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Abstract
Let (𝑀𝑛, 𝑔) be a complete Riemannian manifold which
is not isometric to ℝ𝑛, has nonnegative Ricci curvature,
Euclidean volume growth, and quadratic Riemann curva-
ture decay. We prove that there exists a set  ⊂ (0,∞) with
density 1 at infinity such that for every 𝑉 ∈  there is a
unique isoperimetric set of volume 𝑉 in 𝑀; moreover, its
boundary is strictly volume preserving stable. The latter
result cannot be improved to uniqueness or strict stability
for every large volume. Indeed, we construct a complete
Riemannian surface satisfying the previous assumptions
andwith the following additional property: there exist arbi-
trarily large and diverging intervals 𝐼𝑛 ⊂ (0,∞) such that
isoperimetric sets with volumes 𝑉 ∈ 𝐼𝑛 exist, but they are
neither unique nor do they have strictly volume preserving
stable boundaries.
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1 INTRODUCTION

In this paper we study the isoperimetric structure for large volumes of complete Riemannian
manifolds (𝑀𝑛, 𝑔) with nonnegative Ricci curvature, Euclidean volume growth, and quadratic
Riemann curvature decay. More precisely, we shall assume that Ric ≥ 0 everywhere on 𝑀𝑛 and
that for some (and hence for every) base point 𝑝 ∈ 𝑀 it holds

AVR(𝑀) ∶= lim
𝑟→∞

vol(𝐵𝑟(𝑝))

𝜔𝑛𝑟𝑛
> 0 , (1.1)

where 𝜔𝑛 is the volume of the unit ball in ℝ𝑛, and

|Riem(𝑥)| ≤ 𝐶

d2(𝑥, 𝑝)
for all 𝑥 ∈ 𝑀 , (1.2)

for some constant𝐶 > 0. This class of manifolds has been studied thoroughly in the literature and
includes several examples of interest. Under these assumptions, it is known (see, for instance, [5,
45]) that isoperimetric sets with volume 𝑉 exist for each 𝑉 > 0.
It is well-known that Riemannian manifolds with nonnegative Ricci curvature and Euclidean

volume growth have metric cones as blow-downs, namely any pointed sequence (𝑀, 𝑟−2
𝑖
𝑔, 𝑜)

for 𝑜 ∈ 𝑀 and diverging 𝑟𝑖 admits a subsequence converging in pointed measured Gromov–
Hausdorff sense to an 𝑛-dimensional metric measure cone (𝐶, d𝐶,𝑛), see [20]. Assuming in
addition (1.2), then all the blow-downs of (𝑀𝑛, 𝑔) are metric cones (𝐶(𝑁), d𝑟2 + 𝑟2𝑔𝑁) over some
compact Riemannian manifold (𝑁, 𝑔𝑁), where 𝑔𝑁 is a 𝐶1,𝛼 Riemannian metric for each 𝛼 < 1,
and Ric𝑁 ≥ 𝑛 − 2 (possibly in a weak sense). Although the blow-down of (𝑀𝑛, 𝑔) is not neces-
sarily unique under these assumptions, see [52] and the more recent [28], the manifold (𝑀𝑛, 𝑔) is
𝐶1,𝛼 asymptotic to the family of its blow-down cones, for each 𝛼 < 1. Moreover, for each of these
asymptotic cones the isoperimetric set with volume 𝑉 is unique, it has strictly volume preserving
stable boundary, and it coincides with a ball centered at the vertex for each volume 𝑉 > 0, see
[47], unless the blow-down is isometric to ℝ𝑛. However, if a blow-down is isometric to ℝ𝑛, then
(𝑀𝑛, 𝑔) is necessarily isometric to ℝ𝑛, see [27].
Our main result shows that uniqueness and strict volume preserving stability of the

isoperimetric sets hold formost sufficiently large volumes also for the complete manifold (𝑀𝑛, 𝑔).

Theorem 1.1. Let (𝑀𝑛, 𝑔) be a smooth complete Riemannianmanifold withRic ≥ 0, Euclidean vol-
ume growth (1.1), and quadratic Riemann curvature decay (1.2). Assume that (𝑀𝑛, 𝑔) is not isometric
toℝ𝑛. Then there exists a measurable set  ⊂ (0,∞) such that

lim
𝑟→∞

1( ∩ (𝑟, 2𝑟))
𝑟

= 1 , (1.3)
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UNIQUENESS ON AVERAGE OF ISOPERIMETRIC SETS 3

and for each𝑉 ∈  there exists a unique isoperimetric set 𝐸𝑉 ⊂ 𝑀𝑛 with vol(𝐸𝑉) = 𝑉. Moreover, the
boundary of 𝐸𝑉 is a smooth strictly volume preserving stable constant mean curvature hypersurface.

Theorem 1.1 is sharp, in the sense that neither the uniqueness nor the strict stability statement
can be obtained for all sufficiently large volumes in this generality. Indeed, we construct exam-
ples of complete surfaces with nonnegative Gaussian curvature, quadratic volume growth, and
quadratic curvature decay such that uniqueness and strict stability fail for isoperimetric sets of
arbitrarily large volumes.

Theorem 1.2. There exists a complete smooth Riemannian surface (𝑀2, 𝑔)with nonnegative Gaus-
sian curvature, quadratic volume growth (1.1), and quadratic curvature decay (1.2), such that the
following holds. There are disjoint intervals 𝐿𝑛 ⊂ (0,∞)with inf 𝐿𝑛 → ∞ and |𝐿𝑛|→∞ as 𝑛 → ∞,
such that for every 𝑛 ∈ ℕ, and for every 𝑉 ∈ 𝐿𝑛, there are isoperimetric sets with volume 𝑉 in 𝑀
which are neither strictly volume preserving stable, nor unique.

The construction of Theorem 1.2 can be easily generalized to obtain analogous examples with
Ric ≥ 0 satisfying (1.1) and (1.2) in any dimension 𝑛 ≥ 3.
The question of existence, uniqueness, and characterization of isoperimetric sets for large vol-

umes, and more in general of constant mean curvature hypersurfaces on complete Riemannian
manifolds under various types of curvature constraints and asymptotic conditions at infinity has
received a great deal of attention in the last 30 years, see for instance [14, 15, 17, 18, 22–24, 29, 30,
34, 38, 55], and the references therein. Wemention in particular [25] where the authors obtain the
uniqueness of isoperimetric regions for each sufficiently large volume in complete Riemannian
manifolds (𝑀𝑛, 𝑔) that are𝐶2,𝛼-asymptotic to a fixed cone𝐶(𝑁𝑛−1)whose link (𝑁𝑛−1, 𝑔𝑁) satisfies

Ric𝑁 ≥ 𝑛 − 2 , vol(𝑁) < vol(𝕊𝑛−1) . (1.4)

Note that the conditions in (1.4) are satisfied for each cross-section of any blow-down of amanifold
(𝑀𝑛, 𝑔) as in the assumptions of Theorem 1.1. On the other hand, the assumptions of Theorem 1.1
are not sufficient to guarantee neither the uniqueness of the blow-down, nor the𝐶2,𝛼 convergence.
The mild curvature decay condition (1.2) makes the techniques of [25], which exploit the

implicit function theorem leveraging the higher regularity at infinity, unsuitable for the present
setting.Moreover, to the best of our knowledge, the uniqueness on average captured in Theorem 1.1
had not been studied before.
In the rest of the introduction we outline the proof of Theorem 1.1 and highlight the main

novelties of our approach.

1.1 Strict stability for many volumes

To set the notation, we recall that the stability (or Jacobi) operator of a smooth two-sided constant
mean curvature hypersurface Σ𝑛−1 ⊂ 𝑀𝑛 takes the form

𝐶∞(Σ) ∋ 𝑓 ↦ −ΔΣ𝑓 − (Ric(𝜈, 𝜈) + |II|2)𝑓 ∈ 𝐶∞(Σ) , (1.5)

and it is associated to the quadratic form
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4 ANTONELLI et al.

𝐶∞(Σ) ∋ 𝑓 ↦ 𝐼(𝑓, 𝑓) ∶= ∫
Σ

[|∇Σ𝑓|2 − (Ric(𝜈, 𝜈) + |II|2)𝑓2] d volΣ . (1.6)

In (1.5) and (1.6), 𝜈 and II denote a unit normal to Σ and its second fundamental form, respectively.
If Σ is the boundary of an isoperimetric region and Σ is smooth, then it is a volume preserving
stable constant mean curvature hypersurface. Namely, the stability operator in (1.5) is nonnega-
tive definite on the subspace of functions with 0 average on Σ.1 Equivalently, the quadratic form
in (1.6) on 𝐶∞(Σ) is nonnegative whenever ∫

Σ
𝑓 = 0. We say that such constant mean curvature

hypersurface Σ is strictly (volume preserving) stable provided there exists 𝜆 > 0 such that

𝐼(𝑓, 𝑓) ≥ 𝜆 ∫
Σ

𝑓2 d volΣ, for all𝑓 ∈ 𝐶∞(Σ) such that ∫
Σ

𝑓 d volΣ = 0 . (1.7)

Under the assumptions of Theorem 1.1, for each volume 𝑉 > 0 it is natural to consider the
rescaled pointed manifold

𝑀𝑉 ∶= (𝑀
𝑛, 𝑟−1𝑉 d𝑔, 𝑝) , (1.8)

where we set

𝑟𝑉 ∶= (AVR(𝑀)𝜔𝑛)
−
1

𝑛 𝑉
1

𝑛 , (1.9)

with𝜔𝑛 the volume of the unit ball inℝ𝑛. For any sequence𝑉𝑖 → ∞, up to the extraction of a sub-
sequence that we do not relabel, the pointed manifolds 𝑀𝑉𝑖 converge to one of the blow-downs
𝐶(𝑁) of (𝑀𝑛, 𝑔) in the pointed Gromov–Hausdorff sense and in the 𝐶1,𝛼 sense locally away from
the singular vertex, for each 𝛼 < 1, see for instance [20]. Denoting by 𝐸𝑖 a sequence of isoperimet-
ric sets in the rescaledmanifold𝑀𝑉𝑖 with volume equal toAVR(𝑀)𝜔𝑛 in the rescaledmetric, a by
now standard argument shows that the isoperimetric boundaries 𝜕𝐸𝑖 converge in the Hausdorff
sense to the boundary of 𝐵1(𝑜), the ball of radius 1 centered at the vertex of the limit cone 𝐶(𝑁),
along this converging sequence. See Lemma 3.2 below for the precise statement and [7] for a proof
in a more general setting. For comparison, let us mention that in the literature about the isoperi-
metric problem in the asymptotically flat case, see for instance [24, 30], proving that rescalings of
isoperimetric sets converge to a centered ball for large volumes is a central difficulty.
Note that on a cone the Ricci curvature in the radial direction vanishes, and balls centered

at the vertex are totally umbilical. Hence, it follows from (1.4) and the Lichnerowicz and Obata
theorems that 𝜕𝐵1(𝑜) is strictly stable, unless the cone is isometric to ℝ𝑛. Ideally, we would like
to prove that the stability operators (under volume preserving variations) of 𝜕𝐸𝑖 ⊂ 𝑀𝑉𝑖 converge
in some sense to the stability operator of the limit isoperimetric region 𝐵1(𝑜) ⊂ 𝐶(𝑁) in the blow-
down, or at least that their first eigenvalues are lower semicontinuous with respect to 𝑖. The lower
semicontinuity would be clearly enough to prove the strict stability of 𝜕𝐸𝑖 for any sufficiently large
𝑖 ∈ ℕ. However, Theorem 1.2 shows that this is too optimistic in the present generality. We shall
see that themain issue is related to the Ricci curvature term of the stability operator, which should
be viewed as an error term and does not converge to 0 in general. The key for us will be that the
Ricci curvature term goes to 0 on average with respect to the volume, see Proposition 3.4 for a
precise statement. Establishing this convergence requires a newmethod with respect to the above
mentioned list of references. Indeed, for the proof of Proposition 3.4 we will reverse the usual
1 In order to avoid confusion we stress that in general this is not an invariant subspace under the action of the
Jacobi operator.
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UNIQUENESS ON AVERAGE OF ISOPERIMETRIC SETS 5

argument for proving the concavity of the isoperimetric profile via the second variation formula,
see [7, 11, 13, 14].

1.2 Uniqueness for many volumes

The proof of the uniqueness part of Theorem 1.1 is based on the broad principle that strictly sta-
ble implies locally uniquely minimizing (possibly under a volume constraint). This principle was
originally put forward forminimal hypersurfaces in [60], and later extended to constantmean cur-
vature hypersurfaces in [33] and [48]. However, the implementation in the present setting requires
some new insights. Most importantly, the principle cannot be implemented without restricting
the set of volumes, as the examples constructed in Theorem 1.2 illustrate. Indeed, the blow-down
argument discussed above shows that, for 𝑉 large enough, if there exist two different isoperimet-
ric regions 𝐸𝑉, 𝐸′𝑉 ⊂ 𝑀 with volume 𝑉 then they must be close to each other in a scale-invariant
sense and this scale-invariant distance converges to 0 as 𝑉 → ∞. If both 𝐸𝑉 and 𝐸′𝑉 have strictly
stable boundaries, then by [33, 48] they have neighborhoods 𝜕𝐸𝑉 ⊂ 𝑈 and 𝜕𝐸′𝑉 ⊂ 𝑈

′ where they
are uniquely isoperimetric. The difficulty stems from the fact that the size of these neighborhoods
might not be scale invariantly bounded away from 0. Hence it is not clear whether 𝜕𝐸′𝑉 ⊂ 𝑈 or
𝜕𝐸𝑉 ⊂ 𝑈

′.We shall see that it is possible to effectively estimate the size of these neighborhoods, up
to further restricting the set of good volumes. This estimate requires a new method with respect
to those present in the literature, due to the weak convergence of (𝑀𝑛, 𝑔) to its tangent cones
under rescaling.
There will be three main steps in the proof of the uniqueness. The first step will be to show that

if there are two distinct isoperimetric regions 𝐸𝑉, 𝐸′𝑉 with the same sufficiently large volume 𝑉
and the same mean curvature of the boundary, then 𝜕𝐸′𝑉 can be written as a normal graph over
𝜕𝐸𝑉 with effective scale-invariant bounds on the graphing function. See Proposition 4.3 for the
precise statement. This step requires some effective versions of classical estimates in geometric
measure theory.
The second step of the proof will amount to getting an effective control on the Ricci curvature

of (𝑀𝑛, 𝑔) in the direction perpendicular to the boundary of an isoperimetric set, for each isoperi-
metric set of volume 𝑉 and for most large volumes 𝑉. To accomplish this, we use an argument
involving estimates on the maximal function of the second derivative of a power of the isoperi-
metric profile, see the proof of Proposition 4.4. To the best of the authors’ knowledge, the only
other instance in the literature where the isoperimetric profile is used to show the uniqueness of
isoperimetric sets is [14]. However, in that case, there is exact Schwarzschild symmetry outside a
compact set, and the isoperimetric profile satisfies an ODE.
In the last step we will effectively perform a Taylor expansion of the perimeter functional near

𝜕𝐸𝑉 by integrating the Laplacian of the signed distance function d𝑠𝐸𝑉 in the region between 𝐸𝑉
and 𝐸′𝑉 . We note that effective Taylor expansions of the area functional have been employed with
a different aim in the recent [39]. The approach of this paper seems to be novel, even though the
relationship between the Laplacian of the distance function, the mean curvature and the stability
operator has been used extensively in the last decades, see for instance [43, 44, 57]. Setting

𝑢 ∶= 𝑤 −
1

𝑃(𝐸𝑉) ∫𝜕𝐸𝑉 𝑤 d𝑃𝐸𝑉 , (1.10)

with 𝑤 denoting the graphing function obtained in the first step described above, the main terms
in the Taylor expansion of the perimeter will be the stability operator 𝐼𝜕𝐸𝑉 (𝑢, 𝑢) and an error term
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6 ANTONELLI et al.

involving the Ricci curvature of 𝑀. While the Taylor expansion holds for every volume, we will
be able to exploit the result of the second step to show that for most large volumes the Ricci
curvature term is negligible. Hence we can deduce uniqueness of isoperimetric sets for such vol-
umes. Indeed, if for such a volume 𝐸𝑉 and 𝐸′𝑉 are distinct isoperimetric sets, observe they have
the same perimeter. Since the stability operator 𝐼𝜕𝐸𝑉 (𝑢, 𝑢) is the dominating term in the effective
Taylor expansion of the perimeter, the strict stability of 𝜕𝐸𝑉 yields a contradiction.

1.3 Conjectures and open questions

We end this introduction by mentioning a few open questions that arose during the present work
and might be worthwhile of future investigation.
In the case of surfaces, that is, for 𝑛 = 2, a slight variant of the argument discussed in Sec-

tion 3 allows to prove thatmost isoperimetric sets have strictly volume preserving stable boundary
without assuming that the Gaussian curvature decays quadratically. In this regard we raise the
following:

Conjecture 1.3. If 𝑛 = 2, Theorem 1.1 holds true without assuming that the Gaussian curvature
decays quadratically.

We do not venture in any conjecture in higher dimensions, however we record the follow-
ing question. We recall the following terminology. We say that a metric space 𝑋 splits a line
isometrically if there is a metric space 𝑌 such that 𝑋 is isometric to the metric product ℝ × 𝑌.

Open Question 1.4. Let (𝑀3, 𝑔) be a complete Riemannian manifold with nonnegative Ricci
curvature and Euclidean volume growth such that no blow-down splits a line isometrically.
Understand whether there exists a measurable set  ⊂ (0,∞) such that

lim
𝑟→∞

1( ∩ (𝑟, 2𝑟))
𝑟

= 1 , (1.11)

and, for each 𝑉 ∈ , and every isoperimetric set 𝐸𝑉 ⊂ 𝑀𝑛 with vol(𝐸𝑉) = 𝑉, the boundary of 𝐸𝑉
is a smooth strictly volume preserving stable constant mean curvature hypersurface.

The examples that we construct in the proof of Theorem 1.2 have the drawback that, although
for many large volumes the isoperimetric set with that volume is not unique, all the isoperimetric
sets that we can find are isometric to each other.

Open Question 1.5. Understand whether there exists a complete Riemannian manifold (𝑀𝑛, 𝑔)
with nonnegative Ricci curvature, Euclidean volume growth, quadratic curvature decay, and such
that there exists a sequence 𝑉𝑖 → ∞ with the following property. For every 𝑖 ∈ ℕ there exist two
distinct isoperimetric sets 𝐸𝑖, 𝐸′𝑖 ⊂ 𝑀 with volume 𝑉𝑖 such that 𝜕𝐸𝑖 and 𝜕𝐸′𝑖 are not isometric.

By a well-known argument (see, e.g., [12, Remarque 2.3.2] and [50]), a positive answer to
Conjecture 1.5 would follow from a positive answer to the following:

Open Question 1.6. Understand whether there exists a complete Riemannian manifold (𝑀𝑛, 𝑔)
with nonnegative Ricci curvature, Euclidean volume growth, quadratic curvature decay, and such
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UNIQUENESS ON AVERAGE OF ISOPERIMETRIC SETS 7

that there exists a sequence𝑉𝑖 → ∞with the following property. For every 𝑖 ∈ ℕ the isoperimetric
profile of𝑀 is not differentiable at the point 𝑉𝑖 .

We address the reader to [50] for some related constructions in the compact case.

2 THE EXAMPLE: PROOF OF THEOREM 1.2

This section is dedicated to the proof of Theorem 1.2, that we restate below for the ease of readers.

Theorem 2.1. There exists a complete smooth Riemannian surface (𝑀2, 𝑔)with nonnegative Gaus-
sian curvature, quadratic volume growth (1.1), and quadratic curvature decay (1.2), such that the
following holds. There are disjoint intervals 𝐿𝑛 ⊂ (0,∞)with inf 𝐿𝑛 → ∞ and |𝐿𝑛|→∞ as 𝑛 → ∞,
such that for every 𝑛 ∈ ℕ, and for every 𝑉 ∈ 𝐿𝑛, there are isoperimetric sets with volume 𝑉 in 𝑀
which are neither strictly volume preserving stable, nor unique.

The examples will be warped products over 𝕊1. We will show that it is possible to choose the
warping function in such a way that balls centered at the origin of the warped product do not
have volume preserving stable boundaries and all the other requirements are met. In particular,
balls centered at the origin cannot be isoperimetric sets for their enclosed volume. The fact that
isoperimetric sets are not unique andnot strictly volumepreserving stablewill follow immediately
by the existence of an 𝕊1-symmetry. We will need the following elementary lemma, whose proof
is postponed at the end of the section.

Lemma 2.2. Let (𝑎𝑛), (𝑏𝑛) be two sequences of positive real numbers such that:

i) 𝑎𝑛 is diverging, 𝑎𝑛+1 > 𝑎𝑛 + 𝑏𝑛, 𝑎𝑛 ≥ 𝑏𝑛;
ii) there holds

∞∑
𝑛=0

𝑏𝑛
𝑎𝑛

≤ 1

16
.

Denote 𝐼𝑛 ∶= [𝑎𝑛, 𝑎𝑛 + 𝑏𝑛] and let 𝐽𝑛 ⊂⊂ 𝐼𝑛. Then there exists a smooth concave function 𝜑 ∶
[0,∞) → ℝ, with 𝜑(𝑟) = 𝑟 in a neighborhood of 0, such that for every 𝑛 there holds

𝜑′(𝑟) ≥ 7
8
, 𝜑(𝑟) ≥ 7

8
𝑟 . (2.1)

|𝜑′′(𝑟)| ≤ 2

𝑎𝑛
∀𝑟 ∈ 𝐼𝑛 , |𝜑′′(𝑟)| ≥ 1

𝑎𝑛
∀𝑟 ∈ 𝐽𝑛 , 𝜑

′′(𝑟) ≡ 0 ∀𝑟 ∈ (0,∞) ⧵

∞⋃
𝑛=0

𝐼𝑛 , (2.2)

𝜑(𝑟)𝜑′′(𝑟) − (𝜑′(𝑟))2 + 1

𝜑2(𝑟)
< 0 ∀𝑟 ∈ 𝐽𝑛 , (2.3)

−
𝜑′′(𝑟)

𝜑(𝑟)
≤ 16
𝑟2

∀𝑟 ∈ (0,∞) . (2.4)
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8 ANTONELLI et al.

Proof of Theorem 2.1. Let (𝑎𝑛), (𝑏𝑛) be two sequences of positive real numbers satisfying the
assumptions of Lemma 2.2. We can further assume that (𝑏𝑛) diverges. Let 𝐼𝑛, 𝐽𝑛, 𝜑 be given by
Lemma 2.2. Note that, in particular, inf 𝐼𝑛 = 𝑎𝑛 → ∞, and |𝐼𝑛| = 𝑏𝑛 → ∞.
We consider themanifold𝑀 given by the warped product [0,∞) × 𝕊1 endowedwith themetric

𝑔 ∶= d𝑟2 + 𝜑(𝑟)2𝑔𝕊1 . The sectional curvatures of the rotationally symmetric warped products are
computed in [53, Section 4.2.3]. The fact that 𝜑 is concave and (2.4) holds imply that Sect ≥ 0
and Sect = 𝑂(𝑟−2). Applying for example [6, Corollary 5.9] (see also the earlier [56] and the more
recent [9, Theorem 1.4]) we get that isoperimetric sets exist for any volume on𝑀. Moreover, since
we also have 𝜑(𝑟) ≥ 7𝑟∕8 (see 2.5), we get that𝑀 has Euclidean volume growth (1.1).
By (2.3), we see that all the balls 𝐵𝑟(0) with 𝑟 ∈ 𝐽𝑛 have unstable boundaries with respect

to volume-preserving variations. Hence, in particular, they are not isoperimetric. Indeed, since
𝜕𝐵𝑟(0) is isometric to a circle of length 2𝜋𝜑(𝑟), there exists 𝑓 ∈ 𝐶∞(𝜕𝐵𝑟(0))with ∫

𝜕𝐵𝑟(0)
𝑓 = 0 and

𝑓 ≢ 0 such that

∫
𝜕𝐵𝑟(0)

|∇𝑓|2 = 1

𝜑2(𝑟) ∫𝜕𝐵𝑟(0) 𝑓
2 ,

where the gradient is understood with respect to the submanifold 𝜕𝐵𝑟(0). Recalling that II𝜕𝐵𝑟(0) =
𝜑′(𝑟)

𝜑(𝑟)
(𝑔 − d𝑟2) on the tangent space along 𝜕𝐵𝑟(0), we find

∫
𝜕𝐵𝑟(0)

|∇𝑓|2 −(|||II𝜕𝐵𝑟(0)|||2 + Ric(𝜈, 𝜈)
)
𝑓2 = ∫

𝜕𝐵𝑟(0)

(
1 − (𝜑′(𝑟))2 + 𝜑(𝑟)𝜑′′(𝑟)

𝜑2(𝑟)

)
𝑓2 < 0 ,

due to (2.3).
Let 𝐿𝑛 ∶= {|𝐵𝑟(0)| ∶ 𝑟 ∈ 𝐽𝑛}, where we denote by |𝐵𝑟(𝑜)| the Riemannian volume measure

of 𝐵𝑟(𝑜). Isoperimetric sets with volume 𝑉 ∈ 𝐿𝑛 always exist as we argued above. However they
cannot be balls centered at 𝑜 because 𝐵𝑟(0) is not volume-preserving stable for 𝑟 ∈ 𝐽𝑛. Since 𝑀
is rotationally symmetric, rotating isoperimetric sets with volume 𝑉 ∈ 𝐿𝑛 shows that isoperi-
metric sets of such volumes are not (even locally) unique, and that they are not strictly volume
preserving stable.
Finally, notice that inf 𝐿𝑛 → ∞. Moreover, since (𝑏𝑛) diverges, we can choose 𝐽𝑛 = [𝑎′𝑛, 𝑏′𝑛] for

suitable 𝑎′𝑛, 𝑏′𝑛 such that 𝑏′𝑛 − 𝑎′𝑛 → ∞. Thus it is readily checked that |𝐿𝑛| = 2𝜋 ∫ 𝑏′𝑛𝑎′𝑛 𝜑(𝑟) d𝑟 → ∞
as well, because 𝜑(𝑟) ≥ 7𝑟∕8 (see 2.5). □

Proof of Lemma 2.2. We choose 𝜑(𝑟) = 𝑟 in a right neighborhood of zero. We now explicitly con-
struct 𝜑′′ in such a way 𝜑′′(𝑟) ≤ 0 everywhere and such that it is nonzero only on the intervals 𝐼𝑛.
On every 𝐼𝑛 we take 𝜑′′ equal to a negative smooth function such that |𝜑′′| = −𝜑′′ ≤ 2

𝑎𝑛
on 𝐼𝑛 and|𝜑′′| = −𝜑′′ ≥ 1

𝑎𝑛
on 𝐽𝑛. In particular

∫
𝐼𝑛

𝜑′′ ≥ −2𝑏𝑛
𝑎𝑛
.

In this way, for every 𝑟 ∈ (0,∞), we have

𝜑′(𝑟) − 𝜑′(0) = ∫
𝑟

0

𝜑′′ ≥ −
∞∑
𝑛=0

2𝑏𝑛
𝑎𝑛
,
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UNIQUENESS ON AVERAGE OF ISOPERIMETRIC SETS 9

hence, using 𝜑(0) = 0, and 𝜑′(0) = 1,

𝜑′(𝑟) ≥ 7
8
, 𝜑(𝑟) ≥ 7

8
𝑟 . (2.5)

Let us now verify (2.4). The inequality is trivially satisfied outside 𝐼𝑛. For 𝑟 ∈ 𝐼𝑛, since in particular
𝑎𝑛 ≤ 𝑟 ≤ 𝑎𝑛 + 𝑏𝑛, and 𝑎𝑛 ≥ 𝑏𝑛, we have that 𝑎𝑛 ≥ 𝑟∕2, and then

−
𝜑′′(𝑟)

𝜑(𝑟)
≤ 16

7𝑎𝑛𝑟
≤ 16
𝑟2
.

Let us now verify (2.3). For 𝑟 ∈ 𝐽𝑛 we have

−𝜑′′(𝑟)𝜑(𝑟) ≥ 7𝑟

8𝑎𝑛
≥ 7
8
,

and thus

𝜑(𝑟)𝜑′′(𝑟) − (𝜑′(𝑟))2 + 1 ≤ −7
8
−

(7
8

)2
+ 1 < 0 ,

which implies (2.3). □

3 STRICT STABILITY FORMANY VOLUMES

The goal of this section is to prove the strict stability part of Theorem 1.1. The statement will be
important later when it comes to proving uniqueness for most large volumes.
We state below the precise result for the ease of readers.

Theorem3.1. Let (𝑀𝑛, 𝑔) be a smooth complete Riemannianmanifold withRic ≥ 0, Euclidean vol-
ume growth (1.1), and quadratic Riemann curvature decay (1.2). Assume that (𝑀𝑛, 𝑔) is not isometric
toℝ𝑛. Then there exist 𝜀𝑀 > 0 and a measurable set  ⊂ (0,∞) such that

lim
𝑟→∞

1( ∩ (𝑟, 2𝑟))
𝑟

= 1 , (3.1)

and for each𝑉 ∈  the first eigenvalue of the Jacobi operator for volume preserving variations on the
boundary of every isoperimetric set 𝐸𝑉 ⊂ 𝑀 of volume 𝑉 is at least 𝜀𝑀𝑉−2∕𝑛. In particular, 𝜕𝐸𝑉 is a
(smooth) strictly volume preserving stable constant mean curvature hypersurface.

There are three intermediate steps for the proof of Theorem 3.1, corresponding to the following
statements:

Lemma 3.2. Let (𝑀𝑛, 𝑔) be a smooth complete Riemannian manifold with Ric ≥ 0, Euclidean vol-
ume growth (1.1), and quadratic Riemann curvature decay (1.2), and assume that𝑀 is not isometric
toℝ𝑛. Let 𝑝 ∈ 𝑀 be a fixed base point. For every 𝜀 > 0 there exists𝑉0 = 𝑉0(𝜀) > 0 such that for every
𝑉 > 𝑉0 and for every isoperimetric set 𝐸𝑉 ⊂ 𝑀 of volume 𝑉, setting

𝑟𝑉 ∶= (AVR(M)ωn)
−
1

𝑛 𝑉
1

𝑛 , (3.2)
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10 ANTONELLI et al.

the following hold:

dH(𝐵𝑟𝑉 (𝑝), 𝐸𝑉) ≤ 𝜀𝑟𝑉 , dH(𝜕𝐵𝑟𝑉 (𝑝), 𝜕𝐸𝑉) ≤ 𝜀𝑟𝑉 , (3.3)

where dH denotes Gromov–Hausdorff distance.

Proposition 3.3. Let (𝑀𝑛, 𝑔) be a smooth complete Riemannian manifold with Ric ≥ 0, Euclidean
volume growth (1.1), and quadratic Riemann curvature decay (1.2). Then, for every 𝜀 > 0 there exists
𝑉0 = 𝑉0(𝜀) > 0 such that for every 𝑉 > 𝑉0 any isoperimetric set 𝐸𝑉 ⊂ 𝑀 with volume 𝑉 is smooth
and satisfies

sup
𝑥∈𝜕𝐸𝑉

||||𝑉 2𝑛 |II𝜕𝐸𝑉 |2(𝑥) − (𝑛 − 1)(𝜔𝑛AVR(𝑀)) 2𝑛 |||| ≤ 𝜀 , (3.4)

where II𝜕𝐸𝑉 is the second fundamental form of 𝜕𝐸𝑉 .

Proposition 3.4. Let (𝑀𝑛, 𝑔) be a complete smooth Riemannian manifold with Ric ≥ 0, and
Euclidean volume growth (1.1). For every 𝜀 > 0 there exists a measurable set 𝜀 ⊂ (0,∞) such that

lim
𝑟→∞

1(𝜀 ∩ (𝑟, 2𝑟))
𝑟

= 1 , (3.5)

and for every volume 𝑉 ∈ 𝜀 and every isoperimetric set 𝐸𝑉 ⊂ 𝑀 with volume 𝑉 (if there exists one),
it holds

𝑉
2

𝑛 ⨏
𝜕𝐸𝑉

Ric(𝜈𝜕𝐸𝑉 , 𝜈𝜕𝐸𝑉 ) ≤ 𝜀, (3.6)

where 𝜈 denotes the choice of a unit normal.

Note that Proposition 3.4 does not require the quadratic curvature decay (1.2), and it makes
sense as soon as isoperimetric sets exist for sufficiently large volumes. However, if we assume
that the curvature decays quadratically, the 𝐿1 estimate for theRicci curvature in the normal direc-
tion can be immediately improved to an 𝐿𝑝 estimate for every 1 ≤ 𝑝 < ∞, up to a multiplicative
constant independent of the volume 𝑉.
We start by proving Lemma 3.2 below, as this will provide us with some relevant terminology

for the proof of Theorem 3.1.

Proof of Lemma 3.2. We claim that under the present assumptions (𝑀, 𝑔) does not split any
line, and no blow-down of (𝑀, 𝑔) splits any line. Given the claim, the statement follows from
[8, Theorem 1.2], and [7, Theorem 4.23]. The rest of the proof is aimed at establishing the claim.
It is sufficient to prove that no blow-down of (𝑀, 𝑔) splits any line, as if (𝑀, 𝑔) splits a line then

every blow-down must also split a line.
Since (𝑀, 𝑔) has Euclidean volume growth, every blow-down is a metric cone 𝐶(𝑍) over an

(𝑛 − 1)-dimensional metric space (𝑍, d𝑍). The latter comes from [20], see also the previous [10]
for the same conclusion under the quadratic curvature decay assumption. By the quadratic cur-
vature decay, (𝑍, d𝑍) is a 𝐶1,𝛼 Riemannian manifold for every 𝛼 < 1. If 𝐶(𝑍) splits a line then 𝑍
is a spherical suspension over an (𝑛 − 2)-dimensional metric space (𝑍′, d𝑍′). Since (𝑍, d𝑍) is a
𝐶1,𝛼 Riemannian manifold, all points 𝑧 ∈ 𝑍 are regular, that is, the tangent cone at each point
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UNIQUENESS ON AVERAGE OF ISOPERIMETRIC SETS 11

is isometric to ℝ𝑛−1. In particular, the suspension points are regular and hence (𝑍′, d𝑍′)must be
isometric to the standard sphere 𝕊𝑛−2 endowed with a metric with constant sectional curvature
1. Therefore, 𝑍 is isometric to the standard sphere 𝕊𝑛−1 endowed with a standard metric with
constant sectional curvature 1, and hence 𝐶(𝑍) is isometric to ℝ𝑛. By volume convergence and
volume rigidity, see [27], (𝑀, 𝑔) is also isometric to ℝ𝑛, a contradiction. □

Before giving detailed proofs of Proposition 3.3 and Proposition 3.4, we discuss how to complete
the proof of Theorem 3.1 by taking them for granted.

Proof of Theorem 3.1. The proof will be divided in three main steps. In Step 1 we argue that the
stability operators of the unit spheres have a uniform spectral gap among all blow-downs of (𝑀, 𝑔).
In Step 2we rely on Lemma 3.2 and Proposition 3.3 to show that for any sequence of volumes𝑉𝑖 →
∞ and any sequence of isoperimetric sets 𝐸𝑖 such that vol(𝐸𝑖) = 𝑉𝑖 the boundaries 𝜕𝐸𝑖 with the
induced Riemannian metrics from the ambient𝑀 converge in the 𝐶1,𝛼 sense to a cross-section of
a blow-down of𝑀, up to rescaling. In Step 3 we show that, roughly speaking, the first eigenvalue
of the stability operator is lower semicontinuous along any such converging sequence provided
that the Ricci curvature term is sufficiently small. The proof will be completed with the help of
Proposition 3.4, whose aim is exactly to control that Ricci curvature term for many volumes.
Step 1. We claim that there exists 𝜀𝑀 > 0 such that for every cross-section (𝑁, 𝑔𝑁) of a blow-

down𝐶(𝑁) of (𝑀, 𝑔) the first nonzero eigenvalue of the Laplacian 𝜆1(𝑁) satisfies 𝜆1(𝑁) ≥ 𝑛 − 1 +
2𝜀𝑀 .
As we argued in the proof of Lemma 3.2 above, any cross-section of a blow-down of (𝑀, 𝑔) is a

𝐶1,𝛼 Riemannian manifold (𝑁, 𝑔)with Ricci curvature bounded from below by 𝑛 − 2 in the sense
of 𝖱𝖢𝖣 spaces or, equivalently given the 𝐶1,𝛼 regularity, in the sense of distributions. Moreover,
no such cross-section is isometric to the standard sphere 𝕊𝑛−1 with constant sectional curvature
equal to 1, otherwise 𝐶(𝑁) and hence (𝑀, 𝑔)would be isometric toℝ𝑛, by [27]. By the Lichnerow-
icz estimate for the spectral gap of the Laplacian, see for instance [31, Theorem 4.22] for the setting
of 𝖱𝖢𝖣 spaces, the first non-zero eigenvalue of any such cross-section satisfies 𝜆1(𝑁) ≥ 𝑛 − 1. By
Obata’s rigidity theorem [40], the inequality is strict for each such 𝑁. Indeed, if not, 𝑁 would be
a spherical suspension and we already argued that this is not possible under the present assump-
tions. The conclusion follows from a standard compactness argument based on the stability of the
first eigenvalue of the Laplacian under (measured) Gromov–Hausdorff convergence with lower
Ricci curvature bounds and on the compactness of the set of possible cross-sections of blow-downs
of (𝑀, 𝑔) with respect to the same topology (see, e.g., [3, Theorem 1.9.4]).
Step 2. Let 𝑉𝑖 → ∞ be a sequence of volumes and let 𝐸𝑖 ⊂ 𝑀 be isoperimetric sets with

vol(𝐸𝑖) = 𝑉𝑖 . Recall the expression for 𝑟𝑉 that was introduced in (3.2). We claim that with the
metrics induced by the rescaled ambient spaces (𝑀𝑛, 𝑟−1𝑉𝑖 d) the boundaries 𝜕𝐸𝑖 converge in the
Gromov–Hausdorff sense to a cross-section of a blow-down of 𝑀, up to the extraction of a sub-
sequence. Moreover, the induced metrics on 𝜕𝐸𝑖 have uniform two-sided sectional curvature
bounds. Hence they converge in 𝐶1,𝛼 for every 𝛼 < 1. The rest of this step will be aimed at
establishing the Gromov–Hausdorff convergence with the induced metrics.
We first note that the uniform two-sided bounds for the sectional curvatures of the induced Rie-

mannian metrics on 𝜕𝐸𝑖 (after rescaling) follow from the quadratic curvature decay of (𝑀, 𝑔), the
second estimate in (3.3), the convergence of the second fundamental forms from Proposition 3.3
and the Gauss equations.
Up to the extraction of a subsequence that we do not relabel, (𝑀𝑛, 𝑟−1𝑉𝑖 d, 𝑝) converge in the

pointedGromov–Hausdorff sense to a blow-down cone𝐶(𝑁) of (𝑀, 𝑔).Moreover, the convergence
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12 ANTONELLI et al.

is 𝐶1,𝛼 for every 𝛼 < 1 away from the vertex of the cone. We claim that 𝜕𝐸𝑖 with the induced Rie-
mannian metrics converge to the cross-section (𝑁, 𝑔𝑁) in the Gromov–Hausdorff sense. We note
that the (𝑛 − 1)-dimensional measures of 𝜕𝐸𝑖 , that is, their perimeters, computed with respect
to the rescaled metrics as above, converge to 𝑛−1(𝑁) by [7, Theorem 4.23]. Moreover, from the
forthcoming Lemma 3.6we infer that the boundaries 𝜕𝐸𝑖 with the inducedmetrics have uniformly
bounded diameters (after rescaling) and injectivity radii uniformly bounded away from 0. Thanks
to the discussion above they also have uniform two-sided bounds on the sectional curvature. In
particular, up to the extraction of a subsequence that we do not relabel, by Cheeger’s precompact-
ness theorem they converge in the Gromov–Hausdorff sense to a Riemannian manifold (𝑁′, 𝑔′)
where 𝑔′ is a 𝐶1,𝛼 Riemannianmetric for every 𝛼 < 1, and the convergence is 𝐶1,𝛽 for every 𝛽 < 1.
We claim that (𝑁′, 𝑔′) is isometric to (𝑁, 𝑔𝑁). Thanks to the Hausdorff convergence of 𝜕𝐸𝑖 to 𝑁
from Lemma 3.2 we can find a 1-Lipschitz surjective map 𝐹 ∶ (𝑁′, 𝑔′) → (𝑁, 𝑔𝑁). Moreover, we
already argued above that

𝑛−1(𝑁′) = lim
𝑖→∞

𝑛−1(𝜕𝐸𝑖) = 𝑛−1(𝑁) . (3.7)

Above, it is understood that 𝑛−1(𝜕𝐸𝑖) is computed with respect to the rescaled metric on 𝑀.
The well-known Lipschitz volume rigidity in Riemannian geometry (see e.g., [19, Lemma 9.1]
and references therein) guarantees that 𝐹 is an isometry. Therefore, 𝜕𝐸𝑖 with the induced length
distances Gromov–Hausdorff converge to 𝑁 thus completing the proof of the claim.
Step 3.We claim that there exist 𝜀 > 0 and 𝑉0 > 0 such that if 𝑉 > 𝑉0 and 𝑉 ∈ 𝜀, where the

set 𝜀 was introduced in the statement of Proposition 3.4, then the first eigenvalue (with respect
to volume preserving variations) of the Jacobi operator on the boundary of each isoperimetric set
𝐸𝑉 ⊂ 𝑀 with vol(𝐸𝑉) = 𝑉 is at least 𝜀𝑀𝑉−2∕𝑛, where 𝜀𝑀 has been introduced in Step 1 above. In
particular,𝐸𝑉 has strictly volume preserving stable boundary. The proof of the claimwill complete
the proof of Theorem 3.1.
We argue by contradiction, relying on the convergence and stability of Sobolev functions

defined along Gromov–Hausdorff converging sequences of manifolds, see [3, 32, 37] for the
relevant background. If the claim does not hold then there exists a sequence 𝑉𝑖 → ∞ and
isoperimetric sets 𝐸𝑖 ⊂ 𝑀 with vol(𝐸𝑖) = 𝑉𝑖 such that

lim
𝑖→∞
𝑉

2

𝑛

𝑖 ⨏
𝜕𝐸𝑖

Ric(𝜈𝜕𝐸𝑖 , 𝜈𝜕𝐸𝑖 ) = 0, (3.8)

and there are smooth functions 𝑓𝑖 ∶ 𝜕𝐸𝑖 → ℝ with 𝑓𝑖 not identically vanishing such that

∫
𝜕𝐸𝑖

𝑓𝑖d𝑃𝜕𝐸𝑖 = 0 , (3.9)

and

∫
𝜕𝐸𝑖

|∇𝜕𝐸𝑖𝑓𝑖|2d𝑃𝜕𝐸𝑖 ≤ ∫
𝜕𝐸𝑖

[
Ric(𝜈𝜕𝐸𝑖 , 𝜈𝜕𝐸𝑖 ) + |II𝜕𝐸𝑖 |2 + 32𝜀𝑀

]
𝑓2
𝑖
d𝑃𝜕𝐸𝑖 , (3.10)

for each 𝑖 ∈ ℕ. Note that both (3.8), (3.9), and (3.10) are scale-invariant. We let Σ𝑖 ∶= 𝜕𝐸𝑖 endowed
with the metric 𝑔𝑖 induced by the embedding into (𝑀𝑛, 𝑟−1𝑉𝑖 d) and the induced Riemannian
(𝑛 − 1)-dimensional volume vol𝑖 . By Step 2, (Σ𝑖, 𝑔𝑖, vol𝑖) converge in 𝐶1,𝛼 for every 𝛼 < 1 to
(𝑁, 𝑔𝑁, vol𝑁), up to the extraction of a subsequence that we do not relabel. Here 𝑁 denotes the
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UNIQUENESS ON AVERAGE OF ISOPERIMETRIC SETS 13

cross-section of a blow-down 𝐶(𝑁) of (𝑀, 𝑔). The conditions (3.9) and (3.10) can be rephrased by
saying that there exists a sequence of smooth functions 𝑓𝑖 ∶ Σ𝑖 → ℝ such that

∫
Σ𝑖

𝑓𝑖d vol𝑖 = 0 , ∫
Σ𝑖

𝑓2
𝑖
d vol𝑖 = 1 , (3.11)

and

∫
Σ𝑖

|∇𝑓𝑖|2d vol𝑖 ≤ ∫
Σ𝑖

ℎ𝑖𝑓
2
𝑖
d vol𝑖 , (3.12)

where we set

ℎ𝑖 ∶= Ric(𝜈Σ𝑖 , 𝜈Σ𝑖 ) + |IIΣ𝑖 |2 + 32𝜀𝑀 , (3.13)

for each 𝑖 ∈ ℕ.
By Proposition 3.3

|IIΣ𝑖 |2 → (𝑛 − 1), (3.14)

uniformly as 𝑖 → ∞. Hence, by (3.8) and the quadratic curvature decay (1.2), ℎ𝑖 → (𝑛 − 1) +
3

2
𝜀𝑀

in 𝐿𝑞 as 𝑖 → ∞ for every 1 ≤ 𝑞 < ∞. By the quadratic curvature decay assumptions again and
(3.14), the functions ℎ𝑖 are uniformly bounded with respect to 𝑖. Hence, by (3.11) and (3.12), the
functions 𝑓𝑖 have uniformly bounded𝐻1,2 norms. By Step 2, a (𝑝, 2)-Sobolev inequality with uni-
form constants independent of 𝑖 ∈ ℕ holds along the sequence (Σ𝑖, 𝑔𝑖), for every 𝑝 > 1, see also
Lemma 3.6 below. Hence for any 𝑝 > 1, up to the extraction of a subsequence that we do not rela-
bel, the functions 𝑓𝑖 converge in 𝐿𝑝 to a function 𝑓 ∶ 𝑁 → ℝ. In particular, if we choose 𝑝 > 2,
then by (3.11) we get that

∫
𝑁

𝑓d vol𝑁 = 0 , ∫
𝑁

𝑓2d vol𝑁 = 1 . (3.15)

Moreover, the combination of the 𝐿𝑞 convergence of ℎ𝑖 → (𝑛 − 1) with the 𝐿𝑝 convergence of
𝑓𝑖 → 𝑓 yields that

∫
Σ𝑖

ℎ𝑖𝑓
2
𝑖
d vol𝑖 → (𝑛 − 1)∫

𝑁

𝑓2d vol𝑁 = 𝑛 − 1 as 𝑖 → ∞ . (3.16)

Taking into account the lower semicontinuity of the Dirichlet energy under 𝐿2 convergence we
get from (3.12) that

∫
𝑁

|∇𝑓|2d vol𝑁 ≤ 𝑛 − 1 + 3
2
𝜀𝑀 . (3.17)

This is a contradiction to the uniform spectral gap estimate that was obtained in Step 1. □

Remark 3.5. Regarding the argument in Step 1 above, we note that in the present setting, where
two-sided uniform sectional curvature bounds are in force, the set of cross-sections is compact in
the 𝐶1,𝛼 topology and it is much more elementary to check that the spectrum of the Laplacian is
stable in this case, see [53, Chapter 10] for the relevant background.
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14 ANTONELLI et al.

Proposition 3.3 is a consequence of the effective regularity theory for (almost) minimizers of
the perimeter under two-sided curvature bounds that is discussed in Appendix A and Lemma 3.2.

Proof of Proposition 3.3. Arguing by contradiction, it is enough to prove the following statement.
Let 𝑉𝑖 → ∞, and let 𝐸𝑖 be isoperimetric sets with volume 𝑉𝑖 . Then, up to subsequences,

lim
𝑖→∞

sup
𝑥∈𝜕𝐸𝑖

|||||𝑉
2

𝑛

𝑖
|II𝜕𝐸𝑖 |2(𝑥) − (𝑛 − 1)(𝜔𝑛AVR(𝑀)) 2𝑛 ||||| = 0 . (3.18)

Denote 𝑟𝑖 ∶= (AVR(𝑀)𝜔𝑛)
−
1

𝑛 𝑉

1

𝑛

𝑖
, and fix 0 < 𝛼′ < 𝛼 < 1. Let𝐸𝑖 denote the set𝐸𝑖 considered in

the rescaled manifold𝑀𝑖 ∶= (𝑀𝑛, 𝑟−1𝑖 d𝑔, 𝑝). Up to subsequences, let (𝐶(𝑁), 𝑜) be the asymptotic
cone that is the limit of𝑀𝑖 in the pointed Gromov–Hausdorff sense, and in the 𝐶1,𝛼-sense outside
the tip 𝑜. Let 𝑔𝐶 be the limit metric metric on 𝐶(𝑁), and let 𝑔𝑖 denote the rescaled metric on𝑀𝑖 .
We aim at proving the following assertion.
Claim. There are 𝜌, 𝐶 > 0 such that for every 𝑝 ∈ 𝜕𝐵𝐶(𝑁)1 (𝑜) there exists a chart 𝜑 ∶ 𝐵𝜌(0𝑛) →

𝐶(𝑁) centered at 𝑝 such that for every 𝜕𝐸𝑖 ∋ 𝑝𝑖 → 𝑝 the following holds up to subsequences
in 𝑖. There exist open sets 𝐵𝜌∕2(𝑝) ⊂ 𝜑(𝐵𝜌(0𝑛)) ⊂ 𝑈𝑖 ⊂ 𝐶(𝑁), and 𝐵

𝑀𝑖
𝜌∕2
(𝑝𝑖) ⊂ 𝑉𝑖 ⊂ 𝑀𝑖 , and

diffeomorphisms 𝐹𝑖 ∶ 𝑈𝑖 → 𝑉𝑖 with 𝐹𝑖(𝑝) = 𝑝𝑖 for which:

(1) It holds

‖𝜑∗𝑔𝐶 − (𝐹𝑖◦𝜑)∗𝑔𝑖‖𝐶1,𝛼(𝐵𝜌∕2(0𝑛)) → 0 . (3.19)

(2) There exist 𝑢, 𝑢𝑖 ∶ 𝐵𝜌∕2(0𝑛−1) → ℝ such that

𝜑−1(𝜕𝐵
𝐶(𝑁)
1 (𝑜)) ∩ 𝐵𝜌∕2(0

𝑛) = {(𝑥, 𝑢(𝑥)) ∶ 𝑥 ∈ 𝐵𝜌∕2(0
𝑛−1)} ∩ 𝐵𝜌∕2(0

𝑛) , (3.20)

(𝐹𝑖◦𝜑)
−1(𝜕𝐸𝑖) ∩ 𝐵𝜌∕2(0

𝑛) = {(𝑥, 𝑢𝑖(𝑥)) ∶ 𝑥 ∈ 𝐵𝜌∕2(0
𝑛−1)} ∩ 𝐵𝜌∕2(0

𝑛) , (3.21)

‖𝑢𝑖‖𝐶2,𝛼(𝐵𝜌∕4(0𝑛−1)) ≤ 𝐶 for every 𝑖 ∈ ℕ , (3.22)

and

𝑢𝑖 → 𝑢 in 𝐶2,𝛼′ (𝐵𝜌∕8(0𝑛−1)) . (3.23)

In particular,

lim
𝑖→∞

sup
𝑥∈𝜕𝐸𝑖

||II𝜕𝐸𝑖 |(𝑥) − (𝑛 − 1)| = 0 . (3.24)

The proof the present proposition will be completed after the proof of theClaim. Indeed, (3.24)
is equivalent to (3.18) after scaling.
In order to prove theClaimwe rely on the results in Appendix A. Item (1) comes from the 𝐶1,𝛼-

convergence of 𝑀𝑖 to 𝐶(𝑁) outside the tip 𝑜. Moreover, (3.21) and (3.22) in Item (2) come from
(the proof of) Theorem A.6, and Allard’s result Theorem A.5, see in particular (A21). Recall that
TheoremA.6 can be applied in the setting of the present Proposition 3.3 due toRemarkA.7. Finally
(3.22) in item (2) implies precompactness in 𝐶2,𝛼′ (𝐵𝜌∕8(0𝑛−1)), so that 𝑢𝑖 → 𝑢̃ up to subsequences
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UNIQUENESS ON AVERAGE OF ISOPERIMETRIC SETS 15

in 𝐶2,𝛼′ (𝐵𝜌∕8(0𝑛−1)). Since 𝜕𝐸𝑖 → 𝜕𝐵
𝐶(𝑁)
1 (𝑜) in the Hausdorff sense, we infer that 𝑢̃ = 𝑢, and thus

(3.23) is proved. Finally, (3.24) is a direct consequence of (3.19), and (3.23). □

The next Lemma is a consequence of the results in Appendix A, and it was already used in the
proof of Theorem 3.1 above.

Lemma 3.6. Let (𝑀𝑛, 𝑔) be a smooth complete Riemannian manifold with Ric ≥ 0, Euclidean vol-
ume growth (1.1), and quadratic Riemann curvature decay (1.2). There exists𝑉0, 𝐶 > 0 such that the
following holds. Let 𝐸𝑉 be an isoperimetric set of volume 𝑉 > 𝑉0, and let Σ ∶= 𝜕𝐸𝑉 . Let 𝑔Σ be the
Riemannian metric induced by 𝑔 on Σ. Then

diam(Σ, 𝑔Σ) ≤ 𝐶𝑉1∕𝑛 , inj(Σ, 𝑔Σ) ≥ 𝐶𝑉1∕𝑛 . (3.25)

Proof. It is enough to prove the following Claim, and then argue by contradiction.
Claim. Let 𝑉𝑖 → ∞, and let 𝐸𝑖 ⊂ 𝑀 be an isoperimetric set with volume 𝑉𝑖 . Denote 𝑟𝑖 ∶=

(AVR(𝑀)𝜔𝑛)
−
1

𝑛 𝑉

1

𝑛

𝑖
. Let 𝐸𝑖 denote the set 𝐸𝑖 considered in the rescaled manifold 𝑀𝑖 ∶=

(𝑀𝑛, d𝑖 ∶= 𝑟
−1
𝑖
d𝑔, 𝑝). Set Σ𝑖 ∶= 𝜕𝐸𝑖 , and denote by 𝑔𝑖 , d𝑖 the metric and distance on 𝑀𝑖 , and by

𝑔Σ𝑖 the induced metric on Σ𝑖 . Then

lim sup
𝑖→∞

diam(Σ𝑖, 𝑔Σ𝑖 ) < ∞ , lim inf
𝑖→∞

inj(Σ𝑖, 𝑔Σ𝑖 ) > 0 .

By (3.19), (3.21), and (3.23) in the proof of Proposition 3.3, the intrinsic and the restricted dis-
tances on Σ𝑖 are locally equivalent. That is, there exist constants 𝜌, 𝐶 > 0 such that, for all 𝑖 large
enough (up to subsequences) we have

∀𝑝 ∈ Σ𝑖, ∀𝑞, 𝑟 ∈ 𝐵
𝑀𝑖
𝜌 (𝑝) ∩ Σ𝑖, |dΣ𝑖 (𝑞, 𝑟) − d𝑖(𝑞, 𝑟)| ≤ 𝐶d𝑖(𝑞, 𝑟) . (3.26)

Thus, joining (3.26) with the density estimates in [7, Corollary 4.15], we get that, possibly taking a
smaller 𝜌, there exists a constant 𝜉 > 0 such that, for all 𝑖 large enough,

∀𝑝 ∈ Σ𝑖, volΣ𝑖 (𝐵
Σ𝑖
𝜌 (𝑝)) ≥ 𝜉 > 0 . (3.27)

Above 𝐵Σ𝑖𝜌 denotes the ball in the metric 𝑔Σ𝑖 . By (3.24), the quadratic Riemann curvature decay
(1.2), and the Gauss equation, there exists a constant 𝐾 > 0 such that, for 𝑖 large enough,

|SecΣ𝑖 | ≤ 𝐾 . (3.28)

By (3.27), (3.28), and [53, Lemma 11.4.9] we obtain that

lim inf
𝑖→∞

inj(Σ𝑖, 𝑔Σ𝑖 ) > 0 . (3.29)

Finally, observe |Σ𝑖|→ |𝜕𝐵𝐶(𝑁)1 (𝑜)| by [7, Theorem 4.23], where 𝐵𝐶(𝑁)1 (𝑜) is the unit ball centered
at the tip of an asymptotic cone 𝑀𝑖 is converging to, up to subsequences. Hence |Σ𝑖| is uni-
formly bounded above. Joining the latter information with (3.29), and (3.28), a standard covering
argument using Bishop–Gromov comparison theorem gives

lim sup
𝑖→∞

diam(Σ𝑖, 𝑔Σ𝑖 ) < ∞ .

Hence the Claim is proved, and the proof is concluded. □
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16 ANTONELLI et al.

As already mentioned, controlling the Ricci curvature term of the stability operator is the most
delicate part of the argument for proving strict stability. One of the reasons is that, contrary to
the other terms of the stability operator, the Ricci curvature term does not pass to the limit under
blow-downs in general, and a careful volume selection argument is needed.
We note that a quadratic lower curvature decay in (1.2), combined with (1.1) is sufficient to

guarantee that the Ricci curvature of (𝑀𝑛, 𝑔) weakly converges to 0 in the almost radial direc-
tions when we consider any blow-down, see [41, Theorem 1.1]. However, even under the stronger
two-sided quadratic curvature decay assumption, this weak convergence does not localize to (all)
boundaries of large isoperimetric sets.
To illustrate the idea of the proof of Proposition 3.4 it is helpful to introduce the notion of

isoperimetric profile of (𝑀𝑛, 𝑔). We define the isoperimetric profile 𝐼𝑀 = 𝐼 ∶ [0,∞) → [0,∞) by

𝐼(𝑣) ∶= inf {𝑃(𝐸) ∶ 𝐸 ⊂ 𝑀 , vol(𝐸) = 𝑣} . (3.30)

and let 𝐽𝑀 = 𝐽 ∶= 𝐼
𝑛

𝑛−1 be the normalized isoperimetric profile. In [7] it was shown that if (𝑀𝑛, 𝑔)
is complete and satisfies Ric ≥ 0, then 𝐽 is a concave function, see also the earlier [45] where the
same result was obtained under some additional assumptions. Moreover, if AVR(𝑀) > 0, then

𝐽 ∼ 𝐽𝐶(𝑁) (3.31)

for large volumes, where 𝐽𝐶(𝑁) denotes the normalized isoperimetric profile of one of the blow-
downs of (𝑀𝑛, 𝑔). Note that 𝐽𝐶(𝑁) is an affine function whose slope depends only on AVR(𝑀)
(equivalently, on vol(𝑁), which is independent of the blow-down), see [7, 47].
For the proof of Proposition 3.4 we will reverse the usual argument for proving the concavity

of 𝐽 via the second variation formula, see [7, 11, 13, 14]. The main idea is that 𝐽 is concave and
asymptotically affine. Hence its second derivative converges to 0 with a rate in an integral 𝐿1-
sense as 𝑉 → ∞. In particular, it converges to 0 with the same rate on sets of volumes of scale
invariantly larger and larger measure. For those volumes, we shall be able to control the Ricci
curvature term of the stability operator.
The proof of the forthcoming Proposition 4.4 will require an effective version of the idea dis-

cussed above. We prefer to prove the weaker Proposition 3.4 separately in order to introduced the
first main idea of the proof in a simplified case.

Proof of Lemma 3.4. By [7, Theorem 1.1], letting 𝐽 ∶ (0,∞) → (0,∞) be defined as 𝐽 ∶= 𝐼
𝑛

𝑛−1 as
above, 𝐽 is a concave function. By [5, Corollary 3.6] the right-derivative 𝐽′+ (which is well-defined
at every point by concavity) has a finite limit as 𝑣 → ∞. Denoting by 𝐽′′ the second derivative,
which is well-defined 1-a.e., we get from elementary convex analysis that

∫
2𝑟

𝑟

𝐽′′(𝑣)d𝑣 → 0 , as 𝑟 → ∞ . (3.32)

For every 𝛿 > 0we let𝛿 ⊂ (0,∞) be the set of points 𝑣 ∈ (0,∞) such that 𝐽 is twice differentiable
at 𝑣 and 0 ≥ 𝐽′′(𝑣)𝑣 ≥ −𝛿. Taking into account (3.32) and the nonpositivity of 𝐽′′ it is elementary
to infer that

lim
𝑟→∞

1(𝛿 ∩ (𝑟, 2𝑟))
𝑟

= 1 , (3.33)

for every 𝛿 > 0.
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UNIQUENESS ON AVERAGE OF ISOPERIMETRIC SETS 17

Fix 𝛿 > 0 and let us consider any volume 𝑉 ∈ 𝛿. Let 𝐸 ⊂ 𝑀 be any isoperimetric region in𝑀
with vol(𝐸) = 𝑉, if there exist any. Let 𝐸𝑡 be the 𝑡-enlargement of 𝐸 for all 𝑡 in a small neighbor-
hood of 0, that is,𝐸𝑡 ∶= {𝑥 ∈ 𝑀 ∶ d(𝑥, 𝐸) < 𝑡} if 𝑡 > 0 and𝐸𝑡 ∶= {𝑥 ∈ 𝑀 ∶ d(𝑥,𝑀 ⧵ 𝐸) > −𝑡} for
𝑡 ≤ 0. A standard argument in geometric measure theory based on the first variation formula for
the perimeter shows that it is possible to find a continuous function 𝜏 defined in a neighborhood
(𝑉 − 𝜇,𝑉 + 𝜇) ∋ 𝑉 with 𝜏(𝑉) = 0 and such that vol(𝐸𝜏(𝑣)) = 𝑣 for each 𝑣 ∈ (𝑉 − 𝜇,𝑉 + 𝜇). We
note that, by the very definition of the isoperimetric profile, it holds

𝐼𝑉(𝑣) ∶= 𝑃(𝐸𝜏(𝑣)) ≥ 𝐼(𝑣) , (3.34)

for every 𝑣 ∈ (𝑉 − 𝜇,𝑉 + 𝜇). Moreover, setting 𝐽𝑉 ∶= 𝐼
𝑛

𝑛−1

𝑉 , we have

d2

d𝑣2
|𝑣=𝑉𝐽𝑉 = 𝑛

𝑛 − 1
𝑃(𝐸)

2−𝑛

𝑛−1

[
𝐻2

𝑛 − 1
− ⨏

𝜕𝐸

(|II𝜕𝐸|2 + Ric(𝜈𝜕𝐸, 𝜈𝜕𝐸))] (3.35)

≤ − 𝑛

𝑛 − 1
𝑃(𝐸)

2−𝑛

𝑛−1 ⨏
𝜕𝐸

Ric(𝜈𝜕𝐸, 𝜈𝜕𝐸) . (3.36)

Above, in order to pass from (3.35) to (3.36) we applied the Cauchy–Schwartz inequality to the
(𝑛 − 1) eigenvalues of II𝜕𝐸 . By (3.34) it readily follows that 𝐽𝑉 ≥ 𝐽 on (𝑉 − 𝜇,𝑉 + 𝜇) and 𝐽𝑉(𝑉) =
𝐽(𝑉). Hence, since 𝑉 ∈ 𝛿, we get

𝑛

𝑛 − 1
𝑃(𝐸)

2−𝑛

𝑛−1 ⨏
𝜕𝐸

Ric(𝜈𝜕𝐸, 𝜈𝜕𝐸) ≤ 𝛿𝑉 . (3.37)

If 𝜕𝐸 is smooth, the second derivative of 𝐽𝑉 above makes sense in the classical sense. Otherwise,
the present argument can be adapted to infer (3.37) even when 𝐸 has singular boundary, by using
the fact that the codimension of the singular part of 𝜕𝐸 is at least 8, and standard arguments in geo-
metric measure theory, compare with [13]. We note that there exists a constant 𝐶 > 1 depending
only on the asymptotic volume ratio of𝑀 such that

1

𝐶
𝑉
𝑛−1

𝑛 ≤ 𝑃(𝐸) ≤ 𝐶𝑉 𝑛−1𝑛 , (3.38)

for any isoperimetric set 𝐸 ⊂ 𝑀 with vol(𝐸) = 𝑉. Therefore, the statement follows from (3.37) up
to choosing 𝛿 < 𝛿(𝜀) sufficiently small and setting 𝜀 ∶= 𝛿(𝜀). □

4 UNIQUENESS FORMANY VOLUMES

The goal of this section is to prove the uniqueness part of Theorem 1.1. We state below the precise
result for the ease of readers.

Theorem4.1. Let (𝑀𝑛, 𝑔) be a smooth complete RiemannianmanifoldwithRic ≥ 0, Euclidean vol-
ume growth (1.1), and quadratic Riemann curvature decay (1.2). Assume that (𝑀𝑛, 𝑔) is not isometric
toℝ𝑛. Then there exists a measurable set  ⊂ (0,∞) such that

lim
𝑟→∞

1( ∩ (𝑟, 2𝑟))
𝑟

= 1 , (4.1)

and for any 𝑉 ∈  the isoperimetric set 𝐸𝑉 ⊂ 𝑀 of volume 𝑉 is unique.
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18 ANTONELLI et al.

The key idea will be to make effective the broad principle according to which strictly stable
implies locally uniquely minimizing. As mentioned in the introduction, the proof of Theorem 4.1
is divided in a few steps. A first technical tool is the fact that the reach of isoperimetric bound-
aries of large volumes is uniformly bounded below in a scale-invariant form. We recall that
for a bounded open subset Ω ⊂ 𝑀 with smooth boundary in a Riemannian manifold (𝑀, 𝑔),
the reach of 𝜕Ω is the supremum of all positive numbers 𝑟 such that for every point 𝑥0 in
{𝑥 ∈ 𝑀 ∶ d(𝑥, 𝜕Ω) < 𝑟} there exists a unique 𝑦0 ∈ 𝜕Ω such that d(𝑥0, 𝑦0) = d(𝑥0, 𝜕Ω). In par-
ticular the signed distance function from Ω is smooth in the open tubular neighborhood of 𝜕Ω
having size equal to the reach of 𝜕Ω.

Lemma 4.2. Let (𝑀𝑛, 𝑔) be a smooth complete Riemannian manifold with Ric ≥ 0, Euclidean vol-
ume growth (1.1), and quadratic Riemann curvature decay (1.2). Then there exists𝑉, 𝜌 > 0 such that
for every 𝑉 ≥ 𝑉 the reach of the boundary of every isoperimetric set 𝐸𝑉 ⊂ 𝑀 of volume vol(𝐸𝑉) = 𝑉

is bounded from below by 𝜌𝑉
1

𝑛 .

Proof. After scaling, for a constant depending on𝑀, we can prove the claim for isoperimetric sets
𝐸 having volume AVR(𝑀)𝜔𝑛 that are (Λ, 1)-minimizers (Definition A.2) for some fixed Λ > 0
in manifolds with a uniform bound on |Riem|, and such that (A7), and (A8) hold for a suitable
choice of local chart at boundary points of 𝐸 (see Remark A.7, Proposition A.4, and TheoremA.1).
In particular Theorem A.5 can be applied at boundary points of 𝐸 and (A10) implies that (B1)
is satisfied for some 𝜀0 independent of the specific isoperimetric set. Taking into account also
Proposition 3.3, the conclusion follows by Proposition B.1. □

The firstmain step for the proof of Theorem4.1 amounts to prove that for every sufficiently large
volume away from a countable set, any two isoperimetric sets with that volume can be written
one as a normal graph over the boundary of the other, with suitable scale-invariant bounds on the
graphing function. The set of bad volumes consists of the set of nondifferentiability points of the
isoperimetric profile 𝐼 of (𝑀, 𝑔). The precise statement is as follows.

Proposition 4.3. Let (𝑀𝑛, 𝑔) be a smooth complete Riemannian manifold with Ric ≥ 0, Euclidean
volume growth (1.1), and quadratic Riemann curvature decay (1.2). Then there exists a constant > 0
such that the following holds.
For any 𝜀 > 0 there exists𝑉0 = 𝑉0(𝜀) > 0 such that for every𝑉 > 𝑉0 away froma countable set the

following holds. If 𝐸𝑉, 𝐸′𝑉 ⊂ 𝑀 are two distinct isoperimetric regions with vol(𝐸𝑉) = vol(𝐸′𝑉) = 𝑉,
then 𝜕𝐸′𝑉 is the normal graph over 𝜕𝐸𝑉 of a function 𝑤 ∶ 𝜕𝐸𝑉 → ℝ satisfying:

‖𝑤‖∞ ≤ 𝜀𝑉 1𝑛 , ‖∇𝑤‖∞ ≤ 𝜀 , (4.2)

‖𝑤‖∞ ≤ 𝑉−𝑛−12𝑛 ‖𝑤‖𝐿2(𝜕𝐸𝑉) , (4.3)

‖∇𝑤‖𝐿2(𝜕𝐸𝑉) ≤ 𝑉− 1𝑛 ‖𝑤‖𝐿2(𝜕𝐸𝑉) . (4.4)

In the second step of the proof, we are going to effectively control the average of the Ricci cur-
vature in normal directions on tubular neighborhoods of any size for isoperimetric sets of most
volumes. The precise statement follows:
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UNIQUENESS ON AVERAGE OF ISOPERIMETRIC SETS 19

Proposition 4.4. Let (𝑀𝑛, 𝑔) be a smooth complete Riemannianmanifold with Ric ≥ 0, Euclidean
volume growth (1.1), and quadratic Riemann curvature decay (1.2). Then for every 𝜀 > 0 there exists
a set 𝜀 ⊂ (0,∞) such that

lim
𝑟→∞

1(𝜀 ∩ (𝑟, 2𝑟))
𝑟

= 1 , (4.5)

and for every volume 𝑉 ∈ 𝜀 and every isoperimetric set 𝐸𝑉 ⊂ 𝑀 with volume 𝑉 it holds

sup

0<𝑟<𝐶0𝑉
1
𝑛

𝑉
2

𝑛 ⨏
𝐵𝑟(𝜕𝐸𝑉)

Ric(∇d𝜕𝐸𝑉 , ∇d𝜕𝐸𝑉 )d vol ≤ 𝜀 . (4.6)

In order to complete the proof of Theorem 4.1 we are going to perform a Taylor expansion
to compare the perimeter of two distinct isoperimetric sets 𝐸𝑉 and 𝐸′𝑉 with the same volume
𝑉. The identity Per(𝐸𝑉) = Per(𝐸′𝑉) will result in a contradiction provided that the volume 𝑉 is
suitably chosen. In the next section we discuss the details by taking for granted Proposition 4.3
and Proposition 4.4, whose proofs are deferred to a subsequent section.

4.1 Proof of Theorem 4.1 given Proposition 4.3 and Proposition 4.4

Let 𝜀 > 0 and let 𝜀 be given by Proposition 4.4. Without loss of generality we can assume that the
conclusion of Theorem 3.1 holds for all volumes 𝑉 ∈ 𝜀. We claim that if 𝜀 is small enough, then
the theorem follows taking  = 𝜀 ∩ (𝑣0,∞) for some 𝑣0 > 0.
We will denote by  > 0 any constant depending on𝑀 only, independent of 𝜀, that may change

from line to line. Up to removing a countable (and hence negligible) set from 𝜀, we can assume
that the isoperimetric profile is differentiable at any volume in 𝜀 and that Proposition 4.3 can be
applied at any volume in 𝜀 ∩ (𝑉0(𝜀),∞). The strategy will be to argue by contradiction. Assume
that there exists a sequence 𝑉𝑖 ∈ 𝜀 such that 𝑉𝑖 ↗ ∞ and such that there exist two distinct
isoperimetric sets 𝐸𝑉𝑖 , 𝐸

′
𝑉𝑖
of volume 𝑉𝑖 . There will be three main steps. In Step 1 we are going

to rely on Proposition 4.3 to infer that 𝜕𝐸′𝑉𝑖 is a graph over 𝜕𝐸𝑉 , and to use the assumption that
vol(𝐸𝑉𝑖 ) = vol(𝐸

′
𝑉𝑖
) = 𝑉𝑖 to obtain an effective estimate on the average of the graphing function.

In Step 2 we are going to perform a Taylor expansion of the perimeter functional in a neighbor-
hood of 𝜕𝐸𝑉𝑖 in terms of the stability operator and an error term depending on the ambient Ricci
curvature. In Step 3 we will conclude with the help of Proposition 4.4, whose aim is exactly to
control the potentially large Ricci curvature term.

Step 1. Denote 𝑟𝑖 ∶= (AVR(𝑀)𝜔𝑛)
−
1

𝑛 𝑉

1

𝑛

𝑖
, and 𝑀𝑉𝑖 ∶= (𝑀

𝑛, 𝑟−1
𝑖
d𝑔, 𝑝). Let 𝑔𝑖 be the rescaled

metric on𝑀𝑉𝑖 . After rescaling and up to extracting a subsequence, we can assume that𝑀𝑉𝑖 con-
verges in Gromov–Hausdorff sense to an asymptotic cone 𝐶(𝑁) with 𝐶1,𝛼-cross section (𝑁, 𝑔𝑁)
and the sets 𝐸𝑖, 𝐸′𝑖 corresponding to 𝐸𝑉𝑖 , 𝐸

′
𝑉𝑖
, respectively, converge to the unit ball of 𝐶(𝑁) cen-

tered at the tip strongly in 𝐿1. For large 𝑖, by Proposition 4.3 there exists a sequence of functions
𝑤𝑖 ∈ 𝐶

∞(𝜕𝐸𝑖) that parametrize 𝜕𝐸′𝑖 over 𝜕𝐸𝑖 as a normal graph, that is,

𝜕𝐸′
𝑖
=

{
exp𝑥(𝑤𝑖(𝑥)𝜈𝐸𝑖 (𝑥)) ∶ 𝑥 ∈ 𝜕𝐸𝑖

}
.
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20 ANTONELLI et al.

We claim that for any 𝑖 ∈ ℕ sufficiently large it holds

|||||∫𝜕𝐸𝑖 𝑤𝑖 − 12𝐻𝜕𝐸𝑖 ∫𝜕𝐸𝑖 𝑤2𝑖
||||| ≤ 𝜀  ∫

𝜕𝐸𝑖

𝑤2
𝑖
. (4.7)

The effect of (4.7) is to tell that the graphing functions 𝑤𝑖 have almost zero average on 𝜕𝐸𝑖 , in a
very quantitative way. This will be key later when it comes to reaching a contradiction to the strict
volume preserving stability of 𝜕𝐸𝑖 .
From Proposition B.1, we know that the reach of 𝜕𝐸𝑖 is bounded below by a constant 𝜌 > 0

independent of 𝑖. Hence, for any large 𝑖, we can fix an open neighborhood 𝑈𝑖 of 𝜕𝐸𝑖 such that
𝜕𝐸′
𝑖
⊂ {𝑥 ∶ d(𝑥, 𝜕𝐸𝑖) < 𝜌∕2} ⋐ 𝑈𝑖 , and such that the metric 𝑔𝑖 on 𝑈𝑖 can be written in Fermi

coordinates with respect to 𝜕𝐸𝑖 . Namely,

(𝑈𝑖, 𝑔𝑖) ≃ ((−𝜌, 𝜌) × 𝜕𝐸𝑖, d𝑧
2 + 𝑔𝑧) , (4.8)

where 𝑔𝑧 is the pull-back on 𝜕𝐸𝑖 via exponential map of the induced metric on the parallel hyper-
surface

{
exp𝑥(𝑧𝜈𝐸𝑖 (𝑥)) ∶ 𝑥 ∈ 𝜕𝐸𝑖

}
, for 𝑧 ∈ (−𝜌, 𝜌). On the manifold ((−𝜌, 𝜌) × 𝜕𝐸𝑖, d𝑧2 + 𝑔𝑧)

a normal graph over 𝜕𝐸𝑖 defined by a function 𝑢 ∈ 𝐶∞(𝜕𝐸𝑖) with |𝑢| < 𝜌 is a set of the form
𝑆 = {(𝑢(𝑥), 𝑥) ∶ 𝑥 ∈ 𝜕𝐸𝑖}, and the upward unit normal of 𝑆 can be written as the vector field

𝜕𝑧 − ∇
𝑢𝑢(

1 + |∇𝑢𝑢|2𝑢) 12 , (4.9)

where ∇𝑢 and | ⋅ |𝑢 denote gradient and norm with respect to the metric 𝑔𝑢 on 𝜕𝐸𝑖 given by
(𝑔𝑢)𝑝 ∶= (𝑔𝑢(𝑝))𝑝 at any 𝑝 ∈ 𝜕𝐸𝑖 . Also, integration with respect to the volume form on the graph
𝑆 of 𝑢 can be written in terms of the volume form with respect to 𝑔𝑢 as

∫ 𝑓(𝑧, 𝑥) d vol𝑆 = ∫ 𝑓(𝑢(𝑥), 𝑥)
(
1 + |∇𝑢𝑢|2𝑢) 12 d vol𝑔𝑢 , (4.10)

for any continuous function 𝑓 on 𝑆.
Recall that 𝜕𝑧

√
det 𝑔𝑧 = −

√
det 𝑔𝑧 Δd

𝑠 in any local chart on 𝜕𝐸𝑖 and𝐻𝜕𝐸𝑖 (𝑥) = Δd
𝑠(0, 𝑥), where

d𝑠 is the signed distance function from 𝐸𝑖 (d𝑠 is defined to be positive outside 𝐸𝑖 , and negative
inside 𝐸𝑖). Then for any 𝑥 ∈ 𝜕𝐸𝑖 working in a local chart on 𝜕𝐸𝑖 such that

√
det 𝑔0(𝑥) = 1, we can

expand

√
det 𝑔𝑧(𝑧, 𝑥) = 1 − ∫

𝑧

0

√
det 𝑔𝑧(𝑠, 𝑥) Δd

𝑠(𝑠, 𝑥) d𝑠

= 1 − 𝐻𝜕𝐸𝑖𝑧 − ∫
𝑧

0
∫
𝑠

0

|∇2d𝑠|2(𝑡, 𝑥) + Ric(𝑡,𝑥)(𝜕𝑧, 𝜕𝑧) d𝑡 d𝑠+
− ∫

𝑧

0
∫
𝑠

0

(√
det 𝑔𝑧(𝑠, 𝑥) − 1

)
Δd𝑠(𝑠, 𝑥) d𝑠 .

(4.11)

Note that |II𝜕𝐸𝑖 |, 𝐻𝜕𝐸𝑖 are uniformly bounded with respect to 𝑖 by Proposition 3.3. Exploiting the
uniform scale invariant Riemann curvature bounds and the Riccati equation for the evolution
of Δd𝑠(𝑠, 𝑥) and ∇2d𝑠(𝑠, 𝑥) with respect to 𝑠 (see also the proof of Lemma 4.6 below), it fol-
lows that |∇2d𝑠|2(𝑡, 𝑥) + Ric(𝑧,𝑥)(𝜕𝑧, 𝜕𝑧) + |Δd𝑠(𝑡, 𝑥)| ≤  for any 𝑥 ∈ 𝜕𝐸𝑖 and any |𝑡| < 𝜌. Hence
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UNIQUENESS ON AVERAGE OF ISOPERIMETRIC SETS 21

|√det 𝑔𝑧(𝑧, 𝑥) − 1| ≤ |𝑧| and
|||√det 𝑔𝑧(𝑧, 𝑥) − 1 + 𝐻𝜕𝐸𝑖𝑧||| ≤ 𝑧2 . (4.12)

Thus

||||| d vol𝑔𝑧d vol𝑔0
− (1 − 𝐻𝜕𝐸𝑖𝑧)

||||| ≤ 𝑧2 , (4.13)

for any 𝑧 ∈ (−𝜌, 𝜌), where d vol𝑔𝑧
d vol𝑔0

is the Radon–Nikodým derivative of vol𝑔𝑧 with respect to vol𝑔0 .

We proceed with the proof of the claimed (4.7). Let 𝑖 be fixed and let {𝐸𝑡}𝑡∈[0,1] be the one-
parameter family of sets having boundary

{
exp𝑥(𝑡𝑤𝑖(𝑥)𝜈𝐸𝑖 (𝑥)) ∶ 𝑥 ∈ 𝜕𝐸𝑖

}
, (4.14)

such that 𝐸0 = 𝐸𝑖 , 𝐸1 = 𝐸′𝑖 . Denote 𝑉(𝑡) ∶= vol𝑖(𝐸𝑡). Exploiting (4.9) and (4.10) with 𝑢 = 𝑡𝑤𝑖 we
can compute

𝑉′(𝑡) = ∫
𝜕𝐸𝑖

𝑔𝑖

⎛⎜⎜⎜⎜⎝
−

𝜕𝑧 − 𝑡∇
𝑡𝑤𝑖𝑤𝑖(

1 + 𝑡2|∇𝑡𝑤𝑖𝑤𝑖|2𝑡𝑤𝑖) 12
, 𝑤𝑖𝜕𝑧

⎞⎟⎟⎟⎟⎠
(
1 + 𝑡2|∇𝑡𝑤𝑖𝑤𝑖|2𝑡𝑤𝑖) 12 d vol𝑔𝑡𝑤𝑖

= −∫
𝜕𝐸𝑖

𝑤𝑖 d vol𝑔𝑡𝑤𝑖
,

(4.15)

where 𝑔𝑖 here equals d𝑧2 + 𝑔𝑧 and denotes the metric tensor on 𝑀𝑉𝑖 in the Fermi coordinates
chart. Hence

0 = |𝐸𝑖| − |𝐸′
𝑖
| = −∫

1

0

𝑉′(𝑡) d𝑡 = ∫
1

0
∫
𝜕𝐸𝑖

𝑤𝑖 d vol𝑔𝑡𝑤𝑖
d𝑡

= ∫
1

0
∫
𝜕𝐸𝑖

𝑤𝑖

(
d vol𝑔𝑡𝑤𝑖
d vol𝑔0

− (1 − 𝐻𝜕𝐸𝑖 𝑡𝑤𝑖) + (1 − 𝐻𝜕𝐸𝑖 𝑡𝑤𝑖)

)
d vol𝑔0 d𝑡

= ∫
𝜕𝐸𝑖

𝑤𝑖 d vol𝑔0 −
1

2
𝐻𝜕𝐸𝑖 ∫

𝜕𝐸𝑖

𝑤2
𝑖
d vol𝑔0 +∫

1

0
∫
𝜕𝐸𝑖

𝑤𝑖

(
d vol𝑔𝑡𝑤𝑖
d vol𝑔0

− (1 − 𝐻𝜕𝐸𝑖 𝑡𝑤𝑖)

)
d vol𝑔0 d𝑡 .

(4.16)
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22 ANTONELLI et al.

Therefore

|||||∫𝜕𝐸𝑖 𝑤𝑖 − 12𝐻𝜕𝐸𝑖 ∫𝜕𝐸𝑖 𝑤2𝑖
||||| ≤

||||||∫
1

0
∫
𝜕𝐸𝑖

𝑤𝑖

(
d vol𝑔𝑡𝑤𝑖
d vol𝑔0

− (1 − 𝐻𝜕𝐸𝑖 𝑡𝑤𝑖)

)
d vol𝑔0 d𝑡

||||||
(4.2)≤ 𝜀 ∫

1

0
∫
𝜕𝐸𝑖

|||||
d vol𝑔𝑡𝑤𝑖
d vol𝑔0

− (1 − 𝐻𝜕𝐸𝑖 𝑡𝑤𝑖)
||||| d vol𝑔0 d𝑡

(4.13)≤ 𝜀  ∫
1

0
∫
𝜕𝐸𝑖

𝑡2𝑤2
𝑖
d vol𝑔0 d𝑡 ,

(4.17)

and (4.7) follows.
Step 2. The goal of this second step is to prove that for every sufficiently large 𝑖 ∈ ℕ it holds

1

2 ∫𝜕𝐸𝑖 |∇𝑤𝑖|2 − |II𝜕𝐸𝑖 |2𝑤2𝑖 d𝑃𝜕𝐸𝑖 ≤ 𝜀  ∫
𝜕𝐸𝑖

𝑤2
𝑖
d𝑃𝜕𝐸𝑖 (4.18)

+ ∫
𝜕𝐸𝑖

∫
𝑤𝑖(𝑥)

0
∫
𝑧

0

Ric(𝑠,𝑥)(𝜕𝑧, 𝜕𝑧) d𝑠 d𝑧 d vol𝑔0 . (4.19)

The estimate will be obtained by applying the Gauss–Green theorem to the gradient of the signed
distance function from 𝜕𝐸𝑖 in the region bounded between 𝜕𝐸𝑖 and 𝜕𝐸′𝑖 , carefully expanding all
the terms and exploiting the assumption that 𝑃(𝐸𝑖) = 𝑃(𝐸′𝑖 ).
We start from the Gauss–Green identity

∫
𝐸′
𝑖
Δ𝐸𝑖

Δd𝜕𝐸𝑖 = ∫
𝜕𝐸′
𝑖

𝑔𝑖(∇d
𝑠, −𝜈𝐸′

𝑖
) d𝑃𝜕𝐸′

𝑖
− 𝑃(𝐸𝑖) , (4.20)

where 𝜈𝐸′
𝑖
denotes the inner normal of 𝐸′

𝑖
and d𝑠 is the signed distance from 𝐸𝑖 .

Exploiting Fermi coordinates around 𝜕𝐸𝑖 again, and recalling (4.9) and (4.2), for 𝜀 small enough
we can compute

∫
𝜕𝐸′
𝑖

𝑔𝑖(∇d
𝑠, −𝜈𝐸′

𝑖
) d𝑃𝜕𝐸′

𝑖
= ∫

𝜕𝐸′
𝑖

1

(1 + |∇𝑤𝑖𝑤𝑖|2𝑤𝑖 (𝑥))1∕2 d𝑃𝜕𝐸′𝑖 (𝑤𝑖(𝑥), 𝑥)
≤∫

𝜕𝐸′
𝑖

1 −
1

2
|∇𝑤𝑖𝑤𝑖|2𝑤𝑖 (𝑥) + 2|∇𝑤𝑖𝑤𝑖|4𝑤𝑖 (𝑥) d𝑃𝜕𝐸′𝑖 (𝑤𝑖(𝑥), 𝑥)

(4.10)
= 𝑃(𝐸′

𝑖
)

+ ∫
𝜕𝐸𝑖

(
−
1

2
|∇𝑤𝑖𝑤𝑖|2𝑤𝑖 (𝑥) + 2|∇𝑤𝑖𝑤𝑖|4𝑤𝑖 (𝑥))(

1 + |∇𝑤𝑖𝑤𝑖|2𝑤𝑖 (𝑥)) 12 d vol𝑔𝑤𝑖d vol 𝑔0
d vol𝑔0(𝑥) .

Expanding | ⋅ |𝑧 with respect to 𝑧, it can be checked that (1 − |𝑤𝑖|)|∇𝑤𝑖|2 ≤ |∇𝑤𝑖𝑤𝑖|2𝑤𝑖 ≤ (1 +|𝑤𝑖|)|∇𝑤𝑖|2, where |∇𝑤𝑖|2 is understood to be computed with respect to 𝑔0 (see the proof of
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UNIQUENESS ON AVERAGE OF ISOPERIMETRIC SETS 23

Lemma 4.6, and in particular the second of (4.39)). Hence, (4.2), (4.4), and (4.13) imply

∫
𝜕𝐸′
𝑖

𝑔𝑖(∇d
𝑠, −𝜈𝐸′

𝑖
) d𝑃𝜕𝐸′

𝑖
≤ 𝑃(𝐸′

𝑖
) −
1

2 ∫𝜕𝐸𝑖 |∇𝑤𝑖|2 d𝑃𝜕𝐸𝑖 + 𝜀  ∫
𝜕𝐸𝑖

|∇𝑤𝑖|2 d𝑃𝜕𝐸𝑖+
+ 𝜀  ∫

𝜕𝐸𝑖

|∇𝑤𝑖|4 d𝑃𝜕𝐸𝑖
(4.4)≤ 𝑃(𝐸′

𝑖
) −
1

2 ∫𝜕𝐸𝑖 |∇𝑤𝑖|2 d𝑃𝜕𝐸𝑖 + 𝜀  ∫
𝜕𝐸𝑖

𝑤2
𝑖
d𝑃𝜕𝐸𝑖 .

(4.21)

Since 𝑃(𝐸𝑖) = 𝑃(𝐸′𝑖 ), (4.20) is equivalent to

∫
𝐸′
𝑖
Δ𝐸𝑖

Δd𝜕𝐸𝑖 ≤ −12 ∫𝜕𝐸𝑖 |∇𝑤𝑖|2 d𝑃𝜕𝐸𝑖 + 𝜀  ∫
𝜕𝐸𝑖

𝑤2
𝑖
d𝑃𝜕𝐸𝑖 . (4.22)

By the coarea formula we can also compute

∫
𝐸′
𝑖
Δ𝐸𝑖

Δd𝜕𝐸𝑖 = ∫
𝜌

−𝜌
∫
{𝑥∈𝜕𝐸𝑖 ∶ (𝑧,𝑥)∈𝐸

′
𝑖
Δ𝐸𝑖}

Δd𝜕𝐸𝑖 (𝑧, 𝑥) d vol𝑔𝑧 d𝑧

= ∫
𝜌

−𝜌
∫
{𝑤𝑖>0}

𝜒{𝑤𝑖>𝑧}(𝑥)Δd𝜕𝐸𝑖 (𝑧, 𝑥)
d vol𝑔𝑧
d vol𝑔0

d vol𝑔0 d𝑧+

+ ∫
𝜌

−𝜌
∫
{𝑤𝑖<0}

𝜒{𝑤𝑖>𝑧}(𝑥)Δd𝜕𝐸𝑖 (𝑧, 𝑥)
d vol𝑔𝑧
d vol𝑔0

d vol𝑔0 d𝑧

= ∫
{𝑤𝑖>0}

∫
𝜌

−𝜌

𝜒(0,𝑤𝑖(𝑥))(𝑧)Δd𝜕𝐸𝑖 (𝑧, 𝑥)
d vol𝑔𝑧
d vol𝑔0

d𝑧 d vol𝑔0 +

+ ∫
{𝑤𝑖<0}

∫
𝜌

−𝜌

𝜒(𝑤𝑖(𝑥),0)(𝑧)Δd𝜕𝐸𝑖 (𝑧, 𝑥)
d vol𝑔𝑧
d vol𝑔0

d𝑧 d vol𝑔0

= −∫
𝜕𝐸𝑖

∫
𝑤𝑖(𝑥)

0

Δd𝑠(𝑧, 𝑥)
d vol𝑔𝑧
d vol𝑔0

d𝑧 d vol𝑔0 .

(4.23)

Recall the evolution equation

Δd𝑠(𝑧, 𝑥) = 𝐻𝜕𝐸𝑖 (𝑥) + ∫
𝑧

0

|∇2d𝑠|2(𝑠, 𝑥) + Ric(𝑠,𝑥)(𝜕𝑧, 𝜕𝑧) d𝑠 . (4.24)

Since

|||∇2d𝑠|2(𝑠, 𝑥) − |∇2d𝑠|2(0, 𝑥)|| ≤ |𝑠| (4.25)
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24 ANTONELLI et al.

thanks to the scale invariant Riemann curvature bounds, we thus find

∫
𝐸′
𝑖
Δ𝐸𝑖

Δd𝜕𝐸𝑖 =

= −∫
𝜕𝐸𝑖

∫
𝑤𝑖(𝑥)

0

(
𝐻𝜕𝐸𝑖 + ∫

𝑧

0

|∇2d𝑠|2(𝑠, 𝑥) + Ric(𝑠,𝑥)(𝜕𝑧, 𝜕𝑧) d𝑠)(1 − 𝐻𝜕𝐸𝑖𝑧) d𝑧 d vol𝑔0 +
− ∫

𝜕𝐸𝑖
∫
𝑤𝑖(𝑥)

0

Δd𝑠(𝑧, 𝑥)

(
d vol𝑔𝑧
d vol𝑔0

− (1 − 𝐻𝜕𝐸𝑖 (𝑥)𝑧)

)
d𝑧 d vol𝑔0

(4.13)≥ −∫
𝜕𝐸𝑖

𝐻𝜕𝐸𝑖𝑤𝑖 − 𝐻
2
𝜕𝐸𝑖

𝑤2
𝑖

2
+ |II𝜕𝐸𝑖 |2 𝑤2𝑖2 d vol𝑔0 +

− ∫
𝜕𝐸𝑖

∫
𝑤𝑖(𝑥)

0

(1 − 𝐻𝜕𝐸𝑖𝑧)∫
𝑧

0

Ric(𝑠,𝑥)(𝜕𝑧, 𝜕𝑧) d𝑠 d𝑧 d vol𝑔0 +

− 𝜀  ∫
𝜕𝐸𝑖

𝑤2
𝑖
d vol𝑔0

(4.7)≥ −∫
𝜕𝐸𝑖

1

2
|II𝜕𝐸𝑖 |2𝑤2𝑖 d vol𝑔0 −∫

𝜕𝐸𝑖
∫
𝑤𝑖(𝑥)

0
∫
𝑧

0

Ric(𝑠,𝑥)(𝜕𝑧, 𝜕𝑧) d𝑠 d𝑧 d vol𝑔0 +

− 𝜀  ∫
𝜕𝐸𝑖

𝑤2
𝑖
d vol𝑔0 .

Recalling (4.22) we get the claimed (4.18).
Step 3. In this last step we are going to reach a contradiction to the strict volume preserving

stability of 𝜕𝐸𝑖 by estimating the Ricci curvature term in (4.19) with the help of Proposition 4.4.
We start by noting that

∫
𝜕𝐸𝑖

∫
𝑤𝑖(𝑥)

0
∫
𝑧

0

Ric(𝑠,𝑥)(𝜕𝑧, 𝜕𝑧) d𝑠 d𝑧 d vol𝑔0 ≤ ‖𝑤𝑖‖∞ ∫
‖𝑤𝑖‖∞
−‖𝑤𝑖‖∞ ∫

𝜕𝐸𝑖

Ric(𝑠,𝑥)(𝜕𝑧, 𝜕𝑧) d𝑠 d vol𝑔0 .

Rewriting the integral in (4.6) exploiting Fermi coordinates around 𝜕𝐸𝑖 and using (4.13) as we did
above, it is readily checked that Proposition 4.4 implies

∫
‖𝑤𝑖‖∞
−‖𝑤𝑖‖∞ ∫

𝜕𝐸𝑖

Ric(𝑠,𝑥)(𝜕𝑧, 𝜕𝑧) d𝑠 d vol𝑔0 ≤ 𝜀 ‖𝑤𝑖‖∞ + ‖𝑤𝑖‖2∞ . (4.26)

Hence,

∫
𝜕𝐸𝑖

∫
𝑤𝑖(𝑥)

0
∫
𝑧

0

Ric(𝑠,𝑥)(𝜕𝑧, 𝜕𝑧) d𝑠 d𝑧 d vol𝑔0 ≤ 𝜀 ‖𝑤𝑖‖2∞ (4.3)≤ 𝜀  ∫
𝜕𝐸𝑖

𝑤2
𝑖
d𝑃𝜕𝐸𝑖 . (4.27)

Combining (4.18) and (4.27) we end up with

∫
𝜕𝐸𝑖

|∇𝑤𝑖|2 − |II𝜕𝐸𝑖 |2𝑤2𝑖 d𝑃𝜕𝐸𝑖 ≤ 𝜀  ∫
𝜕𝐸𝑖

𝑤2
𝑖
d𝑃𝜕𝐸𝑖 . (4.28)
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UNIQUENESS ON AVERAGE OF ISOPERIMETRIC SETS 25

Let 𝑢𝑖 ∶= 𝑤𝑖 − ⨏
𝜕𝐸𝑖
𝑤𝑖 d𝑃𝜕𝐸𝑖 . Notice that

∫
𝜕𝐸𝑖

𝑤2
𝑖
= ∫

𝜕𝐸𝑖

⎛⎜⎜⎝𝑢2𝑖 +
(
⨏
𝜕𝐸𝑖

𝑤𝑖

)2
+ 2𝑢𝑖 ⨏

𝜕𝐸𝑖

𝑤𝑖

⎞⎟⎟⎠ ≤ 2∫
𝜕𝐸𝑖

𝑢2
𝑖
d𝑃𝜕𝐸𝑖 +

3

2

1

𝑃(𝐸𝑖)

(
∫
𝜕𝐸𝑖

𝑤𝑖

)2
(4.7)≤ 2∫

𝜕𝐸𝑖

𝑢2
𝑖
d𝑃𝜕𝐸𝑖 + 𝜀  ∫

𝜕𝐸𝑖

𝑤2
𝑖
d𝑃𝜕𝐸𝑖 .

Analogously,

∫
𝜕𝐸𝑖

|II𝜕𝐸𝑖 |2𝑤2𝑖 = ∫
𝜕𝐸𝑖

|II𝜕𝐸𝑖 |2𝑢2𝑖 + 2⨏
𝜕𝐸𝑖

𝑤𝑖 ∫
𝜕𝐸𝑖

|II𝜕𝐸𝑖 |2𝑢𝑖 +
(
⨏
𝜕𝐸𝑖

𝑤𝑖

)2
∫
𝜕𝐸𝑖

|II𝜕𝐸𝑖 |2
(4.7)≤ ∫

𝜕𝐸𝑖

|II𝜕𝐸𝑖 |2𝑢2𝑖 d𝑃𝜕𝐸𝑖 + 𝜀  ∫
𝜕𝐸𝑖

𝑢2
𝑖
d𝑃𝜕𝐸𝑖 .

Therefore, (4.28) can be rewritten as

∫
𝜕𝐸𝑖

|∇𝑢𝑖|2 − |II𝜕𝐸𝑖 |2𝑢2𝑖 d𝑃𝜕𝐸𝑖 ≤ 𝜀  ∫
𝜕𝐸𝑖

𝑢2
𝑖
d𝑃𝜕𝐸𝑖 . (4.29)

Observing that ⨏
𝜕𝐸𝑖
𝑢𝑖 = 0, the strict stability stability estimate for the Jacobi operator from

Theorem 3.1 implies

𝜀  ∫
𝜕𝐸𝑖

𝑢2
𝑖
d𝑃𝜕𝐸𝑖 ≥ 𝜀𝑀 ∫

𝜕𝐸𝑖

𝑢2
𝑖
d𝑃𝜕𝐸𝑖 , (4.30)

for some 𝜀𝑀 > 0 depending on𝑀. Hence, if 𝜀 was taken sufficiently small, this implies that 𝑤𝑖 is
constant. Since 𝑤𝑖 ≢ 0 as 𝐸𝑖 and 𝐸′𝑖 are distinct, this implies that vol𝑖(𝐸𝑖) ≠ vol𝑖(𝐸′𝑖 ), where the
volume is computed in the metric of𝑀𝑉𝑖 . This results into a contradiction, thus completing the
proof of Theorem 4.1.

4.2 Estimates for isoperimetric graphs

The goal of this section is to establish several technical estimates that will be useful later for the
proof of Proposition 4.3.
We shall consider a smooth 𝑛-dimensional Riemannian manifold (𝑀, 𝑔) and we will assume

that:

(1) There exist two isoperimetric sets 𝐸𝑉, 𝐸′𝑉 having equal volume 𝑉 > 0, having smooth bound-
ary, and such that 𝐻𝜕𝐸𝑉 = 𝐻𝜕𝐸′𝑉 . Moreover, we assume 𝜗 ≤ 𝐻𝜕𝐸𝑉 ≤ 𝜂, for some 𝜗, 𝜂 >
0.

(2) Σ′ ∶= 𝜕𝐸′𝑉 can be written as the normal graph over Σ ∶= 𝜕𝐸𝑉 of a function 𝑤 ∶ Σ → ℝ.
Namely,

Σ′ = {exp𝑝(𝑤(𝑝)𝜈Σ(𝑝)) ∶ 𝑝 ∈ Σ} , (4.31)

where 𝜈Σ is the unit inner normal of 𝐸𝑉 .
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26 ANTONELLI et al.

(3) Σ′ ⊂ 𝑈 where 𝑈 is an open neighborhood of Σ where the metric 𝑔 can be written in Fermi
coordinates with respect to Σ. Namely, there is 𝑎 > 0 such that

(𝑈, 𝑔) ≃ ((−𝑎, 𝑎) × Σ, d𝑧2 + 𝑔𝑧), (4.32)

where 𝑔𝑧 is the pull-back on Σ via exponential map of the induced metric on the parallel
hypersurface

Σ𝑧 ∶= {exp𝑝(𝑧𝜈Σ(𝑝)) ∶ 𝑝 ∈ Σ} , (4.33)

for 𝑧 ∈ (−𝑎, 𝑎). Let Ψ𝑧 ∶ Σ → Σ𝑧 be the map Ψ𝑧(𝑝) ∶= exp𝑝(𝑧𝜈Σ(𝑝)).
(4) There exists 𝐾 > 1 such that ‖IIΣ‖∞ + sup𝑝∈𝑈 |Riem(𝑝)| ≤ 𝐾 for every 𝑝 ∈ 𝑈.
(5) There exists 𝜀0 ∶= 𝜀0(𝐾, 𝑛, 𝜗, 𝜂, 𝑎) such that, if 𝐶1(𝐾, 𝑎), 𝐶2(𝑛, 𝐾, 𝜂, 𝑎), 𝐶3(𝑛, 𝐾, 𝑎) denote the

constants appearing in Lemma 4.6, (4.44), and (4.46) below, respectively, then

1

2
< (1 − 𝐶1𝜀0)

𝑛∕2 ≤ (1 + 𝐶1𝜀0)𝑛∕2 < 2 , (4.34)

max
{
𝜀0, 𝜀

2
0(1 + 𝐶1𝜀0), 𝐶1𝜀0, 𝐶2𝜀0

}
< min

{
1

10
,
𝜗

𝐶3

}
, (4.35)

and ‖𝑤‖∞ + ‖∇𝑤‖∞ < 𝜀0.
We will denote by 𝑔𝑤 the metric on Σ such that (𝑔𝑤)𝑝(𝑣, 𝑣′) ∶= 𝑔𝑤(𝑝)(𝑣, 𝑣′), for every 𝑣, 𝑣′ ∈

𝑇𝑝Σ. We denote with ∇𝑤 ∶= ∇𝑔𝑤 the gradient with respect to the metric 𝑔𝑤 on Σ, and with | ⋅ |𝑤
the norm in the metric 𝑔𝑤. In this notation 𝑔0 is the metric induced by 𝑔 on Σ. We stress that ∇
denotes the gradient with respect to the metric 𝑔0, and | ⋅ | is the norm with respect to the metric
𝑔0.
Wewill denote 𝑔̇𝑧 ∶= 𝜕𝑧𝑔𝑧. Notice that 𝑔̇𝑧 is a (0,2)-tensor onΣ𝑧, and 𝑔̇𝑧 = 2IIΣ𝑧 .We can identify

𝑔̇𝑧 with a (0,2)-tensor on Σ via the pull-back with the map Ψ𝑧 defined in Item 3, namely, for every
𝑝 ∈ Σ, and every 𝑣, 𝑣′ ∈ 𝑇𝑝Σ, (𝑔̇𝑧)𝑝(𝑣, 𝑣′) = 2IIΣ𝑧 (d(Ψ𝑧)(𝑣), d(Ψ𝑧)(𝑣

′)). We also denote (𝑔̇𝑤)𝑝 ∶=
𝑔̇𝑤(𝑝).
A standard computation exploiting Jacobi fields, Item 3 and Item 4 implies that there exists a

constant  ∶= (𝐾, 𝑎) such that for every 𝑝 ∈ Σ, every 𝑣 ∈ 𝑇𝑝Σ with (𝑔0)𝑝(𝑣, 𝑣) = 1, and every
𝑧 ∈ (−𝑎, 𝑎), it holds

𝑔𝑧(𝑣, 𝑣) ≤  . (4.36)

We record the expression for themean curvature of Σ′ in terms of𝑤, borrowed from [49]. It will
be key for the subsequent estimates.

Lemma 4.5 [49, Proposition 4.1]. Assume Item 2, and Item 3 above hold. The mean curvature of Σ′
is

𝐻Σ′ = −div𝑔𝑤

⎛⎜⎜⎜⎝
∇𝑤𝑤(

1 + |∇𝑤𝑤|2𝑤) 12
⎞⎟⎟⎟⎠ +
1

2

(
1 + |∇𝑤𝑤|2𝑤) 12 tr𝑔𝑤 𝑔̇𝑤 − 12 𝑔̇𝑤(∇𝑤𝑤,∇𝑤𝑤)(

1 + |∇𝑤𝑤|2𝑤) 12 . (4.37)
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UNIQUENESS ON AVERAGE OF ISOPERIMETRIC SETS 27

In the next lemma we compare induced metrics and volume forms at different heights with
respect to Σ with the background metric 𝑔0, with the help of the second fundamental form and
Riemann curvature bounds.

Lemma 4.6. Assume that Item 2, Item 3, and Item 4 above hold. There exists 𝐶1 ∶= 𝐶1(𝐾, 𝑎) such
that the following holds. For every 𝑝 ∈ Σ, and every 𝑣 ∈ 𝑇𝑝Σ with 𝑔0(𝑣, 𝑣) = 1,

|(𝑔̇𝑤)𝑝(𝑣, 𝑣) − (𝑔̇0)𝑝(𝑣, 𝑣)| ≤ 𝐶1|𝑤(𝑝)| ,|(𝑔𝑤)𝑝(𝑣, 𝑣) − (𝑔0)𝑝(𝑣, 𝑣)| ≤ 𝐶1|𝑤(𝑝)| . (4.38)

Moreover,

(1 − 𝐶1‖𝑤‖∞)𝑛∕2vol𝑔0 ≤vol𝑔𝑤 ≤ (1 + 𝐶1‖𝑤‖∞)𝑛∕2vol𝑔0 ,|∇𝑤|2(1 − 𝐶1|𝑤|) ≤|∇𝑤𝑤|2𝑤 ≤ |∇𝑤|2(1 + 𝐶1|𝑤|) . (4.39)

Proof. Let us fix some notation. Let Σ𝑛−1 be a hypersurface in (𝑀𝑛, 𝑔), let {𝑒1, … , 𝑒𝑛−1} be an
orthonormal frame for Σ, and let IIΣ be the second fundamental form of Σ. We define II2Σ ∶ 𝑇Σ ×
𝑇Σ → ℝ as follows: for every 𝑋,𝑌 ∈ 𝑇Σ we set II2Σ(𝑋, 𝑌) ∶=

∑𝑛−1
𝑘=1
𝑔(IIΣ(𝑋, 𝑒𝑘), IIΣ(𝑌, 𝑒𝑘)).

Recall that the evolution equation of the second fundamental form IIΣ𝑧 is

𝜕𝑧IIΣ𝑧 + II
2
Σ𝑧
+ Riem(𝜕𝑧, ⋅, 𝜕𝑧, ⋅) = 0 . (4.40)

Hence, by using Item 4 and ODE comparison, there is  ∶= (𝐾, 𝑎) such that ‖IIΣ𝑧‖∞ ≤  for
every 𝑧 ∈ (−𝑎, 𝑎).
Notice that 𝑔̇𝑧 = 𝜕𝑧𝑔𝑧 = 2IIΣ𝑧 . Via the pull back with the map Ψ𝑧 defined in Item 3 we are

identifying 𝑔̇𝑧 with a (0,2)-tensor on Σ as explained above. Hence, for every 𝑧 ∈ (−𝑎, 𝑎), since|Sect| and ‖IIΣ𝑧‖∞ are uniformly bounded above by 𝐾, and since (4.36), and (4.40) are in force,
we have

|𝑔̇𝑧 − 𝑔̇0| ≤ ∫
|𝑧|
0

|𝜕𝑧𝑔̇𝑧| = 2∫ |𝑧|
0

|||𝜕𝑧IIΣ𝑧 ||| ≤ 𝐶1(𝑎, 𝐾)|𝑧| . (4.41)

Here (4.41) has to be understood evaluated at every point 𝑝 ∈ Σ, and at every 𝑣 ∈ 𝑇𝑝Σ with
(𝑔0)𝑝(𝑣, 𝑣) = 1. Hence the first estimate of (4.38) holds. Similarly, we get the second inequality
in (4.38) by using 𝜕𝑧𝑔𝑧 = 2IIΣ𝑧 , the fact that ‖IIΣ𝑧‖∞ is uniformly bounded above by, and (4.36).
Finally, the two inequalities in (4.39) are a direct consequence of the second estimate in (4.38),
possibly enlarging 𝐶1. □

Our next goal is to exploit the constant mean curvature condition for Σ′ to obtain 𝐿∞–𝐿2 and
gradient estimates for the graphing function𝑤, via elliptic regularity theory. The precise statement
follows.

Lemma 4.7. Assume Item 1, Item 2, Item 3, Item 4, and Item 5 above hold. Then there exists a
constant 𝐶 ∶= 𝐶(𝑛, 𝐾, 𝑎, 𝑉, diam(Σ)) > 0 such that the following hold.

‖𝑤‖∞ ≤ 𝐶‖𝑤‖𝐿2(Σ) , (4.42)

‖∇𝑤‖𝐿2(Σ) ≤ 𝐶‖𝑤‖𝐿2(Σ) . (4.43)
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28 ANTONELLI et al.

Before we can prove Lemma 4.7 we need one last technical estimate.

Lemma 4.8. Assume that Item 1, Item 2, Item 3, Item 4, and Item 5 above hold. Then there exists a
constant 𝐶2 ∶= 𝐶2(𝑛, 𝐾, 𝜂, 𝑎) > 0 such that

||||||||div𝑔𝑤
⎛⎜⎜⎜⎝

∇𝑤𝑤(
1 + |∇𝑤𝑤|2𝑤) 12

⎞⎟⎟⎟⎠
|||||||| ≤ 𝐶2(|𝑤| + |∇𝑤𝑤|2𝑤) . (4.44)

Proof. Let us first prove that

−div𝑔𝑤

⎛⎜⎜⎜⎝
∇𝑤𝑤(

1 + |∇𝑤𝑤|2𝑤) 12
⎞⎟⎟⎟⎠ ≤ 𝐶2(|𝑤| + |∇𝑤𝑤|2𝑤) . (4.45)

By (4.35) in Item 5, and the second estimate in (4.39), we have |∇𝑤𝑤|𝑤 ≤ 1, and |𝑤| ≤ 1. Taking
into account (4.38), there is a constant 𝐶3 ∶= 𝐶3(𝑛, 𝐾, 𝑎) > 0 such that

tr𝑔𝑤 𝑔̇𝑤 ≥ tr𝑔0 𝑔̇0 − 2𝐶3|𝑤| . (4.46)

Moreover, taking into account that𝐻Σ ≥ 𝜗 > 0, and that 𝐶3𝜀0 < 𝜗 by (4.35), we get 𝐶3‖𝑤‖∞ <
𝐻Σ. Hence, again recalling |∇𝑤𝑤|𝑤 ≤ 1, we have

1

2

(
1 + |∇𝑤𝑤|2𝑤) 12 tr𝑔𝑤 𝑔̇𝑤 (4.46)≥ (

1 + |∇𝑤𝑤|2𝑤) 12(12tr𝑔0 𝑔̇0 − 𝐶3|𝑤|)
=

(
1 + |∇𝑤𝑤|2𝑤) 12 (𝐻Σ − 𝐶3|𝑤|)

≥
(
1 +
1

4
|∇𝑤𝑤|2𝑤)(𝐻Σ − 𝐶3|𝑤|) ≥ 𝐻Σ − 54𝐶3|𝑤| .

(4.47)

In addition, using the second estimate in (4.38), the fact that ‖𝑔̇𝑧‖∞ = 2‖IIΣ𝑧‖∞ is uniformly
bounded from above by 𝐾 by Item 4, and (4.36), we get, for some 𝐶4 ∶= 𝐶4(𝐾, 𝑎) > 0,

1

2

𝑔̇𝑤(∇
𝑤𝑤,∇𝑤𝑤)(

1 + |∇𝑤𝑤|2𝑤) 12 ≤ 𝐶4|∇𝑤𝑤|2𝑤 . (4.48)

Using that𝐻Σ′ = 𝐻Σ, and combining (4.47), (4.48), and (4.37), we get the sought (4.45) with𝐶2 ∶=
max{𝐶4, 2𝐶3}. Analogously, bounding from above tr𝑔𝑤 𝑔̇𝑤, and using𝐻 ≤ 𝜂, one can also get

div𝑔𝑤

⎛⎜⎜⎜⎝
∇𝑤𝑤(

1 + |∇𝑤𝑤|2𝑤) 12
⎞⎟⎟⎟⎠ ≤ 𝐶2(𝑛, 𝐾, 𝜂, 𝑎)(|𝑤| + |∇𝑤𝑤|2𝑤) ,

and thus the proof is concluded. □
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UNIQUENESS ON AVERAGE OF ISOPERIMETRIC SETS 29

Proof of Lemma 4.7. We claim that there exists 𝐶(𝑛, 𝐾, 𝑎) > 0 such that for every 𝑝 ≥ 1 it holds

𝑝 ∫
Σ

𝑤
𝑝−1
+ |∇𝑤+|2d vol𝑔0 ≤ 𝐶 ∫

Σ

(
𝑤

𝑝+1

2
+

)2
d vol𝑔0 , (4.49)

where 𝑤+ denotes the positive part of 𝑤. Recall that |∇𝑤𝑤|𝑤 ≤ 1 since (4.35) and the second esti-
mate in (4.39) hold. By exploiting the latter information, and integrating (4.44) against 𝑤𝑝+, we
get

𝑝 ∫
Σ

𝑤
𝑝−1
+ |∇𝑤𝑤+|2𝑤d vol𝑔𝑤 ≤ √

2𝐶2 ∫
Σ

(
𝑤
𝑝+1
+ + 𝑤+|∇𝑤𝑤+|2𝑤𝑤𝑝−1+ )

d vol𝑔𝑤 . (4.50)

By (4.35) we get
√
2𝐶2𝑤+ ≤ √

2𝐶2𝜀0 ≤ 𝑝∕2, so we can absorb the term in the right hand side of
(4.50) to obtain

𝑝 ∫
Σ

𝑤
𝑝−1
+ |∇𝑤𝑤+|2𝑤d vol𝑔𝑤 ≤ 2√2𝐶2 ∫

Σ

𝑤
𝑝+1
+ d vol𝑔𝑤 . (4.51)

By (4.34) and the first of (4.39), we get that

1

2
vol𝑔𝑤 ≤ vol𝑔0 ≤ 2 vol𝑔𝑤 . (4.52)

Moreover by (4.35) and the second estimate of (4.39), we get

1

2
|∇𝑤+|2 ≤ |∇𝑤𝑤+|2𝑤 . (4.53)

By joining (4.52) and (4.53) with (4.51), we finally get the sought (4.49).
We now aim at obtaining (4.42) by exploiting (4.49), and a standard Moser iteration argument.

By using the Gauss equations, we get |SectΣ| ≤ 𝐶(𝑛, 𝐾), since ‖IIΣ‖∞ + |Sect| ≤ 𝐾 by Item 4.
Hence there exists a constant 𝐶(𝑛, 𝐾, 𝑉, diam(Σ)) such that, calling 2∗ ∶= (2𝑛)∕(𝑛 − 2),

𝐶‖𝑓 − 𝑓‖𝐿2∗ (Σ,vol𝑔0 ) ≤ ‖∇𝑓‖𝐿2(Σ,vol𝑔0 ), ∀𝑓 ∈ Lip(Σ). (4.54)

From now on we abbreviate ‖ ⋅ ‖𝑠 ∶= ‖ ⋅ ‖𝐿𝑠(Σ,vol𝑔0 ) for any 𝑠 ≥ 1. Let 𝑞 ∶= 𝑝 + 1 ≥ 2. In the fol-
lowing computations the constants 𝐶, 𝐶̃, only depending on 𝑛, 𝐾, 𝑎, 𝑉, diam(Σ), might change
from line to line. We have

𝑞√
𝑞 − 1

‖𝑤+‖𝑞∕2𝑞 (4.49)≥ 𝐶‖∇(𝑤𝑞∕2+ )‖2 (4.54)≥ 𝐶2
‖‖‖‖𝑤𝑞∕2+ − 𝑤

𝑞∕2
+

‖‖‖‖2∗ ≥ 𝐶2‖‖‖𝑤𝑞∕2+ ‖‖‖2∗ − 𝐶2𝐶̃‖‖‖𝑤𝑞∕2+ ‖‖‖1
= 𝐶2‖‖𝑤+‖‖𝑞∕2𝑛𝑞∕(𝑛−2) − 𝐶2𝐶̃‖‖‖𝑤𝑞∕2+ ‖‖‖1 ≥ 𝐶2‖‖𝑤+‖‖𝑞∕2𝑛𝑞∕(𝑛−2) − 𝐶2𝐶̃2‖𝑤𝑞∕2+ ‖2
= 𝐶2‖‖𝑤+‖‖𝑞∕2𝑛𝑞∕(𝑛−2) − 𝐶2𝐶̃‖𝑤+‖𝑞∕2𝑞 .

(4.55)
Set 𝑞∗ ∶= 𝑛𝑞∕(𝑛 − 2). From (4.55) we get

‖𝑤+‖𝑞∗ ≤ (
𝐶

𝑞√
𝑞 − 1

+ 𝐶

)2∕𝑞‖𝑤+‖𝑞 . (4.56)
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30 ANTONELLI et al.

Recalling that 𝑝 ≥ 1 was arbitrary, we can take 𝑝 = 𝑝𝑘 such that 𝑞 = 𝑞𝑘 = 2
(
𝑛

𝑛−2

)𝑘
for 𝑘 ≥ 0.

Hence applying (4.56) with 𝑞 = 𝑞𝑘, and letting 𝑘 → ∞, the usual Moser iteration scheme gives

‖𝑤+‖∞ ≤ 𝐶‖𝑤+‖2 . (4.57)

Reasoning analogously with𝑤− in place of 𝑤+, we get (4.57) for𝑤− as well. Hence (4.42) follows.
We now aim at proving (4.43). Again, we can integrate (4.44) against 𝑤. Arguing verbatim as

we did to obtain (4.49) (with 𝑝 = 1) we conclude

∫
Σ

|∇𝑤|2d vol𝑔0 ≤ 𝐶 ∫
Σ

𝑤2d vol𝑔0 , (4.58)

which is the sought (4.43). □

4.3 Proof of Proposition 4.3

Let  be the set of volumes 𝑉 ∈ (0,∞) such that the isoperimetric profile 𝐼𝑀 is differentiable at
𝑉. Recalling that 𝐼𝑀 is concave [7], then (0,∞) ⧵  is a countable set. In particular,  has full
measure in (0,∞). We divide the proof in two steps.
Step 1. Let 𝐶 be the constant in (1.2). We claim that there exist  ∶= (𝑀) > 0, and 𝜀0 ∶=

𝜀0(𝐶, AVR, 𝑛) > 0 such that the following holds. For every 𝜀 < 𝜀0, every sequence  ∋ 𝑉𝑖 → ∞,
and every isoperimetric regions 𝐸𝑉𝑖 , 𝐸

′
𝑉𝑖
⊂ 𝑀 with vol(𝐸𝑉𝑖 ) = vol(𝐸

′
𝑉𝑖
) = 𝑉𝑖 , there is 𝑖0 ∈ ℕ such

that for every 𝑖 ≥ 𝑖0, Σ̃′𝑖 ∶= 𝜕𝐸′𝑉𝑖 is the normal graph over Σ̃𝑖 ∶= 𝜕𝐸𝑉𝑖 of a function 𝑤𝑖 ∶ Σ̃𝑖 → ℝ
satisfying

‖𝑤𝑖‖∞ ≤ 𝜀𝑉
1

𝑛

𝑖
, ‖∇𝑤𝑖‖∞ ≤ 𝜀 , (4.59)

‖𝑤𝑖‖∞ ≤ 𝑉−
𝑛−1

2𝑛

𝑖
‖𝑤𝑖‖𝐿2(Σ̃𝑖) , (4.60)

‖∇𝑤𝑖‖𝐿2(Σ̃𝑖) ≤ 𝑉−
1

𝑛

𝑖
‖𝑤𝑖‖𝐿2(Σ̃𝑖) . (4.61)

Let 𝑝 ∈ 𝑀 be a fixed point. Let 𝜀0 be small enough to be determined, and let 𝜀 < 𝜀0. Let us set

𝑟𝑉𝑖 ∶= (AVR(M)ωn)
−
1

𝑛 𝑉

1

𝑛

𝑖
, and𝑀𝑖 ∶= (𝑀𝑛, 𝑟−1𝑉𝑖 d𝑔, 𝑝). Let Σ𝑖, Σ

′
𝑖
⊂ 𝑀𝑖 denote the sets Σ̃𝑖, Σ̃′𝑖 ⊂ 𝑀

in the rescaled manifold𝑀𝑖 . By the second estimate in (3.3) we get that, for 𝑖 large enough,

d
𝑀𝑖
H (Σ𝑖, Σ

′
𝑖
) ≤ d𝑀𝑖H (𝜕𝐵𝑀𝑖1 (𝑝),Σ𝑖) + d𝑀𝑖H (𝜕𝐵𝑀𝑖1 (𝑝), Σ′𝑖 ) ≤ 𝜀 ,

𝐵
𝑀𝑖
1 (Σ𝑖) ∪ 𝐵

𝑀𝑖
1 (Σ

′
𝑖
) ⊂ 𝐵

𝑀𝑖
3 (𝑝) .

(4.62)

By (3.4), (1.2), and the second line of (4.62), we get that there is a constant 𝐶1 ∶= 𝐶1(𝐶,AVR) only
depending on the constant 𝐶 appearing in (1.2) and AVR such that, for 𝑖 large enough,

sup
𝑥∈Σ𝑖

|II(𝑥)| + sup
𝑥∈𝐵

𝑀𝑖
1
(Σ𝑖)

|Riem(𝑥)| ≤ 𝐶1 . (4.63)
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UNIQUENESS ON AVERAGE OF ISOPERIMETRIC SETS 31

Hence, if 𝜀0 is chosen small enough with respect to 𝐶1, we can use the first line in (4.62), and the
results in Appendix A (in particular, we are using (3.20), (3.21), and (3.23) as stated in the proof of
Proposition 3.3 to Σ𝑖, Σ′𝑖 ) to get the existence of a function 𝑤̃𝑖 ∶ Σ𝑖 → ℝ such that Σ′

𝑖
is the normal

graph over Σ𝑖 of 𝑤̃𝑖 , and

‖𝑤̃𝑖‖∞,Σ𝑖 + ‖∇Σ𝑖 𝑤̃𝑖‖∞,Σ𝑖 ≤ 𝜀 . (4.64)

Also notice that, since 𝑉𝑖 ∈  , it holds 𝐻Σ𝑖 = 𝐻Σ′𝑖 ≥ 𝐶2, where 𝐶2 ∶= 𝐶2(𝑛, AVR) and the lower
bound comes from [8, Equation (3.18), Corollary 3.5]. Thanks to the bounds (3.20), (3.21), and
(3.23) as stated in the proof of Proposition 3.3, (B1) holds. Hence Proposition B.1 applies. Thus
Item 1, Item 2, Item 3, and Item 4 in Section 4.2 are satisfied, since we also have a uniform
upper bound 𝐻Σ𝑖 = 𝐻Σ′𝑖 ≤ 𝐶̃(𝑛, AVR) by [8, Equation (3.17), Corollary 3.5]. Hence, choosing
𝜀0 ∶= 𝜀0(𝑛, 𝐶, AVR) small enough, we get that Item 5 is also in force, due to (4.64). By Lemma 3.6,
there is a constant 𝐶3 depending on the manifold 𝑀 such that for 𝑖 large enough diamΣ𝑖 ≤ 𝐶3,
where Σ𝑖 is endowed with the metric induced by the ambient𝑀𝑖 . Hence Lemma 4.7 applies and
there exists a constant  ∶= (𝑛, 𝐶, AVR, 𝐶3) such that

‖𝑤̃𝑖‖∞,Σ𝑖 ≤ ‖𝑤̃𝑖‖𝐿2(Σ𝑖) , (4.65)

‖∇Σ𝑖 𝑤̃𝑖‖𝐿2(Σ𝑖) ≤ ‖𝑤̃𝑖‖𝐿2(Σ𝑖) . (4.66)

Scaling back we get (4.59), (4.60), and (4.61) are satisfied. This completes the proof of the claim.
Step 2. Let  be as at the beginning of the proof, and let 𝜀0, be as in the Step 1 above. We

claim that for every 𝜀 < 𝜀0 there exists𝑉0 ∶= 𝑉0(𝜀) such that for every ∋ 𝑉 > 𝑉0 the conclusion
of Proposition 4.3 holds with the constant . This will be enough to conclude the proof.
Suppose the latter is not true. Hence there is 𝜀 < 𝜀0 such that there is  ∋ 𝑉𝑖 → ∞ such that

the conclusion of Proposition 4.3 with the constant  is false for every volume𝑉𝑖 . This contradicts
the claim at the beginning of Step 1, thus completing the proof.

4.4 Proof of Proposition 4.4

For the proof of Proposition 4.4 we will need to make effective some of the ideas that were
introduced for the proof of Proposition 3.4 above. More precisely, we are going to exploit the
asymptotics of the isoperimetric profile of𝑀 to estimate the Ricci curvature in the direction nor-
mal to the isoperimetric boundaries. With respect to the proof of (3.6) several additional error
terms arise, that need to be carefully controlled.
We will denote by  > 0 a constant depending on 𝑀 only that may change from line to line.

Consider a volume 𝑉 > 0 such that the isoperimetric profile 𝐼 of𝑀 is differentiable at 𝑉. Let 𝐸 ⊂
𝑀 be any isoperimetric set of volume𝑉. For 𝑡 ∈ ℝ, we denote by𝐸𝑡 the 𝑡-enlargement of𝐸, namely
𝐸𝑡 ∶= {𝑥 ∈ 𝑀 ∶ d

𝑠
𝐸 < 𝑡}, where d

𝑠
𝐸 denotes the signed distance from𝐸. By Lemma 4.2 there exists

𝜌 > 0 independent of 𝐸,𝑉 such that the reach of 𝜕𝐸 is bounded below by 𝜌𝑉
1

𝑛 , for any 𝑉 large

enough. Hence, for 𝑡 ∈ (−𝜌𝑉
1

𝑛 , 𝜌𝑉
1

𝑛 )we can compute the perimeter 𝑃(𝐸𝑡) of 𝑡-enlargements as

𝑃
𝑛

𝑛−1 (𝐸𝑡) = 𝑃
𝑛

𝑛−1 (𝐸) +
𝑛

𝑛 − 1
𝑃
1

𝑛−1 (𝐸)𝑡 ∫
𝜕𝐸

𝐻𝜕𝐸 + ∫
𝑡

0
∫
𝑠

0

d2

d𝑟2
𝑃
𝑛

𝑛−1 (𝐸𝑟) d𝑟 d𝑠
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32 ANTONELLI et al.

= 𝑃
𝑛

𝑛−1 (𝐸) +
𝑛 𝑃

𝑛

𝑛−1 (𝐸)𝐻𝜕𝐸
𝑛 − 1

𝑡 +
𝑛

𝑛 − 1 ∫
𝑡

0
∫
𝑠

0

𝑃
2−𝑛

𝑛−1 (𝐸𝑟)

𝑛 − 1

(
∫
𝜕𝐸𝑟

𝐻𝜕𝐸𝑟

)2
d𝑟 d𝑠+

+
𝑛

𝑛 − 1 ∫
𝑡

0
∫
𝑠

0

𝑃
1

𝑛−1 (𝐸𝑟)∫
𝜕𝐸𝑟

𝐻2
𝜕𝐸𝑟
− |II𝜕𝐸𝑟 |2 − Ric(∇d𝑠𝐸, ∇d𝑠𝐸) d𝑟 d𝑠 . (4.67)

Note that the last term appearing in (4.67) is exactly the term we would like to estimate.
Let 𝐽(⋅) ∶= 𝐼

𝑛

𝑛−1 (⋅), where 𝐼 is the isoperimetric profile of𝑀. Since 𝐸 is isoperimetric, denoting

for brevity by | ⋅ | ∶= vol the Riemannian volume on𝑀, for 𝑡 ∈ (0, 𝜌𝑉 1𝑛 ) we can estimate
𝐽(|𝐸𝑡|) + 𝐽(|𝐸−𝑡|) − 2𝐽(𝑉) ≤ 𝑃 𝑛

𝑛−1 (𝐸𝑡) + 𝑃
𝑛

𝑛−1 (𝐸−𝑡) − 2𝑃
𝑛

𝑛−1 (𝐸)

=
𝑛

𝑛 − 1 ∫
𝑡

0
∫
𝑠

−𝑠

𝑃
2−𝑛

𝑛−1 (𝐸𝑟)

𝑛 − 1

(
∫
𝜕𝐸𝑟

𝐻𝜕𝐸𝑟

)2

+ 𝑃
1

𝑛−1 (𝐸𝑟)∫
𝜕𝐸𝑟

𝐻2
𝜕𝐸𝑟
− |II𝜕𝐸𝑟 |2 − Ric(∇d𝑠𝐸, ∇d𝑠𝐸) d𝑟 d𝑠

≤ 𝑛

𝑛 − 1 ∫
𝑡

0
∫
𝑠

−𝑠

𝑃
1

𝑛−1 (𝐸𝑟)

(
∫
𝜕𝐸𝑟

𝐻2
𝜕𝐸𝑟

)
− 𝑃

1

𝑛−1 (𝐸𝑟)∫
𝜕𝐸𝑟

Ric(∇d𝑠𝐸, ∇d
𝑠
𝐸) d𝑟 d𝑠 .

(4.68)

By the isoperimetric inequality on manifolds with nonnegative Ricci and Euclidean volume
growth, see for example, [16, Corollary 1.3], and taking into account [7, Corollary 3.13, Corollary
4.19] and [5, Corollary 3.6], for any 𝑉 large enough we can further estimate

𝐶 𝑃
𝑛

𝑛−1 (𝐸𝑟) ≥ |𝐸𝑟| ≥ |𝐸−|𝑟|| ≥ 𝑉 − 𝑃(𝐸)∫ |𝑟|
0

(
1 −

𝐻𝜕𝐸
𝑛 − 1

𝑧

)𝑛−1
+

d𝑧 ≥ 𝑉 − 𝑐𝑉 𝑛−1𝑛 𝜌𝑉 1𝑛 (4.69)

for some 𝐶, 𝑐 depending on 𝑛,AVR(𝑀), for any 𝑟 ∈ (−𝜌𝑉
1

𝑛 , 𝜌𝑉
1

𝑛 ). Hence, up to possibly decreas-

ing 𝜌, (4.69) implies that 𝑃
1

𝑛−1 (𝐸𝑟) ≥ 𝑉 1𝑛 , for any 𝑟 ∈ (−𝜌𝑉 1𝑛 , 𝜌𝑉 1𝑛 ) and any 𝑉 large enough.
Observe also that the previous argument implies that

3

4
𝑉 < |𝐸𝑟| < 54𝑉 , (4.70)

for any 𝑟 ∈ (−𝜌𝑉
1

𝑛 , 𝜌𝑉
1

𝑛 ) and any 𝑉 large enough, up to decreasing 𝜌.
Moreover, computing integrals in Fermi coordinates as in the first part of the proof of

Theorem 4.1 (see 4.10), it follows from Proposition 4.3 that

∫
𝜕𝐸𝑟

Ric(∇d𝑠𝐸, ∇d
𝑠
𝐸) ≥  ∫

𝜕𝐸

ric(𝑟, 𝑥) d𝑃𝜕𝐸(𝑥) , (4.71)

for any 𝑟 ∈ (−𝜌𝑉
1

𝑛 , 𝜌𝑉
1

𝑛 ), where ric(𝑟, 𝑥) ∶= Ric(∇d𝑠𝐸, ∇d
𝑠
𝐸)◦(exp𝑥(𝑟𝜈

ext
𝐸 (𝑥))) for any 𝑥 ∈ 𝜕𝐸,

where 𝜈ext𝐸 is the unit outer normal along 𝜕𝐸.
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UNIQUENESS ON AVERAGE OF ISOPERIMETRIC SETS 33

Combining (4.69) and (4.71), for 𝑡 ∈ (0, 𝜌𝑉
1

𝑛 ) we get

∫
𝑡

0
∫
𝑠

−𝑠

𝑃
1

𝑛−1 (𝐸𝑟)∫
𝜕𝐸𝑟

Ric(∇d𝑠𝐸, ∇d
𝑠
𝐸) d𝑟 d𝑠 ≥ 𝑉 1𝑛 ∫

𝑡

0
∫
𝑠

−𝑠
∫
𝜕𝐸

ric(𝑟, 𝑥) d𝑃𝜕𝐸(𝑥) d𝑟 d𝑠

≥ 𝑉 1𝑛 ∫
𝑡

−𝑡
∫
𝑡

|𝑟| ∫𝜕𝐸 ric(𝑟, 𝑥) d𝑃𝜕𝐸(𝑥) d𝑠 d𝑟 = 𝑉 1𝑛 ∫
𝑡

−𝑡

(𝑡 − |𝑟|)∫
𝜕𝐸

ric(𝑟, 𝑥) d𝑃𝜕𝐸(𝑥) d𝑟

≥ 𝑉 1𝑛 ∫
𝑡

2

−
𝑡

2

(𝑡 − |𝑟|)∫
𝜕𝐸

ric(𝑟, 𝑥) d𝑃𝜕𝐸(𝑥) d𝑟 ≥ 𝑉 1𝑛 𝑡
2 ∫

𝑡

2

−
𝑡

2

∫
𝜕𝐸

ric(𝑟, 𝑥) d𝑃𝜕𝐸(𝑥) d𝑟 .

Combining with (4.68) we find

𝑡 𝑉
1

𝑛 ∫
𝑡

2

−
𝑡

2

∫
𝜕𝐸

ric(𝑟, 𝑥) d𝑃𝜕𝐸(𝑥) d𝑟 ≤ 
(
𝑛

𝑛 − 1 ∫
𝑡

0
∫
𝑠

−𝑠

𝑃
1

𝑛−1 (𝐸𝑟)

(
∫
𝜕𝐸𝑟

𝐻2
𝜕𝐸𝑟

)
d𝑟 d𝑠+

− (𝐽(|𝐸𝑡|) + 𝐽(|𝐸−𝑡|) − 2𝐽(𝑉))) .
(4.72)

We now aim at estimating the difference 𝐽(|𝐸𝑡|) + 𝐽(|𝐸−𝑡|) − 2𝐽(𝑉). This is the goal of the
following lemma, whose proof is postponed to the end of this section.

Lemma 4.9. In the same assumptions of Proposition 4.4 and notation as above, for any 𝜂 ∈ (0, 1)
and 𝜀 > 0 there exists 𝜀 ⊂ (0,∞) such that (4.5) holds and
−(𝐽(|𝐸𝑡|) + 𝐽(|𝐸−𝑡|) − 2𝐽(𝑉)) ≤𝜂𝑃(𝐸)𝜀𝑡2𝑉− 1𝑛

− ∫
𝑡

0
∫
𝑠

−𝑠

𝑛

𝑛 − 1
𝐼
1

𝑛−1 (|𝐸𝑟|)𝐼′+(|𝐸𝑟|)
(
∫
𝜕𝐸𝑟

𝐻𝜕𝐸𝑟

)
d𝑟 d𝑠 (4.73)

for any 𝑉 ∈ 𝜀2.
Let 𝜀 be as in the assumptions of Proposition 4.4. We fix 𝜂 = 𝜂(𝑀) ∈ (0, 1), whose choice will

be clear at the end of the proof of Proposition 4.4 (more precisely, see (4.77) below). Hence let 𝜀
be given by Lemma 4.9. We continue the proof of Proposition 4.4 assuming that 𝑉 ∈ 𝜀.
Combining (4.72) and (4.73) we deduce

𝑡 𝑉
1

𝑛 ∫
𝑡

2

−
𝑡

2

∫
𝜕𝐸

ric(𝑟, 𝑥) d𝑃𝜕𝐸(𝑥) d𝑟 ≤ 
(
𝜂𝑃(𝐸)𝜀𝑡2𝑉− 1𝑛 +

+
𝑛

𝑛 − 1 ∫
𝑡

0
∫
𝑠

−𝑠

𝑃
1

𝑛−1 (𝐸𝑟)

(
∫
𝜕𝐸𝑟

𝐻2
𝜕𝐸𝑟

)
− 𝐼

1

𝑛−1 (|𝐸𝑟|)𝐼′(|𝐸𝑟|)(∫
𝜕𝐸𝑟

𝐻𝜕𝐸𝑟

)
d𝑟 d𝑠

)
, (4.74)

for 𝑡 ∈ (0, 𝜌𝑉
1

𝑛 ).

2We only stress dependence with respect to 𝜀 because 𝜂 is eventually chosen to be a constant depending on𝑀.
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34 ANTONELLI et al.

The proof of Proposition 4.4 will be completed with the help of the following:

Lemma 4.10. In the same assumptions of Proposition 4.4 and notation as above, for any 𝜀, 𝜂 > 0
there exists 𝑉̂ = 𝑉̂(𝜀, 𝜂,𝑀) > 0 such that

sup

𝑟∈(−𝜌𝑉
1
𝑛 ∕2,𝜌𝑉

1
𝑛 ∕2)

𝑃
1

𝑛−1 (𝐸𝑟)

(
∫
𝜕𝐸𝑟

𝐻2
𝜕𝐸𝑟

)
− 𝐼

1

𝑛−1 (|𝐸𝑟|)𝐼′+(|𝐸𝑟|)
(
∫
𝜕𝐸𝑟

𝐻𝜕𝐸𝑟

)
≤ 𝜀 𝜂 𝑉 𝑛−2𝑛 , (4.75)

for any 𝑉 ≥ 𝑉̂.
Applying Lemma 4.10, whose proof is postponed to the end of this section, with 𝜀 as in the

assumptions of Proposition 4.4 and 𝜂 as fixed above, we can combine (4.74) and (4.75) and obtain

the following. For 𝑡 ∈ (0, 𝜌𝑉
1

𝑛 ∕2), for any 𝑉 ∈ 𝜀, up to replacing 𝜀 with 𝜀 ∩ (𝑉̂,∞), it holds

𝑡 𝑉
1

𝑛 ∫
𝑡

2

−
𝑡

2

∫
𝜕𝐸

ric(𝑟, 𝑥) d𝑃𝜕𝐸(𝑥) d𝑟 ≤ 
(
𝜂𝑃(𝐸)𝜀𝑡2𝑉

−
1

𝑛 + 𝜀𝜂𝑉
𝑛−2

𝑛 𝑡2
)

≤ 𝜂𝑃(𝐸)𝜀𝑡2𝑉− 1𝑛 .
(4.76)

Exploiting Fermi coordinates again, arguing similarly as in (4.71), we conclude that

𝑉
2

𝑛 ⨏
𝐵𝑟(𝜕𝐸)

Ric(∇d𝑠𝐸, ∇d
𝑠
𝐸) ≤ 𝜂𝜀 ≤ 𝜀 , (4.77)

for any 𝑟 ∈ (0, 𝐶0𝑉
1

𝑛 ) for some 𝐶0 > 0. Note that in (4.77) above we estimated 𝜂 ≤ 1 for a choice
of 𝜂 depending only on the last constant  appeared, hence depending only on𝑀. This completes
the proof of Proposition 4.4, modulo the proofs of Lemma 4.9 and Lemma 4.10 whose details are
discussed below.

Proof of Lemma 4.9. Denote by 𝐷2𝐽 the (negative) finite measure given by the distributional sec-
ond derivative of 𝐽. For𝑊 > 4we consider the maximal function𝑀𝑊 of 𝜒(𝑊∕4,+∞)|𝐷2𝐽|, namely

𝑀𝑊(𝑣) ∶= sup
ℎ>0

1

2ℎ
|𝐷2𝐽|((𝑣 − ℎ, 𝑣 + ℎ) ∩ (𝑊∕4,∞)). (4.78)

Denoting by |𝐴| ∶= 1(𝐴) for any measurable set 𝐴 ⊂ ℝ, the classical Hardy–Littlewood
inequality (whose proof works also for measures, cf. [35, Theorem 3.5.6]) implies

|||||
{
𝑣 ∈ ℝ ∶ 𝑀𝑊(𝑣) > 𝑊

−1
(|𝐷2𝐽|(𝑊∕4,+∞)) 12}|||||

(|𝐷2𝐽|(𝑊∕4,+∞)) 12
𝑊

∶= |𝑋𝑊| (|𝐷2𝐽|(𝑊∕4,+∞))
1

2

𝑊
≤ 5|𝐷2𝐽|(𝑊∕4,+∞) .

(4.79)
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UNIQUENESS ON AVERAGE OF ISOPERIMETRIC SETS 35

Notice that if 𝑣 ∉ 𝑋𝑊 , then

sup
ℎ>0

1

2ℎ
|𝐷2𝐽|((𝑣 − ℎ, 𝑣 + ℎ) ∩ (𝑊∕4,∞)) ≤𝑊−1(|𝐷2𝐽|(𝑊∕4,+∞)) 12 . (4.80)

Define recursively𝑊1 = 5,𝑊𝑖+1 = 2𝑊𝑖 , and let 𝑋𝑖 = 𝑋𝑊𝑖 ∩ (𝑊𝑖,𝑊𝑖+1).

Let 𝜀 > 0, 𝜂 ∈ (0, 1). There exists 𝑖𝜀 ≥ 1 such that (|𝐷2𝐽|(𝑊𝑖∕4, +∞)) 12 ≤ 𝜀 𝜂 for any 𝑖 ≥ 𝑖𝜀3. We
claim that the set 𝜀 can be chosen as

𝜀 ∶= {𝑉 > 𝑊𝑖𝜀 ∶ ∃ 𝐼′(𝑉)} ⧵
⋃
𝑖≥𝑖𝜀
𝑋𝑖 . (4.81)

Indeed, we first note that for any 𝑧 > 𝑊𝑖𝜀 large, writing𝑊𝑖𝑧 ≤ 𝑧 < 𝑊𝑖𝑧+1 for some 𝑖𝑧, it holds||||||(𝑧, 2𝑧) ∩
⋃
𝑖≥𝑖𝜀
𝑋𝑖

|||||| ≤ |||𝑋𝑖𝑧 ||| + |||𝑋𝑖𝑧+1|||
≤ 5𝑊𝑖𝑧

(|𝐷2𝐽|(𝑊𝑖𝑧∕4, +∞)) 12 + 5𝑊𝑖𝑧+1(|𝐷2𝐽|(𝑊𝑖𝑧+1∕4, +∞)) 12
≤ 10𝑊𝑖𝑧+1

(|𝐷2𝐽|(𝑊𝑖𝑧∕4, +∞)) 12
≤ 20𝑧(|𝐷2𝐽|(𝑧∕8, +∞)) 12 .

Therefore lim𝑧→+∞ 1 ((𝑧, 2𝑧) ∩ (∪𝑖≥𝑖𝜀𝑋𝑖)) ∕𝑧 = 0 and (4.5) follows.
Hence let 𝑉 ∈ 𝜀 and let 𝐸 ⊂ 𝑀 be any isoperimetric set of volume 𝑉, as considered above. Let

𝑖0 be such that𝑊𝑖0 < 𝑉 ≤𝑊𝑖0+1. Recalling (4.70), let ℎ𝑟 ∶= max{𝑉 − |𝐸−𝑟|, |𝐸𝑟| − 𝑉} < 𝑉∕4 for
𝑟 ∈ (0, 𝜌𝑉

1

𝑛 ). Since 𝑉 − ℎ𝑟 ≥ 3

4
𝑉 > 𝑊𝑖0∕2, (4.80) implies

|𝐷2𝐽|(|𝐸−𝑟|, |𝐸𝑟|) ≤ |𝐷2𝐽|(𝑉 − ℎ𝑟, 𝑉 + ℎ𝑟) = |𝐷2𝐽|((𝑉 − ℎ𝑟, 𝑉 + ℎ𝑟) ∩ (𝑊𝑖0∕4,∞))
(4.80)≤ 2ℎ𝑟

𝑊𝑖0
𝜀 𝜂 ≤ 4ℎ𝑟

𝑉
𝜀 𝜂 .

Moreover, arguing similarly as in (4.69), one estimates ℎ𝑟 ≤ 𝑃(𝐸)𝑟 (see [7, Corollary 3.13]).
Hence,

|𝐷2𝐽|(|𝐸−𝑟|, |𝐸𝑟|) ≤ 𝜂𝑃(𝐸) 𝜀
𝑉
𝑟 , (4.82)

for 𝑟 ∈ (0, 𝜌𝑉
1

𝑛 ).
Let us now conclude the proof with a mollification argument. Let 𝜌𝜏 ∶ ℝ → ℝ, for 𝜏 ∈ (0, 1) be

a family of non-negative symmetricmollifiers with support in (−𝜏, 𝜏). Let 𝐽𝜏 ∶= 𝐽 ∗ 𝜌𝜏 ∶ (1,∞) →
ℝ. Hence 𝐽𝜏 is smooth, and 𝐽′′𝜏 = 𝐷2𝐽 ∗ 𝜌𝜏. Since 𝐽 is concave,𝐷2𝐽 ≤ 0 in the sense of distributions.
Since the convolution with non-negative mollifiers preserves the sign of a distribution we also get
that 𝐽′′𝜏 ≤ 0. Thus, 𝐽𝜏 is concave.

3We only stress dependence with respect to 𝜀 because 𝜂 is eventually chosen to be a constant depending on𝑀.
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36 ANTONELLI et al.

Performing a Taylor expansion of 𝐽𝜏(|𝐸𝑡|)with respect to 𝑡 as done in (4.67) for 𝑃 𝑛

𝑛−1 (𝐸𝑡), using

[7, Proposition 3.11] and [5, Corollary 3.6], up to taking a larger 𝑖𝜀, for 𝑡 ∈ (0, 𝜌𝑉
1

𝑛 )we can estimate

−(𝐽𝜏(|𝐸𝑡|) + 𝐽𝜏(|𝐸−𝑡|) − 2𝐽𝜏(𝑉)) = ∫
𝑡

0
∫
𝑠

−𝑠

|𝐽′′𝜏 |(|𝐸𝑟|)𝑃(𝐸𝑟)2 − 𝐽′𝜏(|𝐸𝑟|)(∫
𝜕𝐸𝑟

𝐻𝜕𝐸𝑟

)
d𝑟 d𝑠

≤
(
1 +

𝐻𝜕𝐸
𝑛 − 1

𝜌𝑉
1

𝑛

)
𝑃(𝐸)∫

𝑡

0
∫

|𝐸𝑠|
−|𝐸𝑠| |𝐽′′𝜏 |(𝑣) d𝑣 d𝑠 − ∫

𝑡

0
∫
𝑠

−𝑠

𝐽′𝜏(|𝐸𝑟|)(∫
𝜕𝐸𝑟

𝐻𝜕𝐸𝑟

)
d𝑟 d𝑠

≤ 𝑃(𝐸)∫
𝑡

0
∫

|𝐸𝑠|
−|𝐸𝑠| |𝐽′′𝜏 |(𝑣) d𝑣 d𝑠 − ∫

𝑡

0
∫
𝑠

−𝑠

𝐽′𝜏(|𝐸𝑟|)(∫
𝜕𝐸𝑟

𝐻𝜕𝐸𝑟

)
d𝑟 d𝑠 .

Letting 𝜏 → 0 we get

−(𝐽(|𝐸𝑡|) + 𝐽(|𝐸−𝑡|) − 2𝐽(𝑉)) (4.82)≤ 𝜂𝑃(𝐸)2 𝜀
𝑉
𝑡2 − ∫

𝑡

0
∫
𝑠

−𝑠

𝐽′+(|𝐸𝑟|)
(
∫
𝜕𝐸𝑟

𝐻𝜕𝐸𝑟

)
d𝑟 d𝑠

≤ 𝜂𝑃(𝐸)𝜀𝑡2𝑉− 1𝑛

− ∫
𝑡

0
∫
𝑠

−𝑠

𝑛

𝑛 − 1
𝐼
1

𝑛−1 (|𝐸𝑟|)𝐼′+(|𝐸𝑟|)
(
∫
𝜕𝐸𝑟

𝐻𝜕𝐸𝑟

)
d𝑟 d𝑠 . (4.83)

□

Proof of Lemma 4.10. Note that (4.75) is a scale invariant estimate. Hence to prove it we can

argue by contradiction and assume that there exist sequences 𝑉𝑖 ↗ ∞, 𝑟𝑖 ∈ (−𝜌𝑉
1

𝑛

𝑖
∕2, 𝜌𝑉

1

𝑛

𝑖
∕2),

and isoperimetric sets 𝐸𝑖 of volume 𝑉𝑖 such that

𝑃
1

𝑛−1 (𝐸𝑟𝑖 )

(
∫
𝜕𝐸𝑟𝑖

𝐻2
𝜕𝐸𝑟𝑖

)
− 𝐼

1

𝑛−1 (|𝐸𝑟𝑖 |)𝐼′+(|𝐸𝑟𝑖 |)
(
∫
𝜕𝐸𝑟𝑖

𝐻𝜕𝐸𝑟𝑖

)
> 𝜀 𝜂𝑉

𝑛−2

𝑛

𝑖
, (4.84)

where 𝐸𝑟𝑖 is the 𝑟𝑖-enlargement of 𝐸𝑖 in𝑀. In the sequence of rescaled manifolds𝑀𝑉𝑖 this means
that there exists a sequence of isoperimetric sets 𝐸𝑖 ⊂ 𝑀𝑉𝑖 such that |𝐸𝑖| = AVR(𝑀)𝜔𝑛, and a
sequence 𝑟̃𝑖 ∈ (−𝜌, 𝜌) such that

𝑃

1

𝑛−1

𝑖
(𝐸𝑟̃𝑖 )

(
∫
𝜕𝐸𝑟̃𝑖

𝐻2
𝜕𝐸𝑟̃𝑖

)
− 𝐼

1

𝑛−1

𝑖
(|𝐸𝑟̃𝑖 |)(𝐼𝑖)′+(|𝐸𝑟̃𝑖 |)

(
∫
𝜕𝐸𝑟̃𝑖

𝐻𝜕𝐸𝑟̃𝑖

)
> 𝜀 𝜂 , (4.85)

where perimeters, volumes, distances, and isoperimetric profile are computed on𝑀𝑉𝑖 .
The key for the proof will be the stability of the signed distance functions from isoperimetric

sets and their Laplacians under Gromov–Hausdorff convergence.
Up to the extraction of a subsequence that we do not relabel,𝑀𝑉𝑖 converges to an asymptotic

cone𝑋, with isoperimetric profile 𝐼𝑋 , and 𝑟̃𝑖 → 𝑟∞. Moreover, 𝐼𝑖 → 𝐼𝑋 locally uniformly on (0,∞).

Since the right derivative (𝐼
𝑛

𝑛−1

𝑖
)′+ converges to the constant 𝑛

𝑛

𝑛−1 (𝜃𝜔𝑛)
1

𝑛−1 almost everywhere and
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UNIQUENESS ON AVERAGE OF ISOPERIMETRIC SETS 37

𝐼

𝑛

𝑛−1

𝑖
is concave, where 𝜃 ∶= AVR(𝑀), then also (𝐼

𝑛

𝑛−1

𝑖
)′+ → 𝑛

𝑛

𝑛−1 (𝜃𝜔𝑛)
1

𝑛−1 locally uniformly on

(0,∞). Hence 𝐼
1

𝑛−1

𝑖
(𝐼𝑖)
′
+ → (𝑛𝜃𝜔𝑛)

1

𝑛−1 (𝑛 − 1) locally uniformly on (0,∞).
Denoting𝐻𝑖 ∶= 𝐻𝜕𝐸𝑖 , we know from [7, Theorem 4.23] that 𝐸𝑟̃𝑖 converges to the ball 𝐵

𝑋
(1+𝑟∞)

in
𝑋 centered at the tip, and𝐻𝑖 → 𝑛 − 1. Moreover by [7, Proposition 3.11] we get

𝑛𝜃𝜔𝑛(1 + 𝑟∞)
𝑛−1 = 𝑃𝑋(𝐵

𝑋
1+𝑟∞
) ≤ lim inf

𝑖
𝑃𝑖(𝐸𝑟̃𝑖 )

≤ lim inf
𝑖

(
1 +

𝐻𝑖
𝑛 − 1

𝑟∞

)𝑛−1
𝑃𝑖(𝐸𝑖)

= 𝑛𝜃𝜔𝑛(1 + 𝑟∞)
𝑛−1 .

(4.86)

Finally, by [7, Theorem 1.2],

Δ𝑓𝑖 −
𝐻𝑖

1 +
𝐻𝑖

𝑛−1
𝑓𝑖

≥ 0 on {0 ≥ 𝑓𝑖 > −2𝜌} , 𝐻𝑖

1 +
𝐻𝑖

𝑛−1
𝑓𝑖

− Δ𝑓𝑖 ≥ 0 on {0 ≤ 𝑓𝑖 < 2𝜌} , (4.87)

where 𝑓𝑖 is the signed distance function from 𝐸𝑖 . Moreover, the Riccati equation for the evolu-
tion of Δ𝑓𝑖 along geodesics perpendicular to 𝜕𝐸𝑖 , together with Proposition 3.3, implies that Δ𝑓𝑖
is uniformly bounded on {−2𝜌 < 𝑓𝑖 < 2𝜌} (see also the proof of Lemma 4.6). By [3, Proposition
1.3.1], it follows that, up to subsequences, Δ𝑓𝑖 converges weakly in 𝐿2 in the sense of [3] along the
sequence of spaces (𝑋𝑖,𝜌 ∶= {−𝜌 ≤ 𝑓𝑖 ≤ 𝜌}, d𝑀𝑉𝑖 ) → (𝐵

𝑋

1+𝜌 ⧵ 𝐵
𝑋
1−𝜌
, d𝑋) for any 𝜌 ∈ (0, 2𝜌). By the

divergence theorem, it follows that the 𝐿2-weak limit of Δ𝑓𝑖 coincides with the Laplacian from
the tip 𝑜 on 𝑋, that is, the function 𝑛−1

d𝑋𝑜
.

Letting 𝜒𝑖 = sgn(𝑓𝑖), then 𝜒𝑖 → 𝜒 in 𝐿2-strong where 𝜒 = 1 on 𝑋 ⧵ 𝐵𝑋1 and 𝜒 = −1 on 𝐵
𝑋
1 . It

follows from (4.87) that

∫
𝑋𝑖,𝜌

|||| 𝐻𝑖

1 +
𝐻𝑖

𝑛−1
𝑓𝑖

− Δ𝑓𝑖
|||| = ∫

𝑋𝑖,𝜌

𝜒𝑖

(
𝐻𝑖

1 +
𝐻𝑖

𝑛−1
𝑓𝑖

− Δ𝑓𝑖

)

����→
𝑖→∞ ∫

𝐵
𝑋

1+𝜌⧵𝐵
𝑋
1−𝜌

𝜒

(
𝑛 − 1

d𝑋𝑜
−
𝑛 − 1

d𝑋𝑜

)
= 0 ,

(4.88)

where the convergence follows from [3, Proposition 1.3.3(d)]. Hence, [3, Proposition 1.3.3(e)]
implies that Δ𝑓𝑖 converges strongly in 𝐿2.
Using Fermi coordinates as in the proof of Theorem 4.1 and Fubini’s theorem, it follows that

the restriction of 𝐻𝑖

1+
𝐻𝑖
𝑛−1
𝑓𝑖
− Δ𝑓𝑖 on almost every geodesic from 𝜕𝐸𝑖 tends to zero strongly in 𝐿1

along the geodesic. Since Δ𝑓𝑖 are (uniformly) Lipschitz along geodesics from 𝜕𝐸𝑖 by the Riccati
equation, then 𝐻𝑖

1+
𝐻𝑖
𝑛−1
𝑓𝑖
− Δ𝑓𝑖 tends to zero strongly in 𝐿2 (actually, uniformly) along almost every

geodesic from 𝜕𝐸𝑖 . In particular, by using the Dominated Convergence Theorem,

∫
𝜕𝐸𝑟̃𝑖

𝐻2
𝜕𝐸𝑟̃𝑖
→ (𝑛 − 1)2𝑛𝜃𝜔𝑛(1 + 𝑟∞)

𝑛−3 , ∫
𝜕𝐸𝑟̃𝑖

𝐻𝜕𝐸𝑟̃𝑖
→ (𝑛 − 1)𝑛𝜃𝜔𝑛(1 + 𝑟∞)

𝑛−2 . (4.89)
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38 ANTONELLI et al.

Inserting (4.86), (4.89) and the convergence properties for the profile 𝐼𝑖 collected above into (4.85)
and taking the limit 𝑖 → ∞, we get a contradiction, thus completing the proof of (4.75). □
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APPENDIX A: QUANTITATIVE REGULARITY OF ALMOSTMINIMIZERS IN ALMOST
EUCLIDEANMANIFOLDS
The goal of this appendix is to discuss a series of effective regularity estimates for boundaries of
isoperimetric sets in Riemannianmanifolds satisfying suitable curvature bounds. These estimates
play an important role in the context of the present paper.
We note that similar effective regularity estimates for perimeter minimizing hypersurfaces and

stable minimal or constant mean curvature hypersurfaces have been considered in the previous
literature under different sets of assumptions. We address the reader for instance to [21, 26, 58],
without the aim of being exhaustive in this list.
Let us recall the following theorem, which comes directly from results of Anderson (see, e.g.,

[4, Theorem 3.2]), and Cheeger–Colding [20].

Theorem A.1. For every 𝑛 ≥ 2, 𝛿 > 0, 𝐶 > 0, 𝛼 ∈ [0, 1) there exists 𝜀0 ∶= 𝜀0(𝑛, 𝛿, 𝐶, 𝛼) < 1 such
that the following holds.
Let (𝑀𝑛, 𝑔, 𝑝) be a pointed 𝑛-dimensional Riemannian manifold such that

−𝜀0 ≤ Ric ≤ 𝐶 on 𝐵2(𝑝) , dGH(𝐵2(𝑝), 𝐵2(0
𝑛)) ≤ 𝜀0 . (A1)

Then there exists a (harmonic) chart around 𝑝 such that

‖𝑔𝑖𝑗 − 𝛿𝑖𝑗‖𝐶1,𝛼(𝐵1(0𝑛)) ≤ 𝛿 . (A2)

We shall also need an 𝜀-regularity result for quasi-minimizers of the perimeter whose bound-
ary has constant mean curvature in manifolds with controlled Ricci curvature. This will imply
an 𝜀-regularity result for isoperimetric sets in manifolds with nonnegative Ricci curvature and
Euclidean volume growth, see Remark A.7. Let us first recall the definition of (Λ, 𝑟)-minimizer.

Definition A.2. Let (𝑀, 𝑔) be a Riemannian manifold of dimension 𝑛, possibly non complete.
LetΩ ⊂ 𝑀 be open, and let 𝐸 ⊂ Ω be a Borel set. FixΛ, 𝑟0 > 0. We say that 𝐸 is a (Λ, 𝑟0)-minimizer
in (Ω, 𝑔) if

𝑃(𝐸, 𝐵𝑟(𝑥)) ≤ 𝑃(𝐹, 𝐵𝑟(𝑥)) + Λvol(𝐸Δ𝐹) , (A3)

whenever 𝐸Δ𝐹 ⋐ 𝐵𝑟(𝑥) ⋐ Ω and 𝑟 ≤ 𝑟0.

 10970312, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/cpa.22252 by M

arco Pozzetta - PO
L

IT
E

C
N

IC
O

 D
I M

IL
A

N
O

 , W
iley O

nline L
ibrary on [04/04/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense

https://doi.org/10.1090/S0894-0347-07-00560-7
https://doi.org/10.1007/BF02922017
https://doi.org/10.4310/jdg/1279114303
https://doi.org/10.1515/crll.1994.457.203


42 ANTONELLI et al.

RemarkA.3. Let 𝐸 be a (Λ, 𝑟0)-minimizer in (Ω, 𝑔) for some open setΩ as in Definition A.2. Then
, and 𝜕𝐸 has generalizedmean curvature bounded byΛ. More precisely

there exists a vector field𝐻 ∈ 𝐿1
loc
(Ω, 𝑃(𝐸, ⋅)) such that

∫ div⊤𝑋 d𝑃(𝐸, ⋅) = −∫ 𝑔(𝑋,𝐻) d𝑃(𝐸, ⋅) , (A4)

for any vector field 𝑋 ∈ 𝐶∞𝑐 (Ω), and |𝐻| ≤ Λ 𝑃(𝐸, ⋅)-almost everywhere, see, for example, [51,
Lemma A.2] for a proof in the Euclidean space (see also the proof of [2, Theorema 4.7.4]). Indeed,
the first assertion follows by standard density estimates (see, e.g., the proof of [42, Theorem 21.11]),
while the existence of the generalized mean curvature vector follows by differentiation of the
Λ-minimality condition.

The following 𝜀-regularity theorem has essentially appeared in [46, Theorem 6.8]. The version
we state here can be proved arguing verbatim.

Proposition A.4. Let 𝑛 ∈ ℕ with 𝑛 ≥ 2, 𝑣0 > 0, Λ > 0, and 𝜀 > 0 be fixed. Then there exists 𝛿 > 0
for which the following holds.
Let (𝑀𝑛, 𝑔, 𝑝) be a pointed 𝑛-dimensional complete Riemannian manifold with Ric ≥ −𝛿 on

𝐵2(𝑝), and |𝐵2(𝑝)| ≥ 𝑣0. Assume 𝐸 is a (Λ, 1)-minimizer in 𝐵2(𝑝), and
max

{
dGH

(
𝜕𝐸 ∩ 𝐵2(𝑝), 𝐵2(0

𝑛−1)
)
, dGH(𝐵2(𝑝), 𝐵2(0

𝑛)),
|||| |𝐸 ∩ 𝐵2(𝑝))|𝜔𝑛2𝑛

−
1

2

||||
}
< 𝛿 . (A5)

Then, for all 𝑞 ∈ 𝐵1∕2(𝑝) ∩ 𝜕𝐸, and 𝑟 < 1 it holds

dGH
(
𝜕𝐸 ∩ 𝐵𝑟(𝑞), 𝐵𝑟(0

𝑛−1)
)
< 𝜀𝑟 ,||||𝑃(𝐸, 𝐵𝑟(𝑞))𝜔𝑛−1𝑟𝑛−1

− 1
|||| < 𝜀 ,|||| |𝐸 ∩ 𝐵𝑟(𝑞)|𝜔𝑛𝑟𝑛

−
1

2

|||| < 𝜀 .
(A6)

We are now ready to show an Allard-type result for (Λ, 1)-minimizers in manifolds that
are 𝐶1-close to the Euclidean space, and to deduce an 𝜀-regularity result for quasi-minimizer
with constant mean curvature boundary in manifolds with controlled Ricci curvature, see
Theorem A.6.

Theorem A.5 (𝐶1,𝛾-regularity of almost flat Λ-minimizers on almost Euclidean balls). Fix 𝑛 ≥
2, 𝛾 ∈ (0, 1), Λ > 0. Then there exist 𝜀, 𝜎 ∈ (0, 1), and 𝐶 > 0 such that the following holds.
Let 𝐵2(0𝑛) be endowed with a smooth Riemannian metric 𝑔 such that

‖𝑔𝑖𝑗 − 𝛿𝑖𝑗‖𝐶1(𝐵2(0𝑛)) ≤ 𝜀 . (A7)

Let 𝐸 ⊂ 𝐵2(0𝑛) be a (Λ, 1)-minimizer in (𝐵2(0𝑛), 𝑔). Suppose that 0𝑛 ∈ 𝜕𝐸 and that|||||𝑃(𝐸, 𝐵
𝑔
𝑟 (0
𝑛))

𝜔𝑛−1𝑟𝑛−1
− 1

||||| ≤ 𝜀 , (A8)
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UNIQUENESS ON AVERAGE OF ISOPERIMETRIC SETS 43

for any 𝑟 ∈ (0, 1). Then, up to rotation, there exists a Lipschitz function𝑢 ∶ (𝐵𝜎(0𝑛−1), 𝑔eu) → ℝ such
that

|𝑢|∕𝜎 + |∇𝑢| ≤ 𝐶 , ∇𝑢(0) = 0 , |∇𝑢(𝑥) − ∇𝑢(𝑦)| ≤ 𝐶|𝑥 − 𝑦|𝛾 , (A9)

𝜕𝐸 ∩ 𝐵𝜎(0
𝑛) = {(𝑥, 𝑢(𝑥)) ∶ 𝑥 ∈ 𝐵𝜎(0

𝑛−1)} ∩ 𝐵𝜎(0
𝑛) . (A10)

Proof. We first observe that there exist 𝜀1 ∈ (0, 1) and 𝑟Λ = 𝑟Λ(Λ, 𝑛) ∈ (0, 1) such that if 𝑔 is a
metric on𝐵2(0𝑛)with ‖𝑔𝑖𝑗 − 𝛿𝑖𝑗‖𝐶1(𝐵2(0𝑛)) ≤ 𝜀1, then any (Λ, 1)-minimizer𝐺 in (𝐵2(0𝑛), 𝑔) satisfies
density estimates of the form

𝑣𝑛 ≤ vol(𝐺 ∩ 𝐵
𝑔
𝜌(𝑥))

𝜔𝑛𝜌𝑛
≤ 1 − 𝑣𝑛 , 𝑐−1𝑛 ≤ 𝑃(𝐺, 𝐵

𝑔
𝜌(𝑥))

𝜔𝑛−1𝜌𝑛−1
≤ 𝑐𝑛 , (A11)

for some 𝑣𝑛 ∈ (0, 1) and 𝑐𝑛 > 1 independent of 𝐺, 𝑔, for any 𝑥 ∈ 𝜕𝐺 ∩ 𝐵2(0𝑛) and any 𝜌 ≤ 𝑟Λ with
𝐵𝜌(𝑥) ⋐ 𝐵2(0

𝑛) (see, e.g., the proof of [42, Theorem 21.11]).
The proof of the claim will eventually follow from an application of Allard’s regularity theo-

rem for varifolds having bounded first variation with respect to a parametric integrand, see [1,
The Regularity Theorem p. 27]. We sketch here the main steps leading to the application of the
previous result.
It readily follows from the area formula that the perimeter measure of a set 𝐺 ⊂ 𝐵2(0𝑛) with

respect to a metric 𝑔 on 𝐵2(0𝑛) can be written as 𝑃(𝐺, ⋅) =
(⟨Cof𝑥(𝑛𝐺), 𝑛𝐺⟩) 12 𝑃eu(𝐺, ⋅), where ⟨⋅, ⋅⟩

denotes Euclidean scalar product, is the Euclidean perimeter measure,
𝑛𝑔 is the unit Euclidean inner normal to 𝐺, and Cof𝑥 is the cofactor matrix of the matrix (𝑔𝑖𝑗)
at the point 𝑥. Hence, if 𝜀1 ∈ (0, 1) is small enough, the perimeter functional with respect to a
metric 𝑔with ‖𝑔𝑖𝑗 − 𝛿𝑖𝑗‖𝐶1(𝐵2(0𝑛)) ≤ 𝜀1 is an admissible functional corresponding to the parametric
integrand Ψ(𝑥, 𝑢) =

(⟨Cof𝑥(𝑢), 𝑢⟩)1∕2, in the notation of [1, 3 p. 18]. Here by admissible we mean
that all the constants 𝑀𝑖,𝑗, 𝑁𝑖,𝑗 appearing in [1] corresponding to Ψ are bounded in terms of the
dimension 𝑛 and of 𝜀1 only.
Take𝐴 = 0 and 𝜀 = 𝜆 = 1

2
in [1, 2.2] and recall (A11). Note that Remark A.3 implies that the first

variation with respect to the integrand Ψ is bounded by Λ in the sense of [1, 3.6(4)]. Taking into
account [1, Remark p. 28], [1, The Regularity Theorem p. 27] yields a parameter 𝛿8 ∈ (0, 1) (in the
notation of [1]) and constants 𝐶 = 𝐶(𝑛, 𝛾), 𝑐(Λ) such that if 𝐺 ⊂ 𝐵2(0𝑛) is a (Λ, 1)-minimizer for a
metric 𝑔 with ‖𝑔𝑖𝑗 − 𝛿𝑖𝑗‖𝐶1(𝐵2(0𝑛)) ≤ 𝜀1 and

1

2
<
𝑃(𝐺, 𝐵𝜌∕2(0

𝑛))

𝜔𝑛−1(𝜌∕2)𝑛−1
<
3

2
, |𝐪𝑥| < 𝛿8𝜌 ∀ 𝑥 ∈ 𝜕𝐺 ∩ 𝐵𝜌(0

𝑛) , (A12)

for some 𝜌 < 𝑐(Λ) ≤ 1, then 𝜕𝐺 ∩ 𝐵𝜎2𝜌(0𝑛) is parametrized by the graph of a 𝐶1,𝛾 function 𝑢 with
bounds as in the statement, for suitable𝜎2 = 𝜎2(𝑛, 𝛾) ∈ (0,

1

2
). Above𝐪 ∶ ℝ𝑛 → ℝ is the projection

𝐪(𝑥1, … , 𝑥𝑛) ∶= 𝑥𝑛. We are therefore left to verify (A12) for a set 𝐸 satisfying, for suitable choices
of 𝜀, 𝜎.
Let 𝑝 > 1 be such that 𝛾 = 1 − (𝑛 − 1)∕𝑝 and let 𝛿0, 𝜎1 ∈ (0, 1) be the two parameters, depend-

ing on 𝑛, 𝑝 only, in the assumptions in the classical Euclidean Allard regularity theorem [59,
Theorem 5.2 p. 121]. Here 𝜎1 denotes the constant called 𝛾 in [59, Theorem 5.2 p. 121]. Define

𝛿 ∶=
1

2
min{𝛿0, (𝛿8𝜎1∕(5𝐶

′))2𝑛+2, Λ𝑐

1

𝑝

𝑛 𝜔

1

𝑝

𝑛−1} where 𝐶
′ = 𝐶′(𝑛, 𝛾) is the constant called 𝐶 in [59,
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44 ANTONELLI et al.

Theorem 5.2 p. 121], and 𝑟𝛿 ∶= 𝛿∕(Λ𝑐
1

𝑝

𝑛 𝜔

1

𝑝

𝑛−1) < 1. We finally define

𝜎 ∶=
1

6
min

{
𝜎1𝜎2𝑟𝛿, 𝑐(Λ)𝜎2

}
.

Wewant to show that there exist 𝜀 ≤ 𝜀1 such that if 𝑔, 𝐸 are as in the assumptions, then 𝐸 satisfies
(A12) with 𝜌 = 𝜎∕𝜎2, leading to the proof.
Suppose by contradiction that there exist 𝜀𝑖 ≤ 𝜀1 with 𝜀𝑖 ↘ 0, and a sequence of metrics 𝑔𝑖 and

a sequence of (Λ, 1)-minimizers 𝐸𝑖 as in the assumptions, but (A12) with 𝐺 = 𝐸𝑖 and with 𝜌 =
𝜎∕𝜎2 does not hold. By (A11), up to subsequence 𝐸𝑖 converges to a nonempty Euclidean (Λ, 1)-
minimizer 𝐹. The fact that 𝐹 is a Euclidean (Λ, 1)-minimizer follows by easily adapting the proof
of [42, Theorem 21.14]. Moreover, by convergence of the perimeter measures as in [42, Theorem
21.14] and applying Remark A.3 on the set 𝐹, we get

𝑃eu(𝐹, 𝐵𝑟(0
𝑛))

𝜔𝑛−1𝑟𝑛−1
= 1 ,

(
∫
𝐵𝑟(0𝑛)

|𝐻𝜕𝐹|𝑝 d𝑃eu(𝐹, ⋅))
1

𝑝

𝑟
1−
𝑛−1

𝑝
(𝐴11)≤ Λ𝑐

1

𝑝

𝑛 𝜔

1

𝑝

𝑛−1𝑟 ≤ 𝛿 , (A13)

for any 𝑟 ≤ 𝑟𝛿. Hence the classical Euclidean Allard regularity theorem [59, Theorem 5.2 p. 121]
can be applied to 𝐹, implying that, up to rotation, 𝜕𝐹 ∩ 𝐵𝜎1𝑟 is parametrized as the graph of a
𝐶1,𝛾 function 𝑓 ∶ 𝐵𝜎1𝑟(0

𝑛−1) → ℝ with |𝑓|∕𝑟 + |∇𝑓| ≤ 𝐶′𝛿1∕(2𝑛+2) and [∇𝑓]0,𝛾 ≤ 𝐶′𝛿1∕(2𝑛+2)𝑟𝛾,
for any 𝑟 ≤ 𝑟𝛿. Since 3𝜎∕(𝜎1𝜎2) < 𝑟𝛿, we can choose 𝑟 = 3𝜎∕(𝜎1𝜎2), so that there holds

|𝐪𝑥| ≤ 𝐶′𝛿1∕(2𝑛+2)𝑟 < 3
5
𝛿8
𝜎

𝜎2
∀ 𝑥 ∈ 𝜕𝐹 ∩ 𝐵3𝜎∕𝜎2(0

𝑛) . (A14)

Since 𝜕𝐸𝑖 → 𝜕𝐹 in Kuratowski sense thanks to the uniform density estimates (see, e.g., the proof
of [42, Theorem 21.14 (i), (ii)]), the first equalities in (A13) and (A14) imply that (A12) hold on 𝐸𝑖
for 𝑖 large enough with 𝜌 = 𝜎∕𝜎2, thus yielding a contradiction. □

Theorem A.6. Let 𝑛 ∈ ℕ with 𝑛 ≥ 2, 𝐶,Λ, 𝑣0 > 0, 𝐻 ∈ ℝ, and 𝛼 ∈ (0, 1). Then there exist 𝜀 <
1, 𝜎 ∈ (0, 1), 𝐵 > 0 such that the following holds.
Let (𝑀𝑛, 𝑔, 𝑝) be a pointed 𝑛-dimensional complete Riemannian manifold with−𝜀 ≤ Ric ≤ 𝐶 on

𝐵2(𝑝), and |𝐵2(𝑝)| ≥ 𝑣0. Suppose 𝐸 ⊂ 𝑀 is a set such that

𝐸 is a (Λ, 1)-minimizer in 𝐵2(𝑝), 𝜕𝐸 has a.e. generalized mean curvature𝐻𝜕𝐸 ≡ 𝐻,
and

max

{
dGH(𝐵2(𝑝), 𝐵2(0

𝑛)), dGH
(
𝜕𝐸 ∩ 𝐵2(𝑝), 𝐵2(0

𝑛−1)
)
,
|||| |𝐸 ∩ 𝐵2(𝑝)|𝜔𝑛2𝑛

−
1

2

||||
}

≤ 𝜀 . (A15)

Then, denoting with 𝜕𝑟𝐸 the regular part of 𝜕𝐸, it holds 𝜕𝐸 ∩ 𝐵𝜎(𝑝) ⊂ 𝜕𝑟𝐸, and

‖|II|‖𝐶0,𝛼(𝜕𝐸∩𝐵𝜎(𝑝),d|𝜕𝐸) ∶= sup
𝑥∈𝜕𝐸∩𝐵𝜎(𝑝)

|II|(𝑥) + sup
𝑥,𝑦∈𝜕𝐸∩𝐵𝜎(𝑝)

||II|(𝑥) − |II|(𝑦)|
d(𝑥, 𝑦)𝛼

≤ 𝐵 , (A16)

where II denotes the second fundamental form of 𝜕𝐸. In particular, 𝜕𝐸 ∩ 𝐵𝜎(𝑝) is smooth.
Moreover, if also |Sect| ≤ 𝐾 on 𝐵2(𝑝), then the (intrinsic) sectional curvature of 𝜕𝐸 ∩ 𝐵𝜎(𝑝) is

bounded from below by a constant 𝐵′ = 𝐵′(𝐵, 𝐾) ∈ ℝ.
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UNIQUENESS ON AVERAGE OF ISOPERIMETRIC SETS 45

Proof. Let 𝜀, 𝜎̄, 𝐶̄ > 0 be the constants depending onΛ, 𝛾 ∶= 𝛼, 𝑛 forwhichTheoremA.5 holds. Let
𝜀0 ∶= 𝜀0(𝑛, 𝜀, 𝐶, 𝛼) be the constant for which Theorem A.1 holds. Thus, if 𝜀 < 𝜀0 in the statement
of Theorem A.6, there exists a chart centered at 𝑝 such that

‖𝑔𝑖𝑗 − 𝛿𝑖𝑗‖𝐶1,𝛼(𝐵1(0𝑛)) ≤ 𝜀 . (A17)

Finally let 𝛿 ∶= 𝛿(𝜀, 𝑛, 𝑣0, Λ) be the constant appearing in Proposition A.4. We claim that in the
statement of Theorem A.6 we can take 𝜀 ∶= min{𝛿, 𝜀0}.
Indeed, by how we chose the constants, and subsequently applying Theorem A.1, Proposi-

tion A.4, and Theorem A.5 we get from (A10) that 𝜕𝐸 ∩ 𝐵𝜎̄∕2(𝑝) is a graph of a 𝐶1,𝛼-function 𝑢
defined on some ball 𝐵𝑟(0𝑛−1) ⊂ 𝐵𝑟(0𝑛), with 𝜎̄∕4 < 𝑟 < 𝜎̄, contained in the domain of the chart
given by TheoremA.1. Thus 𝜕𝐸 ∩ 𝐵𝜎(𝑝) ⊂ 𝜕𝑟𝐸 with 𝜎 ∶= 𝜎̄∕2, where 𝜕𝑟𝐸 denotes the regular part
of 𝜕𝐸.
In order to obtain theHölder bound on the second fundamental formwe exploit a standard PDE

argument based on the fact that 𝐸 has smooth boundary and it has constant mean curvature. Let
𝑢 ∶ 𝐵𝑟(0

𝑛−1) → ℝ, with 𝜎̄∕4 < 𝑟 < 𝜎̄, be the function defined above such that the graph (𝑥, 𝑢(𝑥))
in the chart given by Theorem A.1 is (a subset of) 𝜕𝐸. Let us define

ℎ𝑖𝑗 ∶= 𝑔𝑖𝑗 + 𝜕𝑖𝑢 ⋅ 𝑔𝑗𝑛 + 𝜕𝑗𝑢 ⋅ 𝑔𝑖𝑛 + 𝜕𝑖𝑢 ⋅ 𝜕𝑗𝑢 ⋅ 𝑔𝑛𝑛 , ∀𝑖, 𝑗 = 1,… , 𝑛 − 1 . (A18)

Moreover, let {𝑒1, … , 𝑒𝑛} be the canonical basis in ℝ𝑛, and let 𝑣𝑖 ∶= (𝑒𝑖, 𝜕𝑖𝑢) ∈ ℝ𝑛, for every
𝑖 = 1, … , 𝑛 − 1. Denote {𝑣𝑖}𝑖=1,…,𝑛−1 the orthonormal vectors obtained by applying Gram–Schmidt
reduction to {𝑣𝑖}𝑖=1,…,𝑛−1. Denote 𝑒⟂𝑛 ∶= 𝑒𝑛 −

∑𝑛−1
𝑖=1 𝑔(𝑒𝑛, 𝑣𝑖)𝑣𝑖 .

A routine computation shows that the mean curvature of the graph of 𝑢 in the chart is

𝐻 = 𝑔(𝑒⟂𝑛 , 𝑒
⟂
𝑛 )
1∕2 ⋅ ℎ𝑖𝑗 ⋅ 𝜕𝑖𝑗𝑢 + 𝑄(𝑔, 𝜕𝑔, 𝜕𝑢) , (A19)

where 𝑄(𝑔, 𝜕𝑔, 𝜕𝑢) is a rational expression involving 𝑔, 𝜕𝑔, 𝜕𝑢.
Hence, if ‖𝑔𝑖𝑗 − 𝛿𝑖𝑗‖𝐶0 + ‖𝑢‖𝐶1 ≤ 𝜀(𝑛), where 𝜀(𝑛) is a universal small constant, (A19) is an

elliptic equation. By taking 𝜀 ≤ 𝜀(𝑛)∕2, which we can always do without loss of generality, and by
taking into account (A7), and the second inequality in (A9), we have the following. There exists
𝑁 ∶= 𝑁(𝑛, 𝛼, Λ) > 1 large enough such that

‖𝑔𝑖𝑗 − 𝛿𝑖𝑗‖𝐶0(𝐵𝑟∕𝑁(0𝑛)) + ‖𝑢‖𝐶1(𝐵𝑟∕𝑁(0𝑛−1)) ≤ 𝜀(𝑛) . (A20)

Hence (A19) is an elliptic equation on 𝐵𝑟∕𝑁(0𝑛−1). We can thus apply Schauder estimates to get

‖𝑢‖𝐶2,𝛼(𝐵𝑟∕(2𝑁)(0𝑛−1)) ≤ 𝐶(𝑟, 𝑁, 𝛼, |𝐻|, ‖𝑔‖𝐶1,𝛼(𝐵𝑟∕𝑁(0𝑛)), ‖𝑢‖𝐶1,𝛼(𝐵𝑟∕𝑁(0𝑛−1))) . (A21)

Finally, writing II in the chart 𝜑, we get (A16) up to shrinking 𝜎 ∶= 𝜎̄∕(16𝑁), and where 𝐵 only
depends on 𝜀, 𝑟, 𝑁, 𝛼, 𝐶̄, and an upper bound on |𝐻|, and thus ultimately only on 𝛼, 𝑛, Λ,𝐻.
The last assertion about the sectional curvature with respect to the induced metric being uni-

formly bounded readily comes from the Gauss equations, taking into account the uniform bounds
for the second fundamental form and the bounds for the sectional curvature of the ambient
Riemannian manifold. □
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46 ANTONELLI et al.

Remark A.7 (Applying Theorem A.6 to isoperimetric sets). Theorem A.6 has, as a direct conse-
quence, an 𝜀-regularity result for isoperimetric sets with large volumes in complete manifolds
with Ric ≥ 0, AVR > 0, and quadratic curvature decay (1.2), which is relevant to our aims.
Let (𝑀𝑛, 𝑔) be a smooth RiemannianmanifoldwithRic ≥ 0, andwithAVR ≥ 𝑣0 > 0. Choosing

𝑉1 =
1

2
, 𝑉2 = 2, 𝑉3 = 3, 𝐾 = 0 in [7, Corollary 4.15], and by a scaling argument, we get that there

is  ∶= (𝑣0, 𝑛) ≥ 1, such that
Any isoperimetric set 𝐸 ⊂ 𝑀 with |𝐸| ≥ 1 is a (|𝐸|−1∕𝑛,−1|𝐸|1∕𝑛)-minimizer , (A22)

and moreover

Per(𝐸, 𝐵𝑟(𝑝)) ≤ (1 + |𝐸|−1∕𝑛𝑟)Per(𝐹, 𝐵𝑟(𝑝)) , (A23)

for every 𝑝 ∈ 𝑀, 𝑟 < −1|𝐸|1∕𝑛, and 𝐹 such that 𝐸Δ𝐹 ⊂⊂ 𝐵𝑟(𝑝).
Now, let 𝑉1 ≥ 𝑛 be fixed, and define Λ ∶= 𝑉−1∕𝑛1 . By (A22), every isoperimetric set 𝐸 with|𝐸| ≥ 𝑉1 in 𝑀 is a (|𝐸|−1∕𝑛,−1|𝐸|1∕𝑛)-minimizer, and thus in particular a (Λ, 1)-minimizer.

Moreover, recall that the boundary of a smooth isoperimetric set has constant mean curvature,
and if |𝐸| ≥ 𝑉1 in𝑀, then |𝐻𝜕𝐸| ≤ 𝐶(𝑛, 𝑉1, 𝑣0), see [8, Corollary 3.5].
Taking into account also Lemma 3.2, and the regularity of cross-sections of manifolds with

Ric ≥ 0, AVR > 0 and quadratic curvature decay (1.2), we infer that Theorem A.6 can be applied
in this setting, as soon as 𝐸 is an isoperimetric set with |𝐸| ≥ 𝑉1 ≥ (𝑣0, 𝑛)𝑛. In this case the
constants 𝜀, 𝜎, 𝐵 will obviously depend on 𝑛, 𝐶, 𝑉1, 𝑣0.

APPENDIX B: UNIFORM BOUNDS FOR THE REACH
The goal of this appendix is to prove that the reach of a smooth hypersurface Σ𝑛−1 embedded in a
smoothRiemannianmanifold𝑀𝑛 can be bounded frombelow in terms of the second fundamental
form of the hypersurface and the norm of the sectional curvature of the ambient manifold, under
someminor additional technical assumptions. The statement is probably known to experts, and it
follows for instance from a slight adaptation of the arguments in [36]. We provide a detailed proof
as we are not able to locate a precise reference in the literature. The argument is due to Petrunin,
see [54].

Proposition B.1. Let 𝐸 be a compact subset of an 𝑛-dimensional smooth Riemannian manifold
𝑀𝑛, and assume that 𝜕𝐸 ∶= Σ𝑛−1 is a codimension one hypersurface embedded in𝑀𝑛. Let 𝜈Σ be the
unit inner normal. Assume there is 𝜀0 > 0 such that

exp𝑝(𝑡𝜈Σ(𝑝)) ∈

{
𝐸 for all 𝑡 ∈ (0, 𝜀0) ,
𝑀 ⧵ 𝐸 for all 𝑡 ∈ (−𝜀0, 0) .

(B1)

Let 𝐶 > 0 be such that

sup
𝑥∈Σ

|II(x)| ≤ C , sup
x∈B1(Σ)

|Riem(x)| ≤ C , (B2)

where we denote 𝐵𝑟(Σ) ∶= {𝑥 ∈ 𝑀 ∶ d(𝑥, Σ) < 𝑟} for each 𝑟 > 0. Then there exists a constant 𝑟0 =
𝑟0(𝐶, 𝑛, 𝜀0) > 0 such that

𝐹 ∶ (−𝑟0, 𝑟0) × Σ → 𝑀 , 𝐹(𝑡, 𝑝) ∶= exp𝑝(𝑡𝜈Σ(𝑝)) (B3)

is a diffeomorphism with its image.
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Proof. Let us take  a constant chosen small enough with respect to 𝐶, and 𝑛. We claim that the
choice 𝑟0 ∶= min{

𝜀0

4
,}works. First,  can be chosen small enough so that, since 𝑟0 < , by using

(B2) and classical estimates on Jacobi fields, one gets that

d𝐹(𝑡,𝑝)(𝑣) ≠ 0 for every (𝑡, 𝑝) ∈ (−𝑟0, 𝑟0) × Σ, and every 0 ≠ 𝑣 ∈ 𝑇(𝑡,𝑝)((−𝑟0, 𝑟0) × Σ) .
Thus for every (𝑡, 𝑝) ∈ (−𝑟0, 𝑟0) × Σ we have that d𝐹(𝑡,𝑝) is a linear isomorphism, and then 𝐹 is

a local diffeomorphism around every point (𝑡, 𝑝) ∈ (−𝑟0, 𝑟0) × Σ. In order to prove (B3) it is left to
prove that 𝐹 is injective.
Suppose by contradiction 𝐹 is not injective, and consider

𝓁 ∶= inf {0 < 𝜗 ≤ 𝑟0 ∶ 𝐹 ∶ (−𝜗, 𝜗) × Σ → 𝑀 is not injective} > 0 . (B4)

Hence there are 𝑝, 𝑞 ∈ Σ such that setting 𝛾𝑝(𝑡) ∶= exp𝑝(𝑡𝜈Σ(𝑝)), and 𝛾𝑞(𝑡) ∶= exp𝑞(𝑡𝜈Σ(𝑞)) we
have

𝑥 = 𝛾𝑝(𝓁) = 𝛾𝑞(𝓁) .

We claim that 𝛾′𝑝(𝓁) = −𝛾′𝑞(𝓁). Indeed, if not, by taking a geodesic starting from 𝑥 and forming
acute angles with 𝛾𝑝, 𝛾𝑞 at 𝓁, one would get that there is a point 𝑧 such that 𝑑(𝑧, 𝑝) < 𝓁, and
𝑑(𝑧, 𝑞) < 𝓁. Thus, by possibly taking 𝑧 closer to 𝑥, and by exploiting the minimality of 𝓁, 𝑧 can be
chosen so that 𝑧 = exp𝑝′(𝓁𝑝𝜈Σ(𝑝

′)) = exp𝑞′(𝓁𝑞𝜈Σ(𝑞
′)) for𝑝′, 𝑞′ ∈ Σ, with𝑝′ ≠ 𝑞′, and𝓁𝑝, 𝓁𝑞 < 𝓁.

This last property would contradict the minimality of 𝓁 in (B4).
Hence, since 𝛾′𝑝(𝓁) = −𝛾′𝑞(𝓁), we get that 𝑞 = exp𝑝(2𝓁𝜈Σ(𝑝)). Thus, by the second property in

(B1) applied at 𝑞, we have that

exp𝑝((2𝓁 + 𝜀0∕3)𝜈Σ(𝑝)) ∈ 𝑀 ⧵ 𝐸 ,

which is a contradiction with the first of (B1) applied at 𝑝 since 2𝓁 + 𝜀0∕3 ≤ 2𝑟0 + 𝜀0∕3 < 𝜀0. □
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