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ABSTRACT. This paper is devoted to the global well-posedness of two Diffuse Interface systems modeling the
motion of an incompressible two-phase fluid mixture in presence of capillarity effects in a bounded smooth domain
Q C R% d = 2,3. We focus on dissipative mixing effects originating from the mass-conserving Allen-Cahn
dynamics with the physically relevant Flory-Huggins potential. More precisely, we study the mass-conserving
Navier-Stokes-Allen-Cahn system for nonhomogeneous fluids and the mass-conserving Euler-Allen-Cahn system
for homogeneous fluids. We prove existence and uniqueness of global weak and strong solutions as well as their
property of separation from the pure states. In our analysis, we combine the energy and entropy estimates, a
novel end-point estimate of the product of two functions, a new estimate for the Stokes problem with non-constant
viscosity, and logarithmic type Gronwall arguments.

1. INTRODUCTION

The flow of a two-phase or multi-phase fluid mixture is nowadays one of the most attractive theoretical and
numerical problems in Fluid Mechanics (see, e.g., [12, 35,51, 70] and the references therein). This is mainly
due to the complicated interplay between the motion of the moving and deforming free interfaces separating
the two fluids (or phases) and the dynamics of surrounding fluids. Besides, the phenomenon of liquid-liquid
phase separation has nowadays become a sort of paradigm in Cell Biology (see, e.g., [10,43,61,74]).

A natural description of the dynamics of fluid mixtures is based on a free-boundary formulation. Let €2 be
a bounded domain in R? with d = 2,3, and T > 0. We assume that ) is filled by two incompressible fluids
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that are immiscible (e.g., oil and water). Denote by 21 = 1 (¢) and 3 = 5(t) the subsets of {2 containing,
respectively, the first and the second fluid components for any time ¢ > 0. Then the equations of motion are
given by

{pl (Z?tul +u- Vul) — 11div Duy + Vpp =0, divu; =0, inq x (O,T), (1.1

P2 (atug +uy - Vug) — vodiv Duy + Vpo = 0, divius =0, inQy x (0, T).

Here, u;, us and p; and po are, respectively, the velocities and pressures of the two fluids, while p1, p2 and
vy, Vo are the (constant) densities and viscosities of the two fluids. The symmetric gradient is defined by
D = %(V + V). In system (1.1) the effect of the gravity is neglected for the sake of simplicity. Denoting
by I' = I'(¢) the (moving) interface between the time-varying domains {2; and 29, then system (1.1) can be
equipped with the classical free boundary conditions

U, = us, (VlDul — 1/2Du2) -nr = (p1 —p2+0H)np, onl x (0,7), (1.2)
together with the no-slip boundary conditions
u; =0, us=0 ondQx(0,7). (1.3)

The vector nr in (1.2) is the unit normal vector of the interface from 02, (¢), and H denotes the mean curvature
of the interface I' (i.e., H = —divnr). In this setting, the free interface I'(¢) is assumed to move with the
velocity given by

VF(t) =u- np(t). (14)

The coefficient ¢ > 0 in (1.2) stands for the surface tension, which introduces a discontinuity in the normal
stress proportional to the mean curvature of the interface. Since

d

—HITH (1) = — / HVp dHTL

where %! denotes the d — 1-dimensional Hausdorff measure, the (formal) energy identity for system (1.1)-
(1.4) reads as follows

d / Pi 12 d—1 / 2
— —|u;|“dx + ocH I'(t)) s + v;|Du;|* dz = 0. (1.5)
i3 [ B )+ Y [ vioud

i=1,2

Concerning the mathematical analysis, we refer to [1, 22, 68-70, 77] for the study of classical and varifold
solutions to the system (1.1)-(1.4) with suitable initial conditions.

The twofold Lagrangian and Eulerian nature of system (1.1)-(1.2) has led to the breakthrough idea to re-
formulate it in the Eulerian description by interpreting the effect of the surface tension as a singular force
term localized at the free interface, see, e.g., the review paper [73]. Introduce the so-called level set function
¢ :Q x (0,7) — R such that

¢>0 inQ x(0,7), ¢<0 inQe x(0,7), ¢=0 onTl x(0,7),
namely, the interface I' is identified as the zero level set of ¢. We consider the Heaviside type function

1 ¢ >0,
K(¢) =140 é =0, (1.6)
-1 ¢ <0,
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and denote by u the velocity field such that u = u; in Q; x (0,7") and u = uy in Q9 x (0,7"). It was shown
in [20, Section 2] that the system (1.1)-(1.2) is formally equivalent to

p(¢)(Ou +u - Vu) — div (v(¢)Du) + VP = o[H(¢)V¢]d (o),
diva =0, in 2 x (0,7, (1.7
ho+u-Vo =0,

together with the boundary condition (1.3). In (1.7), we have

) = D L 12D ) < RO KO ) - (2.
Besides, ¢ is the Dirac distribution and V¢ is oriented as rnr on I'. The equation (1.7)3 represents the motion
of the interface I' that is simply transported by the flow. This follows from the immiscibility condition, which
translates into (u,1) € Tan{(z,t) € Q x (0,T) : = € I'(t)}. Although the system (1.7) seems to be more
amenable than the system (1.1)-(1.2), the presence of the Dirac mass still makes the analysis challenging [51].

In the literature, two different approaches have been introduced to overcome the singular nature of the right-
hand side of (1.7);, which both rely on the idea of continuous transition at the interface. The first approach is
the Level Set method developed in the seminal works [66, 67] (see [20, 73, 76] for applications to two-phase
flows). This approach consists in approximating the Heaviside function K (¢) by a smoothing regularization
K. (¢). More precisely, for a given £ > 0, we introduce the function (cf. [73])

1 ¢ >,
K.(¢) = % E + %sin (Zﬁ)} 9| <e, (1.8)
-1 ¢ < —e.

Then the resulting approximating system reads as follows

pg(qﬁ)(&gu +u- Vu) —div (v-(¢)Du) + VP = o[H (¢)V $|o: (),

divu = 0, inQ x (0,7), (1.9)
8t¢ +u- V¢ = 0,
where
1 Kg 1-— Ka 1 Ka 1— }'{6 dKa
pe(0) = T EAD IR gy = LR LKD) ) = (9),

As a consequence of the approximation (1.8), the thickness of the interface is approximately 2¢/|V¢|. This
necessarily requires that |V¢| = 1 when |¢| < e, namely, ¢ is a signed-distance function near the interface.
However, even though the initial condition is suitably chosen, the evolution under the transport equation (1.9)3
does not guarantee that this property remains true for all time. This fact had led to different numerical algo-
rithms aiming to avoid the expansion of the interface (see [73,76] and the references therein). In addition, as
pointed out in [59], another drawback of this approach is that the dynamics is sensitive to the particular choice
of the approximation for the surface stress tensor.

The second approach is the so-called Diffuse Interface method (see [12,24,28,56,59, 84] and the references
cited therein). This is based on the postulate that the free interface is a thin layer with positive volume, whose
thickness is determined by the interactions of particles occurring at small scales. The latter phenomenon is
suitably incorporated in the free energy of the system that maintains the integrity of the interface. In this
context, the auxiliary phase function ¢ represents the difference between the local concentrations of the two
fluids (or in some cases, just the rescaled density/volume fractions). This phase function (sometimes called
a phase-field) may exhibit a smooth transition at the interface, which is identified as an intermediate level set
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between the two values 1 and —1 corresponding to the pure phases. The evolution equations for the state
variables (density, velocity and concentration) are derived by combining the theory of binary mixtures and the
energy-based formalism from thermodynamics and statistical mechanics. In particular, within the framework
of diffuse interface, the surface stress tensor is replaced by a diffuse stress tensor whose action is essentially
localized in the regions of high gradients, namely, —div (V¢ ® V¢). This yields the well-known (Korteweg)
capillary force (cf., e.g., [12,56]). As a consequence, a Diffuse Interface system takes the following form

p(¢) (O +u - Vu) — div (v(¢)Du) + VP = —odiv (V¢ @ V),
diva = 0, inQ x (0,7), (1.10)
o +u-Vo = Agis,

where u is understood as the (volume) averaged velocity and the term Ay;s includes suitable dissipative effects
at the free interface. The averaged density and viscosity of the binary fluids are now given by

e e
The coupling system (1.10) is equipped with the no-slip boundary condition # = 0 on 992 x (0,7"), together
with suitable boundary condition(s) on ¢ depending on the specific form of Agjss. Besides, the total energy
associated to system (1.10) is defined as

(1.11)

1 1
E(u, ) =/ 5@l + S|Vo[* + U(9) du, (1.12)
Q
where W : [—1,1] — R is a suitable potential function. The first integrand in (1.12) corresponds to the kinetic

energy of the fluid mixture. Next, we note that particles of the two fluids interact at a miscoscopic scale, and
their disposition is the result of a competition between the diffusion and the attraction of molecules of the same
type (i.e., mixing vs demixing or, “hydrophilic” vs “hydrophobic” effects). This competition is described in the
Helmholtz free energy of the system such that (see e.g., [17])

&) = [ 51V + 1) do

The gradient term describes the spatial heterogeneity in composition of the mixture. It corresponds to the
tendency of the mixture to prefer to be uniform in space [24] and provides an approximation of nonlocal
interactions between particles (see e.g., [34, 84]). The second part of £(¢) is called the homogeneous free
energy and the potential W is related to the mixing entropy (cf. e.g., [47]) that has the following form

U(s) = g [(1+s)In(l+s)+(1—s)ln(l—s)] — 9—2032, se(—1,1). (1.13)

The potential function given by (1.13) is also closely related to the Flory-Huggins free energy for polymer
solutions. We consider hereafter the physically relevant case 0 < 6 < 6y, which implies, in particular, that ¥
is a non-convex potential with double well structure. In the case 6 > 63 > 0, mixing prevails over demixing,
and no phase separation will take place.

In the case Agiss = 0, the phase function ¢ solves a transport equation (cf. (1.7), (1.9)), and the resulting
system obeys the following energy identity (at least for smooth solutions)

d
EE(u,QS) +/Qu(¢)|Du|2dx =0. (1.14)

This system, also referred to as the Complex Fluid model in the literature (see e.g., [51, 54, 55]), dissipates
its total energy only due to the fluid viscosity, such that there is no dissipation for ¢. We refer the interested
readers to [9] for local well-posedness of the initial boundary value problem in some anisotropic L?-Sobolev
spaces, and to [54, 55] for global well-posedness of the Cauchy problem in R? provided that p = v = o = 1
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and the initial data are close to some equilibrium states. It is worth noting that when Agss = 0, system (1.10)
is closely related to the models for incompressible viscoelastic fluids (see e.g., [52,53]) and to the magneto-
hydrodynamical (MHD) system for incompressible flows without magnetic diffusion (see e.g., [51,71] and the
references therein). Before proceeding with the introduction of diffusive relaxations in the transport equation
and their physical motivations, it is important to point out two main properties of the partially dissipative system
with Agiss = 0:

(1) Conservation of mass:

/ 6(t) da — / bodz, Wie[0,T). (1.15)
(2) Conservation of L‘X’(Q)—norrrgll: ’
o)l oo () = B0l (), YVt € [0,T], (1.16)
which implies that
—1<¢o(x) <1 ae.inQ = —-1<¢(z,t)<1 ae. inQx(0,7). (1.17)

The Diffuse Interface theory of binary fluid mixtures takes into account dissipative mechanisms occurring at
the interface, namely, Agiss 7 0. In order to include dissipative effects in the dynamics of fluid concentrations,
we define the first variation of the Helmholtz free energy £(¢), that is usually called the chemical potential

_ 0E(e)
h=55

Two fundamental models proposed in the literature for the conserved dynamics of binary mixtures are:

=—A¢+ V(). (1.18)

(1) Mass-conserving Allen-Cahn dynamics (see e.g. [21,72])

8t¢+u-V¢—|—m(,u—ﬂ):0, inQ x (0,7, (1.19)

Op = 0, on 0% x (0,7); ‘
(2) Cahn-Hilliard dynamics (see e.g. [17, 18])

hd+u-Vo—divimVu) =0, inQ x (0,7), (1.20)

Op® = Ogpt = 0, on 02 x (0,7). ‘

Here in (1.19) 7z is the spatial average of the chemical potential defined by 1 = ﬁ fQ wdx, and m represents
the microscopic elastic relaxation time. We note that the equation (1.19) differs from the classical Allen-Cahn
equation (see [11]) due to the presence of the nonlocal term [, see [16,21,38] and the references cited therein.

From the thermodynamic point of view, the relaxation for ¢ describes some generalized diffusion at free
interfaces (cf. [40,41,59]) and m is also referred to as the (diffusion) mobility. In addition, the mixing-demixing
mechanism (which also translates into w) allows a balance that may avoid uncontrolled expansion or shrinkage
of the interface layer (cf. [24,28]). As for the transport equation, both the mass-conserving Allen-Cahn equation
(1.19) and the Cahn-Hilliard equation (1.20) satisfy the property of mass conservation (1.15) and the uniform
L°° bound (1.17). The former is a consequence of the boundary conditions and the incompressibility condition
for u, while the latter is essentially guaranteed by the singular nature of the potential function (1.13). It is worth
mentioning that the Landau theory that leads to the well-known Ginzburg-Landau free energy with a smooth
double-well potential like ¥(s) = i(s2 — 1)? gives an approximation of the energy £(¢). This regularization
can be obtained, up to suitable constants, through a Taylor’s expansion of the logarithmic potential ¥. On
one hand, it has been widely used in the related literature (see, for instance, [25, 56, 62] and the references
cited therein). On the other hand, this polynomial approximation has the main drawback that in general the
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solution ¢ may not belong to the physical interval [—1, 1] as time evolves (see [62] for detailed discussions on
the Cahn-Hilliard equation).

The fundamental feature of the Diffuse Interface method lies in the connection between the systems (1.1)-
(1.2) and (1.10). After rescaling the capillary tensor and the free energy by a parameter £ > 0 (that is propor-
tional to the thickness of the diffuse interface), it is possible to show the convergence of (1.10) to (1.1)-(1.2)
in a suitable sense as ¢ — 07, i.e., the sharp interface limit. In particular, we have the convergence of the
(Helmholtz) free energy [, [(£/2)|V|? +e71¥(¢)] da to the area functional H4~(I) (see e.g., [63]), and
the convergence of the stress tensor

—/5diV(V¢®V¢) ydr 2% —/Jan-vd’Hd_l, (1.21)
Q I

for some suitable test function v, where the limit integral corresponds to the weak formulation of (1.2) with o
depending on the so-called optimal diffuse interface profile. We refer to, for instance, [7] for a rigorous proof
on the convergence for a Stokes-Allen-Cahn system with a positive, e-independent mobility m for sufficiently
small times and for well-prepared initial data. However, it is worth mentioning that the convergence in (1.21)
to the mean curvature functional does not hold when Ag;ss = 0 (i.e., a pure transport equation for ¢) or when
the e-dependent mobility m () tends to zero “too fast” as ¢ — 07, e.g., m(e) = moe? (6 > 2), see [3,6,8]
for detailed discussions. Roughly speaking, the pure transport equation (i.e., the lack of the diffusive part
compared to the Allen-Cahn or Cahn-Hilliard models) destroys the right shape of the diffuse interface in the
normal direction. This also motivates the study of the diffusive model (1.10) with (1.19) or (1.20).

In this paper, we first analyze a Diffuse Interface model for incompressible two-phase viscous fluids that
extends the hydrodynamic system recently derived in [45] (see also [35, Part I, Chapter 2, Section 4.2.1]). It
accounts for the general situation with unmatched fluid densities and viscosities. The resulting Navier-Stokes-
Allen-Cahn (NSAC for short) system reads as follows

p(¢) (O +u - Vu) — div (v(¢)Du) + VP = —odiv (V¢ @ V),
diva =0, in Q x (0,7), (1.22)
ul?

o +u-Vo+m(u+ ()5 —¢) =0,

where u denotes the volume averaged velocity of the binary fluid mixture and the chemical potential y is defined
by (1.18). Without loss of generality, hereafter we simply take the two positive parameters as

oc=m=1,

since their values do not play an essential role in the subsequent analysis. Neglecting possible nontrivial
dynamics on the boundary, e.g., the moving contact lines, we assume that the above system is subject to a
no-slip boundary condition for # and a homogeneous Neumann boundary condition for ¢, namely,

u=0, 0p=0 ondQx(0,7T). (1.23)

We see that in the system (1.22), the conserved dynamics of ¢ is now described through a suitable modification
of the Allen-Cahn equation (1.19) such that

2
Oud - Vot (u+p'<¢>'"7—s> —0 QX (0,7),

with £ being the Lagrange multiplier corresponding to the mass conservation, that is,

Ju?

€)= o [+ @ ds in 7).
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The system (1.22)-(1.23) (formally) satisfies the following basic energy law

%E(u, 6) + /Q V(@) Dul de + 06 + 1 - Vo|2a ) = O,
where the total energy F(u, ¢) is the same as in (1.12). The energy dissipation of the above system involves both
the contributions due to the fluid viscosity and the interfacial mixing. In particular, the dissipative mechanism
of ¢ is similar to that of the mass-conserving Allen-Cahn equation (1.19), but it also includes extra effects
due to the fluid advection and the difference of fluid densities in view of the equation satisfied by ¢. Besides,
other boundary conditions can be considered, see for instance, the simplified case with periodic boundary
conditions [35, Part I, Chapter 2, Section 4.2.3], and the more complicated case involving a generalized Navier
boundary conditions for u coupled with a dynamic boundary condition for ¢, which describes the moving
contact line dynamics [60].

In the second part of this paper, we shall consider the following mass-conserving Euler-Allen-Cahn system
for homogeneous incompressible two-phase flows

Ow~+u-Vu+ VP =—div(Vop ® Vo),
divu = 0, inQ x (0,7), (1.24)
Ohp+u-Vo+ (n—n) =0,
endowed with the boundary conditions
u-n=0, Jho=0 ondQx(0,7T). (1.25)

The coupled system (1.24) is obtained from (1.22) in the case of inviscid flow with ¥ = 0 and matched densities
(i.e., p1 = p2 = 1, so that p = 1). In particular, we note that it has a partially dissipative structure such that

C B,0) + 1016+ u- Vlai0) = 0.

The aim of this paper is to address the existence, uniqueness and (possibly) regularity of the solutions to the
aforementioned Diffuse Interface systems: the Navier-Stokes-Allen-Cahn system (1.22)-(1.23) and the Euler-
Allen-Cahn system (1.24)-(1.25). On one hand, the purpose of our analysis is to stay as close as possible
to a thermodynamically grounded framework by keeping densities and viscosities of the fluid mixture to be
dependent on ¢, and by considering the physically relevant Flory-Huggins type potential (1.13). Although this
choice requires some extra technical efforts (which indeed have independent interests from the mathematical
point of view), it provides results that are physically more reasonable. On the other hand, by working in this
general setting, we demonstrate that the dynamics originating from general initial data are global (in time) when
the mass-conserving Allen-Cahn relaxation is taken into account. This is achieved in two and three dimensions
for finite energy (weak) solutions of the general system (1.22), and further more, in two dimensions for more
regular solutions in the cases of (i) non-constant density and viscosity, and of (ii) constant density and zero
viscosity.

The mathematical literature concerning systems similar to the mass-conserving Navier-Stokes-Allen-Cahn
system (1.22) has been widely developed in last years, in terms of physical modeling, theoretic analysis and
numerical simulation. There are different ways to model the unmatched densities for incompressible binary
fluid mixtures, see for instance, [5, 15,29, 35,40,41,57,59] and the references cited therein. The model (1.22)
can be derived via an energetic variational approach based on the least action principle and the maximum
dissipation principle due to Onsager, see [35, 44,45] (we also refer to [57, 65] for the Navier-Stokes-Cahn-
Hilliard system and its variants). One feature of our system is that it fulfills three important physical constraints
such as conservation of mass, dissipation of energy and, in addition, the force balance (cf. [35]). The additional
nonlinear coupling term (1/2)p(¢)|u|? represents certain density force that well captures the macroscopic fluid
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effect on the microscopic descriptions due to density differences [45]. On the other hand, as observed in [5,
Remark 2.2] for the Navier-Stokes-Cahn-Hilliard system with unmatched densities, the term (1/2)p(¢)|u/?
in the chemical potential y is not an objective scalar, which thus makes the system (1.22) not frame invariant.
Nevertheless, an alternative frame invariant formulation could be introduced for the Navier-Stokes-Allen-Cahn
system using an idea similar to that in [5]. This leads to a differential system with a different coupling structure
(see [58] for an attempt to a formal derivation), which is beyond the scope of this paper and will be analyzed in
the next future.

As far as the mathematical analysis is concerned, the system (1.22) with boundary conditions (1.23) and
suitable initial conditions has been investigated in [45] in the specific case of constant viscosity, a standard
advective Allen-Cahn equation with a regular Landau potential ¥o(s) = 1(s® — 1)? and without the constraint
of mass conservation. The authors proved the existence of a global weak solution in three dimensions and the
existence as well as uniqueness of a global strong solution in two dimensions. In the two dimensional case,
they also showed the convergence of a global weak solution to a single equilibrium as time goes to infinity
and established the existence of a global attractor. Thanks to the choice of potential therein and the absence
of mass constraint, the authors of [45] could easily ensure that the phase function ¢ always takes its value
in the physical interval [—1, 1]. This property followed from a comparison principle for the advective Allen-
Cahn equation and was crucial for the analysis therein. However, the mass constraint that is important for the
conserved dynamics of binary fluids, does not allow to establish a similar comparison principle for our system
(1.22) if the double-well potential ¥ is smooth. We also mention the previous contributions [31,32,42,80-82]
for the case with constant density, and [7] for the sharp interface limit in the quasi-stationary Stokes case.
Besides, there are works devoted to Navier-Stokes-Allen-Cahn models in which the fluid density is regarded as
an independent variable (see, for instance, [26,48,49] and the references cited therein). In all these works, the
potential was taken as the classical Landau double-well and the mass conservation property was not considered.
The (non-conserved) compressible case (see [13, 29] for modeling issues) has been analyzed, for instance,
in [23,27,46,83] (see also [79] for the sharp interface limit). On the other hand, in comparison with the viscous
case mentioned above, only few works have been addressed with the Euler-Allen-Cahn system (1.24)-(1.25).
In this respect, we mention [85], where the authors proved local existence of smooth solutions for the Euler-
Allen-Cahn system in the case of a regular Landau potential and without the constraint of mass conservation
(see also [30] for the analysis of a nonlocal model).

Before concluding the introduction, let us make some more precise comments on the mathematical analysis
of systems (1.22) and (1.24), in particular, on the main novelties of our techniques. Concerning the Navier-
Stokes-Allen-Cahn system (1.22) subject to the boundary conditions in (1.23), we prove (1) the existence of a
global weak solution with finite initial energy in both two and three dimensions, that is, with the initial datum
(o, ¢0) € Hy x H 1(Q) (see Theorems 3.1 and 3.2), and (2) the existence of a global strong solution in two
dimensions with more regular initial data (u, ¢9) € V, x H?(Q2) such that ¥'(¢g) € L?(f2) (see Theorem
4.1). For the latter, we combine the classical energy method with a new end-point estimate of the product of two
functions in L2(Q) (see Lemma 2.1) and a new estimate for the Stokes system with non-constant viscosity (see
Appendix A). The proof is concluded with a nontrivial logarithmic Gronwall argument that leads to a double-
exponential control. However, in light of the singularity of the Flory-Huggins potential (1.13), uniqueness
of these strong solutions turns out to be a hard task. To overcome this difficulty, we establish some global
estimates on the derivatives of the mixing entropy

0
F(s) = 3 [(148)In(1+s)+ (1 —s)In(1 —s)], s€(—1,1)
which corresponds to the convex part of (1.13), provided that ||p/||zc(—1,1) is small enough and F"(¢g) €

L' (2). These entropy estimates allow us to prove that I/ (¢)% In(1+F"(¢)) € L*(22x (0,T)), and in turn, the
uniqueness of global strong solutions in two dimensions. As a further consequence of these entropy estimates,
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we achieve the so-called uniform separation property, which means that the phase function ¢ stays uniformly
away from the pure states &1 in finite time (see Theorem 4.2).! This crucial fact, besides being physically
relevant, can yield further regularity properties of the strong solutions, because the singular potential (1.13)
can thus be regarded as a smooth, globally Lipschitz function on a compact subset of (—1, 1) (cf. [2, 36, 37]
for hydrodynamic systems involving the Cahn-Hilliard equation). Also, it yields a rigorous justification of the
approximation based on the regular double-well potential. Next, concerning the inviscid case, i.e., the Euler-
Allen-Cahn system (1.24)-(1.25), although it turns out to be similar to the MHD system with magnetic diffusion
and without viscosity, the classical argument in the literature (see, e.g., [19]) does not apply, mainly because of
the singular potential (1.13). In our proof, it is crucial to use the structure of the incompressible Euler equations
(1.24)1-(1.24)5 and the end-point estimate of the product in LQ(Q) (see Lemma 2.1). This gives the existence
of global solutions with initial datum (ug, ¢) € (H, NH(Q)) x H%(Q) in two dimensions. Moreover, in light
of the entropy estimates, we also prove the existence of smoother global solutions originating from the initial
data (ug, ¢o) € (Hy N WHP(Q)) x H?(Q) provided that p > 2 and Vg := V(—Agy + ¥(¢g)) € L3(Q).
These results are summarized in Theorem 5.1.

Plan of the paper. In Section 2 we introduce the notations, some functional inequalities and then prove
an end-point estimate for the product of two functions. Section 3 is devoted to the existence and (possible)
uniqueness of global weak solutions for the Navier-Stokes-Allen-Cahn system (1.22)-(1.23). In Section 4 we
study the existence and uniqueness of global strong solutions to the Navier-Stokes-Allen-Cahn system (1.22)-
(1.23) in two dimensions. Section 5 is devoted to the existence of global solutions to the Euler-Allen-Cahn
system (1.24)-(1.25). Some open problems are presented in Section 6. In Appendix A we prove a result on
the Stokes problem with variable viscosity, and in Appendix B we recall the Osgood lemma as well as two
logarithmic versions of the Gronwall lemma.

2. PRELIMINARIES

2.1. Function spaces. For a real Banach space X, its norm is denoted by || - || x. The symbol (-, ) x» x stands
for the duality pairing between X and its dual space X’. The boldface letter X denotes the vectorial space
endowed with the product structure. We assume that 2 C RY, d = 2,3, is a bounded domain with smooth
boundary 052, n is the unit outward normal vector on OS2, and 0, denotes the outer normal derivative on Of.
We denote the Lebesgue spaces by LP(2) (p > 1) with norms || - || z»(q). When p = 2, the inner product in
the Hilbert space L?(2) is denoted by (-,-). For s € R, p > 1, W*P(£2) denotes the Sobolev space with its
corresponding norm ||+ [|yys.»(q)- If p = 2, we use the notation W*P(2) = H*(Q2). Forevery f € (H'()), we
denote by f the generalized mean value over ) defined by f = |Q|~1(f, D)y, m@)- If f € L'(£2), then
=19 fQ f dz. Thanks to the Poincaré-Wirtinger inequality, there exists a positive constant C' = C()
such that

2 b
HfHHl(Q)éC(IIVfIIZLz(Q)Jr‘ /Q fd:c> . YfeH'(®). @1

We introduce the following Hilbert spaces of solenoidal vector-valued functions (see [33,78])

2
H,={uc L*(Q):dive =0,u-n=0 on N} = C’gf’a(Q)L (Q),

1
Vo ={uecH(Q):divu =0, u =0 on 00} = Coof’U(Q)H (Q),

Nt is worth pointing out that in Theorem 4.2 the initial concentration ¢g for strong solutions is not strictly separated from the pure
phases. Indeed, the imposed conditions F”(¢o) € L?(Q) or F(¢o) € L'(Q) allow ¢q being arbitrarily close to +1 and —1. This is
different from the case of the Navier-Stokes-Cahn-Hilliard system in two dimensions, see e.g., [37,39].
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where CF< (€2) is the space of divergence-free vector fields in C§°(€2). We also use the notations (-, -) and
Il 12(q) for the inner product and the norm in H,,. The space V, is endowed with the inner product and norm
given by (w,v)v, = (Vu,Vv) and [lu|lv, = ||Vul|12(q), respectively. Its dual space is denoted by V. We
recall the Korn inequality

IVal 12(0) < V2[|Dull 2(0) < V2Vl 2(0),  Yu € Vo, (2.2)

where Du = £ (Vu + (Vu)'). Next, we define the Hilbert space W, = H?(Q2) N V,, with the inner product
and norm (u,v)w, = (Au, Av) and |[ul|w, = ||Aul/z2(q), where A is the Stokes operator. We recall that
there exists a positive constant C' depending only on €2 such that

[ellr2 (@) < Cllelw,, VuecW,. (2.3)

2.2. Analytic tools. We report the Ladyzhenskaya, Agmon, Gagliardo-Nirenberg, Brezis-Gallouet-Wainger
and trace interpolation inequalities:

1z < CUA N Zz 12 gy Ve (@), d=2, 2.4
£ llzogey < Cp%ufuim 112ty VIEH), 2<p<oo, d=2 (@5
£y < Co >\|fuL2(Q T 2) VIeH'), 2<p<6 d=3 6
£l oo ) < Cllfllzz(g)\\f\\z2(g), vfeH Q) d=2, @7
1V sy < Iy 11wy VfeHAQ), d=23, 8)
£z ) < Clfllar @ In? < H;H%EZ) VfeH(Q),d=2, (2.9)
[ fllzee @) < COfllar In? <C(p)mvﬂ> . VfeW'(Q), p>2,d=2, (2.10)
H(Q)
1200 < Ny Il VfeH\Q), d=23. @1

Here, the positive constant C' depends only on §2, whereas the positive constant C'(p) depends on €2 and p.

We now prove the following end-point estimate for the product of two functions in two dimensions, which
will play an important role in the subsequent analysis.

Lemma 2.1. Let Q2 be a bounded domain in R? with smooth boundary 0. Assume that f € H*(Q), g € LP(Q)
for some p > 2. Then, we have

1

P 2
HfQHLQ(Q) <C <m>

for some positive constant C' depending only on €.

1 222 [lgllzr @
[ elq lolere ) (2.12)
11z 9l 22 0 ( > ol ey )

Proof. Let us consider the Neumann operator A = —A + I on L?(Q) with domain D(A) = {u € H?(Q) :
Opu = 0 on 0N2}. By the classical spectral theory, there exists a sequence of positive eigenvalues {\;} (k €
N) associated with A such that A\; = 1, Ay < Agy1 and A\~ +oo as k goes to +0o. The sequence of
eigenfunctions wy, € D(A) satisfying Awj, = Apwy, forms an orthonormal basis in L?(£2) and an orthogonal
basis in H'(Q).
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Let us fix N € Z* whose value will be chosen later. We write the function f as follows

N
f:an"i‘f#? (2.13)

n=0
where

fn = > (fwowk, = Y. (frwp)w

ke <y Ap<entl k:v/Ap>eN+1

By using the above decomposition and Holder’s inequality, we have

N
1£9lz2@) < D I1fngllzz@) + 1f 39l 220)

n=0
N

< Z | full oo 19l L2 () + \|fz¢||Lp'(Q)||9HLP(Q)7

n=0

where p > 2 and 1—1) + % = % By using (2.5) and (2.7), we obtain

2
7

N 1 1 2p % 1 1 1_%
”fg”LQ(Q) < CZ:O ”anIZ,Z(Q)an”[2{2(Q)Hg”L2(Q) +C <I?2> HfNHzZ(Q)”fN”le)Q)Hg”Lp(Q)?

for some C independent of p. We recall that

1 1
Il = > el <o D0 MhwlP = Splfalin,
k:en <y Ap<entl k:en<y/p<entl

where we have used the fact D(A%) = H'(9). Observing that 9, f,, = 0 on 9 (indeed f,, is a finite sum of
wy’s), by the regularity theory of the Neumann problem, we have

Ifallo) < ClASalday=C > Al(fwn)P
k:engm<e"+1

< C Z 62(n+1))\k‘(f, wk)’2
k:en </ Ap<entl

< Ce | fullin oy-
Thus, we infer that
1 1 1
an”z%m”fnuéym < Cez ”anHl(Q)a

where the constant C' > 0 is independent of n. On the other hand, reasoning as above, we deduce that

1
Hfz#”zw(ﬂ) < S2(N+1) Hffwifl(ﬂ)'
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Combining the above inequalities and applying the Cauchy-Schwarz inequality, we get

()
p
1£9llL2 (0 <C’Z€2||fn||H1(Q lgllz2@) + € ~2aim 15z @ 19l o )

n=0 e 7
1
y ()" ugHL
1 P P
< C”QHLQ(Q) 262”fn”H1(Q) + (p 2)(N+1) llgll 2 HJCN”H1

(2.14)

2

1
() ez \ (&, .
< Cllgllrz | e(N +1) + Dl + 131 )
n=0

(r=2)(N+1)
ez Hg”p(g

2p 2 %
2) 9lis@)

< CHQHL?(Q) e(N+1)+ 2(p— 2)(N+1) [ ||
e 912(0)

£l 1 (@)

where we have used the fact p’ = 1727”2. Here, the constant C' > 0 is independent of N. Now, we choose the
positive integer N such that

2 [lg11? 2 |97
Py e|Q |7 Lr(@ §N+1<1—|—$ |Q|p @)
2(p - 2) H HLZ(Q 2(]? - 2) H ||L2(Q)
We observe that the logarithm term in the above relations is greater than 1 for any function g € LP(2) with
p > 2 and g # 0. Then by using the choice of NV in (2.14), we infer that

1
g 2
14 7ln <eym 2 9oy )] P R ,,2>
2(p—2) 1911720 e(p —2)|9|7

1
2

1fallz2) < Cllf lar@llgllz2 ) (6

Y

e p =2 ”gHLp Q) 2p
< CHfHHl(Q ||.gHL2(Q [ (p — 2) ( 2|S2| H ||L2(Q + ( 2)|Q|E
e(p— P

which implies the desired conclusion. (]

Remark 2.2. Lemma 2.1 is a generalization of [37, Proposition C.1], which states that in a smooth bounded
domain Q0 C R?, for any f,g € H*(Q), it holds

1 ||9HH1(Q
1f9llz2) < Clf @) llgllrz@ In? | eq———
@ OO Tol)
Moreover; the conclusion of Lemma 2.1 also holds in T2.

Remark 2.3. It is well-known that H*(S)) is not a Banach algebra in two dimensions. An interesting applica-
tion of Lemma 2.1 together with the Brezis-Gallouet-Wainger inequality (2.10) is that

1 HQHWl»PQ
gl < Culflla e llgla @ n? | Comm 2@ )
HQHHl(Q)

forany f € HY(Q), g € WHP(Q) with p > 2, where Cy and Cy are two positive constants depending only on
Q and p.
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Remark 2.4. Lemma 2.1 can also be regarded as a generalization of the Holder and Young inequalities. It
provides a remedy for the lack of the critical Sobolev embedding H' () < L>°(Q2) when d = 2. The inequality
(2.12) is sharp since the product between f and g is not defined in L*(Q) if f € H*(Q) and g € L*(Q). Indeed,
we have the following counterexample in R?:

1 1
- syt (), veesa

2l ()

We notice that g € L*(Bg2(0,1)) since

1 1 +o0o 1
/ ]g(x)\2dw:27r/ Sidr:27r/ — ds < +o0.
By2(0,1) 0 rln2 (1) 1 sln2(s)

However, g ¢ LP(Bg2(0,1)) for any p > 2 because

1 1 400 1
/ |g(3:)|pd:13:27r/ 731,&‘:277/ ————— ds = +00.
B (0,1) o rp=lIna (1) 1 s3Plna(s)

We easily observe that f € L*(Bg2(0,1)), but f ¢ L (Bg2(0,1)) since lim,_q f(x) = +oo. This, in turn,
implies that f ¢ WP (Bpg2(0,1)) for any p > 2, due to the Sobolev embedding theorem. Nonetheless, we have
1 1 x; 1
a . = _— — Z —_— ) = 1 2

|z

such that

[ sl <on 1)/ L
T; T - — —
Bg2(0,1) 2 100 0 rIn2GT10) (%)

1 1
<C | ———— < +o0.
0 rin'tse (l)
T

Thus, we have f € W12(Bg2(0,1)). Finally, we observe that

nl_%
/B oy @R = / w1 (),

B2(01) || In? G)

|zl
! 1
=27 / —————dr = 400,
0 rlnztso (%)
namely, the product fg ¢ L?(Bg2(0,1)). The above counterexample can be generalized to any pair of functions

g@)—;), f(z) = ? (ﬁ) r € Bea(0,1),

|| In® (H
where%<a<1andﬁ<%suchthata—5<%.

Remark 2.5. The argument in the proof of Lemma 2.1 also implies that, for any p € (1,00), there exist two
positive constants C1 and Cs depending only on Q) and p such that

‘/ fgda

Iglze )
l9llzr (o

< Cullf oy llgll i o) In3 <02 ) , YfeHYQ), g LP(Q). (2.15)
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The above inequality can be compared with [ 14, Theorem 1’].

3. MASS-CONSERVING NSAC SYSTEM: WEAK SOLUTIONS
In this section, we consider the Navier-Stokes-Allen-Cahn system (1.22) written in the following form:

(p(9) (O + u - Vu) — div (v(¢)Du) + VP = —div (Vo @ V),
divu = 0,

O +u - V¢+u+p(¢)|2|2 ¢, inQx(0,7),  GD
=Bt V(). E=pt o),
subject to the boundary conditions
u=0, 0,¢6=0 ondQx(0,T), (3.2)
and the initial conditions
u(-,0) =ug, ¢(-,0)=¢9 inf. (3.3)

The coefficients p(-) and v(-) represent the density and the viscosity of the fluid mixture depending on ¢. Let
p1, p2 and v1, 1o are, respectively, the (positive) densities and viscosities of two homogeneous (different) fluids.
We introduce the notations

p" =max{p1,pa},  px =min{p, pa},
v* = max{vy, 2}, v, = min{vy, o},

Throughout this work, motivated by the linear interpolation density and viscosity functions in (1.11), we assume
that

p,v € C3([=1,1]) = p(s) € [ps, p%], v(8) € [, "] for s € [—1,1]. (3.4)

The main result of this section concerns the existence of global weak solutions.

Theorem 3.1 (Global weak solution). Let Q be a bounded domain in R%, d = 2, 3, with smooth boundary OS).
Assume that the initial datum (uo, ¢o) satisfies ug € Hy, g € H*(2) N L®(2) with ||¢o| o) < 1 and

|po| < 1 (i.e., the initial energy E(uq, ¢o) is finite and the initial phase ¢q is not a pure state). Then there exists
a global weak solution (u, ¢) to problem (3.1)-(3.3) in the following sense:

(i) Forall T > 0, the pair (u, ¢) satisfies
uec L>0,T;H,)NL*0,T;V,),
¢ € L>(0,T; H' () N LU0, T; H*()), 9 € LY(0,T; L*(92)),
¢ e LT x(0,7)) : |p(z,t)] <1 ae inf2 x (0,T),
e L0, T 12(Q),  F'(6) € LU0, T; (),

withq =2ifd =2 and q = 3 ifd = 3.
(11) Forall T > 0, the system (3.1) is solved as follows

/ / D)6 n(t) + p(9) 0 (1)) u - v ddt + /0 ' /Q (p(&)u - Var) -v(t) dardt
+/0 /Qu(qﬁ)(Du:Dv) n(t) dadt
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T
= [ plnun vn©@de+ [ [ (V6@ V6) s Va)n(e)dod,
Q 0 Q

foranyv € V4, nc CY[0,T)) withn(T) = 0, and

Ju ? Jul?

u
0 +u- V6 — Mo+ W (0) + (0) 5 = W(6) + 0 (0)15
(iii) The pair (u, ¢) fulfills the regularity u € Cy([0,T); Hy) and ¢ € Cy([0,T); HY(Q)), for all T > 0.
The initial conditions are satisfied such that u|i—y = ug, ¢li—o = ¢o in Q. In addition, the boundary
condition On¢ = 0 holds almost everywhere on 02 x (0,T) for all T > 0.
(iv) The energy inequality

/ | ot IDu(r) dadr + / 1016 +u - Vo) (7|2 d < Eluo, o)

holds for all t > 0, where E(u, ¢) is defined as in (1.12).

a.e. in2x (0,7).

Next, we investigate the special case with matched densities (i.e., p1 = p2 = 1, so that p = 1). The resulting
model is the mass-conserving Navier-Stokes-Allen-Cahn system for homogeneous fluids

O +u - Vu — div (v(¢)Du) + Vp = —div (Vo @ Vo),
divu = 0,

_ inQx (0,7). (3.5)
o +u-Vo+pu=rn,
p=—A¢+ ¥ (g),
The system (3.5) is associated with the following boundary and initial conditions
{u:O, On® =0 on 082 x (0,7, (3.6)
u(-,O) = Uy, ¢(,0) = ¢0 in Q.

We first state the existence of global weak solutions, whose proof follows from similar (indeed simpler) a
priori estimates as the ones obtained for the nonhomogeneous case in the proof of Theorem 3.1.

Theorem 3.2 (Global weak solution). Let Q be a bounded domain in R%, d = 2, 3, with smooth boundary 0.
Assume that the initial datum (uo, ¢o) satisfies ug € Hy, g € H(2) N L®(2) with ||¢o| o) < 1 and

|po| < 1. Then there exists a global weak solution (u, ) to problem (3.5)-(3.6). That is, the solution (u, )
satisfies, for all T > 0,

uc L>®0,T;H,)NL*0,T; V,),
O € L*0,T; V%) ifd=2, Oue L3(0,T;V,) ifd=3,
¢ € L(0,T; H'(Q)) N L*(0,T; H*(2)),
¢ L x(0,T)) :|d(x,t)] <1 ae in Qx(0,7T),
B € L2(0,T; L2(Q)) ifd =2, 9 € L3(0,T;L2(Q)) ifd =3,
and
(O, v)v: v, + (@-Vu,v) + (v(¢)Du,Vv) = (Vo @ Vo, Vv), VveV,, andaa.tc (0,T),
Op+u-Vo—Ap+ VU (p) =V(p), for a.e. (z,t) € Q x (0,T).

Moreover, the initial and boundary conditions and the energy inequality hold as in Theorem 3.1.
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Furthermore, due to the particular form of the density function (i.e., a positive constant), we are able to prove
a conditional uniqueness result in two dimensions.

Theorem 3.3 (Uniqueness of weak solutions in 2D). Let d = 2 and (uy, ¢1) and (usz, ¢2) be two weak solutions
to problem (3.5)-(3.6) on [0, T subject to the same initial datum (ug, ¢o) that satisfies the assumptions of
Theorem 3.2. Moreover, assume either one of the following conditions:

(1) ¢1 satisfies the additional regularity such that

12
¢1 € LV(0,T; H*())  with~y > 5
(2) the viscosity function v satisfies
inf  max |v(s)—¢| < Lz’ (3.7)
c€vs, v*] se[—1,1] 10 CS(I)

where Cg) > 0 is given in (3.30).
Then, (u1, ¢1) = (u2, ¢2) on [0,T7].

Remark 3.4. The existence of strong solutions obtained in Section 4 (cf. Remark 4.4), which yields the regular-
ity € L7(0,T; H?(Q)) with ~ > % entails that Theorem 3.3 can be regarded as a weak-strong uniqueness
result for problem (3.5)-(3.6) in two dimensions. That is, the weak solution originating from an initial condition
(o, o) such thatug € V, and ¢o € H*(Q) with V' (¢g) € L*(Q) coincides with the (unique) strong solution
departing from the same initial datum.

vitvo
2

Remark 3.5. When the viscosity function is the linear one as in (1.11). Then, choosing ¢ = , we infer

that

vy — 13
2

Without loss of generality, assume that v\ < vs. Then, the second condition in Theorem 3.3 is satisfied provided

that

inf  max |v(s)—¢ <
c€vy, v*] s€[—1,1]

Vo — 1 V1 Vo — 1 1
2 1 0(2) V1 0(2) '
0C, 5Cq
This implies that the relative difference of the viscosities is required to be small.

3.1. Proof of Theorem 3.1. First, we derive a priori estimates of problem (3.1)-(3.3) that will be crucial to
prove the existence of global weak solutions.

Mass conservation and energy dissipation. Integrating the equation (3.1)3 over 2 and using the definition

of £, we observe that
/ o(t)de = / ¢odx, Vt=>0.
Q Q

Below we derive the energy equation associated with (3.1). First, multiplying (3.1); by u and integrating over
(), we obtain

/Q%p(@(‘)t\uﬁdx—k/ﬂp((b)(u'V)u-udx—i-/V((b)\DuFdx:—/QAqﬁVqﬁ'udw. (3.8)

Q

Here, we have used the relation —A¢pV¢p = %V|V¢|2 — div(V¢ ® V¢) and the incompressibility condition
(3.1)2. Thanks to the no-slip boundary condition for u, we observe that

[ ot T wde = [ o (g) o =~ [ div oot as
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/ ju?
= —/ P (P)Ve-u Tdﬂf-
Q
Next, we multiply (3.1)3 by 9:¢ + u - V¢ and integrate over €). Noticing that 9y +u - V¢ = 0, we get
2
o6+ Vol + [ 00w+ u-vo) o+ [ o)
On the other hand, the following equalities hold

d 1
[ nowar =5 [ S1VoP + (o) da.

/uu Vqﬁdw—/ —ApVo - udw+/u VU (o dx—/ —ApV¢ - udx,

/( ’28t¢d /a

Thus, by adding (3.8) and (3.9), and using the above identities, we obtain the energy equation

d
dt

(v +u-Vo)dx =0. (3.9)

—E(u ¢)+/u(qs)yDuy?der|yat¢+u.V¢H%Z(Q):0, Vit > 0. (3.10)
Q

Lower-order estimates. Integrating (3.10) with respect to time, it follows that

/ / ‘Du‘2 dxdT-i—/ ”8t¢+u V(bHLQ dr < E(u0,¢0) Vt>0. (3.11)

We shall use the a priori L°°-estimate
l¢(t)lpoe(y <1, foraa te[0,T], (3.12)

which can be recovered from the singular nature of the potential ¥ (recall (1.13)). Since now p and v are strictly
positive thanks to (3.12), then we deduce from (3.11) that

uc L>0,T;H,)NL*0,T;V,), ¢ecL>®0,T; H(Q)) (3.13)

and
¢ +u-Vo € L*0,T; L*(Q)), (3.14)
for all T' > 0. In light of (3.13) and (3.14), when d = 2, we have

=2 (@)ul?[| > < CllullFs gy < ClIVullL2(q),
which entails that p/(¢)|u|? € L?(0,T; L?(12)). Instead, when d = 3, we have
H_ ‘”’ HLZ < C””HL4 < CHVuHLz(Q
thus p/(¢)|u|? € L%(O,T; L3()). Since p/(¢)[u|? € L°°(0,T), we also find that
p—T € LY0,T; L*(92)), (3.15)

forq =2ifd = 2,and g = % if d = 3. Thanks to the boundary condition for ¢, we see that A¢ = 0. Then,
multiplying (3.1)4 by —A¢ and integrating by parts, we have

[ 186P + F/(@)T6P dz = Vol ~ [ (u-mAsda,
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where F' is the convex part of the potential ¥, i.e.,

F(s) = 5

By (3.13) and (3.15), we obtain

Q[(l +8)In(1+s)+ (1 —s)In(1 —s)].

1AGlL2(0) < C (1 + 1= Fill L2(@)) - (3.16)
Then, from the regularity theory of the Neumann problem, we infer that
¢ € LU0, T; H*(Q)), VYT >0. (3.17)

From (2.4), (2.6) and the above bounds, we get
lu- Vo2 < C\Iullmm IIV¢HL4(9

1 1
< CH”HEQ(Q)||Vu||22(g)||V¢H22(Q)H¢HI2{2(Q)

1 1
and

[ -Vl 2y < Cllullra@)lIVOll o)

1 3 1 1
< Cllul 2 g |Vl g 911 ) 9112

3 1 ‘
< CHVuHiz(Q)H¢|!ip(Q), ifd =3,

ifd =2,

which implies that u - Vi € L9(0,T; L?(£2)) with the corresponding choice of the index g. Thus, it holds

drp € LU(0,T; L*(Q)). (3.18)
Moreover, we observe that
I = Al < 10szi0) + - Volry + [ @EE| it |-
L2(Q) L1(Q)
< 10:9ll 20 -+ﬂWMq\WMM4 + Cllul 7 ) + Clluli o)
< 109 ll2( +C||Vu\l; H¢||[2{2(Q) + Cllull 201 Val 2 () + Cllul 72
< 10l 2 + ClIVal 22 9] ey + ClIVall oy + €. ifd =2, (3.19)
and in a similar manner
It =7l ) < 106l2() + ClIVul o 18] 2o gy + ClIVHlZay + €, ifd=3.  (3.20)
Recalling (3.13) and (3.16), and using Young’s inequality, we find that
10l g2y < C (1+ 110l 2(0) + IVull 12()) ,  ifd =2, (3.21)
and
lollzey < € (14 108110y + [Vulg ) . =3 32)

In order to recover the full L2-norm of y, we observe that

fi = F'(¢) — 0p¢.
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Since [¢(t)| = |py| < 1, it is well-known that (see e.g. [62])
[Pl <c [ Foo-aau-c
Q Q

for some positive constant C' depending on F and ¢. Multiplying (3.1)4 by ¢ — ¢ and using the homogeneous
Neumann boundary condition on ¢, we obtain

Vot + [ F@o)0=8)dr= [ o9+ [ 006 -3

Combining the above two relations and exploiting the energy bounds in (3.13), we arrive at

IF" (@)1 < CL+ 1 = Tll20))- (3.23)
Therefore, we can infer from (3.17), (3.18), (3.20) and (3.23) that
pwe L90,T; L*(Q), YT >0, (3.24)
where ¢ = 2ifd = 2, and ¢ = % if d = 3. Furthermore, the above fact and (3.17) yield
F'(¢) € LY(0,T; L*(Q)). (3.25)

Next, we prove the following estimate for the time translations of u:

Lemma 3.6. Forany 6 € (0,T), the following bound holds
T-6 .
/ Ju(t + 8) — w(t)|[2a g dt < €5, (3.26)
0

Proof. We only present the proof for the case d = 3. The case d = 2 follows along the same lines. It follows
from (3.13) and the interpolation inequality (2.6) with p = 3 that u € L*(0,7'; L3(£2)). Similar to [50] (see
also [45, Lemma 3.5]), we have

|V/p(o(E+ 0 ut + ) — u(t)

2

L2 (Q)

< [ (o0(t-+8) — po)u(t) - (u(t +) ~u(1) d
7 o)) ) wte +) () azar
_ /t " / (6(r))Du(r) : D(u(t + 8) — u(t)) dedr

(Vo(r) @ Vo(r)) : V(u(t +6) —u(t)) dzedr

P (0)0-¢(T)u(r) - (u(t +0) —u(t)) dwdr

First, we observe that

T-95 T—6 pt+6
/0 Ji(t)dt < /0 / /Q 10(6)]18- () lu(®)] (u(t + 8)| + u(®)]) dadrdt
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\

t+5
Hu (t+ )l s (o) + llee(t )||L3(Q))Hu(t)HL6(Q)/t 10r6(7) | 2(q) d7dE

< osh (/ ||Vu<>uLz<mdt) (/ 10602 dtfgoai,

and, in a similar manner,

T—6 T—6 t+0
/O Js(t)dt < /0 (et + 6) oy + ()]l 3) / () | gy 105 6| 2 drt

< o5 (/juwmum )(/ 06O 2 g dt)égcai.

Next, we have

T—8§ pt+d
/ / 1006 s 1 () 5 V() 2y A (et + 8) | ey + () ey
45 ) 3
< oot /0 (/ \IVu(T)\ILz(de) (et + 8y + e (t)]] () t

/T 3 T
<08t ([ IVuOay ) [ Iul0llsgoy e < €%
0 0

and

T—6 t+6
/0 Bdt < / / )l e 1 Dae ()| 2 0y dr (| Dt + 6) | 2y + | D) 2(c)
X 46 ) 3
< oot /0 (/ ||Vu<7>uLz<mdf) (1Dt + 8)[| 2 + | Du(t) |2y

1
T 2 T
<0t ([ IVulay ) [ I9u0l20yar < 5.
Finally, by using (2.8) we get

T—6 T—6 pt+d N
/O Ji(t)dt < /0 / 19620 dr(IVat + 8) | 2 + V(b))

L (T8 4 pt4s . 3
< 051/0 </t lo(7 )HH2(Q d7> ([IVu(t + )l L2() + [[Vu(t)| L2 )) dt

L/ T s o
<08t ([ 160y at) [ I9uOln0yar < 5.
0 0

From the above estimates and the fact that p is strictly bounded from below, we obtain the conclusion (3.26)
The proof is complete. U

Existence of weak solutions. With the above a priori estimates, we are able to prove the existence of a
global weak solution by using a semi-Galerkin scheme similar to that in [45] (see also [80])
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More precisely, for any n € N, we find a local-in-time approximating solution (u,,, ¢,,) where u,, solves
(3.1); as in the classical Faedo-Galerkin approximation (projected on the n-dimensional space spanned by the
eigenfunctions of the Stokes operator) and ¢,, is the (non-discrete) solution to the equations (3.1)3-(3.1)4 with
the velocity u,,, the singular potential and the nonlocal term. This goal can be achieved by a Schauder fixed
point argument. To complete the proof, it is necessary to solve separately a convective nonlocal Allen-Cahn
equation with a given velocity field v,, (in the same finite dimensional space as u,,). To this aim, we introduce a
family of regular potentials { W} that approximates the original singular potential ¥ by setting (see, e.g., [36])

U (s) = F.(s) — @32 Vs eR,

2
where
L .
ZjF(])(l—E)[S—(l—E)]j, Vs>1—g¢,
=07
F.(s) =< F(s), Vse|-1+¢1—¢],
2
Z%F(j)(—l—i-s) [s — (=14¢)), Vs<—1+e.
7=0

Substituting the regular potential W, into the original Allen-Cahn equation (3.1)3-(3.1)4, we are able to prove
the existence of an approximating solution ¢, to the resulting regularized equation using e.g., the semigroup
approach like in [45, Lemma 3.2] or simply by the Galerkin method. For the approximating solution ¢., we
can derive estimates that are uniform in € and then pass to the limit as € — 0 to recover the case with singular
potential. It is worth mentioning that in this procedure, thanks to the singular potential ¥, we can show the
limit function satisfies

e L®Qx (0,T) and |¢(z,t)] <1 ae. inQ x (0,7T),

using a similar argument like in [36, 37], without the additional assumption sp’(s) > 0 for |s| > 1 that was
required in [45]. This together with the spatial regularity of gb (e.g., from the energy estimates) implies that
o) Loo(@) < 1foralmostany ¢ € [0, 7] (cf. (3.12)). Inserting the function ¢ = ¢[vn] back into the Galerkin
appr0x1rnat10n equation for u,,, we can thus define a mapping u,, = 7T [v,] in a suitable finite dimensional
space. Then, by means of the classical Schauder’s argument, it is possible to prove that 7 admits a fixed point
defined on a certain time interval. This gives the local approximating solution (u,,, ¢,).

Next, thanks to the a priori estimates showed above, it follows that the existence time interval of any ap-
proximating solution (u,,, ¢, ) is independent of the parameter 7. From the same argument, we deduce uniform
estimates that allows sufficient cornpactness for the phase function ¢,,. Then, the key issue is to obtain uniform
estimates of translations fo s (t + 6) — un(t)||? 12(n) dt (see Lemma 3.6) that yields compactness of the
velocity field in the case of unmatched densmes (cf. [50]) Since the above two-level approximating procedure
is standard, we omit the details here.

Time continuity and the initial condition. We first observe that the regularity properties (3.13) and (3.18),
together with the global bound [|¢|| .o (0,710 (2)) < 1, entail that

¢ € C([0,T); LP (), V2<p<oo ifd=23.
In addition, since ¢ € L>(0,T; H'(£2)), we also infer from [75, Theorem 2.1] that ¢ € C,, ([0, T]; H'(£2)). If
d = 2,since ¢ € L2(0,T; H?(2)) N W12(0,T; L*(R)), we can further deduce that ¢ € C ([0, T]; H(£2)).
Next, the weak formulation of (3.1)1-(3.1)2 can be written as

d ~
E(P(P(éb)u),ﬁvg,va = (fiv)v, v,
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for all v € V,, in the sense of distribution on (0,7"), where P is the Leray projection onto H,, and

(fvivyv, = (0 (9)idu,v) — (p(d)(u - V)u,v) — (v(¢)Du, Vv) + (Vo @ Vo, V).

Arguing similarly to the proof of Lemma 3.6, we observe that

vy < ClIO 2ol () + Clull sy 1 Dull 20y + CllDul 12 (@) + ClIVSlF e

< Cl10u 200y | Dl 22 g+ Cll Dl + Dl 20y + C e
4 4
< (1410002 0, + 1 DulE )+l )

In light of the regularity of the weak solution, we find thatj7 € L'(0,T;V’). By definition of the weak time
derivative, this implies that

OP(p(d)u) € L'(0,T; V7).
Observing that P(p(¢)u) € L>(0,T;H,), we have P(p(p)u) € C([0,T]; V). As a consequence, we deduce
from [75, Theorem 2.1] that P(p(¢)u) € Cy([0,T]; H,). Besides, it easily follows from the properties of
the Leray operator PP that P(p(¢)u) € Cy([0,7T]; L?(£2)). Now, repeating the argument in [4, Section 5.2],

we deduce that p(¢)u € C,([0,T]; L%(Q2)). Therefore, since p(¢) € C([0,T]; L%(2)) and p(¢) > ps > 0,
we can conclude that u € Cy,([0,T]; 2(Q)) Thanks to the time continuity of # and ¢, a standard argument
ensures that the initial conditions u|;—y = ug, ¢|t—o = ¢o are satisfied in 2.

Proof of Theorem 3.1 is complete. O

3.2. Proof of Theorem 3.3. Let us consider two global weak solutions (#1, ¢1) and (u2, ¢2) to problem (3.5)-
(3.6) given by Theorem 3.2. Denote the differences of solutions by

u=uy—uz, ¢=0o1— Po.

Then we have

(O, v)v: v, + (w1 - Vu,v) + (u-Vuy,v) + (v(¢1)Du, Vv) + ((v(¢1) — v(¢2))Dua, Vv)

= (V610 Vo, V) + (Vo @ Vi, V), (3.27)
for allv € V,, almost every ¢t € (0,7"), and
8t¢ + ui - V¢ +u- V¢2 — A¢ + \I’/(¢1) — \I’/(¢2) = \P/(¢1) — \I//((Zﬁg) (3.28)

for almost every (z,t) € Q x (0,7).
Following the same strategy as in [37], we take v = A ~'u, where A is the Stokes operator, and we find that

L2 4+ (v(61) Du, VA )

= (u®@u, VA 'u) + (uy ©u, VA 'u)
— ((v(¢1) — v(¢2)) Dug, VA™'u) + (V$1 © V§, VA~ )
+ (Vo @ Vo, VA~ u),

where ||ul. = VA~ 'u||;2(), which is a norm on V7, equivalent to the usual dual norm. Here, we have used
the equality u; - Vu = div (4 ®@u;), i = 1,2, due to the incompressibility condition. Beside, multiplying (3.28)
by ¢, integrating over {2 and observing that

_ 1,2 _
/Q(ul'V(b)(bdx—/Qul'<2V¢>dx—O,
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| 0 - T@)o de = (For) - T)alel = o

we obtain

3316130 + V6l + [ - Vonoda+ [ (F(61) = F(62) oo = ullolge
By adding the above two equations and using the convexity of F', we deduce that

d
3G+ + ((¢1)Du, VA" u) + [Vl 720
<(w®@u, VA ) + (uy @u, VA u) — (v(¢1) — v(¢2))Dus, VA )
+ (Vo1 @ Ve, VA ) + (Vo @ Vo, VAT u) — (u -V, ¢) + 90||¢H%2(Q), (3.29)
where ]
G(t) = 5llu®] + ||¢( Niz@)

In order to recover an L?({2)-norm of u, which is a key term to control the nonlinear terms on the right-hand
side, we obtain by integration by parts such that (see [37, (3.9)])

(v(¢1)Du, VA 'u) = (Vu,v(¢1) DA™ ')
—(u,div (v(¢) DA™ u)

—(u, V' (1) DA™ 'uV ;) — %(u, v(p)AA ).

Here we have used the fact that div Vv = Vdivv. Notice that, by the definition of the Stokes operator, there
exists a scalar function p € L>(0,T; H*(Q)) N L*(0,T; H?(£2)) (unique up to a constant) such that
~AA'u+Vp=u for almost every (z,t) € Q x (0,7T).
Moreover, we have the following estimates from [33] and [37, Appendix B]
1 PR 1
Ipllz2@ <HWA1w;mmw;my
||pHH1 ) < CQ ||u||L2(Q (3.30)
HPHH2(Q) <c§ HVMHLZ(Q)
(3)

where the positive constants C’g), C’g) and Cy,” only depend on €2. Then we can write
1
P (u7 V(¢1)vp)

- %(u, v(p))u) + %(div (v(¢1)u),p)

1 1
= 5("#(%)") + §(V,(¢1)V¢1 “u,p).
Recalling that v(-) > v, > 0, we then get
1 _
(v(¢1)Du, VA" u) > ”u”L2 + 5 (61)Vé1 - u,p) = (u,1/ (1) DA™ uV ).
Owing to the above estimate, we rewrite the differential inequality (3.29) as follows
d

Vy
—G(t) + 5”””%2(9) +1IVoll720
< (W@ui, VA 'u) + (up @ u, VA 'u) + ((v(¢1) — v(¢2))Duz, VA~ 'u)

dt
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+ (Vo1 @ Vo, VA u) + (Vo @ Vo, VA u) — (u - Vepa, ¢)

+00[l¢l| 720 + (w, 1/ (¢91) DA™ uV 1) — l(V,(¢1)V<Z51 ‘U, p). (3.3D)

2
By the Ladyzhenskaya inequality (2.4), together with (2.3) and the bounds for weak solutions, we have
(u@ui, VA 'u) + (ua @u, VA 'u)

< w2y (lw1ll o) + lullzaq)) IVA™ 1|40
1 1 3 1
< € (Il + 2l o ) Il ol
Vx
< solulzq) + € (lul @) + Izl g )l

In a similar manner, we obtain
(Vo1 © Vo, VA ) + (Vo @ Voo, VA~ 'u)
< (IV1illza) + IVo2lna@) IVl 2 ) IVA™ ul 1o

1 1 1 1
< € (101l + 102l ) 1900200l o )

Vs 1
< 2_0”””%2(9) + EHV¢H%2(9) + O (11120 + lldallFre ) 17,
as well as
(- Vo2,0) < |lullr2) IVollpiollollLio)
1 1 1
< Cllull L2 IV @2l g oy 101122 (@) IVl £2(0
Vs 1

< 2—0||u||%2(9) + E||V¢H%2(Q) + Clialltz () l9172 ()

where we have also used the inequality (2.1) and the conservation of mass such that ¢ = 0. Since ¢/ is bounded,
by exploiting (2.4) we deduce that

(u, V' (1) DA™ 'uV 1) < Cllullr20) | DA™ w140yl Vo1l i)
3 1 1
< CHquQ(Q)Hqu HV(blH]Z{l(Q)
V112 2 2
< 5glleliz2@) + Clierliz g lull.
Next, by using Lemma 2.1 together with (2.1), we infer that

1
—((V(¢1) — V(¢2))DM2,VA_1M) = —/Q </ V/(T¢1 + (1 - T)¢2) dT> ¢Du2 : VA_lu dzx
0
< C||Dua||r2(0)l|oV A~ ul| 12
A._luH 1,p
< _1 s Wip(Q)
= CHMQHHl(Q)HV(bHLZ(Q)”A uHVa In> <C ||A_1uHVg

s (Ml
< Ollusllsn [Vl 2 ] (c ( >)

e«
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1 2 2 2 C
< EHVQSHLQ(Q) + 0”"2”1{1(9)”"”*1“ <m )

where C > 0 is chosen sufficiently large such that In (&) > 1.

To finish the proof of Theorem 3.3, we distinguish two cases.
Case 1. By using the Stokes operator (i.e., A = P(—A)) and the integration by parts, we infer that

50/ ()Y ) = 3 (DA™ w B/ (6:)V61p)
1

=3 /QNA—lu)t : VP(V'(¢1)Veip) dx

+ % /BQ ((VA_lu)tP(V,(%)V(blp)) .nds.

N —

Thanks to (2.3), (2.11), and the properties of the Leray projection, we find

1
—§(V/(¢1)V¢1 cu,p) < CIIVA™ || 120 VPV (¢1)Vérp)ll 12 ()

+ CIVA™ ul| 1290 IP(V (1) V61D) || 12(002)
< Cllal« [V (61)Vorpll (o

Ol )23 | B (60)V10) 2 ) [ (60 Vo10) 21 g
< Cllulll[v/ (1) Vorpl ar o
a2l o [ (61) V10 2o [ (61) Vrp s - (332)
Owing to (2.4), (2.9), Lemma 2.1 and (3.30), we observe that
1/ (1) V1Dl 1200y < ClIV1LIlLao Pl (0
< Cll61 112 111 [P 2
< C101 Iy | VA0 gl 2
and

1V (1) Vorpllg ) < 1V (¢1)Vorpllrz) + 1V (61)Vor @ Véip| 12
+ 1V (01) V2011l 120 + 1V (1) V1 @ VDl 120

1 WVl
< Clu| () In ((17” + ClIVerll} 1 lIpll (o)

]l 20

1 ||pHH2 Q
+ Cliall 2@ 12l o @) + Cllérll 2oy 2] 1 0y In? (o—“)

HpHHl(Q)
HVMHL2(Q)> ‘

1
<C(1+]¢ u oz { ©
(L4l llz2e) Nl 2o < lee]] 2 )
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Combining the above estimates with (3.32), we are led to

N

X 1 HVuHL2
—5((61)Ver - u,p) < C(1+ 612l ]| 20 In (CTEW:__
L2(Q)

3 51 1 [ IVl 2@
#0 (14l ) Il g (CW

|Vul| 2
e a2y + C (1 + 11122y ]2 Tn <7L“’)

IN

||"||L2(Q)

12 o [ Va2
+c<1+<m ; > ul[fins | OZp =
1611 2y ) el 220

/
u
In order to handle the logarithmic terms, we recall that W > 1. Since % > 1, for some C’' > 0
L2(Q) *

_20

depending on 2, we have
\Y \Y
ln§ C’H u||L2(Q) <1+l C’H uHL?(Q)
||u||L2(Q) H"HL?(Q)

v
1 (2T

e[«

< C+In(1+ ||Vl 2q)) +In (H I )

where C > 0is a sufficiently large constant such that In ( s > > 1, which holds true in light of (3.13). Thus,

we obtain that
1
5@ (6161 up) < Zfuldag +0<1+\|¢1||H2 )1n(1+||w||m<m)uuuz

2 e
+C<1+H¢1|yﬁz(m> ||| In il |

Summing up, we arrive at the differential inequality

d Vi 12 1 2 C
700 + 7 lullze(q) + 51VOllLz () < CSHG(E) In (@) : (3.33)

where

S(t) =1+ w1 ) + lu2 ()75 @) + 161072 + 0207720

12
101l oy (14 1n (14 [Vallg2)) -

In the derivation of (3.33) we have used that the function s In(C'/s) is increasing on (0, C /e).

We observe that S € L'(0,T) provided that ¢; € LY(0,T; H?(Q)) with y > % Indeed, we recall the fact
that In(1 + s) < C(k)(1 + s)", for any x > 0 and s > 0. Taking

25y —12)
==

)
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we have

T 12
161 10 (14 19l 20)

2(5y—12)

T 12
<C [ 1) oy (14 1V 12@) " 7 dr

T
< C/o ”¢1(T)H}{2(Q) + ”V”1(7)|’2L2(Q) + ”VWZ(T)H%%Q) dr.

Therefore, it holds S € L1(0, 7).
Integrating (3.33) on the time interval [0, ¢], we find

Glt) < G(0) + C /0 S(s)G(s) In ( G%) ds,

for almost every ¢ € [0, 7. Observe that

|
/ — ds = +o0.
0 Sln(%)

27

Thus, if G(0) = 0, applying the Osgood lemma B.1, we can deduce that G(t) = 0 for all ¢ € [0, T, namely

ui(t) =us(t), é1(t) =¢2(t), Vtel0,7].

This demonstrates the uniqueness of solutions in the class of weak solutions satisfying the additional regularity

¢1 € LY(0,T; H*(Q)) with y > 12,

In addition, we are able to deduce a continuous dependence estimate with respect to the initial datum. To

this end, we define

- (2))

By the Osgood lemma, for G(0) > 0, we are led to the inequality

C C t
—1In <ln <%>> +In <ln <m>> < C’/O S(s)ds

for almost every ¢t € [0, 7. Taking the double exponential of (3.34), we eventually infer the control

exp(—C ft S(s)ds)
Oy wicom),

Gt)<C (7

¢ 7y
In (ln (@)) >C ; S(s)ds.

where Ty > 0 is defined by

(3.34)

(3.35)
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Case 2. Observing that (u, Vp) = 0 and recalling (3.30), we have the following alternative estimate:

1 1
—5(’/(¢1)V¢1 'u,p)‘ = ‘5(’/(¢1)uvvp)‘

1 .

— L b [((v(én) ~ u, V)

CcE v, v*]

1.

< gce[llflfyﬂ (1) = cll ooy el L2(0) VPl 22 ()
@

< inf  max |v(s) — | HuH%Q(Q),

2 celvi,v¥] s€[-1,1]

Exploiting the additional assumption (3.7) on v, we obtain the differential inequality

d Vs 9 1 9 ~ C
GO+ 2l + 51901y < CS0G I (507 ). (3.36)

where
S) = (1+ lun @310y + 2 (8) 2 0 + 161Dz ) + 162(8) 32y )

Then the conclusion follows by arguing as in the first case.
The proof of Theorem 3.3 is complete. U

Remark 3.7. We note that the same existence result as in Theorem 3.2 holds in the periodic setting, i.e.,
Q =T d = 2,3. In the particular case Q = T2, uniqueness of global weak solutions can be achieved,
without the conditions required in Theorem 3.3. Indeed, in this case the solutions of the Stokes operator A~ u
and p are given by (see [78, Chapter 2.2])

-1 2ink-x 2imk-x
A" u = gkeL,p=§pkeL,
keZ? keZ?

where
L2 (kuk)k Lk-uk )
- A R =——>, keZ*' k#0
Ik = T2 k]2 ("’“ ]2 ) Pe= o FELLEAD,
with L > 0 being the cell size. Here uy, is the k-mode of u. We observe that we only need to consider the case
k # 0 since u is conserved for (3.5)1 on T2, and thus we can choose @ = 0. Moreover, since u € H,, we
have k - uj, = 0 for any k € 7?2, which implies that py, = 0 for any k € Z>. As a consequence, following the
above arguments, we are led to the differential inequality (3.31) without the last term on the right-hand side,
i.e., —3(V/(¢1)V1 - u,p). Hence, we eventually end up with

d V* 2 1 2 ol
GO0 + T lula) + 3 1V0l32q) < CSOEH I (577 )-

where
S(t) = (1 + s (D)1 ) + w27 ) + 16117720 + “‘b?(t)“%{?(ﬂ))'

Since S € LY(0,T) for any couple of weak solutions on [0, T], an application of the Osgood lemma as above
entails the uniqueness of global weak solutions (now without additional regularity on ¢) and a continuous
dependence estimate with respect to the initial data, i.e., (3.35).
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4. MASS-CONSERVING NSAC SYSTEM: STRONG SOLUTIONS

This section is devoted to the analysis of global strong solutions to the Navier-Stokes-Allen-Cahn system
(3.1)-(3.3) in two dimensions. The main results are as follows.

Theorem 4.1 (Global strong solution in 2D). Let Q be a bounded domain in R? with smooth boundary OSQ.
Assume that the initial data uy € V., ¢g € H*(Q) satisfy Oppo = 0 on 9Q, F'(¢o) € L*(Q), Poll o) <1
and |p,| < 1.

(1) There exists a global strong solution (u, ¢) to problem (3.1)-(3.3) satisfying, for all T > 0,
uc L>0,T;V,)NL*0,T;H*(Q)) N H'(0,T; H,),
¢ € L™(0,T; H*(Q)) N L*(0, T; W>P(Q2)),
Orp € L>=(0,T; L*()) N L*(0,T; H'()),
F'(¢) € L%(0, T L*()) N L*(0, T L7 (%)),

for any p € (2,00). The strong solution satisfies the system (3.1) almost everywhere in Q0 x (0, 4+00).
Besides, |¢(x,t)| < 1 holds for almost every (z,t) € Q x (0,+00), the boundary condition Op¢ = 0
is satisfied almost everywhere on OS2 x (0, 400) and the initial conditions are attained.

(2) There exists 1 > 0 depending only on the norms of the initial data and on the parameters of the
system:

m = m(E(uo, o), lluollv., |0l g2y, |1 F” (d0)l 20, 0, 00)- 4.1)
If, in addition,
HP/HL“’(—Ll) <m and F”(%) S LI(Q%
then for any T > 0, we have
F"(¢) € L=(0,T; L'(R),  F"(¢) € LU0, T; LP (1)), (4.2)
forany p,q € (1,00) satisfying % + % =1, and

(F"(¢))*In(L + F"(¢)) € L'(Q % (0,T)). (4.3)

In particular, the strong solution satisfying (4.3) is unique.

Theorem 4.2 (Propagation of regularity for strong solutions in 2D). Let the assumptions in Theorem 4.1-(1) be
satisfied. Assume in addition that || p'||ee(—1,1) < m (¢f. (4.1)). Given a strong solution from Theorem 4.1-(1),
for any ¢ > 0, there holds
(F"(9))* In(1+ F"(¢)) € L'(Q x (¢, 1)),
and
O € L®(¢, T;Hy) N L2 ((,T; Vy), ¢ € L=(C, T H'(Q)) N L*(¢, T; H*(Q)).
Moreover; for any ¢ > 0, there exists § = 6(C) > 0 such that
—1+6 < ¢(x,t) <1 -4, VeeQ, t>(.

Remark 4.3. The smallness assumption on p' (see (4.39) below for the explicit form) can be reformulated in
terms of the difference of the (constant) densities of the two fluid components when p is a linear interpolation
Sfunction. In this case, we have

14+ s 1—3s

e A =B e 1)

2

p(s) = p1
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Roughly speaking, the results given by Theorem 4.1 and Theorem 4.2 imply that uniqueness and further regu-
larity of strong solutions to the nonhomogeneous system can be achieved provided that the two fluids have a
small difference in densities (i.e., p1 = p2).

Remark 4.4 (Matched densities). It is worth noticing that Theorem 4.1 and Theorem 4.2 hold true in the case
of constant density p = 1 (i.e., p1 = p2 = 1) without any smallness assumption. Moreover, thanks to Theorems
3.3 and 4.1, any global weak solution (u, @) to problem (3.5)-(3.6) with p = 1 defined in Theorem 3.2 is a
strong solution for any t > (.

4.1. Proof of Theorem 4.1. We perform higher-order a priori estimates that are necessary for the existence of
global strong solutions.

Higher-order estimates. Multiplying (3.1); by Jsu, integrating over {2, and observing that

/V((b)Du-DZ?tudx: 1d y(qﬁ)]Du]Zdw—}/ V' (¢)0r| Du|? dz,

we obtain

1d 9 9
337 | @IDuP ot [ p(o)ow? ds

= —(p(¢)u - Vu, o) — /QAqﬁ V¢ - Owmdx + % /Q V' (¢)0rp| Dul?* du. 4.4)

Next, differentiating (3.1)3 in time, multiplying the resultant by 0,¢ and integrating over €2, we obtain

1d

2
— 00Hat¢‘|%2(ﬂ) — / p/'(¢)|8t¢|2% dx — / o' (o)u - Oyu Opp d + 81/{/ O d. 4.5)
Q Q Q
Adding the equations (4.4) and (4.5), using 9;¢ = 0, we find that

d
GHO + 10wl o) + V00l + [ F(0)100 da
Q

< _(p(¢)u-vu,atu)—/QAqbw'atud:ch%/Qv’(cb)atqleuIde+90||8t¢\|%z(m

2
_ / Ot - Vo o s — / ()00 a - / (&) - Dy Oy, .6)
Q Q 2 Q
where

Ht) = 3 [ v(6)IDu(t)? dz + 20:6(8) |22 gy, @)
2 Jo 2

In (4.6), we have used the fact that p is strictly positive (p(s) > p. > 0). In addition, we infer from (3.1) that
188/l 20y < C (1 + ]l g () [0l 20 + CIF ()20 + CllatllFr -

Therefore, it follows from the assumptions on the initial data that H(0) < +ooc.
We proceed to estimate the right-hand side of (4.6). By using (2.2) and (2.10), we have

—(p(@)u - Vu, 0u) < [|p(@)]] Lo () 11l Loo () | VU L2 10| 12 ()

) 0wl L2 ()

[ellyp ()

5 1
< C||Du||72(q) In? <C\|DuHL2(Q>
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[l e ()
Hatu\l 2 + CllDul 2y In | O

X L2 ||D"||L2(Q) ’

for some p > 2. Moreover, it holds
- [ 2690 i < 180] )|V o 0l 0

1 L IVEllwe @)
< A \v4 1 C—21 |0
< ClAd 120 VO (o) In2 < Mol 0| 220

Hv¢||W1»P(Q)>

O +C|A Vol In{cC
H |20y + ClAGIT20) VIl @ ( Vol @)

Next, by exploiting Lemma 2.1 and 0;¢ = 0, we obtain

1

5 | 7/(@06IDul do < 1/ (@)~ e)|0061Dal )| Dul 20

3 | Du|| 10
< OVl 20l Du|72 (o) In2 <Cm

1 | Dul| Lr(q)
Z Vo, 1 C|Du ol il iC Iy
8” t ||L2(Q H HL2 < HDuHL2(Q)

It remains to control the last three terms on the right-hand side of (4.6). By using (2.4) and (3.13), we obtain

- /Q Oyt - V0,6 Az < ||0y]| 20y | Voll L1 oy 106l o

1 1 1 1
< HatuHLZ(Q)HV¢HZz M@l Frz) 1001 72 [V O:0l £ 2
P
< g”at"H%mz ||V3t¢\|L2 )+ Cllol o) 1981172

2
u
- [ @00 ao < Cll @m0y 10061 T
< C|!3t¢HL2 WIVOB L2 |l 2 (o) [Vl 220
\|V5t¢||L2 )+ ClOII7 2 (g 1Dul17 2 g

and
—/Qpl(ﬁb)"'atu ¢ dx < C|lp' ()l oo el (o | Osll 2 ) 106l L2 02)
1 1 1 1
< C””sz(g)Hvu“22(g)HatuHLZ(Q)Hat¢|’22(Q)|’V8t¢”z2(g)
Px 1
< §||8tu||%2(9) + g”vat@b”%?(m + Cl0egll72(0) | Dul1 2y
Combining (4.6) and the above inequalities, we deduce that
d Dx 1
A+ 7||8t"||%2(9) + §\|V8t¢||%2(9)
< CllowglI72 () + C (I1DulI72 () + 10172 (@)) 1801720y
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llellwe (o) IVollwir@)
+ C||Dul||% 2oy In [ C—=———"2 | + C||A9|? Vol%1 o In | C——"—"" | .
From the inequalities
z?1n <%> <2?In(Cy)+1, Vz,y>0, (4.8)
Vs 1
3||Du||%2(9) + §||3t¢\|%2(9) < H(t) < C(HD"H%%Q) + H5t¢\|%2(g)), (4.9)

and the estimate (3.21), we can rewrite the above differential inequality as follows

d Dx 1
A+ §||8tu||%2(9) + §||V8t¢||%2(9)
< C(1+H(t)+ H*(t)) + CH*(t) In (Cllullwro) + C (1+ H*(t)) In (C||dllwen@) - (4.10)

Let us now estimate the argument of the logarithmic terms on the right-hand side of (4.10). First, we rewrite
(3.1); as a Stokes problem with non-constant viscosity
—div (v(¢)Du) + VP =f, ae.in x (0,7),
divu = 0, a.e. inQ x (0,7),
u=0, a.e. on 0 x (0,7,

where
f=—p(¢)(0m+u-Vu) — ApVo.
Applying Theorem A.1 with the following choice of parameters

1 1
=1 ith € € (0,1 dre(2 h that — = — =
D +e with e € (0,1), and r € (2,00) such tha =1 %

we infer that
ully21ee ) < C ([0l 1oz () + |l - V|| prve ) + A0V p1+2(0))
+ C|Dul| 2 Vol r (o)

< 0 (1wl + ol 2gss | [Vl + 190, s 11200 )
+ C|Dul| L2y l|9ll 7r2(0)

< Cl 0|2y + CllDulZ2 ) + 19172y

< C||8tuHL2(Q) +C(1+ H(t)),

where the constant C' depends on . We recall the Sobolev embedding W212(Q) < W1P(Q) where 1 =

P
o % Then for any p € (2, 00), there exists a constant C' > 0 depending on p such that

1+e
[llwrri@) < Cllowl|20) + C (L+ H(?)). (4.11)
Next, we reformulate the equation (3.1),4 as the elliptic problem

{—A¢ FF(¢) = p+ 00,  ae. inQx(0,T),

4.12)
Onp =0, a.e. on 00 x (0,7).
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From the elliptic regularity theory (see, e.g., [2, Lemma 2] and [37]) we find that
ollw2r) + I1F' (@) lr) < CA+@llr2@) + 11+ 009l Lr (o))
S CA+@ller@) + el e @),
for any p € (2,00). On the other hand, from the equation (3.1)3, we have

N IE
p=—0—u-Vo— p’(¢)% +u+p’(¢)%-

Observe that

jul?
HO] . SOl < CIVal,
LpP(Q2
Then, owing to the Sobolev embedding theorem and (2.1), we have
_ ul? ul?
I il ry < 100y + 10~ Vo + | o0 — ()4
LP(Q)

< OVl + Clull arollel a2 + ClVEllZ2 o).
In light of (3.19) and (3.23), the above inequality yields
lillr ) < Cllp = Fllr @) + Clal
< Cllp—Blle@) +C (14 lp — Al 2@)
<C 14Vl 2 + H(t)) .
Thus, for any p > 2, we deduce from the above estimate and (4.13) that
[8llw2r) < C(1+ (VO L2 + H(1)),

for some positive constant C' depending on p.
Recalling the generalized Young’s inequality

xy < ®(z)+Y(y), VYz,y>0,
where
O(s) =slns—s+1, Y(s)=¢€"—1,
we have
H(t)In (1+ |0l 12(0) < H(t)In H(t) + 1 4 || 0] 120
Then using the above estimate and the elementary inequality
In(z+y) <ln(l+z)+In(l+y), Va,y>0,
we can estimate the second term on the right-hand side of (4.10) as follows
CHA(t) I (Clullw1ae)
< CH?(t)In (C||0wm|| 20y + C(1 + H(t)))
< CH?(t) (1+ In(1 + || 0| r2(0)) + In(1 + H(t)))
< CH?*(t) +CH(t) (H(t)In H(t) + 1)
+ CH(t)||0su|| 2(q) + CH?(t) In(1 + H(t))
< P ljlag) + € (14 H(1) + CH(t) In(e + H(1)).

33

(4.13)

(4.14)

(4.15)

(4.16)

4.17)
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In a similar manner, we have
H(t)In(1+ [[VOi¢l12(0)) < H(t) I H(t) + 1+ [VOidl 12(0)
Using (4.15), the third term on the right-hand side of (4.10) can be estimated as follows
C (1+H*(t) In (Cllllwer(e)
< C(1+H*(1) In (C(L+ Vgl 2 () + H(2)))
<C(1+ H2( t)) +Cln (14 VOl r2(q) + H(1))
+ H(t)In (1+ | V;0| 12() + H(2))

<C(1+ Hz(t)) +C(1+ Hvat<l5HL2(Q) +H(t)) + C|[Vi| 20y H (1)
+ H?(t)In(1 + H(t))
< —||V8t¢”L2 +C 1+ H*(t)) + CH(t) (e + H(t)) In(e + H(t)). (4.18)
Hence, by (4.17) and (4.18), we easily deduce from (4.10) that
d X 1
e+ HD)+ ”Z||atu||i2(m - Zuva@nig(m < C+ CH(t)(e+ H(t))In(e + H(t)). (4.19)
On the other hand, thanks to (3.11), (3.21) and (4.9), we infer that
t+1
H(r)dr < Q(Eo), Vt=>0, (4.20)

t

where () is independent of ¢, and Ey = E(uq, ¢o). Applying the generalized Gronwall lemma B.2 to (4.19),

we find the estimate (
Q(Eq)
sup H(t) < C(e+ H(0))° o
te[0,1]

Besides, by using the generalized uniform Gronwall lemma B.3 together with (4.20), we infer that

sup H(t) < C (e Q(Eo))e1TOEo)
t>1

Combining the above inequalities, we can obtain

igIO)H(t) < Q (Eo, [[uollv,, ol g2 1 F' (¢0)ll L2()) - (4.21)

In addition, integrating (4.19) on the time interval [¢,¢ + 1], we have, for all ¢ > 0,

/:H 18 ()7 20 + IV (7)1 72 () AT < Q (Ev, wollv, » b0l a2y 1F (d0) | 2(y) - (4:22)
From the above estimates, we can deduce that
uecL>0,T;V,)NH (0,T;H,), ¢ c L>0,T;L*(Q)NL*0,T; H'(Q)), VT >0. (4.23)
Thanks to (3.21) and (4.15), we also get
sup o) 20y < Q (Eo, lluollv,, |90l 2, IF' (¢0)lL20)) » (4.24)

and, for all ¢t > 0,

11
/t ()32 0y A7 < Q (Bo, [lollv,» b0/l 20 1F (¢0)l 2()) » (4.25)
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for any p € (2, 00). This entails that
¢ € L®(0,T; H*(Q)) N L0, T; W?P(Q)), VYT > 0.
According to (3.19), (3.23) and (4.14), it further follows that
p € L*(0,T; L*(Q) N L0, T; LP(Q)), VYT > 0.
As a consequence, it holds that

F'(¢) € L>(0,T; L*(Q)) N L*(0,T; LP(R)), VT > 0.

35

Finally, by exploiting Theorem A.1 with p = 2 and r = oo, together with the regularity of ¢ obtained above,

we have, for all t > 0,

i1
/t ee(T) || 720y AT < Q (Eos [lwo]lv,» 160l 20, |1 F' (d0)llL2(@)) »

which yields that
ue L*(0,T;H*(Q)), VYT >0.

(4.26)

Existence of global strong solutions. With the above a priori estimates, we are able to prove the existence
of global strong solutions using a standard approximation procedure and pass to the limit (cf. the proof of

Theorem 3.1). The details are omitted here.

Entropy bound in L>(0,7T; L'(Q)). First of all, we observe that, for all s € (-1, 1),

0 1+s 0 20s
/ _ /! - u —
F(S)_2ln<1—s>’ F"(s) T2 F"(s) PR

and )
20(1 + 3s°)
@ (s) =
F26) == wazsp "

Next, we compute

d 1" . 1"
&/QF <<z>>dx—/QF (6)0h6 e

2
- [ 7o) <A¢—u-v¢—F'<¢>+eo¢—p'<¢>'"—+£) da.

2
Since

/ F"(¢)u -Vodz = / u-V(F"(¢))dz =0,
Q Q

and exploiting the integration by parts, we rewrite the above equality as follows

i " (4) 2 1" /
G [ Frera s [ FO@eLaat [ FroP@)a

ul?
= [P (0o - # @y +€)
In particular, from (4.28), we obtain

d

at Jq 2

It follows from (4.16) that

zy<erlnz+ef, Vx>0 y>0 ¢cc (0,1),

G [ Froras [ Prore s [ rio) (eo<z> L 5) d.

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)
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|2 Iul
/ F///( ) d </ ’F/// ‘ d.Z'
0
Lo’ (@)1 (¢>>\ |u)?

SEA]F%@umwwwmdx+/' " e,

Q

which implies

We observe that, for all s € [0,1), it holds
20s
]. F/// :]. F/// :1
n (|F"(s)]) = (F"(s)) =In ((1 — (1 —I—s)2>
—2In (1 +37”293> <2In <\/%1 +3>

1—s(1+s)? —s
4
= In(20) + EF (s).
Since both F’(s) and F"(s) are odd functions, we easily deduce that

In (F"(s)]) < Co + 5IF ()], Vs € (~1,1),

(4.32)

where Cy = In(26) (without loss of generality, we assume in the sequel that Cy > 0). Then, using the fact that

F"(s)F'(s) > 0forall s € (—1,1), we obtain
F () In (I (s)]) < ColF"(s)] + 5 F"(s)F'(s), Vs € (~1,1).

Fix the constant v € (0, 1) such that F'(«) = 1. We infer that
[F" (s)|In (|[F"(s)]) < C1 + CoF"(s)F'(s), Vse (—1,1),

where A
Ci = C()F”/(a), Cy = 5 + Cp.

Taking € = ﬁ in (4.32), we arrive at
2

o |u Cl’Q‘ / /// / Calp’ ()| |u|?
/Q F"(¢)p' (¢)—— 5 dz < e 2 QF ¢)dx + dz.

Arguing in a similar way (with € = ﬁ), we obtain

/ F"(¢) (B¢ + &) da < (’:llém / F"(¢ / 121009 +e g,
2

Since ¢ is globally bounded (i.e., ||¢| Lo (0,7: 150 () < 1) and ||€]| oo (0,7) < O3, we get

/ F"(9) (B0 +€)¢du < 5 / F"(¢)F'(¢) dx + 4lg |y ercaotig)
2
Combining (4.30) with (4.34) and (4.35), we deduce that

d 1 /// /
T F (¢)dz + = /F o) F'(¢)dx

S U
3CI|Q| 402(90+C§)|Q| +/ eC2|p( )HlvullLQ(Q) <Vu“§,2(ﬂ)> da
= AC, Q '

(4.33)

(4.34)

(4.35)

(4.36)
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In order to control the last term on the right-hand side of (4.36), we shall use the Trudinger-Moser inequality
in two dimensions (see, e.g., [64]). Namely, let f € H&(Q) (d = 2) such that fQ |Vf|2 dz < 1. Then, there
exists a constant Cppy = Cppyr(£2) (which depends only on the domain 2) such that

/ eI dy < Crar(Q). (4.37)
Q
As a consequence of (4.21), we have the following uniform estimate

stlig) [Vu(t) 2 < Q (E(uo, ¢0), H(0)) =: Ry, (4.38)

where Ry is independent of time. The exact value of R can be estimated in terms of the norm of the initial
conditions. Now we make the following assumptions:

AT
! o1 < . 4.39
10'(8)]Loe(—1,1) < ol (4.39)
Thanks to (4.39), we conclude from (4.36) that
d 1 Q .
— [ F'(¢)dz + / F"(¢)F'(¢) dw < EoiL et DT Q| + O (). (4.40)
at Jo 1Jq 4C5
Observe that, for s € [3,1),
0 (1—=s)(1+s) 3
F// — — F/// < F/// F/ .
(5) =+ 2 ) gy R
This gives
F'(s) < C3+ CyF"(s)F'(s), Vse(—1,1), (4.41)
where
1 3
comrr (), erm
2 AF' (%)
Hence, we are led to
d 1
. F// d - F// d <
at Jq (¢) LTS . (¢)dz < Cs,
where 3C119] C410]
Cr — 1 4C2(00+C3) 0 C 0 3 ]
e T Q|+ Crm () + 10,
We recall the assumption F”(¢g) € L'(£2). Then, an application of Gronwall’s lemma entails that
t
/ F(6()) dz < ||F" (o)l e ™7 +4C4Cs, Wt > 0. (4.42)
Q
In addition, integrating (4.40) on the time interval [¢,¢ + 1], we find
t+1
/ / FY(@)F'(¢) dedr < 4| F"(¢o)lLr ) +C6r V20, (4.43)
t Q
where sl
Cg = 4C5 — —2—.
6 5 Cy

The above estimate allows us to improve the integrability of F”'(¢). Indeed, arguing similarly to (4.41), we
have for s € [$,1)

2
(F"(s))*In (1+ F"(s)) = - 3)2(1 s In (1 +1 _932>
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1+sl—82+9>

<0F/// l
<OF7(s) n<1—s (1+s5)?

1 2
< 2F"(s)F'(s) + 0F" (s)In <§ + g)
< C7F"(s)F'(s).
Hence, we infer that

(F"(s))?In (1 + F"(s)) < C¢F"(s)F'(s) + Cs, Vse(—1,1).
In light of (4.43), we deduce (4.3). Indeed, we have

t+1
/ / (F"(¢))*In (1 + F"(¢)) dadr < 4Cs|[F"(¢0)| 11 () + CsCr + Cs, ¥t > 0. (4.44)

We notice that, by keeping the (non-negative) term F () (¢)|V|? (cf. (4.29)) on the left-hand side of (4.40)
in the above argument, we can also deduce that

t+1
/ / P)|Vo|> dzdr < Cy, VYt >0,

where Cy depends on || F"(¢o) || 1 (> Ro, 0, 0 and 2. Since

w

(\/18_—82>/=(1—52)—2, Vse (—1,1),
) 2

/:H/Q V(\/%
F'(s) =0 [(ﬁ)z +1

we infer that

Cy
< —= > 0.
da:d7‘_20, Vt>0

Setting ¢ = —2__ and observing that

)

we have (cf. (4.40))
t+1
l(t) 22 0 + / IV () 22y dr < Cro, VE>0.

This implies that
¢ e L®(0,T; L*(Q) N L*(0,T; HY(Q)), VYT > 0.

By the Sobolev embedding theorem in two dimensions, we also have
1 1 1
v e LY0,T; LP(Q2)), with 5= +—, Vpe(2,00).
P q
As a consequence, we conclude that

t+1
/ IF" (@)L d7 < Cut, ¥ >0, (4.45)
t

for any p, ¢ € (1,00) satisfying L + 1 = 1.
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Uniqueness of strong solutions. Let us consider two strong solutions (u1, ¢1, P;) and (u2, ¢p2.P,) to sys-
tem (3.1)-(3.3) satisfying the entropy bound (4.3) and originating from the same initial datum. The solutions
difference (u, ¢, P) := (u1 — ug, ¢1 — ¢2, P1 — P») solves

p(¢1) (O + uy - Vu +u - Vuy) — div (v(¢1)Du) + VP
= —A¢1Ve — ApVa — (p(¢1) — p(62))(Oruz + uz - Vus)
+ div ((v(¢1) — v(¢2))Dus) (4.46)
and

Orp+ur-Vo+u-Voy — Ad+ W (h1) — V' (¢2)

2 2
S e L R (4.47)

for almost every (z,t) € 2 x (0,7, together with the incompressibility constraint diva = 0.
It easily follows that ¢(¢) = 0 for all ¢ > 0. Multiplying (4.46) by u and integrating over €2, we obtain

A, P ot [ v(on|Duf ds

dt
- —/Qp(gbl)(ul.V)u.udx— /Qp((bl)(u~V)u2-udx— /QAqslws.udx
_ /QAquQ cude - /Q(p((bl) — p(62))(Bettz + s - Vo) - u
— /Q(y(qsl) — v(¢2))Dusy : Dudx + /Q %\u!2p'(¢1)8t¢1 dz. (4.48)
Besides, multiplying (4 47) by —A¢ and integrating over €2, we find
G | 51VeR dn+ 18010

:/(ul-w) A¢dx+/(u-wg)Aqsder/(F’(¢1)—F’(¢2))A¢dx
Q Q Q

s

2
+90HV¢”2L2(Q)+/Q(pl((bl)%_pl((%) 5 >A¢dx. (4.49)

Here we have used the fact that A¢ = 0 thanks to the homogeneous Neumann boundary condition for ¢, ¢o,
which implies that fQ(fl — &)A¢dx = 0. Adding (4.48) and (4.49), together with the bound from below of
the Viscosity function, we deduce that

5 ([ 2o+ [ 21VoP as) + v Dulisg) + 1801
§—/Qp(¢1)(u1-V)u-ud3:—/ p(P1)(u - Vuy - ud:n—/AqbquS udzx
—/(P(¢1)_P(¢2))(5tu2+u2-Vug)-udx—/(y(¢1)—y(¢2))Du2:Duda:
Q Q
+ [ SR enaondo+ [ o) Avdat [ (For) - o) Ao do

Juy|? Jus|?

+90||V¢H%2(Q)+/Q<P/(¢1)T P (¢2) —— 5 >A¢d$
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We now proceed by estimating the terms on the right hand side of the above differential inequality. We
would like to mention that most of the bounds obtained below are simple applications of the Sobolev embed-
ding theorem and interpolation inequalities in view of the estimates for global strong solutions that have been
obtained before. Nevertheless, less standard is the estimate of F’(¢1) — F”(¢2) for which we have to make use
of the entropy estimate (4.44).

To this end, by using the regularity of strong solutions, (2.2) and (2.4), we have

/ p(¢1) (w1 - Viu - udz < CHMHLOO(Q Vet L2 lleel 20

HDuHLz + Ol [[ o0 o #7202

/ P61 (- Vs - de < O Va | 2oyl

HDuHL2 + C”””L2(Q

- /Q AG1Vo - ude < O Ad | ey IVl ey el ooy

< 221 Duli3a ) + CllAG I ) IV613: o)

- /Q(p(¢1) = p(¢2)) Otz +uy - V) - udz

< OBl o)l Oruz + uz - Vusl| 2o l[ul[La(q)

< OVl L2 10ms + uz - Vus|[ 12y | VUl 120
< 12HD"HL2 + OO + us - V|72 [IVlI72 (0
~ [ (wé1) = v(62)) D : Dude < ol 1oy Dl | Dl

Vy
< EHDuH%?(Q) + O Duz|[ a0y IVl 720

1
| 3l @001 o < Clulfs oy 006 o)

< 5 1Dulfaiq + Clluliagay

/Q (1 - V) Addz < [lur]| g oy IVl 2 |20 2oy

1

[ (sontaE - o) s

- /Q (d(m)—ﬂ(%))@madw /Q 20 (4w ) Adda

2
< Ol ooy 1175 () |1 A8l 2202y + Clell 2oy (e [l oo () + 122l oo @) 1 ABl 220
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1
< EHA¢|’2L2(Q) +C|IVol72(q) + Cllull7ee ) + I2ll7 0 ) 12720

Next, using the generalized Young’s inequality (4.16) and the standard Young’s inequality, for z > 0, y > 0,
z > 0 with C'z > y, we obtain

Cz Cz
z?y? In <zy?(zlnz+ ==
Yy Yy

<ez? + 2% na + C%e 2%y, Ve >0. (4.50)
Then from (2.9) and (4.50), we find that

/Q (F'(dn) — F'(6)) Az

1
= /Q/o F”(T(bl + (1 —7)p2)dr pApdx
< C(IF" (o)l 2y + IF"(92) [l 2()) 9l Loe @) 1AG] 12 ()

1 [ L AG 20
< F Jad 1 1 =YL () A
< C(IF" (@)l 2y + 1F"(92) Ml 12(0)) V]l £2(q) In2 <OHV¢HL2(9) 1AG] 20

1 2 1" 2 " 2 2 HA(b”L%Q)
< 1Al La) +C (HF (@20 + IF (¢2)HL2(Q)> IVOllL2(q) In Cm

<= ||A¢HL2 +CIIF" (@02 (L + I (IF" (1)l 220)) 1VElI72(0y
+ CHF"(¢2)HL2(9) (11 (I[F"(d2) 2 () V011720

Collecting the above estimates, we deduce the following differential inequality

p(o1) 29 /1 2 V*/ 2 1 2
G ([ urac [ G1vopas)+ % [ puPas+ 518012,

<wilo) [ 280w as + Wa0VolRs @s1)

where
Wi(t)=C (1 + w117 () + el Foo ) + 1Ot + s - VWH%Z(Q)) ;
and
Wa(t)=C <1 + 1801171 (q) + 102 + uz - Va2 gy + || Dual|7aiqy + ||u1||2L°°(Q)>
+ O F" (911720 0 (I1F" (91) | 2(0) + CIF" (d2)l|72() I (1F” (d2)l| 22(0)) -

Here we have used that p(s) > p forall s € (—1,1).
In order to apply Gronwall’s lemma, we are left to show that

/HF”(@)HL2 yIn (| F" (i)l 12e) dm < C(T), i =1,2. (4.52)

To this aim, we introduce the function

g(s) = sIn(C*s), Vs e (0,00),
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where C'* is a positive constant. It is easily seen that g is continuous and convex (g’ "(s) = % > 0). By applying

Jensen’s inequality, we have
1
|F" () |2d:13> < — [F"(¢)]?) dz.
o ([, ¢ 1)

Using the explicit form of g, this is equivalent to

1 /! C* /! 1 /! * /!
@”F (@) 720 In <@HF (¢)H%Z(Q)> §@/Q’F (&)* n(C*|F"(¢)[?) dz.

Taking C* = || and integrating the above inequality over [0, T'], we find

T T
/ I (@2 In (I F”(6) 120y dr < / / F(6)In ()| F"(#)?) dedr.  (4.53)
0 0 Q

Then, (4.52) immediately follows from the entropy bounds (4.44) and (4.53). As a consequence, both WW; and
Ws belong to L(0,T), for any T > 0. Finally, an application of the Gronwall lemma entails the uniqueness
of strong solutions.

The proof of Theorem 4.1 is complete. O

Remark 4.5 (Entropy Estimates in LP, p > 1). Notice that the entropy estimate in L (§)) proved in Theorem
4.1-(2) can be generalized to the LP(QQ) case with p > 1. More precisely, for any p € N, there exists 1, > 0
with the latter depending on the norms of the initial data and on the parameters of the system

Mp = Np(E(o, $0), llwollv, |90l m2), 1F' (¢0) 2202y, 0, 60)
such that, if
[0/l Loe(—1,0) < mp and  F"(¢0) € LP(2),
then for any T > 0, we have
F"(¢) € L=(0,T; LP(Q)),  [F"(@)P'F"(¢)F'(¢) € L'(Q x (0,T)).
These results follow from the above proof by replacing % Jo F"(¢) dx by % Jo(F"(¢))P dx, and the observa-
tion that, for any p > 2, there exist two positive constants C’;,(,l) and 01(92) such that

[(E" ()P~ E" (s)| I (|(F" ()P~ F"(s)]) < SV + G (F"(s))P "' F"(s)F'(s), Vs € (=1,1).

4.2. Proof of Theorem 4.2. We now prove the propagation of entropy bound as stated in Theorem 4.2. For
every strong solution given by Theorem 4.1-(1), we have the following estimates

- Vol o) < llull@ HV¢IIL4 + IIWHL4(Q>HV¢IIL4(Q) + el oo ) 191l 122 ()

and
1P/ (D)l 1110y < Cllell7a 0y + ClIV O] oo 121720y + ClIVar Ly 1] L3
<C+ C||¢HW273(Q) + Cllul g2
which imply that
o ) sy OP
J(7) - V() 31y + |17/ (975 dr<C, Vt>0,
t H(Q)
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for some positive constant C' independent of ¢. In light of (4.22), it follows that

t+1
[ 1= 860+ PGB @dr <€, vezo
t
By using [36, Lemma 7.4], we infer that, for any p > 1, there exists some C' = C(p) > 0 such that
_ / 2
1" (@)oo < € (1477207

Hl(ﬂ)) a.e. in (0,7), (4.54)
for any 7' > 0. Notice that we are not able to conclude that the right-hand side of (4.54) belongs to L'(0, T').
Nevertheless, since an integrable function is finite almost everywhere, the above inequality entails that there
exists some ¢ € (0,1) (actually ¢ can be taken arbitrarily small but positive) such that

F'(¢(C)) € LP(Q)  with  [F"(6(C)llr(0) < C(p,C), Vp € [1,00). (4.55)

Then, under the condition (4.39) but without the additional assumption F”(¢g) € L'(Q2) on the initial datum,
we are able to deduce that the previous estimates (4.42)-(4.44) hold for all ¢t > ¢ > 0. More precisely, we have

/ ! /Q (F"(¢))?In(1 + F"(¢)) dzdr < C((), Yt >C. (4.56)

Differentiating (3.1); with respect to time and testing the resultant by 0;u, integrating over €2, we have
1

3 / p(6)0 |0 |* da + / p(¢) (O - Vu +u - Vou) - O da
0 0

+ / 0 ($)0: (O + u - Vu) - Opu dz + / v(¢)| Do |* dx + / V' (¢)0¢pDu : DO dx
Q Q Q

= / (Vo @Ve): Voudx.
Q

Since
1 2 1d 2 Lr, 2
3 p()0¢|Opue| dﬂ?zig p(¢)|0sul de —5 0 (¢)0rp|0u|” du,
Q Q Q
we find that
1d
st [Pl d+ [ v(o)|Dowl* ds
2t Jq, 0

_ / () O V-t - Vo) - O — / 5 (6)0:6|0u? dz
Q Q

— /Qp’(gb)atqﬁ(u -Vu) - Qudzx —/ V' ()¢ Du : Vou

Q
Q

In view of (4.23), by using (2.4), we have
~ [ ()@ V) - Bt < €l )| Tl
Vx
< = [[1Dow |72 () + Cllowl|7 2 (q)

— 16
and

- /Q p(0) (@ - Vo) - Ot dz < Ol oy IV Oute L2 10t | oy
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= 16”D8t”HL2 +C”atu”L2(Q :

In a similar manner, we obtain

1
~3 | #©)0010mP dx < Clo 2o |0l

<16 HDatuHLZ + CHat"HLZ

and
—/QP/(ﬁb)atﬁb(" -Vu) - O dr < OOl Lo llull Lo Vull L1 |0 La(q)
1 1 1 1
<C\|V5t¢||ia(g ]l 772 () 102 £ 2 o [ DOt 72
||D8tu||L2(Q + O 0|72 + CIVDII720) + CllulZ -

- 16
Besides, by means of (2.7), we can deduce that

- /Q V’((b)(‘)tqﬁDu : Di?tu dz < CH(?thHLoo(Q HDuHL2(Q)HD8tuHL2(Q)
§ ||D8t"”L2 +0H6t¢”L2(Q 100l 2 (0
< 1—6||D8t"”L2( HAat¢||L2 )+ ClIVOrll72
and
/ (Vo @ Vo) : Voudx
Q
< |IVoll L2 IVO:dl 1) | DOl L2 ()
Vx
< EHD@"H%%Q + CHV@¢HL2(Q VOl (o)

IN

Uy
EHD@"H%%Q ||A8t¢HL2 + OVl 72y

Next, we differentiate (3.1)3 with respect to tlme, multiply the resultant by —A0d;¢, and integrate over €2 to
obtain

1d

2dt

= 0|V 0,632 0y + /Q F"($)0u6 A0 da + /Q (Ot - V) A da

V01720 + 1809172 g

n /Q (u.V8t¢)A6t¢d$+% /Q 0 (8)0dlul>Ady da

+ / 2(6) (- D) Ay da. 4.58)
Q

Here we have used that Ad,¢ = 0 since 9,0,¢ = 0 almost everywhere on 92 x (0, 7). Exploiting (2.9), we
get

/ F”(Qb)(?ﬁbA@ﬂ]ﬁ dz
Q
<NF" (@) 220 1960l oo () 1A B 1202
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1 [ NAGB 120

< ||F" Vo Inz | Co——~—"| ||AD
< NF (D)2 @) IV @ L2 () In ( ||Vat¢”L2(Q)>H i dll 2 ()

=28 VOl 20

Recalling (4.50), we find
/Q F/(6)00006 dr < 18062 2(0) + CIF(6) 0y 0 (CIE" (@) 2(@y) IVl 459)
Besides, using (2.4) and (4.23), we get

/Q (Ot - V) A da < uatuumm)uvmum 18] (e

\|A6t¢||m )+ CIE" ()72 IV 072 In <C

< 16HD3MHL2 HAatqﬁHLz )+ Cllol|72 )

and

| 9000206 4z < [ull 10y IV 30)| A0 120

) (4.60)
—4”A3t¢HL2 +C”V3t¢HL2
Finally, in a similar manner, we obtain that
1
5/9P"(<Z5)3t¢\u\2A3t¢dw < C10:¢ll s laell7s (0 1A: 8| 12 )
1
—4”A3t¢HL2 + Vo720
and
/QPI(@(H - Ou) A0 dz < Cllul Loy |0 || () | A0:bl 12 ()
1
< 16”1731&”\\1;2 ﬁ“Aat¢|’2L2(Q) + C||0wu]|72 g
Combining the above estimates, we deduce from (4.57) and (4.58) that
d Vi 1
EL(t) + ?HDatuH%?(Q) + §||A8t¢”%2(9) < CK(H)L(t) + Cllull32 (4.61)
where
1 1
L) = 5 | p@)10t) do -+ 5 IVOGO o,

K(t) =1+ [|F"()[72(0) 0 (CIIF" ()]l 22(0) -
Recalling estimates (4.22) and (4.26), we have

t+1
| o+ g dr<c. vizo
t

where C' > 0 is independent of t. As a consequence, there exists ¢ € (0,1) (¢ can be chosen arbitrary small
but positive) such that

L(¢) < C(Q). (4.62)
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Notice that, without loss of generality, this value of ( can be chosen equal to the one in (4.55). Then, by
exploiting (4.56) and the Jensen inequality (cf. (4.53)), we obtain

t+1
K(r)dr<C, Vt>(,
t

where C' > 0 depends on (, but is independent of ¢. Thus, by using Gronwall’s lemma on the time interval
[¢, 1] and the uniform Gronwall lemma for ¢ > 1, we deduce that

t+1
L(t)+/ HDatuH%Q +|]A8t¢HL2 dT<C(g), Vit > (.
t

Hence we have
O € L(C, T:Hy) N L*(C, T3 Vo),
O € L(¢, T3 H () N L*(C, T; H* ().
In light of (4.11) and (4.21), we infer that
ue L= TyWHP(Q), Vpe (2,0)
An immediate consequence of the above regularity results is that
i =—A¢+ F'(¢) € L*(¢,T; L™(92)).
Thanks to [36, Lemma 7.2], we deduce that F”(¢) € L2(¢,T; L°°(£2)). This property entails that there exists
¢’ € (¢, + 1) such that
IF" (¢ Lo () < C(Q) (4.63)
Note that ¢’ can also be chosen arbitrarily close to .
Now, we rewrite (3.1) as follows

O +u-Vo—A¢p+ F(¢) =Ula,t),

with
Jul?

U =00p—p'(¢)—- 5 T&

Thanks to the above regularity, it easily seen that U € L>(0,7"; L°°(£2)). In particular,
sup U ()| o () < C(C)-
t>¢

For any p > 2, we compute
pdt/ (6 ]pdx—/ F()]P~2F (6) F" ()06 dx
= [IF@F2F©)F" () (-u-Vo+ A0 = () + U) da.

Since 1
/ F/(6) P2 () F"($)u - Vopda = / u-v<_yF/<¢>yp> de =0,
Q Q p

we deduce that

L5 L@ dss [ (0= DIF @R + [P @P P @) (9) Do da
+ [IP@PF @) = [ IPOP2F@OF U d
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We notice that the second term on the left-hand side of the above inequality is non-negative. Next, we observe
that

F'(s) < fes! 'O v e (—1,1).
Owing to the above inequality, and using the fact that s < e® for s > 0, we deduce that

2
n (|F/(s) P F"(s)) < In(9) + (1 + 5) (p—1)IF'(s)], Vse(~1,1).
Thus, we get
|F'(s)[P~LF"(s)In (|F'(s)|P~'F"(s)) < Cip|F'(s)[PF"(s) + C, Vs € (—1,1), (4.64)
for some C1, Cy > 0 independent of p. Recalling the inequality
vy <erlnz+ef, Yr>0y>0 ¢cc (0,1),

. _ 1 .
and taking € = 207> We arrive at

C'2|Q| /
F/ )P F/ pF// 2C1pIU| 4.
pdt/| AP de + = /| P)PEF" (¢)dx 20, Qe dx

Since U is globally bounded, we obtain

G| / 20 p|U]| G| 20! c
< 0 3P < 5P
2 A dz 20, + Qe Cye

for some Cy4, C5 > 0 independent of p and ¢. Observing that F”'(s) > 6 for all s € (—1,1), we rewrite the
above differential inequality for p > 2 as follows

d / F(6)P da + 0 / ()P de < CypeCs?

By applying Gronwall’s lemma on the time interval [¢’, 00), we infer that

P Cype’sP
IF @) 0y < IF G pgye ™"+ 20—, w2 ¢ (465)

We recall the elementary inequality for ¢ € [0, 1]
(x+y)?<zi+y!, Vx>0, y>0.

Choosing g = w1th p > 2, we find

3=

IF @O < IO more™ 5+ (G2)ecn, vez ¢
Recalling (4.63) and taking the limit as p — 400, we then deduce that
IF" () ) < IIF'(S(C)) | ey + €75, V=
As a result, there exists 6 = §(¢) > 0 such that
—14+8<¢(x,t)<1—6, VoeQ, t>(.

The proof of Theorem 4.2 is complete. U
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5. MASS-CONSERVING EULER-ALLEN-CAHN SYSTEM IN TwO DIMENSIONS

In this section, we study the dynamics of ideal two-phase flows in a bounded domain  C R? with smooth
boundary, which is described by the following mass-conserving Euler-Allen-Cahn system:
Ou+u-Vu+ VP = —div(Vo @ Vo),
divu = 0,
Op+u-Vo+pu=rnu,
p=—A¢+V(0),

The above system corresponds to the inviscid NSAC system (3.1) (i.e., v = 0) with matched densities (i.e.,
p = 1). The coupled system (5.1) is subject to the following boundary conditions

u-n=0, 96=0 ondQx(0,T), (5.2)

in Q % (0,7). (5.1)

and initial conditions
u('70) = Uy, ¢(70) = ¢0 in €2. (53)
The main result of this section is as follows:

Theorem 5.1. Let Q) be a bounded domain in R? with smooth boundary 5.
(1) Assume that ug € H, N H'(Q), ¢o € H*(Q) such that F'(¢g) € L*(2), |lgollre) < 1 |¢o] < 1
and Oppo = 0 almost everywhere on OS). Then, there exists a global solution (u, $) that satisfies the
problem (5.1)-(5.3) in the sense of distribution on Q2 x (0, 00), and for all T > 0,

uc L0, T;H, N H'(Q)),

¢ € L0, T; H*(Q)) N L*(0, T; W2P(Q)),

dip € L=(0,T; L () N L*(0,T; H' (),

p e L>®(Qx(0,7)):|o(z,t)] <1 ae inQx(0,7T),
for any p € (2,00). Moreover, Oy¢ = 0 almost everywhere on 02 x (0,00), and u|i—y = uy,
Pli=o = o in Q.

(2) Assume that uy € H, N W'P(Q), p € (2,00), ¢o € H?(Q2) such that F'(¢o) € L*(), F"(¢o) €

LY(Q), dollLe@) < 1 |l < 1, Gugpo = 0 almost everywhere on OS2, and in addition Vo =

V(—=Ad¢o + F'(¢g)) € LE(Q). Then, there exists a global solution (u, ) that satisfies the problem
(5.1)-(5.3) almost everywhere in ) x (0, 00), and for all T > 0,

uc L°0,T;H, NW'P(Q)),

¢ € L=(0,T; WP(1)),

drp € L>(0,T; H'(Q)) N L(0, T; H*()),

¢ € L>®(Qx(0,T)):|o(x,t) <1 ae inQx(0,7T).

for any p € (2,00). Moreover, Oy¢ = 0 almost everywhere on 02 x (0,00), and u|i—y = uy,
®lt=0 = ¢o in Q. In addition, for any ¢ > 0, there exists 6 = 6(¢) > 0 such that

“1+6<¢(x,t)<1-06, VxeQ, t>(.

Proof. To prove Theorem 5.1, we derive formal a priori estimates leading to the required estimates of solutions.
Then the existence results can be proved by a suitable approximation scheme together with the fixed point
argument and then passing to the limit, which is standard owing to uniform estimates obtained in the first step.
Hence, below we only focus on the a priori estimates and omit further details.
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Case 1. Let us first consider initial datum (uq, ¢o) such that
up € H, NHY(Q), ¢o € HX(Q), uo =0 ae. on I,
with
dollee) <1, ¢l <1 and F'(¢o) € L*(9).
Lower-order estimate. As in the previous section, we have the conservation of mass
o(t) = ¢y, Vt>0.

By the same argument for (3.10), we can deduce the energy equality

d
aE(", ¢) + 10:6 +u - V|72 = 0. (5.4)

Integrating the above relation on [0, |, we find

t
E(u(t), ¢(t)) + /0 ”8t¢ +u- V(ﬁH%z(Q) dr = E(uo, ¢0), vt > 0.

This implies that for all 7" > 0,
ucL>0,T;H,), ¢cL®0,T;H(Q), 0o¢+u-Voec L*0,T;L*(Q)), (5.5)

where the last property also implies 1 — i € L?(0,7T'; L?(£2)). In addition, it follows from the estimates (3.16)
and (3.23) that forall 7" > 0

¢ € L?(0,T; H*(Q)), pe L?0,T;L*(Q)), F'(¢) e L*0,T;L*(Q)).

Like before, the singularity of F” entails that ¢ € L>(Q2 x (0,7)) with |¢(x,t)| < 1 almost everywhere in
Q x (0,T). This fact combined with ¢ € L2(0,T; H?(£2)) implies that ¢ € L>(0,7T; L>(12)) and

lo(t)lpoey <1, foraa.te[0,T].
In comparison with the viscous case, at this stage it is not possible to prove that 9;¢p € L?(0,T; L?(2)).

Higher-order estimates. In the two dimensional case, it is convenient to consider the equation for the
vorticity w = O, ua — Oy, u; that reads as follows

Ow+u-Vw=Vyu- (Vqﬁ)L, (5.6)
where v = (vy, —v1) for any two dimensional vector v = (vy,v7). Multiplying (5.6) by w and integrating
over 2, we obtain

1d
s lelize = /Q Vi (Vo) wda. (5.7)

On the other hand, differentiating (5.1)3 with respect to time, multiplying the resultant by 0;¢ and integrating
over ), we find

1d
5 190l + /Q O - V¢ 9,6 Az + VO 8||72 () + /Q F"(9)|0vg]” dz = 00016720y (58

Here we have used the following equalities
1
/ u-Vopdpda = / u-v <—|at¢|2> dz =0 and / dhpda = 0.
0 0 2 0

Define , X
H(t) = 5”“”%2(9) + 5”3@“%2(9)'
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Then adding together (5.7) and (5.8), we infer from the convexity of F (i.e., F” > 0) that
d
GHO+ 19000320y < [ V- (Vo) wda = [ - Voosda+tloroliag. 659

Before proceeding to control the terms on the right-hand side of (5.9), we rewrite the second one using the
Euler equation. We first observe that
o = ]P’(,quﬁ —u- Vu),

where P is the Leray projection operator. Thus, we have

/(%u'V(b@t(zﬁda::/]P’(,quﬁ—u'Vu)-ng@tqﬁdw
Q Q
:/MV(b-]P’(V(batqﬁ) dw—/(u-Vu)-]P’(V(bﬁtqﬁ) dz
Q Q
:—/MV(b-]P’((bV(?th) dx—/div(u@u)-IP’(V(batqﬁ) dx
Q Q

:—/uww(watqs) dw+/(u®u):V]P’(V¢8t¢) dz
Q

Q

—/ (w@u)P(Ve o) -ndS
o0

:—/uww(watqs) dw+/(u®u):V]P’(V¢8t¢) dz
Q

Q

—/aQ(u-n)(u-]I”(V(b(?tqﬁ))dS
= —/ Vo -P(¢ V) dw+/(u®u) : VP(V 6,0) du.
Q Q

Here we have used that P(Vv) = 0 for any v € H' (), the relation div (S*v) = S* : Vv + div .S - v for any
d x d tensor S and vector v, and the no-normal flow condition u - n = 0 at the boundary 0f). As a consequence,
we rewrite (5.9) as follows

d
&H(t)JrHV@t(bH%z(Q) S/VN'(V(b)J_wda:-i-/MV¢'P(¢Vat¢) dx
Q Q (5.10)

- /Q(u @ u) : VP(V$ o) dr + 0010:972 -

We now turn to estimate the right-hand side of (5.10). By Holder’s inequality, we have

[ i (V) oda < [l IVl e el (5.11)
By taking the gradient of (5.1)3, we observe that
IVl 2 < IVOdll2 ) + IV ullr2) + |V V|12 ()

Recalling the elementary inequality

Wl <C <”V”L2(Q) + |div [ o) + llcurlv|[ L2y + |Iv - n| Vv e H'(Q),

H%(am> ’
and exploiting Lemma 2.1 as well as (2.10), we find that

s (V28]
IV allz2(0) < V0661l r20) + Cllall o) IV20 20 In? (0 =

V29l 120
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+ [Vl 220 [Vl o (o)

1

e vl
< VOl L2 + CQ + [wl z2(@) IVl 120y In2 (07”“’)

V29| 120

1 Hv(b”Wl'p(Q)
+ O+ [lw Volla o { Oqar— =
(I + wllL2@) IVl 1 (0) ( Vol

for some p > 2. Using (4.8), we rewrite the above estimate as follows

I9klz2(@) < V0l 2oy + € (1+ Iwlzay) (Il oy 02 (CIT@llwroe) +1)

Then, using again the inequality (2.10), (5.11) can be controlled as follows

/ V- (Ve)twdz
Q

1 IVollwieq
< IVOBll 2o 9]l 2 (0 | Vb L 111 (0 In? ((17"“

Vol
+ Cllwllz2) (1 + [[wllr20)) <||V¢HH1(Q In? (ClIVollwrey) + 1)

L (Ve
x |Vé It [ cL2Wte@)

< 90161 2oy |l 2y (V61 () 10 (C V6w +1)
+ O (14 [wlaqq) (IV6I31 ) In (CIVlwise) +1)
< SIVaI ) + € (14 1l ) (190309 1 (Cllhwarey) +1).
for some p > 2. Next, since ¢ is globally bounded, we have
/Q V6 P(6V0,6) du
< CllullL2@) Vel Lo @) ll9V Ol 12

1 WVollwiea
< Cllull 2 IV 611y In? (CW()) 61l V0161 20

< Clalzy (1l 0% (Clldllwasey) + 1) IV 06 L2,

for some p > 2. In order to estimate the L2-norm of 1, we notice that

[ =Tl L2y < 10e@l L2y + [l - VOl 2(0r)
<|10:dlr2(0) + lull La@) IVPl L1 (o)

1 1 1 1

< [10:9l 20) + Cllull £ 2o 1]l 72 () IV 720y 9]l Fr2
1

<8l 20 + C (1 + lwllz2)) 2 (1 + [l — Ell r2(0))

1
< N0l r2@) + C (14 wllr2@)) + Sl =Tz

)
1
2
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Here we have used the equation (5.1)3, the Ladyzhenskaya inequality, and the estimates (3.16), (5.5). Since
il 2y < C(1 + |lp — 7l L2()) (recalling (3.23)), we then infer that

el z2) < C (1 + 10e¢ll 120 + @l r2() -

Thus, we can deduce that

/Q pNV¢ - P(¢p Vi) do

1
< IV + C (14 1006132 + IliZay) (1913ey In (Cllélwaoey) +1)

Recalling that P is a bounded operator from H*(Q2) to H, N H!(£2), and using the inequalities (2.4) and (2.10),
the Poincaré inequality, and Lemma 2.1, we have

- /Q(u @u) : VP(V¢ 0r¢) dx

< w210y IP(VY i)l 111 0
< Cllull L2l g1 IV 09l 11 (o)

< C(1+[lwlr2) (Hv¢at¢”L2(Q) + IV20 0Bl r2(0) + ||V¢V5t¢||L2(Q)>

C(1+ ||wllL20))

2 (V)
O e
+ IV 2() IVl 20 I <C|rv2¢uLzm>

Vol oo @) VO D L2(02)

)

1 NIVellwieq
C (14 w2 V|| 2 Vo > | OO
(14 1lz2) 19910l 20y (190 o ( ollara
1 NVEllea)
+ V2 lné Coe———
IVl ( Vol
< C (L4 wlia) VOl 2o <||¢HH2 In? (Cll¢llw2r o) +1)

1
< 21Vl + O (14 Wiz ) (19120 I (Clléllwesie) +1),

for some p > 2.
Combining the above estimates together with (5.10), we arrive at the differential inequality

d
CH() + 3 IVOl30) < OO+ HWO) 16120y 0 (Clollwarey) +1). (5.12)

In order to close the estimate, we are left to absorb the logarithmic term on the right-hand side of the above
differential inequality. To this aim, we first multiply 1 = —A¢ + U/ (¢) by |F'(¢)[P~2F'(¢), for some p > 2,
and integrate over (). After integrating by parts and using the boundary condition for ¢, we obtain

/Q(P — DIF(@)P2F"(9)[V[* dz + | F/(9)1F 1) = /Q(M +000)|F' () P2 F (¢) da.
By Young’s inequality and the fact that £ > 0, we deduce
IF' (&)l o) < C (L+ [l o)) -
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Using the elliptic regularity, together with the above inequality and (5.5), we obtain that (cf. (4.13))
[Bllwzr) < C 1+ [lullr@)) -

On the other hand, we infer from equation (5.1)3 that
[ =Bl ) < 10:dll o) + [lu - V| Lr(a)
Then by the Poincaré inequality and the Sobolev embedding theorem, we find
el o) < Cliw =Tl e ) + ClA|
< C|[VOol 2 () + Cllull @y llel g2 + C (1 + [l — Ell L2 ()
< CVogr2q) + C (1 + |wllz2 () (1 + =Tl L2 ()
< CV8dllr2) + C (L4 wllr2@) (L4 180l 20) + lwllL2(0)) -
Thus, for p > 2, we reach
[¢llwzr@) < C (14 VOl 2 + H(t)),

which, in turn, allows us to rewrite (5.12) as
d 1
T HO + 5 V08120

dt
< C(1+ H(t)) (Hgb\@p(m In (C(l +IVOidll 20 + H(t))) + 1). (5.13)

We now observe that, for any ¢ > 0, the following inequality holds
C
zIn(Cy) <ey+zln (;) Va,y > 0.

By using the above inequality with z = 1+ H,y = 1 + [[VO;¢||12(q) + H and € = 1, we deduce that

d

SH() + IVl

< IVOllr2 o) 0l 720y + C (1 + 118112 (0) (1 + H(1) In (C(1+ H(1))).

By Young’s inequality, we obtain

d
dt

Recalling that ||¢||? 2o < C (14 H(t)), we are finally led to the differential inequality
d

dt

Since ¢ € L?(0,T; H?(52)), then applying the generalized Gronwall lemma B.2, we find the double exponen-
tial bound

sup ([12:6()32(g) + lw®lF2(q))

t€[0,T

—H() + HvatchLzm < 16ll7r2 (@) + CQ+ 1ll72(0)) (1 + H(E) In (C(L+ H(1)).

—H(t) + —HV@@HLZ(Q<C<1+H¢HH2 A+ H()In (C(1+ H(t))). (5.14)

efo 1+||¢(s)||H2(Q)
<C (1 + [0l 7 o 190172 () + 16072 () + 119/ (90) 1720y + H"oH%pm)) :
for some constant C' > 0. Here we have used that

10:¢(0) I 2(0) < Clluoll @) llboll () + Clldollrzo) + ClI¥ (¢0)ll 2(0)-
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Hence, we get

Op € L(0,T; L*(Q)) N L*(0,T; H (), w e L>(0,T;L*(Q)), YT >0, (5.15)
which, in turn, entail that
ue L0, T;HY(Q)), ¢e L>0,T;H*(Q))N L0, T;WP(Q)), VYT >0, (5.16)

for any p € [2, 00).
Case 2. We now consider an initial condition (ug, ¢o) such that
up e H, N Wl’p(Q)7 b € H2(Q), Ono = 0 a.e on 012,
for p € (2,00), with [|¢o || (@) < 1, @] < 1 and
F'(go) € L*(Q),  F"(¢0) € L'(Q), Vo = V(=A¢o + F'(¢)) € L*().
Thanks to the first part of Theorem 5.1, we have a solution (u, ¢) satisfying (5.15) and (5.16). Moreover,

repeating the same argument performed in Section 4, we have (cf. (4.36))

d 1 1 7 /
G [ Froae; [ Frorew<c

for some positive constant C' only depending on € and the parameters of the system. Since F"(¢) € L'(€2),
we learn, in particular, that (cf. (4.44))

t+1
/ / |[F”(¢)]*In(1 + F"(¢))dzdr <C, Vt>0. (5.17)
t Q
Multiplying (5.6) by |w|P~2w (p > 2) and integrating over €2, we obtain

Gl = [ Vu (To) P~ da.
Q
By Holder’s inequality, we easﬂy get

1d
ol ) < IV (T syl

which, in turn, implies
1d
s llire < IV (Vo) llr@llwlze@-

Next, differentiating (5.1)3 with respect time, then multiplying the resultant by —Ad,¢ and integrating over (2,
we obtain

thllvamuz + 188872 (o)

= 00[VOr6 )32 + / F"($)01¢A0,¢ da: + / (O - V) Ady da
Q Q

+ / (- VO,6)A8,¢ dz.
Q

Here we have used the fact that Ad;¢ = 0 since 9,9:¢ = 0 on 9€2. Collecting the above two estimates, we find
that

d 1
dt( [ —HVE?@HZL%Q)) + 1809720

< V8- (90) i@y Il oy + B0ll V01612 g /Q F'(6)0,6A06 da
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Q Q

Notice that, by (5.1)3, we have the relation Vi = V¢ + (Vu)! V¢ + (u - V)V ¢. Exploiting this identity, we
get

IV (Vo) o lwll e o)
< (IV0dll o) + (V) Vol Loy + @ - V)V o)) IV Lo 0 llw]l Lo ()

Using the Gagliardo-Nirenberg inequality (2.5) and the following inequality for divergence-free vector fields
satisfying the boundary condition (5.2);

[VullLe@) < C)wlir), P € [2,00), (5.18)

we deduce that
IV (Vo) po@) lwll ze o)

<C\|V5t¢\|Lz(Q ||A3t¢\|Lz VOl oo (@) lwll Lo (o)
+CHV"HLP(Q)HV¢HL<><>(Q)HWHLP(Q)
+ [zl oo @) 1Al w2r HV¢||L°<>(Q)HW||LP(Q

2p_

< 180120 + CIVGIT 2y IV Fi% iy

+ OVl + 1llwr @ VOl oo @) (1 + w70 (0)-
Next, using (5.1); together with the bounds (5.15), we have

/ O - VoAOpdx
Q

< /Q]P’( —u-Vu—ApV¢) - VoAdip dx
< CHP(H V)| 12(0) VP89 12 (0) + CIP(APVE) | 2(0) VA9l 12
< §\|A5t¢||L2(Q) + Cllue]|F oo (0 I V2|72 0y  VBIIT x (02) + ClIAGN 20 VN o )
< 5180612 ) + O+ [l Tl @) + CIV I e
Arguing as for (4.59) and (4.60), we have
AF”((?)(‘)@A@@@: < —HAatébHLz ) + CIE"(9)][72(0) I (CIF" () l20) Ve 2 )
and
| - V06) 2000 4z < L1802 0y + CITOGI 0
Collecting the above estimates and using Young’s inequality, we arrive at the differential inequality
(1l ey + 1900030y ) + 1800030y < Rr(0) (Jloiy + V0N ) + Ralt),

where
Ry = (14 Vol o) + IF"(6) 320y In (CIF"(0) 120 )
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and
Ry = Cllf3y2s(qy + C(IV6] 4y + 1)-
By using (2.10), and recalling (4.8), we see that
HV¢”4O<>(Q) < CHV%HA&(Q) In* (|V2¢] o)) + 1
< CIn® ([|gllw2n@) + 1,

for p > 2. In light of (5.16), we infer that both R, and Ry belong to Ll(O, T'). Thanks to Gronwall’s lemma,
we obtain

()]0 + Vb0 20
T T
< (HM(O)H;(Q)+|yvat¢(0)u§2m)+/0 Ra(r) dr)eli Bi)dr,

for any ¢ € [0, 7). Since ||w(0)||zr (o) < [|Vuoll e (o) and

IV0:(0) | 120y < (Vo) Vol r20) + Il(wo - V)Voll 20y + Vol 20

< C[|Vuol| o)l Poll r2(0) + Clluoll Lo @)l Poll 2 () + Vol 22
< Clluollwre ool z2(0) + Vol L2 @)

we deduce that for any p € (2, 00)

w € L®(0,T;LP(R)), 8 € L>°(0,T; H (Q)) N L*(0,T; H*(Q)), VT > 0.
This, in turn, implies that
uc L>0,T;W(Q)), ¢ L>0,T;W?P(Q)), VT >0.

As a consequence, the above estimates yield that

i=—A¢+ F'(¢) € L*(0,T;L>®(Q)), VT >0.

The rest part of the proof is the same as the proof of Theorem 4.2 with the choice ¢ > 0.
The proof of Theorem 5.1 is complete. O

6. CONCLUSIONS AND FUTURE DEVELOPMENTS

In this paper, we present well-posedness results of two Diffuse Interface models that describe the evolution
of incompressible binary fluid mixture having (possibly) different densities and viscosities. Our focus is on the
mass-conserving Allen-Cahn relaxation of the transport equation with the physically relevant Flory-Huggins
potential. We show the existence of global weak solutions in three dimensions and the existence of global
strong solutions in two dimensions. For the latter, we discuss additional properties, such as uniqueness, regu-
larity and the property of strict separation from pure states +1. On the other hand, there are several unsolved
questions concerning the analysis of the Navier-Stokes-Allen-Cahn and Euler-Allen-Cahn systems in the three
dimensional case, which will be the subject of future investigations.

We conclude by mentioning some interesting open problems related to the results proved in this work:

e Two possible improvements of this work concern the Navier-Stokes-Allen-Cahn system (3.1)-(3.3). The
first question is whether the entropy estimates in Theorem 4.1 can be achieved for strong solutions with small
initial data, but without restrictions on the parameters of the system, or even without any condition on the initial
data. The second issue is to show the uniqueness of strong solutions given in Theorem 4.1-(1), without relying
on the entropy estimates in Theorem 4.1-(2). Also, we mention the possibility of considering moving contact
lines for the Navier-Stokes-Allen-Cahn system (see [60] for numerical attempts).



MASS-CONSERVING ALLEN-CAHN APPROXIMATION FOR BINARY FLUIDS 57

o Interesting open issues regarding the Euler-Allen-Cahn system (5.1)-(5.3) are the existence and the unique-
ness of solutions corresponding to an initial datum wy € L () as well as the study of the inviscid limit on
arbitrary time intervals (cf. [85] for results on short time intervals).
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APPENDIX A. STOKES SYSTEM WITH VARIABLE VISCOSITY
We prove an elliptic regularity result for the following Stokes problem with concentration depending viscos-
ity
—div (v(¢)Du) + VP =f, in Q,
divu =0, in €, (A.1)
u=>20, on 0f).

This result is a variant of [2, Lemma 4].

Theorem A.1. Let  be a bounded domain of class C* in RY, d = 2,3. Assume that v € W1°°(R) such that
0<v. <v(:)<v*inR, ¢ € WH(Q) withr > d, and f € LP(Q) with1 < p < ooifd:2andg <p< oo
if d = 3. Consider the (unique) weak solution u € V, to (A.1) such that

(v(¢)Du,Vw) = (f,w), YweV,.

1. If% =1+ 1 there exists C = C(p, Q) > 0 such that

[ullwzr ) < Cllifllzr) + CIVOl Lr @)l DullL2()- (A2)
2. Suppose thatu € V, N W15(Q) with s > 2 such that

1 1 1 2s
—=—4+—-, T2 .
p s T s—1

Then, there exists C = C(s,p, Q) > 0 such that
[ullw2r ) < CllfllLr) + ClIVOl Lr @)l Duellps - (A3)
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Proof. We denote by B the Bogovskii operator. We recall that B : L?O)(Q) — I/VO1 9(2),1 < g < oo, such that
div Bf = f. Itis well-known (see, e.g., [33, Theorem III.3.1]) that, for all 1 < g < oo,

1B fllwra@) < Cllfllza)- (A.4)

In addition, by [33, Theorem II1.3.4], if f = div g, where g € L%(Q2), 1 < g < o0, is such that divg € L(Q),
and g - n = 0 almost everywhere on 0f2, we have

IBfllLa) < CllgllLaq)- (A.5)
For the sake of simplicity, we start proving the second part of Theorem A.1, and then we show the first part.
Case 2. Let us take v € CG,(€2). As in [2, Lemma 4], we define

v=a 7 ()]

We observe that w € Wé’T(Q) with divw = 0. In particular, w € V. Taking w in the weak formulation, we

obtain
(Du, Vv) = < ﬁ -B [div <ﬁ>]> - <V(¢)Du,v®v (@))

+ <y(¢)Du,VB [div (ﬁ)]) .

Since 2% < r, we deduce that 7 > p/ (I% — 1 — 1), This implies that div ( . ) € L (Q). By using the

s— p v(e)
L”’@))

/

assumptions on v and the estimate (A.5) with ¢ = p’, we find

(-2 o0 ()] < (vt + 2 o (57)
LP'(Q)>

14

V(@)

1
< CHf”LP(Q) <V_H"HLP’(Q) +

< CHf”LP(Q)”VHLP’(Q)'

(ommr v (5757)) | = | (0w gy o)
< CllDul =@Vl @) IVl 1o () -
o [v (5a7) ]

1
\Y <—> -V
’ v(¢) L¥ (Q)
< C||Dul| s @) IVl @)Vl 1o () -

Also, we have

Recalling that divv = 0 and » > ', by using (A.4) we obtain

(u(gb)Du,VB [div <ﬁ>D' < || Dul| -0

< C||Dul| s (0

L ()

Therefore, by the Riesz representation theorem and a density argument, we reach

(Du,Vv) = (f,v), Vv e Vg,
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where

Hf”LP(Q < Clfller) + CllDu| s [IV Al L (),

for some C' depending on s, p and (2. By the regularity of the Stokes operator (see, e.g., [33, Theorem IV.6.1]),
the claim easily follows.

Case 1. We consider ¢,, € C2°(Q) such that ¢,, — ¢ in W7 (2) as n — oc. For any n € N, we define u,,
as the solution to

(v(¢n)Duy, Vw) = (f,w), Vwe V,.

Since v(+) > v, > 0, by taking w = u,, it is easily seen that {u,, },cn is bounded in V, independently of n.
In addition, recalling that W17 (Q) — L>°(Q), we have v(¢,) — v(¢) in L>(2). By uniqueness of the weak
solution u to (A.1), we deduce that u,, — u weakly in V.

Let us take
v a1 ()
with v € C§,(€2). Then we find

e ) e ()
< (#n) D, V.5 {d” (uwn))D |

Note that, by construction, ( 5 € Wh4(Q) for all ¢ € [1, 00]. Therefore, by repeating the same computations

carried out above with s = 2, we arrive at
(Du,,Vv) = (f,v), Vv e Vg,

where B
Ifllr @) < Cllfllr@) + CllDunl| L2 IV éullLr )
for some C depending on p and 2. By the regularity theory of the Stokes operator, we infer

[unllw2r@) < Clfllr) + CllDunl| L2 IV oullLr @)

Since {uy, }nen is bounded in 'V, and ¢,, — gb 1n WL (Q), uy, is bounded in WP () independently of n. By
the choice of the pararneters r>d and 1_ =3 —|— , W2P(Q)NV, is compactly embedded in V. In particular,
[Dunllr2) — [1Dul[2q) as n — oo As a consequence, by the lower semi-continuity of the norm with
respect to the weak topology, the conclusion follows. The proof is complete. O

APPENDIX B. SOME LEMMAS ON ODE INEQUALITIES

For convenience of the readers, we collect some useful results concerning ODE inequalities that have been
used in this paper. First, we report the Osgood lemma.

Lemma B.1. Let f be a measurable function from [0,T)] to [0,a), g € L'(0,T), and W a continuous and
nondecreasing function from [0, a] to R*. Assume that, for some ¢ > 0, we have

ft) < c+/0 g(s)W(f(s))ds, fora.e.te|0,T].

- If ¢ > 0, then for almost every t € [0,T]

T a
—./\/l(f(t))+./\/l(c)§/0 g(s)ds, where M(S):/ %ds



60 A. GIORGINI, M. GRASSELLI & H. WU

-Ifc=0and foa ﬁ ds = oo, then f(t) = 0 for almost every t € [0,T].
Next, we report two generalizations of the classical Gronwall lemma and the uniform Gronwall lemma.

Lemma B.2. Let f be a positive absolutely continuous function on [0,T| and g, h be two summable functions
on [0, T that satisfy the differential inequality
d
S1() < g (@) (e + 1) + (o)
for almost every t € [0,T)]. Then, we have

eft (T)d"' t s)ds
F©) < (e+ (0) " el eI gy e (o, 77,

Lemma B.3. Ler f be an absolutely continuous positive function on [0,00) and g, h be two positive locally
summable functions on [0, 00) which satisfy the differential inequality

o (t) < g(t)f(t)In (e + f(t)) + h(),

for almost every t > 0, and the uniform bounds

t+r t+r t+r
mwgm,/ mﬂwgw,/ h(r)dr <as, Vt>0,
t t t

for some positive constants r, a1, as, a3. Then, we have

f() < o(Ftras)en >

Y
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