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Low-Complexity Detection for Balanced Codes in
AWGN Channels with Offset

Antonino Favano , Luca Barletta , Member, IEEE, Marco Sforzin , Paolo Amato , and Marco Ferrari

Abstract—Low-complexity detection schemes are studied for
additive white Gaussian noise channels with an unknown and
unbounded offset constant over each memory read. Detectors
based on the Pearson distance are analyzed, and a new lower
bound on the word error rate of Modified Pearson (MP)
detection is derived. Three novel detectors are proposed: the
Simplified Pearson (SP), the Ultra-Simplified Pearson (USP),
and the Adjusted-Threshold (AT) detectors. The USP and AT
detectors are designed to be robust against destructive read-
ings. The proposed schemes are particularly suited for memory
systems employing ramp-reading architectures. The analysis
demonstrates that the proposed detectors achieve competitive
error-rate performance with significantly reduced complexity
compared to MP detection.

Index Terms—AWGN Channel with Offset, Low-Complexity
Detection, Pearson Distance, Ramp Reading, Destructive Reading

I. INTRODUCTION

Emerging memories (EM) are becoming an attractive alter-
native to well-established technologies such as DRAM and
flash memories. Research on EMs focuses on developing solu-
tions that overcome the limitations of conventional memories.
Several EM technologies, including PCM, CeRAM, FeRAM,
ReRAM, and 3D XPoint, have been proposed [2]–[6]. In
addition, EMs are promising enablers for new paradigms that
require real-time processing and/or the storage of massive
amounts of information [2].

Data stored in a memory device is subject to various
impairments arising from the physical properties of the stor-
age medium, whether optical, magnetic, or electronic. Such
impairments may be induced by factors such as temperature,
humidity, or charge magnitude [7], [8]. Therefore, data re-
trieved from accessing a memory device typically exhibits
deviations in both mean and variance relative to the nominal
stored values. To mitigate these impairments, several coding
schemes have been proposed [9]–[14]. However, many of these
schemes incur prohibitive computational complexity for high-
speed applications [15].

Whereas mature technologies such as DRAM and NAND
employ well-optimized and highly reliable sensing strategies,
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EM systems are still in an early stage of development. Con-
sequently, the design of fast and reliable sensing strategies is
critical to enable the practical deployment of EMs in real-
world applications.

By memory read we denote any memory access that re-
trieves information stored within a given set of memory cells.
A widely used model for noisy memory reads is the additive
white Gaussian noise (AWGN) channel with an unknown ran-
dom offset [8]. Depending on the technology, the offset may
remain constant or vary throughout each memory read [16]–
[19]. This work focuses on the former case. For an unknown,
unbounded offset that is constant during each memory read,
the modified Pearson (MP) distance detector proposed in [15]
achieves maximum-likelihood (ML) decoding [20]. However,
as the block length increases, the complexity of Pearson-type
detectors becomes a critical issue, particularly when combined
with error-correcting codes, which add further computational
overhead [17]. As a result, both Pearson and MP detection
may be impractical for real-world implementations.

An example of a low-complexity detector for AWGN chan-
nels with unknown offset is the self-referenced reading (SRR)
detector, introduced in [21]. Its efficiency is achieved through
constrained coding techniques that restrict the Hamming
weight spectrum of the stored codewords [22], combined with
reading architectures capable of efficiently tracking memory
impairments. A key limitation of SRR detection, however, is
that its error-rate performance can be optimized only for a
specific target signal-to-noise ratio (SNR).

A. Contributions

The first contribution of this work is an error-rate analysis of
the MP detector for uncoded input. We prove that, as the block
length increases, the performance of the MP detector over an
AWGN channel with offset converges to that of Euclidean
distanced based detection over a standard AWGN channel.

The main contribution is the design and analysis of reliable,
low-complexity alternatives to Pearson-based methods and to
the SRR detector [21]. The proposed solutions exploit con-
strained coding techniques and efficient reading architectures,
achieving error-rate performance comparable to that of MP
detection. In addition, we develop specialized strategies for
memory systems affected by destructive reading [2]. While
optimized for ramp-reading architectures, the proposed detec-
tors can also be adapted to other reading schemes.

The first scheme, the Simplified Pearson (SP) detector,
reduces the complexity of MP detection by approximating
the Pearson distance metric. We then introduce the Ultra-
Simplified Pearson (USP) detector, which further simplifies SP
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and requires only a single memory read, making it especially
suitable for destructive-reading scenarios. Finally, we propose
the Adjusted-Threshold (AT) detector, which is likewise robust
to destructive reading and provides superior error-rate perfor-
mance compared to USP.

For all of the proposed detectors, we present numerical
evaluations of error-rate performance and, for SP and AT,
derive analytical approximations of the error probability. Com-
parisons with the optimal MP detector show that the proposed
schemes, despite their low complexity, closely match the
performance of MP detection and consistently outperform the
SRR detector [21] across all SNR regimes.

This work focuses exclusively on efficient detection tech-
niques. However, since the proposed detectors do not re-
quire perfectly balanced constrained codes, they can also be
combined with classical systematic channel coding, as shown
in [23].

B. Paper Outline

The remainder of this paper is organized as follows. Sec-
tion II introduces the AWGN channel model with offset, the
characteristics of the targeted memory technology, and the
constrained encoding strategy under consideration. Section III
reviews the MP distance detector proposed in [15]. Section IV
presents an error-rate analysis of MP detection. Section V
introduces the SP detector as a low-complexity alternative to
MP detection and evaluates its performance. The USP detector,
derived as a further simplification of SP, is also discussed in
this section. Section VI proposes the AT detector, another low-
complexity scheme. Finally, Section VII concludes the paper.

C. Notation

Unless otherwise stated, lowercase letters denote deterministic
scalars (𝑥), bold lowercase letters denote deterministic vectors
(x), and uppercase letters denote random variables (𝑋 , X).
Given a vector x of length 𝐾 , 𝑥𝑖 denotes its 𝑖th component
and 𝑥𝑖:𝐾 its 𝑖th order statistic (i.e., the 𝑖th smallest value). The
set of real numbers is denoted by R, and the finite field of
order 2 by F2.

The Binomial distribution with 𝑛 trials and success proba-
bility 𝑝 is denoted by B(𝑛, 𝑝), and the Gaussian distribution
with mean 𝜇 and variance 𝜎2 by N(𝜇, 𝜎2). The probability
density function (pdf) and cumulative distribution function
(cdf) of the standard normal distribution N(0, 1) are denoted
by 𝜙(𝑥) and Φ(𝑥), respectively, and the Q-function is defined
as 𝑄(𝑥) ≜ 1 −Φ(𝑥). Finally, P(A) denotes the probability of
event A, P𝑋 and E[𝑋], respectively, the distribution and the
expected value of 𝑋 , and ∗ the convolution operator.

II. SYSTEM MODEL

We model memory reads as the output of a binary-input
AWGN channel with random offset. The input-output rela-
tionship is:

Y = 𝑎(X + Z) + 𝑏1, (1)

where Y ∈ R𝐾 is the noisy read vector of length 𝐾 , 𝑎 > 0
is an unknown channel gain, and X = 𝑚(C) is the modulated

sequence derived from the stored length-𝐾 binary codeword
C ∈ C. The mapping 𝑚(C) converts 0 ↦→ 1 and 1 ↦→ −1.
The unknown offset 𝑏 ∈ R is assumed constant during each
read, and 1 denotes the all-ones vector. Finally, Z ∈ R𝐾 is an
independent and identically distributed (iid) Gaussian vector
with entries 𝑍𝑖 ∼ N(0, 𝜎2), where 𝜎2 is the noise variance.

Throughout this work, we set 𝑎 = 1 without loss of
generality, as any other positive gain can be incorporated into
the SNR.

A. Memory Features and Hamming Weight Profile

While the proposed detection schemes can be applied to var-
ious memory types, we focus on ramp-reading architectures,
which, when combined with constrained coding techniques,
enable computationally efficient implementations suitable for
EM systems [21].

A ramp reading architecture applies a controlled, monoton-
ically increasing signal (e.g., a voltage ramp) to a set of mem-
ory cells. During the ramp, each cell output is continuously
monitored to identify when it crosses a critical threshold. The
threshold-crossing times are proportional to the stored values,
inherently providing an ordering among the read cells. For
instance, given (1), ramp reading would provide an output
vector consisting of the ordered entries of Y.

The ordered reads produced by ramp architectures enable
efficient implementation of Pearson-based detectors. We also
develop solutions for memory technologies characterized by
destructive readings, i.e., reading procedures that inherently
alter or erase the stored information. Memory systems with
destructive readings require detection to be performed in
a single access. For example, FeRAM is affected by this
limitation [24].

Under ramp sensing, detector performance depends on the
Hamming weight profile of stored data [21]. Uncoded binary
sequences do not guarantee a controlled Hamming weight
spectrum; therefore, constrained coding can be used to define
low-complexity detectors. In this work, the performance of
the MP detector is analyzed assuming uncoded input. In
contrast, for the newly proposed detectors, we consider a class
of constrained codes called (𝑤min, 𝑤max)-balanced codes, i.e.,
codes whose codewords have Hamming weight 𝑊 constrained
to the interval [𝑤min, 𝑤max], where 𝑤min ≤ 𝐾/2 ≤ 𝑤max.

Definition 1 ((𝑤min, 𝑤max)-Balanced Codes). Let B be an
uncoded binary sequence of length 𝐾𝑢, and C its encoded
sequence of length 𝐾 > 𝐾𝑢. Let 𝑊 be the Hamming weight
of C. We define the following family of distributions P𝑊

S(𝑤min, 𝑤max) ≜ {P𝑊 : supp(𝑊) = {𝑤min, . . . , 𝑤max}}, (2)

with 0 < 𝑤min ≤ 𝐾/2 ≤ 𝑤max < 𝐾 . A (𝑤min, 𝑤max)-balanced
code maps B to C such that its Hamming weight 𝑊 ∼ P𝑊 ∈
S(𝑤min, 𝑤max), with support size

Δ𝑊 = |supp(𝑊) | = 𝑤max − 𝑤min + 1. (3)

Notice that Δ𝑊 provides a measure of the degree of balance
of the code, with smaller values of Δ𝑊 corresponding to a
closer match between the numbers of 0s and 1s in each C in
the codebook, i.e., stronger balance.
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Figure 1. Hamming Weight distribution for 𝐾 = 132 and 𝑊 ∼ SSF(64, 80) .

Among the class of balanced codes, we focus on the Sub-
Sequence Flipping (SSF) code from [21] due to its efficiency.
For a binary vector B of length 𝐾𝑢 = 128, the SSF encoder
partitions B into four consecutive 32-bit subsequences. Based
on four additional parity flip bits, each subsequence is either
left unchanged or flipped, i.e., bitwise inverted. The flip bits are
selected to optimize the overall balance between the numbers
of 0s and 1s in the resulting codeword. For 𝐾𝑢 = 128, the
SSF code yields a (64, 80)-balanced code with codewords C
of length 𝐾 = 132. Let B be drawn uniformly at random from
F𝐾𝑢2 . After SSF encoding, the resulting Hamming weight 𝑊 of
C follows the distribution 𝑊 ∼ SSF(64, 80), with P𝑊 shown
in Fig. 1.

III. PREVIOUS WORKS

We introduce common detectors for the AWGN channel with
an unknown, constant offset, focusing on the Pearson distance
detector [25] and the MP detector [15].

A. Pearson Distance Detector

For two sequences x and y, the Pearson distance is defined as

𝛿P (x, y) = 1 − 𝜌x,y, (4)

where 𝜌x,y =

(∑𝐾
𝑖=1 (𝑥𝑖 − x̄) (𝑦𝑖 − ȳ)

)
/
(
𝜎x𝜎y

)
is the Pearson

correlation coefficient. Here, x̄ = 1
𝐾

∑𝐾
𝑖=1 𝑥𝑖 , 𝜎

2
x =

∑𝐾
𝑖=1 (𝑥𝑖 −

x̄)2, with analogous definitions for y.
The estimate of the stored sequence is obtained as

ĉP (Y) = arg min
c∈C

𝛿P (Y, 𝑚(c)). (5)

The codebook must exclude the all-0 and all-1 sequences.
Indeed, suppose y in 𝛿P (x, y) is either the modulated all-0
or all-1 word. Then, 𝜌x,y is not defined, as 𝜎y = 0 in both
cases.

B. Modified Pearson Distance Detector

The MP distance [8, Eq.(17)] improves robustness against
AWGN:

𝛿MP (x, y) =
𝐾∑︁
𝑖=1

(𝑥𝑖 − 𝑦𝑖 + ȳ)2. (6)

Given a stored codeword C and its noisy observation Y, the
MP detector estimates C as

ĉMP (Y) = arg min
c∈C

𝛿MP (Y, 𝑚(c)). (7)

To guarantee unambiguous detection, it suffices for the code-
book to exclude either the all-0 or all-1 sequence. Suppose
again that y in 𝛿MP (x, y) corresponds to either the modulated
all-0 or all-1 word. In both cases, we have 𝛿MP (x, y) =

∑𝐾
𝑖=1 𝑥

2
𝑖

and, therefore, the two cases cannot be distinguished, nor
can a reliable estimate ĉMP (Y) be provided. To avoid this
ambiguity, we exclude the all-1 sequence and define the
codebook C = F𝐾2 \ {1}. We assume equiprobable codewords,
PC (c) = 1/(2𝐾−1), ∀c ∈ C. It has been shown in [26] that (7)
corresponds to the ML detection criterion for the considered
scenario (𝑎 = 1, 𝑏 ∈ R).

C. Implementation of the Modified Pearson Distance Detector

An efficient implementation of MP detection, based on
a cascade of Hamming weight estimation and Slepian de-
tection [27], is presented in [15]. The Hamming weight is
estimated as

𝑊̂MP (Y) = arg min
𝑘∈[0,𝐾−1]

𝛿𝑘 (Y), (8)

with 𝛿0 (Y) = 0 and, for 𝑘 = 1, . . . , 𝐾 − 1,

𝛿𝑘 (Y) =
𝑘∑︁
𝑖=1

(
𝑌𝑖:𝐾 − Ȳ + 𝐾 + 1 − 2𝑖

𝐾

)
(9)

= 𝛿𝑘−1 (Y) + 𝑌𝑘:𝐾 − Ȳ + 𝐾 + 1 − 2𝑘
𝐾

. (10)

Denoting the difference between consecutive terms as

𝐷𝑘 (Y) = 𝛿𝑘 (Y) − 𝛿𝑘−1 (Y) = 𝑌𝑘:𝐾 − Ȳ + 𝐾 + 1 − 2𝑘
𝐾

, (11)

the Slepian sorting algorithm assigns the estimated codewords
as

𝐶̂MP,𝑖 =

{
1, 𝑖 ∈

{
𝑗 : 𝑌 𝑗 ≤ 𝑌𝑊̂MP:𝐾

}
,

0, 𝑖 ∈
{
𝑗 : 𝑌 𝑗 > 𝑌𝑊̂MP:𝐾

}
.

(12)

Thus, the first 𝑊̂MP memory reads are detected as 1s, and the
remaining reads as 0s.

Thanks to the ordered reads provided by ramp sensing, the
recursive computation in (10) can be implemented particularly
efficiently.

IV. PERFORMANCE ANALYSIS OF THE MODIFIED
PEARSON DETECTOR

We now evaluate the error-rate performance of the MP detector
for the AWGN channel with an unbounded offset.

A. Word Error Rate

Let 𝐸MP and P𝜖 ,MP denote the number of symbol errors and
the word error rate (WER), respectively, under MP detection.

Theorem 1. The WER of MP detection over an AWGN channel
with random and unbounded offset is lower-bounded by

P𝜖 ,MP ≥ P
𝜖 ,MP =

1 −
(
1 −𝑄

(
1
𝜎

))𝐾
− 2−𝐾

1 − 2−𝐾 . (13)

Proof. The MP detector cannot output the all-1 codeword
since the codebook is C = F𝐾2 \ {1}.



JOURNAL OF TRANSACTIONS ON COMMUNICATIONS, VOL. XX, NO. YY, ZZ 2025 4

Consider input codewords drawn uniformly from C′ = F𝐾2 ,
i.e., with PC′ (c) = 2−𝐾 for all c ∈ C′. Then:

P𝜖 ,MP

= P(ĉMP (Y) ≠ C) (14)
= P(ĉMP (Y′) ≠ C′ |C′ ≠ 1) (15)

=
P(ĉMP (Y′) ≠ C′, C′ ≠ 1)

1 − PC′ (1) (16)

=
P(ĉMP (Y′) ≠ C′) − P(ĉMP (Y′) ≠ 1|C′ = 1)PC′ (1)

1 − PC′ (1) (17)

=
P(ĉMP (Y′) ≠ C′) − PC′ (1)

1 − PC′ (1) (18)

≥ P(ĉML (Y′) ≠ C′) − PC′ (1)
1 − PC′ (1) (19)

≥ P(ĉML (Y′ − 𝑏1) ≠ C′) − PC′ (1)
1 − PC′ (1) (20)

=

1 −
(
1 −𝑄

(
1
𝜎

))𝐾
− 2−𝐾

1 − 2−𝐾 , (21)

where Y′ = 𝑚(C′) + 𝑏 +Z. Step (18) follows because the MP
detector never chooses the codeword 1, hence P(ĉMP (Y′) ≠

1|C′ = 1) = 1. Step (19) arises from the definition of
an ML detector; step (20) corresponds to providing 𝑏 as
side information; and (21) holds because ĉML reduces to the
Euclidean detector for an AWGN channel without offset, with
noise variance 𝜎2. □

An upper bound1 on P𝜖 ,MP, for 𝜎 ≪ 1, is derived in [8]:

P𝜖 ,MP < P𝜖 ,MP = 𝐾 · 𝑄
(

1
𝜎

√︂
1 − 1

𝐾

)
. (22)

Let the WER of a Euclidean detector over an AWGN
channel without offset be

P𝜖 ,AWGN(𝜎2 ) = 1 − (1 −𝑄(1/𝜎))𝐾 . (23)

Theorem 2. The bounds on P𝜖 ,MP also bound P𝜖 ,AWGN(𝜎2 ) :

P
𝜖 ,MP ≤ P𝜖 ,AWGN(𝜎2 ) ≤ P𝜖 ,MP. (24)

Proof. The difference between P𝜖 ,AWGN(𝜎2 ) and P
𝜖 ,MP in (13)

is

P𝜖 ,AWGN(𝜎2 ) − P
𝜖 ,MP =

(
1 −𝑄

(
1
𝜎

))𝐾
·
(

2−𝐾

1 − 2−𝐾

)
. (25)

Both terms on the right-hand side lie in [0, 1], hence the lower
bound holds. As for the upper bound, we have

P𝜖 ,AWGN(𝜎2 ) ≤ 1 −
(
1 − 𝐾 · 𝑄

(
1
𝜎

))
≤ P𝜖 ,MP, (26)

where the first upper bound holds by Bernoulli’s inequality
and the second bound by monotonicity of the 𝑄-function, with√︁

1 − 1/𝐾 ≤ 1 for 𝐾 ≥ 1. □

In Fig. 2, we compare P𝜖 ,AWGN(𝜎2 ) and the WER bounds
of the MP detector to numerical evaluations of P𝜖 ,MP, for
uncoded data with 𝐾 = 16, 64, 128, 𝑏 = 0.3, and a Binomial

1In [8, Eq. (28)], the correct scaling term for the 𝑄-function argument is
1/𝜎 instead of 1/(2𝜎) .
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P𝜖 ,MP, sim.
P
𝜖 ,AWGN(𝜎2 ) , in (23).

P𝜖 ,MP, in (13)

Figure 2. WER curves of bounds and Monte Carlo evaluation under MP
detection with offset 𝑏 = 0.3 and of the AWGN channel, without offset,
under Euclidean detection vs SNR, for uncoded data, 𝐾 = 16, 64, 128, and
Binomial Hamming weight distribution 𝑊 ∼ B(𝐾, 1/2) .

Hamming weight profile B(𝐾, 1/2)2. For all 𝐾 , the lower
bound P

𝜖 ,MP is tighter at low SNR, while for small 𝐾 , the
upper bound is tighter at high SNR. As 𝐾 increases, the lower
bound closely matches numerical evaluations of P𝜖 ,MP across
all SNR values.

Thanks to Theorem 2, we have that

|P𝜖 ,MP − P𝜖 ,AWGN(𝜎2 ) | ≤ P𝜖 ,MP − P
𝜖 ,MP = 𝐺 (𝐾, 𝜎). (27)

We study this gap in the asymptotic regime where 𝐾 → ∞
under the constraint:

𝐾 · 𝑄(1/𝜎) = 𝑐, 𝑐 ∈ (0, 1/2). (28)

In other words, we fix a constant 𝑐 that deterministically ties
𝐾 and 𝜎 by (28). This models systems operating at a fixed,
low error probability as 𝐾 increases.

Theorem 3. In the asymptotic regime (28), for sufficiently
large 𝐾 , the gap 𝐺 (𝐾, 𝜎) in (27) is upper-bounded by:

𝐺 (𝐾, 𝜎) < 𝑈 (𝐾, 𝜎) − 𝐿 (𝐾, 𝑐) (29)

where 𝐿 (𝐾, 𝑐) = 1−(1−𝑐/𝐾 )𝐾−2−𝐾
1−2−𝐾 , and

𝑈 (𝐾, 𝜎) = 𝑐√︁
1 − 1/𝐾

· 1
1 − 1

2 ln𝐾−2 ln(2 ln𝐾 )
·
(
𝐾

2𝑐

)1/𝐾
. (30)

Moreover,

lim
𝐾→∞

[𝑈 (𝐾, 𝜎) − 𝐿 (𝐾, 𝑐)] = 𝑐 − (1 − 𝑒−𝑐), (31)

which vanishes as 𝑐 → 0.

Proof: See Appendix A.
Figure 2 confirms numerically that, for large 𝐾 , e.g.,

𝐾 = 128, P𝜖 ,MP ≈ P𝜖 ,AWGN(𝜎2 ) at any SNR. Therefore, as
𝐾 increases, the MP detector’s error rate tends to that of a
Euclidean detector for an AWGN channel without offset.

2We slightly abuse notation, since the all-1 word does not belong to C.
To obtain the correct distribution, the probability mass at Hamming weight
𝐾 can be set to zero, and the probabilities of the remaining weights adjusted
accordingly.
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Figure 3. Error probability curves under MP detection vs SNR, for 𝐾 = 132,
𝑏 = 0.3, 𝑊 ∼ SSF(64, 80) , and for 𝑘 = 2, . . . , 6.

B. Bit Error Rate

We now evaluate the bit error rate (BER) of the MP detector
for uncoded input sequences. As 𝐾 and SNR increase, we
expect it to behave similarly to a Euclidean detector for an
AWGN channel without offset.

Proposition 1. The BER of the MP detector, P𝐵,MP, can be
approximated as

P𝐵,MP ≈ P̃𝐵,MP = 𝑄

(
1
𝜎

)
. (32)

Proof. Let 𝐸MP be the number of errors produced by the MP
detector. From Theorem 3, for sufficiently large 𝐾:

P(𝐸MP = 𝑘) ≈ P̃(𝐸MP = 𝑘) (33)

= E
[
P̃(𝐸MP = 𝑘 | 𝑊)

]
(34)

=

(
𝐾

𝑘

)
𝑄(1/𝜎)𝑘 (1 −𝑄(1/𝜎))𝐾−𝑘 . (35)

Therefore, the BER can be approximated by

P𝐵,MP ≈ P̃𝐵,MP =

∑𝐾
𝑘=1 𝑘 · P̃(𝐸MP = 𝑘)

𝐾
(36)

=

E
[
B

(
𝐾,𝑄

(
1
𝜎

))]
𝐾

= 𝑄

(
1
𝜎

)
, (37)

which proves (32). □

Remark 1. Consider any (𝑤min, 𝑤max)-balanced input code C
with 𝑤min ≠ 𝑤max. Then, at high SNR and for sufficiently large
𝐾 , the error-rates of the MP detector are again approximately
equal to those of the Euclidean detector for an AWGN
channel without offset and with input codebook restricted to C.
Moreover, if the Hamming weight distribution of C ∈ C is not
highly concentrated at 𝑤min and/or 𝑤max, (32) in Proposition 1
remains a reliable BER approximation.

To clarify Remark 1, notice that a (𝑤min, 𝑤max)-balanced
code C, with 𝑤min ≠ 𝑤max necessarily has minimum Hamming
distance 1. Let 𝑁1 denote the average number of neighbors
at minimum distance. Any codeword C ∈ C with Hamming
weight 𝑤min < 𝑤 < 𝑤max has 𝐾 nearest neighbors at distance
one. In contrast, since codewords of weights 𝑤min − 1 or
𝑤max + 1 do not belong to C, codewords of weight 𝑤min

20 40 60 80 100 120
−1

−0.5

0

0.5

1

𝑘

𝐷
𝑘
(Y

)

Figure 4. Examples of 𝐷𝑘 (Y)’s, for 25 realizations of Y at SNR 1/𝜎2 =

13 dB, with 𝑏 = 0.3 and 𝑊 ∼ SSF(64, 80) .

or 𝑤max have fewer than 𝐾 nearest neighbors. Furthermore,
following [8], an upper bound on the WER for 𝜎 ≪ 1
is given by P𝜖 ,MP ≤ 𝑁1 · 𝑄( 1

𝜎

√︁
1 − 1/𝐾). At high SNR,

errors due to decisions toward minimum-distance neighbors
dominate. Consequently, as 𝜎 → 0, we obtain P𝜖 ,MP ≈ 𝑁1 ·
𝑄( 1

𝜎

√︁
1 − 1/𝐾). For sufficiently large 𝐾 , the WER under MP

detection asymptotically tends to that of a Euclidean detector
over an AWGN channel without offset and with input code-
book restricted to C, i.e., 𝑁1 ·𝑄( 1

𝜎

√︁
1 − 1/𝐾) ≈ 𝑁1 ·𝑄(1/𝜎).

Since single-bit errors dominate, the BER can be approximated
as P𝐵,MP ≈ P𝜖 ,MP/𝐾 ≈ 𝑁1/𝐾 · 𝑄(1/𝜎). Finally, given that
the Hamming weight distribution of C ∈ C is not highly
concentrated at 𝑤min and/or 𝑤max, we have 𝑁1 ≈ 𝐾 and (32)
again provides a reliable approximation of the BER under MP
detection.

Remark 1 applies to the SSF code, since its average number
of minimum distance neighbors yields 𝑁1/𝐾 ≈ 0.94. Figure 3,
shows the BER and error probability curves for 𝐾 = 132 and
𝑏 = 0.3, using the balanced code Hamming weight distribution
𝑊 ∼ SSF(64, 80). The black line is the analytical BER
approximation, while the red + markers show Monte Carlo
simulation results. The black dashed lines and blue dotted
lines with circular markers show, respectively, the analytical
approximation P̃(𝐸MP = 𝑘) and the numerical evaluation
P(𝐸MP = 𝑘) for 𝑘 = 2, . . . , 6. The close agreement between
analytical and simulated results confirms the reliability of both
Remark 1 and Proposition 1.

We consider the MP detector as a baseline for evaluating
the performance of the proposed detectors.

V. SIMPLIFIED PEARSON DETECTOR

The MP detector requires the computation of the sample
average Ȳ over all reads and the evaluation of 𝐾 metrics
via (10). Although these metrics can be computed recursively,
their evaluation still incurs non-negligible complexity. At high
SNR, the function 𝑘 ↦→ 𝛿𝑘 (Y) becomes sharp, meaning that
the difference 𝐷𝑘 (Y) in (11) exhibits a sudden sign change
around the true weight. Figure 4 shows examples of 𝐷𝑘 (Y)
for 25 realizations of Y at SNR 1/𝜎2 = 13 dB, with 𝐾 = 132,
𝑏 = 0.3, and 𝑊 ∼ SSF(64, 80).

Definition 2 (Simplified Pearson Detector). Consider a
(𝑤min, 𝑤max)-balanced code with weight distribution and width
Δ𝑊 ≤ 𝐾−1

2 . The SP detector estimates the Hamming weight as
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the smallest 𝑘 ∈ {𝑤min + 1, . . . , 𝑤max + 1} such that 𝐷𝑘 (Y) >
0, i.e.,

𝑊̂SP (Y) = min {𝑘 : 𝐷𝑘 (Y) > 0} − 1. (38)

= min
{
𝑘 :

(
𝑌𝑘:𝐾 − Ȳ + 𝐾 + 1 − 2𝑘

𝐾

)
> 0

}
− 1, (39)

where (39) follows from (11). If 𝐷𝑘 (Y) ≤ 0 for all 𝑘’s, the
detector outputs 𝑊̂SP (Y) = 𝑤max. The codeword ĈSP is then
recovered using Slepian’s sorting algorithm:

𝐶̂SP,𝑖 =

{
1, 𝑖 ∈

{
𝑗 : 𝑌 𝑗 ≤ 𝑌𝑊̂SP:𝐾

}
,

0, 𝑖 ∈
{
𝑗 : 𝑌 𝑗 > 𝑌𝑊̂SP:𝐾

}
.

(40)

Remark 2. Balanced codes with weight distribution P𝑊 ∈
S(𝑤min, 𝑤max) and Δ𝑊 ≤ 𝐾−1

2 are not only useful for reducing
complexity but also necessary for good high-SNR behavior.
As 𝜎 → 0, the metrics 𝐷𝑘 (y) depend deterministically on the
true Hamming weight 𝑤 of y:

lim
𝜎→0

𝐷𝑘 (y) =
{
−1 + 1+2(𝑤−𝑘 )

𝐾
, 𝑘 ≤ 𝑤,

+1 + 1+2(𝑤−𝑘 )
𝐾

, 𝑘 > 𝑤.
(41)

If the range of 𝑘 is not restricted, 𝐷𝑘 (y) may still be positive
for 𝑘 ≠ 𝑤, even as 𝜎 → 0. For example, if 𝑤 = 𝐾/2 + 1, then
lim𝜎→0 𝐷𝑘 (y) = ∓1 + 1 + (2 − 2𝑘)/𝐾 , which is positive for
𝑘 = 1, 𝑤 + 1, . . . , 𝐾 . To ensure reliable detection, we require
lim𝜎→0 𝐷𝑘 (y) ≤ 0 for 𝑘 ≤ 𝑤. Since (41) is proportional to
𝑤 − 𝑘 , the worst-case offset is Δ𝑊 = 𝑤max − 𝑤min + 1, leading
to

lim
𝜎→0

𝐷𝑘 (y) ≤ −1 + 1 + 2Δ𝑊
𝐾

, 𝑘 ≤ 𝑤. (42)

Thus, good high-SNR detection behavior requires

Δ𝑊 ≤ 𝐾 − 1
2

. (43)

The complexity of computing 𝛿𝑘 (Y) and 𝐷𝑘 (Y) is similar.
The benefit of SP detection emerges when combined with
ramp sensing and balanced codes. After computing Ȳ, the MP
detector must still evaluate all 𝐾 metrics to estimate 𝑊̂MP (Y).
In contrast, the SP detector requires at most Δ𝑊 metrics to
obtain 𝑊̂SP (Y). One could reduce MP complexity by setting
𝛿𝑤min−1 = 0 and restricting the evaluation to 𝛿𝑤min , . . . , 𝛿𝑤max .
However, thanks to ordered reads, the SP detector can stop
as soon as 𝐷𝑘 (Y) > 0, typically after only 𝑊 − 𝑤min ≤ Δ𝑊
evaluations. This early stopping gives SP detection a practical
edge.

A. Error-Rate Analysis of the Hamming Weight Estimation

We now analyze the performance of the SP detector by char-
acterizing the distribution of the Hamming weight estimate.
We begin with two auxiliary lemmas.

Lemma 1. Consider two classes of independent memory reads
U(1) and U(2) , such that

𝑈
(𝑖)
𝑘

∼ N
(
𝜇𝑖 , 𝜎

2
)
, 𝑘 = 1, . . . , 𝑛𝑖 , (44)

for 𝑖 = 1, 2. Let U denote the order-statistic vector obtained
by merging the samples U(1) and U(2) and sorting them in
ascending order. Then, the cdf of the 𝑗 th order statistic 𝑈 𝑗 is

𝐹𝑈 𝑗 (𝑢) =
𝑛1+𝑛2∑︁
𝑘= 𝑗

{
B

(
𝑛1,Φ

(1) (𝑢)
)
∗ B

(
𝑛2,Φ

(2) (𝑢)
)}

(𝑘), (45)

where Φ(𝑖) is the cdf of N
(
𝜇𝑖 , 𝜎

2) .
Proof. Let 𝑉𝑖 be the number of samples in class 𝑖 that fall
below a threshold 𝑢. Then 𝑉𝑖 ∼ B

(
𝑛𝑖 ,Φ

(𝑖) ) , with

Φ(𝑖) (𝑢) = P(𝑈 (𝑖)
𝑘

≤ 𝑢) = Φ

(𝑢 − 𝜇𝑖
𝜎

)
, 𝑖 = 1, 2. (46)

Since 𝑉1 and 𝑉2 are independent, we have

P(𝑈 𝑗 ≤ 𝑢) =
𝑛1+𝑛2∑︁
𝑘= 𝑗

P(𝑈𝑘 ≤ 𝑢,𝑈𝑘+1 > 𝑢) (47)

=

𝑛1+𝑛2∑︁
𝑘= 𝑗

P(𝑉1 +𝑉2 = 𝑘) (48)

=

𝑛1+𝑛2∑︁
𝑘= 𝑗

{
B

(
𝑛1,Φ

(1) (𝑢)
)
∗ B

(
𝑛2,Φ

(2) (𝑢)
)}

(𝑘). (49)

□

Lemma 2. Let a codeword C of Hamming weight 𝑤 be
stored and let Y denote its noisy read. The distribution of the
Hamming weight estimate 𝑊̂SP (Y) provided by the SP detector
is given by

P(𝑊̂SP = 𝑘) =
𝐾−1∑︁
𝑤=0

P(𝑊 = 𝑤)P(𝑊̂SP = 𝑘 |𝑊 = 𝑤), (50)

where P(𝑊̂SP = 𝑘 |𝑊 = 𝑤) = 𝐹𝑊̂SP;𝑤 (𝑘 + 1) − 𝐹𝑊̂SP;𝑤 (𝑘) and

𝐹𝑊̂SP;𝑤 (𝑘) ≜ P(𝑊̂SP < 𝑘) (51)

≈ 1 − E
[
𝐹𝑈𝑘

(
𝑏 + Z̄ − 1 − 2(𝑘 − 𝑤)

𝐾

)]
, (52)

with 𝐹𝑈𝑘 defined in Lemma 1 for the order statistic vector U
of the mixed populations

Y(−1) = (𝑌𝑖)𝑖∈{ 𝑗∈{1,...,𝐾 }: 𝑋 𝑗=−1} , (53a)

Y(+1) = (𝑌𝑖)𝑖∈{ 𝑗∈{1,...,𝐾 }: 𝑋 𝑗=+1} . (53b)

Proof. The codeword average is X̄ = (𝐾 − 2𝑤)/𝐾 , so that

Ȳ =
𝐾 − 2𝑤
𝐾

+ 𝑏 + Z̄, (54)

with Z̄ = 1
𝐾

∑𝐾
𝑘=1 𝑍𝑘 and 𝑍𝑘 ∼ N

(
0, 𝜎2) , ∀𝑘 . Hence Z̄ ∼

N
(
0, 𝜎2/𝐾

)
. Using (39), the SP estimate can be equivalently

expressed as

𝑊̂SP (Y) = min
{
𝑘 : 𝑌𝑘:𝐾 − 𝑏 − Z̄ + 1 + 2(𝑤 − 𝑘)

𝐾
> 0

}
− 1.

(55)

Define the estimation error 𝜖𝑤 = 𝑊̂SP (Y)−𝑤. Then 𝜖𝑤 = 𝑘̂−1−
𝑤 with 𝑘̂ satisfying the condition in (55). Its complementary
cdf is approximately

P(𝜖𝑤 > 𝜖) ≈ P
(
𝑌(𝑤+𝜖 +1):𝐾 − 𝑏 − Z̄ ≤ 1 + 2𝜖

𝐾

)
, (56)
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with 𝜖 ∈ Z ∩ [−𝐾, 𝐾], under the assumption that if the
condition in (55) is not satisfied for 𝑘̃ , then it is not satisfied
for any 𝑘 < 𝑘̃ (monotonic crossing assumption).

Assuming independence between 𝑌(𝑤+𝜖 +1):𝐾 and Z̄, and
applying Lemma 1, we obtain

P(𝜖𝑤 > 𝜖) ≈ P
(
𝑌(𝑤+𝜖 +1):𝐾 ≤ 𝑏 + Z̄ + 1 + 2𝜖

𝐾

)
(57)

= E
[
𝐹𝑈𝑤+𝜖 +1

(
𝑏 + Z̄ + 1 + 2𝜖

𝐾

)]
. (58)

Hence, the error probability mass function is

𝑃𝜖𝑤 (𝜖) = P(𝜖𝑤 > 𝜖 − 1) − P(𝜖𝑤 > 𝜖). (59)

For a general Hamming weight distribution P(𝑊 = 𝑤), the
error probability follows as

P(𝑊̂SP − 𝑤 = 𝜖) =
𝐾−1∑︁
𝑤=0

𝑃𝜖𝑤 (𝜖)P(𝑊 = 𝑤). (60)

Note that the distribution of 𝑊̂SP under the monotonic crossing
assumption can be approximated as

𝐹𝑊̂SP;𝑤 (𝑘) = P(𝑊̂SP < 𝑘) ≈ P(𝐷𝑘 ≥ 0), (61)

because 𝐷𝑘 ≥ 0 implies that 𝑊̂SP is surely set to a value less
than 𝑘 . Notice that the converse is also true: if 𝑊̂SP = 𝑡 < 𝑘 ,
then 𝐷𝑡+1 ≥ 0, and hence 𝐷𝑘 ≥ 0. Therefore, the two events
𝑊̂SP < 𝑘 and 𝐷𝑘 ≥ 0 are equivalent under the monotonic
crossing assumption. Then, by (54) we have

𝐹𝑊̂SP;𝑤 (𝑘) ≈ P(𝐷𝑘 ≥ 0) (62)

= P
(
𝑌𝑘:𝐾 − 𝑏 − Z̄ + 1 − 2(𝑘 − 𝑤)

𝐾
≥ 0

)
(63)

= 1 − P
(
𝑌𝑘:𝐾 ≤ 𝑏 + Z̄ − 1 − 2(𝑘 − 𝑤)

𝐾

)
(64)

≈ 1 − E
[
𝐹𝑈𝑘

(
𝑏 + Z̄ − 1 − 2(𝑘 − 𝑤)

𝐾

)]
, (65)

where the last step follows from (58). Finally, by noticing
that P(𝑊̂SP = 𝑘 |𝑊 = 𝑤) = 𝐹𝑊̂SP;𝑤 (𝑘 + 1) − 𝐹𝑊̂SP;𝑤 (𝑘), we
get (50). □

B. Bit Error Rate

We now evaluate the BER of the SP detector.

Proposition 2. Let 𝐸SP denote the number of bit errors at the
output of the SP detector. An approximation of the BER is

P̃𝐵,SP ≜

∑𝐾
𝑘=1 𝑘 · P̃(𝐸SP = 𝑘)

𝐾
, (66)

where

P̃(𝐸SP = 𝑘) = E
[
P̃(𝐸SP = 𝑘 | 𝑊)

]
. (67)

Consider a trial with 3 possible mutually exclusive outcomes,
where 𝑝𝑖 is the probability of the 𝑖th outcome and

∑3
𝑖=1 𝑝𝑖 = 1.

We define the Trinomial distribution as

T
(
𝑛1 𝑛2 𝑛3
𝑝1 𝑝2 𝑝3

)
=

(𝑛1 + 𝑛2 + 𝑛3)!
𝑛1!𝑛2!𝑛3!

𝑝
𝑛1
1 𝑝

𝑛2
2 𝑝

𝑛3
3 , (68)

where 𝑛𝑖 is the number of times we observe the 𝑖th outcome,
over

∑3
𝑖=1 𝑛𝑖 trials.

Then, we can define P̃(𝐸SP = 𝑘 | 𝑊 = 𝑤) as

P̃(𝐸SP = 𝑘 | 𝑊 = 𝑤)

=

𝑘∑︁
𝑖=0

T
(
𝑤 − 𝑖 0 𝑖

𝑝𝐴1 1 − 𝑝𝐴1 − 𝑝𝐴2 𝑝𝐴2

)
· T

(
𝑘 − 𝑖 0 𝐾 − 𝑤 − (𝑘 − 𝑖)
𝑝𝐵1 1 − 𝑝𝐵1 − 𝑝𝐵2 𝑝𝐵2

)
,

(69)

with

𝑝𝐴1 = Φ

(
𝐾−1+2(𝑘−2𝑖)

𝐾𝜎𝑛

)
, 𝑝𝐴2 = 1 −Φ

(
𝐾+1+2(𝑘−2𝑖)

𝐾𝜎𝑛

)
, (70)

𝑝𝐵1 = Φ

(
−𝐾−1+2(𝑘−2𝑖)

𝐾𝜎𝑛

)
, 𝑝𝐵2 = 1 −Φ

(
−𝐾+1+2(𝑘−2𝑖)

𝐾𝜎𝑛

)
, (71)

and 𝜎𝑛 = 𝜎
√︃
𝐾−1
𝐾

.

Proof. The event {𝑊̂SP = 𝑘} implies {𝐷𝑘 < 0 < 𝐷𝑘+1}.
Assuming a single zero crossing of the sequence {𝐷𝑘}, we
have P(𝑊̂SP = 𝑘) = P(𝐷𝑘 < 0 < 𝐷𝑘+1). The event
{𝐷𝑘 < 0 < 𝐷𝑘+1} can be expressed as

𝑌𝑘:𝐾 < 𝑏 + Z̄ + 2(𝑘 −𝑊) − 1
𝐾

< 𝑌(𝑘+1):𝐾 − 2
𝐾
. (72)

This inequality defines an upper threshold for 𝑌𝑘:𝐾 and a lower
threshold for 𝑌(𝑘+1):𝐾 :

𝑌𝑘:𝐾 < 𝑡−1 ≜ 𝑏 + Z̄ + 2(𝑘 −𝑊) − 1
𝐾

, (73)

𝑌(𝑘+1):𝐾 > 𝑡+1 ≜ 𝑏 + Z̄ + 2(𝑘 −𝑊) + 1
𝐾

. (74)

Consider the classes (−1) and (+1) defined in (53) and
introduce the intervals 𝑇−1 = (−∞, 𝑡−1), 𝑇0 = [𝑡−1, 𝑡+1], and
𝑇+1 = (𝑡+1,∞). For each class, the probability of observing 𝑛1
elements in 𝑇−1, 𝑛2 elements in 𝑇0, and 𝑛3 elements in 𝑇+1
follows the Trinomial distribution in (68), where 𝑝1, 𝑝2, and
𝑝3 are the probabilities that any given 𝑌𝑖 falls into 𝑇−1, 𝑇0, or
𝑇+1, respectively. The two trinomials, corresponding to classes
(−1) and (+1), are independent. We focus on the case 𝑛2 = 0
for both classes, i.e., no samples fall in 𝑇0. Bit errors occur
when elements of class (−1) fall in 𝑇+1 and elements of class
(+1) in 𝑇−1. Observing 𝑘 errors corresponds to 𝑖 elements of
class (−1) in 𝑇+1 and 𝑘 − 𝑖 elements of class (+1) in 𝑇−1, for
𝑖 = 0, . . . , 𝑘 . Summing over all such cases yields (69). □

Remark 3. When lim𝐾→∞ 𝑘/𝐾 = 0, the trinomial distributions
reduce to binomials. In this regime,

lim
𝐾→∞

P̃(𝐸SP = 𝑘 | 𝑊 = 𝑤)

= {B(𝑤, 1 −Φ(1/𝜎)) ∗ B(𝐾 − 𝑤,Φ(−1/𝜎))}(𝑘) (75)
= {B(𝑤, 1 −Φ(1/𝜎)) ∗ B(𝐾 − 𝑤, 1 −Φ(1/𝜎))}(𝑘) (76)
= B(𝐾, 1 −Φ(1/𝜎)) (𝑘) (77)
= P(𝐸AWGN(𝜎2 ) = 𝑘), (78)

where 𝐸AWGN(𝜎2 ) denotes the number of symbol errors under
Euclidean detection on an AWGN channel without offset and
with noise variance 𝜎2, i.e., 𝐸AWGN(𝜎2 ) ∼ B

(
𝐾,𝑄

(
1
𝜎

))
.

Equivalently, as 𝑇0 disappears, the error distributions of both
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Figure 5. Error probability curves under SP detection vs SNR, for 𝐾 = 132,
𝑏 = 0.3, 𝑊 ∼ SSF(64, 80) , and 𝑘 = 2, . . . , 6.

classes reduce to identical binomials, and the total number of
errors follows a single binomial law. Therefore, as 𝐾 grows,
the error-rate performance of the SP detector converges to that
of the MP detector.

Numerical Results: Figure 5 shows the BER performance
of the SP detector. The black solid line with crosses denotes
the approximated BER of the MP detector. Red markers and
the red dashed line correspond to the simulated and analytical
approximated BER curves of the SP detector, respectively.
Black dashed, black dotted, and blue dotted curves with cir-
cular markers depict, respectively, the probabilities of 𝑘 errors
obtained from the MP approximation, the SP approximation,
and SP simulation, for 𝑘 = 2, . . . , 6. As already shown in
Fig. 3, the analytical approximations P𝐵,MP and P(𝐸MP = 𝑘)
match the MP simulations closely; to avoid clutter, Fig. 5
reports only P̃𝐵,MP and P̃(𝐸MP = 𝑘).

The results confirm that the SP detector achieves perfor-
mance nearly indistinguishable from that of the MP detector,
while the analytical approximations for the SP error probabil-
ities are in excellent agreement with Monte Carlo simulations.
Thus, the SP detector provides a lower-complexity alternative
with negligible performance loss.

C. Ultra-Simplified Pearson Detector

We now introduce a further simplification of the SP detector,
designed to be resistant to destructive reads. Consider again
the metric difference 𝐷𝑘 (Y) in (11). Notice that the 𝐷𝑘 (Y)’s
depend on the arithmetic mean Ȳ; therefore, the SP detector
requires a first memory read to compute Ȳ, followed by a
second read to evaluate the 𝐷𝑘 (Y)’s. As a result, the SP
detector is not suitable for memory technologies affected by
destructive reads.

Define the metric jump difference as

𝐽𝑘 (Y) ≜ 𝐷𝑘 (Y) − 𝐷𝑘−1 (Y) (79)
= (𝛿𝑘 (Y) − 𝛿𝑘−1 (Y)) − (𝛿𝑘−1 (Y) − 𝛿𝑘−2 (Y)) (80)

= 𝑌𝑘:𝐾 − 𝑌𝑘−1:𝐾 − 2
𝐾
, 𝑘 = 2, . . . , 𝐾. (81)

The key observation is that the 𝐽𝑘 (Y)’s are independent of
Ȳ. If the estimation of the Hamming weight relies only on
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P̃𝐵,MP, in (32)

P(𝐸USP = 𝑘 ) , sim.

P̃(𝐸MP = 𝑘 ) , in (35)

Figure 6. Error probability curves under USP detection vs SNR, for 𝐾 = 132,
𝑏 = 0.3, 𝑊 ∼ SSF(64, 80) , and for 𝑘 = 2, . . . , 6.

the 𝐽𝑘 (Y)’s, we do not need to compute Ȳ and can therefore
further simplify detection.

Definition 3 (Ultra-Simplified Pearson Detector). Let us
consider any (𝑤min, 𝑤max)-balanced code. The USP detector
estimates the Hamming weight as

𝑊̂USP (Y) = arg max
𝑘∈supp(𝑊 )

𝐽𝑘+1 (Y) (82)

= arg max
𝑘∈supp(𝑊 )

𝑌(𝑘+1):𝐾 − 𝑌𝑘:𝐾 . (83)

The estimated binary codeword ĈUSP is then obtained through
Slepian’s sorting algorithm:

𝐶̂USP,𝑖 =

{
1, 𝑖 ∈

{
𝑗 : 𝑌 𝑗 ≤ 𝑌𝑊̂USP:𝐾

}
,

0, 𝑖 ∈
{
𝑗 : 𝑌 𝑗 > 𝑌𝑊̂USP:𝐾

}
.

(84)

Remark 4. USP detection can, in principle, be applied to
any Hamming weight distribution, even when supp(𝑊) =

{0, . . . , 𝐾 − 1}. In practice, at intermediate SNR values, the
hypotheses corresponding to the extremes of the weight
distribution must be excluded, since in those positions the
measurement 𝐽𝑘+1 (Y) is particularly noisy.

Compared to the evaluation of the MP and SP metrics, i.e.,
𝛿𝑘 (Y) and 𝐷𝑘 (Y)’s, the computational complexity is further
reduced: by (83), each 𝐽𝑘 (Y) requires only the difference
of two consecutive ordered samples. For USP detection, a
theoretical error-rate analysis is significantly more involved
than for the MP and SP detectors. Therefore, we provide only
numerical results.

While USP detection has the advantage of being indepen-
dent of Ȳ and thus suitable for destructive reads, its error-rate
performance is not optimal. Figure 6 compares the error-rate
of the MP and USP detectors. Specifically, we evaluate via
Monte Carlo simulation the BER of the USP detector, P𝐵,USP,
and the probability of 𝑘 errors, P(𝐸USP = 𝑘). The BER curves
are shown for 𝐾 = 132, 𝑏 = 0.3, and 𝑊 ∼ SSF(64, 80). The
results show that, although the USP detector does not achieve
optimal performance, its error probability is still independent
of the channel offset 𝑏.

VI. ADJUSTED-THRESHOLD DETECTOR

We now introduce another detection method, namely the AT
detector. Similarly to the SRR detector proposed in [21],
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the AT detector aims to produce and adjust an estimate of
the offset 𝑏 while reading the memory. As with the USP
detector, the main advantage is its low complexity: it does not
require the evaluation of Ȳ nor a second read. Therefore, it is
suitable for memory technologies affected by destructive reads.
In addition, the AT detector provides improved error-rate
performance compared to both the SRR and USP detectors.

The AT detector estimates an optimal threshold to separate
0s from 1s, i.e., it estimates the offset 𝑏.

Definition 4 (Adjusted-Threshold Detector). Let us consider
any (𝑤min, 𝑤max)-balanced code. For any C, we know that
𝑋𝑖:𝐾 = −1 for all 𝑖 = 1, . . . , 𝑤min. Using this, we estimate the
threshold as

𝑏̂ =
1
𝑚

ℓ+𝑚−1∑︁
𝑖=ℓ

(𝑌𝑖:𝐾 + 1) = 1 + 1
𝑚

ℓ+𝑚−1∑︁
𝑖=ℓ

𝑌𝑖:𝐾 , (85)

where 1 ≤ 𝑚 ≤ 𝑤min is the number of elements in the sum,
and ℓ is chosen such that 1 ≤ ℓ ≤ ℓ + 𝑚 − 1 ≤ 𝑤min. Once 𝑏̂
is computed, the 𝐶𝑖’s are estimated as

𝐶̂AT,𝑖 =

{
1, 𝑖 ∈

{
𝑗 : 𝑌 𝑗 < 𝑏̂ ∨ 𝑗 ≤ 𝑤min

}
,

0, 𝑖 ∈
{
𝑗 : 𝑌 𝑗 ≥ 𝑏̂ ∧ 𝑗 > 𝑤min

}
.

(86)

Remark 5. Thanks to the symmetry of the AWGN, for a code-
word of weight 𝑤, the (𝑤/2)th order statistic of Y is expected
to belong to the least noisy samples of the population Y(−1)

defined in (53a). Therefore, for a given 𝑚, a suitable choice
of ℓ to optimize the accuracy of 𝑏̂ is ℓ = ⌊𝑤min/2 − 𝑚/2⌋ + 1.

The AT detector can estimate ĈAT in a single read, since 𝑏̂
can be computed before 𝑌𝑤min+1:𝐾 is sensed. For sufficiently
small values of 𝑚, the AT detector has even lower complexity
than all other considered detectors. Indeed, for a given 𝑚, the
evaluation of 𝑏̂ requires only 𝑚 additions and one division.
Furthermore, in our experiments, even very small values of 𝑚
(e.g., 𝑚 = 2) yield error-rate performance comparable to that
of the MP and SP detectors.

A. Error-Rate Analysis

We now analyze the performance of the AT detector.
Given (85), if ℓ is chosen according to Remark 5, we expect
a reliable estimate of 𝑏̂ with reduced correlation to the noisier
samples, i.e., the largest and smallest elements of Y(−1) ,
defined in (53a). In this case, it is reasonable to approximate
𝑏̂ as independent of the errors. Moreover, the classification of
1s and 0s depends solely on the estimated threshold 𝑏̂. As a
result, the channel can be modeled as an AWGN channel with
additional interference caused by the estimation error 𝑏 − 𝑏̂.

Lemma 3. For a given choice of the parameter ℓ and 𝑚 of
the AT detector, the estimation error of the offset 𝑏 − 𝑏̂ is
distributed as

𝑓𝑏−𝑏̂ (𝑡) = 𝑚 · 𝑓𝑇ℓ,𝑚 (−𝑚𝑡), (87)

where

𝑓𝑇ℓ,𝑚 (𝑡) = 𝛼
∫ 𝑡/𝑚

−∞
𝑑𝑧1

∫ 𝑡−(𝑚−1)𝑧1

𝑡−𝑧1
𝑚−1

𝑑𝑧3𝜙𝜎 (𝑧1) [Φ𝜎 (𝑧1)]ℓ−1

· 𝜙𝜎 (𝑧3) (1 −Φ𝜎 (𝑧3))𝑤−ℓ−𝑚+1

·
∫ ∞

−∞
𝑒−𝑖 (𝑡−𝑧1−𝑧3 )𝑥𝛽(𝑥, 𝑧1, 𝑧3)𝑚−2𝑑𝑥, (88)

with 𝛼 = 𝑤!
2𝜋 (ℓ−1)!(𝑤−ℓ−𝑚+1)!(𝑚−2)! and

𝛽(𝑥, 𝑧1, 𝑧3) =
1
2
𝑒−

𝑥2𝜎2
2

[
erf

(
𝑧3 − 𝑖𝑥𝜎2
√

2𝜎2

)
− erf

(
𝑧1 − 𝑖𝑥𝜎2
√

2𝜎2

)]
.

(89)

Proof. We start with the simplest case where 𝑚 = 1, i.e.,

𝑏̂ = 1 + 𝑌ℓ:𝐾 ≈ 1 + 𝑌 (−1)
ℓ:𝑤 = 𝑏 + 𝑍ℓ:𝑤 (90)

where the approximation assumes that the samples Y(+1)

in (53b) do not affect 𝑌ℓ:𝐾 . The pdf of 𝑍ℓ:𝑤 is given by

𝑓𝑍ℓ:𝑤 (𝑧) = 𝑤
(
𝑤 − 1
ℓ − 1

)
𝜙𝜎 (𝑧) (Φ𝜎 (𝑧))ℓ−1 (1 −Φ𝜎 (𝑧))𝑤−ℓ

(91)

where 𝜙𝜎 (𝑧) = 1
𝜎
𝜙(𝑧/𝜎) and Φ𝜎 (𝑧) = Φ(𝑧/𝜎). The pdf of

𝑏 − 𝑏̂ is then

𝑓𝑏−𝑏̂ (𝑡) = 𝑓𝑍ℓ:𝑤 (−𝑡). (92)

For 𝑚 = 2, we have

𝑏̂ = 1 + 𝑌ℓ:𝐾 + 𝑌ℓ+1:𝐾
2

(93)

≈ 1 +
𝑌
(−1)
ℓ:𝑤 + 𝑌 (−1)

ℓ+1:𝑤
2

= 𝑏 + 𝑍ℓ:𝑤 + 𝑍ℓ+1:𝑤
2

. (94)

The pdf of 𝑀2 ≜ 𝑍ℓ:𝑤+𝑍ℓ+1:𝑤
2 is

𝑓𝑀2 (𝑡) = 2
∫ 𝑡

−∞
𝑓𝑍ℓ:𝑤 ,𝑍ℓ+1:𝑤 (𝑥, 2𝑡 − 𝑥)𝑑𝑥 (95)

= 2
∫ 𝑡

−∞

𝑤!
(ℓ − 1)!(𝑤 − ℓ − 1)! [Φ𝜎 (𝑥)]ℓ−1

· [1 −Φ𝜎 (2𝑡 − 𝑥)]𝑤−ℓ−1 · 𝜙𝜎 (𝑥)𝜙𝜎 (2𝑡 − 𝑥)𝑑𝑥.
(96)

Thus, the pdf of 𝑏 − 𝑏̂ is

𝑓𝑏−𝑏̂ (𝑡) = 𝑓𝑀2 (−𝑡) (97)

Finally, we generalize the approach to any 𝑚. Specifically,

𝑏̂ = 1 + 1
𝑚

ℓ+𝑚−1∑︁
𝑖=ℓ

𝑌𝑖:𝐾 (98)

≈ 1 + 1
𝑚

ℓ+𝑚−1∑︁
𝑖=ℓ

𝑌
(−1)
𝑖:𝑤 = 𝑏 + 1

𝑚

ℓ+𝑚−1∑︁
𝑖=ℓ

𝑍𝑖:𝑤 . (99)

Next, consider

𝑇ℓ,𝑚 =

ℓ+𝑚−1∑︁
𝑖=ℓ

𝑍𝑖:𝑤 , (100)

which is the key to evaluating

𝑓𝑏−𝑏̂ (𝑡) = 𝑚 · 𝑓𝑇ℓ,𝑚 (−𝑚𝑡). (101)
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To generalize the analysis for arbitrary 𝑚 and ℓ, we follow the
approach in [28]. Consider (100), the joint vector

Z̃ =
©­«𝑍ℓ:𝑤 ,

ℓ+𝑚−2∑︁
𝑗=ℓ+1

𝑍 𝑗:𝑤 , 𝑍ℓ+𝑚−1:𝑤
ª®¬ , (102)

and

𝑍̆ =

ℓ+𝑚−2∑︁
𝑗=ℓ+1

𝑍 𝑗:𝑤 |𝑍ℓ:𝑤 , 𝑍ℓ+𝑚−1:𝑤 . (103)

For 𝑚 > 2, we obtain

𝑓𝑇ℓ,𝑚 (𝑡) =
∫ 𝑡/𝑚

−∞

∫ 𝑡−(𝑚−1)𝑧1

𝑡−𝑧1
𝑚−1

𝑓Z̃ (𝑧1, 𝑡 − 𝑧1 − 𝑧3, 𝑧3)𝑑𝑧3𝑑𝑧1

(104)

=

∫ 𝑡/𝑚

−∞

∫ 𝑡−(𝑚−1)𝑧1

𝑡−𝑧1
𝑚−1

𝑓𝑍ℓ:𝑤 ,𝑍ℓ+𝑚−1:𝑤 (𝑧1, 𝑧3)

· 𝑓𝑍̆ (𝑡 − 𝑧1 − 𝑧3 |𝑧1, 𝑧3)𝑑𝑧3𝑑𝑧1 (105)

= E
[
𝑓𝑍̆ (𝑡 − 𝑍ℓ:𝑤 − 𝑍ℓ+𝑚−1:𝑤 |𝑍ℓ:𝑤 , 𝑍ℓ+𝑚−1:𝑤)

]
.

(106)

The conditional distribution is

𝑓𝑍ℓ+1:𝑤 · · ·𝑍ℓ+𝑚−2:𝑤 |𝑍ℓ:𝑤 ,𝑍ℓ+𝑚−1:𝑤

= (𝑚 − 2)!
ℓ+𝑚−2∏
𝑗=ℓ+1

𝜙𝜎 (𝑧 𝑗 )
Φ𝜎 (𝑍ℓ+𝑚−1:𝑤) −Φ𝜎 (𝑍ℓ:𝑤)

, (107)

for 𝑍ℓ:𝑤 < 𝑧ℓ+1 < · · · < 𝑧ℓ+𝑚−2 < 𝑍ℓ+𝑚−1:𝑤 .
In other words, the set of conditional variates is equivalent

to a set of unconditional order statistics of cardinality 𝑚 −
2, where the marginal pdfs are normalized over the interval
(𝑍ℓ:𝑤 , 𝑍ℓ+𝑚−1:𝑤). This shows that

𝑓𝑍ℓ+1:𝑤 · · ·𝑍ℓ+𝑚−2:𝑤 |𝑍ℓ:𝑤 ,𝑍ℓ+𝑚−1:𝑤 = 𝑓
𝑍1:𝑚−2 · · ·𝑍𝑚−2:𝑚−2

,

where the 𝑍 𝑗:𝑚−2’s have the pdf

𝑓
𝑍 𝑗:𝑚−2

(𝑧 𝑗 ) =
𝜙𝜎 (𝑧 𝑗 )

Φ𝜎 (𝑍ℓ+𝑚−1:𝑤) −Φ𝜎 (𝑍ℓ:𝑤)
, (108)

for 𝑧 𝑗 ∈ (𝑍ℓ:𝑤 , 𝑍ℓ+𝑚−1:𝑤). Therefore,

𝑓𝑇ℓ,𝑚 (𝑡)
= E

[
𝑓𝑍̆ (𝑡 − 𝑍ℓ:𝑤 − 𝑍ℓ+𝑚−1:𝑤 |𝑍ℓ:𝑤 , 𝑍ℓ+𝑚−1:𝑤)

]
(109)

= E
[
𝑓∑𝑚−2

𝑗=1 𝑍 𝑗:𝑚−2
(𝑡 − 𝑍ℓ:𝑤 − 𝑍ℓ+𝑚−1:𝑤)

]
(110)

= E
[
𝑓∑𝑚−2

𝑗=1 𝑍 𝑗
(𝑡 − 𝑍ℓ:𝑤 − 𝑍ℓ+𝑚−1:𝑤)

]
. (111)

Since the 𝑍 𝑗 ’s are iid, the pdf of
∑𝑚−2
𝑗=1 𝑍 𝑗 can be computed

either via the (𝑚 − 2)-fold convolution of 𝑓
𝑍1

or by using the
characteristic function:

𝑓∑𝑚−2
𝑗=1 𝑍 𝑗

(𝑡) = 1
2𝜋

∫ ∞

−∞
𝑒−𝑖𝑡 𝑥

[
𝜃
𝑍1
(𝑥)

]𝑚−2
𝑑𝑥, (112)

where

𝜃
𝑍1
(𝑥) =

∫ 𝑍ℓ+𝑚−1:𝑤

𝑍ℓ:𝑤

𝑒𝑖𝑥𝑧̃
𝜙𝜎 ( 𝑧̃)

Φ𝜎 (𝑍ℓ+𝑚−1:𝑤) −Φ𝜎 (𝑍ℓ:𝑤)
𝑑𝑧̃.

(113)

Finally, we define

𝛽(𝑥, 𝑧1, 𝑧3) =
∫ 𝑧3

𝑧1

𝑒𝑖𝑥𝑧̃𝜙𝜎 ( 𝑧̃)𝑑𝑧̃ (114)

=
1
2
𝑒−

𝑥2𝜎2
2

[
erf

(
𝑧3 − 𝑖𝑥𝜎2
√

2𝜎2

)
− erf

(
𝑧1 − 𝑖𝑥𝜎2
√

2𝜎2

)]
.

(115)

This concludes the proof of (88). □

Finally, we compute the bit error-rate statistics at the output
of the hard decision.

Proposition 3. Let 𝐸AT be the random number of bit errors
at the output of the AT detector. The BER under AT detection
can be approximated as

P̃𝐵,AT =

∑𝐾
𝑘=1 𝑘 · P̃(𝐸AT = 𝑘)

𝐾
, (116)

where

P̃(𝐸AT = 𝑘) = E
[
P̃(𝐸AT = 𝑘 | 𝑊)

]
. (117)

and

P̃(𝐸AT = 𝑘 | 𝑊 = 𝑤) =∫ ∞

−∞
𝑓𝑏−𝑏̂ (𝑡)

𝑘∑︁
𝑖=0

(
𝑤

𝑖

)
(𝑝−1)𝑖 (1 − 𝑝−1)𝑤−𝑖

·
(
𝐾 − 𝑤
𝑘 − 𝑖

)
(𝑝1)𝑘−𝑖 (1 − 𝑝1)𝐾−𝑤−𝑘+𝑖𝑑𝑡, (118)

with 𝑓𝑏−𝑏̂ (𝑡) from Lemma 3 and

𝑝−1 (𝑡) = 1 −Φ𝜎 (1 + 𝑡) , 𝑝1 (𝑡) = Φ𝜎 (−1 + 𝑡) . (119)

Proof. By (87) in Lemma 3 and assuming independence
between 𝑏̂ and the bit errors, we obtain (118) directly. The
sum in (118) accounts for the probability of observing 𝑘 bit
errors, across the two classes defined in (53), as a function
of the offset estimate error 𝑡. The outer integral then averages
this probability over the distribution of 𝑏 − 𝑏̂. Finally, (117)
is obtained by averaging (118) over the distribution of 𝑊 ,
and the BER under AT detection follows by plugging (117)
into (116). □

Notice that, the complete formulations of (116) and (117)
are not in closed form and require the evaluation of multiple
integrals. Nonetheless, at high SNR, reliable Monte Carlo
simulations become computationally prohibitive, while (116)
and (117) become viable solutions to estimate the error-rate
of the AT detector.

B. Numerical Results

We now demonstrate the agreement between the error-rate
analysis and the Monte Carlo simulations. In Fig. 7, we
compare the error-rate performance of the MP and AT de-
tectors, for 𝐾 = 132, 𝑏 = 0.3, and 𝑊 ∼ SSF(64, 80).
For the AT detector, we set ℓ = 32 and 𝑚 = 2. The
approximations derived in the analysis are accurate across
all SNR values. Despite its low complexity, the AT detector
achieves error-rate performance close to that of the optimal
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Figure 7. Error probability curves under AT detection with 𝑚 = 2 and ℓ = 32
vs SNR, for 𝐾 = 132, 𝑏 = 0.3, 𝑊 ∼ SSF(64, 80) , and for 𝑘 = 2, . . . , 6.
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Figure 8. Bit error rate curves vs SNR for all investigated detectors, 𝐾 = 132,
𝑏 = 0.3, and 𝑊 ∼ SSF(64, 80) .

Pearson Detector. Moreover, for 𝑊 ∼ SSF(64, 80) and a
suitable choice of ℓ, our numerical simulations consistently
show that, at sufficiently high SNR, the BER is independent
of 𝑚. Finally, Fig. 8 compares the BER performance of the
AT detector with all the other considered detection techniques,
including the SRR detector from [21], for 𝐾 = 132, 𝑏 = 0.3,
and 𝑊 ∼ SSF(64, 80). While the AT and SRR detectors have
similar complexity, the SRR detector relies on precomputed
parameters that depend on the target SNR, Hamming weight
distribution, and the slope used in ramp sensing. Consequently,
the SRR can only be optimized for a specific SNR. For
example, to evaluate P𝐵,SRR in Fig. 8, the target SNR was
set to 1/𝜎2 = 12 (dB). As a result, the SRR detector’s error-
rate performance quickly deviates from the target, making it
less flexible or requiring constant slope and SNR tracking to
maintain optimal performance. By contrast, the AT detector
provides reliable performance across all SNR levels and only
requires knowledge of 𝑤min.

VII. CONCLUSION

For an additive white Gaussian noise (AWGN) channel with
an unknown and unbounded offset, we derived a tight lower
bound on the word error rate under modified Pearson (MP)
detection. We also showed that the MP detector achieves error-
rate performance closely matching that of a Euclidean detector

for an AWGN channel without offset. We then proposed sev-
eral new low-complexity detection schemes. First, the simpli-
fied Pearson (SP) detector is obtained from a simplification of
the MP detection. Second, to address the limitations caused by
destructive readings, we further specialized the SP detector and
defined the ultra-simplified Pearson (USP) detector. Finally,
we introduced the adjusted-threshold (AT) detector, another
solution robust to destructive reads. We showed that both
the SP and AT detectors, despite their lower computational
complexity, retain error-rate performance close to that of the
optimal MP detector. Overall, the proposed detectors provide
practical and efficient building blocks for enabling reliable
operation in emerging memory technologies.

APPENDIX A
PROOF OF THEOREM 3

Under the constraint (28), the lower bound (21) becomes a
function of only 𝐾 and 𝑐:

𝐿 (𝐾, 𝑐) = 1 − (1 − 𝑐/𝐾)𝐾 − 2−𝐾

1 − 2−𝐾 , (120)

while the upper bound (22) can be rewritten as follows:

𝑈 (𝐾, 𝜎) = 𝑐 ·
𝑄

(
1
𝜎

√︃
1 − 1

𝐾

)
𝑄(1/𝜎) . (121)

Let 𝑥 = 1/𝜎. We use the well-known Mill’s ratio bounds:(
1
𝑧
− 1
𝑧3

)
𝑒−𝑧

2/2
√

2𝜋
< 𝑄(𝑧) < 1

𝑧

𝑒−𝑧
2/2

√
2𝜋

, 𝑧 > 0. (122)

Let 𝑧1 = 𝑥
√︁

1 − 1/𝐾 and 𝑧2 = 𝑥. Applying (122) to (121)
gives:

𝑄(𝑧1)
𝑄(𝑧2)

<

1
𝑧1
√

2𝜋
𝑒−𝑧

2
1/2(

1
𝑧2
− 1
𝑧3

2

)
𝑒
−𝑧2

2/2
√

2𝜋

=
𝑧2
𝑧1

1
1 − 1/𝑧2

2
𝑒 (𝑧

2
2−𝑧

2
1 )/2

=
1√︁

1 − 1/𝐾
· 1

1 − 1/𝑥2 · exp
(
𝑥2

2𝐾

)
. (123)

Let 𝑥𝐾 = 𝑄−1 (𝑐/𝐾). The constraint implies 𝑥 = 𝑥𝐾 . This gives
a non-elementary upper bound on 𝑈:

𝑈 (𝐾, 𝜎) < 𝑐 · 1√︁
1 − 1/𝐾

· 1
1 − 1/𝑥2

𝐾

· exp

(
𝑥2
𝐾

2𝐾

)
. (124)

Next, let us find elementary bounds for 𝑥2
𝐾

. Suppose 𝑐/𝐾 <

1/2 (so 𝑥𝐾 > 0). Then, we have 𝑐/𝐾 = 𝑄(𝑥𝐾 ) < 1
2 𝑒

−𝑥2
𝐾
/2.

Rearranging the inequality yields:

2𝑐
𝐾
< 𝑒−𝑥

2
𝐾
/2 =⇒ ln

(
2𝑐
𝐾

)
< −

𝑥2
𝐾

2
=⇒ 𝑥2

𝐾 < 2 ln
(
𝐾

2𝑐

)
.

As for the asymptotic behavior of 𝑥2
𝐾

, we can write

lim sup
𝐾→∞

𝑥2
𝐾

2 ln𝐾
≤ lim
𝐾→∞

(
1 − ln(2𝑐)

ln𝐾

)
= 1. (125)

For the lower bound, we use (122) with 𝑧 = 𝑥𝐾 :

𝑐

𝐾
= 𝑄(𝑥𝐾 ) >

(
1
𝑥𝐾

− 1
𝑥3
𝐾

)
𝑒−𝑥

2
𝐾
/2

√
2𝜋

.
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Taking logarithms, dividing by ln𝐾 , and rearranging gives:

𝑥2
𝐾

2 ln𝐾
> 1 − ln(𝑥𝐾 )

ln𝐾
+

ln(1 − 1/𝑥2
𝐾
)

ln𝐾
− ln(𝑐

√
2𝜋)

ln𝐾
.

As 𝐾 → ∞, 𝑥𝐾 → ∞. From (125), we know 𝑥2
𝐾

grows at
most as fast as 2 ln𝐾 , so ln(𝑥𝐾 ) grows at most as fast as
1
2 ln(2 ln𝐾). Therefore, lim𝐾→∞

ln(𝑥𝐾 )
ln𝐾 = 0. The other two

fractional terms also tend to 0. Then, we have:

lim inf
𝐾→∞

𝑥2
𝐾

2 ln𝐾
≥ 1.

Since the limit superior is ≤ 1 and the limit inferior is ≥ 1,
the limit must exist and be equal to 1.

As a byproduct, note that a concrete lower bound for 𝑥2
𝐾

for
sufficiently large 𝐾 is 𝑥2

𝐾
> 2 ln𝐾 − 2 ln(2 ln𝐾). Combining

the bounds on 𝑥2
𝐾

with (124) yields result (30) for sufficiently
large 𝐾 .

The final upper bound on the gap 𝐺 for sufficiently large
𝐾 is obtained by combining our results:

𝐺 (𝐾, 𝜎) ≤ 𝑈 (𝐾, 𝜎) − 𝐿 (𝐾, 𝑐). (126)

To verify that this bound is asymptotically tight, we evaluate
the limit of 𝑈 (𝐾, 𝜎) as 𝐾 → ∞:

• lim𝐾→∞
𝑐√

1−1/𝐾
= 𝑐.

• lim𝐾→∞
1

1− 1
2 ln𝐾−2 ln(2 ln𝐾 )

= 1
1−0 = 1.

• lim𝐾→∞
(
𝐾
2𝑐

)1/𝐾
= lim𝐾→∞ exp

(
ln(𝐾/2𝑐)

𝐾

)
= 𝑒0 = 1.

Thus, lim𝐾→∞𝑈 (𝐾, 𝜎) = 𝑐 and:

lim
𝐾→∞

𝑈 (𝐾, 𝜎) − 𝐿 (𝐾, 𝑐) = 𝑐 − lim
𝐾→∞

𝐿 (𝐾, 𝑐) = 𝑐 − (1 − 𝑒−𝑐).
(127)
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