p < f; < 2p} (see also the proof of Lemma 4.6). By [3, Proposition

1.3.1], it follows that, up to subsequences, A f; converges weakly in L? in the sense of [3] along the
—X

sequence of spaces (X; 5 :={—p < f; <p},dp, ) = (B \ Bf_ﬁ, dy) for any g € (0,2p). By the

divergence theorem, it follows that the L?-weak limit of Af; coincides with the Laplacian from

n—1
X’

the tip o on X, that is, the function

Letting x; = sgn(f;), then y; — y in L?-strong where y = 1 on X \ Bf and y = —1on Bf. It
follows from (4.87) that

H; H;
[ ol o)
Xip 1+ Efl Xip 1+ —1 i

/ X(n—l_n—l)_o
i—oo EX \Bi(—ﬁ df)( df)( ’

145
where the convergence follows from [3, Proposition 1.3.3(d)]. Hence, [3, Proposition 1.3.3(e)]
implies that A f; converges strongly in L2.
Using Fermi coordinates as in the proof of Theorem 4.1 and Fubini’s theorem, it follows that

(4.88)

. H;
the restriction of in
1

— Af; on almost every geodesic from dE; tends to zero strongly in L'
n-1"1 _
along the geodesic. Since Af; are (uniformly) Lipschitz along geodesics from JE; by the Riccati
equation, then - I:}, o Af; tends to zero strongly in L? (actually, uniformly) along almost every
+—L i
n—1

geodesic from JE;. In particular, by using the Dominated Convergence Theorem,

/ _HI - (n=1Ynbw,(1+re)"?, _ Hzp = (n—=Dnbo,(1+rs)""2.  (4.89)
0Ly, "t oF;, i

35UB017 SUOLILLIOD SAEBID 3|0t dde 3} AQ PeusBA0B 212 SOOI WO (88N JO 3N 104 ARRIGITSUIIUO /B U0 (SUORIPLIOO-PUE-SULIBYLICO" AB| 1 AReAci1[BUIUO// SUY) SUORIPUCD PUB SULB L 3} 39S *[5202/v0/v0] U AXe:q113UIIUO AB1IAM * ONTIAl I ODINOFLITOd - BiZ20d 0o AQ 26222 edo/00T OT/I0p/we0 A3 | 1w ARe.qi[put|uO//:SAHY o1 Papeojumoq ‘0 ‘ZTE0L60T



38 | ANTONELLI ET AL.

Inserting (4.86), (4.89) and the convergence properties for the profile I; collected above into (4.85)
and taking the limit i — oo, we get a contradiction, thus completing the proof of (4.75). O
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APPENDIX A: QUANTITATIVE REGULARITY OF ALMOST MINIMIZERS IN ALMOST
EUCLIDEAN MANIFOLDS

The goal of this appendix is to discuss a series of effective regularity estimates for boundaries of
isoperimetric sets in Riemannian manifolds satisfying suitable curvature bounds. These estimates
play an important role in the context of the present paper.

‘We note that similar effective regularity estimates for perimeter minimizing hypersurfaces and
stable minimal or constant mean curvature hypersurfaces have been considered in the previous
literature under different sets of assumptions. We address the reader for instance to [21, 26, 58],
without the aim of being exhaustive in this list.

Let us recall the following theorem, which comes directly from results of Anderson (see, e.g.,
[4, Theorem 3.2]), and Cheeger-Colding [20].

Theorem A.1. Foreveryn >2,6>0,C >0, a € [0,1) there exists g, := €y(n,5,C,a) < 1 such
that the following holds.
Let (M", g, p) be a pointed n-dimensional Riemannian manifold such that

—gy <Ric < C onBy(p), dgr(B2(p), B2(0")) < . (A1)
Then there exists a (harmonic) chart around p such that
lgij — Sijllcracs, (ony) <6 - (A2)

We shall also need an e-regularity result for quasi-minimizers of the perimeter whose bound-
ary has constant mean curvature in manifolds with controlled Ricci curvature. This will imply
an e-regularity result for isoperimetric sets in manifolds with nonnegative Ricci curvature and
Euclidean volume growth, see Remark A.7. Let us first recall the definition of (A, r)-minimizer.

Definition A.2. Let (M, g) be a Riemannian manifold of dimension n, possibly non complete.
Let Q C M be open, and let E C Q be a Borel set. Fix A, ry > 0. We say that E is a (A, ry)-minimizer
in (Q,g)if

P(E, B,(x)) < P(F, B,(x)) + AVOl(EAF), (A3)

whenever EAF € B,(x) € Qandr < ry.

35UB017 SUOLILLIOD SAEBID 3|0t dde 3} AQ PeusBA0B 212 SOOI WO (88N JO 3N 104 ARRIGITSUIIUO /B U0 (SUORIPLIOO-PUE-SULIBYLICO" AB| 1 AReAci1[BUIUO// SUY) SUORIPUCD PUB SULB L 3} 39S *[5202/v0/v0] U AXe:q113UIIUO AB1IAM * ONTIAl I ODINOFLITOd - BiZ20d 0o AQ 26222 edo/00T OT/I0p/we0 A3 | 1w ARe.qi[put|uO//:SAHY o1 Papeojumoq ‘0 ‘ZTE0L60T


https://doi.org/10.1090/S0894-0347-07-00560-7
https://doi.org/10.1007/BF02922017
https://doi.org/10.4310/jdg/1279114303
https://doi.org/10.1515/crll.1994.457.203

42 | ANTONELLI ET AL.

Remark A.3. Let E be a (A, rp)-minimizer in (Q, g) for some open set Q as in Definition A.2. Then
P(E,")=H""'L(6EN Q) and 8F has generalized mean curvature bounded by A. More precisely
there exists a vector field H € Llloc(Q, P(E,-)) such that

/ divtX dP(E, ") = — / g(X,H)dP(E,"), (A4)

for any vector field X € C°(Q), and |H| < A P(E, -)-almost everywhere, see, for example, [51
Lemma A.2] for a proof in the Euclidean space (see also the proof of [2, Theorema 4.7.4]). Indeed,
the first assertion follows by standard density estimates (see, e.g., the proof of [42, Theorem 21.11]),
while the existence of the generalized mean curvature vector follows by differentiation of the
A-minimality condition.

The following e-regularity theorem has essentially appeared in [46, Theorem 6.8]. The version
we state here can be proved arguing verbatim.

Proposition A.4. Letn € Nwithn > 2, vy > 0, A > 0, and € > 0 be fixed. Then there exists § > 0
for which the following holds.

Let (M", g, p) be a pointed n-dimensional complete Riemannian manifold with Ric > —6 on
B,(p), and |By(p)| > vy. Assume E is a (A, 1)-minimizer in B,(p), and

s { o (9F 0 5,9 B20"~), dan(B(). B0, DB _ 2 <5 (g
Then, for all q € B, />(p) N JE, and r < 1 it holds
dou (3E N B,(g), B,(0"™)) <er,
S <o (A6)
IE?U,,B;’fq)l _%‘ <

We are now ready to show an Allard-type result for (A,1)-minimizers in manifolds that
are C'-close to the Euclidean space, and to deduce an e-regularity result for quasi-minimizer
with constant mean curvature boundary in manifolds with controlled Ricci curvature, see
Theorem A.6.

Theorem A.5 (C'7-regularity of almost flat A-minimizers on almost Euclidean balls). Fix n >
2,y € (0,1), A > 0. Then there exist e,0 € (0,1), and C > 0 such that the following holds.
Let B,(0™) be endowed with a smooth Riemannian metric g such that

lgij — Sijllcray0ny) < €- (A7)
Let E C B,(0") be a (A, 1)-minimizer in (B,(0"), g). Suppose that 0" € JE and that

P(E, B(0™))
O‘)n—lrn_1

IA

(A8)
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foranyr € (0,1). Then, up to rotation, there exists a Lipschitz functionu : (Bz(0""1), g.,) = Rsuch
that

lul/ + |Vu| <C, Vu(0) =0, [Vu(x) — Vu(y)| < Clx — y|”, (A9)

3E N B=(0") = {(x,u(x)) : x € B=(0""1)} N B=(0"). (A10)

Proof. We first observe that there exist g, € (0,1) and r, = rp(A,n) € (0,1) such that if g is a
metric on B,(0") with ||g;; — &;jllc1,on)) < €1, thenany (A, 1)-minimizer G in (B,(0"), g) satisfies
density estimates of the form

-1

vol(G n Bi(x))
_ — Uy, c,

P(G,B5(x))
w,p" <

T <cy, (A11)
-

Uy < <

for some v,, € (0,1) and ¢, > 1 independent of G, g, for any x € 0G N B,(0") and any p < r, with
B,(x) € B,(0") (see, e.g., the proof of [42, Theorem 21.11]).

The proof of the claim will eventually follow from an application of Allard’s regularity theo-
rem for varifolds having bounded first variation with respect to a parametric integrand, see [1,
The Regularity Theorem p. 27]. We sketch here the main steps leading to the application of the
previous result.

It readily follows from the area formula that the perimeter measure of ? set G C B,(0™) with
respect to a metric g on B,(0") can be written as P(G, -) = ((Cofx(nG), nG>) 2P (G, "), where (-, )
denotes Euclidean scalar product, Peu(G, ) = Hyy 'Lé*G is the Euclidean perimeter measure,
ng is the unit Euclidean inner normal to G, and Cof, is the cofactor matrix of the matrix (g;;)
at the point x. Hence, if €, € (0,1) is small enough, the perimeter functional with respect to a
metric g with ||g;; — J;jllc1s,(0) < €1 isanadmissible functional corresponding to the parametric
integrand W(x,u) = ({Cof (u),u))"/?, in the notation of [1, 3 p. 18]. Here by admissible we mean
that all the constants M; ;, N; ; appearing in [1] corresponding to ¥ are bounded in terms of the
dimension n and of g; only.

Take A =0ande =1 = % in[1,2.2] and recall (A1l). Note that Remark A.3 implies that the first
variation with respect to the integrand ¥ is bounded by A in the sense of [1, 3.6(4)]. Taking into
account [1, Remark p. 28], [1, The Regularity Theorem p. 27] yields a parameter 8g € (0, 1) (in the
notation of [1]) and constants C = C(n, ¥),c(A) such that if G € B,(0") is a (A, 1)-minimizer for a
metric g with ||g;; — &;jllc1s,0) < €1 and

P(G,B,/5(0"))

3
<=, <é VxedGnB, (0", Al2
oo/t <3l <8p Vx (0" (A12)

e
2
for some p < ¢(A) < 1, then G N Bg,,(0") is parametrized by the graph of a C LY function u with
bounds as in the statement, for suitable 5, = 7,(n,y) € (0, %). Aboveq : R" — Risthe projection
q(xy, ..., X,) = x,. We are therefore left to verify (A12) for a set E satisfying, for suitable choices
ofe, 0.
Let p > 1 besuchthaty =1 — (n —1)/p and let §y, o, € (0, 1) be the two parameters, depend-

ing on n, p only, in the assumptions in the classical Euclidean Allard regularity theorem [59,
Theorem 5.2 p. 121]. Here o, denotes the constant called y in [59, Theorem 5.2 p. 121]. Define
1 1

§:= %min{&), (8501/(5C")*"*2, Ac, !} where C’ = C'(n,y) is the constant called C in [59,
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1 1

Theorem 5.2 p. 121],and rs := &/ (Ac,% cog_l) < 1. We finally define
7 1= 2 min {5,575, c(A)G, ).
6

We want to show that there exist € < g, such that if g, E are as in the assumptions, then E satisfies
(A12) with p = 0//0,, leading to the proof.

Suppose by contradiction that there exist g; < g; with g; \, 0, and a sequence of metrics g; and
a sequence of (A, 1)-minimizers E; as in the assumptions, but (A12) with G = E; and with p =
/o, does not hold. By (All), up to subsequence E; converges to a nonempty Euclidean (A, 1)-
minimizer F. The fact that F is a Euclidean (A, 1)-minimizer follows by easily adapting the proof
of [42, Theorem 21.14]. Moreover, by convergence of the perimeter measures as in [42, Theorem
21.14] and applying Remark A.3 on the set F, we get

1

" 1 1

p.,(F,B,.(0") P oq_ntl (A1) = -

———— =1 / Hop|P dPey(F,) | 1 7 < Actw! r<s, (A13)
Wy—1F B,.(0")

for any r < rs. Hence the classical Euclidean Allard regularity theorem [59, Theorem 5.2 p. 121]
can be applied to F, implying that, up to rotation, dF N B, is parametrized as the graph of a
C7 function f : Bz,,(0""!) - R with |f|/r + |V f| < C'6/C"*2) and [V ], < C'6Y/Cr+2yr,
for any r < rs. Since 30/(0,0,) < rs, we can choose r = 30/(0,0,), so that there holds

I

lqx| < €842y < 258 Vx € 0F N Byz/5,(0"). (A14)

02

Since 0E; — JF in Kuratowski sense thanks to the uniform density estimates (see, e.g., the proof
of [42, Theorem 21.14 (i), (ii)]), the first equalities in (A13) and (A14) imply that (A12) hold on E;
for i large enough with p = o /0,, thus yielding a contradiction. O

Theorem A.6. Let n € Nwithn >2, C,A,uy >0, H € R, and o € (0,1). Then there exist ¢ <
1,0 € (0,1), B > 0 such that the following holds.

Let (M", g, p) be a pointed n-dimensional complete Riemannian manifold with —e < Ric < C on
B,(p), and |B,(p)| = vy. Suppose E C M is a set such that

E is a (A, 1)-minimizer in B,(p), 0E has a.e. generalized mean curvature Hap, = H,

and

ma { o559, B0 a9 0 B B0 ), LB L e qans
Then, denoting with 0,.E the regular part of OE, it holds E N B,(p) C J,E, and

[l |H|“Cos“(dEr\BU(p),dlaE) = sup [O(x)+ sup w <B, (Al6)

x€3ENB,(p) x,yEIENB,(p) d(x, y)* -

where 11 denotes the second fundamental form of OE. In particular, dE N B,(p) is smooth.
Moreover, if also |Sect| < K on B,(p), then the (intrinsic) sectional curvature of 0E N B,(p) is
bounded from below by a constant B’ = B'(B,K) € R.
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Proof. Leté, &, C > 0be the constants dependingon A,y : = o, n for which Theorem A.5 holds. Let
gy = go(n, &, C, ) be the constant for which Theorem A.1 holds. Thus, if ¢ < g; in the statement
of Theorem A.6, there exists a chart centered at p such that

gij — Sijllcracs,on) < E- (A17)

Finally let § := 8(E, n, vy, A) be the constant appearing in Proposition A.4. We claim that in the
statement of Theorem A.6 we can take ¢ := min{d, ¢,}.

Indeed, by how we chose the constants, and subsequently applying Theorem A.1, Proposi-
tion A.4, and Theorem A.5 we get from (A10) that 0E N Bs /»(p) is a graph of a C'“-function u
defined on some ball B,(0"~!) C B,(0"), with /4 < r < &, contained in the domain of the chart
given by Theorem A.1. Thus 0E N B,(p) C 6,E with o := &/2, where 0,.E denotes the regular part
of OE.

In order to obtain the Holder bound on the second fundamental form we exploit a standard PDE
argument based on the fact that E has smooth boundary and it has constant mean curvature. Let
u : B.(0"!) - R, with &/4 < r < &, be the function defined above such that the graph (x, u(x))
in the chart given by Theorem A.1 is (a subset of) E. Let us define

hl-jZ=gij+aiu-gjn+5ju-gm+6iu-aju-gnn, Vi,j=1,...,}’l—1. (AIS)

Moreover, let {e;,...,e,} be the canonical basis in R”, and let v; := (¢;, 0;u) € R", for every

.....

.....

A routine computation shows that the mean curvature of the graph of u in the chart is
H = gley. ;)" - h') - 0;u + Q(g. 98, 0u), (A19)

where Q(g,0g, du) is a rational expression involving g, dg, du.

Hence, if [|g;; — &ijllco + llullcr < e(n), where e(n) is a universal small constant, (A19) is an
elliptic equation. By taking £ < e(n)/2, which we can always do without loss of generality, and by
taking into account (A7), and the second inequality in (A9), we have the following. There exists
N :=N(n,a,A) > 1 large enough such that

8ij — 8ijllcoes, yom) + lullcics, yom1) < &n). (A20)

Hence (A19) is an elliptic equation on B, ~(0"~1). We can thus apply Schauder estimates to get

”u”C'Z’“(Br/(ZN)(O"’l)) < C(V!N’ a, |H|’ ”g”CL“(Br/N(O”))’ ||u”C1'°‘(B,./N(O”*1))> . (A21)

Finally, writing II in the chart ¢, we get (A16) up to shrinking ¢ := &/(16N), and where B only
depends on &, r, N, «, C, and an upper bound on |H|, and thus ultimately only on a, n, A, H.
The last assertion about the sectional curvature with respect to the induced metric being uni-
formly bounded readily comes from the Gauss equations, taking into account the uniform bounds
for the second fundamental form and the bounds for the sectional curvature of the ambient
Riemannian manifold. O
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Remark A.7 (Applying Theorem A.6 to isoperimetric sets). Theorem A.6 has, as a direct conse-
quence, an e-regularity result for isoperimetric sets with large volumes in complete manifolds
with Ric > 0, AVR > 0, and quadratic curvature decay (1.2), which is relevant to our aims.

Let (M", g) be asmooth Riemannian manifold with Ric > 0, and with AVR > v, > 0. Choosing
V= %, V, =2,V53=3,K =0in [7, Corollary 4.15], and by a scaling argument, we get that there
is C := C(vy,n) > 1, such that

Any isoperimetric set E ¢ M with |E| > 1isa (C|E|~'/", ¢~ |E|*/")-minimizer, (A22)
and moreover
Per(E, B,(p)) < (1 + C|E|~"/"r)Per(F, B,(p)), (A23)

for every p € M, r < C~'|E|'/", and F such that EAF cc B,(p).

Now, let V; > C" be fixed, and define A :=CV n, By (A22), every isoperimetric set E with
|E| >V, in M is a (C|E|~Y/",C~Y|E|*/")-minimizer, and thus in particular a (A, 1)-minimizer.
Moreover, recall that the boundary of a smooth isoperimetric set has constant mean curvature,
and if |E| > V; in M, then |Hsg| < C(n, V1, 0y), see [8, Corollary 3.5].

Taking into account also Lemma 3.2, and the regularity of cross-sections of manifolds with
Ric > 0, AVR > 0 and quadratic curvature decay (1.2), we infer that Theorem A.6 can be applied
in this setting, as soon as E is an isoperimetric set with |E| > V; > C(vy, n)". In this case the

constants ¢, g, B will obviously depend on n, C, V1, v,.

APPENDIX B: UNIFORM BOUNDS FOR THE REACH

The goal of this appendix is to prove that the reach of a smooth hypersurface £"~! embedded in a
smooth Riemannian manifold M" can be bounded from below in terms of the second fundamental
form of the hypersurface and the norm of the sectional curvature of the ambient manifold, under
some minor additional technical assumptions. The statement is probably known to experts, and it
follows for instance from a slight adaptation of the arguments in [36]. We provide a detailed proof
as we are not able to locate a precise reference in the literature. The argument is due to Petrunin,
see [54].

Proposition B.1. Let E be a compact subset of an n-dimensional smooth Riemannian manifold
M", and assume that 0 := "1 is a codimension one hypersurface embedded in M". Let vy, be the
unit inner normal. Assume there is €y > 0 such that

E orallt € (0,¢p),
exp, (tvs(p) € i " B
M\E forallt € (—¢y,0).
Let C > 0 be such that
sup |[II(x)| < C, sup |Riem(x)| <C, (B2)

XEZ XEB(Z)

where we denote B,(Z) :={x € M : d(x,Z) < r} for each r > 0. Then there exists a constant r, =
ro(C,n,gp) > 0 such that

F: (-rg,rg) Xz —->M, F(t,p) := expp(tvz(p)) (B3)

is a diffeomorphism with its image.
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Proof. Let us take C a constant chosen small enough with respect to C, and n. We claim that the
choicer, := min{%’, C}works. First, C can be chosen small enough so that, since r, < C, by using
(B2) and classical estimates on Jacobi fields, one gets that

dF py(v) #0 forevery (£, p) € (=rg,ro) X Z, and every 0 # v € T(; p)((—ro,rp) X ).

Thus for every (¢, p) € (—ry,r) X £ we have that dF(; ;) is a linear isomorphism, and then F is
a local diffeomorphism around every point (¢, p) € (—ry, ry) X Z. In order to prove (B3) it is left to
prove that F is injective.

Suppose by contradiction F is not injective, and consider

¢ :=infil0<8<ry: F:(-8,3)XZ— M isnotinjective} > 0. (B4)

Hence there are p,q € Z such that setting y,(¢) := expp(tvz(p)), and y,(¢) := equ(tvx(q)) we
have

X = }Ip(f) = Vq(f) .

We claim that y,(¢) = —y4(¢). Indeed, if not, by taking a geodesic starting from x and forming
acute angles with y,,y, at ¢, one would get that there is a point z such that d(z, p) < ¢, and
d(z,q) < €. Thus, by possibly taking z closer to x, and by exploiting the minimality of ¢, z can be
chosenso thatz = expp,(fpvz(p’)) = equ,(fqu(q’)) forp’,q' € Z,withp’ # q',and ¢, ¢, < €.
This last property would contradict the minimality of ¢ in (B4).

Hence, since y;,(f) = —yé(f), we get that g = expp(%vz(p)). Thus, by the second property in
(B1) applied at g, we have that

exp,((2€ +&/3)vs(p)) E M\ E,

which is a contradiction with the first of (B1) applied at p since 2¢ +¢,/3 < 2ry +£,/3 <¢gy. [
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