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Abstract: Recent development of spectroscopic techniques based on attosecond radiation has
given the community the right tools to study the timing of the photoelectron process. In this
work we investigate the effect of Fano resonances in attosecond streaking spectrograms and the
application of standard phase-reconstruction algorithms. We show that while the existence of
the infrared coupling (ac-Stark shift) hinders the applicability of FROG-like methods, under
certain conditions it is still possible to use standard reconstruction algorithms to retrieve the
photoemission delay of the bare resonance. Finally, we propose two strategies to study the
strength of IR coupling using the attosecond streaking technique.

© 2021 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

The advent of attosecond science allowed the investigation of ultrafast electron dynamics with
unprecedented time resolution, shedding new light onto very fundamental process [1,2]. Among
all, the study of photoemission delays (attosecond chronoscopy [3]) has attracted considerable
attention in the recent years [4–11]. In a typical experiment extreme-ultraviolet (XUV) attosecond
radiation is used to ionize the target while an opportunely delayed and intense (1111−1112 W/cm2)
infrared (IR) pulse probes the ionization mechanism by altering the final photoelectron energy.
The collection of photoelectron spectra as a function of the XUV-IR delay is called RABBITT
(reconstruction of attosecond beating by two-photon transitions) [12,13] or streaking trace [14,15]
depending on the temporal characteristics of the XUV radiation: a train of attosecond pulses
in the former case or an isolated attosecond pulse in the latter case. Both techniques are in
principle capable of accessing photoemission delays [16] with some pros and cons on both
sides. RABBITT is an interferometric technique which nicely combines time and frequency
resolution [10] making it particularly suitable to study photoemisison delays in case of congested
photoelectron spectra [17] as in molecules, liquids or solid samples [18–23]. Despite the great
potentials of this technique [24], RABBITT samples the photoelectron phase with an energy step
as wide as the separation between two consecutive harmonics (typically of about 3 eV), possibly
preventing the reconstruction of the correct energy-dependent photoemission delay in case of
quickly varying photoelectron phases, e.g. close to transition resonances [25,26]. Experiments
based on the attosecond streaking techniques can in principle measure the energy-dependent
photoelectron phase with higher energetic resolution, but its extraction from the experimental
data is based on phase-retrieval procedures which often suffer of strong approximations [27].

Here we study how sharp atomic resonances affect the photoemission delays measured in
attosecond streaking experiments [28]. In particular, proven that the attosecond streaking is
sensitive to the photoemitted wavepacket even at the presence of phase jumps [29], we investigate
whether this finding holds when an atomic resonance is dynamically modified by the IR field
(namely, optical Stark shift). We show that while the existence of the IR coupling hinders the
applicability of FROG-like methods, it is still possible to use standard reconstruction algorithms
[30] to retrieve the photoemission delay of the bare atom. If on the one hand this justifies the
application of FROG-CRAB reconstruction also in presence of a non negligible interaction with
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the IR pulse, on the other hand this finding might suggest that attosecond streaking cannot be
used to study the coupling with the field. We envision two possible ways to study the effect of
IR coupling at the limit of relatively long or short IR pulses. If combined with more accurate
reconstruction procedures [31–33] and precise experimental traces, our suggestion could lead
to the investigation of the coupling between atomic resonances and an intense IR field with
attosecond resolution.

2. Attosecond streaking in presence of a resonance

To investigate the role of atomic resonances in attosecond streaking experiments [14], we
simulated streaking traces following the strong field approximation (SFA) [34] with the addition
of the resonance term [35]. The total spectrogram, S(ω, τ), can hence be written as the sum of
two contributions (atomic units are used throughout the whole manuscript):

S(ω, τ) = |D(ω, τ) + R(ω, τ)|2 , (1)

where ω is the photoelectron kinetic energy, τ is the pump-probe delay, D and R represent the
direct and resonant contribution, respectively. The direct part has the usual form:

D(ω, τ) = −i
∫ +∞

−∞

EXUV (t1 − τ)d
[︂√

2ω + AIR(t1)
]︂

eiϕ(ω,t1)e−i(Ip−ω)t1dt1, (2)

where d
[︂√

2ω
]︂

is the dipole transition matrix element for the ground state to the continuum
transition and the attosecond light pulse is presented by the electric field term EXUV (t1). Ip is the
atomic ionization potential and φ(ω, t1) a phase term acquired by the electron during its motion
in the continuum [36]:

φ(ω, t1) =
∫ +∞

t1
dt3

[︃
√

2ωAIR(t3) +
AIR(t3)2

2

]︃
, (3)

where, AIR(t) is the IR vector potential.
For a resonance characterized by a lifetime Γ, a complex parameter q, and a transition energy
ωr0, the resonant term can instead be written using the formalism proposed in [37]:

R(ω, τ) = −i
∫ +∞

−∞

χ(t1 − τ)eiϕ(ω,t1)e−i(Ip−ω)t1dt1, (4)

χ(t1 − τ) = −i
Γ

2
(q − i)

∫ +∞

t1
EXUV (t2 − τ)d

[︂√
2ω + AIR(t2)

]︂
e(iωr0−

Γ
2 )(t2−t1)dt2, (5)

As the effect of the transition dipole d has already been studied [29] and can be accounted
for even in the reconstructions [33], in the following we will assume d = 1 in Eqs. (2) and 5.
In this way we neglect the energy and IR dependence of the atomic dipole and focus on the
resonance-field coupling effect. Within this approximation we can introduce a pulse function
which represents the electron wavepacket (EWP) created by the XUV pulse at a delay τ:

P(t − τ) = EXUV (t − τ) + χ(t − τ), (6)

and a pure phase-gate function
G(t,ω) = eiϕ(ω,t), (7)

which allow Eq. (1) to be rewritten as:

S(ω, τ) =
|︁|︁|︁|︁−i

∫ +∞

−∞

dtP(t − τ)G(t,ω)e−i(Ip−ω)t
|︁|︁|︁|︁2 . (8)

Figure 1 shows the total spectrogram S(ω, τ) and its direct and resonant components, |D(ω, τ)|2
and |R(ω, τ)|2, for an atomic resonance characterized by the following parameters: ωr0 = 150 eV,
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q = 2.2eiπ/4, Γ = 1/τr and τr = 400 as [28]. The photoemission is probed by a 200-as pulse
centred at the 95th harmonic of the fundamental IR field (λIR = 796 nm), which lies about
2 eV below the resonance. The IR field lasts for 2.5 optical cycles and has a peak intensity of
IIR = 2 × 1012 W/cm2. Even if the resonance lifetime is relatively small (400 as), the resonant
contribution shows a clear tail (red curve in Fig. 1(a)), which strongly modifies the overall
temporal profile of P(t). In the frequency domain this translates into the appearance of a peak at
ω = ωr0 (Fig. 1(b)) to which is associated a strong phase variation (Fig. 1(c)). Since the total
electron burst P(t) lasts for more than an IR optical cycle, Tc = 2.665 fs, |R(ω, τ)|2 and S(ω, τ)
show characteristic fringes which are not present in |D(ω, τ)|2 and could be used to determine
the properties of the atomic resonance [28,29].

Fig. 1. (a) Temporal behaviour of electron wavepacket P(t) (blue curve) an its direct and
resonant components: EXUV (t) and χ(t) (black and red curves, respectively). Spectral
amplitude, (b), and phase, (c), of the quantities reported in (a). Calculated spectrograms
|D(ω, τ)|2, (d), |R(ω, τ)|2, (e) and S(ω, τ), (f). Calculations parameters: XUV full-width-
half-maximum (FWHM) = 200 as, XUV center energy 147.97 eV (corresponding to the
95th harmonic), IR FWHM = 2.5Tc where Tc = 2.665 fs is the optical cycle. IR intensity
IIR = 2 × 1012 W/cm2, ωr0 = 150 eV, q = 2.2eiπ/4, Γ = 1/τr and τr = 400 as.

Here we are interested in the particular case where the resonance is coupled to the IR electric
field EIR(t). For the sake of simplicity, let us consider the situation in which EIR modifies the
bare resonance energy ωr0 through optical Stark effect [38] as follows:

ωr(t) = ωr0 − αEIR(t)2, (9)

with α being a polarizability factor characteristic of the target under examination. In an attosecond
streaking experiment the temporal waveform of the IR electric field is actively stabilized, assuring
EIR(t) to repeat itself unaltered at each laser pulse. Through ionization, the attosecond pulse is
thus capable to resolve not only the IR pulse envelope, but also the actual amplitude oscillations
of the electric field. For this reason, in Eq. (9) we consider the instantaneous value of EIR(t)
instead of its cycle average, as done in majority of the cases when treating the optical Stark
effect. By substituting ωr(t) to ωr0 in Eq. (5) one immediately notices that a non-zero α induces
a complex delay dependence in χ, the resonant contribution to the electron wavepacket. The first
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raw in Fig. 2 shows four spectrograms calculated with the same parameters as in Fig. 1, but with
an increasing value of α. While a clear distortion of the spectrogram is visible only for strong
couplings (Figs. 2(c), (d)), already at smaller values of α both the spectral amplitude (second row
in Fig. 2) and phase of the EWP are no longer constant, but change with the pump-probe delay τ,
presenting a complex oscillation pattern which follows the square of the IR electric field. The
effect becomes clear when studying the phase delay acquired by the EWP at each τ during the
photoemission process, reported in the third row in Fig. 2 and defined as [39]:

θα(ω, τ) =
∂arg [P(ω, τ)]

∂ω
, (10)

where arg [P] indicates the phase of the EWP in frequency domain. θα displays variations as
big as several tens of attoseconds, which should be detectable with the accuracy of the current
experimental techniques [40]. Nevertheless, since the EWP P(t) does not shift rigidly with the
delay τ, but changes its shape and phase at each delay point, the factorization reported in Eq. (8)
is no longer possible, hindering, in principle, the correct applicability of FROG-based phase
reconstruction algorithms when α ≠ 0.

Fig. 2. (a)-(d), Simulated streaking traces with a polarizability factor α of 150, 300, 600
and 1200, respectively. (e)-(h), Normalized modulus of the electron wavepacket Fourier
transform P(ω, τ), for increasing value of α as in the upper row. (i)-(l), Associated phase
delay θ(ω, τ). In all the simulations the pulses and resonance parameters are the same as in
Fig. 1.

3. Photoemission delays close to Fano resonances

Despite what found in the previous section, as the IR-induced changes onto the EWP oscillate
along the pump-probe delay axis, one could think to apply FROG-like reconstruction algorithms
nevertheless and retrieve an average P(t). In this section we investigate this possibility and apply
standard reconstruction algorithms to streaking traces characterized by resonance transitions. At
first we concentrate on the case with no (or negligible) coupling to the IR field to prove that the
algorithm works within its applicability domain. Later we address the case of α ≠ 0.
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3.1. No IR coupling: α = 0
One common approach to retrieve the phase of the EWP from the spectrogram S(ω, τ) consists
in employing the FROG-CRAB formalism [7,15,16]. By subsisting ω with the central photon
energy ωc in Eq. (7) (so called central momentum approximation, CMA), one can remove the
energy dependence in G(t,ω). The product of Eq. (8) becomes then an internal product and
the spectrogram can be treated with FROG-based phase retrieval algorithms like the extended
ptychographic iterative engine (ePIE) [30]. Figure 3(a) shows the reconstructed spectrogram after
15000 iterations of the ePIE algorithm for the simulated streaking trace of Fig. 1(f) where no
coupling between the resonance and the IR field has been considered (α = 0). In this particular
case P(t) shifts rigidly with the value of the delay τ and it can be fairly well reconstructed
(Fig. 3(b)) despite of the CMA. The same holds for the IR vector potential, AIR(t) (Fig. 3(c)), and
the spectral amplitude and phase of P (Fig. 3(d) and Fig. 3(e)). Since the photoemission delay
θ0(ω) does not depend on τ, it can be nicely reconstructed (Fig. 3(f)). This result proves that
ePIE can be applied to retrieve small photoemission delays if the optical Stark effect is negligible
and if the CMA and wave-packet approximations are legitimate. The situation may change when
α ≠ 0 as discussed in the next subsection.

Fig. 3. (a) Simulated and ePIE-reconstructed streaking trace for the straking trace reported
in Fig. 1 (f) where there is no coupling between the IR field and the resonance (α = 0).
Simulated (solid line) and reconstructed (red dots) temporal profiles of the attosecond
electron burst P(t), (b), and the IR vector potential, (c). Fourier transforming P(t) results
in the spectral amplitude and phase reported in (e) and (d), respectively. (f), Comparison
between the simulated and reconstructed phase delay defined by Eq. (10).

3.2. Influence of the IR coupling: α ≠ 0
As discussed in Sec. 2., when α ≠ 0 the EWP P changes with the pump-probe delay τ, and
therefore it is not possible to predict the relation between the ePIE reconstruction output and
the actual EWP. Nevertheless, since ePIE considers all the delay points, we may expect the
reconstruction results to agree with the delay-averaged P(ω, τ). Indeed, since the modifications
induced by the IR field over the electron burst oscillate with τ (see Fig. 2, third row), one can
expect that the effect will average and vanish for sufficiently long IR pulses. To study this we
computed the total photoelectron spectrogram assuming the same parameters as in Fig. 3, but
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changing the IR time duration and the value of α. The resulting traces have been reconstructed
with ePIE under the same conditions as in the case α = 0. Figure 4 shows a comparison between
the simulated (solid gray) and the ePIE-reconstructed (colored curves) phase delay θ and AIR(t)
for different values of α and for four IR pulse durations. At this IR intensity, we found the
reconstruction result to agree with the naked resonance (α = 0) for relatively small values of
α (smaller than 600), independently from the IR pulse duration. For strong coupling with the
field, both the properties of the reconstructed EWP and IR are modified with the strongest
reconstruction error being on the IR. This is a property already observed for the ePIE algorithm
[41], which is more robust in the reconstruction of P(t) and tends to project the reconstruction
error on G(t), i.e. on the IR vector potential. Furthermore we notice that, the effect of a non-zero
field coupling over the reconstruction is stronger for longer IR pulses. At the limit of IR pulses
with a duration of half optical cycle (Figs. 4(d) and 4(f)) the reconstructed IR field and EWP
phase agree nicely with the bare case even for values of α as big as 1200. This seems to be
unexpected as for short IR pulses the ePIE algorithm does not have enough significant delay
points to perform an average and should therefore produce a stronger deviation from the case
with α = 0. Nevertheless, short IR pulses produce a weaker modification of the EWP properties
(compare top and bottom rows in Fig. 5), thus explaining the better agreement for short pulse
lengths.

Fig. 4. (a) Comparison between the simulated (solid gray) and reconstructed (colored
curves) phase delay extracted from a spectrogram generated with IR pulses with a duration of
3 times the optical cycle Tc and a coupling factor α equal 0 (dotted blue), 300 (dash-dotted
orange) and 1200 (dashed green). (b)-(d), Same as in (a) but with and IR pulse duration of
2, 1 and 0.5 Tc, respectively. (e) Simulated (solid grey) and reconstructed (broken curves)
IR vector potential referring to the simulations in (a). (f)-(h), Same as (e) but pertaining to
the reconstructions in (b), (c) and (d), respectively.

On the one hand, these results show that ePIE can still be used to reconstruct the bare
photoemission delay, θ0(ω), even if the EWP is no longer constant along the spectrogram. On
the other hand, the fact that ePIE reconstructs the same EWP and IR pulse independently from
the value of α means that this approach is not sensitive to the IR laser coupling and cannot be
used, as it is, to study this effect. In the next sections we propose two different ways to overcome
this limit when employing short or long IR pulses.
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Fig. 5. (a)-(d), Induced variation in the phase delay defined as θα(ω, τ) − θ0, for an IR
vector potential with FWHM of 3Tc and CEP, ϕ0 of 0, π/4, π/2 and 3π/4, respectively. The
upper panels show the associated normalized AIR(t). (e)-(h), Same quantities but for an IR
FWHM of 0.5Tc. In all cases α = 300. The other simulations parameters are the same as in
Fig. 1.

4. Short pulse limit: CEP dependence

As discussed in the previous sections the ac-Stark shift of the resonance causes a rich oscillation
pattern in the photoemission delay θα(ω, τ) (Fig. 2). Even if locally the differences with the bare
photoemission delay θ0(ω) can be of several tens to hundreds of as, due to the oscillations the
effect is strongly reduced when considering the delay average over the full scan. With short IR
pulses, however, the length of the streaking trace might contain a reduced number of oscillations
and the delay average of θα(ω, τ) might substantially differ from θ0(ω). In addition, the exact
pattern of θα(ω, τ) may also depend on the IR field carrier-envelope phase (CEP). As the exact
magnitude of the CEP dependence changes with the values of α, this might suggest a new way
of extracting information about the resonance-field coupling. The methodology could be the
following: i) perform a streaking experiment with a given value of the IR CEP and retrieve the
associated EWP energy-dependent photoemission delay; ii) change the value of the IR CEP
and repeat the measurement, iii) compare the photoemission delays. The magnitude of the
IR coupling can then be retrieved by comparing the experimental results with the theoretical
prediction.Fig. 5 shows the IR-induced changes to the EWP by reporting the differences between
the calculated photoemission delay with α = 300, θα(ω, τ), and the photoemission delay of
the bare resonance, θ0(ω) (obtained with α = 0). The top row presents the calculations for an
IR pulse duration of 3 Tc, while the bottom row is obtained for an IR duration of 0.5 Tc. The
different columns are associated with a different value of the IR CEP as displayed at the top
panel. Under the same coupling conditions, longer IR pulses induce a stronger modification
on the photoemission delay θα while with short pulses there is a clearer effect of the IR CEP.
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Moreover, for sufficiently short IR pulses, the CEP dependence persists also when the full trace
is considered. Figure 6 shows the delay-averaged IR induced changes in the photoemission delay
⟨θ(ωα, τ) − θ0⟩ calculated for different CEPs and time durations of the IR pulse with α = 300. As
it is possible to notice, a clear CEP dependence appears when the IR pulse duration is comparable
to one optical cycle. While this may open the possibility to investigate such an effect with
attosecond streaking and FROG-like algorithms, an increasing CEP dependence comes together
with a smaller maximum value of ⟨θ(ωα, τ) − θ0⟩ (less than 1 as in Fig. 6(d)). Detecting a CEP
dependence in the delay-averaged photoemission delay becomes therefore quite challenging as
it calls for extremely short IR pulses and the need of refined reconstruction algorithms, which
are not based on the CMA or the wave-packet approximation [32,33,42], to guarantee higher
temporal resolution.

Fig. 6. (a) Difference between the delay-averaged phase delay of the electron wavepacket
⟨θα(ω, τ)⟩ and the naked resonance phase delay θ0(ω), for a coupling parameter α = 300,
an IR FWHM of 3Tc and three different values of the IR vector potential CEP ϕ0. (b)-(d),
Same quantities but for an IR FWHM of 1.5Tc, Tc and 0.5Tc, respectively. All the other
simulation parameters are kept the same as in Fig. 1.

5. Long pulse limit: cycle-averaged phase

A different approach, which relaxes at least the experimental difficulties, could be based on
the employment of a longer IR pulse. Indeed with relatively long IR pulses one can obtain
instantaneous modifications of the photoemission delay as big as 500 as (Figs. 5(a)-(d)), which
remain visible also if the photoemission delay is averaged over an optical cycle.

The plot in Fig. 7(a) reports the photoemission delays of Fig. 5(c) averaged over Tc, ⟨θα(ω, τ)−
θ0⟩Tc . Figure 7(b) shows ⟨θα(ω, τ) − θ0⟩Tc at four chosen values of τ, corresponding to the
portions of streaking trace highlighted in Fig. 7(c). Clear variations, as big as 180 as can be
observed even without subtracting the photoemission delay of the bare resonance (Fig. 7(d)).
Since the reconstruction algorithms need only a portion of trace as wide as one IR optical cycle
to obtain a reliable reconstruction of the EWP, one can study the effect of the resonance-field
coupling by slicing the streaking spectrogram in portions as wide as Tc and reconstructing them
individually. In this approach, the first portion at relatively big pump-probe delays can be used to
estimated the naked resonance while the portions of spectrogram around τ = 0 fs can be used
to evaluate the effect of the IR field. Unfortunately, we found CMA-based algorithms (ePIE
[30,41], the principal component generalized projection algorithm, PCGPA [43] and the least
square generalized projection algorithm, LSGPA [44]) to fail in reconstructing the phase delays of
Fig. 7(d). We observe the main limitation to be artifacts introduced by the limited delay window
of the spectrogram portions used in the reconstruction. The problem can therefore be solved by
using different algorithms capable of run over partial spectrograms [42]. A detailed study of the
applicability of such algorithms goes beyond the scope of the present work.

It is worth noticing that an approach based on the slicing of the streaking trace will not work
for short IR pulses. Figure 8 shows the same quantities as in Fig. 7, simulated under the same
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Fig. 7. (a) Cycle-averaged phase delay difference, ⟨θα(ω, τ) − θ0⟩Tc , for an IR FWHM of
3Tc, CEP of π/2 and coupling parameter α = 300. (b) Layouts from (a) at four different
pump-probe delays. (c), Portions of the initial streaking trace of length equal to one optical
cycle Tc, centered at the selected pump-probe delays in (a). (d), Associated cycle-averaged
phase delay, ⟨θα(ω, τ)⟩Tc .

conditions, but for an IR pulse duration of 0.5 Tc. As it is possible to observe, the IR effect is
reduced by an order of magnitude, giving almost identical photoemission delays for every portion
selected (Fig. 8(d)).

Fig. 8. (a) Cycle-averaged phase delay difference, ⟨θα(ω, τ) − θ0⟩Tc , for an IR FWHM
of 0.5Tc, CEP of π/2 and coupling parameter α = 300. (b) Layouts from (a) at four
different pump-probe delays. (c), Portions of the initial streaking trace of length equal to one
optical cycle Tc, centered at the selected pump-probe delays in (a) and (b). (d), Associated
cycle-averaged phase delay, ⟨θα(ω, τ)⟩Tc .
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6. Conclusions

We investigated the role of atomic resonances in attosecond streaking spectrograms and the
application of phase-reconstruction algorithms to retrieve information on the photoemission delay
and the coupling of an IR pulse with a resonance. We found that in case of no coupling with
the IR field, the spectrogram can be factorized as an internal product, allowing the application
of phase-reconstruction algorithms. When a non-zero coupling with the field exists, this
factorization is no longer possible and there is no a-priori knowledge on the physical meaning
of the reconstructed quantities. If the algorithm employed is ePIE, our results show that the
reconstructed photoemission delay corresponds to the expected frequency derivative of the bare
EWP spectral phase (i.e. no IR coupling) within the reconstruction accuracy. Appreciable
reconstruction artifacts are observed only for relatively big coupling with the IR field and to
the long IR pulse limit. On the one hand, this finding justifies the application of reconstruction
algorithms to extract the bare photoemission delay even if a weak IR coupling is present. On the
other hand, it seems to preclude the possibility to use standard attosecond streaking experiments
to study the coupling between the IR pulse and the atomic resonances. We propose two different
ways overcome this limit and study the IR coupling with attosecond streaking. Our simulations
reveal that in the short pulse limit, the average photoemission delay encoded in the spectrogram
becomes CEP dependent. The stronger the coupling, the stronger the variations induced with the
CEP. The availability of a more accurate reconstruction scheme could then open the possibility
to investigate the coupling strength by comparing the reconstruction of traces recorded with
IR pulses characterized by a different CEP. Moving to the opposite limit (long IR pulses), one
can instead compare the photoemission delays obtained by reconstructing portions of the same
spectrogram as wide as one optical cycle. Our results indicate that in this regime the cycle-average
phase of the EWP presents variations as big as several tens of attoseconds, whose exact amplitude
depends on the coupling between the resonance and the IR pulse. While the actual FROG-CRAB
reconstruction schemes should be able to reconstruct the EWP phase starting from portions of the
full streaking trace, we found that the accuracy of the reconstruction is strongly reduced when the
algorithms are applied to partial traces, preventing the retrieval of the phase differences induced
by the resonance-IR coupling. We expect our findings to stimulate the development of more
accurate reconstruction techniques which, in tandem with precise experimental measurements,
will allow for shedding new light onto ultrafast electron dynamics underling the photoemission
process.
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