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Abstract: In cooperative multi-agent robotic systems, coordination is necessary in order to
complete a given task. Important examples include search and rescue, operations in hazardous
environments, and environmental monitoring. Coordination, in turn, requires simultaneous
satisfaction of safety critical constraints, in the form of state and input constraints, and
a connectivity constraint, in order to ensure that at every time instant there exists a
communication path between every pair of agents in the network. In this work, we present a
model predictive controller that tackles the problem of performing multi-agent coordination
while simultaneously satisfying safety critical and connectivity constraints. The former is
formulated in the form of state and input constraints and the latter as a constraint on the
second smallest eigenvalue of the associated communication graph Laplacian matrix, also known
as Fiedler eigenvalue, which enforces the connectivity of the communication network. We propose
a sequential quadratic programming formulation to solve the associated optimization problem
that is amenable to distributed optimization, making the proposed solution suitable for control
of multi-agent robotics systems relying on local computation. Finally, the effectiveness of the
algorithm is highlighted with a numerical simulation.
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1. INTRODUCTION

In the last two decades, many applications employed co-
operative multi-agent setups, for example, environmental
monitoring, search and rescue operations and exploration
of unknown environments. Compared to single-agent se-
tups, multi-robot systems can solve certain tasks faster
and more robustly, moreover some tasks can just not be
solved by a single agent. However, to successfully deploy
a multi-agent system, it is necessary to simultaneously
guarantee safety and communication network connectiv-
ity, Giordano et al. (2013). The former is commonly for-
mulated in the form of satisfaction of safety critical state
constraints, like collision avoidance with obstacles and
other agents. The latter requires the existence of a multi-
hop communication path between each pair of agents in
the communication network. In most distributed multi-
agent problems, connectivity is usually assumed rather
than enforced, see for example Olfati-Saber and Murray
(2004); Conte et al. (2016); Carron et al. (2021). However,
the loss of connectivity can lead to the failure of the
controller as information cannot propagate throughout the
whole network. Guaranteeing connectivity in multi-robot
systems is particularly challenging due to the time-varying
nature of the communication network that depends on the
agents relative positions.

Contributions: In this work, we propose a multi-agent
model predictive controller (MPC) for tracking that can
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simultaneously guarantee satisfaction of safety critical and
connectivity constraints. The latter is enforced by impos-
ing a constraint on the second smallest eigenvalue of the
Laplacian matrix. The proposed controller maintains the
MPC theoretical results of closed-loop constraint satisfac-
tion and convergence. Moreover, we propose a Sequential
Quadratic Programming (SQP) reformulation of the origi-
nal nonlinear optimal control problem that is amenable to
distributed implementation, i.e., it relies on local commu-
nication.

Related Work: In the last decades, model predictive control
received a considerable attention thanks to its capability of
systematically handling state and input constraints. The
application of MPC to control multi-agent and distributed
systems has also been widely studied, see for example Scat-
tolini (2009) and Negenborn et al. (2009). While there is
a variety of techniques, the approach most relevant to this
paper is the work presented by Ferramosca et al. (2009)
and Limon et al. (2018), where the authors present a track-
ing MPC formulation for nonlinear constrained systems.

Spanos and Murray (2004) were among the first to consider
connectivity in a control problem. The work introduces the
concept of geometric robust connectivity, which however,
in the examples presented induces unwanted chattering
behavior of the agents’ inputs. Alternative approaches
for formation control have been presented in Fax and
Murray (2004); Notarstefano et al. (2006), but they en-
force the maintenance of local connections, which can be
very restrictive. An alternative approach, based on enforc-
ing connectivity on the adjacency matrix, is introduced
in Zavlanos and Pappas (2005), however, the resulting
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and more robustly, moreover some tasks can just not be
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agent problems, connectivity is usually assumed rather
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the loss of connectivity can lead to the failure of the
controller as information cannot propagate throughout the
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distributed implementation, i.e., it relies on local commu-
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received a considerable attention thanks to its capability of
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a variety of techniques, the approach most relevant to this
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ing MPC formulation for nonlinear constrained systems.
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Quadratic Programming (SQP) reformulation of the origi-
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a sequential quadratic programming formulation to solve the associated optimization problem
that is amenable to distributed optimization, making the proposed solution suitable for control
of multi-agent robotics systems relying on local computation. Finally, the effectiveness of the
algorithm is highlighted with a numerical simulation.

Keywords: Control under communication constraints; Coordination of multiple vehicle
systems; Multi-agent systems; Nonlinear predictive control; Networked systems;

1. INTRODUCTION

In the last two decades, many applications employed co-
operative multi-agent setups, for example, environmental
monitoring, search and rescue operations and exploration
of unknown environments. Compared to single-agent se-
tups, multi-robot systems can solve certain tasks faster
and more robustly, moreover some tasks can just not be
solved by a single agent. However, to successfully deploy
a multi-agent system, it is necessary to simultaneously
guarantee safety and communication network connectiv-
ity, Giordano et al. (2013). The former is commonly for-
mulated in the form of satisfaction of safety critical state
constraints, like collision avoidance with obstacles and
other agents. The latter requires the existence of a multi-
hop communication path between each pair of agents in
the communication network. In most distributed multi-
agent problems, connectivity is usually assumed rather
than enforced, see for example Olfati-Saber and Murray
(2004); Conte et al. (2016); Carron et al. (2021). However,
the loss of connectivity can lead to the failure of the
controller as information cannot propagate throughout the
whole network. Guaranteeing connectivity in multi-robot
systems is particularly challenging due to the time-varying
nature of the communication network that depends on the
agents relative positions.

Contributions: In this work, we propose a multi-agent
model predictive controller (MPC) for tracking that can

⋆ This research has been supported by the Italian Ministry of
University and Research (MIUR) under the PRIN 2017 grant n.
201732RS94 “Systems of Tethered Multicopters”.

simultaneously guarantee satisfaction of safety critical and
connectivity constraints. The latter is enforced by impos-
ing a constraint on the second smallest eigenvalue of the
Laplacian matrix. The proposed controller maintains the
MPC theoretical results of closed-loop constraint satisfac-
tion and convergence. Moreover, we propose a Sequential
Quadratic Programming (SQP) reformulation of the origi-
nal nonlinear optimal control problem that is amenable to
distributed implementation, i.e., it relies on local commu-
nication.

Related Work: In the last decades, model predictive control
received a considerable attention thanks to its capability of
systematically handling state and input constraints. The
application of MPC to control multi-agent and distributed
systems has also been widely studied, see for example Scat-
tolini (2009) and Negenborn et al. (2009). While there is
a variety of techniques, the approach most relevant to this
paper is the work presented by Ferramosca et al. (2009)
and Limon et al. (2018), where the authors present a track-
ing MPC formulation for nonlinear constrained systems.

Spanos and Murray (2004) were among the first to consider
connectivity in a control problem. The work introduces the
concept of geometric robust connectivity, which however,
in the examples presented induces unwanted chattering
behavior of the agents’ inputs. Alternative approaches
for formation control have been presented in Fax and
Murray (2004); Notarstefano et al. (2006), but they en-
force the maintenance of local connections, which can be
very restrictive. An alternative approach, based on enforc-
ing connectivity on the adjacency matrix, is introduced
in Zavlanos and Pappas (2005), however, the resulting

controller cannot be computed using only local informa-
tion. The successful idea of using the Fiedler eigenvalue,
see Fiedler (1989), to preserve connectivity is introduced
in De Gennaro and Jadbabaie (2006); Zavlanos and Pap-
pas (2007). In De Gennaro and Jadbabaie (2006), the
authors make direct use of the Fiedler eigenvalue, while
in Zavlanos and Pappas (2007), the authors exploit the
determinant of the reduced Laplacian. Applications of the
two proposed methods to the problem of formation control
and rendezvous problems, as well as the integration of
radio signal strength maps are considered in Hsieh et al.
(2008); Ji and Egerstedt (2007). In Yang et al. (2010),
a more efficient distributed method for computing the
Fiedler eigenvalue is presented, and in Sabattini et al.
(2012); Giordano et al. (2013), the authors introduce two
connectivity maintenance algorithms for Lagrangian and
port-Hamiltonian non-linear systems, respectively. Finally,
we refer the readers to Zavlanos et al. (2011) for a unified
framework for connectivity maintenance. To the best of
authors’ knowledge, this is the first work where connectiv-
ity is imposed as constraint using an optimization-based
control framework. Moreover, while some of the aforemen-
tioned approaches provide heuristics to satisfy constraints,
to the best of the authors’ knowledge none of the previous
results provide formal guarantees.

The remainder of the paper is organized as follows. In
Section 2, we introduce the problem setup. Section 3 and 4
describe the proposed method and an SQP-based solution
for the resulting optimization problem, respectively. In
Section 5, we validate the controller with numerical simu-
lations. Finally, Section 6 concludes the paper.

2. PROBLEM FORMULATION

This section introduces the agents dynamics and their
constraints, as well as the communication assumptions.
Finally, we formally introduce the problem we aim to solve.

2.1 Agents Dynamics and Constraints

We consider a swarm ofM agents, each of them modeled as
a non-linear time-invariant dynamical system of the form

xi(k + 1) = fi(xi(k), ui(k)),

pi(k) = Cixi(k),
(1)

where xi ∈ Rni , ui ∈ Rmi , and pi ∈ Roi are the
state, input, and position of agent i, respectively. In most
robotics applications, the position vector is either 2 or
3-dimensional, i.e., oi = 2 or 3. Let us denote with
(x̄i, ūi) an equilibrium of system (1), and we assume
that each agent is able to measure its own state xi. Let
us consider, without loss of generality, that the position
of the system pi is at the top of the state vector xi and
introduce the operator ψ(pi) = [pTi , 0, . . . , 0]

T ∈ Rni that
generates a vector of the dimension of xi with first entry,
corresponding to the position pi of the i-th robot.
Assumption 1. The agents’ dynamics (1) are position in-
variant, i.e. ∀pj ∈ Roi , xi, ui, fi(xi + ψ(pj), ui) = xi(k +
1) + ψ(pj).

Assumption 1 is in particular satisfied when the position
is the output of an integrator and no forces or moments
depend on it, which is a standard condition in many
ground and aerial robots. The state and input variables
are constrained to lie within the following sets

xi ∈ Xi, ui ∈ Ui. (2)

Finally, by stacking the state of each agent in a vector and
similarly for the inputs, we obtain the swarm state x =
coli∈{1,...,M}xi and input u = coli∈{1,...,M}ui.

2.2 Communication Network and Generalized Connectivity

In the proposed setup, agent i can communicate with
spatially close neighbours, i.e., all agents contained within
a set Ci(pi), centered at the agent’s position pi : ψ(pi) ∈
Xi. For example, assume that agents i and j have a
communication set Cl(pl) = {q : ∥pl − q∥2 ≤ d}, with l ∈
{i, j} and d > 0 being their maximum communication
range. Thus, the agents are able to communicate if and
only if ∥pi − pj∥2 ≤ d. The communication network is
defined as an undirected and time-varying communication
graph G(k) = (V , E(k)), where the set of nodes V ∈
{1, . . . ,M} represents the agents in the network, and the
set of edges E(k) ⊂ V×V contains the pairs of agents {i, j},
which can communicate with each other at time k. E(k)
can change over time as the edges depend on the agents’
relative position. The set of neighbors of node i, including i
itself, is denoted by Ni = {i} ∪ {j | {i, j} ∈ E(k)} ⊆ V .
The state of the agent i with the state of its neighbours
is denoted xNi

. To include possible interactions between
neighbouring subsystems we consider also the following
coupling state constraint:

c(xNi
) ≤ 0. (3)

Constraint (3) is left purposely general since it can rep-
resent any coupling between neighbouring subsystems. A
typical example in multi-robot systems is collision avoid-
ance between neighbours.

The Laplacian matrix L ∈ RM×M of a graph G is defined
as L = D − A, where A is the adjacency matrix and D is
the degree matrix of the graph. The adjacency matrix A ∈
RM×M is a square symmetric matrix with elements Aij ≥
0 such that Aij = 0 if {i, j} /∈ E(k), Aii = 0, and Aij >0
otherwise. The matrix D ∈ RM×M is a diagonal matrix

where Dii =
∑M

j=1 Aij . A graph is said to be connected if
there is a sequence of edges between any pair of vertices. A
measure for the graph connectivity is given by the second
smallest eigenvalue λ2 of the Laplacian matrix L of the
graph G, also called the Fiedler eigenvalue or connectivity
eigenvalue, see for example Bullo (2022); Oellermann and
Schwenk (1991). When the graph G is connected, the
connectivity eigenvalue λ2 is strictly positive, i.e.,

λ2(L) > 0. (4)

Making the adjacency matrix A dependent on the agents’
state xi may lead to a loss of connectivity in specific
scenarios. We define a smooth function ϕ(xi, xj) such
that ϕ(xi, xj) > 0 if and only if ∥pi − pj∥2 ≤ d
and ϕ(xi, xj) = 0 otherwise. The function ϕ(xi, xj) is used
to weigh the inter-agent links in the adjacency matrix, i.e.,
by setting Aij = ϕ(xi, xj). The connectivity condition (4)
thus becomes state dependent

λ2(L(x)) > 0. (5)

Condition (5) is often referred to as generalized connectiv-
ity, see Giordano et al. (2013).

In the next sections, we will make use of the following
result, providing that both eigenvalues and eigenvectors
of the Laplacian matrix L are differentiable under the
following assumption:

Assumption 2. The second smallest eigenvalue λ2(L(x)) of
the graph Laplacian matrix is simple ∀k ≥ 0.

Theorem 3. (Theorem 1 in Magnus (1985)) Let Assump-
tion 2 hold, and let X0 be a real symmetric n× n matrix.
Let v0 be a normalized eigenvector associated with a sim-
ple eigenvalue λ0 of X0. Then a real-valued function λ and
a vector function v exist for all X in some neighbourhood
N(X0) ∈ Rn×n of X0, such that:
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λ(X0) = λ0, v(X0) = v0, (6)

and
Xv = λv, vT v = 1, X ∈ N(X0). (7)

Moreover, the functions λ and v are ∞ times differentiable
on N(X0), and the differentials at X0 are:

dλ = vT0 (dX)v0 (8)

and
dv = (λ0In −X0)

+(dX)v0 (9)

where X+ denotes the Moore-Penrose inverse of matrix X
and In denotes the n-by-n identity matrix.

Remark 4. In order for λ and v to be differentiable at X0
we require that λ0 is simple, but this does not exclude
the possibility of multiplicities among the remaining n− 1
eigenvalues of X0. This assumption is usually implicitly
considered in approaches for connectivity maintenance, see
for example Yang et al. (2010); Giordano et al. (2013).
In our simulations, this assumption is always verified;
however, to formally guarantee the assumption, it can also
be enforced through a nonlinear constraint in the proposed
FHOCP.

2.3 Problem Statement

Based on the defined setup, the problem addressed in this
paper is formally stated in the following.

Problem 5. Consider a swarm of M robots with dynam-
ics (1) and subject to constraints (2), (3). The agents’
initial condition x(0) = x0 satisfies the generalized connec-
tivity condition λ2(L(x0)) > 0. Given M reference targets
r = [r1, . . . , rM ]T , such that λ2

(
L
(
[ψ(r1), . . . , ψ(rM )]T

))
>

0, determine control inputs u such that generalized con-
nectivity condition (5) and constraints (2) are satisfied at
all times k > 0 and, if feasible, lim

k→∞
∥p(k)− r∥2 → 0.

3. MPC WITH CONNECTIVITY CONSTRAINT

In this section, we introduce a method to solve Prob-
lem 5 that simultaneously takes into account the non-
linear dynamics of the agents (1), state and input con-
straints (2), (3), and the connectivity constraint (4). We
propose a nonlinear tracking MPC inspired by the work
in Limon et al. (2018), where an artificial reference is
considered as an additional decision variable. Problem 5
is cast as the following Finite Horizon Optimal Control
Problem (FHOCP), where x(j|k) denotes the open-loop
prediction of the variable x at time j+k predicted at time
k.

min
U,x̄,ū,r̄

M∑
i=1

Ji(x, Ui, x̄i, ūi, ri, r̄i) (10a)

subject to: ∀i ∈ NM
1 ,

xi(0|k) = xi(k) (10b)

xi(j + 1|k) = fi(xi(j|k), ui(j|k)) ∀j ∈ NN−1
0 (10c)

pi(j|k) = Cixi(j|k) ∀j ∈ NN
0 (10d)

x̄i = fi(x̄i, ūi) (10e)

xi(N |k) = x̄i (10f)

r̄i = Cix̄i (10g)

xi(j|k) ∈ Xi ∀j ∈ NN
0 (10h)

c(xNi
(j|k)) ≤ 0 ∀j ∈ NN

0 (10i)

ui(j|k) ∈ Ui ∀j ∈ NN−1
0 (10j)

λ2 (L(x(j|k))) > 0 ∀j ∈ NN
0 (10k)

where Ui is the input sequence of agent i over a prediction
horizon N ∈ N, U = coli∈{1,...,M}Ui the vector containing
all the input sequences, Ji is the cost function of agent i,
which depends on input, state, reference and artificial ref-
erence of agent i, and Nj

i indicates the integers from i to j.
Constraints (10b)-(10d) represent the initial condition and
dynamics of the system, constraints (10h)-(10j) pertain to
state and input, (10f) is the terminal constraint, and (10k)
the connectivity one.

Notice that Problem (10) couples the agents via con-
straint (10i), which couples neighbouring agents, and con-
nectivity constraint (10k), which couples the state of all
the agents in the system. Since coupling constraints of the
form (10i) have been widely addressed in the distributed
MPC literature, see for example Müller and Allgöwer
(2017), we will mainly focus on how to treat the connec-
tivity constraint (10k) in the following.

The different ingredients defining the FHOCP (10) are
described in the following subsections.

Cost Function Given the reference ri for each agent, the
cost function considered in (10a) is defined as

Ji(x, U, x̄i, ūi, ri, r̄i)) =

N−1∑
j=1

li(xi,(j|k)− x̄i, ui,(j|k)− ūi)+

+ li,N (r̄i − ri), (11)

where li(·, ·) : Rni×Rmi → R is the stage cost function and
li,N (·) : Roi → R is an offset cost that weighs the distance
between the final position of the predicted trajectory, i.e.,
the artificial reference, and the reference ri. Let us consider
the following standard assumption, see Limon et al. (2018),
on the stage and offset cost.

Assumption 6. Consider the cost function (11). The stage
cost function li(·, ·) is positive definite, and the offset
cost li,N (·) is a positive definite, convex subdifferentiable
function.

Connectivity Constraint As mentioned in Section 2,
defining the adjacency matrix A via the weight func-
tion ϕ(xi, xj) renders the connectivity condition state-
dependent. We consider continuously differentiable func-
tions ϕ, allowing us to compute the Jacobian and Hes-
sian with of the Laplacian L with respect to the state,
ultimately needed to solve the optimization problem. As
an example, in Yang et al. (2010), the following position-
dependent function has been considered:

ϕ(pi, pj) = e−∥pi−pj∥2
2/2σ

2

, (12)

where σ is a scalar parameter computed such that

e−ρ2
c/2σ

2

= ϵ, with ϵ being a (small) user-defined thresh-
old and ρc a communication radius. Alternatively, other
bounded continuously differentiable functions can be con-
sidered, for example

ϕ(pi, pj) = −0.5 tanh (τ∥pi − pj∥2 − τρc) + 0.5, (13)

where τ is a user-defined parameter that allows to tune the
slope of the function depending on the communication ra-
dius ρc. The strict inequality imposed by constraint (10k)
cannot be directly implemented in a nonlinear program-
ming (NLP) solver. A common approach is to tighten the
constraint. To this aim, let us consider an arbitrary small
minimum value of the Fiedler eigenvalue λ2 > 0 and let us
impose λ2(L(x(j|k))) ≥ λ2 instead of constraint (10k).

Terminal Ingredients Since, especially for nonlinear sys-
tems, the design of a (possibly time-varying) terminal
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horizon N ∈ N, U = coli∈{1,...,M}Ui the vector containing
all the input sequences, Ji is the cost function of agent i,
which depends on input, state, reference and artificial ref-
erence of agent i, and Nj

i indicates the integers from i to j.
Constraints (10b)-(10d) represent the initial condition and
dynamics of the system, constraints (10h)-(10j) pertain to
state and input, (10f) is the terminal constraint, and (10k)
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straint (10i), which couples neighbouring agents, and con-
nectivity constraint (10k), which couples the state of all
the agents in the system. Since coupling constraints of the
form (10i) have been widely addressed in the distributed
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(2017), we will mainly focus on how to treat the connec-
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The different ingredients defining the FHOCP (10) are
described in the following subsections.

Cost Function Given the reference ri for each agent, the
cost function considered in (10a) is defined as
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where li(·, ·) : Rni×Rmi → R is the stage cost function and
li,N (·) : Roi → R is an offset cost that weighs the distance
between the final position of the predicted trajectory, i.e.,
the artificial reference, and the reference ri. Let us consider
the following standard assumption, see Limon et al. (2018),
on the stage and offset cost.

Assumption 6. Consider the cost function (11). The stage
cost function li(·, ·) is positive definite, and the offset
cost li,N (·) is a positive definite, convex subdifferentiable
function.

Connectivity Constraint As mentioned in Section 2,
defining the adjacency matrix A via the weight func-
tion ϕ(xi, xj) renders the connectivity condition state-
dependent. We consider continuously differentiable func-
tions ϕ, allowing us to compute the Jacobian and Hes-
sian with of the Laplacian L with respect to the state,
ultimately needed to solve the optimization problem. As
an example, in Yang et al. (2010), the following position-
dependent function has been considered:

ϕ(pi, pj) = e−∥pi−pj∥2
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, (12)

where σ is a scalar parameter computed such that

e−ρ2
c/2σ

2

= ϵ, with ϵ being a (small) user-defined thresh-
old and ρc a communication radius. Alternatively, other
bounded continuously differentiable functions can be con-
sidered, for example

ϕ(pi, pj) = −0.5 tanh (τ∥pi − pj∥2 − τρc) + 0.5, (13)

where τ is a user-defined parameter that allows to tune the
slope of the function depending on the communication ra-
dius ρc. The strict inequality imposed by constraint (10k)
cannot be directly implemented in a nonlinear program-
ming (NLP) solver. A common approach is to tighten the
constraint. To this aim, let us consider an arbitrary small
minimum value of the Fiedler eigenvalue λ2 > 0 and let us
impose λ2(L(x(j|k))) ≥ λ2 instead of constraint (10k).

Terminal Ingredients Since, especially for nonlinear sys-
tems, the design of a (possibly time-varying) terminal

region can be particularly challenging, in this work, we
consider a terminal equality constraint corresponding to a
steady-state (see (10f)). There are many alternatives that
can enlarge the domain of attraction of the approach at the
cost of increased complexity in the definition of the termi-
nal ingredients, see e.g. the work proposed by Limon et al.
(2018); Rosolia and Borrelli (2017); Carron and Zeilinger
(2020); Chen and Allgöwer (1998). However, including the
connectivity constraint in the computation of terminal
ingredients is non trivial problem, and it is left as an open
research direction.

Theoretical analysis Before stating the results of the pro-
posed approach, let us consider the following assumption.

Assumption 7. For the given initial condition xi(0) ∀i ∈
1, . . . ,M , there exists a vector of input sequences Ũ of
length N ∈ N that generates an obstacle free trajectory,
preserves the connectivity constraints (2), and allows each
agent to reach the reference ri.

Assumption 7 implies that there exists a sequence of
inputs sequences that allows the system to reach the target
without violating the constraints. In case the target is not
reachable, the proposed formulation allows to reach the
closest reachable steady state, for more details see Limon
et al. (2018).

The following proposition summarizes the theoretical
guarantees of the proposed MPC control scheme.

Proposition 8. Let Assumptions 1, 6 and 7 hold, and
assume that the FHOCP (10) at time k = 0 is feasible.
Then, problem (10) is recursively feasible and, by selecting
a prediction horizon N ≥ N , the system controlled by
solving the FHOCP (10) in a receding horizon fashion,
converges to the reference r while satisfying the generalized
connectivity condition (5) and constraints (2) and (3),
∀k ≥ 0.

See Carron et al. (2023) for the proof.

Remark 9. Note that the results presented in Proposi-
tion 8 remain valid also in the presence of a time-varying
reference r, thanks to the offset cost in (11), as shown
in Limon et al. (2018).

4. DISTRIBUTED SQP-BASED SOLUTION

The FHOCP (10) is an NLP due to the nonlinearities in-
troduced by the system dynamics (10c) and the nonlinear
constraint (10k). Addressing the problem in a centralized
way would require communicating the state of all agents to
a single unit, and then computing the solution and sending
back the optimizer in real-time. This may be impractical
in many cases, due to delays and limited computation
capabilities. To avoid the use of a central-unit, we propose
an SQP-based solution, for more details see Boggs and
Tolle (1995), that is amenable to distributed optimization.

In order to obtain the SQP formulation, we first write the
FHOCP (10) as

min
z

fNLP (z) (14a)

s.t.: g(z) = 0, (14b)

h(z) ≤ 0, (14c)

− λ2(L(z)) + λ2 ≤ 0, (14d)

where z is the optimization variable that includes both
state and input. It can be noticed that we have highlighted
constraint (10k) in (14d). In this section, we aim to show
how the gradient of the connectivity constraint and the

related term of the Hessian of the Lagrangian, which
will be better defined in the following paragraph, can be
analytically computed.

Sequential quadratic programming computes a solution
to (14) by iteratively solving quadratic programs that lo-
cally approximate the original NLP at the current solution
estimate ẑj . At each iteration, the solution ∆z of the
quadratic subproblem

min
∆z

∇fNLP (ẑj)
T∆z +

1

2
∆zTH∆z (15a)

s.t.: g(ẑj) +∇g(ẑj)∆z = 0, (15b)

h(ẑj) +∇h(ẑj)∆z ≤ 0, (15c)

− λ2(L(ẑj)) + λ2 −
∂λ2(L(ẑj))

∂z

∣∣∣∣
ẑj

∆z ≤ 0, (15d)

is used to update the current solution estimate, where
∇fNLP , ∇g and ∇h denote the gradients of fNLP , g
and h, respectively. In the above optimization problem,
the matrix H denotes the Hessian of the Lagrangian L
of (14), where L is defined as L(z, µg, µh, µλ) = fNLP (z)+

µgT

g(z)+µhT

h(z)−µλλ2(L(z)), and µg, µh, and µλ are the
Lagrange multipliers. The Hessian, in general, can be ap-
proximated, e.g. with Broyden–Fletcher-Goldfarb–Shanno
(BFGS) algorithm,
see Wright et al. (1999), or exactly computed. Also the
gradients required to solve (15), can be analytically or nu-
merically computed. In this paper, we provide a result that
shows how the gradient and the Hessian of the Lagrangian
term related to the connectivity constraint (14d) can be
analytically computed by exploiting Theorem 3. In fact,
according to (8), we can write:

∂λ2

∂xi
= vT2

∂L

∂xi
v2 =

∑
j∈Ni

∂Aij

∂xi
(vi2 − vj2), (16)

where vi2 is the i-th entry of the eigenvector v associated
with the second smallest eigenvalue λ2 of the Laplacian L.
Furthermore, by differentiating a second time (8), we
obtain that the second derivative of the Fiedler eigenvalue
with respect to the state x can be written as:

∂2λ2

∂xixj
=

[
∂v2
∂xj

]T [
∂L

∂xi
v2

]
+ vT2

(
∂2L

∂xixj

)
v2+ vT2

∂L

∂xi

∂v2
∂xj

,

(17)
where ∂v2

∂xi
is derived by (9). In the following, we show that

the QP-subproblem (15) maintains the graph structure in-
herited from the communication network, and thus can be
solved using distributed optimization techniques, such as
the Alternating Direction Method of Multipliers (ADMM)
(see Boyd et al. (2011)). In the original problem (10),
the coupling among neighbouring agents is imposed by
constraints (10i) and (10k), i.e., the coupling state con-
straint and the connectivity constraint. By definition, the
first only couples neighbouring agents, and thus also its
linearization in (15) preserves the same sparsity pattern
imposed by the communication network. Regarding the
connectivity constraint, it is possible to write (15d) such
that it only depends on local information. In fact, the
smallest eigenvalue λ2 of the Laplacian matrix L and the
associated eigenvector v2 can be computed in a distributed
fashion by following the approach proposed in Yang et al.
(2010), which makes use of a modified power-iteration
method. Finally, the Jacobian (16) and Hessian (17) of the
second smallest eigenvalue of the Laplacian only depend on
local information. In particular for the Jacobian, it is pos-
sible to see that the summation in (16) runs only over the
neighbouring agents thus requiring only local information.
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Fig. 1. Simulation of the proposed approach with ten agents. Closed-loop trajectories obtained by solving the
FHOCP (10) with (Fig. 1a) and without (Fig. 1b) the connectivity constraint (10k).

The Hessian computation in (17) comprises three terms.
The computation of the first and third terms require only
local information as they involve a multiplication with the
derivative of the Laplacian with respect to the state of
agent i. The same argument holds for the second term
as it involves the second derivative of the Laplacian with
respect to the state of agent i and j.

To conclude, the SQP-based algorithm to solve optimiza-
tion problem (10) is summarized in Algorithm 1.

Algorithm 1: SQP-based algorithm

Initialize ẑ0, µ
g
0, µ

h
0 , µ

λ
0 , and j = 0

while termination criterion not met do

Compute λ2,
∂λ2

∂z , and ∂2λ2

∂z2 at ẑj
Compute Hessian H of L at (ẑj , µ

g
j , µ

h
j , µ

λ
j )

Compute ∇fNLP , ∇g, ∇h at ẑj
Solve (15)
Get the optimal multipliers of (15): µg

qp, µ
h
qp, µ

λ
qp

Set µg
j+1 = µg

qp, µ
h
j+1 = µh

qp, µ
λ
j+1 = µλ

qp

Set ẑj+1 = ẑj + αj∆z
Set j = j + 1

end

In Algorithm 1, the parameter αj is determined in order
to produce a sufficient decrease in a merit function that
combines the objective with measures of constraint viola-
tion, see Wright et al. (1999), to avoid steps that reduces
the objective function but increases the violation of the
constraints.

Remark 10. In general, the Hessian of the Lagrangian L
may not be positive definite, which is necessary for the
SQP-based algorithm convergence. When this is not the
case, there exists various approaches to find a positive
definite approximation, see Verschueren et al. (2017).

5. NUMERICAL EXAMPLE

We provide a numerical example to show the effectiveness
of the proposed approach. The simulations are performed
in MATLAB®, using CasADI to compute the derivative
needed to define the QP (15) and quadprog to solve each
iteration of the SQP. We consider a swarm of vehicles, each
one described by the following non-linear dynamics:



pxi

(k + 1)
pyi

(k + 1)
θi(k + 1)
γi(k + 1)


 =




pxi
(k) + Ts cos (θi(k))vi(k)

pyi(k) + Ts sin (θi(k))vi(k)

θi(k) + Ts
vi(k)

L
tan (γi(k))

γi(k) + Tsδi(k)


 ,

pi(k) = Cxi(k)

where Ts = 0.1 is the sampling time, L = 0.005 is the
wheelbase of the agent, pxi, pyi represent the position of
the agent, θi the yaw angle and γi the steering angle.
The input of the system is represented by the commanded
velocity vi and steering rate δi. The yaw angle of each
agent is constrained to be within the set [−π, π], while
the steering angle γi ∈ [−π

2 ,
π
2 ], defining the set of state

constraints Xi. The velocity of each agent is instead limited
in the range [−4, 4] m/s and the steering rate |δi| ≤
1, defining the set of input constraints Ui. Each agent
has a circular communication set Ci(pi) = {q : ∥pi −
q∥2 ≤ ρc} with a communication radius ρc = 2 m. To
define the adjacency matrix, we consider the following
function ϕ(pi, pj) = −0.5 tanh(10∥pi − q∥2 − 10ρc) +
0.5. Furthermore, to avoid collisions between different
agents, we impose the collision avoidance constraint ∥pi −
pj∥2 ≥ ρa, where ρa = 1 m. We present a scenario
where a swarm of M = 10 agents has to cross the
workspace, while avoiding collisions with other agents and
with a circular obstacle centered at ξo and of radius ρo
, see Fig. 1. The considered tracking cost function is

Ji(x, U, x̄i, ūi, r̄i, ri) =
N−1

j=1 |xi(j|k) − x̄i|Q + |ui(j|k) −
ūi|R+ |r̄i−ri|Q2

, where Q = I4, R = 0.5 I2, Q2 = 5 I4 and
the selected prediction horizon is N = 10. The obtained
NLP, is solved with Algorithm 1. Fig. 1 shows the closed-
loop trajectories of the agents applying the control law
obtained by solving (10), either when constraint (10k) is
implemented (Fig. 1a) or without (Fig. 1b). The value of
the Fiedler eigenvalue λ2(L(x)) during the two simulations
is shown in Fig. 2. The red line shows the behaviour of the
eigenvalue when the connectivity constraint (10k) is not
implemented. As it can be noticed, when the red agent
in Fig. 1b circumnavigates the obstacle, the eigenvalue
drops to 0 meaning that the graph is disconnected and
the network has no connectivity. The blue line, instead,
depicts the value of λ2(L(x)) when constraint (10k) is
implemented. As it can be noticed in Fig. 1a, in this case,
the red agent reduces its velocity and circumnavigates the
obstacle on the other side to keep communication with the
rest of the swarm.
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Fig. 1. Simulation of the proposed approach with ten agents. Closed-loop trajectories obtained by solving the
FHOCP (10) with (Fig. 1a) and without (Fig. 1b) the connectivity constraint (10k).

The Hessian computation in (17) comprises three terms.
The computation of the first and third terms require only
local information as they involve a multiplication with the
derivative of the Laplacian with respect to the state of
agent i. The same argument holds for the second term
as it involves the second derivative of the Laplacian with
respect to the state of agent i and j.

To conclude, the SQP-based algorithm to solve optimiza-
tion problem (10) is summarized in Algorithm 1.

Algorithm 1: SQP-based algorithm

Initialize ẑ0, µ
g
0, µ

h
0 , µ

λ
0 , and j = 0

while termination criterion not met do

Compute λ2,
∂λ2

∂z , and ∂2λ2

∂z2 at ẑj
Compute Hessian H of L at (ẑj , µ

g
j , µ

h
j , µ

λ
j )

Compute ∇fNLP , ∇g, ∇h at ẑj
Solve (15)
Get the optimal multipliers of (15): µg

qp, µ
h
qp, µ

λ
qp

Set µg
j+1 = µg

qp, µ
h
j+1 = µh

qp, µ
λ
j+1 = µλ

qp

Set ẑj+1 = ẑj + αj∆z
Set j = j + 1

end

In Algorithm 1, the parameter αj is determined in order
to produce a sufficient decrease in a merit function that
combines the objective with measures of constraint viola-
tion, see Wright et al. (1999), to avoid steps that reduces
the objective function but increases the violation of the
constraints.

Remark 10. In general, the Hessian of the Lagrangian L
may not be positive definite, which is necessary for the
SQP-based algorithm convergence. When this is not the
case, there exists various approaches to find a positive
definite approximation, see Verschueren et al. (2017).

5. NUMERICAL EXAMPLE

We provide a numerical example to show the effectiveness
of the proposed approach. The simulations are performed
in MATLAB®, using CasADI to compute the derivative
needed to define the QP (15) and quadprog to solve each
iteration of the SQP. We consider a swarm of vehicles, each
one described by the following non-linear dynamics:



pxi

(k + 1)
pyi

(k + 1)
θi(k + 1)
γi(k + 1)


 =




pxi
(k) + Ts cos (θi(k))vi(k)

pyi(k) + Ts sin (θi(k))vi(k)

θi(k) + Ts
vi(k)

L
tan (γi(k))

γi(k) + Tsδi(k)


 ,

pi(k) = Cxi(k)

where Ts = 0.1 is the sampling time, L = 0.005 is the
wheelbase of the agent, pxi, pyi represent the position of
the agent, θi the yaw angle and γi the steering angle.
The input of the system is represented by the commanded
velocity vi and steering rate δi. The yaw angle of each
agent is constrained to be within the set [−π, π], while
the steering angle γi ∈ [−π

2 ,
π
2 ], defining the set of state

constraints Xi. The velocity of each agent is instead limited
in the range [−4, 4] m/s and the steering rate |δi| ≤
1, defining the set of input constraints Ui. Each agent
has a circular communication set Ci(pi) = {q : ∥pi −
q∥2 ≤ ρc} with a communication radius ρc = 2 m. To
define the adjacency matrix, we consider the following
function ϕ(pi, pj) = −0.5 tanh(10∥pi − q∥2 − 10ρc) +
0.5. Furthermore, to avoid collisions between different
agents, we impose the collision avoidance constraint ∥pi −
pj∥2 ≥ ρa, where ρa = 1 m. We present a scenario
where a swarm of M = 10 agents has to cross the
workspace, while avoiding collisions with other agents and
with a circular obstacle centered at ξo and of radius ρo
, see Fig. 1. The considered tracking cost function is

Ji(x, U, x̄i, ūi, r̄i, ri) =
N−1

j=1 |xi(j|k) − x̄i|Q + |ui(j|k) −
ūi|R+ |r̄i−ri|Q2

, where Q = I4, R = 0.5 I2, Q2 = 5 I4 and
the selected prediction horizon is N = 10. The obtained
NLP, is solved with Algorithm 1. Fig. 1 shows the closed-
loop trajectories of the agents applying the control law
obtained by solving (10), either when constraint (10k) is
implemented (Fig. 1a) or without (Fig. 1b). The value of
the Fiedler eigenvalue λ2(L(x)) during the two simulations
is shown in Fig. 2. The red line shows the behaviour of the
eigenvalue when the connectivity constraint (10k) is not
implemented. As it can be noticed, when the red agent
in Fig. 1b circumnavigates the obstacle, the eigenvalue
drops to 0 meaning that the graph is disconnected and
the network has no connectivity. The blue line, instead,
depicts the value of λ2(L(x)) when constraint (10k) is
implemented. As it can be noticed in Fig. 1a, in this case,
the red agent reduces its velocity and circumnavigates the
obstacle on the other side to keep communication with the
rest of the swarm.
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Fig. 2. Value of λ2(L(x)) obtained during the simulations
when constraint (10k) is implemented (blue line) and
when it is not included (red line).

6. CONCLUSIONS

This paper presented a multi-agent model predictive con-
troller able to enforce network connectivity by imposing a
constraint on the connectivity eigenvalue while guarantee-
ing input and state constraint satisfaction. To implement
the proposed approach based on only local computation,
we propose a SQP reformulation of the original nonlinear
optimal control problem. Numerical simulations show the
effectiveness of the approach.

REFERENCES

Boggs, P.T. and Tolle, J.W. (1995). Sequential quadratic
programming. Acta numerica, 4, 1–51.

Boyd, S., Parikh, N., Chu, E., Peleato, B., and Eckstein, J.
(2011). Distributed optimization and statistical learning
via the alternating direction method of multipliers.
Found. Trends Mach. Learn., 3(1), 1–122.

Bullo, F. (2022). Lectures on Network Systems. Kindle
Direct Publishing, 1.6 edition.

Carron, A., Saccani, D., Fagiano, L., and Zeilinger,
M.N. (2023). Multi-agent distributed model predictive
control with connectivity constraint. arXiv preprint
arXiv:2303.06957.

Carron, A., Wabersich, K.P., and Zeilinger, M.N. (2021).
Plug-and-play distributed safety verification for linear
control systems with bounded uncertainties. IEEE
Transactions on Control of Network Systems, 8(3),
1501–1512.

Carron, A. and Zeilinger, M.N. (2020). Model predictive
coverage control. IFAC-PapersOnLine, 53(2), 6107–
6112.
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