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Abstract. In this paper we summarize some known facts on slice topol-
ogy in the quaternionic case, and we deepen some of them by proving
new results and discussing some examples. We then show, following Dou
et al. (A representation formula for slice regular functions over slice-
cones in several variables, arXiv:2011.13770, 2020), how this setting al-
lows us to generalize slice analysis to the general case of functions with
values in a real left alternative algebra, which includes the case of slice
monogenic functions with values in Clifford algebra. Moreover, we fur-
ther extend slice analysis, in one and several variables, to functions with
values in a Euclidean space of even dimension. In this framework, we
study the domains of slice regularity, we prove some extension properties
and the validity of a Taylor expansion for a slice regular function.
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1. Introduction

Quaternions are a kind of hypercomplex numbers first described by Hamil-
ton in 1843. With the development of the theory of holomorphic functions
in complex analysis and its generalizations to higher dimensional cases, sim-
ilar theories for quaternions were established. The most well-known function
theory in quaternionic analysis, was initiated by Moisil and Fueter [20] who,
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with his school, greatly contributed to the development of the theory. The
holomorphy in quaternionic analysis is defined via the so-called Cauchy-
Riemann-Fueter equation
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and has been widely studied, see e.g. [10,31,32,40].

Since the class of functions considered by Moisil and Fueter does not
contain neither the identity function nor any other monomial function f(q) =
¢", Cullen [15] considered another class, using the notion of intrinsic functions
introduced by Rinehart in [37]. Inspired by Cullen’s approach, in [25] Gentili
and Struppa started the study of a new theory of quaternionic functions which
are holomorphic in a suitable sense. This theory includes convergent power
series of the form ) ¢"a, and it is nowadays known as slice quaternionic
analysis; it has been widely studied in the past fifteen years, see [8,12,21] and
also the books [4,13,23]. Slice analysis has been extended to octonions [26],
Clifford algebras [11] and real alternative x-algebra [27,30]. The richness of
slice analysis in one variable makes it natural to look for generalization to
several variables and in fact the quaternonic case is considered in [14], the
case of Clifford algebras in [28], the one of octonions in [36] and finally, the
real alternative x-algebras case in [29]. The most general setting of Euclidean
spaces is treated in [18] and in this paper.

A fundamental role in slice quaternionic analysis is played by the so-
called representation formula, see [7,9]. The formula allows to extend many
known results in complex analysis to slice quaternionic analysis, e.g. the
quaternionic power series expansion [22,39], geometric function theory [34,
35,41,42], results in quaternionic Schur analysis [3] and in quaternionic oper-
ator theory [2,5,6]. However, the representation formula just works on axially
symmetric s-domains (see [7] for the definition). This causes difficulties while
considering more general, non necessarily axially symmetric, domains.

In the recent paper [17], we generalize the representation formula to
non-axially symmetric sets. To this end, a crucial tool is the use of a suitable
topology on H, finer than the Euclidean one, called slice topology and denoted
by 7. In this paper we deepen the study of the slice topology also proving
that it is not metrizable.

One can consider functions defined on open sets in this topology, hence
enlarging the class of slice regular functions. It is important to note that,
in this framework, the conditions under which analytic continuation for slice
regular functions is possible are weaker than the conditions in use with the
Euclidean topology. This fact makes it easier the study of analogues of the
Riemann domains (Riemann domains over (H,7,)) and generalized mani-
folds over (H,7s). In the slice topology the class of ‘domains of holomor-
phy’ includes the axially symmetric open sets and also the so-called hyper-
o-polydiscs that we shall introduce in Sect. 7.

We then show how the notion of slice regularity can be given for func-
tions with values in a finite-dimensional left alternative algebra, see Sect. 4,
and also for functions with values in the Euclidean space R?". It is important
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to note that slice regularity in this paper is meant in the original sense of
Gentili and Struppa, see [25] (we shall refer to it as the weak slice regularity)
and not in the sense of Ghiloni and Perotti [29] (regularity in their sense may
also be called strong slice regularity). Moreover, we also consider the several
variables case thus giving rise to results of a more general validity than those
ones available in the literature. Our approach is rather new and it is spread
in various papers, see [17-19], and the main purpose of this work is to give
a unified overview of the main ideas, complemented with some other new
results and examples.

The paper is organized in seven sections, besides this introduction. In
Sect. 2 we introduce the slice topology in the quaternionic case and we prove
some of its properties among which the non-metrizability. In Sect. 3 we discuss
the definition of quaternionic slice regular functions, some main properties
and examples. In Sect. 4 we consider the generalization to the case of functions
with values in a left alternative algebra and defined on the quadratic cone
whereas in Sect. 5 we come to the case of functions with values in a real
Euclidean space, even dimensional, and defined on the so-called slice-cones.
In this extremely general setting we can prove, in Sect. 6, an extension result.
The domains of slice regularity are discussed in Sect. 7, while a Taylor formula
is proved in Sect. 8.

2. Slice Topology

In this section, we define the so called slice topology 75 on H, originally intro-
duced in [17], we state some of its properties and we discuss some examples.
We shall show, in particular, that slice topology has some special features
near the real axis and this fact has important consequences when considering
connectedness.

We recall that the algebra of real quaternions H consists of elements of
the form ¢ = zg + x17 + z2j + x3k where the imaginary units ¢, j, k satisfy
i?=42=k>=—1,ij = —ji =k, jk=—kj =1, ki = —ik = j.

The set of imaginary units in H is defined by

S:={¢geH : ¢*=-1}.

The slice topology that we introduce below is designed around the notion

of slice regularity, see Definition 3.1, and is based on the following:

Definition 2.1. A subset Q of H is called slice-open, if
Qr=QnCy
is open in Cj for any I € S.

The following result is easily proved with classical arguments:

Lemma 2.2. The family
Ts(H) :={Q CH:Q is slice-open}
defines a topology of H.
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Definition 2.3. We call 75(H) the slice topology on H. Open sets, connected
sets and paths in the slice topology are called slice-open sets, slice-connected
sets and slice-paths. A domain in the slice topology is called slice topology-
domain or, in short, st-domain.

A similar terminology will be used for all the other notions in the slice
topology. We made an exception and we do not use the term slice-domain to
denote a domain in the slice topology, since this notion is already used in the
literature to denote something different. In fact a set €2 in H is called classical
slice domain, in short s-domain, if it is a domain in the Euclidean topology
such that Qr := QN R # (), and Q7 is a domain in C; for any I € S.

It is immediate from the definition that for any I € S, the subspace
topology 75(Cr\R) of 75(H) coincides the Euclidean topology 7(C;\R). How-
ever, T, is quite different from Euclidean topology near R as Example 3.2 in
[17] shows.

The peculiarity of the topology 75 near R appears, in particular, in the
notion of connectedness, so we need to introduce another useful notion.

Definition 2.4. Let Q C H and let Qg := Q NR. The set Q is called real-
connected if Qg # () and Qg is connected in 7(R) or if Qg = 0.

For any g € H\R, there is 7 € R such that the ball B;(g,r) in C; does
not intersect R. Note that for such r > 0, Br(q,7) "R = () is connected in R.
It is then clear that the slice topology has a basis of real-connected sets at
any point outside R, and the following result implies that slice topology has
a real-connected basis also near R.

Proposition 2.5. For any slice-open set Q0 in H and q € Q, there is a real-
connected st-domain U C Q containing q.

It is useful to explain that such a U can be constructed as the slice-
connected component of the set

(Q\Qr) U A

containing q. Here when ¢ € R, we take A to be the connected component of
Qg containing ¢ in R and when q € R we set A := 0.

Now we describe slice-connectedness of real-connected slice-domains by
using suitable slice-paths.

Definition 2.6. A path v in (H,7) is called on a slice, if v C C; for some
Ies.

One can prove, see [17, Proposition 3.6], that any path on a slice is a
slice-path. Moreover we have, see [17, Proposition 3.8]:

Proposition 2.7. For each real-connected st-domain U, the following asser-
tions hold:
(i) If Ur =0, then U C C; for some I € S.
(ii) If Ur # 0, then for each ¢ € U and x € Uy, there is a path on a slice
from q to x.
(i) Uy is a domain in Cy for each I € S.
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(iv) For each p,q € U, there are two paths on a slice 1,72 in U such that
71 (1) = 72(0) and y1v2 is a slice-path from p to q.

By Propositions 2.5 and 2.7 (iv), we deduce the next important result:

Proposition 2.8. The topological space (H, 75) is connected, local path-connec-
ted and path-connected.

Corollary 2.9. A set Q C H is an st-domain if Qr # 0 and Q is a domain
in Cy for any I € S.

By Corollary 2.9, any s-domain is an st-domain. Therefore the notion of
st-domain is a generalization of the notion of s-domain. However, the converse
is not true since not every st-domain €2 is an s-domain, not even when §2 is
a domain in H, as Example 3.13 in [17] shows. In that example we consider
the set

Q= B(O,Q)UB(G,z)u{qu: dist (¢ —1,0,6]) < ;}

which is a domain in 7(H). Let us fix I € S and let J € S be such that JLI.
Then

Q;=B,(0,2)UB,(6,2)

is not connected in 7(Cy), and as a consequence, {2 is not an s-domain.
However, 2 is slice-connected, because any point in €2 can be connected to 0
or 6 by a path in a slice, and 0 can be connected to 6 by a path in C;. So Q2
is an st-domain since §2; is open in C; for any J € S.

We note that in the quaternionic case, besides the Euclidean and the
slice topology, we can also consider the topology introduced in [22] and based
on the so-called o-distance which is defined by

lg — pl, 431 €S st pqgeCy,
o(q,p) ==

V(Re(qg —p)2 + [Im(q) 2 + [Im(p)|? otherwise.

The o-balls centered at g € H, namely the balls according to the o-distance,
are defined by:

S(p,r):={qeH:0o(p,q) <r}.
The slice topology is finer than the topology 7, induced by the o-distance.

In fact, the relations between the topologies 7, 7, 75 is described in the next
result:

Proposition 2.10. The topologies 7,75, Ts are such that

TC T & Ts.

=

Proof. The inclusion 7 C 7, is immediate. It is also immediate to check that
T, C Ts. To prove that the second inclusion is strict, we need to show a set
Q € 75\7,. To construct such a set we fix I € S and we consider the slice-open
set ) in H defined by

0= U Q. (2.1)

JeSs
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where
2 y2
JeCy: — <1 J £ £I
QJ — {:17 +yJelCyra”+ dlSt(J, CI) }7 7é )
{z+yJeCy:a?+y* <1}, J=+I,

and dist(J,Cy) is the Euclidean distance in H from J to C;. The set ) is
evidently a slice-open set. Since H\Q D C;\Q;, we have

o(0,H\Q) < 0(0,C;\Qy) = distc, (0,C;\Qy), (2.2)

where distc, (0,C;\$2) is the Euclidean distance between 0 and C;\§; in
C,. Since

lim |
J—T J£T

by (2.2) and (2.3), we have

diSt(cJ (0, (CJ\QJ)] = O, (23)

(0, H\Q) = 0.

Hence, 0 is not an interior point in 2 in the topology 7,. We deduce that Q
is not open in 7,. O

Another peculiarity of the slice topology is described in the next propo-
sition:

Proposition 2.11. The topology 75 is not a metrizable topology.

Proof. Suppose that 75 is induced by a metric ds. Then the set
O:={qeH:ds(q,0) <1}
is a slice-open set in 7,. For any € > 0 we introduce the set
Sc:={I €S: B(0,¢) C O}, (2.4)
and we denote by |S.| its cardinality. We claim that [S.]| is finite. Assume the
contrary. Then there are Ji,...,Ji,... € S¢c with J, # £J,. Set
Ul = {{x—i—ka ca? 4 % < 1}, I ==+J, for some k € Ny,
{x +yl 2% +9% < 1} , otherwise.
The set

U= J Ul
IeS
is a slice-open set. However
i . 1
4(O0,E\U) < T d(0,C\ULA]) = T =0,

so 0 is not an interior point of U in the slice topology, and U is not slice-open,
which is a contradiction. Hence |S,| is finite.
On the other hand, for each I € S,

distc, (0, H\Oy) > 0,
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since Oy is open in C;. Then I € S1 for some n € N, and

S = U Sy.

keNL

Since the cardinality of S1 is finite, we deduce that S is a countable set, which
is absurd. Hence 75 cannot be induced by any metric. O

3. Main Results and Examples

The definition of slice regular functions recalled below is well known since
[24], but the novelty here is that we work with the slice topology and the
functions are defined on slice-open sets in H. We present some results below,
whose proof is given in [17], and we discuss some examples that further clarify
how our approach with the slice topology gives a richer function theory and
allows more general situations.

Definition 3.1. Let Q be a slice-open set in H. A function f :  — H is called
(left) slice regular, if f; := f|q, is left holomorphic for any I € S, i.e. if f is
real differentiable and satisfies

1/0 0
2<3a:+18y>f(x+yj)_0 on £y,

where
Qr:=QnNnCy.

The following result is known as Splitting Lemma and it is based on
writing the values of a quaternionic function by means of two complex-valued
functions, and for this reason the result holds also in this framework:

Lemma 3.2. (Splitting Lemma) Let Q € 7,(H). A function f : Q@ — H is
slice regular, if and only if for all I, J € S with I LJ, there are two Cr-valued
holomorphic functions F,G : Q; — Cy such that fr =F +GJ.

A result which is classical for holomorphic functions is the identity prin-
ciple. This result holds also for slice regular functions defined on domains in
the Euclidean topology, but when considering the slice topology in H, its
proof is more delicate. We recall its statement here since it is crucial to prove
various results:

Theorem 3.3. (Identity Principle) Let §2 be an st-domain, namely a domain
in 1s(H), and let f,g: Q — H be slice regular. If f and g coincide on a subset
of Qp with an accumulation point in Qp for some I €S, then f =g on (.

Another crucial result for slice regular functions is the so-called exten-
sion formula, see [7, Theorem 4.2], which is used to prove the general rep-
resentation formula [7, Theorem 3.2] in the class of axially symmetric slice
domains. In [17], we have extended this result to a more general setting and
we proved the following:
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Theorem 3.4. (Extension Theorem) Let I, Is € S with I; # Iy, Uy € 7(Cy,)
and Uy € 7(Cp,). If f : Uy U Uz — H is a function such that fly, and flu,
are holomorphic, then the function fly+ admits a slice reqular extension f
to VA € 7,(H).

Moreover, for each domain W in 74(H),

WcVvre, wnvt#£0,
ﬂw is slice and the unique slice regular extension on W of flwny+, where
V= (uch)| Juench)| JtinUnR),
VA ={z+yS:z+yl €U,z +yl, € Us,y €R, y >0},
Vit =vtuve,
We note that if we consider a disc By(q,7) C Cr, I € S, with center

g € Cr and radius r € Ry, and a holomorphic function f : By(q,r) — H,
then f can be uniquely extended to be a slice regular function on the o-ball

E(g, 7).

Another approach to slice regular functions makes use of the notion of
slice functions. To recall this notion, we first introduce a notation: for any
Q) C H, define a set in C by

Qs={x+yieC:z,ycR, TS| x+yJ €}
Definition 3.5. Let 2 C H and function f : Q — H; f is called slice function
if there is a F : Qg — H?*! such that
flx+yl) =1, I)F(z + yi), (3.1)
for each x +yI € Q with z,y € R and I € S. We call F is a stem function of
I
For any I € S, there is an isomorphism
Pr: C — Cy
r+yi — x+yl,
and for each path v : [0,1] — C, the corresponding path in C; is denoted by
v =Pron.

Let &(C) be the set of paths « : [0,1] — C with initial point v(0) in
R. We define a subset of Z2(C) by setting

P(CT) :={y€ 2(C):7(0,]] CC*}.
Given Q C H and v € £(C) we define
P(C,Q):={6cP(C):3I€S, st. § CcQ}
PCT,Q):={fcP(Ch):TTES, st. 6 CQ}
and
S(7,9Q) :={I €S:~' cQ}.

We now generalize the definition of slice function:
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Definition 3.6. Let 2 C H. A function f: Q — H is called path-slice if there
is a function F : 2(C,Q) — H2*! such that

for'(1)=(Q1, DF(v),
for each v € 2(C, ) and I € S(v, ). We call F is a path-slice stem function
of f.

Path-slice functions are characterised in the next result:

Proposition 3.7. Let Q C H and f : Q — H. Then following statements are
equivalent:

(i) f is a path-slice function.
(ii) For each v € P(C,Q), there is an element g, € H?**! such that

f 071(1) = (17[)(17 VIe S(’Y?Q)

(iii) For each v € P(C*,Q), there is an element p, € H**! such that for
each I € S(,Q),

for'(1) = (1, 1)p,.
(iv) For each v € P(C,Q) and I, J, K € S(v,) with J # K,

LI\ [ for’
. (JJ-K)"'J (K-J) 'K for’
N -K) (B0 ) \fert )
(v) For eachye Z(C) and I,J, K € S(~,Q) with J # K,

fory' = =K)'(Jfory) =Kfor™)+1(J = K) '(for! = for™).

The above definition is indeed a generalization of the notion of slice
functions, and in fact in [17] we proved:

Proposition 3.8. Fvery slice function defined on a subset of H is path-slice.

The class of path-slice functions also contains the class of slice regular
functions:

Theorem 3.9. Fuvery slice reqular function defined on an open set in 75(H) is
path-slice.

Note that a slice regular function is not necessarily a slice function,
unless one adds hypothesis on the open set of definition, for example that it
is an axially symmetric s-domain.

A cornerstone of the future development of slice quaternionic analysis
on slice-open sets is the following result, originally proved in [17]:

Theorem 3.10. (Representation Formula) Let Q € 75(H) and f : Q — H be
slice regular. For each v € Z(C,Q) and I,J, K € S(v,Q) with J # K, we

have
B 1 g\ '/ for!
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Another important concept is the one of domain of holomorphy for slice
regular functions, namely the notion of domain of slice regularity.

Definition 3.11. A slice-open set €2 C H is called a domain of slice regularity
if there are no slice-open sets 2; and €25 in H with the following properties.
(1) @7&91 Cc QN
(ii) €29 is slice-connected and not contained in .
(iii) For any slice regular function f on {2, there is a slice regular function f
on 25 such that f = fin Q.
Moreover, if there are slice-open sets €2, 1, Q9 satisfying (i)-(iii), then we call
(Q,Q1,Q9) a slice-triple.

Here the situation is different from complex analysis, since not every
slice-open set is a domain of slice regularity. It is true however that the
o-balls and axially symmetric slice-open sets are particular domains of slice
regularity, see Proposition 9.5 and Proposition 9.6 in [17]. Below we illustrate
an example:

Example. The o-ball E(%, 1) is a domain of slice regularity for any I € S.
The function f : E(%, 1) — H defined by

flo)=> (g—1/2)"",
neN

does not extend to a slice regular function near any point of the boundary in
any slice Cy, J € S.

This example shows that there exist slice regular functions defined on a
slice-open set which is not open in the Euclidean topology but it is open in
the 7, topology. Moreover, there are examples of functions defined on slice-
open sets which are neither open in the Euclidean topology nor in 7,, as the
Example 3 shows. The example is obtained by further elaborating Example 3
which comes from ideas in [17], Sect. 8.

Ezample. We consider a ray v, : [0,1) — C, s € [0, 1] fixed, by

i t i(1+(57r)/2)
= — 4
vs(t) : 5 + T3¢ .

The ray starts from % to oo and the angle between the ray and the positive
real axis is 7 + s7.
Given a continuous function

8 — 0,1,
we define a continuous function F' : S x [0,1) — H by setting
F(I,s)="Pjo ’yg,(j)(s).
The complement of the image of F' is denoted by
Q, :=H\F(S x [0,1)).
Fix J € S. We now define
Q= Q| Jrel-J)- (3.2)
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We proved in [17] that SAZ; is open in the Euclidean topology if ¢ is continuous.
However it may be not open if ¢ is not continuous. For example, let ¢ : S —
[0,1] be the Dirichlet type function, i.e.

I =
wl) {0, otherwise.

Let I € Swith I # +J and |I —J| € Q, where J is fixed. Then ¢(I) =1 and

(Q;) NCF =CH\(Proml[0,1]) and Prorp(0,1] C (Q;)I .
We choose a sequence {K},; % C S\{£J}, such that |K, — J| ¢ Q and

lim K, = 1.
l——+oco

Notice that ¢(Ky) = 0 and
Q, NCk, = C,\(Px, 7000, 1)).
Notice that for each ¢ € (0, 1], we have
Eligrnoo Pr, o vo0(t) = Provyo(t).

It is clear that Proyg(t) is not an interior point of €2 in the Euclidean topology
and (Q is not open in the Euclidean topology.
We now consider the function

J
U(z) =v2z—J, Vz€§+R+, (3.3)

where z is a complex variable. This function admits a unique holomorphic
extension ¥, on

(CJ\('VS[J} U'VS[_J])v
where
Vs[J] == Py o7s([0,1))

for any s € [0, 1].
The function ¥, : Q, — H defined by

1-1J 1+1J
\If¢($ +yI) = T\I&P(I)(m +yJ) + T\IIW(I)(I — yJ), (34)

for y > 0, is the unique slice regular extension of ¥ to {2,. In particular,
(Te)s = Yoy

Moreover, \i'; is a slice regular function defined on a non-open set and
it fails to be extended slice-regularly to a larger slice-open set (or open set)

in H. Note that QNLF is open in 7,.

Ezample. Using the notations of the previous example, we now construct an
example of a set Q, of the form given in (3.2), such that €, is not in 7, while
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it is in 7,. We take a new curve 74, s € (0,1] which consist of three parts.
We define

P e o,
vs(t) = 3[3—t}6+3[ H@E-1), te(} 2],
T 2 b te(3,1).

We note that fys( ) is a line segment from % to 2 for ¢ € [0,1], is a line
segment from % to i —1 when t € (3, 3] and, ﬁnally, it is a ray ¢ — 1 when

te(3,1). Con51der v :S —[0,1], defined by

1 I==J
n={g ’
(1) {”2‘”, otherwise.

With this choice of ¢, it is possible to prove that

( ,H\Q,, ) KH}HIr(liiI distc, (0, Pr © v,(i)[0,1)) = 0,

so that the point 0 is not an interior point in QN(p in the topology 7,. The
function \f!\; defined above is a slice regular function defined in a non-open
set and it could not be extended slice regularly to a larger slice-open set (or
open set or open set in 7,) in H.

Finally, we point out that by modifying the functions v and ¥, one can
construct many similar functions which are defined on sets in 75\ 7,.

4. Slice Topology in Cones on Real Alternative Algebras

In [27], Ghiloni and Perotti introduced slice regular functions with values in
a real alternative algebra, finite dimensional and with a fixed anti-involution,
using stem functions. Stem functions were used in the literature also in re-
lation with the Fueter mapping theorem, see [16,20,37,38]. The slice regular
functions in [27] coincide with the class of slice regular functions over the
quaternions [24] and with the class of slice monogenic functions with values
in a Clifford algebra, see [11], on some special open sets.

In this section, following [18], we introduce a class of slice regular func-
tions on a finite-dimensional real alternative algebra A following the original
idea of Gentili and Struppa, i.e. following Definition 3.1. Thus the functions
slice regular in this sense do not coincide with those ones studied in [27] and
for this reason we sometimes called them weak slice regular and those ones
in [27] strong slice regular.

We recall that an algebra over the real numbers is said to be alternative
if for any pair of elements x,y in the algebra

w(xy) = 2%y, (zy)y = xy’.
It is immediate that every associative algebra is alternative. The converse
does not hold, however every alternative algebra is power associative.
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A real algebra A is called left alternative, if for any x,y € A,

x(zy) = (z2)y.
(See [1] for the notion of right alternative algebra, which can obviously

adapted to our case).
From now on we shall assume the following:

Assumption 4.1. Assume that A # {0} is a finite-dimensional real unital left
alternative algebra with S, # (), where
Sai={acA:a*=—-1}.
We then define a map L : A — Endg(A4) by
L:avw Lg, (4.1)

where L, : A — A is the right linear map given by the left multiplication by
a

L, :z— ax.
Note that for any I € S4, we have
(Lr)?*(zx) = I(Iz) = —x,
thus L; is a complex structure on A.
Let I,J € Sy with I # £J. It is easy to check that
CinCy=R.

4.1. Slice Topology

In this subsection, we discuss the slice topology whose definition, originally
given over the quaternions, can be extended to a suitable set Q4 that we call
the quadratic cone in the real alternative algebra A:

Lemma 4.2. The set
Ts(Qa) ={Q C Qa:Q is slice-open}
is a topology of Q4.

Definition 4.3. We call 75(Q4) the slice topology on Q4. Open sets, con-
nected sets and paths in the slice topology are called slice-open sets, slice-
connected sets and slice-paths.

Since A is finite-dimensional real vector space of dimension, say, there
is a Euclidean topology on A identified with Euclidean space R™. Since A
admits a complex structure, m is an even number and so m = 2n. The cone
Q 4, as asubset of A, also has a Euclidean topology (i.e. the subspace topology
induced by A).

As in the quaternionic case, we do not use the terminology slice-domain
to denote a domain in the slice topology, and we will use instead the term
slice topology-domain, in short, st-domain.
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Definition 4.4. A set Q in Q4 is called classical slice domain, in short s-
domain, if 2 is a domain in Q4 in the Euclidean topology,

Qr = QNR £ 0,

and Q; is a domain in C; for any I € S4.

The slice topology on A has similar properties of the slice topology in
H and in particular:

Proposition 4.5. (Qa,7s) is a Hausdorff space and T C 5.

We remark that the slice topology 75 is not always strictly finer than
the Euclidean topology 7 as the following simple example shows.

Ezxample. C is an algebra satisfying Assumption 4.1. The slice topology and
Euclidean topology coincide on C.

The terminology and the results in Sect. 3 can be stated in this more
general setting, so we do not repeat them and we refer the reader to [18]. We
only mention the following results:

Proposition 4.6. The topological space (Qa,Ts) is connected, local path-
connected and path-connected.

The notion of st-domain is also a generalization of the notion of s-
domain.

Corollary 4.7. A set Q C Q4 is an st-domain if Qr # 0 and Q; is a domain
in Cy for each I € S4.

4.2. Main Results in Left Alternative Algebra

The slice regularity given in Definition 3.1 can be extended to the case of a
left alternative algebra satisfying Assumption 4.1, and in this subsection we
state some main results about this class of functions.

Definition 4.8. Let Q € 75(Q4). A function f: Q — A is called slice regular
if and only if for each I € Sy, f1 := fla, is (left I-)holomorphic, i.e. f; is
real differentiable and
1/0 0
| =+ 1= I)=0 Qr.
Let A be a left alternative algebra and I € S4. The set {61,...,0,} C A
is called an I-basis, if

{01,1(01),602,1(62),...,60,,1(6,)}
is a real basis of A. Since L; (see (4.1)) is a complex structure on A, there is
a J-basis for all J € Sy4.

Various results that we have stated in the quaternionic case, e.g. the
Splitting Lemma and the Identity Principle, hold also in this more general
case.

In the sequel, we need the following notations and definitions: for any
I € S4 we can define an isomorphism Py : C — Cj such that P;(z + yi) =
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x + ylI. For each path « : [0,1] — C, we define its corresponding path in C¢
by

yi=Ploy.
Finally, for any Q@ C Q4 and v € Z(C) we set
P(C,Q):={6c P(C):IT €Sy, st.d CcQ}
and
Sa(7,Q):={I€Ss:~ cQ}.

Mimicking Definition 3.6, given 2 C Q4, we say that a function f: Q — A
is path-slice if there is a function F: 2(C,Q) — A?*! such that

for'(1)=(1,LF(v),
for each v € Z(C,Q) and I € S4(v,Q).
We have the following results:

Theorem 4.9. Let Q € 7,(Qa) and f : Q — A be slice reqular. Then f is
path-slice.

Let J, K € Sa, we have
Ly(Ly—Lk)=-1—LjLx=LgLg—L;jLx = (Lx— Lj)Lg.
If L; — Lk is invertible, then
(Ly—Lk) 'L;y=—-Lg(L;— LK) "

One can easily verify that

1 L 71_ (L —L )—lL _(L —L )_lL
<1 Li) B ( (iJ - EK)_lJ —(iJ _EK)—1K> . (4.2)

Proposition 4.10. (Standard path-representation Formula) Let Q be a slice-
open set in WY, f: Q — A be a weak slice reqular function, v € 2(C',Q)
and I, Jy,J3 € Sa(y,Q) with Ly, — Ly, invertible. Then

1 . 7
for'=(1,Lr) G ij;) (jcf 03J2> : (4.3)

-1
where (1 £J1> satisfies (4.2) and Sa(v,Q) :={I € S4 : Ran(y) C Q}.

J2

4.3. Slice Monogenic Functions

We now consider the special case in which A = R,,, the real Clifford algebra

over n imaginary units ey, ..., e, satisfying e,e, + e,e, = —24, ,, where
0 ?
57’] — ) # .77
—1, 1=.

We recall that the slice regular functions over a real Clifford algebra are also
called slice monogenic functions, and they were firstly introduced in [11].
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Ezample. In [11], the class of slice monogenic functions is defined on
R = U Cy,
Iesg
where
Sg, == {mie; + - ape, 2l 4+ 42 =1}
The cone R"*! is a n 4 1-dimensional real vector space, i.e.
R"™ =R(l,eq,...,e,) = R""!

However, as observed in [27], slice monogenic functions can be defined on a
larger set, namely the quadratic cone of R,;:

Qr, = U Cy
IESE,,
where
Sk, :={I€R, : I* = —1}.

The slice monogenic functions in [27] are defined on symmetric open sets in
Qr,, - Since a Clifford algebra is a special case of an alternative algebra, we
can consider the more general case of slice monogenic functions defined on
a slice-open set in Qr, where the definition of slice monogenic is given by
adapting Definition 4.8 to the present case. Thus all the results in Sect. 4 are
valid in this case.

5. Weak Slice Regular Functions Over Slice-Cones

Some results in [18] are given in a greater generality: in fact the weak slice
regular functions can be considered in the case of functions which are R2"-
valued and defined on open sets in the topological space (W¢, 1), where W4
is a suitable weak slice cone in [End(R?")]<. In [18] we proved various results
for these functions, among which a representation formula, and we recall some
of them in this section.

We denote by €, the set of complex structures on R", i.e.

¢, :={T € End (R*") : T? = -1},

where the identity map idgen on R?" is denoted by 1.
Let C C ¢, with C = —C. We call

W .= U cé
IeC

the d-dimensional weak slice-cone of C, where
C4:= (R+RI)".
The slice topology on Wg is defined by
(W) ={QcW¢ : Qrer(C), VIecC},
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where
Qr:=QNnCe.

Convention: Let Q C Wg. Denote by 75(2) the subspace topology in-
duced by T (Wg) Open sets, domains, connected sets and paths in 75(2)
are called slice-open sets, slice-domains, slice-connected sets and slice-paths
in Q, respectively. We write  + yI € Q short for x + yI € Q with z,y € R?
and I € C.

Definition 5.1. Let Q € 7,(W3). A function f : Q — R?" is called weak slice
regular if and only if for each I € C, f; := flq, is (left I-)holomorphic, i.e.
fr is real differentiable and for each £ =1,2,...,d,

1/ 0 0

5 (aa’;g + ay[) fj(l’ +vy ) 0, on I

For any I € C, the set {{1,...,&,} C R?" is called an I-basis of R?" if
{517 e 7577,7](51)7 e 7I(§n)}

is a basis of R?™ as a real vector space.

Lemma 5.2. (Splitting Lemma) Let 2 € 74 (Wg) A function f : Q — R s
weak slice reqular if and only if for any I € C and I-basis {&1,...,&n}, there
are n_holomorphic functions Fy,... F, : Q; C (C? — Cy, such that

fr=">Y (Fu&).

=1
Theorem 5.3. (Identity Principle) Let Q be a slice-domain in W and f, g :
Q — R?" be weak slice reqular. Then the following statements holds.

(i) If f = g on a non-empty open subset U of Qg, then f =g on Q.
(ii) If f = g on a non-empty open subset U of Q for some I € C, then

f=gonQ.
For any I € C, let us choose a fixed I-basis of R?" which is denoted by
of = {o1,....0L}, (5.1)
and let us consider the 2" x 2" real matrix Dy given by
Dp:=(0{--- 6} 16{ --- I6)). (5.2)

By [18, Proposition 2.3], we can define the Moore-Penrose inverse of
J € End (R2n)",

Definition 5.4. For each J € End (RQ")kxg, define by J* the unique matrix
in End (]RQ")ZXIC that satisfies the Moore—Penrose conditions:

(i) JJTJ =J.

(ii) JtJJT =J* .

(iii) (JJT)* =JJT.

(iv) (JTI)* =JHJ.
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Here J* is the adjoint matrix of J, i.e. the unique matrix such that
(@, Jy) = (J'z,y), Yae (®M)", ye®)".
We call J* the Moore-Penrose inverse of J.

Let J = (J1,...,J k)T € C*. We denote

Dy, L 4
Dy := and ((J):=1|: |,
Dy, 1 Ji
where D, is defined by (5.2).
We set
CH(I) = [8p) - <N S),
and we call it the J-slice inverse of ((J), where %Bi = 37 Y(Dy) is the

unique End (RQ")-valued k x k matrix such that
S5 (a)=Dya, Vae (R =R,
Let 7 :[0,1] — C¢ and I € C. We define the image path of v in C¢ by
v =] 0y,

where W! : C¢ — C4¢, z + yi — z + yI is an isomorphism. As we already did
in the preceding sections, we define:

P(C = {~:]0,1] — C%, 5 is a path s.t. v(0) € R?};

for any Q2 C Wg and for an arbitrary, but fixed v € & ((Cd) we define
2 (ChQ):={6e 2 (C"):3IeC, st. Ran(d") C Q};
C(Q,7) :={I €C: Ran(y") C Q},

where Ran(-) denotes the range.
Let J = (J1,...,Jx)T € C*, Q c W3 and v € 22(C%, Q). We define

k
Crer(J) = {I € C:ker(1,I) Dker[¢(J)] = ﬂ ker(l,Jg)}, (5.3)
=1

and
C(Qa’% J) = C(Qﬁ) N Cker(J)7
where ker(-) is the kernel of a map, and ker(1, J;) stands for ker((1, Jy)).
The results below were originally proved in [18], Sect. 5:
Lemma 5.5. Let Q C W3,y € 2 (C4, Q) and J = (J1,...,Jp)T € [c(€,7)]F.
Then there is a domain U in C? containing v([0,1]) such that

Uy cQ, (=1,... k.
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Lemma 5.6. (Extension Lemma) LetU € 7(C%), I € C and J = (J1,...,Jx)T
inCF. If g; \I';]‘(U) — R?", ¢ =1,...,k are holomorphic, then the function
glI] : ¥HU) — R?" defined by

gll(@ +yI) = (1,0 (N)glz +yJ), Vatyiel,

where
g1(z +yJ1)
gz +yJ) = :
gr(x +yJy)
is holomorphic.
Moreover, if Ug ;= UNRY £ (), gy = -+ = gp on U and I € Crer(J),
then
gl =g1="=gx on Ug. (5.4)

We now present the so-called path-representation formula, see Theorem
6.1 in [18], which is a crucial result in this function theory.

Theorem 5.7. (Path-representation Formula) Let Q be a slice-open set in W,
v e 2CLQO), J = (J1,Ja.... )T € [CUNF and T € C(Q,~,J). If
f:Q — R is weak slice reqular, then
for' =@ D¢ I)(f o),
where
fonh
fon’ = : : (5.5)
fonr
Definition 5.8. Let C’ C C and J € (C")*. We say that .J is a slice-solution of
Cif
Cl c Cke7‘(J)-
Ezample. Let Q C W4, v € 2(C%, Q) and J € [C(€2,7)]". J is a slice-solution
of C(€,7) if and only if
C(Qa 7) = C(Qa s J)
Remark 5.9. Note that for any I € C,

AR T

ker (¢ ((I,—D)7")) = ker G _II> =0.

It is easy to check that, by definition (see (5.3)), J € C* is a slice-solution of
C if and only if

and

k
() ker(1,J;) = {0}.

{=1
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In another words, if J is not a slice-solution, we can take a non-zero element

a= <Z;> S ﬁker(l,Jg) c (R?)?,

=1
Then for each K € Cger(J), we have (1, K)a = 0.

Proposition 5.10. Let C' C C. Then there is at least one slice-solution J €
(C"F of C' for some k € N,

Proof. This proposition follows the reasoning in [18, Proposition 6.4]. O
As a consequence we deduce the following:

Corollary 5.11. Let Q € 7,(WY), v € 2(C4,Q), and J € [C(,)]* be a
slice-solution of C(2,7). If f : Q — R?™ is weak slice regular, then

for' =(L,DCHI)(for'), VIeC(n),
where f o~” is defined by (5.5).

Next definition gives the terminology to mention a result, originally
proved in [19, Corollary 6.9], which shows that also in this more general
setting a slice regular function is path-slice.

Definition 5.12. A function f : Q — R?" with Q C W¢ is called path-slice, if
for any v € & ((Cd, Q), there is a function F, : [0,1] — (RQ")2X1 such that
fO’yI:(l,I)ny, VIEC(Q/Y)

We call {F,},c» ) a (path-)stem system of the path-slice function f.

Proposition 5.13. Each slice reqular function f : Q — R2™ with Q € 7, (Wg)
is path-slice.

Proposition 5.14. Let J = (Jy,...,Ji)T € C*. Then
k

Ran [idgany2x — (T (J)¢(T)] = ker[¢(J)] = () ker(L, J). (5.6)
/=1

6. Extension Theorem

In this section, we give an extension theorem for slice regular functions. This
result provides a tool for extending slice regular functions to larger definition
domains. We also prove a general Path-representation Formula.

Proposition 6.1. (General path-representation Formula) Let 2 C Wg, v €
2(CLQ0), and J = (Jy,..., )T € [C(Q,’y)]k. If f: Q — R2" s path-slice,
then for each I € C(2,v) and t € [0,1],
Fort(t) e (L) [CH(I)(f oy (1) + Ran(idgznyext — (T (I)C(I))] s
(6.1)
where f o~” is defined by (5.5).
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Proof. Let K € [C(Q,7)]™ be a slice-solution of C(€,~). Fix I € C(Q,7).
According to Corollary 5.11,

for! = (L DCHE)(for™), (6.2)
and

for” =¢(NCHE)(Sf ov™). (6.3)
Note that Jq, ..., Jir € C(,~,J). By Path-representation Formula 5.7,

for =¢(NCHI(f o). (6.4)

By (6.3)—(6.4), we have
CHIE)(F o7™) = CHUN(f 077) € kerlC()
= Ran [idgzny2x2 — ¢ (J)¢(J)] . (6.5)
It is clear that (6.1) holds by (6.2) and (6.5). O
For each Q) C Wg7 we define
Qs ={z+yicC:ax+yl € Q.
Definition 6.2. A function f: Q — R?" with Q C W¥ is called slice, if there
is a function F' : Qg — (RQ")QX1 such that
flea+yl)=Q,)F(x+yi), Ya+ylec.
We call F' a stem function of the slice function f.

Definition 6.3. A set 2 C Wg is called axially symmetric, if for each x4yl €
Q, then x + yC C Q.

Proposition 6.4. Let Q be an axially symmetric slice-domain in Wg. Then
is a domain in C¢ for each I € C. Moreover, if Q2 is non-empty, then Qr # 0.

Proof. The proof follows the reasoning in [17, Remark 7.7]. O

Proposition 6.5. Let Q) C Wg be an axially symmetric slice-domain and f :
Q — R?" be path-slice (or slice regular). Then f is a slice function.

Proof. Since slice regular function are path-slice, we can assume that f is
path-slice.

For each z = = +yi € Q5. We choose a fixed complex structure K, € C.
By definition, the point ¢ := x + yK, belongs to 2. Since Qg is a domain
in (Cf(z and Qr # 0. We can choose a fixed path v, € & ((Cd,Q) such that
(72)%= is a path in Q. C (C}i(z from a point in Qg to g. As Q is an axially
symmetric slice-domain, it follows from definition that C(£2,v,) = C. Since f
is path-slice, there is a function G, , : [0,1] — (R**)**! such that

f(’7£+yz) = (17 I)G"/ery-n v I S C
It implies that

J@+yD) = f(h4 (1) = (LDG, (1), VIEC
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It is clear that f is a slice function with its stem function F : Q, — (R?")2x!
defined by

F(z +yi) :== (" (J)G,,,,.(1). O
For any J = (J1,...,Ji)T € C*, we set
T J] :={(U1,...,Ux)" : U e (CY),t=1,...,k}.
We define a set
Ch={(J1,....Jn)" €CF:J #£J, Vi #3}

Definition 6.6. Let J = (Jyi,...,Ji)T € CF. A subset C* of C is called a
slice-half subset of C with respect to J, if Jy,...,J, € CT and

c=(-ch)| Jet.
Convention. For each J € C¥. We fix a slice-half subset C} of C with respect
to J.

Associated with J € C¥ and U € 7[J], we introduce the following sets:
Uc:={z+yicCl:a+yl,cU, £=1,...k}
Ub={o+yicCliatyl,cU, £=1,...,k}

Up = U T+ YCrer(J), UL = U 1:+ij

z+yicUc z+yicUc

and
U = U x+yC,
a+yi€U;

where Uy is the union of the connected components of Ug intersecting RY.
Finally, we define
Uiy (Ulzzl Ug\Rd) , if J is a slice solution,
UaUJUXU (Ulgzl Ug\Rd) , otherwise.

By definition, it is easy to check that U} is an axially symmetric slice-
open set and

UsNR*=ULNR'=UANR* = {z eR: 2 €Uy, £=1,...,k}.

A T

Ezample. Let Q) be an axially symmetric slice-open set and I € C. Choose
J=(I)and U = (). Then

Uy = Ui = Q.

Proposition 6.7. Let J = (J1,...,Ji)T € C¥ and U € 7[J]. Then UX is a
slice-open set in W3 and for each ¢ € {1,2,...,k},

UxNCY% cUaNCY,. (6.6)
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Moreover, if J is not a slice-solution of C, then

(U\RY) U (Una)g , I ==Jy, for some ¢,
UX NCf = { ¥l (Uc), I € Cher(I)\{£1,.... £}, (6.7)
vHUg), otherwise.

Otherwise, J is a slice-solution of C, then

(UA\RY) U (Una)g I ==Jy, for some(,
UL NCY = (), IeCh\{£J1,..., £}, (6.8)
U (Ue), otherwise.

Proof. (6.6), (6.7) and (6.8) hold directly by definition. Note that (U,\R%) U
(Un)g (f I = £J;), V/(Uc) and W!(UZ) are open in C¢ for each I € C.
Therefore by (6.7) and (6.8), UL N C¢ is open in C¢ for each I € C. By
definition, U is a slice-open set. O

Theorem 6.8. (Extension Theorem) Let J = (Ji,...,Ji)T € C*, and U =
(Uy,...,Ux)T € 7[J]. Assume that f : U?Zl U, — R2™ is a function such that
for each € € {1,...,k}, flu, is holomorphic. Then f|(U§:1 UARY)U(U), CON

R
be extended to a slice reqular function f: U — R*™.

Proof. According to Lemma 5.6, for each I € Cg,.(J), we can define a holo-
morphic function g[I] : ¥/ (Ug) — R?" by

gz +yl) = (L) () f(z+yJ), Ya+yielc.

Similarly, we note that K := (J;,—J1)T € C? and V := (U1, U;)T € 7[K].
Note that K is a slice-solution of C, and then Ci..(K) = C. Again by
Lemma 5.6, for each I € C, we can define a holomorphic function h[I] :
W (Ug) — B2 by

h[I)(z +yl) = (1, 1){T(K)f(z +yK), Yax-+yiecUZ
Moreover, by definition and (5.4), for each Ly € Cger(J) and Ly € C,
f=glla] = hlLs], on  (UX)g-
If J is not a slice-solution. We define a function f: UX — R?" by

flq), qeCq, forsomele{l,... k},
[11(q), q € CARY, for some I € Crep(J)\{£J1,...,E£J;}(6.9)

fl@) =1y
hI](q), q € CARY, for some I € CF\Cher(J).

By definition, ﬂ Ugncd 18 holomorphic for all I € C. It implies that fis slice
regular. Since Uif:l Ue C U?:l C4, it follows from (6.9) that

k k
f=f on UZN (U Ue) - (U Uz\R> U (Us)g-
(=1 (=1
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Otherwise, J is a slice-solution. We define a function f: UL — R*™ by

oL f(q@), qeCy, for some £ € {1,...,k},
© | 9l(g), q € CA\RY, for some I € CF\{J1,...,£J;}.

Similarly, f is slice regular, and

k
f=#f on U;m(UU@>. .
=1

7. Domains of Slice Regularity

In this section, we consider domains of slice regularity for slice regular func-
tions. These are the counterparts in this framework of the domains of holo-
morphy in several complex variables. Using the methods in [18, Section 7] we
generalize some results proved in [17, Section 9] from the case of quaternions
to a general case of LSCS algebras, which includes the case of alternative
algebras. For example, for several variables, an axially symmetric slice-open
set ) is a domain of slice regularity if and only if one of its slice Qy, I € C
is a domain of holomorphy in C4. We also define a generalization of o-balls,
called hyper-o-polydiscs and we give a property of domains of slice regularity,
see Proposition 7.10. This proposition extends [17, Proposition 9.7]

Definition 7.1. A slice-open set Q2 C Wg is called a domain of slice regularity
if there are no slice-open sets 27 and €25 in Wg’ with the following properties.
(1) @#Ql c QN
(ii) Qo is slice-connected and not contained in €.
(iii) For any slice regular function f on {2, there is a slice regular function ]?
on Q5 such that f = f in €.

Moreover, if there are slice-open sets €2, 1, Q9 satisfying (i)-(iii), then we call
(©,Q1,Q9) a slice-triple.

In a similar way, we give the following definition:

Definition 7.2. Let Q) C Wg be a slice-open set, I € C and Uy, Us be open
sets in C4. (2, Uy, Us) is called an I-triple if

(1) @#Ul cU;NQy.

(ii) Us is connected in C¢ and not contained in Q.

(iii) For any slice regular function f on €, there is a holomorphic function
f: Uy — R?" such that f = f in Uj.

Lemma 7.3. Let U be a non-empty slice-open set and £ be a slice-domain
with U C Q. Then QNO;Ur # 0 for some I € C, where 0;U; is the boundary
of Uy in C4.

Proof. This proof is similar with the proof of [17, Theorem 9.3].
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Suppose that QN O;U; = ) for each I € C. Since Q; and C$\(9;U;UU)
are open in C¢, so is

[Qﬁ (WC\U)] =Qrn (C \U[) = Q[\(Q[ N U])
= Q[\[QI n (81U1 U U[)} =QrnN [C?\(@IUI U Ujﬂ .

By definition, QN (WZ\U) is slice-open. Hence €2 is the disjoint union of the
nonempty slice-open sets QN (WE\U) and Q N U. It implies that  is not
slice-connected, a contradiction. O

Proposition 7.4. A slice-open set Q C W is a domain of slice reqularity if
and only if for any I € C there are no open sets Uy and Uy in C$ such that
(Q,U1,Us) is an I-triple.

Proof. “=" Let Q be a domain of slice regularity and let us suppose, by
absurd, that there is an I-triple (Q, Vi, V3) for some I € C with V; NRY = ().
Let f : Q — R?" be a slice regular function. By Extension Theorem 6.8,
where we take J := (I) and U := (V2), we deduce that f|y, can extend
to a slice regular function f on a slice-open set UL D Vo D Vi. Let W,
be a connected component of Vi in (C?. And let W5 be a slice-connected
component of U{ containing W;. Since Vo D W is connected in (C , we have
Wg D Va. It follows from Vi & Q that (Wa); € Q; and then Wa Q Q. Thus
0 #£ Wy C WonQ, Wy is slice- connected and not contained in Q. Moreover,
for any slice regular function f : Q — R?", there is a slice regular function
flw, on Wy such that f = f|w, on Va.

We conclude that (€2, Wy, Wa) is a slice-triple, and ) is not a domain of
slice regularity, a contradiction.

“«<=” Now we prove the converse, i.e. a slice-open set €2 is a domain of
slice regularity if for each I € C there are no open sets V; and Va in C¢ such
that (2, V3, V2) is an I-triple. So we suppose that € is not a domain of slice
regularity. Then there are slice-open sets Wi, Wy such that (Q, Wi, Ws) is a
slice-triple. Let U be a slice connected component of QNWs with UNWy # ().
By the Identity Principle 5.3, (Q, U, W5) is also a slice-triple.

We claim that for any I € C, Uy is a union of some connected compo-
nents of Q; N (Wy)r in C¢. (This follows from the general fact that if X is
a slice-open set and U is a slice-connected component of . Then for each

I € C, Uy is a union of some connected components of ;). Then for any
I eC,

a[cha]((WQ)[ﬁQI) Ca](( ) )Ua[(Q[)
Since (Wa)r NI ((Wa)r) = 0, we have
(Wg)[ NoyUr C 019;. (7.1)

By Lemma 7.3, (W3) ;N0,;U; # 0 for some J € C. Let p € (W) N0, U .
By (7.1), we have p € 9;Q, and then p ¢ Q;. Let W5 be the connected
component of (Ws) s containing p in C%, and U’ := Uy N'W3. Since p € 9,;U;
and p is an interior point of W3 in C%, we have p € 9;U’ and then U’ # ().
Hence
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(1) @#U’CWgﬂQJ.
(ii) Wsj is connected in C4 and not contained in 25 (by p € W3 and p ¢ Q).
(iii) Since (2,U,W3) is a slice-triple, for any slice regular function f on €,
there is a slice regular function f’ : Wo — R?" such that f = f’ in U.
Since W3 C Wy and U’ C U, we have f’|w, is a holomorphic function
such that f = f'|w, on U’.

It implies that (Q,U’,W3) is a J-triple, a contradiction and the assertion
follows. g

Proposition 7.5. Any axially symmetric slice-open set Q is a domain of slice
regularity, if and only if Qr is a domain of holomorphy in C¢ for some I € C.

Proof. “<” Suppose that an axially symmetric slice-open set €2 is not a
domain of slice regularity. By Proposition 7.4, there is an I-triple (€, V1, V5)
for some I € C. Recall 6 € R?" is fixed in (5.1). Using the fact that (2 is
axially symmetric, and the Extension Theorem 6.8 where we set J = (1), U =
(€2), we deduce that any holomorphic function f := F#{ : Q; — C;0f c R??
can extend to a slice regular function fdeﬁned on Q = U (see Example 6),
where F': )y — Cj is a holomorphic function in several complex analysis.

Since (2, V4, V5) is an I-triple, the function f|y, = f|y, can extend to
a holomorphic function f : V3 — R2". Note that f|y, = F|y,0!. According
to Splitting Lemma 5.2 and Identity Principle in several complex analysis,
we have f =F 67 for some holomorphic functions F:VyC (C‘Ii — C; with
F=FonV,.

In summary, for any holomorphic function F' : Q; — Cj, there is a
holomorphic function F' : Vo — C; such that F = F on V. Thus (Q7, Vi, Va)
is a triple for several complex analysis, and then {2; is not a domain of
holomorphy in C¢.

“=" On the contrary, suppose that {2 is an axially symmetric slice-open
set such that for some I € C, ) is not a domain of holomorphy in C?. Then
there are domains Vi, Vs in C4 such that (7, V4, V3) is a triple for several
complex analysis, i.e. the following (i), (ii) and (iii) hold. Then we deduce
that (iv) also holds.

(1) @75 VicVonQy.
(ii) V& is connected in C¢ and not contained in Q.
(iii) For any holomorphic function g : Q@ — Cj, there is a holomorphic func-
tion ¢’ : Vo — Cj such that g = ¢’ in V4.
(iv) For any slice regular function f : Q — R2", it follows from Splitting
Lemma 5.2, Identity Principle in several complex analysis and (iii) that
there is a holomorphic function f’: Vo — R?" such that f’ = f on V;.

By (i), (ii) and (iv), (€2, V1, V3) is an I-triple. And then by Proposition 7.4,
 is not a domain of slice regularity. 0

Definition 7.6. Let J = (Ji,...,Jx)T € C*. We say that J is a hyper-
solution of C. If J is not a slice-solution of C and for each I € C\Cger(J),
(J1, ..y i, )T is a slice-solution of C.



Vol. 31 (2021) A New Approach to Slice Analysis Via Slice Topology Page 27 of 36 67

Example. Let A be the algebra of quaternions H = R* or octonions @ =2 R®,
and

Ca={L;:1€A, I?=—-1}.
Then for each K € C4, (K) is a hyper-solution of C4.

Definition 7.7. Let ¢ = = + yJ; € W3, J = (J1,J2,...,Jm)T be a hyper-
solution of C and r € R%. We call

X(q,r,J) { U UK [P(z,7r)n P(z, T)]} U U UK [P(z,7)]

KecC K€eCrer(J)

hyper-o-polydisc with hyper-solution J, center ¢ and radius r. Here P(z,r)
is a polydisc in C? with center z = = + yi and radius r.

Ezample. The o-ball in H (& L(H)) and O (&2 L(Q)) are hyper-o-polydiscs.
Remark 7.8. Let X(p,r,J) be a hyper-o-polydisc with hyper-solution J =
(Ji,.. -, Jm)" € C, center ¢ € C4, and radius r € R%. Take
U= (V" [P(z,r)],..., 0/ [P(z,r)])T.
It is easy to check by definition that
Y(q,r,J) =UX.

Therefore if we can define a function f : (Jj~, ¥/ [P(z,7)] — R?" such
that fj,, £ =1,...,m are holomorphic, then f can extend to a slice regular

function fv: ¥(q,r, J) — R,
Proposition 7.9. Any hyper-o-polydisc is a domain of slice regqularity.
Proof. Let X(p,r,I) be a hyper-o-polydisc with I = (Iy,...,1,)T € CF,

center p = xg+yol1 € (C‘Iil and radius r = (rq,...,7q)7 € Ri. By Remark 5.9,
we can take a non-zero element

( ) mkerlfg (R2M)? (7.2)

It is easy to check from (1,1;)a = 0 that a1, as # 0.
Consider the function gy : X(p,r, ) N (C?1 — R?" defined by

27

ZZ(% pe) .

(=1 jeN

We know that from Splitting Lemma 5.2 (by taking & = as) and classical

complex analysis arguments, we have that g; does not extend to a holomor-

phic function near any point of the boundary of Xy, (p, r, I) := X(p,r,I)NCy, .
Obviously, there are two function F,G : D(xq + yoi,r) — R such that

d
F(z+yi)+ Gx+yi); = Z Z (M)

.
=1 jeN L

27
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By (7.2), we have
g1(x +ylh) =[F(x +yi) + Gz + yi)1]az
= F(x +yi)az — G(x + yi)a; + G(x + yi)(1,I1)a
= F(x + yi)az — G(x + yi)a;.

Similarly, we can define holomorphic function g, : [(p, 7, I)];, — R*",
{=1,....,m by

ge(z +yly) = F(z + yi)as — G(z + yi)ay.

Then we take a function % : Uy, [2(p,r, I)];, — R*" such that hls (.1, =
ge, £ = 1,...,m. By Remark 7.8, h can extend to a slice regular function
f:3(p,r, I) — R?". It is easy to check that for each K € Cye, (1),

fr(x+yK) = F(z+yi)ag — G(z + yi)a.

Thence fx also does not extend to a holomorphic function near any point of
the boundary of Xk (p,r, I).

If X(p,r, I) is not a domain of slice regularity, then by Proposition 7.4,
there a Ky-triple (X(p,r, I), V1, Va) for some Ky € C. Let V{ be a connected
component of X(p,r, I)NV, in Cf, with V/NV; # 0. Then (S(p, 7, J), V{, V2)
is also a Ky-triple. By the same method for (7.1) we have

‘/2 maKOV{ C aKo (EKo(pu T, I)) .

If Ky € £Cker(I), then the holomorphic function fx, : Xk, (p,7) —
R?" can extend to a holomorphic function near a point of the boundary of
Yk, (p,r,I), a contradiction.

Otherwise, Ko ¢ £Crer(I). Take z = 2’ +y'L € Vo NIk, V{ with L €
{£Ky} such that

¥ +y' L €X,(p,r,I) and ' —y'I € 0, (X, (p, 7, 1)).
There is 7' € Ry such that
Br(z'+y'L,7")c Vo and Bp(z'+y'I;,r") C Xy, (p,r, D), £=1,...,m.

Since T is a hyper-solution of C and L ¢ Cy.,(I), it follows by definition
that (I1,..., I, L)T € C™*! is a slice-solution. Using Extension Lemma 5.6
where we set

Ji=(I1,...,In, L)T and U:=[P(2' +yi,7)NP(z’ —y/i,r)|UB(z' + yi,7"),

it follows by —I; € Cker(J) = C that there is a holomorphic function f’ :
U, M (U) — R?*™ with f/ = f on X(p, r, [)NR?. Therefore we conclude that the
holomorphic function f7, : ¥z, (p,r) — R?" can extend to a holomorphic func-
tion on By, (x —yl1,m1)UXL, (p,r, I) near the point x —yI € 05, (X1, (p,r, 1)),
a contradiction. It implies that X(p,r, I) is a domain of slice regularity. O

Proposition 7.10. Let 2 be a domain of slice regularity. If v € 2(C%,Q) and
J € C™ with vt € Q, then v1 € Q for any I € Crer(J).
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Proof. We shall prove this by contradiction. Suppose that v/ ¢ € for some
I € Cier(J). By Lemma 5.5, there is a domain U in C? containing ([0, 1])
such that

vHUycQ, (=1,...k
Since I € Cer(J), it follows by Extension Lemma 5.6 that there is a holo-
morphic function g[I] : ¥(U) — R?" defined by
gz +yI) = (LOCH () fx +yJ), Yz+yiel,
such that g[I] = f on Ug. For each fixed w € Ug, it follows from Splitting
Lemma 5.2 that the Taylor series of holomorphic functions g[I]; and f; at
the point w are the same. Therefore there is sufficiently small r € R, such
that By(w,r) C 1 (U)N Qs and
glIl=f, on Br(w,r).

It is easy to check that (Q,B(w,r),¥!(U)) is an I-triple. It implies by
Proposition 7.4 that € is not a domain of slice regularity, a contradiction.
Therefore v/ C § for each I € Cpe,(J). O

8. Taylor Series

When dealing with slice regular functions an important concept is that one
of slice derivative. In this section, we define this concept in the very general
case of functions with values in the Euclidean space R?* and then we prove
that there is a Taylor series for weak slice regular functions over slice-cones.
8.1. Slice Derivatives

In this subsection, we generalize the slice derivative to weak slice regular func-
tions over slice-cones. We use the notations and definitions given in Sect. 5.

Definition 8.1. Let I € C, U be an open set in C¢, £ € {1,...,d} and f :
U — R?" be real differentiable. The (I,¢)-derivative dy ¢f : U — R?" of f is
defined by

1 0 0
Oref(x+yl) = 3 (8954 _Iay4> fr(z +yl).

Moreover, if f is a-th real differentiable for a = (ay, ..., aq) € N, then the
(I, o)-derivative f(I®) : U — R?" is defined by
FE) = (0r2)™ -+ (9r,a)™ -

Proposition 8.2. Let [ € C, U € 7 ((C‘Ii), and f : U — R?" be real differen-
tiable. Then

Oruf =0_rof, VLe{l,...,d}.

Moreover, if f is a holomorphic map, £ =1,...,d, then

B
Oref =5 -f, Vee{l, ..d} (8.1)
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Proof. (i) By direct calculation, for any ¢ € {1,...,d} and any x+yI € U,

1 0 0
Oref(x+yl) = 3 (8:@_[8%) f(x+yl)
0

1 0
-l (&w . <_z>a(_m) Fo+ (—y)(=D)
=0_rof(x+yl).

(ii) Suppose that f is holomorphic. Then for any £ € {1,...,d} and z+yI €
U,

1/ 0 0

As a consequence we have

0

0 1 0 0
al,ef(x‘FyI):awf(m‘FyI)—Q(M‘FIaw)f(f‘FyI):awf@‘f‘yI)

and the assertion follows. O

We now introduce some terminology: the real part and imaginary parts
of W¢ are defined by Re (W¢) = R? and

Im (W§) = {(tll, o tqD)" € End (R“)d t=(t,...,tg)T €RY, T € c},

By its definition, it is clear that T (W¢) is a cone in [End (R2")], moreover
W¢ = Re (W¢) @ Im (W) .

For Q c W¢ and q € Im(WY) let us set
Qlg] == Qn [Re W) @ {q}] .

If ¢ € C{ for some I € C, then Re (WJ) @ {q} is a d-dimensional real vector
subspace of C¢. If Q is slice-open then, by definition, the set

Qlg) = Qr N [Re (W) @ {g}]
is an open set in Re (W¢) @ {q}.

Definition 8.3. Let 2 € 7,(WJ). A function f : © — R?" is called a-th
(resp. infinitely) real-slice differentiable, if for each g € Q, f|qjq is a-th (resp.
infinitely) real differentiable, where o € N%.

Obviously, every weak slice regular functions defined on a slice-open set
in W¢ is also infinitely real-slice differentiable.

Definition 8.4. (Slice derivatives) Let Q € 7, (W¢), ¢ € {1,...,d} and f :
Q) — R?" be a weak slice regular function. The f-slice derivative 9;f : Q —
R2" of f is defined by

0
Ouf(x +w) = %fh’)[w] (),
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where © = (21,...,24)7 € R and w € Im (Wg) Let a = (ay,...,aq) € N9,
The a-th slice derivative f(® : Q — R?" is defined by

£ = (00)™ - (9a)™ f.

Proposition 8.5. Let Q C W4, f: Q — R?" be weak slice reqular and o € N¢.
Then f(9) is weak slice reqular and

(f(‘*))l = ()", viec. (8.2)

Proof. The proof is by induction. Since f(©) = f is weak slice regular, then
(8.2) holds when o = 0. Suppose that f(?) is weak slice regular and (8.2)
holds when o = 3. We shall prove that for each ¢ € {1,...,d}, f(#+%) is
weak slice regular and (8.2) holds when « = (3 + 6,, where
0 = (01 (¢-1), 1,0,...,0) .
Let £ € {1,...,d} and I € C. Since £ is weak slice regular, (f(ﬁ))l is

holomorphic. By induction hypothesis and recalling the notation (8.1), the
function

(ﬂmea)l _ (a‘ze (ﬁ)) _ <88W(f1)(1ﬁ)> — (fy)T5+00)

is holomorphic. Since the choice of I is arbitrary, it follows that f(#+0) is
weak slice regular and (8.2) holds when a = 5 + 6,.

By induction, for any o € N%, f(®) is weak slice regular and (8.2) holds.

O

8.2. Taylor Series
In this subsection, we shall prove a Taylor expansion on o-polydiscs for weak
slice regular functions. To this end, we consider I € C and r = (r1,...,74) €
R% = (0, +oc]®. For any z = (21,...,24)" € C4, we denote the polydisc with
center z and radius r by

Pr(z,r) = {w = (wy,...,wg)T €C¢: |z, —w,| <7y, 1= 1,...,n},
and we set
Pr(z,r) :={z+yJ e W:JeC, and z &+ yI € P;(z,r) for some I € C}.
It is easy to check that if 2 € C¢ N (C%, for some I, J € C, then

E(z,r) = E(zm).

Hence, we can write IS(z,r) instead of P; (z,7), without ambiguity. We call

P(z,r) the o-polydisc with center z and radius r.

Proposition 8.6. Let I € C, U be an open set in C¢ and f : U — R be
holomorphic. Then for any zg € U and r € Ri with Pr(zo,7) C U, we have

fz) =Y (2= 2)*f" (), Vz€ Dilz,r).
aeNd
Proof. The statement can be proved using the Splitting Lemma 5.2 and the

Taylor expansion in several complex variables. ]

Let us define a (partial) order relation on R¢ as follows: given a =
(a1,...,aq) and B = (B1,...,B4) in R? we say that a < 3 if



67 Page 32 of 36 X. Dou et al. Adv. Appl. Clifford Algebras

ap < B¢, YL=1,...,d.
Let o € N and p € W¢ and let us define the map
(id —p)**: WG ——— End (R™),

o 6]

0<pf<a

(5)= () (5

is the binomial coefficient and

where

d
Lg = H (qu)ﬁe = (qu)ﬁl (qu)ﬁd :
=1

For simplicity, below we shall write (¢ — qo)** instead of (id — p)**(¢) and
(¢ — p)*®a instead of [(¢ — p)**](a). Moreover note that | - | denotes a real
linear norm in R?", i.e. |Aa| = |A||a| for each A € R and a € R?".

Proposition 8.7. Let p € Wg and a € R?>". The function defined by
fi Wg —— R,
g — (¢—p)™a,

is a weak slice reqular function. Moreover, if p € C¢ and q = 2o + yoJ € (C§
for some I, J € C, then

(@ —p)**al < (|J|II| +1) max |(r—p)*al. (8.3)

r=xotyol

Proof. (i) Let K € C and z = z + yK € C%. For each 8 € N4, b € R?" and
¢=A{1,...,d}, we have

% (aaw + Kfy) (L2b)
_ [; (aaw + LK;W) (w0 + yng)B"] Iz =o.
It implies that, for each £ € {1,...,d},
% (88955 + K@?/g) fr(2)
T e
2 B ) (s ] o

0<B<a

Since the choice of z and K is arbitrary, fx is holomorphic and then f
is weak slice regular.



Vol. 31 (2021) A New Approach to Slice Analysis Via Slice Topology Page 33 of 36 67

(ii) Set M := max,—z 44,1 |(r — p)**al. Since f is weak slice regular and
Wg is axially symmetric, it follows from Proposition 6.5 that f is slice.
Hence

(q—p)*“a=flq) = fx+yJ)=s+JIr,

where

Tt is easy to check that |r|,|s| < M and
|JIr| < |J||Ir| < [ J[[I]]r] < [J|[1]M,
o (8.3) holds. O

Theorem 8.8. (Taylor series) Let Q € 7, (W¢) and f : Q — R?" be weak slice
regular. Then for each gy € Q and r € Ri with ﬁ(qo,r) C Q, we have

fl@) =" (a—2)f(a), a€ Plg,r). (8.4)
aeNd
Proof. Let g =z +yJ € ]B(zo,r). By (8.3), for each o € N¢,
(g — qo)™ £ (CIO)‘

< (11 + 1) ([(ar = a0 £ o) + |(a-1 = a0)* S (@0)|)  (85)

= (1111 1) ([(ar = ) 4 (@) + [(a-1 = 20)* 7" (o))
where q; = x + yI and q_; = x — yI. Since
> @ =) )| and 3 [(as - ) O (ao)
aeNd aEeNd
are convergent, it follows from (8.5) that
Z ‘(q - CIO)*af(a)(QO)‘ and Z (¢— QO)mf(a)(CIo)
a€eNd aEeNd

are also convergent.
By Proposition 8.7, the function g : P(qo,r) — R?" defined by

9(@) =Y (a—2)" ) (q)
a€eNd
is a weak slice regular function. Note that f(q) and g(q) are weak slice regular
and
f:ga on PI(QOvr)a
thus, by the Identity Principle 5.3 we deduce f = g, i.e. (8.4) holds. O
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