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data. Since stability properties are crucial in data-based modeling and cannot always be ensured
when interconnecting even stable submodels, a novel sufficient condition is proposed guaranteeing
incremental input-to-state stability (SISS) of discrete-time networked models. It is shown that this
condition can be easily enforced during the training of physics-informed recurrent neural networks,
achieving guaranteed stability properties and improved modeling performance compared to standard
black-box approaches. Moreover, the enforced SISS property enables (i) stable plug-and-play operations
on the networked system model, (ii) the development of a convergent decentralized state observer, and
(iii) the design of a convergent nonlinear model predictive control regulator. The presented strategies
are tested in simulation on a realistic large-scale networked system, i.e., a benchmark chemical plant,
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1. Introduction

A growing interest is arising in the scientific community in
modeling and controlling large-scale networked systems (Tang
& Daoutidis, 2018), which exhibit a complex structure, typically
represented as a graph containing nodes (subsystems) and edges
(interconnections among subsystems). Examples include electric-
ity networks (La Bella et al., 2022), district heating networks (Ni-
gro et al.,, 2025), chemical plants (Luyben & Luyben, 1995), hydro-
power valleys (Maestre et al., 2015), and cyber-physical sys-
tems (Kim & Kumar, 2012). These systems are often complex
to model accurately using physical equations due to their large-
scale dimensions, the numerous parameters, and the associated
uncertainties. On the other hand, they are usually characterized
by a large availability of monitoring data, which can be exploited
to recover an estimated model. Purely data-based models, though,
may be unreliable, as they lack any available physical insight. This
has sparked increasing interest within the control community
in physics-informed machine learning techniques, which aim to
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embed physical knowledge in the training procedure of data-
based models to enhance their physical coherence and modeling
accuracy (Nghiem et al,, 2023). In this context, neural networks
(NNs), and in particular recurrent neural networks (RNNs), have
shown to be well-suited for embedding physical knowledge, in
addition to their enhanced learning capability (Karpatne et al,,
2022).

Besides, a key feature of data-based modeling is the ability
to inherit stability properties from the system to be modeled,
provided that the system itself possesses such properties. For in-
stance, considering RNN models, incremental input-to-state sta-
bility (8ISS) is crucial, as it ensures that the state trajectories of
the model are independent of their initialization and that the
effect of input perturbations is bounded (Bonassi et al., 2022).
Having a §ISS model is also beneficial for designing model predic-
tive control (MPC) schemes and state observers with closed-loop
guarantees, as discussed in Bonassi et al. (2024), Masero et al.
(2024), Terzi et al. (2021). In this context, (Xie et al., 2025)
experimentally verified on a real system that a §ISS model leads
to improved closed-loop performance also with an internal model
controller (IMC).

In view of this, the objective of this work is to develop a
physics-informed methodology for networked systems to learn
accurate RNN-based models that enjoy SISS properties and en-
able the design of MPC schemes with closed-loop convergence
guarantees.
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1.1. Related work

Data-based methods have been proposed in the literature to
recover control-oriented models of networked systems for MPC
design, as discussed in La Bella and Del Corno (2023), Terzi
et al. (2020), neglecting however stability properties and available
physical knowledge. The latter can be effectively incorporated in
physics-informed neural networks by defining suitable training
functions, e.g., including regularization terms expressing known
physical relations among variables (Daw et al., 2022; Drgona
et al.,, 2021). Another method incorporates available physical in-
sights, like partially known dynamical relationships, directly into
the NN architecture (Bolderman et al., 2021; Daw et al., 2020).
However, these physics-informed methods do not specifically
address the modeling of networked systems. In these systems,
the primary available knowledge is their topology, which can
be leveraged to obtain a physics-informed model by accordingly
interconnecting different submodels. This idea has been applied
to RNN-based models in Alhajeri et al. (2022) for chemical plants
and in Boca de Giuli, La Bella, and Scattolini (2024) for district
heating systems. Nonetheless, these topology-based approaches
are tailored to specific applications and do not account for stabil-
ity properties, which are crucial for the practical deployment of
data-based models (Bolderman et al., 2024).

Sufficient conditions for guaranteeing S8ISS in different RNN-
based architectures are discussed in Bonassi et al. (2022), D’Am-
ico et al. (2023), but these works do not incorporate physical
knowledge or address the stability of multiple interconnected
submodels. This latter aspect is a well-known challenge in the
literature because, even if each submodel is stable, the overall
stability of a networked model is not guaranteed due to the
possible presence of inner loops. Note that the cascade of sta-
ble submodels is stable. In this context, (Marino et al.,, 2024)
provide stability conditions specifically for gated graph neural
networks. Sufficient conditions for ensuring input-to-state stabil-
ity (ISS) of generically interconnected subsystems are established
for continuous-time systems in Dashkovskiy et al. (2007, 2010)
and for discrete-time systems in Boca de Giuli, La Bella, Fa-
rina and and Scattolini (2024), Jiang and Wang (2001). However,
ISS is a weaker property than §ISS, e.g., it does not guarantee
that the closer two input sequences are, the smaller the dif-
ference between the resulting state trajectories is, regardless of
their initialization (Angeli, 2009). Concerning §ISS, a sufficient
condition for interconnected S§ISS continuous-time subsystems is
discussed in Angeli (2002), considering only single-loop topolo-
gies. Ultimately, the aforementioned references do not address
the 8ISS property of interconnected SISS discrete-time subsys-
tems, which is a key challenge in modeling frameworks that rely
on RNN-based submodels interconnected, for instance, according
to physics-informed strategies.

1.2. Main contribution

In light of the above discussion, this work proposes a method-
ology for learning generic networked system models by lever-
aging their physical topology and ensuring that the resulting
networked model enjoys SISS. The contributions of the work are
hereafter synthesized.

(1) SISS condition for networked models: We derive a new suf-
ficient condition to ensure the SISS property of a model
composed of arbitrarily interconnected discrete-time §ISS
submodels. We also show that this property can be ex-
ploited in a plug-and-play framework, establishing novel
conditions under which submodels can be added or re-
moved without affecting the §ISS of the overall networked
model.
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(2) Physics-informed RNN-based modeling of networked systems
with SISS: We propose a physics-informed RNN (PI-RNN)
methodology for modeling generic networked systems by
leveraging their topology as physical information. Specif-
ically, by associating each subsystem with an RNN-based
submodel, the overall PI-RNN networked model is recov-
ered through an interconnection of these submodels re-
sembling the system topology. It is then shown that the
PI-RNN model can be identified from data through a unique
training procedure which enforces the proposed §ISS con-
ditions for networked models by using suitably defined loss
functions.

The proposed methodology yields several advantages. First,
embedding the networked system topology in the
physics-informed model enhances modeling accuracy compared
to standard data-based approaches, while also ensuring the §ISS
property. Moreover, the approach enables stable plug-and-play
operations on the developed physics-informed model, making
it highly effective for practical applications. This implies that,
if some subsystems are modified or replaced over time, it is
not necessary to reidentify the entire networked model and
reestablish its stability properties. Instead, only the submodels
corresponding to the updated subsystems need to be identified,
with suitable conditions enforced locally during their training
procedures to preserve the §ISS of the networked model. Finally,
the proposed SISS physics-informed model enables the design of
a decentralized observer and a nonlinear MPC (NMPC) regulator,
both with proven convergence guarantees.

The proposed methodology is tested in simulation on a large-
scale chemical plant (Luyben & Luyben, 1995), showing promising
results from both modeling and control perspectives.

1.3. Paper outline

This article is organized as follows. Section 2 introduces the
notation and basic definitions used throughout the paper. Sec-
tion 3 presents the physics-informed methodology to model net-
worked systems leveraging their topology. The established §ISS
condition for the stability analysis of the interconnection of §ISS
discrete-time submodels is provided in Section 4, where also
different plug-and-play scenarios are considered. In Section 5, it
is shown how §ISS conditions can be enforced during the training
procedure of a physics-informed recurrent neural network model.
The proposed framework is tested in simulation on a reference
chemical plant in Section 6, with Section 6.1 focusing on the
design of convergent decentralized state observers and NMPC ar-
chitectures, and Section 6.2 focusing on the experimental design.
Final considerations are given in Section 7.

2. Notation and preliminaries

Let N denote the set of natural numbers, R the set of real
numbers, R the set of positive or null real numbers, and R. g
the set of positive real numbers. Given a vector v, v' denotes its
transpose, whereas |[v]|, the p-norm of v, with p > 0. Given a
matrix A, A; denotes its component in row i and column j, p(A)
indicates its spectral radius, ||v]|3 = v'Av, and its induced norm

is defined as ||Al, = max, ”lfv"”””. I, denotes the identity matrix of

dimension n. Sets are genericaily indicated by calligraphic letters,
e.g., N, their cardinality is denoted as |[A/| and their interior is

denoted as Int(N\). Given n variables a'!, ..., a™ and the set of
their indices N = {1,...,n},a = [@"T ... @™ T]T is compactly
written as a = {a}ven. Given a vector variable v varying

according to a discrete-time index k € N, the value of v at time k
is indicated as vy. Given v, extracted from a set V, the sequence
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spanning from time index k; to k; > kq,1i.e., {vg,, ..., v, }, is indi-
cated by vy, «,, whereas the set of possible sequences is indicated
by Vi,:k, = {Ukyiky | ve € V VT € {k1, ..., ko}}. The [, o norm of
a sequence is defined as [[ve, t, llp.co = 11V [ - - - [V, l1p] ll-

Finally, some notions used in the paper are introduced below,
with more details available in Bayer et al. (2013). Consider the
standard definitions of functions of classes K, K, and KL as
presented in Rawlings et al. (2017). Consider a discrete-time
system in the following form:

S5 {Xk-H = filxk, uk)
' e = &s(Xk uk)’

where f; and g; are generic functions, whereas x € R, u € R™,
and ¢ € R™ are the system state, input, and output variables, re-
spectively. Hereafter, stability properties are stated with respect
to the sets ¥ € R™ and &/ € R™, where X is assumed to be
positively invariant, that is, forany u € ¢4, x € X = fi(x,u) €
X.

(1)

Definition 2.1 (§ISS). System (1) is said to be incrementally input-
to-state stable (S5ISS) with respect to X and u/ if there exist
functions 8 € K£ and y € K, such that, for any k € N, any pair
of initial states xq0, X».0 € X, and any pair of input sequences
Ug.0:ks Ub,0:k € Uo:k, it holds that

”Xa,k - Xb,k”p fﬂ(”Xu,O - Xb,O”pa k) + y(”ua,O:k - ub,O:k”p,oo)v
(2)

where y; x denotes the state trajectory of (1) initialized in ;0 and
fed with the input u; . for I € {a, b}. If there exist u € R, and
A S (0,1) such that system (1) enjoys (2) with
Bl xa.0 — Xbollp. k) = ¥l a0 = xb.0llp. system (1) is said to be
exponentially §ISS.

Definition 2.2 (§ISS Lyapunov Function). A function V : R"xR" —
R is called a §ISS Lyapunov function for system (1) if, for any
k € N, any xax, xpk € X, and any ugk, Up i € U, it holds that

(1) there exist ¢, ¢ € Ko such that

Ol xax — Xb,k”p) < V(Xak Xbk) < a(”)(a.k - Xb,k”p); (3)

(2) there exist § € Ky, and y € K such that

V(Xak+1s Xbk+1) — V(Xaks Xbk) <

(4)
—&(ll Xak — Xb,k”p) + V(”ua,k - ub.k||p)~
Condition (4) corresponds to claim that there exist x, @ € Ky
such that

k(I Xak—xb.kllp) > (g k — upillp) = (5)
V(Xak+1s Xbk+1) — V(Xaks Xb.k) < —lll Xak — Xb.kllp)-

Theorem 2.1 (Bayer et al., 2013). If system (1) admits a SISS
Lyapunov function, then it is §ISS.

3. Physics-informed data-based modeling via networked sys-
tem topology

Consider a physical plant S as in (1) and suppose it is a net-
worked system composed of n subsystems S, fori = 1,...,n.
These subsystems are interconnected according to a directed
graph ¢ = (N, €), where N/ = {1, ..., n} represents the set of
nodes, i.e., the set of subsystems S, with i € A/, whereas £ C
N x N identifies the set of edges, expressing the interconnections
among different subsystems. In particular, an edge (i,j) € &
indicates that SU has a physical influence on 8, and (i, i) ¢ £ by
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convention. For instance, in electricity networks, nodes represent
generators and loads, while edges correspond to the network
lines (La Bella et al., 2022). Similarly, district heating networks
are composed of thermal sources and users (nodes), and of water
pipelines (edges) (Nigro et al., 2025).

For a given subsystem S!7, the set of inlet neighbors, i.e., the
ones having a direct physical influence on S, is denoted as
Ti:={je N | (i,j) € £}, whereas the set of outlet neighbors,
i.e., the ones directly physically influenced by S, is denoted as
Oi:={jeN | (j,i) € &}. Thus, similarly to Lunze (1992), each
S is assumed to be characterized by an output ¢! and an aug-
mented input v := [u"T {¢V}7; /1T comprising the local inputs
of Sl i.e., u'l, and the outputs of those subsystems that have a
physical influence on S, ie., {¢"}vjez,. The local input of each
S is assumed to belong to a compact set, i.e., u € ¢y :={ull e
R lu|| o < ull}, where 1l € R™' . On the whole, considering
the formulation of the networked system S in (1), its overall input
and output variables include the ones of each s, i.e, u = {u"}]_,
and ¢ = {¢'},. Note that since networked systems may feature
a topology with a large number of nodes and edges, this can be
simplified using clustering algorithms (Tang & Daoutidis, 2018;
Xu et al,, 2021), yielding graphs with reduced complexity while
preserving the main underlying structure and interactions of the
system.

The first objective of this work is to develop a data-based
model M of the networked system S, exploiting its topology
as prior physical knowledge to achieve improved performance
with respect to traditional data-based approaches. To accomplish
this, it is assumed that local input-output measurements of each
St je., ul? and ¢, are available, and that the topology of S,
ie, G = (N, &), is known.

The proposed physics-informed modeling approach first in-
volves defining for each subsystem S, with i € A, a correspond-
ing submodel M"Y of type

i 0l i Gl
X = FU(x v M)

M : K .
[l __ [i1,,1i] [i]
Ve = WWx, +b

(6)

where f! is a generic bounded function, x! € ]R"L”, vl e R”w, and
yioe R™ are the ith submodel state, input, and output vari-
ables, respectively. Additionally, @ := @ U (W', pll} contains
the submodel parameters that must be tuned during the training
procedure, as discussed in Section 5.

Then, the n submodels M!! are interconnected according to
the networked system topology described by the graph
G = (N, &). Consistently with the augmented input of each sub-
system vl!, each M is designed to have as input

V= [T e 1T ™)

which includes the local inputs uf! and the outputs of the inlet
neighbor submodels {y"}y;cz,, so as to embed the topology of the
networked system. By defining the variables x := {x"}! | € R™,
u={uh eRm y:={M", eRY and the parameters
O = {0, W = (WM b:= (b}  the overall physics-
informed networked model M is expressed as follows:

X = f(xg, ug; ®
M:{k+1 Fxe, w; @)

8
Yk Wxi +b ®

where ® := ® U {W, b} contains all model parameters.

Note that the formulation of each M in (6), featuring a
nonlinear (or linear) state dynamics and a linear output rela-
tionship, is representative of various RNN architectures, such
as gated recurrent unit (GRU), long short-term memory (LSTM),
neural nonlinear autoregressive exogenous (NNARX), and echo
state network (ESN) (Bonassi et al., 2022). Given their strong
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modeling capabilities, these RNN architectures will be considered
in the following of the work, and thus (8) will be referred to as
a physics-informed RNN (PI-RNN), reflecting its topology-based
structure. Nonetheless, the proposed approach can be applied to
any data-based model class formulated as in (6), where different
submodels are interconnected according to the networked system
topology.

Assuming that systems S, Vi € A, and S enjoy the SISS
property, the stability of each submodel M!! and of the resulting
model M is not guaranteed a priori. On the one hand, enforcing
SISS for each submodel M in (6) can be accomplished for the
aforementioned RNN architectures by exploiting suitable condi-
tions on @, as outlined in Bonassi et al. (2022). However, an
arbitrary interconnection of even §ISS submodels does not neces-
sarily imply the §ISS of the networked model M in (8), due to the
possible presence of inner loops. In view of this, a novel condition
ensuring the §ISS property for arbitrarily interconnected SISS
discrete-time submodels is presented in the next section.

4. A novel diss condition for discrete-time networked models

In this section, we consider the networked model M in (8) and
we derive a sufficient condition to ensure its §ISS property. The
following assumption is first introduced.

Assumption 4.1. For each submodel M in (6), for any input
sequence v'! e ]R”v there exists X! € R.( such that x!
X = (x1 e R ;|| < X}. Moreover, considering a given
compact set VI C R"[vl], if v € V1, then M™ admits a compact
invariant set x ¢ XU that is, X! € xll = fUl(x1 yll; G ¢
X" for any v € VI,

Note that Assumption 4.1 is not restrictive, but rather it is
applicable to many classes of data-based models, such as the
aforementioned RNNs, whose state dynamics are characterized
by bounded activation functions (e.g., sigmoidal and hyperbolic
tangent functions). In a few words, Assumption 4.1 first implies
the existence of a compact set X that bounds all possible state
trajectories. Regarding the invariant set X' ¢ XU, it depends
on the specific RNN class: for further details, see Armenio et al.
(2019a), Bonassi et al. (2021b), Terzi et al. (2021), where invari-
ant sets are derived for LSTMs, GRUs, and ESNSs, respectively.
Additionally, the following assumption is introduced.

Assumption 4.2. Each submodel M in (6) is characterized by
a S8ISS Lyapunov function V' such that, for any k € N, any

lil li] [il lil Ul lil
Xops Xpy € XU, and any vy, vy € VY,

(1) there exist ¢!, #" € R such that
i1 i i il
P Ixgh — xpllp < VUXeh X)) < & lIxgh — Kl (9)
(2) there exist £, y1 € R_q such that

il il lil( il il
VX1 Xpser1) = VI (Xq o Xpi) <

il i i 1)
- é:ﬂ”Xalk X[;k”q‘i‘)’m”’)l Ublk“qa
wherep=qorp=o00 A q=1.

Assumption 4.2 implies that each M is exponentially SISS,
since the functions &(-) and y(-) in (4) are linear, with coefficients
& and y® (Bof et al,, 2018). Note that 8ISS Lyapunov functions
are available in the literature for many RNN architectures — for
instance, (Bonassi et al., 2021a) for GRUs, (Bonassi et al., 2023) for
LSTMs, (Bonassi et al., 2021b) for NNARXs, (Armenio et al., 2019b)
for ESNs, and D’Amico et al. (2023) for a generic class of RNNs. As
will be evident from Section 5, this assumption can be enforced
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for the mentioned RNN-based classes through suitable conditions
on the model parameters during training. Note that the results
provided in the paper could be extended for any p,q € R.¢ at
the price of additional mathematical effort, whose details are not
reported here for the sake of clarity. Before presenting the main
result on the SISS of networked models, the following lemma
must be introduced.

Lemma 4.1. Consider the input u of the networked model M in (8)
n

constrained in a compact set U := Y U™ C R™. Then, M admits a

i=1
n

compact invariant set defined as X = Y x C R™,
i=1
The proof of Lemma 4.1 is reported in Appendix A.1.
The previous assumptions and lemma can be used to establish
a sufficient condition to ensure the S§ISS of interconnected SISS
discrete-time submodels, as outlined below.

Theorem 4.1. Consider the networked model M in (8) composed
of n submodels MY interconnected according to a graph G =
(N, &), with each M respecting Assumptions 4.1 and 4.2. Consider
a matrix I' € R™", where each element is defined as

lij /iy 4
YA iy e,
ry=1{ pig (11)
0 otherwise,
where 1 € (0, £1/¢"). If
p(I') < 1, (12)

then M is 8ISS with respect to X and Uu. In particular, M admits
the S§ISS Lyapunov function

Zamvm [il ka) (13)

V(Xa,ks Xb,k)

where o € R.q is defined such that o™ — " oUW > 0,
JjeO;
VieN. I
The proof of Theorem 4.1 is reported in Appendix A.2.
Condition (12) can be used to verify the §ISS property of a
networked model M. Interestingly, two alternative conditions
derived from (12) are hereafter established, which, despite being
more conservative, show to be simpler to enforce during the
training procedure of M, see Section 5.

Corollary 4.1. Consider the networked model M in (8) composed
of n submodels MY interconnected according to G = (N, &), with
each M respecting Assumptions 4.1 and 4.2. Let the matrix I" be
defined as in (11). If

an<1,

J=1j#
then M is 8ISS with respect to X and U.

VieN, (14)

Corollary 4.2. Consider the networked model M in (8) composed of
n submodels M interconnected according to G = (N, £), with each
MW respecting Assumptions 4.1 and 4.2. Let I' be defined as in (11),
and let its characteristic polynomial be @(1) = A" + ;A" 1 4+ ...
+ cn, where each c; explicitly depends on the elements of I'. If

n
> el <1, (15)
i=1

then M is 8ISS with respect to X and U.
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The proofs of Corollaries 4.1 and 4.2 are reported in Appen-
dices A.3 and A4, respectively.

4.1. Plug-and-play operations

The derived §ISS conditions enable plug-and-play (P&P) op-
erations on the networked model M due to its modularity.
P&P schemes are commonly employed in decentralized and dis-
tributed control frameworks to manage the integration or re-
moval of subsystems from a networked system, allowing for the
redesign of only the corresponding local regulators to maintain
the overall stability (Riverso et al., 2013). Inspired by this frame-
work, we consider here the scenario where some subsystems
undergo changes, implying that the corresponding submodels
must be redefined. For example, in a chemical plant, certain com-
ponents may deteriorate due to wear and require replacement;
in an electricity network, a power generator might be isolated or
connected; in a district heating network, thermal users may be
added or disconnected.

Therefore, novel local conditions for the modified submodels
are introduced in the following, guaranteeing that the SISS of the
overall networked model is preserved despite these changes.

First, consider the “unplug” case, where a subsystem S is
removed from S, yielding a new directed graph G = (N, &), with
N = N\{a} and € € N x N, being a the removed node. At
the same time, assume that the corresponding submodel M is
removed from M, leading to a new networked model M, still
consistent with the networked system. The following result holds.

Proposition 4.1. Consider to remove a submodel M'“ from the net-
worked model M, such that a new model M is obtained, represented
by a directed graph G = (N, £), with N' = NM\{a} and £ C N x N.
If the original networked model M respects (12), i.e., it is §ISS, then
the new model M also respects (12), i.e., it is SISS with respect to X
and U.

The proof of Proposition 4.1 is reported in Appendix A.5.

Consider now the “plug-in” case, where a subsystem S is
added to the original networked system S, yielding a new di-
rected graph G = (W, &), with N = MU{a} and £ C N x N/, being
a = n+ 1 the added node. Consequently, a new corresponding
submodel M must be introduced and plugged into M, forming
a new networked model M. The new matrix I, defined as in (11)
and associated with M, can be written as

= | I' TIig
r-[L %] -

where I', € }R%] and I, € Rlﬁ" include the elements
associated with the interconnections between the new submodel
M and the original networked model. As discussed, adding a
new submodel might cause instability in a networked model,
especially if loops are introduced in the graph. Nevertheless, a
sufficient condition on I}, and I} can be established such that
the 8ISS property of the networked model is preserved even after
the plug-in operation.

Proposition 4.2. Consider to add a submodel M to the networked
model M, such that the resulting model M is represented by a
directed graph G = (N, €), with N = N U {a} and € C N x N.
Assume that M respects Assumptions 4.1 and 4.2, and that the
matrix I" associated with M respects (12), implying the existence of
v € RY, such that I'v < v. Considering the matrix I" associated
with M in (16), if

DNglgv < (I = Iy, (17)

then the new model M respects (12), i.e, it is 8ISS with respect to
X and U.
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The proof of Proposition 4.2 is reported in Appendix A.6.

Condition (17) is advantageous for stability verification be-
cause it involves only the parameters associated with the newly
added submodel M™, i.e. the ones included in I, and Ig;.
Note also that the vector v e RI, in (17) verifying I'v <
v can be easily computed from I'. Specifically, if I" is an ir-
reducible matrix, being Schur stable and non-negative, then v
can be set to the Perron-Frobenius eigenvector which solves
I'v = p(I')v (Berman & Plemmons, 1994). Conversely, if I" is
reducible, heuristic methods to find v € R, such that I'v < v
are available in the literature, as the one described in Farina and
Scattolini (2012, Algorithm 2).

Finally, if the original model M respects Corollary 4.1, a sim-
pler sufficient condition for ensuring the §ISS of the updated
model M in the plug-in scenario can be derived, as reported
below.

Corollary 4.3. Consider to add a submodel M to the networked
model M, such that the resulting model M is represented by a
directed graph G = (N, €), with N = N U {a} and € € N x N.
Assume that M'“ respects Assumptions 4.1 and 4.2, and that the
matrix I' associated with M respects (14). Considering the matrix I”
associated with M in (16), and defining O, = {i e N' | (i, a) € &},
if

n+1

Y Ij<1, Vieo,Ula}, (18)
J=1j#

then the new model M is 8ISS with respect to x and U.

The proof of Corollary 4.3 is reported in Appendix A.7.

5. Training procedure of Jiss physics-informed recurrent neu-
ral networks

In this section, we show how a §ISS networked model M
can be identified from data, enforcing the sufficient conditions
provided in Section 4.

We consider submodels belonging to the aforementioned RNN
architectures, i.e., those presented in Bonassi et al. (2022). In this
case, each M can be ensured to satisfy Assumption 4.2 under
suitable conditions on its parameters @, thereby implying its
SISS. These conditions can generally be expressed as nonlinear
inequalities on the parameters of the RNN submodel M':

AeM <0, VieN. (19)

Further details regarding the explicit formulation of (19) can be
found in Bonassi et al. (2021a) for GRUs, in Bonassi et al. (2023)
for LSTMs, in Bonassi et al. (2021b) for NNARXs, and in Armenio
et al. (2019b) for ESNs. In these references, it is also shown that
S8ISS Lyapunov functions respecting Assumption 4.2 exist for the
aforementioned RNN classes, and their expressions are known.
Consequently, the parameters ¢! and $m in condition (9) can be
easily derived. Moreover, as shown in Bonassi (2023a), £ and
v in condition (10) can be expressed as functions of the model
parameters @ for all the mentioned RNN architectures. This
implies that each element of I" in (11) depends on the model pa-
rameters, ie., Ij = [;(©", ©®7), and, consequently, I’ = I'(©).
It is worth noting that the parameters composing each element
of I' are derived through conservative relationships based on
Lyapunov functions. This may affect the modeling performance of
the trained PI-RNN, although in the case study of Section 6.2 the
reduction in accuracy is minor. On the other hand, imposing the
8ISS constraint can also be beneficial, as it reduces the model’s
degrees of freedom and confers robustness properties that may
be helpful for control design (Xie et al., 2025). Note also that B
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in (11) is a degree of freedom, initially set to a fixed value and, if
the condition B! € (0, £/ /¢ ") is not met after training, its value
is reduced and the training is repeated.

At this point, to impose the SISS property of the overall net-
worked PI-RNN model (8), it is possible to express condition (12)
in Theorem 4.1 as a generic function of ®, given that I' = I'(®),
ie.,

n(®) < 0. (20)

It is worth noting that the conditions outlined in Corollaries 4.1
and 4.2, although more conservative than (12), can be expressed
more easily as (20) due to their simpler explicit formulation.

We here propose to identify the networked model M in (8)
through a unique training procedure that leverages available
input-output measurements of each subsystem S and enforces
conditions (19) and (20), implying the S§ISS of M. These condi-
tions can be included in the loss function used to train M through
regularization terms designed to be monotonically increasing
when their argument is positive and zero otherwise, e.g., by
exploiting piecewise-linear functions. In particular, ®(77(©"))
is introduced as the regularization term that enforces (19) for
each M, verifying Assumption 4.2. On the other hand, we intro-
duce w(n(®)) as the regularization term enforcing (20), thereby
ensuring the JISS property of the networked PI-RNN model M.
Altogether, the loss function used to train M is formulated as
follows:

n
L(Dy, ©) = MSE(Dy: ©) + Y @ ({70 + w(n(®)),  (21)

i=1
where MSE(Dy; ®) denotes the mean squared error, which mea-
sures the fitting quality of the PI-RNN model onto the training
dataset Dy, (Bonassi, 2023a). As evident, the loss function (21)
aims to seek the model parameters @ that maximize modeling
accuracy by minimizing the prediction error with respect to data,
while enforcing the §ISS conditions (19) and (20). If the latter are
respected, the proposed modeling approach preserves the SISS
property of the individual submodels MU and transfers it to the
networked model M in view of the results presented in Section 4.
As witnessed by the numerical results in Section 6.2, the PI-
RNN model is expected to achieve superior fitting performance
compared to standard RNNSs, thanks to the embedded networked
system topology, while also ensuring the §ISS property.

Remark 5.1. Since the stability conditions are enforced through
regularization terms in the loss function (21), it is possible that
the trained model does not satisfy these conditions. In such cases,
the training process is repeated with an increased weight on the
corresponding regularization terms until stability properties are
met.

Final remarks regarding plug-and-play features are in order,
considering the discussion in Section 4.1. Thanks to the modular-
ity of the PI-RNN and of its §ISS property, plug/unplug-and-play
operations on M can be easily performed without retraining the
entire model, while still ensuring physical consistency with the
networked system and preserving the overall §ISS property of the
networked model.

In particular, the first time a system is identified, (21) is
leveraged to train the networked model M. Then, if a subsystem
S is unplugged from S, resulting in a new directed graph,
a new ftraining is not necessary. The corresponding submodel
M must be removed from M, leading to a reduced model M
that still accurately resembles the updated system, thanks to the
modularity of the PI-RNN. Moreover, given Proposition 4.1, it
follows that M automatically inherits the §ISS property from M.
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If instead a subsystem S is plugged into &, it is sufficient to
train a new submodel M, enforcing its individual 8ISS condition
by means of Proposition 4.2, and then integrate it into the original
networked model M consistently with the new topology. In this
way, the resulting model M accurately represents the updated
system while preserving its §ISS property.

6. Case study and control application

Before presenting the case study, we provide some guidelines
for devising a control system, as an NMPC scheme will be tested
in the numerical experiments to further motivate the benefits of
enforcing SISS on the PI-RNN. Having a model with this property
allows in fact to design (i) decentralized observers with guaran-
teed convergence of the overall state estimate to the true one,
and (ii) NMPC schemes with proven convergence guarantee to the
equilibrium. The design of these elements, which constitute the
control system depicted in Fig. 1, is described in Section 6.1, while
Section 6.2 is devoted to present the numerical results.

6.1. Control system

Consider that the physical plant S has been modeled as de-
scribed in Section 3, where the networked model M and the
submodels M have been trained to enjoy the §ISS property as
described in Section 5. Since the states have no physical meaning
in most RNN models, they cannot be measured, and an observer is
therefore required to estimate them for MPC initialization. Thanks
to the modular structure of the proposed PI-RNN model, a state
observer can be designed for each M using input-output mea-
surements of the corresponding S'. The associated state observer
SO reads as
son, [ = B gl o -
i = WiIR bl
where ¥ ¢ R™ and ! ¢ R™' are the estimated states and
outputs, respectively, whereas the overall set of parameters of the
ith observer is @1 := @ U (Wl b1}, Considering the aforemen-
tioned class of RNNs, each observer SO can be designed to be
weakly exponential, as defined in Vidyasagar (2002). Observers
with exponential convergence guarantees have been proposed in
the literature for §ISS RNN models, e.g., in Bonassi et al. (2024) for
GRU networks, in Bonassi et al. (2023) for LSTM, and in Armenio
et al. (2019a) for ESN, but their design procedures do not apply
when dealing with multiple interconnected RNNs. Nevertheless,
the modular PI-RNN structure enables to design a decentralized
exponentially convergent state observer SO, composed of inde-
pendent exponentially convergent SO, to retrieve the overall
state estimate X of M from u” and ¢ (Vidyasagar, 2002).

To optimally operate the considered networked system, an
NMPC regulator can be designed under the well-known certainty
equivalence principle (James, 1994). For instance, the control for-
mulation proposed in Bonassi et al. (2024) can be employed, with
the objective to track a specified equilibrium y corresponding to
the pair (x, u), assumed to exist. Thanks to the §ISS property of
the PI-RNN model M, enforced as discussed in Sections 4 and 5,
the convergence result established in Bonassi et al. (2024) can be
leveraged to derive an NMPC law that ensures recursive feasibility
and convergence to the equilibrium.

Remark 6.1. The plug-and-play feature of the proposed approach
is also effective from a control perspective. In particular, if a
subsystem S'™ is added to (or removed from) the networked
system S, the predictive model embedded in an NMPC regulator
can be partially updated as described in Section 5. Similarly,
the decentralized observer SO can be modified by adding (or
removing) a sub-observer SO corresponding to the subsystem
st
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NMPC controller

Ck

A 4

Optimizer >

System model State observer

Fig. 1. Scheme of the considered control architecture.

6.2. Case study

The proposed framework is tested on a large-scale chemical
plant. This system was initially studied in Luyben and Luyben
(1995) and further explored in Scattolini et al. (2009), making it
a significant benchmark for plantwide control of complex pro-
cesses. The considered plant is schematically depicted in Fig. 2(a).
It is a large-scale networked system featuring a complex flow
sheet, significant interactions among units with recycle streams,
and numerous byproduct/intermediate components. The physical
model of the plant, characterized by 120 state variables, is not
reported here for space reasons, but more details are available
in the mentioned references. This model has been leveraged to
develop a dynamic simulator within the Simulink environment
in MATLAB, exploiting the parameters reported in Scattolini et al.
(2009). The simulator based on the physical model is used both
for data collection and for control testing.

The considered plant comprises three binary distillation
columns (C1, C2, C3) and three chemical reactors (R1, R2, R3).
Moreover, two recycle streams are present (from C1 to R1 and
from C3 to R1), and six chemical components (A, B, C, D, E,
F) are processed. In particular, the plant contains two reaction
steps, i.e, A+ B — C + D producing desired product C and
D 4+ E — F + B producing desired product F and regenerating
B for the first reaction step. Following the notation used in this
paper, the considered chemical plant is a networked system S
composed of n = 6 subsystems S!, interconnected according
to a graph G = (W, &), where input-output measurements are
available. The subsystems S, with i € {1,...,n}, correspond
to the first chemical reactor R1, the first and second distillation
columns C1 and C2, the second and third reactors R2 and R3, and
the third column C3, respectively.

The control variables selected for the system S consist of the
inlet feed flow rate of the first reactor and the reflux flow rates of
the three distillation columns, i.e., u = [LTtRT1 ul ul, u;]T. The out-
put vector is & = [&_ 181 mbcc2berrSurbiclirl
where each ¢,_.4 includes the molar fractions of four chemical
components multiplied by the corresponding output flow rates.
Overall, the system comprises four input and twenty-eight output
variables.

The presence of recirculating flows among various elements
within the chemical plant makes the considered system strongly
interacting. Furthermore, despite its modeling complexity, the
topology of the plant is known and a large amount of data is
assumed to be available through measurements of the input and
output variables of each subsystem. This motivates the appli-
cation of the proposed physics-informed data-based modeling
approach to the aforementioned chemical plant. In particular,
the implementation of the PI-RNN networked model is carried
out in Python (version 3.10), customizing the library developed
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(b)

Fig. 2. (a) Schematics of the chemical plant: R1, R2, R3 are the reactors, C1,
C2, C3 are the distillation columns. (b) PI-RNN architecture for the considered
chemical plant.

in Bonassi (2023b) to enforce the physics-informed structure
and the §ISS property for interconnected submodels. An NMPC
problem is also tested and implemented in MATLAB R2023a using
the CasADi environment and the Ipopt solver. All computations
are performed on a laptop equipped with an Intel Core i7-1195G7
processor.

To accurately identify a prediction model M of the considered
plant S, a dataset of input-output samples is collected using
multilevel pseudorandom binary sequences to vary the inputs
u. Overall, 10000 samples are collected with a sampling time of
s = 1s, properly divided into training (80%), validation (10%),
and test (10%) sets.

For a fair comparison, this large-scale system is initially identi-
fied using a standard black-box RNN model with 3 neurons per 6
hidden layers, having four inputs and twenty-eight outputs. Then,
a networked PI-RNN is identified, employing n = 6 single-layer
RNNs interconnected to resemble the chemical plant topology,
as shown in Fig. 2(b). According to the modeling approach pro-
posed in Section 3, the resulting model is thus a PI-RNN with
3 neurons per 6 interconnected RNNs. Ultimately, both models
employ GRU networks and are characterized by a total of 18
states, one for each neuron. Moreover, they are trained using the
truncated backpropagation through time (TBPTT) method, which
is thoroughly described in Bonassi (2023a). For the standard RNN,
the SISS property is enforced on the overall model during its
training process as discussed in Bonassi et al. (2021a). Conversely,
for training the PI-RNN model, the loss function (21) is exploited,
where the SISS of the single submodels is enforced using the
condition in Bonassi et al. (2021a) to define (19), whereas the
SISS of the networked model is enforced using condition (15) to
define (20). The regularization terms in (21) are both designed
as piecewise-linear functions, e.g., w(n(®)) = 7 min(0, n(®)) +
7 max(0, n(®)), with 0 < © « 7 (Bonassi et al,, 2022). Addi-
tionally, both models are trained with the 10000-sample dataset
over 2000 epochs, employing the adaptive moment estimation
(ADAM) optimizer and a learning rate of 0.003.

To quantitatively evaluate the modeling performance of the
developed data-based models, the set D¢ is introduced, including
the time instants of the samples contained in the test set. Hence,
the FIT index is employed:

AT=(1- 2kepee 16k =il | 100,
> ke | Gk — Cavgll2

(23)
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Table 1

Comparison between the average FIT and its standard deviation for an RNN and
a PI-RNN, both having 18 states and trained five times with 10000 samples,
together with the average epoch time.

FIT [%] Average epoch time [s]
Standard RNN 675 + 14 79 £ 14
PI-RNN 824 £+ 29 9.0 £ 1.1
— 120 — 120
100

[Ib-mol/h

©
o
fecl
o
o
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Fig. 3. RNN and PI-RNN identification results. The identified variable is depicted
in orange, the measured one in blue. (a) y;_.c14 identified by the standard RNN;
(b) Yri_c1.4 identified by the PI-RNN; (c) yc, .z, p identified by the standard RNN;
(d) Yc2rop identified by the PI-RNN.

where y and ¢ are the identified and measured outputs over the
test set, respectively, whereas ¢ = ﬁ Zkevtgk corresponds
to the average of the measured outputs.

To ensure robustness, the identification procedure is repeated
five times due to the random initialization of RNNs weights
and biases, as well as the random subsequences extracted by
the TBPTT method. Note that the final model selected for trend
prediction and NMPC is the one achieving the highest FIT. The
obtained results are reported in Table 1, which includes the aver-
age FIT value and its standard deviation for the standard RNN and
the PI-RNN, as well as the average computation time per epoch.
These results, together with the predicted trends shown in Fig. 3,
indicate that the PI-RNN consistently outperforms the standard
RNN, even though both models use the same number of states.
This improvement is achieved by leveraging the networked sys-
tem topology. It is worth noting that the implemented models
verify the derived §ISS conditions, being the latter enforced in
their loss functions. Fig. 4(a) reports the evolution of |xg; —
Xp.klloo under different initial conditions and constant inputs, for
the §ISS PI-RNN model. As visible, all trajectories converge to
0, confirming the &ISS condition (2) for the overall networked
model. For the sake of completeness, the standard RNN and the
PI-RNN models have also been trained without enforcing the 5ISS
regularization terms. As expected, the resulting models do not
verify the §ISS conditions when these are checked a posteriori,
highlighting the importance of enforcing the §ISS property dur-
ing training. Nonetheless, the FIT performance is only slightly
affected compared to the §ISS-constrained models (see Table 1),
reaching 68.7% for the standard RNN and 86.4% for the PI-RNN.

A final test is carried out to evaluate the plug-and-play feature
of the §ISS PI-RNN model. Specifically, it is assumed that column
C2 of the chemical plant undergoes a parameter change, with its
vapor flow rate increasing from 385@ to 435@. This change
causes the fitting performance of the PI-RNN model to drop
to 78.4%. Nevertheless, thanks to the modularity of the PI-RNN
approach, it is not necessary to reidentify the entire networked
system model, as would be required with standard RNNs. Instead,
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Fig. 4. (a) Convergence of the difference between two model states for different
initial conditions and constant inputs. (b) Convergence of the difference between
observer and model states for different initial conditions and constant inputs.
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Fig. 5. NMPC results. Set-points are depicted in black dotted lines. (a) ygicia
trend with respect to its set-point. (b) yc,_.z,p trend with respect to its set-point.

only the submodel related to C2 needs to be updated. This new
submodel is trained using new input-ouput data and a loss func-
tion that enforces condition (17) as a penalty term. This condition
ensures that the §ISS property of the overall networked model re-
mains intact, as only the parameters related to the new submodel
of C2 are learned, while the parameters of the other submodels
are unchanged, as discussed in Section 5. This submodel is then
plugged into the original PI-RNN model by replacing the old
submodel of C2. As a result, the updated networked model still
verifies the condition in Theorem 4.1, i.e., p(I") = 0.8 < 1,
without the necessity of retraining the entire model due to a
local change. Moreover, the fitting performance of the updated
networked model remains satisfactory, i.e., FIT = 80.3%, which is
comparable to the results reported in Table 1.

Finally, an NMPC regulator is designed following the approach
proposed in Bonassi et al. (2024), highlighting the benefits of
leveraging the derived SISS PI-RNN model. First, a set of n = 6
weak exponential observers SO are employed, each estimating
the state related to the corresponding submodel M, All ob-
servers SO are designed using the method described in Bonassi
et al. (2024), being GRU models employed in the PI-RNN. As
discussed in Section 6.1 and illustrated in Fig. 4(b), the overall
decentralized observer SO is also weakly exponentially conver-
gent. The NMPC is executed with a sampling time t; = 1s and
features a prediction horizon of N = 12 and a simulation horizon
related to the terminal cost of M = 12. The goal of the NMPC
problem is to track specific output references. As an example, the
trends over 300 s of simulation of yg;_,¢; 4 with respect to its set-
point is depicted in Fig. 5(a) and the one of y¢, .z, p in Fig. 5(b).
The average computation time per iteration is 0.5s. In conclusion,
the NMPC regulator exploiting the proposed §ISS PI-RNN model is
closed-loop convergent, and it is able to steer the desired output
variables to their target values exhibiting negligible steady-state
error.

7. Conclusions

This article proposes a general methodology for learning large-
scale networked systems using physics-informed data-based
models with stability properties. The developed algorithm incor-
porates the physical system topology into the model architecture,
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achieving superior fitting performance compared to standard
data-based models. Additionally, a novel condition is derived to
ensure the SISS property for arbitrarily interconnected SISS sub-
models by leveraging their §ISS Lyapunov functions. This stability
condition is enforced in the loss function during the training
procedure of a physics-informed recurrent neural network. The
modularity of the proposed modeling approach, combined with
its derived §8ISS property, facilitates smooth plug-and-play opera-
tions on the model while preserving high fitting performance and
stability. The SISS property of the model also allows for the design
of a suitable decentralized observer and an NMPC regulator that
ensures convergence to equilibrium. The proposed methods are
tested in simulation on a large-scale chemical plant referenced
in the literature, achieving promising results from both modeling
and control perspectives.

Future work will be dedicated to the development of a detec-
tion scheme for the identification of potential modifications in a
physical system and their specific sources. This will allow to adapt
the proposed physics-informed data-based model to such system
changes in an online fashion, leveraging active learning.
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Appendix

A.1. Proof of Lemma 4.1

Consider the augmented input of M, i.e., v, defined as in (7),
where ul! e ¢y and y¥ e YU = (YU ¢ R Yo =
WUXIT 4 pil A x01 e XU}, Vj e 70 is a compact set since
XU is compact as evident from Assumption 4.1. Therefore, v €
Vil =yl x (Y Y1), where VI is a compact set as well. Thus,

JET;
given Assumption 4.1, M%7 admits a compact invariant set X"

for any v € VI also when interconnected to other submodels.
n

In conclusion, defining & := Y &', it holds that X' is a compact

i=1
invariant set for the networked model M. O
A.2. Proof of Theorem 4.1

Considering (9) and (13), it is possible to bound the candidate
SISS Lyapunov function of M as follows:

Bllxak — Xkl <V(Xa ko Xb.k) < Dl Xak — Xpllf (A1)
with ¢ = minjcx(c¢") and ¢ = maxica(ae") if p = g,
whereas ¢ = minicx(0"¢) and ¢ = n - maxien (@) if
p=o00 A q=1/(see Assumption 4.2).

The SISS of the overall model is proved exploiting condition (5)
in Definition 2.2. In particular, we show that if

¥llXar — Xb,k”q > lugk — ub,k”q s (A2)
p p
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. , ;g1

¢-minje e <5“J*Zjeoi Lo
n-maxie o (yllolil)

with ¢ =
such that

, then there exists € € R.g

V(Xak+1, Xp.k+1) — V(Xa ks Xp k) < _éfuxa,k - Xb,k”gv (A3)

implying V(x4 k, Xy k) to be a §ISS Lyapunov function.

—y D) S0, vi e W The
JEO;
latter holds since p(I") < 1, as assumed in Theorem 4.1. In fact,
considering that ¢! > 0 and naming s/ = BlloW > 0, it must
hold that s"'—3" I}sU'>0, Vi € N, which can be rewritten as
JeO;
s — I'"s > 0. As discussed in Riiffer (2010), there exists s € R"
such that s — I'"s > 0 if, and only if, o(I"T) < 1, i.e., p(I") < 1.

Note that ¢ > 0 since |

To prove the validity of (A.2)-(A.3), we first note that from (9)-(10)

it follows that

111 4] i ylil i
Vi(x,, k+1’xb k+1) VI(xq 10 Xp ) < (A4)
[il .
— €9/g" VIl ) + Yl — vl 8.
Considering (13) and (A.4), it is possible to write:
V(X k41, Xp k1) — V(Xa ko Xp k) =
n
li (/1) ¢l Lyl il
Z“l (v ak+1’ka+1) V(X s bk))S
n
Z"m(_ elljvllj(leﬁk’ ngk) - ﬁmvm("g]k X};JkHV“J”l’g — v k” 0
i=1
(A5)

where el + gl = é“J/qu with €, Bl € R_,. In view of (7) and

of Assumption 4.2, one can write

il il i 1 i

ol = o9 < bl — w19+ Y Iy, — yihlld <
JET;
= ufl 18+ " IWO S R, — XD <
JET;
||W ”p 1
Il = uelly + D =Vl X510 (A6)
JET; -

Therefore, (A.5) can be written as
V(Xak+1, Xp k1) — V(Xa ks Xp k) <

n
3o e ) BV
i=1

(il W[ﬂ
1l il YW X!
P = g+ 30 vl ). (A7)
JjeT; R

In view of (11) and setting € = min;c,r €', it follows that
V(Xakt15 bk 1) — V(Xa ks Xb, I<) < —€V(Xqk> Xp.k) —

n
ZU”JﬂmVl”(X?k, X+ Z Yo full, u};]kllq-l-
Z > eI k). (A8)
i=1 jeI;
At this point, 1[1]ote that 31y > ico, [l = Ximq 2_jer i and that

n
Z,'f mUm”u, - k”D < n - maxien (y"o™)ug, k—Up, k||p

Thus, (A.8) 1mp11es that

V(Xakt15 Xp k1) — V(Xa ks Xp,k) < —€V(Xq,k Xpk) —
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n n
S MBIV ) + 3y ol — a8+
i=1 i=1

n

Z Z FipVo "W Xy ) < —€V(Xa ke Xo0) —
i=1 jeO;

n R
} Lipigiy o
[il J [ily /Ll (4 li1 L
> (8- 30 B Yo
i=1 jeO;

n- flrelja\%((l/[i]d[i])||ua,k—Ub,kllf, < —€V(Xq ks Xpk) —

) Lo\ &
i i _ e L iy /Ll lil Ll
r};}\l}(ﬁ Z ol ZG VIR ko Xp 1) +
jeo; i=1
lil . [i] q
n - max(y o )| a —Up.illp (A9)
which, given the expression of ¥, (13), (A.1), and (A.2), reads as

V(Xakt15 Xpk+1) — V(Xa ks Xpk) < —€V (X k, Xpk) —

(il [l 14 q
n - max o V(X k, X u, u <
ieN(J/ )( (Xa,k> Xb.k) — Ntk b,k||p> =

— €@l — Kol — n-max(y o) (¥ Ixa — 6.4l

ot —tl]) < —€@lxak — Xo.cl] (A10)

implying that (A.2) entails (A.3). Thus, V(Xq, Xp k) is a 8ISS Lya-
punov function respecting (5) and, in view of Theorem 2.1, the
networked model (8) is §ISS. This concludes the proof. O

A.3. Proof of Corollary 4.1

According to Gersgorin’s Theorem (Varga, 2011), the eigenval-
ues of I' lie within the union of the discs centered at I} with
radius Y, ;| Tl, ¥i € V. Since I;; = O for alli € A and I" is a
non-negative matrix, see (11), if (14) holds, then all GerSgorin’s
discs have radius smaller than 1, implying that o(I") < 1. Thus,
by Theorem 4.1, M is §ISS. O

A.4. Proof of Corollary 4.2

According to Enders (2008), if (15) holds, then the eigen-
values of the associated characteristic polynomial have magni-
tude smaller than 1. This implies that po(I") < 1, and thus M is
8ISS. O

A.5. Proof of Proposition 4.1

According to Farina and Rinaldi (2011, Theorem 13), the ma-
trix I" in (11), being a non-negative matrix, is Schur stable,
i.e, p(I") < 1, if, and only if, all leading minors of (I, — I') are
positive. Now, consider unplugging a submodel M9, By removing
the ath row and column from I, the resulting matrix is I" €
R";len’l, corresponding to the new model M. Since all leading
qﬁnors of (I, — I') are positive, all leading minors of (I,_; —
I') are also positive. This implies that I" is Schur stable and,
consequently, the §ISS condition in Theorem 4.1 is satisfied for
Mas well. O

A.6. Proof of Proposition 4.2
Being I" a non-negative matrix, there exists v € RI, that

verifies I'v < v if, and only if, (12) holds (Riiffer, 2010). Con-
sidering that I" in (16) is non-negative as well, we need to show
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that, under (17), there exists ¥ such that "0 < ©. In particular,
under (17), there exists a small enough € € R. such that

INg(Fgv+€) < (I, — I'v. (A.11)
Naming v, = I'g1v + € > 0, we have that
TNoug+Tv<v
{ 1ata , (A.12)
Tq1v < vg
which can be written as
I Iy, v v
[nﬂ ; } H < H (A13)

In conclusion, there exists v = [v" vy 1" such that I'd < ¥
holds, implying that p(I") < 1. According to Theorem 4.1, the
new model M is §ISS. O

A.7. Proof of Corollary 4.3

The proof straightforwardly derives from Corollary 4.1. After
a plug-in operation, condition (14) needs to be verified only for
the rows of I" that include parameters related to the newly added
submodel M, since the remaining rows already satisfy (14). In
other words, this condition must be verified for all the ith rows,
with i € Oy, which include the elements of I corresponding to
the outlet neighbors of the added submodel M@, and for the ath
row, which contains the elements related to the inlet neighbors
of MY, O
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