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1 | INTRODUCTION

We consider the problem of the stress distribution in a hollow circular cylinder subjected to axial loads on its opposite
faces. This theoretical problem has relevance in many engineering applications. Here the applied focus is suggested by
the structural civil engineering Studio De Miranda Associati, a company expertized in building long span bridges. We
refer to [1-6] for some mathematical models for suspension bridges and plates developed recently.

FIGURE 1 From the left a render of a recent cable stayed bridge designed by Studio De Miranda Associati and a detail of its deck.
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FIGURE 2 Detail of the executive draw of a blister of a recent prestressed concrete bridge.

The aim of this paper is to model the stress diffusion in a constructive detail of a bridge: the blister. In the cable-stayed
bridge the blister is the structural element where the steel forestay anchors to the deck. In Figure 1 is shown a render of
a future cable-stayed bridge, designed by Studio De Miranda Associati, that will be built in Brazil; a detail of the related
blister element is given in Figure 3.

When the deck is built in reinforced concrete, as in this case, high density of the steel reinforcement is present in the
blister; this may cause zone with low concrete capacity and possible remarkable cracking. In Figure 2 we show a detail of
the executive draw of a blister for another stayed bridge, designed by Studio De Miranda Associati.

Hence, a precise estimate of the stresses acting on the element is fundamental to compute the reinforcing steel without
surplus. In engineering literature some of the best known references related to the distribution of the stresses in prisms
of concrete are [7, 8]; here the authors consider many combinations of load on the prism and for each one the possible
strategies to design the steel bars. These results are obtained from particular solutions of the well known equation of the
linear elasticity; we recall it here briefly in the general 3D case, see for example [9-15].

Given Q C R3 an elastic homogeneous solid body, we denote by u : Q — R? the displacement vector at any point of
the reference configuration of the elastic body itself, see the list of notations at the end of the paper. We denote by Tu the
stress tensor and by 4 and u the classical Lamé constants; it is known that 1 and u may be expressed in terms of the Young

modulus E and Poisson ratio v € ( -1, %) as
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The equation of linear elasticity reads
—puAu— A+ pw)V(divu) =f inQ, 12)
(Tun=g on 0Q, '

where f and g are respectively the forces per unit volume and the boundary forces per unit surface acting on Q, while n
is the unit outward normal vector to €.

In Section 2 we briefly derive (1.2) from variational principles and we recall the existence and uniqueness results in
Proposition 2.1; although these are classical topics in linear elasticity, see for example [10, 12], being some questions not
trivial and useful for our aims, we provide for completeness some details and the proof in the appendix.

The theoretical solution from which come the applicative cases considered in [7, 8] is given in [16], where Q is a rectan-
gular prism under end loads. Thanks to this simple geometry and loading condition the authors find explicitly the solution
in form of double Fourier series. To find the explicit solution of (1.2) for generic Q and loading conditions is a very hard
task; some results are available simplifying the geometry or the load, see for example [16-18]. For cylindrical domains
the solution can be obtained only for particular cases, for instance applying Love representation of the solution [13] and
finding a biharmonic function on a cylindrical domain, see for example [14, 19].

In this paper we find the elasticity solution for Q coincident with a hollow cylinder loaded on the opposite faces, since
this geometry fits the modeling of the concrete of the blister, see Figure 3 on the right; indeed, the forestay of the bridge
is circular and passes through the cylindrical hole, applying a distributed load on the opposite faces due to its tensioning,
see Figure 4 on the right.
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FIGURE 3 From the left a frontal view of the blister and its modelization through the hollow cylinder.
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FIGURE 4 The domain Q on the left and the loading condition in red on the right.

The precise definition of the model is given in Section 4; the application of axial loads leads to a solution having axial
symmetric properties, see Proposition 3.1. In the real blister it is also possible to have non radial loadings coming from the
deck, but this is a first attempt of modeling that may be implemented in future works; anyway, the solution found here may
have general interest beyond this specific application and the technique is not based on the Love representation function.

The definition of the solution is given by steps: in subsection 3.1 we provide a periodic extension of the loads in the
variable z corresponding to the symmetry axis of the hollow cylinder, in such a way that it becomes possible to expand
the solution in Fourier series with respect to the variable z; then we compute the Fourier coefficients which come to be
functions in the other two variables x and y, corresponding to directions orthogonal to the symmetry axis of the hollow
cylinder; in subsection 3.2 we pass to the cylindrical coordinates and, exploiting the axial symmetry, we reduce ourself to
study a system of ODEs in the radial polar coordinate p; we compute the Fourier coefficients as functions of the variable
p through an adapted expansion in power series so that we are able to state Theorem 3.7, collecting the explicit solution.

In Section 4 we give some hints to truncate the series and we apply the results to an engineering case of study. As it will
be explained in details, it will be necessary to compute numerically the first M terms in the Fourier series expansion with
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M to be chosen sufficiently large in order to minimize the truncation error. The main question in this procedure is that
the computation of those Fourier coefficients, which are solutions of suitable boundary value problems of ODEs, requires
the numerical resolution of some algebraic linear systems in four variables which exhibit a condition number higher and
higher as M grows; if we need a truncation error smaller than ours, we may consider alternative numerical procedures. We
emphasize that the main purpose of this article is to obtain an analytical representation of the unique symmetric solution
of (1.2) in the case of the hollow cylinder with the perspective of reproducing such method in more general situations with
not necessarily symmetric external loads.

The main analytical and numerical results of the article are stated in Sections 2-4 and their proofs are given in Section 5.
The final part of the paper is devoted to the conclusions, see Section 6, the appendix on the details related to existence and
uniqueness of solutions, see Section A, and a list of notations which can be helpful for the reader.

2 | THE EQUATION OF THE LINEAR ELASTICITY: EXISTENCE OF A SOLUTION

In this Section we derive the differential equations for the linear elasticity from variational arguments and we state exis-
tence results for the solutions. These topics are well known, see for example [9-15], anyway we decided to review them
from a mathematical point, basing our approach on the Fredholm alternative. Since many arguments are standard, we
recall here only the main results useful to deal with the hollow cylinder problem and we put all the details and the proof
in the appendix, see Section A.

We recall that Q C R? is the domain of the elastic body and u is the displacement function with components u =
(uy, uy, uz). We denote by Du the linearized strain tensor, which in the sequel will be simply called strain tensor, and by
Tu the stress tensor, recalling its precise definition in the notations at the end of the paper.

The Hooke’s Law for isotropic materials reads

Tu = Atr(Du)I + 2uDu, 2.1

where 1 and u are the Lamé constants. If we assume that on Q act body forces per unit of volume f = (f1, f5, f3) and
boundary forces per unit of surface g = (g;, 2>, g3) we obtain the total energy of the system

£(u)=%/Tu:Dudx—/f-udx—/ g-uds, (2.2)
Q Q Elo)

where the first term is the elastic energy related to the internal forces in the configuration corresponding to a generic
displacement u.

By looking at the total energy € in (2.2) as a functional £ : H'(Q; R?®) — R and exploiting the symmetry of the bilinear
form, see (A2) in the appendix, we obtain that a critical pointu € H'(Q; R?) of £ solves the variational problem

/Tu:Dvdx:/f-vdx+/ g-vdS for any v e H'(Q;R3). (2.3)
Q Q o)

By (Al) in the appendix and a formal integration by parts, we find that (2.3) is the weak formulation of the boundary value
problem

—div(Tu) =f inQ,
(2.4)
(Tu)n=g on 6Q.
Inserting (2.1) into (2.4) we find the well known equations of linear elasticity (1.2).
Let us introduce the space
Vo 1= {vo e H(Q;R3) : /Tvo :Dvdx =0 VYveH\(Q IR3)} . (2.5)
Q
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We observe that V|, coincides with the eigenspace associated to the first eigenvalue of the following eigenvalue problem:
a is an eigenvalue if there exists a nontrivial function u € H L(Q; R?), which will be called eigenfunction associated to «,
such that

/Tu : Dvdx:oc/u-vdx for any v € H'(Q;R3).
Q Q

In particular if « = 0 and vy, is a corresponding eigenfunction we have
/ Tvy : Dvdx=0 forany v e H'(Q;R3). (2.6)
Q

After some computation one can verify that V|, is the space of functions v = (v, v,,03) admitting the following
representation

U1(x1, X2, X3) = ax; + fx3 + 61,
Uy(X1, X2, X3) = —ax; +yX3 + 55, 2.7

U3(X1, X2, X3) = =X —yx; + 55

where a,3,7,681,05,,0; € R. Roughly speaking, configurations associated with such functions v € V|, correspond to
translations and rotations of the solid body without deforming it in such a way the elastic energy equals zero.
In the next proposition we recall the existence result for problem (1.2).

Proposition 2.1. Let Q C R* a bounded domain with Lipschitzian boundary and let f € L*(Q;R?) and g € L*(0Q; R?).
Let us introduce the following compatibility condition

/f'vdx+/ g-vdS=0 foranyv e V. (2.8)
Q o)

Then the following statements hold true:

(i) problem (2.3) admits at least one solution u € H'(Q; R?), or equivalently the boundary value problem (1.2) admits at
least one weak solution, if and only if (2.8) holds true;
(ii) ifu € HY(Q;R3) is a particular solution of (2.3) then for any v, € V, the function u + vy, is still a solution of (2.3);
(iii) ifu € H'(Q; R3) is a particular solution of (2.3) and if w € H'(Q; R3) is any other solution of (2.3), then there exists
vy € V such thatw = u + vy,
(iv) letting Vé be the space orthogonal to V, with respect to the scalar product (A4), we have that problem (2.3) admits a
unique solution in Vol.

The proof of Proposition 2.1 is given in subsection A.1 in the appendix. In the next remarks we recall some issues related
to the uniqueness of solution for the elasticity equation.

Remark 2.2. The problem (2.3) admits solutions up to translations and rotations. This is why we introduce in Section 2
the space V; such space includes functions as (2.6) that does not modify the elastic energy. Assuming for simplicity
8, = 8, = 83 = 0in(2.6), deformations corresponding to displacements v € V, can be considered good approximations of
arotation only for a, 8, y small; when at least one of the constants «, 3, y is not small the corresponding deformation of the
solid body is no more negligible. In such a case, one may wonder why the elastic energy remains anyway zero; the answer
is that in the linear theory only small deformations are allowed so that large deformations are no more meaningful for our
model. Let us recall that we are considering in our model the linearized strain tensor Dv which is a good approximation
of the real strain tensor only for small deformations since the last one also contains quadratic terms in the first order
derivatives of vy, v,, U3; these quadratic terms can be neglected when first order derivatives are small.
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Remark 2.3. We observe that, as a consequence of Proposition 2.1, if u and w are solutions of (2.3), then the two config-
urations of the elastic body, corresponding to u and w, generate the same stress state. More precisely we have Tu = Tw
in Q as a consequence of the Hooke’s law and of the fact that D(u — w) vanishes in Q being u — w € V,. Physically, this
is completely reasonable since, given the configuration corresponding to u, the one corresponding to w can be obtained
from the first one by means of rotations and translations of the elastic body, which clearly do not affect the stress state of
the solid body itself.

3 | THE HOLLOW CYLINDER UNDER AXIAL END LOADS

We consider a circular, finite, homogeneous, isotropic and elastic cylinder with height h, radius b > 0, having a coaxial
hole of radius a > 0. In this section we use the usual notation x, y, z for the three coordinates in R3. We maintain the
notation dx to denote the differential volume dxdydz.

Therefore, we introduce the annular domain C,,;, 1= {(x,y) € R? : a* < x> + y? < b?} in such a way that

Q=Ca,b><<—E ﬁ).

272
In the sequel we want to model a hollow cylinder subject to an external load acting on the upper and lower faces of the
cylinder compressing the cylinder itself; we denote this (constant) distributed load by p, see Figure 4 on the right. This
loading configuration corresponds to zero volume forces, that is, recalling the notations introduced in (1.2), f = 0in Q.
In order to better describe the surface forces represented by the vector function g, we split dQ in four regular parts

F1:=Ca,b><{—§}, F2:=Ca,b><{h},

2

I :={x,y) €eR?: x> +y?=b*}x (—g,g), [, :={(x,y) eR?: x2+y?>=a?}x <_§’§)’
having respectively outward unit normal vectors (0, 0, —1), (0,0,1), (x/b,y/b,0) when (x,y,z) € I'; and (—x/a,—y/a,0)
when (x, y, z) € ['4. In this way, the outward unit normal vector n is well defined on the whole 9Q, see also Figure 4 on
the left.
Exploiting the above notations, the vector function g can be represented in the following way

(O’O’Xp(xhy)) fora’ny (x’yaz)erl’
g(x,y,2z) =4(0,0,—x,(x,y)) forany(x,y,z) €T, 3.1
(0,0,0) for any (x,y,z) € T3 U Ty,

where the function y, : C,; = R, p € R, is defined by

p ifa? < x2+y? <é?,
X, = 3.2
Zp(x:Y) {0 ife2 < x> +y? <b?, (32)

for some € € (a, b). The parameter € may be varied until that the distributed load covers entirely the top and bottom faces
of the cylinder (¢ = b); since this study starts from the applied purpose to model a blister, we choose ¢ € (a, b), being
{(x,y) € Cyp 1 a®> < x? +y? < €?} C C, the surface where the load of the forestay is transferred to the concrete through
anchor plates, see Figure 5 and Section 4 for details.

Therefore, we are led to consider the problem

—pAu — (A + p)V(divu) = 0 inQ,
(Twn = (0,0, ) onTy,
J ? ' (33)
(Tu)n = (0,0,—xp) on T,
(Tuyn=0 onTz;UTy,.
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Among all solutions of (3.3) which can be obtained by a single solution by adding to it a function in the space V,,, we
focus our attention on the unique solution u = (u;, u,, u3) of (3.3) in the space VOl where orthogonality is meant in the
sense of the scalar product defined in (A4), see Proposition 2.1. From a geometric point of view, condition u € VOL avoids
translations and rotations of the hollow cylinder, being V|, the space of displacement functions which generate translations
and rotations.

In subsection 5.1 we prove a symmetry result for the unique solution of (3.3) in the space V', whose validity is physically
evident, but which however needs a rigorous proof:

Proposition 3.1. Let u be the unique solution of (3.3) in the space Voi. Then u satisfies the following symmetry properties:

(i) forany(x,y,z) € Qwe have

ul(x5y5 _Z) = ul(-x’y’ Z)a u2(xaya_z) = uZ(x’y’ Z) u3(x’y’ _Z) = —u3(x,y,z), (34)
u(—x,,2z) = —u1(x,y,2), u(—=x,y,2) = uy(x,y,2) u3(—x,y,z) = uz(x,y,z), (3.5)
ul('x9—y’z) = ul(x’y’ Z)’ uZ(x’_y’Z) = _uZ(xny!Z) u3(x9 _yyz) = u3(x,y, Z)’ (36)

(ii) the third component u; of the solution a is axially symmetric in the sense that:

uz(x1, y1,2) = u3(x3,¥2,2)  V(x1,¥1,2), (X2, ¥, 2) € Qwith xf + }’f = x§ + J’§ ;

(iii) the first two components u,, u, of the solution u form a central vector field in two dimensions in the sense that
s 2 02 2 442
I(ul’ u2)| [(x1,y1,2) = I(ul’ U'Z)I [(x3,Y2,2) v(xl, Y1, Z); (x2a Y2, Z) € Qwith xl + y1 = x2 + y2
and

X y
V2

(ul’u2)|(x,y,z) = |(uy, u2)||(x,y,z) ( ) forany (x,y,z) € Q.

The symmetries described in this proposition are crucial for the method here presented and its possible generalizations.
Up to a greater computational burden, it is possible to include non zero body forcing f, having the same symmetries of
the domain Q. Also the load p in (3.2) could be assumed not constant, for example p = p(x, y), but it has to agree the Q
symmetries (i.e., the load has to be axial). Hence, possible changes in the loading conditions are allowed, in principle one
could consider also tangential (axially symmetric) loading conditions on Q. The fundamental point is that Proposition 3.1
has to hold so that the problem can be extended periodically as described in the following section.

3.1 | Periodic extension of the problem

Our next purpose is to look for and construct a solution u = (uy, u,, u3) of (3.3) admitting a Fourier series expansion in
the z variable and, hence, admitting a periodic extension defined on the whole C, ; X R. A posteriori, we show that it
necessarily coincides with the unique solution of (3.3) belonging to V+, see the end of the proof of Theorem 3.7.

As a first step, since u € H'(Q;R?), we define a function, still denoted for simplicity by u, on the domain

CopX| — ﬁ, h by extending it in suitable way: the new function u coincides with the original function u on C, j; X
, 22 ,
( — ﬁ, ﬁ) and
2’2
u1(x,y,z) = —u1(x,y,h —z), uy(x,y,z) = —uy(x,y,h—2z), uy,(x,y,z)=us(x,y,h—2z), (3.7

for any (x,y,z) € Cyp X (h > ) This means that u; and u, are antisymmetric with respect to z = g and u; is symmetric

2’2
with respect to z = g The second step is to extend the new function u : C, ) X ( - g %) — R to the whole C;, X R
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as a 2h-periodic function in the variable z, having the obvious symmetries. This construction and the solution properties
stated in Proposition 3.1 allow expanding u = (u;, u,, u3) in Fourier series with respect to the variable z in the following
way:

+oo +oo
w(6y,2) = Y gheycos (Zkz),  wny.2)= Y giCeyycos(kz), (38)
k=0 k=0

+00
us3(x,y,z) = Z @, (x,y)sin (% kz) )
k=0

Remark 3.2. We observe that for k = 0, the boundary value problem (3.3), or equivalently (5.17)-(5.18) and (5.20), see the
proof in Subsection 5.3, admits an infinite number of solutions. More precisely, these solutions are in form (cp(l), go(z), gog) =
(¢q,¢,,c3) Where ¢y, ¢y, c3 are three arbitrary constants. We may choose qog = 0 being irrelevant in the Fourier expansion
of u;. Concerning the other two components, we have necessarily qoé = go(z) =0in C, due to the odd symmetry of u; and
u, with respect to the variables x and y, as stated in (3.5) and (3.6).

Thanks to the expansion (3.8) and Remark 3.2 we infer that the horizontal displacements u; and u, vanish on the upper
and lower faces of the hollow cylinder Q:

ul(x,y,§>=u1<x,y,—%)=0 and uz(x,y,§>=u2<x,y,—%)=0. (3.9

. . . . h
Therefore, the symmetric extension, for instance with respect to z = > producesu € H 1 (Ca,b X < - 7); R3). More

in general, it is easy to understand that the periodic extension, still denoted for simplicity by u, is a function satisfying
u € H(C,;, X I; R?) for any open bounded interval I.

We state here some lemmas in order to understand the main steps in the construction of the solution of (3.3), given in
the final theorem. The periodic extension of the boundary data can be achieved according to the next lemma, proved in
subsection 5.2.

Lemma 3.3. Let u be the periodic extension of the solution of (3.3) defined as above and let A be the distribution defined by
—div(Tw)=A  inD'(Cyp x R;R?). (3.10)

Then A admits the following Fourier series expansion

A=(Ay, Ay As) = (0, 0, 2,(x,y) Y (=1 %sin [%(Zm + 1)z]). (3.11)

m=0

In subsection 5.3 we prove the following lemma.

Lemma 3.4. For any k > 1 odd, there exists a unique (¢}, ¢}, ¢;) € H'(Cq s R®), satisfying (3.3) and (3.8). For any k > 2
even, there exists a unique trivial (¢, , goi, cpi) = (0,0,0) in C, p, satisfying (3.3) and (3.8).

3.2 | Cylindrical coordinates exchange

The symmetry properties of u stated in Proposition 3.1 imply that gafc is a radial function and the vector field (qoll{, qoi) isa
central vector field in the plane, in the sense that it is oriented toward the origin and its modulus is a function only of the
distance from the origin. This implies that for any k > 1 odd, there exist two radial functions Y, = Y (p) and Z, = Z;(p)
such that in polar coordinates we may write

91 (0,0) = Yi(p)cos6,  9p(p,0) =Yi(p)sin®,  9;(p,6) = Zi(p), (312)

with p € [a,b] and 6 € [0, 27).
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In Section 5 we show that Y, and Z; solve a proper boundary value problem. More precisely, this fact will be shown in
subsection 5.4 which is devoted to the proof of the next lemma, where we state existence and uniqueness for solutions of
the boundary value problem mentioned above.

Lemma 3.5. Let ¥y : C,, — R be defined as

k41 4
(-1 2 = x,(x,y) ifk is odd,
Wi (x,y) = h”P V(x,y) € Cop. (3.13)
0 if k is even,
For any k > 1 odd, the boundary value problem
’ YI(0)  Yi(p) 22 A
" k _ Tk P _ M T lﬂ_k ’ _ .
Y, (o) + 2 Tt B2 Yi(p) + Tt2a h Z,(p)=0 in(a,b),
Z(p)  A+2u 72k? A+ u nk Yi(p) 1
Z/(p) + —— — Zo) - —= 2y (o) + | = -~y in (a,b),
) i (P) R k(o) 7 h [ (P - “ k(p) in(a,b) (3.14)
2 k
@ +200Y(0) + 5 Yiclp) + AT=Z(p) =0, p € {a, b}
k
Z,(p) = S-Yi(p) = 0, p € {a,b}

admits a unique solution (Yy, Z,) € H'(a, b; R?).

About existence and uniqueness of solutions of (3.14), in subsection 5.4 we only give an idea of the proof since it can be
proved exactly as Lemma 3.4 of which Lemma 3.5 is the radial version.

Now we need a more explicit representation for the unique solution (Y}, Z;) of (3.14). This will be done by performing
a power series expansion in which the coefficients will be characterized explicitly in terms of a suitable iterative scheme.
As a byproduct of this result in Section 4 we also obtain a numerical approximation of the exact solution and we estimate
the corresponding error. Being a linear problem, we proceed by applying the superposition principle and we provide the
explicit formula in the next lemma.

Lemma 3.6. Foranyk > 1, odd, let X}, = (Y}, Zy) the unique solution of (3.14). Omitting for brevity the k-index, we have a
unique (Cy, C,, Cs,C4) € R* such that

Y(p) = C;Y(p) + C2X2(0) + C3Y3(p) + C,X*(p) + Y(p), (3.15)

where Y/ = (Y/,Z)) with j = 1,...,4 are four linear independent solutions of the corresponding homogenous system and
Y = (Y, Z) solves

— — — - \Fr P 1 T
(Fo) T Ze) Z) =We) [ We)? (0 0 0 —w®) dr.  p>o. (o)

being W(p) the wronskian obtained through Y/ (o) (j = 1, ...,4). Each of the linear independent solutions of the homogeneous
system can be written as

+o00 ) +o00 )
Yi(e)= ) ayp"+(np) ) byp",
n=-—1 n=0

. . (=14, (3.17)
Zi(p)= Y, cpp" +(np) Y djp"
n=0 n=0

where the coefficients are uniquely determined.
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In the proof of the Lemma we give all the details related to the computation of the constants C; in (3.15) and of the
coefficients in the series (3.17), see subsection 5.5. As a consequence of Lemmas 3.3-3.4-3.5-3.6 we state the main theorem,
whose proof can be found in subsection 5.6.

Theorem 3.7. Let u be the unique solution of (3.3) satisfying u € VOL and let (Yy, Zy), k > 1 odd, be the unique solution of
(3.14). Then, in cylindrical coordinates, u = (uy, u,, uz) admits the following representation:

+00
ui(p,6,2) = Z Yom41(p) cos 6 cos [(2’"21)” Z] ,
m=0

(3.18)

+00
4a2(p,0,2) = Yom41(p) sin O cos [(2m;:1)n z] ,

m=0

+00
. 2. 1
U3(0,6,2) = Y, Zomsr(p)sin [ 22 2]
m=0

\

with p € (a,b), 0 €[0,27), z € ( - %, g) where the three series in (3.18) converge weakly in H'(Q) and strongly in L*(Q).

Moreover, letting Uy, = (UL ,U]%/I, U13\4) be the sequence of vector partial sums corresponding to the series expansions in
(3.18), we have forany M > 1

b> [h(b—a) 1
||U]1V[—u1||L2(Q)Sp— hb-a) 1

7 2amr \/M’

D mb3b—-a) 1

uan? 24 \/1\? )

b> [h(b-a) 1
IIUﬁ—uzllLZ(mSP— hb-a) 1

u 2ar \/1\_/[

, (3.19)

U3, — usllzzq) <

4 | AN ENGINEERING APPLICATION

In this section we consider a case of study: a hollow cylinder having the features of a blister for the bridge in Figure 1.

In Table 1 we give the mechanical parameters, see also Figure 4. We consider stays composed of 19 strands, see Figure 5,

suitable to bear the concentrated load P in Table 1. P is computed from the executive project, while the diameter 2a is

taken from the catalogue of Protende ABS-2021 [20], a company producing such elerents, see in Figure 5 the diameter
= 22.80 MPa.

’ ; ) m(e2—a?)
Our purpose is to obtain a good approximation of the functions Y’/ = (Y/, Z/), j € {1, 2, 3,4} introduced in Lemma 3.6.
For j = 1,...,4 we consider the approximate solution (N > 1)

¢D; for 19 strands anchorage; hence, the distributed load in (3.2) is given by p =

N N N-1 N-1
Vi) = D, anp" +(np) Y byp" and Z{(p) = Y, c,p" +(np) Y dypp". 4.)
n=-1 n=0 n=0 n=0
TABLE 1 Mechanical parameters assumed.

h 3.00 m Height of the cylinder
2a 273 mm Diameter of the cylindrical hollow
2b 800 mm External diameter of the cylinder
2€ 425 mm External diameter of the load
P 1900 kN Concentrated load
E 35000 MPa Young modulus of the concrete
v 0.2 Poisson ratio of the concrete
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Varidvel

oF
q R
B1 @C OA1 oP
Variavel
IR N N N O =
DE PAL B1 @p1 E1 L1 min.
CORDOALHAS
4 110 270 160 141 20 89 30 430 63
7 150 300 200 168 30 114 40 550 75
13 200 340 256 219 36 168 55 860 110
1 19 228 380 300 273 53 168 75 960 140 |

31 280 470 350 323 60 219 90 1280 180
37 280 490 365 323 70 273 100 1410 180
55 323 570 415 355 85 273 125 1720 225
61 349 600 440 355 85 323 130 1870 250
73 410 680 525 457 95 323 145 2030 280
91 450 750 570 508 110 355 160 2280 315
109 470 780 580 508 120 355 175 2400 315
127 500 810 620 559 130 406 190 2700 355
169 570 900 680 609 145 457 225 3120 400

Valores sujeitos a variacoes de acordo com os requisitos especiais do projeto.

FIGURE 5 Detail of the strands anchorage and in table the geometric features for a 19 strands element, from the commercial catalogue
[20].

The reason for in (4.1) we have n = 0, ..., N — 1 in the expansion of ZZ{, will be clarified in the proof in subsection 5.7 of
the next proposition about an estimate of the truncating error.
Proposition 4.1. Letk > 1, k € N odd, and let N > 3, odd integer, be the truncating index of the series as in (4.1). Then,
letting

Ein i= Y7 (o) = Yi(p)l, Zl(p) =7 ,
kN jer{rl{g,@{maX{pgl[%]l ~(P) 2] prél[%]l V(P (p)l}}

we have that

320 + 54 + u)? NH2 (mkby? 3 2
Eex < C(a,b,0) QA+ 5u) (A + 1) <7r_kb> e( h) (N +3)(3N3 + 21N +242N+32)’ 42)
R ()]
- !
where
et = max {1, 7 o {1 i (5291 (52 )} { 55, 2 21 (5, 2220 o (24}
kb h h h’24p h h A4p 7wk h
Once we have (4.2), one may choose N in such a way that
E
N <e (4.3)

min min { max Y/ , max 7J
16{1’2’3’4}{ {pe{a,b]l n@l te[a,b]l N(‘o)l}}

with € small enough. Condition (4.3) means that the truncation error is relatively small compared to the order of magnitude
of both functions YIJ\] and ZIJ\, forall j € {1,2,3,4}.
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z
us o o" 09 7Tz
15 15 15 0 15 15 2
0.2 1.5
N 1.5
1 0.15 1 1 03 1+ B/ 1
1
-1
0.1 10.5
05 — 05 05 05 4 05}
0.05 15 0.5
0
0
of g 0 0 -2 0 114-05 of
-0.5
-0.05 25 ]
05F 1H 04 05 0.5 z 4 05 1 05 o -1
-1.5
-0.15 s
1 1 -1 -35 1 2 -1 ,
-0.2 -
“ 2.5
15 1.5 1.5 1.5 1.5 -2.5
04 02 0 02 04 0402 0 02 047 04 02 0 02 047Z 04 02 0 02 04%F 04 02 0 02 04
=] jas| Jae) e} e
— e L, & i
Z= —1.50m Z=+1.42m Z=+1.42m Z=+1.43m Z= +1.34m

04 04 04 " 04 04 0

02 IO-22 02 l-5 02 I_1 02 IO 0.2 l
0 0.2 0 -10 0 2 0 P 0 i

0.2 | 018 0.2 i'15 0.2 I-3 02 '_2 02 I_2
4 16 04 -20 04 4 04 04

-0.
-04 -02 0 02 04 -04 02 0 02 04 -04 -02 0 02 04 04 -02 0 02 04 -04 -02 0 02 04

FIGURE 6 From the the left the vertical displacement u; in mm, the vertical stress o in MPa, the radial stress ¢” in MPa, the angular
stress 0® in MPa and the tangential stress 77 in MPa.

TABLE 2 Maximum absolute values and points of Q in which they are assumed.

max | - | P z [m]
Us 0.24 mm a +1.50
o* 20.77 MPa a +1.42
a" 4.23 MPa a +1.42
o? 2.62 MPa a +1.43
T 2.52 MPa € +134

In our numerical simulation the condition (4.3) is verified by making use of estimate (4.2) on the truncation error Ej y,
that is, the program verifies at each step the validity of (4.3) in which the numerator of the fraction is replaced by the
majorant in (4.2). The program runs until the value of N is sufficiently large to guarantee (4.3).

In Figure 6 we plot a vertical section of the cylinder and the corresponding more stressed horizontal section. We show
the vertical displacement u5 and the following components of the stress tensor in cylindrical coordinates

Jus u”  ou’ o 2u ou’” u”  Ous
9z V(p+8p>] cy_1—27)[(1 V)ap +V<,o+az

2 r r.a r.Ja
o = _I" [(1_7})%+v(au +£>] .L.rzzlu[al+ Us

N
|
\
=
—
—~
—
|
<
T
+

dp | oz az  dp |

where u" = 4 /uf + ug is the radial displacement. We point out that putting n = (cos 6, sin 6, 0), t = (—sin 6, cos 8, 0) and
k = (0,0,1), the four components introduced in (4.4) are defined by 0% := (Tu)k -k, ¢’ :=(Tu)n-n, ¢® := (Tu)t - t
and 7' := (Tu)n - k and the representation (4.4) can be deduced by (A9) and (A10).

We consider an approximate solution U, as stated in Theorem 3.7 truncating the Fourier seriesat M = 29 withe < 1073
in (4.3), implying N = 123 in (4.1) and [|U}, — u; ll12(q) < 4.46 - 107> m*/2, ||U3, — usll;2(q) < 1.02 - 107° m*/2 in (3.19). In
Table 2 we give the maximum absolute values of the variables involved, including the coordinate of the point (o, z) where
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they are assumed (for all & € [0, 27r) thanks to the radial symmetry of the problem).

As expected the vertical displacement u; achieves its maximum absolute value at z = i%. From the plots we see that
there are two (symmetric) critical zones where we observe the loading diffusion; they are close to the upper and bottom
faces of the cylinder and involve approximately the 20% of the closest volume, that is, the volume of Q such that z €

(-5-3)e(53)
5 | PROOFS OF THE RESULTS

5.1 | Proof of Proposition 3.1

Concerning part (i) of the Proposition we only give the proof of (3.4) since the proof of (3.5)-(3.6) can be obtained with a
similar procedure. For any function v € H'(Q; R*) we denote by v = (0}, 05, 0,) € H(Q; R?) the function defined by

0,(x,y,2) = 01(x,y,—2), U,(x,y,2) =0,(x,y,—2), U3(x,y,2z)=—-03(x,y,—2), V(x,y,2z)€ Q. (5.1

Let u be the unique solution of (3.3) in VOl and let @ be the corresponding function defined by (5.1).

We start by showing that @ solves problem (3.3). In doing this we show that it solves the variational problem (2.3) where
in the present case f = 0 and g is the function defined in (3.1).

By direct computation one can see that for any test function v € H'(Q; R3) we have for any (x,y,z) € Q

(Dt : DV)|(x,y,z) = (Du: Dv)l(x,y,—z) , [(diVﬁ)(diVV]Kx,y,z) = [(divu)(diV\'/]Kx,y,_z) . (5.2)

By (2.3), (2.1), (5.2), (3.1) and a change of variables, we obtain

2,u/ Du : Dv dx+/l/(divﬁ)(divv) dx (5.3)
Q Q

=2,u/Du:Dvdx+/1/(divu)(divv)dx=/ g-VdS=/ g-vdsS.
Q Q Elo) Elo)

By (5.3) we deduce that @ is a solution of (2.3) and hence a weak solution of (3.3). We now prove that &1 € Vol. Indeed,
proceeding as in (5.3) one can easily show that (@, v)r = (u,¥)y = 0 for any v € V;; sinceu € VOl and v € V; whenever
v € V,, as one can deduce by (2.7). This completes the proof of (3.4).

Let us proceed with the proof of part (ii) and (iii) of the proposition. For any 6 € (=27, 27r) we denote by Rg : R? — R?
the anticlockwise rotation of an angle 6 and by A4 the associate matrix. Clearly we have that the inverse map of R, is given
byR_gand A;' = A_g.

We use the notation u = (1, u3) € R? x R with u’ = (u;, u,) and we denote by

1.0 | ox dy
VI =lon o
o0x dy

its Jacobian matrix in the x and y variables, and by D’u’ the corresponding symmetric gradient given by %(V’ u +(V'uHb;
more in general, throughout this proof we will use the symbol V’ for denoting the gradient with respect to the x and
y variables.

We now define

u@(x9 Y, Z) = (R—G(ul(R@(x’ y)’ Z)» uZ(RQ(xa Y), Z))’ MS(RQ(-X9 y)’ Z)) for any (X, Y, Z) e Q.
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Then, the Jacobian matrix Vuy € R¥3 and in turn the matrix Dug admit a representation in terms of four blocks of
dimensions 2 X 2,2 X 1,1 X 2, 1 X 1 respectively. We proceed directly with the representation of Duyg:

ou’ T
A D't/ (R (x, y), 2)As Ao~ (Ro(x,¥), 2)+[V'us(Ro(x, ¥), 2)Ag]
Dll@= T (5.4)
ou’ 0
|A4-02 (Ro((x,1). 2)] +V'us(Ro(x, ), 2)As 2 (Ry(x,7),2)

In the same way, for any test function v € H'(Q; R*) and any 6 € (—27, 27r) we may define the corresponding function
vg. Looking at v as (v_g)g and applying (5.4) to v_g we claim that for any (x,y,z) € Q

Duy(x,y,z) : Dv(x,y,z) = Du(Rs(x,y),z) : Dv_g(Ro(x,y),2). (5.5)

This is a consequence of the fact that Ay is orthogonal and the linear map Ly : R?*? — R?¥2, £4(X) = A_gX Ay is an
isometry in R?*? as one can see by verifying the orthogonality of the associated matrix My € R*4. This implies

(AgXAp) : Y =Lo(X): Y = Lo(X) : £9(£51(Y)) =X: ﬁgl(y) =X : (AgYA_p)

for any X,Y € R?*2, This arguments allow to treat the scalar products between the 2 X 2 block appearing in the represen-
tation (5.4). Even easier is to treat the scalar products between the 2 X 1 and 1 X 2 blocks thanks to the orthogonality of
Ag. This proves the claim (5.5).

The invariance of the trace of a matrix X under maps of the form X — A~'XA combined with (5.4) shows that
divug(x,y, z) = diva(Rs(x,y), z) and in particular for any (x, y, z) € Q we have

(divuag(x, y, 2))(divv(x,y, z)) = (diva(Rs(x, y), 2))(divv_g(Rg(x, ), 2)) . (5.6)

By (2.3), (3.1), (3.2), (5.5), (5.6), two changes of variables and the definitions of v_g and g, we obtain

2,u/ Du, : Dvdx+/1/(divu9)(divv)dx (5.7)
Q Q

:Z,u/Du : Dv_edx+/1/(divu)(divv_e)dx=/ g~v_9dS:/ g-vds.
Q Q 00 60

We have just proved that ug is still a weak solution of (3.3). We now show that uy € Vé as a consequence of the fact
thatu € Vé. Proceeding as in (5.7), we infer

(ug, v)r = (W, v_g)r for any v € H'(Q;R3). (5.8)

We need to prove that if v € V,, then v_g € V,,. For any 6 € (-2, 27), let By be the 3 X 3 matrix corresponding to an
anticlockwise rotation of an angle 6 around the z axis. Clearly By is orthogonal and Be‘1 = B_g4. With this notation we may
write

v_g(x) =Bgv(B_gx) foranyx € R3 (5.9)

where both x and v have to be considered vector columns in the right hand side of the identity.
If v € V, then by (2.7) we have that v admits the following matrix representation

v(x)=Mx+8  foranyx € R3 (5.10)

where M is an antisymmetric matrix and § = (8; &, ;).
Combining (5.9) and (5.10) we obtain v_g(x) = BgMB_g X + Bgé where the matrix BgMB_g is antisymmetric since

(BeMB_g)" = B, M"B} = B_}(-M)B,"' = —ByMB_;.

This proves that also v_g € V|, since it admits a representation like in (2.7).
Now, if we choose v € V;in (5.8), we readily see that (ug, v)T = Obeingu € V(-)L andv_g € V. This proves thatug € VOL.
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By the uniqueness result stated in Proposition 2.1 (iv) we infer that ug = u for any 6 € (-2, 27).
Now the validity of (ii) and of the first part of (iii) follows immediately from the definition of ug.
It remains to observe that the vector field u’ is oriented radially in the xy-plane. To do this, it is sufficient to combine the

identity u = ug with the identity u,(x,0,z) = 0, valid foranya < x < band z € ( - % g) as a consequence of (3.6). []

5.2 | ProofofLemma 3.3

Let us introduce the sequence of intervals I}, := ( - % + kh, % + kh), the corresponding sequence of domains Q, :=

Ca.p X I and the sequence of functions gy : 4Q; — R?

. h
(0,0, (=1 2,(x, ) if(x,9,2) € Cap x { =3 +kh },
8e067,2) 1=1(0,0,(-DF gy (x,y) i (x,0.2) € Capx {2 4 kR, (5.11)
(0,0,0) if (x,y,z) € 9Cqp X I .

We know that the original function u is a weak solution of problem (3.3) in the sense that
/Tu : Dvdx=/ g-vdS  foranyv € H(Q;R?). (5.12)
Q 30

We need to find, starting from (5.12), the equation solved, in the sense of distributions, by the periodic extension. First of
all, we observe that by (3.7), (5.11), (5.12) and some computations, we have

/ Tu : Dvdx = / g.-vdS  foranyv € H(Qy;R3). (5.13)
Q a0y

Now, letting ¢ = (¢1,¢,, $3) € D(C,p X R; R3), by (5.13) we infer

/ Tu:D¢dx=Z/Tu:D¢dx=Z g - $dsS
Ca‘bXR Qp

kez kez 7 90

h
= Z 2(_1)k+1/ Xp(X, ) $3 (x,y, >+ kh)dxdy.
Ca,b

kez
This proves (3.10), where A is the distribution defined by

(A @) := /C xp(6) Y 2(—1)k+1¢3<x, y,§+kh)dxdy (5.14)

ab kez

for any ¢ = (¢1,¢2, $3) € D(Cyp X R; R?).
The distribution A admits a sort of factorization as a product of a function in the variables x and y and of a distribution

acting on functions of the variable z:

A= (AL AL AL = (0, 0,2x, Z(—l)k“ 5§+kh>

kez

where Ay, Ay, Ay € D'(C,p, X R; R) are the scalar distributions defined by
(A, ¢) :=(A,¢pe;)  forany ¢ € D(Cyp X R;R),

withe, =i,e; =j,e; =k,and d» Lk Are Dirac delta distributions concentrated at z = 3 + kh.
2
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we obtain (3.11), where the Fourier series

h
converges in the sense of distributions. For more details on this convergence see the arguments introduced in subsection

5.6. 0

Expanding in Fourier series the periodic distribution Y, _, 2(=1)F*1 8 i
2

5.3 | ProofofLemma 3.4

First of all we insert (3.8) into (3.10); recalling the Hooke’s law (2.1) and exploiting (3.11), we obtain

21.2 52 1 62 2 3 3
B 1 ks 4 B P Py, mk 9Pk | _ .
HAG) + H= 5= @) (/H“)laxz 6x6y+_h o | =0 nCap,
21.2 azgol aZgDZ a¢3
U . ar k Kk, k9P| _ .
1 —HAP + 1 2 i A+ laxay + 352 + - o | = 0 inCgup, (5.15)
21.2 ) 1 ) 2
3 °k 3 k gok ¢k k 3| _ .
—HAp; + Pt 7(/1 + 1) la + By + 5% | =% nCap,

L

where the forcing term is defined in (3.13). We observe that in (5.15), the operator A stands for the Laplace operator in the
variables x and y, that is, A = 3% /dx? + 8% /dy>.

Putting &, := (go}{, golzc) and i € R? the outward unit normal to C p, system (5.15) may be rewritten in the following
form

k> . k 3 .
—ILLA@]{ + ,Ll?q)k — (/1 + ,U)V(dlv q)k) - (ﬂ. + M)TVCPI{ =0 n Ca,b ,
(5.16)
2)2 k . k .
—uAg; + ,u%gof{ + %(/l + ,u)(dlvcbk + %goi) =W, inCyp,
or equivalently in the following form
. 3 2k? ko 3 3
—div(A(div @ )I + 2uD®;) + u — Q) —(1+ ’M)T Ve, =0 inCyp,
3 w2k? 3 7k . . (517)
—uAg; + (4 +2u) —?t 1+ /1)7 divd, = ¥, inCgp,
where D represents here the symmetric gradient in the two-dimensional case and I is the 2 X 2 identity matrix.
We also recall that by (3.3), (Tu)n = 0 on 6C, , X R so that by the Hooke’s law (2.1) we obtain
( aul 5u2 au:;, 5u1 6u2
A+2u)x— + Ax——= + Ax— —+=—]=0 0C,p XR,
(+,u)xax+xay+xaz+/,ty 6y+6x ondC,
ou, ou, Ous ou; Ju,
Ay—+ A +20)y—+ly— — +— ) = 0C,p X R,
<yax+(+#)yay+yaz+/«tx ay+ax on dC
aul 5u3 5u2 5u3
-7, 27 24 B ) =0 0C,p, XR,
/xx< 3z © ax>+“y< 3z * dy o Otab
and by (3.8) we obtain
A(div®;)n + 2u(D®, )R + A%kqoi A=0 ondC,p,
(5.18)
/ngoi-ﬁ—,u%dek-ﬁzo onaC, .

Let us derive the weak formulation of (5.16)(5.18). Testing (5.17) with (w!, w?, w?), putting W = (w', w?) and integrating
by parts we obtain

—/ [(A(div®y)I + 2uDP )n] - W ds +/ A(div®)I + 2uD®;) : VW dxdy (5.19)
5Ca,b Ca,b
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2.2
w1 o wdxdy — K Vgo;-dedy—A”—k ¢,§ﬁ-st+/1”—k ¢ div W dxdy
h2 ab h Cap h aCab h Cap
9> 2.2
- / p— w3ds + ,u/ Vo, - Vw?dxdy + (A + 2= lzc / ¢, w* dxdy
9Cqp on Cap h Cab

+#”_k/ w3q>k~ﬁds—y”—k/ d>k~Vw3dxdy+/17T—k/ div¢kw3dxdy=/ P w* dxdy .
h aCa,b h Capb h Cap ¢

a,b

We observe that by (5.18) the boundary integrals in (5.19) disappear; on the other hand collecting the double integrals and
recalling that D®;, : VW = D®;, : DW, we may write (5.19) in the form

2,u/ D®, : DWdxdy + /I/ <diVCI9k + %kqoi> (diVW + %kw3>dxdy (5.20)
Cap Capb
3 7wk 3 7wk n2k? 33 3
+u Vo, — 7(1);{) -(Vw? — 7W)dxdy +2u = pyw dxdy = Y, w dxdy
Cap Cab Cab

for any w € H'(C, ; R*), where W = (w!, w?). This represents the weak form of (5.16)-(5.18).

For any k > 2 even we observe that, by (3.13), go}{ = goi = qofc =0 in C,y, as one can deduce by testing (5.20) with

W', w?w?) = (¢}, 97, 9})-
For any k > 1 odd, we define the following bilinear form

ar(p,w) : = 2,u/ DO : Ddedy+/1/ (div<1>+ %@i)(divw+ %kw3>dxdy

Ca,b

Cab
272
+u (Vo? — @) . (Vw? — ZE W) dxdy + Zu% P w3dxdy forany g, w € H(C,;R?)
Cab h h h Ca,b (5 21)

where ¢ = (9", ¢%,¢%), @ := (9", ¢?), w = (W', w?, w?) and W = (w', w?).
For the uniqueness issue we claim that for any € > 0 there exists C, > 0 such that

a(p.@) +elell;, > Celigll;,  forany g € H'(Cop3 RY). (5.22)
Suppose by contradiction that there exists ¢ > 0 such that for any m > 1 there exists ¢,, € H'(C, ; R®) such that

_ 1
(P> Pm) + Ellpmll7, < —llmll - (5.23)

Up to normalization, it is not restrictive to assume that the sequence {g,,} satisfies ||@,,||;: = 1 for any m > 1, so that
by (5.21) and (5.23) we infer

Pm — 0 inL*(Cyp;R3), / |ID®,,|>dxdy = 0, Vi, —k®, - 0 inL*Cyp;R?) (5.24)
Ca,b

as m — +oo. Applying (A3) in the two-dimensional case we obtain

/ |V®,,|2dxdy < C /
Cab C

for some constant C > 0. This, combined with (5.24), proves that

ID®,,|>dxdy + /

|®,|* dxdy
Ca,b

a,b

VO, >0 inLXCup;R¥?), Vg, -0  inL%(C,p;R?)

and, in turn, that ¢,, - 0 in H'(C,;; R?*). This contradicts the assumption ||@,, ||;1 = 1. We have completed the proof of
the claim (5.22).
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Thanks to (5.22), we may proceed as in the proof of Proposition 2.1 and apply the Fredholm alternative to show that
(5.17)-(5.18) admits a solution if and only if

/ ¥, w3dxdy =0 for any w = (w!, w?, w?) € V, (5.25)
Ca,b

where Vi 1= {w € H(Cyp;R?) @ ap(w,v) =0 for any v € H'(C,;; R*)}. Testing the variational identity in the defini-
tion of V; with v = w, we readily see that for any k > 1 we V;. = {0} and hence, condition (5.25) is always satisfied. This
completes the proof of the lemma. O

5.4 | Proofof Lemma 3.5

Before proceeding with the proof of the lemma, we devote the first part of this subsection to show that the functions Y,
and Z; introduced in (3.12) really satisfy (3.14).

In order to simplify the notations we denote by Y and Z the unknown functions, omitting the index k. Testing (5.20)
with a test function (w!, w?, w?) admitting in polar coordinates the following representation

w'(p,6) = H(p)cos®, w?(p,6) =H(p)sinf, w(p,6)=K(p),
by (3.12) we obtain

b b
2u / [pY/(p)H’(p) + W] do+ 1 / o [Y’(p) + @ + 2 z<p>] [H'(p) N @ L K(p)] do  (526)

b

252 b b
tu / 0 [Z'(p) N Y(p)] [K'(p) N H(p)] dp + 24

mk / pZ(O)K(p) dp = / PV (DK () dp

2
h a a

with obvious meaning of the notation W, (p) being it a radial function.
Collecting in a proper way the terms of (5.26), we may rewrite it in the form

b
/ [@ +240pY (o) + AY () + AZ5 pZ(p)] H'(0) dp (5.27)

k

h

b 21,2
+ / [AY'<p>+(A+zu)@+u” KoY ()~ 17 p2/(6) + 47X 2(0)| H(e) dp

h2

b b 21,2
N / [upz'(m s pY(p)] K'(o)dp + / [@ + 200 02(0) + 27K ¥/ () + 27K ()| K(p) dp

b

- / PWL (DK () dp

Integrating by parts the terms in (5.27) containing H’(p) and K’(p), we see that (5.27) is the variational formulation of
(3.14).

Let us proceed now with the proof of the lemma which is the main point of this section. Actually, we give here only a
sketch of the proof since it essentially follows the ideas already introduced in the proof of Lemma 3.4.

About the uniqueness issue, on the space H L(a, b; R?) it sufficient to define the bilinear form

by : H'(a,b;R?) x H(a,b;R?) - R

corresponding to the left hand side of (5.26) and prove for it an estimate of the type (5.22).
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Then, following again the proof of Lemma 3.4, one finds that the compatibility condition for W is given by

b
/ PUL(PK (o) dp = 0 (5.28)

for any (H,K) € H'(a, b; R?) satisfying b, ((H, K), (H, K)) = 0. A simple check shows that (H, K) = (0, 0) so that (5.28) is
trivially satisfied.
The Fredholm alternative then implies the existence of a solution. O

5.5 | Proofof Lemma 3.6

We omit for simplicity the dependence from the index k in the unknowns Y} and Z;. For more clarity we divide the
construction of this representation of Y and Z into different steps each of them is contained in the next subsections.

5.5.1 | The solution of the homogeneous system

We consider the homogeneous version of the system in (3.14)

Y’ Y
v+ 2 YO vy przier=0  p>o.
(5.29)
’(p) Y(p)
Z"(p)+ —— —vk’Z(p) - 5k[Y’(p)+ 5 ]=0 p>0,
where we put for simplicity
_ mu 6= (A + ) (A +2p) 5 7+ )
TGt P RGr2w YT T w0 T T
We look for a solution admitting the following expansion
Y(0) = Z a, 0" +<1np)2bnp ,
= (5.30)

+oo +o0
Z(e)= Y c,p" +(np) ) dyp".
n=0 n=0
Inserting the representation (5.30) in the system (5.29), we obtain for each of the two equations the following identities:

Z n(n — a, p" +Z(n—1)bn,o +ann,o +(lnp)2n(n—1)bn,o

n=-—1

+ 2 na, p" +2bnp +(lnp)2nbnp

n=-1

—akzzan 20" —akz(lnp)zbn 20" = Z a, p" —(lnp)zbnp”

n=-—1

+oo +o0 +oo
+Bk Y (n =Dy p" + Bk Y dyy 7+ B(Inp) Y (1~ D)y p" =0, (5.31)
n=1 n=1 n=1
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20 0f 34 m DE MIRANDA ET AL

+00 +00 o0 Tx
Z n(n—1)c, p" + Z(n —1d, p" + Z nd, p" + (Inp) Z n(n —1)d, p"
n=0 n=0 n=0 n=0

+0o0 +oo +00 +00 +00
+ 2 M P+ Y dn "+ (np) Y ndy p" =YK Yy p" =~ yk(Inp) Y dys P
n=0 n=0 n=0 n=2 n=2

+00 oo T
0k 3 (n = 1)ay_1 p" = 8k Y by p" = 8k(Inp) Y (n = Dby p"

n=0 n=1 n=1
+00 +00
—6k ) a1 p" = 8k(Inp) Y\ by_y p" = 0. (5.32)
n=0 n=1

To determine the values of the coefficients a,, b,,, ¢,;, d,, we need an iterative scheme starting from the values of the coeffi-
cientsa_y, ag, a;, by, by, ¢y, €1, dy, dq. The values of these nine parameters have to be determined collecting the coefficients
of the terms p~1, p°, 0°1n p, p, p In p appearing in (5.31)(5.32) and equating them to zero.

As a result of this procedure we obtain the following constraint:

{a0=b0=cl=d1=0, (533)

2b1 + ﬁkdo = C(kza_l .

Among the left five parameters a_y, a;, by, ¢y, dy that may be possibly different from zero, a;, ¢y and two among a_;, by, dy

can be chosen arbitrarily, while the remaining one is determined by the equation in the second line of (5.33); for example,
we may choose arbitrarily a_;, a;, by, ¢y and put dy = %k a_; — é b;.
In particular, we are interested in finding the general solution of (5.29) as a linear combination of four linearly indepen-

dent special solutions, denoted by Y/ = (Y7, Z/) with j = 1, ..., 4. A possible choice for the independent solutions is given
respectively by the assumption on the following combinations of coefficients:

Tl . (a_l,al,bl,CO) = (1,0, 0, 0), Yz . (a_l,al,bl,CO) = (0,1,0, 0),
(5.34)
Y3 . (a_l, a, bl’ Co) = (0, 0, ]., 0) . Y4 . (a_l, a, bl’ Co) = (0, 0, O, 1)

By (5.31)—(5.32) we deduce the following linear system in the unknowns a,,, b, ¢,,_1, d,,_; With data expressed in terms
of an—2; bn—zv Cn—3, dn—3:

(n?> = Da, + 2nb, + Bk(n — 1)c,_; + Bkd,_, = ak’a,_,

(n% = Db, + Bk(n — 1)d,_; = ak?b,_,

(n—1)%c,_; +2(n —1)d,_, = Sk(n — 1)a,_, + kb, + yk*c,_3
(n = 1)2d,,_, = 8k(n — Db,_y + yk?d,y_s

(n>3). (5.35)

We observe that the matrix of coefficients associated to system (5.35) is given by

n—-1 2n Bmr-1k Bk

0 nf—1 0 B(n—1)k
0 0 n-12 2n-1)
0 0 0 (n—1)?

whose determinant is given by (n — 1)°(n + 1)? # 0, thus showing that the system is not singular for n > 2 and hence
admits a unique solution.

With the restriction n > 3 the coefficients a,, b, remained excluded, but their calculation can be obtained from the first
two equations of (5.35) by choosing n = 2; this gives a, = b, = 0.
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The linear independence of Y'!, Y2, Y3, Y* can be verified by looking at the asymptotic behavior of Y/(p), j = 1,2, 3,4
as p — 0% in the four cases (5.34):

casel: Y!(p)~p~! asp—0F; case2: Y%*(p)~p asp— 0%,
case3: Y3(p)~plnp asp— 0F; cased: Y*(p)=0(p’lnp) asp — 0F.

Remark 5.1. We observe that, after a suitable scaling, the dependence of system (5.29) from the parameter k can be dropped:
given a solution (Y, Z) of (5.29), we may define the functions Y (¢) = Y(% t) and Z(t) = Z (% t) in such a way that the

couple (Y, Z) solves system

-, _ »
Y"(t) + Y[(t) - % —-ayY®)+pZt)=0 t>o0,
-, _ (5.36)
Z'"(t) + Zt(t) —-VZ(t) - S[Y’(t) + @] =0 t>0,
where @ = u/(A+2u), B = (A + 1)/ +20),7 = A+ 2u)/p and & = (A + W)/ .
5.5.2 | The particular solution
We write the nonhomogeneous system in the matrix form
Ye) [0 10 0 (v 0
1 1
Yy’ —+ak? —- 0 —Bk||y’ 0
(P) _|= p (p) N ’ 050, (5.37)
Z(p) 0 0 0 11z 0
Z'(p) sk e 2 |(Ze) (- e

where the function W), = ¥ (p) is extended trivially outside the interval (a, b).
Maintaining the order of the components, we may write the Wronskian matrix associated with Y, Y2, Y3, Y* in the
form

Yi(o)  Yip) Yi(p)  Y*p)
W(o) = Y'() Y2*(p)) (V) X*p)
Z' )  ZXp)  Z(p)  ZYp)
ZHp) (Z%() (Z3(p)) (Z*p))

so that a particular solution Y =(Y,Z)of (537)is given by (3.16).

5.5.3 | The unique solution of (3.14)

Applying the superposition principle we get (3.15). In order to obtain the unique solution (Y, Z) of the boundary value
problem (3.14), it remains to determine the constants C;, C,, C3, C, so that the boundary conditions at p =a and p = b
are satisfied.
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We check that the constants C;, C,, Cs, C4 are uniquely determined. They solve the system

~[a+ 207 (a)+ 2 V(@) + 2% Z()|
c _ _ _
) ol [|a+207 @+ vm + 25 ze)
Gl 7@~ 2 ¥
c, R
-7 &) - Z7w)

where the matrix A = (a;)), i, j € {1,2, 3,4}, is given by

)= A+ 2007 (@) + 2 Y@ +AZ Z)(@),  ay; = (A+2u)(Y))(b) + 3 Y(b) + 222 ZI(b),

@ =)@ - Y, asj = (@Y (b) = ZEYI(b).

We claim that the matrix A is not singular. Consider the homogeneous linear system Ad = 0 withd = (D;, D,, D5, D,)".
Then the function I = (G, H) given by

T(p) = D;Y'(p) + DyY?(p) + D3Y3(p) + D4Y*(0)
solves system (5.29) coupled with the boundary conditions

(1 + 206" (@) + 26(a) + 2= H(a) = 0,
(1 + 20)G'(b) + % G(b) + /l%kH(b) =0,

H'(a) — %kG(a) -0,

H'(b) — %kG(b) =0.

By Lemma 3.5 we then have that I" = (0, 0) in (a, b) but being I" also a solution of system (5.29) for p € (0, +0), by local
uniqueness for Cauchy problems, I = (0,0) in (0, +0). The linear independence of the functions Y1, Y2, Y3, Y4, then
implies D; = D, = D3 =D, = 0.

We just proved that the linear system Ad = 0 admits only the trivial solution, thus completing the proof. O

5.6 | Proof of Theorem 3.7
The formal series contained in (3.18) are a consequence of (3.8), Lemma 3.4 and Lemma 3.5.

It remains to show how those series converge. We start by proving the weak convergence in H!(Q). Let F be the linear
functional defined by F(v) := /a 08V dsS for any v € H'(Q; R?) with g as in (3.1). We observe that thanks to the Holder

inequality and the trace inequality F € (H!(Q; R3))':

|(H1(Q;R3))I(?,V)HI(Q;R3)| <2pvV 7'l'(b2 - Cl2) C(Q) ||V||H1(Q;R3) for any v € HI(Q; RS) s

where C(Q) is such that [|trace(v);250) < C(Q)|[v]lg1(q) forany v € HY(Q).
Writing F = (Fy, F, F3) we have that Fy, F,, F3 € (H'(Q))' with F; = F, are the null functionals and

h h
@@y {F3 V) m) = —/ Xp(X,¥) [v(x,y, E) - v(x,y, —5)]dxdy forany v € H'(Q).
Ca,b

Let us define the sequence of partial sums corresponding to the Fourier expansion in (3.11):

M
Su(x,y,2) := xp(x,¥) z:(—l)’"+1 %sin [%(Zm + l)z] .
m=0
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We claim that S,; — F; weakly in (H'(Q))’ as M — +o0. We first prove that the sequence {S,} is bounded in (H'(Q))'.
In the next estimate we use the following notations: we put Q:= Cap X ( — %, %), we still denote by v the symmetric

and 2h-periodic extension of a function v € H'(Q) (see Section 3.1) and by v(x, v, %) and v(x, v, —%), the traces of a

function v € H'(Q) on the upper and lower faces of the hollow cylinder Q, respectively.

M
4 . [
oy (Sus V| = | X (1= / xp(x,9)sin | @m + Dz|o(x,y,2) dxdydz
m=0 Q

M
= Z(—l)m“%/ﬁ)(p(x,y) sin [%(Zm + 1)2] v(x,y,z)dxdydz

m=0

3
M hcos | =(C2m+1)|x,(x,y)
(integration by parts) = mzzlo(_l)mH% /cab - [ 2n(2m " 11 v<x,y, %) dxdy

. / hcos [—%(Zm + 1)])(p(x,y) (x y,_ﬁ> dxdy
o

n 7(2m + 1)

h)(p(X,Y) T av
+/§ m cos [E(Zm + 1)Z]a—z(x,y, Z) dXdde}

M
o 2 hy,(x,) T dv
_ — _1yn+1<
(2h-periodicity of v) mE:o( 1) A {/ cos [ A 2m+ l)z] e (x,y,z)dxdydz

g m(2m+1)
2 & (=)™ Ly (x, ) % T dv
=2 DAL i £ o
= ”/c Z T /_E cos [h(2m+ l)z] aZ(x,y,z)dz dxdy
ab | m=0 2
(Cauchy-Schwarz inequality in R"*1)
1
2p r M ] % M 3h . o ok
<= cos [—(Zm + l)z] —(x,y,z)dz dxdy
T mzo (2m + 1)2 /Ca,b mzo /—g h 9z
1 _ 1
[ +00 73 3h 2
. . 2p 1 1 (2 (dv
(Bessel inequality) < — —_— / —/ <—(x,y,z)> dz| dxdy
quatity) < = _mz=:0 @m + 1)2_ Cas | P _g 0z
+00 % 3h 2 2
(Holder inequality) < p 2 1 V(b2 —a?) / l/ ’ <6_v(x y z)) dz |dxdy
T | & 2m+1)? Ca h _g 9z 7’
b2—a| IE dv
=2 o
PV "7h Z (2m 12 ‘ 3zl 2@

N

<4 .
<ap\[— Z(2m+1)2 ol o)
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This readily implies

+0o0 2
b2 —a? 1
ISv )y < 4p — lz ] (5.38)

m=0

and boundedness of {S,,} in (H'(Q))’ is proved.
Now we claim that

[ susdxo = [ een[p(ent) - o(xn-t)dxay =y b (539)

a,b

as M — +oo, for any ¢ € C*(Q). First of all, by using the classical results about pointwise convergence of the Fourier
Series applied to suitable 2h-periodic extensions of the functions

2 ¢lny.z). 2 € [_%’O] and  ze ¢(x,9,2), z € [0,2]

one can show that for any (x,y) € Cy

h

/z Sp(x,y,2)$(x,y,2)dz = —xp(x, ) [¢<x,y, %) - ¢<x,y,—§)] : (5.40)

2

Then applying to the test function ¢ the estimates used for proving boundedness of {S),} in (H!(Q))’, one can show that
for any M

1

2\/§P +00 1 2
= T l2(2m+1)2]

m=0

o

o0z

forany (x,y) € Cyp (5.41)

L>(Q)

h
2

‘ [ sutx.y. 26,20z
2

By (5.40), (5.41) and the Dominated Convergence Theorem the proof of (5.39) follows. With an essentially similar proce-
dure one can prove that Sy, converges in the sense of distributions to A; where A; is the third component of the vector
distribution A defined in (5.14).

Since (H'(Q))' is a reflexive Banach space, by (5.38) we infer that along suitable subsequences, the partial sums are
weakly convergent in (H'(Q))’. Thanks to (5.39), we deduce that the weak limits of this subsequences coincide on the space
C*(Q) and they equal F; on it. By density of C*(Q) in HY(Q), they actually coincide on the whole H'(Q). This proves
that all weakly convergent subsequences weakly converge to 75 and hence the sequence Sy, is itself weakly convergent
to F5 in (H'(Q))'. We can now denote by S;; = (0,0, S),) the sequence of vector partial sums in such a way that Sy, = F
weakly in (H'(Q; R3)) as M — +co.

Now, let us consider the linear continuous operator L introduced in the proof of Proposition 2.1 and its restriction to
Vol, where we recall that orthogonality is with respect to the scalar product (A4). Then, by Proposition 2.1 (iv) we deduce
that leé : Vé — (H'(Q; R%)) is invertible and by the Open Mapping Theorem it follows that its inverse is continuous.

If we define Uy, := L|_vli Sy, then Uy, is the vector partial sum corresponding to the Fourier expansion (3.18). Since Sy,
0

is weakly convergent in (H'(Q; R?))’ to F, then the continuity of LI‘VlL implies that U, is weakly convergent in H(Q; R?)
0
to the unique solution u of (3.3) as M — +oo.

The strong convergence U,; — u in L?>(Q;R3) as M — +oo is a consequence of the compactness of the embedding
HY(Q;R?) € L2(Q; RY).

It remains to prove (3.19). In order to emphasize the dependence on k we reintroduce it for denoting the functions Y,
and Z; appearing in the proof of Lemma 3.5. Testing (5.26) with (H, K) = (Y}, Z;) we have

2 b b
U7 2 / p(Z(p))*dp < / P¥(0)Z () dp

h2
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from which we obtain

1

b 2
2pbhy/b—a 1
( / (Zk<p))2dp> <PV TR (5.42)
a uam k
Testing again (5.26) with (H,K) = (Y}, Z;) we also have

b Y 2 b
2u /a %dps /a P¥k(p)Z(p) dp

from which we obtain

b 2 — b % 2p3(h —
/ (YAp)des% ”f“( / (Zk(p))2dp> Lapbb-a)1 (5.43)

pulam? k2

where in the last inequality we used (5.42).
Let us proceed by considering the difference between the partial sum for u; and u; itself:

2

S 2m+rx
Uy, — w1 ”22(9) = / Z Yom41(p) cos 6 cos [T z] dxdy
Cab ||m=M+1 Lz(_g g)
272

h +o0 h +o0 b
by / (082 O)( Vo (p)Pdxdy = [ (Va(e)Ppdp
m=M+1"Cqp m=M+1"a
20401 +oo 2140 too 20401
S2pb(b a)h 1 Spb(b a)h Zispb(b a)hi,
ular mar @m+1)2 utam | A m? 2utar M

where we also used (5.43). The estimate for |U2 — u,|| 12(0) gives the same result for obvious reasons.
With a completely similar procedure by exploiting this time (5.42), we obtain

2p?b3h3(b — &
U2 — )2, < 2P0 Za) Y

p2b3n3(b —a) *‘f 1 _porib-a) 1

1
< — .
m* T 24uZaimt M3

Cm+1)*~  8ulaZnt

m=M+1 m=M+1

Let us denote by u the solution we found by means of the Fourier series expansion. Then, u satisfies (3.9) in the sense
of traces of H!-functions. Moreover, by construction, see subsections 3.1-3.2 for more details, the function u is a solution
of the variational problem (2.3) with f = 0 and g as in (3.1). In particular, as it follows from a classical argument based on
integration by parts, u is a solution of (3.3), in the sense that it satisfies the equations of the linear elasticity coupled with
the Neumann-type boundary conditions on I';, I'; and T';.

We conclude the proof of the theorem by observing that u coincides with the unique solution of (3.3) belonging to VOL.
To see this, denote by w the solution in Vé. Both u and w possesses the symmetry properties stated in Proposition 3.1
as it occurs to their difference u — w. But from Proposition 2.1 we have that u — w € V|, and it is readily seen from (2.7)
that functions in V|, satisfying those symmetry properties are necessarily the null function. This proves that u = w and
completes the proof of the theorem. O
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5.7 | Proof of Proposition 4.1

We rewrite the homogeneous system (5.29) as in (5.36) so that the corresponding series expansion can be written in the
form

-

+00 +o0
Y(t)= ) @ t"+(n0) ) b,t",
n=-1 n=0

1 (5.44)

+oo +o0
Z(t)y= ) g t" +(n0) ) d,1".
n=0 n=0

The coefficients @,, by, C,,d, are related to the corresponding coefficients a,, b,, c,,d, appearing in (5.30), by the

formulas
_ 7k _ n\" nk — n\"
a_, = 7a_1, a, = <%> [an—ln <7>bn:| . bn = <%> bn, (545)

n n
~ h ik ~ h
Cp = <%> I:Cn—1n<7>dn:|, dn: <%> dl’l'
Inserting (5.44) into (5.36) or alternatively combining (5.45) and (5.35), we see that @,,, b,,C,,d, solve the system

(n* — 1)a@, + 2nb, + f(n — 1)¢,_; + Bd,_, = Gd,_,

(n? = )b, + B(n — 1)d,_, =&b,_,

(n=1)%C_1 +2(n = Dd,_y = 8(n — 1)@y, + 8by_, + 723
(n=1)%d,_; = 8(n — Db,_5 + 7dy_3

(5.46)

forn > 32; moreover d, = 50 =¢ =d, = a, = b, = 0, the coefficients @_;, @, by, Co may be chosen arbitrarily and cTO =
% ay—3b.
By direct computation one can verify that the unique solution of system (5.46) can be written in form
AL A n w1 T __3n1
p (D=1 p (n+D)A(n-1)? u o (n+1)(n-1)2 u (n+1)3(n-1)3
a, 2 1 Atu 1 ay_»
~ 0 - 0 A — e
b, | _ p (n+1)(n-1) u o (=12 || by,_, (5.47)
e Atp 1 CAtp 1 2u 1 _20+20) 1 Crs )
d, u o n-1 uo (n-1)2 uo (n-1)2 N |
0 At 1 0 At2p 1
u n-1 u o (n=1)?

for any n > 3.
We are interested in the case n odd since when 7 is even, thanks to (5.46), we know that a, = b, =¢,_1 =d,_; = 0.
Looking at (5.47), for any n > 3 odd, we introduce the matrices

A 1 A+u 1 21 n A+u 3n+1

| ki) ke (D12 |k 21?2 p ()21
Sn = Au 1 A2u 1 ’ Tni= Ip 1 20+2u) 1
i1 w12 w2 w1

In this way, system (5.47) may written in the form

by =5, bu-z , O =5, B2 -T, bu-z :
dn—l dn—3 Cn-1 Cn—3 dn—3
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After an iterative procedure we may write

-

Bn (n—-3)/2 51
_ = Sh— ~ ]
<dn_1> ’l:[o n—2m do
) : (n=3)/2 & n=3)/2 s j (n=3)/2 b,
(~ ) = H Sh_om <~ ) - Z (H Sn—2m+2>Tn—2j H Sn—am <~> ’
Cn—1 m=0 Co j=0 [ \m=1 m=j+1 do

L

(5.48)

A

for any n > 3 odd, with the convention that for any sequence of matrices A,, € R>*?

my my
1 0 00
H A, = <0 1) and Z A, = <0 0)

m=my m=my

whenever m; > m,.
By induction one can verify that for any j < n73
U+DA+ju _ (+D@+R)
pn+D[n+1-2(+D] [T, _, (n+1-2m)2 pn+ D [T (n1-2m)2

J
H Sp—om =
m=0

U+D@+1) U+DA+(+2u
uln+1-2(j+1)] l_lfn=1(n+1—2;'n)2 quy:;ll(n+l—2m)2

and, in turn, by (A12) we infer

< A+ wn—2j)(+ 2)

< (5.49)
Hj (n+1- 2m)2

n—2m

o5}

In particular, with appropriate choices of the minimum and the maximum values of the index in the product (5.49) and
with appropriate changes of index, for any n > 3 odd, we obtain the estimates

(n=3)/2

H Sn—2m
m=0 ©

(/1+M)(n—21 +2)(J +1)
oo_ uH _(n+1-2m)?

3A+w(n+1)

()]

(5.50)

n—2m+2

"7 3A+p(n—2j - 1)
H n—2m = (n-1)/2 5 .
m=j+1 o M Hm=j+2 (n+1-2m)

On the other hand, we observe that for the components of the matrices S,, and T,, the following inequalities hold true:

(Tl < == 1Syl foranyi,j € {1,2}andn >3,

which, in turn, implies || T}, || < ||S o =3(4 + ,u) ; the last inequality is obtained by (5.49) with j = 0.

)3 ’
Therefore, combining (5.49) and (S 50), for any n > 3 odd we obtain

(n—3)/2 J (n-3)/2
Z <H Sn—2m+2>Tn—2j H Sn—2m (5-51)
m=1

j=0 m=j+1
[So]
(n=3)/2|| j (n—3)/2
Hsn—2m+2 n 2]” H Sn 2m
m=1 m=j+1
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(n=-3)/2
<

18+ w)(n—2j +2)(n—2j)(j +1) < 9+ u)n(n +2)(n> —1)

R [ )

-3)/2

where in the last inequality we used the estimate (n — 2j + 2)(n — 2j) < n(n + 2) and the identity Z (+1)=—
Combining (A1l) with (5.48), (5.50) and (5.51), for any n > 3 odd, we obtain
~ ~ 3 _
<Ean ) < 30+ w(n + 12) <Ecl~1> 9(/1 +u)n(n + 2)(n2 1) (d ) (5.52)
-1 1 0 1 0
B (G w4
324 4 5u)(A + u)? (n + 1)(3n> + 3n> —6n + 4) - =
< 3 max{d_,,dy, by, G}
w2|(3)]
and
b, 34 D|/b 324 +5 1 -
b\l 3@+ A Dby 3QA+SWAY G g bLE) (5.53)
Ay 7 \d/|, :

]2 k(5

5 accordingly with what already explained in the lines below (5.46), so

- n—1
oK [(7)
where we exploited the fact that CTO =
that

Tx.ll Ql
Tx.ll [}

a+2 - = 20+ 5u
bl =
1 A+

|&I)| = maX{a—hBl},

a b.
max ! A
Co dy
(o] o0
Since we are interested to the restrictions of the fl;ncti(]){ns Y and Z to the interval [a, b], we have to evaluate the series
expansion (5.44) of the functions Y and Z for t € [%a, %b].

Let N odd be the number at which we want to truncate the series expansions in (5.44). Recalling that the coefficients
> by, Cp1, dy_; vanish for n even, we may write

+o0 +0o0
Y(r):( Zant"+(lnt)2b t">+< > @t +(nr) Y B‘m),

n=-1 n=N+2 n=N+2

from which it follows that

2+ 5u - o~ =
< —1> ’b7 .
}— T+p max{d_,,d,, by, ¢}

-

n=N+1 n=N+1

N-1 N-1 40 +o0
Z@) = < Z g, t" + (Int) 2 éfnt”> + ( Z g, t" + (Int) Z Jnt”>,
n=0

and define the truncation error as

E; y = max max E a,t" +(Int) E b,t"|, max E Cpt" +(Int) E d, t"
’ nk wk wk 7wk
te[Ta,— n=N+2 n=N+2 te[Ia— n=N+1 n=N+1

By (5.52) and (5.53), we see that for any ¢ € [%ka, %kb] we have

n an
Cn—1
[se]

< [ mkb
0 < Egn <C(a,b,k)| ) <T>

n=N+2 n=N+2
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+o0 n
_ ~ 3024 + 5u)(A 2 1)(B3n3 +3n* —6n+8
< E(a,b, ) max{d@_;, .5, 8} Y <”Zb) (24 +30)A+ ) (n + 1)3n” + 30" —6n +8)

2
= 3 n— 1),]
1 odd 4u 2"[( A

where we put C(a, b, k) = max({l, }max{l | In( ﬂka)l | In (”—kb)l}

Since we are interested to truncgtlon of the series expansmn w1th a sufficiently large number of terms, letting P(n) :=
(n +1)(3n® + 3n? — 6n + 8), it is not restrictive to assume N > 3 in such a way that the sequence n — 27"P(n) becomes
decreasing forn > N +2 > 5.

In this way, for N > 3 odd, we obtain for all t € [%ka

7k
b 7b]

kb 2m+1
324 + 504 + W2 P(N + 2) i“’ <T)

!
43 2N+2<N+1 >| N+1 m:
2

(5.54)

0< Ek,N < 5((1, b5 k) max{a—15 als gb%}

2

kb )N“e(”kb) 327 + 5 + p)? PN +2)
g 10 2| (22|

where in the last estimate we used the Lagrange form of the reminder in the Taylor formula for the exponential function
and P(N + 2) = (N 4 3)(3N> + 21N? + 42N + 32).

According to the rescaling introduced in (5.36) one may define the functions Y/, whose series expansions are given by
(5.44) with coefficients in (5.45) and with a_;, ay, by, ¢ given by (5.34) in the cases corresponding to j € {1, 2, 3,4}.

In these four cases, the quantity max{@_,,a;, b;, ¢}, appearing in the right hand side of (5.54), admits the following
estimates:

((1 b, k) max{a_ 1,(11,b1,00}<

(max{@_,.a@,.b,.¢ = X L(l")} if j =
max{a_,,d;,b;,Cy} = - max {1, pow In P if j=1,
max{@_,,d,, b;, %} = ik ifj=2,
) Hh 20+2u) k (5:35)
_ ~ T =y _ K 2(A+2w) /o e
max{d_i,d;, b;, ¢y} = — max {1, T In < P )} if j =3,
\max{ﬁ_l, Eil, 51,50} =1 lf] =4,
For k > 1 is easy to see that all the maximum in (5.55) are less or equal than
max{nk s nk1n<7r_k>,2(/1+2y)iln<7r_k)},
h A+u h h Ay wk h
so that (4.2) follows. O

6 | CONCLUSIONS

In this work we started from an applied problem, suggested by Studio De Miranda Associati. They proposed to study the
blister, a structural element in bridges where the steel forestay anchors to the deck. The aim is to obtain an explicit formula
to estimate the tensions in the blister, useful for the practical design of bridges.

The problem can be solved through the resolution of the elasticity equation with a specific geometry and load config-
uration. Hence, the first step was to define the geometry of the element. Through some simplifications we end up with
a hollow circular cylinder axially loaded at the end faces; the volume of the cylinder represents the portion of the deck
concrete where the stresses diffusion happens, while the applied load is given by the force that the stay has to transfer to
the deck. Clearly this geometry and load configuration can be refined in order to model a real blister, but this is a first step
in this way and we leave more sophisticated models to future works.

As matter of fact, from literature we learn that the elasticity equation was explicitly solved only for very particular
domains and loading conditions. In this paper we provide the explicit solution for the hollow cylinder axially loaded,
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proceeding by steps: first of all we provide a periodic extension of the load in z direction, so that we expand the solution
in Fourier series with respect to the variable z. Then we compute the Fourier coefficients in x and y passing to cylindrical
coordinates and expanding such functions in power series. In Theorem 3.7 we write the explicit solution for the problem,
written in series expansion. We point out that this solution may have an own interest in the construction science field,
beyond the application to the blister.

To employ directly the formula in real situations, such as the blister design, it is necessary to consider approximated
solutions, giving some estimates on the errors due to the truncating of the series. In Section 4 we proposed a case of study,
where, fixing the parameters involved in the problem, we are able to find the distribution of the stresses in the cylinder.
These plots can be obtained through a simple code, written in MATLAB or GNU Octave, running in brief time, for example
1-3 min, depending on the number where we truncate the series.

From these results it is possible to find the maximum and the minimum of the different stresses acting on the cylinder,
their position on the element and an estimate on the error due to the truncation of the series. Knowing these values, the
engineering designer can choice for instance the most appropriate strand anchorage from the commercial catalogue, see
Figure 5, in order to not exceed specific limit stresses in the reinforced concrete. Since the map of the tensions is given,
see for example Figure 6, the engineer can design the steel reinforcements in the concrete, at least on a pre-dimensioning
level, and can check the concrete cracking stresses.

As we explained, to get more precise results on realistic blisters we should modify the geometry of the element and
the configuration of the loads; this may be a future work, but we point out that, more the geometry and the distribution
of the loads are complex more the expectations to find explicit solutions are few, so that the finite element analysis may
be preferred.
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APPENDIX A
We collect in this appendix all the details related to Section 2. First of all we recall some properties useful to write the weak
form of the elasticity problem (2.3) and to infer (2.4).
Thanks to the symmetry of the stress tensor Tu = (Tu)” we infer that for any u,v € H'(Q;R3)
Tu : Vv =(Tw)? : (V)T =Tu : (V)T
so that

2Tu:Vv)=Tu:Vv+Tu:(Vv) = Tu:Vv=Tu:Dv. (A1)

Recalling the Hooke’s law (2.1), we observe that the bilinear form
(w,v) ~» / Tu : Dvdx, (u,v) € H/(Q; R?) x H'(Q; R3)
Q

is symmetric, since
Tu : Dv = A(diva) (divv) + 2uDu : Dv. (A2)

We recall here the Korn inequality which is known to be fundamental in the study of the equations of linear elasticity.
This inequality admits a general validity for vector valued functions in RV for any N > 1. Clearly, in the present paper
we will be mainly interested to the case N = 3, being R? the natural space where a solid elastic body can be modeled.
For completeness, we state the inequality in the general N-dimensional case. Let Q C RY be a bounded domain, that is,
an open connected bounded set of RV, with Lipschitz boundary. Let us denote by x = (x1, ..., Xy) the generic variable of
a function defined in a domain of RN and dx = dx; ... dxy the N-dimensional volume integral in R". Then there exists
C > O such that

/ |[Vul?dx < C</ |u|2dx+/ |Du|2dx> foranyu € H'(Q;RN). (A3)
Q Q Q

Among the others, for a clear and elegant proof of (A3), we address the reader to [21] by V. A. Kondrat’ev & O. A. Oleinik.
As a consequence of the Korn inequality we have that the following symmetric continuous bilinear form

(u, V) :/Tu : Dvdx+/u-vdx for any u,v € H'(Q;R?) (A4)
Q Q
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is coercive in H'(Q; RN) and in particular (-, -)y is a scalar product in H'(Q; RYN) which is equivalent to its natural scalar
product

(u, V) =/Vu : Vvdx+/u-vdx foranyu,v € H'(Q; RY).
Q Q

Therefore, H'(Q; R") still remains a Hilbert space if endowed with the equivalent scalar product (-, -)y.
In the next subsection we provide a proof of the existence results stated in Proposition 2.1.

A.1 | Proof of Proposition 2.1
Let us introduce the following continuous and symmetric bilinear form

a(u,v) = / Tu : Dvdx, u,v e H(Q;R3)
Q
and the linear continuous functional A € (H'(Q; R?))’ defined by
(A,v):/f-vdx+/ g - vdx, v e H(Q;R3).
Q 40

With these notations, the variational problem (2.3) may be written in the form
a(u,v) = (A, V) for any v € H'(Q;R3).

Introducing the linear continuous operator L : H'(Q;R3) — (H'(Q; R?))’ defined by

(Lu,v) = a(u,v) for any u,v € H'(Q;R3),

we may write (2.3) in the form

Lu=A, (A5)

as an identity between elements of the dual space (H'(Q; R?))'.
The next step is to introduce the following operator R : (H'(Q; R?)) — H'(Q; R?) which maps each element h €
(H'(Q;R3)) into the unique solution w of the variational problem

(w,v)r = (h,v) forany v e H'(Q;R3).

This problem admits a unique solution by the Lax-Milgram Theorem, being (-, -) a scalar product in H'(Q; R?) equivalent
to the original one, as already explained above. In particular R is well defined and continuous. Moreover, R is invertible
and by the Open Mapping Theorem its inverse is also continuous.

In the rest of the proof we denote by J : H'(Q;R?) — (H'(Q;R3))’ the linear operator defined by

(J'u,v):/u'vdx for any u,v € H'(Q;R3),
Q

which is compact as a consequence of the compact embedding H'(Q; R*) C L?(Q; R3).

We now introduce the linear compact operator T : H'(Q;R*) — H'(Q; R?) defined by RoJ. Then, T is self-adjoint
with respect to the scalar product (-, )y, that is, (Tu,v)y = (u,Tv)y for any u,v € H'(Q; R?), as one can verify by
direct computation.

By definition of R and J we observe that L = R~! — J and hence u is a solution of (A5) if and only ifu — Tu = RA. Then,
applying the Fredholm alternative to the self-adjoint compact operator T, we deduce that (A5), or equivalently (2.3), admits
a solution u € H'(Q; R3) if and only if

RA € (Ker(T* — I;n))" = (Ker(T — I ;)" (A6)
where T* denotes the adjoint operator of T, I;;1 denotes the identity map in H!(Q;R3) and the orthogonal spaces are

defined in the sense of the scalar product (-, -)t. It can be verified that Ker(T — I;;1) = V) as we deduce by (2.5).
We now have all the tools to proceed with the proofs of (i)-(iv).
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The proof of (i) is complete once we show that (A6) is equivalent to condition (2.8). Condition (A6) is equivalent to

(RA, V)T =0 forany v € V,, (A7)
being Ker(T — I1) = V. On the other hand, by definition of R, we have that
(RA, V) = (A, V) forany v € H'(Q;R3). (A8)

Combining (A7) and (A8) we finally obtain (A, v) = 0 for any v € V), which is exactly (2.8) in view of the definition of
the functional A.
For the proof of (ii) we observe that by (2.1), (2.3), (2.5) and (2.6) we have for any v € H'(Q; R?)

a(u+vy,v) =a(u,v)+a(vy,v) =a(a,v) = (A,v)

which shows that u + v, is a solution of (2.3).
For the proof of (iii) we consider two solutions u and w of (2.3) and let vy = w —u. By (2.1) and (2.3) we obtain

a(vy,v) = a(w,v) —a(a,v) = (A, v) — (A, v) =0 for any v € H'(Q; R?)

which immediately gives v, € V, thanks to (2.5).

Finally, let us proceed with the proof of (iv). First we prove the existence of a solution of (2.3) in V(')L.

Let u be a generic solution of (2.3) and consider its orthogonal decompositionu =uy+u; € V) @ VOl with respect to
the scalar product (A4). Then,u; =u—u, € Vé and by part (ii) we deduce that u; is still a solution of (2.3).

Once we have proved existence, let us prove uniqueness. Let u,w € Vl be two solutions of (2.3). Then, on one hand
we have thatu —w € Vl and on the other hand u — v € V|, thanks to part (iii). Therefore,u —w € V) N VL {0} and
this readily implies u = w thus completing the proof of (iv). O

Notations. We give some notations that will be used throughout this paper about functional spaces and differential oper-
ators acting on scalar functions, vector valued functions, matrix valued functions. We denote by Q a general domain in

RN, N > 1 where by domain we mean a connected open set in RY.

* For N = 3 we have

ol 12 13
Ta=|72 o2 3|, (A9)
13 23 53
where, combining (1.1) and (2.1), we infer
E du Ou, dus\] E du, du
i B Jqop2h (%, 0% n__E (0w  dw
? A+v)(Q-2v)| ( V) ( dy + oz /| ‘ 20 +v)\ dy + o0x
E [ ou du; dus\] E du; Ou
2 _ 1- 22 ch o B___ =2 (2,75 A10
C=Tra-m | % +”<ax+az | T\ Az Tax (A10)
E du ou;  du, \] E du, du
E I A— G ERNIDYY [ S’ B___ = (2,753
T T A na-w| ( rra < ax " ay )| T 2aen\az T oy

* Given two vectors X = (Xy,...,Xx),y = (J1,...,yn) € RN we denoteby x - y = Zil x;y; their Euclidean scalar product

and by |x| = 1/x - x the Euclidean modulus of x;

* the co-norm of vectors is |X|,, := max |x;|;
1<i<N

« RM*N: space of M x N matrices;
+ ifA € RM*N andx € RY isavector, Ax denotes the usual product of matrices where x has to be seen as a vector column;

* letting A = (a;;), B = (b;;) € RVN we denote by A : B = Z b;

VA : Aits Euclidean modulus;
« given A € RM*N we denote by AT € RV*M its transpose;

their Euclidean scalar product and by |A| =

i,j=1 4ijDij
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|AX| o

« given A € RVMN we introduce the operator co-norm of matrices by ||All, := sup so that we have in

xeRN\{0} %] oo
particular

|AX| < lAlle IXleo  foranyx € RN, (A11)

Letting A = (a;;), € RY, the following characterization of || - ||, holds:

N
1Al = max Y |a;l; (A12)
Jj=1

1<i<N 4

being || - ||, an operator norm, it is sub-multiplicative in the sense that ||AB||s, < ||Allc ||Bllc for any A, B € RN*N,

+ some well known functional spaces of functions defined from on an open set Q C RY to a vector space V which could
be RM or a space of matrices: CK(Q; V), LP(Q; V), H*(Q; V) with 0 < k < oo integerand 1 < p < oo;

» for 0 < k < o integer, C"(ﬁ; V) denotes the space of restrictions to Q of functions in CKRN;V);

* D(Q; V): space of C*(Q; V) with compact support in Q;

« D'(Q; V): space of vector distributions, that is, the dual space of D(Q; V);

« given a scalar function g € C'(Q; R), we denote by Vg € C°(Q;R") its gradient;

« given a vector valued function u € C'(Q; RM), we denote by Vu € C°(Q; RM*N) its Jacobian matrix;

« given a vector valued function u € C'(Q;R"), Q C RN, we denote by Du € C°(Q; RV*V) its symmetric gradient

T

defined by Du = Vu+t Vu (linearized strain tensor when N = 3);

Y 2
+ given U € C1(Q; RMN), O C RV, we denote by divU € C°(Q; RM) the vector field v = (vy, ..., vy,) such that v; =
1
s N U Y
Y —i=1,..,M;
J=1 ax;

* given u = (uy, ..., uy) € C2(Q; RM), we denote by Au € C°(Q; RM) the Laplacian of u defined component by com-
ponent, that is Au = (Auy, ..., Auy,;) where in the last identity A denotes the usual Laplacian of a real valued
function.
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