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Abstract

The Grushin Laplacian −Δα is a degenerate elliptic operator in Rh+k that degenerates on {0} × Rk . 
We consider weak solutions of −Δαu = V u in an open bounded connected domain Ω with V ∈ W1,σ (Ω)

and σ > Q/2, where Q = h + (1 + α)k is the so-called homogeneous dimension of Rh+k . By means of 
an Almgren-type monotonicity formula we identify the exact asymptotic blow-up profile of solutions on 
degenerate points of Ω. As an application we derive strong unique continuation properties for solutions.
© 2025 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND 
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

For N ∈N , N ≥ 2, α ∈ N , we denote by Δα the operator defined by

Δα := Δx + |x|2αΔy
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where x ∈ Rh, y ∈ Rk , h, k ≥ 1, h + k = N , and Δx and Δy are respectively the classical 
Laplace operators with respect to the x and y variables. Here and throughout the paper, N =
{0,1,2,3, . . . } denotes the set of nonnegative integers.

Nowadays, Δα is known as the Grushin (or Baouendi-Grushin) operator and was introduced 
in a preliminary version by Baouendi [10] and Grushin [32,33]. As one can immediately realize, 
this operator is not uniformly elliptic, due to the presence of the term |x|2α: there is a whole 
submanifold where the operator is degenerate, which is

Σ := {(0, y) ∈Rh ×Rk : y ∈Rk} ⊂ RN. (1.1)

However, since α ∈ N , the Grushin operator can be written as a finite sum of squares of 
smooth vector fields, i.e. for some n ≥ 1, Δα =∑︁n

i=1 Z2
i (see Section 2 for more details on this 

kind of representation), where {Zi}i=1,...,n satisfy the Hörmander condition: if one considers the 
commutators [Zi,Zj ] = ZiZj − ZjZi for any i ≠ j , then the set of all Zi and their iterated 
commutators up to a finite order generates RN at any point of RN (they generate a Lie alge
bra of maximum rank at any point). Under this condition, a famous result by Hormander [34] 
implies that the operator is hypoelliptic: for any open subset Ω ⊂ RN , if f ∈ C∞(Ω) then the 
distributional solution u of Δαu = f is also C∞(Ω).

In principle one can consider real α > 0, but in general the Hörmander condition fails because 
the generating vector fields are not smooth. This is the main reason why in several cases one 
considers the Grushin operator with α ∈ N . Incidentally, we mention that there is also a large 
literature investigating the case of non-smooth vector fields, where the Hörmander condition 
does not apply. In this regard, so far from being exhaustive, we only mention the seminal work 
by Franchi and Lanconelli [26].

In the present paper we consider α ∈N and the equation

−Δα u = V (x, y)u in Ω, (1.2)

where Ω is a connected bounded open set in RN and V is a potential. The term V u can be 
viewed as a zero-th order perturbation of the standard Grushin operator. The potential V satisfies 
suitable regularity assumptions which will be specified in the next section. Here we just mention 
that in particular the eigenvalue equation −Δα u = λu will be included in our analysis. Since 
Δα is uniformly elliptic far from the degenerate set, the most interesting case is Ω intersecting 
Σ. Moreover, Δα is invariant with respect to translation in the variable y ∈ Rk , so that we will 
always assume that Ω contains the origin.

The main objects of the present paper are asymptotic behaviors and unique continuation prin
ciples for weak solutions to (1.2) (see (1.9) for the definition of weak solution) around points of 
the degenerate set Ω ∩ Σ, which is supposed to be non empty, as already mentioned.

1.1. Asymptotic behavior of solutions at the origin

As it is well-known, under suitable assumptions on the potential, weak solutions to the equa
tion for the classical Laplacian

−Δu = V (x, y)u in Ω
2 
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have the following asymptotic behavior at the origin: there exist γ ∈N and a spherical harmonic 
Ψ ∈ L2(SN−1) such that

− ΔSN−1Ψ = γ (N − 2 + γ )Ψ,

r−γ u(rx) → |x|γ Ψ

(︃
x

|x|
)︃

as r → 0 in H 1(BR) for any R > 0.

For a detailed statement of this kind of result, see for instance [22, Theorem 1.3] under pointwise 
assumptions on the potential and [21, Theorem 1.1] under more general assumptions including 
integral conditions on the potential and its weak derivatives. Besides its own interest, identifying 
the precise blow-up asymptotic profile of a solution at a point, namely the origin without losing 
generality, is the key step to determine the asymptotic behavior of eigenvalues when the domain is 
affected by special singular perturbations. Indeed, as several recent results establish, when a small 
set concentrating at a point is removed from the original domain, the eigenfunctions’ vanishing 
order at that point plays a fundamental role to determine the rate of convergence of the related 
eigenbranches for the Laplace operator (see e.g. [1,2,5,6]), as well as for different operators (see 
Felli and Romani [25] and [4]). The same can be said about moving mixed boundary conditions, 
as showed in Felli, Noris and Ognibene [24], and [3,7].

This kind of problems is one of the main motivation which led us to the study of asymp
totic behavior of solutions to linear problems for the Grushin operator. Indeed, motivated by the 
increasing interest in the spectral theory and geometry of degenerate elliptic operators and sub
laplacians (see e.g. Chen, Chen and Li [15], Frank and Helffer [27], and [37,38]), in future works 
we plan to investigate the asymptotic behavior of Grushin eigenvalues under singular perturba
tion of the domain.

In the Grushin case, away from the singular set, the operator is uniformly elliptic, so that so
lutions share essentially the same characteristics as solutions to equations involving the standard 
Laplacian. For this reason we will focus on the asymptotic behavior of solutions at a point lying 
on the degenerate set Σ, that we can suppose to be the origin. In particular, we want to investigate 
how the degenerate manifold plays a role.

In general, this kind of asymptotic results can be obtained by an established procedure relying 
on an Almgren-type monotonicity formula (see for instance [19--23]). The so-called Almgren
type frequency function is the ratio between the quadratic form attached to the equation and the 
L2-norm of the trace of solutions respectively taken over the ball of radius r and its boundary. 
Both of them are normalized with certain powers of the radius r depending on the dimension. In 
the setting of the Grushin operator, as already pointed out in Garofalo [29], when balls are taken 
away from the singular set, the ellipticity of the operator prevails and the correct dimension is 
exactly N . On the contrary, at points on the degenerate manifold the so-called homogeneous 
dimension

Q := h + (1 + α)k

takes over and the balls need to be taken with respect to a suitable distance from the origin 
induced by Δα , which is usually called gauge norm:

dα(x, y) :=
(︂
|x|2(α+1) + (α + 1)2|y|2

)︂ 1 
2(α+1)

for any (x, y) ∈Rh ×Rk . (1.3)
3 
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The dimension Q is then the homogeneous dimension of RN with respect to the anisotropic 
dilation:

δλ(x, y) := (λx,λα+1y) for any (x, y) ∈ Rh ×Rk, λ > 0 . (1.4)

The operator Δα possesses the following scaling property with respect to δλ:

Δα(u ◦ δλ) = λ2(Δαu) ◦ δλ

while for the distance dα we have

dα(δλ(x, y)) = λdα(x, y) for any (x, y) ∈ Rh ×Rk . (1.5)

Once we defined the distance function dα , we can now introduce the following balls centered at 
the origin of radius r > 0 and the corresponding spheres by

Bα
r :=

{︂
(x, y) ∈Rh ×Rk : dα(x, y) < r

}︂
, ∂Bα

r :=
{︂
(x, y) ∈Rh ×Rk : dα(x, y) = r

}︂
.

(1.6)
This definition combined with (1.5) yields

δλ(B
α
r ) = Bα

λr and δλ(∂Bα
r ) = ∂Bα

λr . (1.7)

In the same way, through dα , we can define balls Bα
r (z0) and spheres ∂Bα

r (z0) centered at a 
generic point z0 ∈RN .

The role of the homogeneous dimension is highlighted once more in the first result of the 
paper, that classifies the asymptotic behavior of any weak solution to (1.2) near 0. In order to 
introduce it properly, it is convenient to establish the functional setting. We recall some basic 
facts on the Grushin Laplacian, see for example Garofalo [29].

Let us define the variable coefficients matrix

Aα(x, y) =
(︄

IRh 0

0 |x|2αIRk

)︄

and the following Grushin gradient ∇α defined by ∇αv = (∇xv, |x|α∇yv) where ∇x and the ∇y

denotes the gradient vectors with respect to x and y respectively.
Letting v be a sufficiently smooth function, for example of class C2(Ω), defined on a domain 

Ω of RN with sufficiently smooth boundary, for example of class C1, the definitions of Aα and 
∇α formally yield

Δαv = div(Aα∇v)

so that by integration by parts we have
4 
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∫︂
Ω 

(−Δαv)v dxdy =
∫︂
Ω 

−div(Aα∇v)v dxdy =
∫︂
Ω 

Aα∇v · ∇v dxdy −
∫︂
∂Ω

v(Aα∇v) · νdℋN−1

(1.8)

=
∫︂
Ω 

|∇αv|2 dxdy −
∫︂
∂Ω

v(Aα∇v) · ν dℋN−1 ,

where ℋN−1 denotes the (N − 1)-dimensional Hausdorff measure in RN and ν the outer unit 
normal vector to ∂Ω. Identity (1.8) suggests that a suitable class of weighted Sobolev spaces 
should be the natural setting for defining the notion of weak solution for an equation with the 
Grushin operator.

Actually, the regularity assumption on Ω used in (1.8) is only required here to formally justify 
the functional setting that will be introduced below. Indeed, as one can see below, we only need a 
weak formulation for local solutions so that no regularity condition on the boundary of Ω will be 
needed. For this reason, in the sequel, Ω will be assumed to be only an open set in RN = Rh+k .

First of all, we define the weighted Sobolev space

W 1,2
α (Ω) :=

{︂
v ∈ L2(Ω) : ∇αv ∈ L2(Ω;RN)

}︂
,

where the quantity ∇αv must be interpreted in the weak sense.
The space W 1,2

α (Ω) endowed with the scalar product

(u, v)
W

1,2
α (Ω)

:=
∫︂
Ω 

∇αu · ∇αv dxdy +
∫︂
Ω 

uv dxdy for any u,v ∈ W 1,2
α (Ω)

becomes a Hilbert space. For more details on an alternative but completely equivalent definition 
of this and other weighted Sobolev spaces see Section 2.

We denote by W 1,2
α,0 (Ω) the subspace of W 1,2

α (Ω) defined as the closure in W 1,2
α (Ω) of C∞

c (Ω)

where C∞
c (Ω) denotes the space of C∞-functions with compact support in Ω, by W 1,2

α,c (Ω) the 
subspace of W 1,2

α (Ω)-functions with compact support in Ω and finally by W 1,2
α,loc(Ω) the space of 

functions that are W 1,2
α (ω) for any open set ω with ω ⊂ Ω.

We say that u ∈ W
1,2
α,loc(Ω) is a weak solution to (1.2) if

∫︂
Ω 

∇αu · ∇αv dxdy =
∫︂
Ω 

V (x, y)uv dxdy for any v ∈ W 1,2
α,c (Ω) . (1.9)

As already mentioned, results on asymptotic behavior of solutions at a point require the use 
of polar coordinates. In this case we need to use a global radial variable which is attached to the 
geometry induced by the operator. Set this radial variable as ρ = dα(x, y) where dα was defined 
in (1.3), and denote by Θ an arbitrary element of the unit Grushin sphere SN−1

α = {(x, y) ∈
Rh+k : dα(x, y) = 1}. Then the Grushin operator in polar coordinates is implicitly given by

Δα = ψα

(︃
∂2

2 + Q − 1 ∂ + (α + 1)2

2 ℒΘ

)︃
, (1.10)
∂ρ ρ ∂ρ ρ

5 
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where ψα , according to Garofalo [29], is the following angular function

ψα(x, y) := |x|2α

(dα(x, y))2α
for any (x, y) ∈ RN \ {0} (1.11)

(see Section 3 for the details on the polar decomposition of Δα). For the moment, we mention 
that the polar operator ℒΘ acts on functions defined on the unit Grushin sphere SN−1

α and plays 
the same role as the Laplace-Beltrami operator on the unit sphere for the standard Laplacian.

We are now in position to state our first result on asymptotic behavior of weak solutions to 
(1.2) at a singular point.

Theorem 1.1. Let Ω ⊂ Rh+k be an open set containing 0. Let α ∈ N and let u ∈ W
1,2
α, loc(Ω) be a 

nontrivial weak solution to (1.2) with V ∈ W
1,σ
loc (Ω) and σ > Q/2. Then there exists j ∈ N such 

that

ρ−ℓ u(δρ(x, y)) → (dα(x, y))ℓ Ψ

(︃
x

dα(x, y)
,

y

[dα(x, y)]α+1

)︃
as ρ → 0+ (1.12)

in W 1,2
α (Bα

r ) and uniformly in Bα
r for any r > 0, where

ℓ =
−(Q − 2) +

√︂
(Q − 2)2 + 4μj (α + 1)2

2 
, (1.13)

μj is an eigenvalue of the polar operator −ℒΘ attached to the Grushin Laplacian (see (1.10)
and the explicit representation in angular coordinates given in (3.8)) and Ψ ≢ 0 is one of its 
relative eigenfunctions.

The explicit form of ℒΘ, together with its eigenvalues and eigenfunctions, has been computed 
by Garofalo and Shen [31] for the case h ≥ 2, k = 1, α = 1, and recently by De Bie and Lian 
[14] for h ≥ 2, k ≥ 1, α ∈ N (see also Liu [36]). Up to the authors’ knowledge, the explicit 
computation of the eigenvalues and eigenfunctions of ℒΘ in the case h = 1 has not been done 
yet. Indeed, if h = 1 it is not possible to find, for every choice of m ∈ N , a Grushin harmonic 
polynomial in the variables (x, y) ∈ R1+k that is δλ-homogeneous of order m, so that one can 
not use all the theory of orthogonal polynomials to construct a basis of eigenfunctions for ℒΘ.

The proof of Theorem 1.1 is based, as we mentioned, on an Almgren monotonicity approach. 
As tools, we need a Pohozaev-type integral identity together with a careful regularity analysis 
for weak solutions to (1.2).

Remark 1.2. As mentioned above, for any h ≥ 2, k ≥ 1 and α ∈ N the spectrum of −ℒΘ was 
completely determined (see Garofalo and Shen [31] for the case h ≥ 2, k = 1, α = 1 and De Bie 
and Lian [14] for the general case).

In particular, in these cases, all the eigenvalues of −ℒΘ are of the form n(n+Q−2)/(α+1)2

where n ∈ N . We observe that if we insert an eigenvalue μj = n(n + Q − 2)/(α + 1)2 in (1.13), 
we obtain ℓ = n thus showing that the exponent in the asymptotic formula (1.12) is always an 
integer.

It remains open the question of determining the eigenvalues of −ℒΘ in the remaining cases 
h = 1, k ≥ 1 and α ∈N .
6 
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1.2. Unique continuation principles

Relevant consequences of Theorem 1.1 are unique continuation principles. The first one shows 
that if a solution has infinite vanishing order at a point, then it must vanish everywhere. Namely 
we have the following.

Corollary 1.3. Under the assumptions of Theorem 1.1, let z0 ∈ Ω and let u ∈ W
1,2
α, loc(Ω) be a 

weak solution to (1.2) such that u(z) = O(|z − z0|n) as z → z0 for any n ∈N . Then u ≡ 0 in Ω.

One may wonder how the result of Corollary 1.3 can be obtained from Theorem 1.1 since 
the last one gives an asymptotic formula for the solution u at the origin with respect to the 
convergence associated with the gauge norm dα. On the other hand, looking at the statement 
of Corollary 1.3, we find the condition u(z) = O(|z − z0|n) as z = (x, y) → (x0, y0) = z0 for 
any n ∈ N , which is expressed in terms of the Euclidean norm. We claim that this asymptotic 
condition is completely equivalent to the alternative condition

u(z) = u(x, y) = O
(︁
(dα(x − x0, y − y0))

n
)︁

as z = (x, y) → (x0, y0) = z0 for any n ∈ N .

Indeed, for any z = (x, y) with |z| < 1 
α+1 , one can show after some computation, that the follow

ing estimates hold true

dα(x, y) ≤ (α + 1)
1 

α+1 |z| 1 
α+1 and |z| ≤ √

2 dα(x, y) . (1.14)

In a similar way we can also recover the following stronger result.

Corollary 1.4. Under the assumptions of Theorem 1.1, let z0 ∈ Ω and let u ∈ W
1,2
α, loc(Ω) be a 

weak solution to (1.2) such that∫︂
Bα

r (z0)

|x|2α u2 dxdy = O(rn) as r → 0+

for any n ∈ N . Then u ≡ 0 in Ω.

We note also that the degenerate set of the Grushin operator has zero measure in RN . In the 
case Ω \ Σ is connected, this implies the validity of a ``weak'' unique continuation principle by 
classical unique continuation for elliptic operators: if a weak solution to (1.2) u is identically 
zero on an open subset of Ω then u ≡ 0 on the whole Ω.

We can strengthen it in Corollary 1.5, which is not a consequence of the unique continuation 
properties stated in Corollary 1.3 and Corollary 1.4 nor on other results contained in previous 
works like Garofalo [29], Garofalo and Shen [31], Banerjee, Garofalo and Manna [9], and De 
Bie and Lian [14]. It is a direct consequence of the asymptotic analysis of Theorem 1.1, as one 
can see in the proof of the corollary. See also Remark 1.6 for more details on the novelty of the 
corollary.

Corollary 1.5. Under the assumptions of Theorem 1.1, let u ∈ W
1,2
α, loc(Ω) be a weak solution to 

(1.2) such that u ≡ 0 on a subset ω ⊆ Ω with nonzero measure in Rh+k . Then u ≡ 0 in Ω.
7 
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Remark 1.6. We observe that the proofs of Corollaries 1.3 and 1.4 when z0 / ∈ Σ and the proof 
of Corollary 1.5 can be obtained from the classical unique continuation principle for uniformly 
elliptic operators (see de Figueiredo [17] and Sogge [42]) only when Ω \Σ is connected. Indeed, 
one has to apply the classical unique continuation principle outside an arbitrarily small neighbor
hood of the singular set Σ. But when h = 1, the set Σ is a hyperplane and Ω \ Σ is an open set 
made of two connected components. In the case of Corollaries 1.3 and 1.4, the classical unique 
continuation principle for uniformly elliptic operators only implies vanishing of the solution u
on the connected component containing z0.

Concerning Corollary 1.5, if for example the set ω, defined in its statement, is entirely con
tained in one of the two connected components of Ω \ Σ or the intersection with the other 
connected component has zero measure, then the classical unique continuation principle only 
implies that the solution u of (1.2) vanishes on one of the two connected components but not 
necessarily on the other one.

We can conclude that Corollaries 1.3, 1.4 and 1.5 are new results and, as the reader can check, 
their proofs cannot work without the asymptotic analysis contained in Theorem 1.1. Indeed, the 
main idea behind the proofs is that if the solution u were not identically zero and u had an infinite 
order of vanishing, due to the asymptotic formula (1.12), we would have Ψ ≡ 0, which is clearly 
not possible for the eigenfunction of a linear operator.

All the aforementioned corollaries complement the earlier unique continuation results on the 
Grushin operator in the literature. One over all is Garofalo [29], where a strong unique contin
uation principle is proved under the assumption that the potential V satisfies suitable pointwise 
growth conditions. In a subsequent work by Garofalo and Shen [31], the authors were able to 
remove the aforementioned bound on V replacing it with an integrability condition on the poten
tial V , but only in the case α = 1, h ≥ 2 and k = 1. Indeed, by means of Carleman estimates they 
establish a strong unique continuation property under certain Lp condition on V if the solution 
vanishes of infinite order at a point of the singular set in the L2 mean. This result has been ex
tended and improved very recently by De Bie and Lian [14] taking into account the case α ∈ N , 
h ≥ 2 and k ≥ 1. Note that our results are not implied by those in De Bie and Lian [14].

For example, looking at Table 1 in De Bie and Lian [14], we see that in the case h ≥ 4
and k ≥ 2, they prove the validity of the unique continuation principle for V ∈ Lr

loc(Ω) with 
r > (α + 1)(h + k − 2) + 1. In order to construct an example of a potential V satisfying our 
assumption on V contained in Theorem 1.1 but not their one, we have to look for h, k,α and 
σ >

Q
2 , σ < N such that NQ 

2N−Q
< σ ∗ = Nσ 

N−σ
< (α + 1)(h + k − 2) + 1. The left term in these 

inequalities is strictly less than the right one if and only if

αh2 − (α2k + 2α + 1)h − α(α + 1)k2 + (2α2 − α − 1)k > 0 , (1.15)

which is verified for h large enough once we have fixed α and k. If we choose for simplicity the 
smallest values of α and k admissible in this case, i.e. α = 1 and k = 2, the inequality becomes 
h2 − 5h − 8 > 0 whose least positive integer solution is h = 7. With this choice of h, k,α we 
choose σ = 5.6 > 5.5 = Q

2 and the following potential V (x, y) = (|x|2 +|y|2)−0.3 that is singular 
at the origin and radial with respect to the Euclidean distance. Denoting by B1 the unit ball with 
respect to the Euclidean distance and choosing it as a domain for (1.2), by direct computation, 
one can verify that V ∈ W 1,σ (B1) but V ∉ Lr

loc(B1) when r > (α + 1)(h + k − 2) + 1 = 15. 
Similar examples can be found for any α ≥ 1 and k ≥ 2 provided that h satisfies (1.15).
8 
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Finally, we observe that our unique continuation principles are always new when h = 1 since 
this case was never considered in [14,31].

The paper is organized as follows. Section 2 is devoted to establish the correct functional 
setting and some notation. Section 3 describes the Grushin operator in spherical coordinates. 
Section 4 deals with the monotonicity argument that is the fundamental tool for proving the main 
results of the paper. The same section contains the proofs of Theorem 1.1, and Corollaries 1.3-1.5. 
Section 5 is devoted to some fundamental properties of weighted Sobolev spaces and to the 
regularity of solutions of equations with the operator Δα. It is worth noting that the results from 
Section 5, although used in the previous section, are presented later for the sake of clarity. Finally, 
the paper is equipped with a detailed appendix containing some basic scaling properties and a 
rigorous proof of a Pohozaev type identity.

2. Functional setting

In this section we will give more details on the functional setting required to treat solutions 
of equations with the Grushin operator. We first provide a representation of the Grushin operator 
in terms of suitable vector fields. Exploiting the definitions of those vector fields, we provide an 
alternative definition of the space W 1,2

α (Ω) and we generalize it to the case of the space W 1,p
α (Ω)

for a general 1 ≤ p < ∞. In the statements of the regularity results we also need to give the 
definition of the higher order spaces Wm,p

α (Ω).
Let us start by introducing the following notations. If J = (h1, . . . , jh) ∈ Nh and x =

(x1, . . . , xh) ∈Rh, we define

xJ := x
j1
1 · · · · · xjh

h , |J | := j1 + · · · + jh

and for any α ∈ N and J = (j1, . . . , jh) ∈ N with |J | = α, we define the following extension of 
the usual binomial coefficient (︃

α

J

)︃
:= α! 

(j1)! · . . . · (jh)! .

With this notation one can easily verify that

|x|2α Δy =
k∑︂

ℓ=1 

∑︂
J∈Nh, |J |=α

(︃
α

J

)︃
(xJ )2 ∂2

∂y2
ℓ

. (2.1)

Looking at (2.1), it seems natural to define the following vector fields

Xj := ∂

∂xj

, j ∈ {1, . . . , h} , YJ,ℓ :=
√︄(︃

α

J

)︃
xJ ∂

∂yℓ

, J ∈Nh, |J | = α, ℓ ∈ {1, . . . , k}.
(2.2)

Indeed, in this way we may write

Δα =
h ∑︂

j=1 
X2

j +
k∑︂

ℓ=1 

∑︂
h

Y 2
J,ℓ . (2.3)
J∈N , |J |=α

9 
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It is a quick computation to check that the family of vector fields Xj , YJ,ℓ satisfies the Hörmander 
condition. We are ready to introduce the following class of weighted Sobolev spaces denoted by 
W

1,p
α (Ω) which are defined by

W 1,p
α (Ω) :=

{︂
v ∈ Lp(Ω) : Xjv ∈ Lp(Ω) ∀ j ∈ {1, . . . , h},

YJ,ℓ v ∈ Lp(Ω) ∀ J ∈Nh, |J | = α, ∀ ℓ ∈ {1, . . . , k}
}︂

.

In particular, we have that v ∈ W
1,p
α (Ω) if and only if |∇αv| ∈ Lp(Ω), in accordance with the 

definition already given in Section 1 in the case p = 2.
We clarify that Xjv and YJ,ℓ v have to be interpreted in the weak sense. In particular we say 

that w = YJ,ℓ v in the weak sense if w ∈ L1
loc(Ω) and∫︂

Ω 

wφ dxdy = −
∫︂
Ω 

vYJ,ℓ φ dxdy for any φ ∈ C∞
c (Ω) .

The definition of Xjv in the weak sense is standard being it simply a partial derivative.

The space W 1,p
α (Ω) endowed with the norm

∥u∥
W

1,p
α (Ω)

:=
⎛⎝∫︂

Ω 

|∇αu|pdxdy +
∫︂
Ω 

|u|pdxdy

⎞⎠
1 
p

(2.4)

is a Banach space. As already pointed out in Section 1, when p = 2 the norm defined in (2.4)
is compatible with a scalar product so that the corresponding Banach space becomes a Hilbert 
space.

Since we will also need to apply regularity results for weak solutions of equations with the 
Grushin operator, we also introduce the following class of second order weighted Sobolev spaces 
W

2,p
α (Ω) defined by

W 2,p
α (Ω) :=

{︂
v ∈ Lp(Ω) : Xjv, YJ,ℓ v, Xj1Xj2v, YJ1,ℓ1YJ2,ℓ2 v, XjYJ,ℓ v, YJ,ℓ Xjv ∈ Lp(Ω)

∀ j, j1, j2 ∈ {1, . . . , h}, ∀ J,J1, J2 ∈ Nh, |J | = |J1| = |J2| = α,

∀ ℓ, ℓ1, ℓ2 ∈ {1, . . . , k}
}︂

.

The space W 2,p
α (Ω) endowed with the norm

∥u∥
W

2,p
α (Ω)

:=
⎧⎨⎩
∫︂
Ω 

|u|p dxdy +
∫︂
Ω 

|∇αu|p dxdy +
h ∑︂

j1,j2=1

∫︂
Ω 

|Xj1Xj2u|pdxdy

+
k∑︂

ℓ ,ℓ =1

∑︂
h

∫︂
|YJ1,ℓ1YJ2,ℓ2 u|pdxdy
1 2 J1,J2∈N , |J1|=|J2|=α Ω 

10 
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+
h ∑︂

j=1 

k∑︂
ℓ=1 

∑︂
J∈Nh, |J |=α

∫︂
Ω 

[︂
|XjYJ,ℓ u|p + |YJ,ℓ Xju|p

]︂
dxdy

⎫⎬⎭
1 
p

for any u ∈ W 2,p
α (Ω)

is a Banach space. Similarly, we can define the spaces of higher order Wm,p
α (Ω) for any integer 

m ≥ 1.
In accordance with the notation used in Section 1, for any integer m ≥ 1 and any 1 ≤ p < ∞, 

we denote by Wm,p
α,0 (Ω) the closure in Wm,p

α (Ω) of the space C∞
c (Ω) and by Wm,p

α,loc(Ω) the space 
of functions that are Wm,p

α (ω) for any open set ω with ω ⊂ Ω.
For the regularity results, see Section 5, we will also make use of the classical fractional 

Sobolev spaces that, as usual, will be denoted by Wγ,p(Ω), with 0 ≤ γ < ∞ and 1 ≤ p < ∞. 
One can also find there the corresponding local spaces denoted by Wγ,p

loc (Ω).

The basic properties of W 1,p
α (Ω) and W 1,p

α,0 (Ω) are collected in Section 5. For other properties 
of the Grushin Laplacian Δα and for a complete collection of the tools employed in the proofs 
of the main results see again Section 5 and the Appendix.

We now proceed by introducing the main assumptions and by providing the rigorous notion 
of weak solution for equation (1.2). Let us recall that the homogeneous dimension is Q = h +
(α + 1)k. For more details on the role of the number Q see the Appendix. Let Ω be a domain in 
RN and let us assume that

V ∈ W
1,σ
loc (Ω) , σ >

Q

2 
. (2.5)

We conclude this section with a list of notations which will be used throughout the paper. We 
denote by XG the vector field XG(x, y) := (x, (α+1)y) defined for any (x, y) ∈ RN = Rh ×Rk . 
This vector field will be also identified with the corresponding differential operator defined by

XG :=
h ∑︂

i=1 
xi

∂

∂xi

+ (α + 1)

k∑︂
j=1 

yj

∂

∂yj

. (2.6)

This means that if v = v(x, y) is a function then XG v := XG · ∇v. The differential operator XG

leaves unchanged the distance function:

XGdα = dα in RN \ {0} .

We introduce the following (N − 1)-dimensional measure denoted by ℋN−1
α and defined by

ℋN−1
α (M) :=

∫︂
M

1 
|∇dα| dℋN−1

for any measurable set M ⊆ RN with finite (N − 1)-dimensional Hausdorff measure.
11 
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3. The Grushin operator in spherical coordinates

In this section we introduce suitable spherical coordinates adapted to the Grushin structure 
and a decomposition of Δα in such a system. Note that these spherical coordinates have been 
already introduced in full generality in D’Ambrosio and Lucente [16] (see also Garofalo and 
Shen [31] and De Bie and Lian [14]).

In more detail, these coordinates use the distance dα(x, y) as the radial variable, along with 
the standard angular variables in Rh and Rk , and an extra angular variable serving as a junction 
between them. We then show how to compute the Grushin Laplacian Δα in these coordinates, 
and in particular both the strong and variational formulation of the spherical part of the operator 
on the unit Grushin sphere SN−1

α . With the final aim of studying the spectral structure of such 
spherical operator, we also introduce a suitable notion of weighted Sobolev space on SN−1

α .
With the only purpose of using a unified notation, we only treat in detail the cases h, k ≥ 2 and 

we only give a brief explanation when at least one between h and k equals 1. For more clarity, 
each of the cases is treated in a separate subsection. The main results of this section are then 
collected in a final subsection.

3.1. The case h, k ≥ 2

Denoting by r = |x|, t = |y| the radial variables in Rh and Rk and by θ ∈ Rh−1, η ∈ Rk−1 the 
corresponding angular variables, and writing the operators Δx and Δy in spherical coordinates 
in Rh and Rk respectively, given a sufficiently smooth function u we obtain

Δαu =
(︃

∂2u

∂r2 + h − 1

r

∂u

∂r 
+ 1 

r2 Δθu

)︃
+ r2α

(︃
∂2u

∂t2 + k − 1

t

∂u

∂t 
+ 1 

t2 Δηu

)︃
(3.1)

where Δθ and Δη denote the Laplace-Beltrami operators on the (h−1)-dimensional and (k−1)
dimensional spheres.

Next, we plan to use as a global radial variable the natural norm associated with the Grushin 
operator, that is ρ = dα(x, y) where dα was defined in (1.3). To do that, the right change of 
variables is:

(r, t) = Φ(ρ,φ) :=
(︃

ρ(sinφ)
1 

α+1 ,
ρα+1

α + 1
cosφ

)︃
(3.2)

with ρ ∈ (0,+∞), φ ∈ (︁0, π
2 
)︁
. The Jacobian matrix of the above transformation is

JΦ(ρ,φ) =
(︄

∂r 
∂ρ

∂r 
∂φ

∂t 
∂ρ

∂t 
∂φ

)︄
=
(︄

(sinφ)
1 

α+1 ρ
α+1 (sinφ)−

α
α+1 cosφ

ρα cosφ −ρα+1

α+1 sinφ

)︄

and its determinant is:

detJΦ(ρ,φ) = − ρα+1

α + 1
(sinφ)−

α
α+1 . (3.3)

Clearly
12 
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JΦ−1(r, t) = 1 
detJΦ(ρ,φ)

(︄
∂t 
∂φ

− ∂r 
∂φ

− ∂t 
∂ρ

∂r 
∂ρ

)︄
=
(︄

(sinφ)
2α+1
α+1 ρ−α cosφ

α+1
ρ

(sinφ)
α

α+1 cosφ − α+1 
ρα+1 sinφ

)︄
,

so that

∂u

∂r 
= ∂u

∂ρ 
(sinφ)

2α+1
α+1 + ∂u 

∂φ

α + 1

ρ
(sinφ)

α
α+1 cosφ , 

∂u

∂t 
= ∂u

∂ρ 
ρ−α cosφ − ∂u 

∂φ

α + 1

ρα+1 sinφ.

(3.4)

A possible way to proceed, with the purpose of writing the Grushin operator in polar coordinates, 
is to use (3.1) and to compute all the second order derivatives of u with respect to the variables 
r and t and express them in terms of second order derivatives in the variables ρ and φ, as we 
already did for first order derivatives. Here, we proceed differently with the purpose of simplify
ing computations and recovering a proper variational formulation for the spherical operator ℒΘ

appearing in the representation (3.7) below.
Given two functions u and v sufficiently smooth, thanks to (3.4) we may write in polar coor

dinates the following product:

∇αu · ∇αv = ∂u

∂r 
∂v

∂r 
+ 1 

r2 ∇θu · ∇θ v + r2α ∂u

∂t 
∂v

∂t 
+ r2α

t2 ∇ηu · ∇ηv (3.5)

= ψα

∂u

∂ρ 
∂v

∂ρ 
+ (α + 1)2

ρ2 ψα

[︃
∂u 
∂φ

∂v 
∂φ

+ 1 
(α + 1)2(sinφ)2 ∇θu · ∇θ v + 1 

(cosφ)2 ∇ηu · ∇ηv

]︃
.

Then, assuming that u is a sufficiently smooth function defined in a neighborhood of the origin 
Bα

R and v ∈ C∞
c (Bα

R), recalling that SN−1
α denotes the unit Grushin sphere ∂Bα

1 , we may write

∫︂
Bα

R

(−Δαu)v dxdy =
∫︂
Bα

R

∇αu · ∇αv dxdy =
∫︂

SN−1
α

⎛⎝ R∫︂
0 

ψα

∂u

∂ρ 
∂v

∂ρ 
ρQ−1 dρ

⎞⎠dℋN−1
α

+
R∫︂

0 

(α + 1)2

ρ2 ρQ−1

⎧⎪⎨⎪⎩
∫︂

(︁
0, π

2 
)︁×Sh−1×Sk−1

ψα

[︃
∂u 
∂φ

∂v 
∂φ

+ 1 
(α + 1)2(sinφ)2 ∇θu · ∇θ v

+ 1 
(cosφ)2 ∇ηu · ∇ηv

]︃
1 

(α + 1)k
(sinφ)

h−1−α
α+1 (cosφ)k−1 dφ dℋh−1(θ) dℋk−1(η)

}︃
dρ

where we used the fact that

dxdy = ρQ−1

(α + 1)k
(sinφ)

h−1−α
α+1 (cosφ)k−1dρ dφ dℋh−1(θ) dℋk−1(η) = ρQ−1dρ dℋN−1

α (3.6)

and where (3.6) follows from (3.2) and (3.3).
Integrating by parts we obtain∫︂

Bα

(−Δαu)v dxdy =
∫︂
Bα

−ψα

(︃
∂2u

∂ρ2 + Q − 1

ρ

∂u

∂ρ 
+ (α + 1)2

ρ2 ℒΘu

)︃
v dxdy
R R

13 
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so that we may conclude that

Δα = ψα

(︃
∂2

∂ρ2 + Q − 1

ρ

∂

∂ρ
+ (α + 1)2

ρ2 ℒΘ

)︃
, (3.7)

where ℒΘ is the surface operator on the Grushin unit sphere SN−1
α defined by

ℒΘ := ∂2

∂φ2 +
(︃

h − 1 + α

α + 1 
cosφ

sinφ 
− (k − 1)

sinφ 
cosφ

)︃
∂

∂φ
+ 1 

((α + 1) sinφ)2 Δθ + 1 
(cosφ)2 Δη .

(3.8)
Here Θ denotes an arbitrary element of SN−1

α whose angular coordinates are given by

θ1, . . . , θh−1, η1, . . . , ηk−1, φ .

Note that Garofalo and Shen in [31, p.135] and De Bie and Lian [14] already derived formula 
(3.7) respectively in the case k = 1, α = 1 and in the general case k,α ∈ N \ {0}.

From the above arguments we also deduce that if u,v ∈ C∞(Bα
R) with v compactly supported 

in Bα
R , then

−
∫︂

SN−1
α

ψα(Θ)ℒΘu(ρ,Θ)v(ρ,Θ) dℋN−1
α (3.9)

=
∫︂

SN−1
α

ψα(Θ)

[︃
∂u 
∂φ

∂v 
∂φ

+ 1 
(α + 1)2(sinφ)2 ∇θu · ∇θ v + 1 

(cosφ)2 ∇ηu · ∇ηv

]︃
dℋN−1

α

=: bα(u, v)

for any ρ ∈ (0,R), which gives the variational formulation for the operator ℒΘ. Such a variational 
formulation now needs a suitable functional space on which we can define the bilinear form 
appearing in the second line of (3.9).

Following the scheme usually used for defining classical Sobolev spaces on the boundary of 
a domain, see for example Lions and Magenes [39, Chapter 1, Section 7.3], we can define the 
weighted Sobolev space W 1,2

α (SN−1
α ). We explain in more details how this procedure may be 

implemented.
We can construct a partition of unity ϕ1, . . . , ϕn,ϕn+1, . . . , ϕn+m associated with an open 

covering O1, . . . ,On,On+1, . . . ,On+m of SN−1
α in RN such that

D := SN−1
α ∩

(︂
Σ ∪

{︂
(x, y) ∈Rh+k : 0 < φ <

π

4 

}︂)︂
⊆

n ⋃︂
j=1

Oj

and such that 
∑︁n

j=1 ϕj vanishes outside SN−1
α \ D.

Recalling Lions and Magenes [39], for any j ∈ {1, . . . , n + m}, we now define a family of 
sufficiently smooth diffeomorphisms Φj : Oj → Wj ×(−1,1) where Wj is an open set in RN−1, 
such that
14 
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Φj(B
α
1 ∩ Oj) = Wj × (−1,0) , Φj(S

N−1
α ∩ Oj) = Wj ×{0} , Φj(Oj \Bα

1 ) = Wj × (0,1) .

In the case j ∈ {1, . . . , n}, we have to specialize the choice of the maps Φj being the maps 
involving the singular set SN−1

α ∩ Σ.
We describe in details one of those maps Φj , j ∈ {1, . . . , n}, corresponding to case Oj ∩

SN−1
α ⊂ SN−1

α,+ where SN−1
α,+ is the subset of SN−1

α of points satisfying yk > 0. Proceeding simi
larly by replacing yk with the other variables y1, . . . , yk−1 we can cover the entire set D.

Let ηk−1 ∈ (︁0, π
2 
)︁

if k ≥ 3, ηk−1 ∈ (︁−π
2 ,

π
2 
)︁

if k = 2, the polar coordinate such that if (x, y) ∈
SN−1

α,+ and y′ = (y1, . . . , yk−1) then yk = |y| cos(ηk−1) and |y′| = |y| sin(ηk−1) if k ≥ 3, and 
y2 = |y| cos(η1) and y1 = |y| sin(η1) if k = 2.

Let us denote by Pk :RN → RN−1 the projection (x, y′, yk) ↦→ (x, y′) and let ˜︁D := Pk(D) ∩˜︁Bα
1 where ˜︁Bα

1 denotes the Grushin unit ball in RN−1 = Rh ×Rk−1.
We can choose Wj := ˜︁D and define over Wj × (−1,1) the map

Ψj(x, y′, yk) := (︁
x, y′, yk + Γ(x, y′)

)︁ :=
(︄

x, y′, yk +
√︃

1−|x|2(α+1)−(α+1)2 |y′|2
(α+1)2

)︄
(3.10)

and put

Oj := Ψj(Wj × (−1,1)) and Φj = Ψ−1
j : Oj → Wj × (−1,1) . (3.11)

We are ready to define the following spherical Sobolev space:

Definition 3.1. Let h, k ≥ 2. Let w be a function defined over SN−1
α . We will say that w ∈

W 1,2
α (SN−1

α ) if the function

(ϕj w)(Ψj (x, y′,0)) ∈ W 1,2
α (˜︁D) for any j ∈ {1, . . . , n + m} .

3.2. The case h ≥ 2 and k = 1

Identity (3.1) is replaced by

Δαu =
(︃

∂2u

∂r2 + h − 1

r

∂u

∂r 
+ 1 

r2 Δθu

)︃
+ r2α ∂2u

∂y2

and (3.2) remains the same with the only difference that this time φ ∈ (0,π) and t = y.
Proceeding as in the case k ≥ 2 we see that (3.7) still holds true with ℒΘ defined by

ℒΘ := ∂2

∂φ2 + h − 1 + α

α + 1 
cosφ

sinφ 
∂

∂φ
+ 1 

((α + 1) sinφ)2 Δθ .

The construction of Oj , Ψj and Φj may be done as in the case k ≥ 2: here P : RN → RN−1

is the projection (x, y) ↦→ x, ˜︁D := P(D)∩˜︁B1 where ˜︁B1 is the Euclidean unit ball in RN−1. Then 
again Wj := ˜︁D and
15 
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Ψj(x, y) :=
(︄

x, y +
√︃

1−|x|2(α+1)

(α+1)2

)︄
.

The rest, included the definition of W 1,2
α (SN−1

α ), is the same as for k ≥ 2. Accordingly with 
Definition 3.1, we will say that w ∈ W 1,2

α (SN−1
α ) if the function

(ϕj w)(Ψj (x,0)) ∈ W 1,2(˜︁D) for any j ∈ {1, . . . , n + m} .

3.3. The case h = 1 and k ≥ 2

Identity (3.1) is replaced by

Δαu = ∂2u 
∂x2 + r2α

(︃
∂2u

∂t2 + k − 1

t

∂u

∂t 
+ 1 

t2 Δηu

)︃
,

and (3.2) is replaced by

(x, t) = Φ(ρ,φ) :=
(︃

ρ(sinφ)| sinφ|− α
α+1 ,

ρα+1

α + 1
cosφ

)︃
(3.12)

with ρ ∈ (0,+∞), φ ∈ (︁−π
2 ,

π
2 
)︁
.

With this choice of ρ and φ, we have a new version of (3.4):

∂u 
∂x

= ∂u

∂ρ 
|sinφ| α

α+1 sinφ + ∂u 
∂φ

α + 1

ρ
| sinφ| α

α+1 cosφ , (3.13)

∂u

∂t 
= ∂u

∂ρ 
ρ−α cosφ − ∂u 

∂φ

α + 1

ρα+1 sinφ,

so that the identity corresponding to (3.5) becomes

∇αu · ∇αv = ∂u 
∂x

∂v 
∂x

+ |x|2α ∂u

∂t 
∂v

∂t 
+ |x|2α

t2 ∇ηu · ∇ηv (3.14)

= ψα

∂u

∂ρ 
∂v

∂ρ 
+ (α + 1)2

ρ2 ψα

[︃
∂u 
∂φ

∂v 
∂φ

+ 1 
(cosφ)2 ∇ηu · ∇ηv

]︃
.

Then by (3.12), (3.13) and (3.14), we deduce that (3.7) still holds true with

ℒΘ := ∂2

∂φ2 +
(︃

α

α + 1

cosφ

sinφ 
− (k − 1)

sinφ 
cosφ

)︃
∂

∂φ
+ 1 

(cosφ)2 Δη .

The construction of Oj , Ψj and Φj may be done as in the case h ≥ 2 with k ≥ 2 or k = 1: here 
Pk : RN → RN−1 is the projection (x, y′, yk) ↦→ (x, y′), D is defined similarly to the previous 
cases with the only difference that condition 0 < φ < π

4 is replaced here by −π
4 < φ < π

4 , ˜︁D :=
P(D) ∩ ˜︁B1 where ˜︁B1 is the Grushin unit ball in Rh × Rk−1. Then again Wj := ˜︁D and Ψj is 
defined as in (3.10). The rest, included the definition of W 1,2

α (SN−1
α ), is the same as for h, k ≥ 2, 

see Definition 3.1 for the details.
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3.4. The case h = 1 and k = 1

In this case, identity (3.1) becomes

Δαu = ∂2u 
∂x2 + |x|2α ∂2u

∂y2 .

We define ρ and φ in such a way that

(x, y) = Φ(ρ,φ) :=
(︃

ρ(sinφ)| sinφ|− α
α+1 ,

ρα+1

α + 1
cosφ

)︃
(3.15)

with ρ ∈ (0,+∞) and φ ∈ (−π,π).
With this choice of ρ and φ, we have also this time the counterpart of (3.4):

∂u 
∂x

= ∂u

∂ρ 
|sinφ| α

α+1 sinφ + ∂u 
∂φ

α + 1

ρ
| sinφ| α

α+1 cosφ , (3.16)

∂u

∂y 
= ∂u

∂ρ 
ρ−α cosφ − ∂u 

∂φ

α + 1

ρα+1 sinφ.

Now the identity corresponding to (3.5) becomes

∇αu · ∇αv = ∂u 
∂x

∂v 
∂x

+ |x|2α ∂u

∂y 
∂v

∂y 
= ψα

∂u

∂ρ 
∂v

∂ρ 
+ (α + 1)2

ρ2 ψα

∂u 
∂φ

∂v 
∂φ

. (3.17)

Then by (3.15), (3.16), (3.17), we deduce that (3.7) still holds true with

ℒΘ := ∂2

∂φ2 + α

α + 1

cosφ

sinφ 
∂

∂φ
.

The construction of Oj , Ψj and Φj may be done as in previous cases: here P : RN → RN−1 is 
the projection (x, y) ↦→ x, D is characterized again by condition −π

4 < φ < π
4 , ˜︁D := P(D) ∩

(−1,1). Then again Wj := ˜︁D and Ψj is defined as in the case h ≥ 2 and k = 1. The rest, included 
the definition of W 1,2

α (SN−1
α ), is the same as for h, k ≥ 2.

Once again, accordingly with Definition 3.1, we will say that w ∈ W 1,2
α (SN−1

α ) if the function

(ϕj w)(Ψj (x,0)) ∈ W 1,2(˜︁D) for any j ∈ {1, . . . , n + m} .

3.5. Rigorous formulation of the eigenvalue problem for −ℒΘ

We start by proving that the weighted Sobolev spaces on SN−1
α we have introduced are Hilbert 

spaces.

Proposition 3.2. Let h, k ≥ 1 and let W 1,2
α (SN−1

α ) be the weighted Sobolev space defined on the 
Grushin sphere. Then W 1,2(SN−1) is a Hilbert space with the scalar product
α α

17 
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(w1,w2)W 1,2
α (SN−1

α )
= bα(w1,w2) +

∫︂
SN−1

α

w1w2 dℋN−1
α , for any w1,w2 ∈ W 1,2

α (SN−1
α )

(3.18)
where bα(·, ·) is the bilinear form defined by the second line in (3.9).

Proof. We only treat in detail the proof in the case h, k ≥ 2. By definition of W 1,2
α (SN−1

α ), we 
can localize the problem to a single relatively open set SN−1

α ∩ Oj with j ∈ {1, . . . , n} being the 
sets that cover the degenerate set SN−1

α ∩ Σ.
In order to simplify notations, we still denote by w the function ϕjw so that we may assume in 

the rest of the proof that w is compactly supported in SN−1
α ∩Oj . Again, with the only purpose of 

simplifying notations, we identify w with the function (x, y′) ↦→ w(Ψj (x, y′,0)) for (x, y′) ∈ ˜︁D.
We have to show the equivalence between the W 1,2

α (˜︁D)-norm and the W 1,2
α (SN−1

α )-norm 
defined by (3.18). This can be done by expressing the W 1,2

α (˜︁D)-norm of w in terms of the polar 
coordinates θ1, . . . , θh−1, η1, . . . , ηk−1, φ for SN−1

α,+ .
Let us put ∇αw = (∇xw, |x|α∇y′w). Now, putting r = |x| and, t ′ = |y′| if k ≥ 3 and t ′ = y′ if 

k = 2, we may write

|∇αw|2 =
(︃

∂w

∂r 

)︃2

+ 1 
r2 |∇θw|2 + r2α

(︃
∂w

∂t ′

)︃2

+ r2α

t ′ 2
|∇η′w|2 if k ≥ 3, (3.19)

where ∇η′ denotes the gradient on Sk−2 and

|∇αw|2 =
(︃

∂w

∂r 

)︃2

+ 1 
r2 |∇θw|2 + r2α

(︃
∂w

∂t ′

)︃2

when k = 2 . (3.20)

Proceeding as for the computation of (3.4) and observing that t ′ = 1 
α+1 cosφ sin(ηk−1) and r =

(sinφ)
1 

α+1 , we may write

∂w

∂r 
= (α + 1)(sinφ)

α
α+1

cosφ 
∂w

∂φ 
+ (α + 1)(sinφ)

2α+1
α+1 sin(ηk−1)

(cosφ)2 cos(ηk−1) 
∂w 

∂ηk−1
,

∂w

∂t ′
= α + 1 

cosφ cos(ηk−1)

∂w 
∂ηk−1

,

so that

(︃
∂w

∂r 

)︃2

+ r2α

(︃
∂w

∂t ′

)︃2

= (α + 1)2(sinφ)
2α 

α+1

(cosφ)2

[︄(︃
∂w

∂φ 
+ b 

∂w 
∂ηk−1

)︃2

+ c2
(︃

∂w 
∂ηk−1

)︃2
]︄

(3.21)

where we put b = sinφ sin(ηk−1) 
cosφ cos(ηk−1)

and c = 1 
cos(ηk−1)

.

It is readily seen that for 0 < φ < π
4 , b

2 < c2 and the matrix

(︃
1 − 1

4 b

b
(︁
1 − 1)︁ c2 + b2

)︃

4

18 
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is positive definite so that

1

4

[︄(︃
∂w

∂φ 

)︃2

+ c2
(︃

∂w 
∂ηk−1

)︃2
]︄

≤
(︃

∂w

∂φ 
+ b 

∂w 
∂ηk−1

)︃2

+ c2
(︃

∂w 
∂ηk−1

)︃2

≤ 3

[︄(︃
∂w

∂φ 

)︃2

+ c2
(︃

∂w 
∂ηk−1

)︃2
]︄

. (3.22)

Combining (3.21) and (3.22) we obtain

(α + 1)2

4(cosφ)2 ψα

[︄(︃
∂w

∂φ 

)︃2

+ 1 
(cos(ηk−1))2

(︃
∂w 

∂ηk−1

)︃2
]︄

≤
(︃

∂w

∂r 

)︃2

+ r2α

(︃
∂w

∂t ′

)︃2

(3.23)

≤ 3(α + 1)2

(cosφ)2 ψα

[︄(︃
∂w

∂φ 

)︃2

+ 1 
(cos(ηk−1))2

(︃
∂w 

∂ηk−1

)︃2
]︄

.

Recalling the definition of Oj in (3.11), the fact that the functions of the partition of unity ϕj are 
compactly supported in Oj and that w in (3.23) actually stands for ϕj w, we deduce that there 
exist two positive constants C1 and C2 independent of w such that

C1 ψα

[︄(︃
∂w

∂φ 

)︃2

+
(︃

∂w 
∂ηk−1

)︃2
]︄

≤
(︃

∂w

∂r 

)︃2

+ r2α

(︃
∂w

∂t ′

)︃2

≤ C2 ψα

[︄(︃
∂w

∂φ 

)︃2

+
(︃

∂w 
∂ηk−1

)︃2
]︄

.

(3.24)

Now, observing that 1 
r2 |∇θw|2 = ψα

1 
(sinφ)2 |∇θw|2 and |∇ηw|2 =

(︂
∂w 

∂ηk−1

)︂2 + 1 
(sin(ηk−1)

2 |∇η′w|2, 
by (3.19), (3.20) and (3.24) we finally obtain, for suitable positive constants C1,C2, not neces
sarily the same of (3.24),

C1ψα

[︄(︃
∂w

∂φ 

)︃2

+ 1 
(α + 1)2(sinφ)2 |∇θw|2 + 1 

(cosφ)2 |∇ηw|2
]︄

≤ |∇αw|2 (3.25)

≤ C2ψα

[︄(︃
∂w

∂φ 

)︃2

+ 1 
(α + 1)2(sinφ)2 |∇θw|2 + 1 

(cosφ)2 |∇ηw|2
]︄

.

Recalling again that the support of ϕjw is contained in Oj we have that

D1 dxdy′ ≤ dℋN−1
α =

√︂
1 + |∇Γ(x, y′)|2 dxdy′ ≤ D2 dxdy′ (3.26)

over SN−1
α ∩ Oj , for some positive constants D1 and D2 independent of w. We recall that Γ is 

the function introduced in (3.10).
Integrating (3.25) and taking into account (3.26), we immediately see that the norm induced 

by (3.18) is equivalent to the norm coming from W 1,2
α (˜︁D).

The same kind of approach may be implemented in all the other cases h ≥ 2 and k = 1, h = 1
and k ≥ 2, h = k = 1. □
19 
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Corollary 3.3. Let h, k ≥ 1. Then the space W 1,2
α (SN−1

α ) endowed with norm induced by (3.18)
is compactly embedded L2(SN−1

α ).

Proof. Using a partition of unity subject to an open cover {Oj } of SN−1
α , as in the proof of 

Proposition 3.2, we can identify locally a bounded sequence in W 1,2
α (SN−1

α ) with a bounded 
sequence in W 1,2

α (˜︁D) for some bounded domain ˜︁D ⊂ RN−1. Now, we know that W 1,2
α (˜︁D) is 

compactly embedded into L2(˜︁D), see Proposition 5.8 in Section 5, so that our sequence admits a 
subsequence converging in L2(˜︁D). Coming back to SN−1

α , we recover the strong convergence of 
this subsequence in L2(SN−1

α ∩Oj) for any j . This proves strong convergence in L2(SN−1
α ). □

Thanks to Proposition 3.2 we can now give a rigorous variational formulation for the eigen
value problem associated with the operator −ℒΘ: we say that μ is an eigenvalue of −ℒΘ

corresponding to some eigenfunction Ψ ∈ W 1,2
α (SN−1

α ) \ {0} if

bα(Ψ,w) = μ

∫︂
SN−1

α

ψαΨ w dℋN−1
α for any w ∈ W 1,2

α (SN−1
α ) . (3.27)

By Corollary 3.3 and standard results for linear self-adjoint compact operators, we deduce that 
the eigenvalue problem (3.27) admits a sequence of nonnegative eigenvalues diverging to +∞
with finite multiplicity. Moreover, it can be proved that W 1,2

α (SN−1
α ) can be endowed with an 

equivalent scalar product defined by

bα(w1,w2) +
∫︂

SN−1
α

ψα w1w2 dℋN−1
α

(see the argument used in the proof of Proposition 4.5) and, with respect to this scalar product, 
W 1,2

α (SN−1
α ) admits a Hilbertian basis of eigenfunctions.

Throughout the paper we use the following notations for the eigenvalues and the eigenfunc
tions of −ℒΘ

0 = μ0 < μ1 ≤ μ2 ≤ · · · ≤ μn ≤ . . . , (3.28)

where each eigenvalue appears in the sequence as many times as its multiplicity, and

ω0 ,ω1 . . . ,ωj , . . . (3.29)

a corresponding sequence of orthonormal eigenfunctions with respect to the scalar product of 
L2

α(SN−1
α ) given by (w1,w2) ↦→ ∫︁

SN−1
α

ψα w1w2 dℋN−1
α .

We conclude this section by observing that, as a consequence of the regularity results for Δα, 
the eigenfunctions of −ℒΘ are smooth on SN−1

α :

Proposition 3.4. Let Ψ be an eigenfunction of −ℒΘ. Then Ψ ∈ C∞(SN−1
α ).

Proof. Let λ be the eigenvalue of −ℒΘ corresponding to Ψ and denote by W the function defined 

in Rh+k \ {0} by W(x,y) = Ψ
(︂

x ,
y

α+1

)︂
. Then by (3.7), W solves the equation
dα(x,y) [dα(x,y)]

20 
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−ΔαW = λ(α + 1)2|x|2α

(dα(x, y))2α+2 W in Rh+k \ {0} .

Since the potential

(x, y) ↦→ λ(α + 1)2|x|2α

(dα(x, y))2α+2

is of class C∞(Rh+k \ {0}), the hypoellipticity of the Grushin Laplacian implies that W ∈
C∞(Rh+k \ {0}) and then Ψ ∈ C∞(SN−1

α ), see Theorem 1.1 in [34]. □
4. The monotonicity formula

In the present section we present the Almgren-type monotonicity argument and we prove the 
main results of the paper, namely Theorem 1.1 and Corollaries 1.3, 1.4, and 1.5.

Let Ω ⊆ Rh+k be a bounded connected domain that, without losing generality, contains the 
origin. Let u be a weak solution of (1.2) in sense of the variational formulation (1.9). Let us 
define the functions

D(r) := r2−Q

∫︂
Bα

r

(︂
|∇αu|2 − V (x, y)u2

)︂
dxdy , (4.1)

H(r) := r1−Q

∫︂
∂Bα

r

ψα u2 dℋN−1
α , (4.2)

for any r ∈ (0,R) where R > 0 is the maximal value for which Bα
R ⊆ Ω and where ψα is the 

function defined in (1.11). The functions D and H are respectively called the energy and height 
functions.

Both functions D and H are well defined if we assume that V satisfies (2.5). Indeed, for D one 
can check by the Sobolev embedding in Proposition 5.8 and by (2.5) that V u2 ∈ L1

loc(Ω). Instead, 
in the definition of H , we only need u ∈ W 1,2

α (Bα
r ) since the trace of a function u ∈ W

1,2
α, loc(Ω), 

which in (4.2) is still denoted by u, belongs to the weighted space L2
α(∂Bα

r ) as one can see from 
Proposition 5.6. Here L2

α(∂Bα
r ) is the space of square integrable function on ∂Bα

r with respect to 
the measure |x|2αdℋN−1 (see Subsection 5.1 for the general definition of the space Lp

α(∂Ω)).
We start by computing the derivative of H .

Lemma 4.1. Let u ∈ W
1,2
α, loc(Ω) be a weak solution of (1.2) with V satisfying (2.5) and let H be 

the corresponding function defined in (4.2). Then H ∈ W
1,1
loc (0,R) and for a.e. r ∈ (0,R):

H ′(r) = 2r1−Q

∫︂
∂Bα

r

ψα

dα

uXGu dℋN−1
α . (4.3)

Proof. Since u ∈ W
1,2
α, loc(Ω) then we readily see that the function ψαuXGu ∈ L1

loc(Ω \ {0}) and 

hence the function r ↦→ ∫︁
∂Bα

r

ψα

dα
uXGu dℋN−1

α is defined a.e. in (0,R). Then for a.e. r ∈ (0,R), 
by Lemma 6.3, we may write
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2r1−Q

∫︂
∂Bα

r

ψα

dα

uXGu dℋN−1
α = 

∫︂
∂Bα

1

|x|2α 2u(rx, rα+1y)∇u(rx, rα+1y) · (x, (α + 1)rαy) dℋN−1
α .

(4.4)

Then we integrate (4.4) over a generic interval (r1, r2) with r2 > r1 > 0 to obtain after Fubini
Tonelli Theorem

r2∫︂
r1

⎛⎜⎝2r1−Q

∫︂
∂Bα

r

ψα

dα

uXGu dℋN−1
α

⎞⎟⎠dℋN−1
α =

∫︂
∂Bα

1

|x|2α

⎛⎝ r2∫︂
r1

∂

∂r

(︂
u(rx, rα+1y)

)︂2

⎞⎠dℋN−1
α

=
∫︂

∂Bα
1

|x|2α

[︃(︂
u(r2x, rα+1

2 y)
)︂2 −

(︂
u(r1x, rα+1

1 y)
)︂2
]︃

dℋN−1
α

= r
1−Q
2

∫︂
∂Bα

r2

r−2α
2 |x|2αu2 dℋN−1

α − r
1−Q
1

∫︂
∂Bα

r1

r−2α
1 |x|2αu2 dℋN−1

α = H(r2) − H(r1) .

This readily shows that H ∈ W
1,1
loc (0,R) and moreover its derivative is given a.e. by (4.3). □

We also need to represent the derivative of the function D. In order to perform the computa
tion of D′ we first need the following Pohozaev-type identity. For the clarity of exposition we 
postpone the proof to the Appendix.

Proposition 4.2. (Pohozaev-type identity) Let u ∈ W
1,2
α, loc(Ω) be a weak solution of (1.2) with 

V satisfying (2.5). Then u ∈ W
2,2
α,loc(Ω), ∇u ∈ L2

loc(Ω;RN) and the trace on ∂Bα
r of first order 

derivatives of u belong to L2(∂Bα
r ) for any r > 0 such that Bα

r ⊂ Ω. Moreover for a.e. r ∈ (0,R)

we have

− Q − 2

2 

∫︂
Bα

r

|∇αu|2 dxdy + r

2

∫︂
∂Bα

r

|∇αu|2 dℋN−1
α − 1

r

∫︂
∂Bα

r

ψα(XGu)2 dℋN−1
α

= r

2

∫︂
∂Bα

r

V u2 dℋN−1
α − Q

2 

∫︂
Bα

r

V u2 dxdy − 1

2

∫︂
Bα

r

(∇V · XG)u2 dxdy .

Remark 4.3. We observe that the regularity result stated in Proposition 4.2 combined with the 
integration by parts formula stated in Proposition 6.4 in the Appendix and Lemma 4.1, yields

D(r) = r

2
H ′(r) . (4.5)

The same regularity result stated in Proposition 4.2 shows that the integral in the right hand side 
of (4.3) can be also interpreted in the sense of traces.
22 



L. Abatangelo, A. Ferrero and P. Luzzini Journal of Differential Equations 445 (2025) 113666 
Lemma 4.4. Let u ∈ W
1,2
α, loc(Ω) be a weak solution of (1.2) with V satisfying (2.5) and let D be 

the corresponding function defined in (4.1). Then D ∈ W
1,1
loc (0,R) and for a.e. r ∈ (0,R) we have 

that

D′(r) = −r1−Q

∫︂
Bα

r

(2V + ∇V · XG)u2 dxdy + 2r−Q

∫︂
∂Bα

r

ψα(XGu)2 dℋN−1
α . (4.6)

Proof. By Proposition 4.2 we easily deduce that for a.e. r ∈ (0,R):

r

∫︂
∂Bα

r

(︂
|∇αu|2 − V u2

)︂
dℋN−1

α = (Q − 2)

∫︂
Bα

r

|∇αu|2 dxdy − Q

∫︂
Bα

r

V u2 dxdy (4.7)

−
∫︂
Bα

r

(∇V · XG)u2 dxdy + 2

r

∫︂
∂Bα

r

ψα(XGu)2 dℋN−1
α .

On the other hand, for a.e. r ∈ (0,R) we have that

D′(r) = (2 − Q)r1−Q

∫︂
Bα

r

(︂
|∇αu|2 − V u2

)︂
dxdy + r2−Q

∫︂
∂Bα

r

(︂
|∇αu|2 − V u2

)︂
dℋN−1

α (4.8)

thanks to Lemma 6.1 in the Appendix.
Combining (4.7) and (4.8) we arrive to the conclusion of the proof. □
We will also need the following Poincaré-type inequality in Bα

r .

Proposition 4.5. Let r > 0. There exists a constant C(h, k,α) depending only on h, k and α such 
that

1 
r2

∫︂
Bα

r

v2 dxdy ≤ C(h, k,α)

⎛⎜⎝∫︂
Bα

r

|∇αv|2 dxdy + 1

r

∫︂
∂Bα

r

ψαv2 dℋN−1
α

⎞⎟⎠ (4.9)

for any v ∈ W 1,2
α (Bα

r ).

Proof. For simplicity let start by proving (4.9) for r = 1. It is enough to prove that the original 
norm of W 1,2

α (Bα
1 ) is equivalent to the norm defined by

∥v∥α :=
⎛⎜⎝∫︂

Bα
1

|∇αv|2 dxdy +
∫︂

∂Bα
1

ψαv2 dℋN−1
α

⎞⎟⎠
1
2

for any v ∈ W 1,2
α (Bα

1 )

which means that there exist two positive constants C1,C2 such that

∥v∥α ≤ C1∥v∥ 1,2 α , ∥v∥ 1,2 α ≤ C2∥v∥α for any v ∈ W 1,2
α (Bα

1 ) .

Wα (B1 ) Wα (B1 )
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The first estimate is a consequence of the continuity of the trace map, see Proposition 5.6 in 
Section 5. For proving the second estimate we can proceed by contradiction and find a sequence 
{vn} ⊂ W 1,2

α (Bα
1 ) with ∥vn∥W

1,2
α (Bα

1 )
= 1 such that ∥vn∥α → 0 as n → +∞. Up to subsequences, 

we can assume that there exists v ∈ W 1,2
α (Bα

1 ) such that vn ⇀ v weakly in W 1,2
α (Bα

1 ) and 
by the compact embedding W 1,2

α (Bα
1 ) ⊂ L2(Bα

1 ), see Proposition 5.8 in Section 5, vn → v

strongly in L2(Bα
1 ). Moreover, by weak convergence we have that 

∫︁
Bα

1
∇αvn · ∇αv dxdy →∫︁

Bα
1
|∇αv|2 dxdy. On the other hand we also have

⃓⃓⃓⃓
⃓⃓⃓∫︂
Bα

1

∇αvn · ∇αv dxdy

⃓⃓⃓⃓
⃓⃓⃓≤

⎛⎜⎝∫︂
Bα

1

|∇αvn|2 dxdy

⎞⎟⎠
1
2
⎛⎜⎝∫︂

Bα
1

|∇αv|2 dxdy

⎞⎟⎠
1
2

≤ ∥vn∥α

⎛⎜⎝∫︂
Bα

1

|∇αv|2 dxdy

⎞⎟⎠
1
2

which converges to zero thus proving that 
∫︁
Bα

1
|∇αv|2 dxdy = 0 so that v is constant in Bα

1 . On 

the other hand, the continuity of the trace map also implies that vn ⇀ v weakly in L2
α(∂Bα

1 ) but 
vn → 0 strongly in L2

α(∂Bα
1 ) since ∥vn∥L2

α(∂Bα
1 ) ≤ ∥vn∥α → 0. This implies that the constant 

function v vanishes on ∂Bα
1 which means that actually v = 0 in Bα

1 .
In particular vn → 0 in L2(Bα

1 ) and recalling that 
∫︁
Bα

1
|∇αvn|2dxdy ≤ ∥vn∥2

α → 0, this im

plies vn → 0 strongly in W 1,2
α (Bα

1 ), contradicting ∥vn∥W
1,2
α (Bα

1 )
= 1. The equivalence of the two 

norms readily implies the validity of (4.9) in the case r = 1.
For proving (4.9) for any arbitrary radius r > 0, letting v ∈ W 1,2

α (Bα
r ), we consider the 

rescaled function vr(x, y) = v(rx, rα+1y) defined in Bα
1 and we apply to it (4.9) with r = 1. 

Then applying Lemma 6.2 and Lemma 6.3 we arrive to the conclusion in the general case. □
As a consequence of Proposition 4.5 one can also prove the following

Corollary 4.6. Let r > 0. Let 1 ≤ q < ∞ be such that q ≤ 2Q 
Q−2 when Q > 2. Then there exists a 

constant C(h, k,α, q) depending only on h, k, α and q such that

⎛⎜⎝∫︂
Bα

r

|v|q dxdy

⎞⎟⎠
2 
q

≤ C(h, k,α, q) r
2−q
q

Q+2

⎛⎜⎝∫︂
Bα

r

|∇αv|2 dxdy + 1

r

∫︂
∂Bα

r

ψαv2 dℋN−1
α

⎞⎟⎠ (4.10)

for any v ∈ W 1,2
α (Bα

r ).

Proof. By Proposition 5.8 applied to the case Ω = Bα
1 combined with a rescaling argument 

yields
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⎛⎜⎝∫︂
Bα

r

|v|q dxdy

⎞⎟⎠
2 
q

≤ C1(h, k,α, q) r
2−q
q

Q+2

⎛⎜⎝∫︂
Bα

r

|∇αv|2 dxdy + 1 
r2

∫︂
Bα

r

v2 dxdy

⎞⎟⎠ . (4.11)

Estimate (4.10) then follows combining (4.11) with (4.9). □
Lemma 4.7. Let u ∈ W

1,2
α, loc(Ω) be a nontrivial weak solution of (1.2) with V satisfying (2.5)

and let H be the corresponding function defined in (4.2). Then there exists r̄ ∈ (0,R) such that 
H(r) > 0 for any r ∈ (0, r̄).

Proof. By (2.5), Hölder inequality, Corollary 4.6, we deduce that for all r ∈ (0,R):∫︂
Bα

r

[︂
|∇αu|2 − V u2

]︂
dxdy ≥

[︂
1 − ∥V ∥Lσ (Bα

r ) C
(︂
h, k,α, 2σ 

σ−1

)︂
r

2σ−Q
σ

]︂∫︂
Bα

r

|∇αu|2 dxdy (4.12)

− 1

r
∥V ∥Lσ (Bα

r ) C
(︂
h, k,α, 2σ 

σ−1

)︂
r

2σ−Q
σ

∫︂
∂Bα

r

ψαu2 dℋN−1
α .

Suppose by contradiction that for any r̄ ∈ (0,R) there exists r0 ∈ (0, r̄) such that H(r0) = 0. 
Since by (2.5) we know that σ >

Q
2 , choosing r̄ small enough such that

1 − ∥V ∥Lσ (Bα
r̄ ) C

(︂
h, k,α, 2σ 

σ−1

)︂
r̄

2σ−Q
σ > 0 , (4.13)

applying (4.12) with r = r0 < r̄ , observing that by (4.3) we have H ′(r0) = 0 being the trace of u
zero on ∂Br0 , by (4.5) and (4.1) we obtain

0 =
∫︂

Bα
r0

[︂
|∇αu|2 − V u2

]︂
dxdy ≥

[︃
1 − ∥V ∥Lσ (Bα

r0
) C

(︂
h, k,α, 2σ 

σ−1

)︂
r

2σ−Q
σ

0

]︃ ∫︂
Bα

r0

|∇αu|2 dxdy ,

which implies that u is constant in Bα
r0

and since its trace on ∂Bα
r0

is zero then u ≡ 0 in Bα
r0

. 
Applying a classical unique continuation principle for elliptic operators, see Sogge [42], we 
deduce that u ≡ 0 on any open set whose closure is contained in Ω \ Σ. This proves that u = 0
a.e. in Ω, a contradiction. □

Thanks to Lemma 4.7 we may define the Almgren-type function corresponding to nontrivial 
solutions of equation (2.5):

𝒩 (r) := D(r) 
H(r)

for any r ∈ (0, r̄) . (4.14)

We now compute the derivative of 𝒩 and prove some estimates.

Lemma 4.8. Let u ∈ W
1,2
α, loc(Ω) be a nontrivial weak solution of (1.2) with V satisfying (2.5), let 

𝒩 be defined by (4.14) with r̄ as in (4.13). Then for a.e. r ∈ (0, r̄) we have
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𝒩 ′(r) = 2
r1−2Q

(H(r))2

⎧⎪⎨⎪⎩
∫︂

∂Bα
r

ψα (XGu)2 dℋN−1
α ·

∫︂
∂Bα

r

ψαu2 dℋN−1
α −

⎛⎜⎝ ∫︂
∂Bα

r

ψαuXGudℋN−1
α

⎞⎟⎠
2⎫⎪⎬⎪⎭

(4.15)

− r1−Q

H(r) 

∫︂
Bα

r

(2V + ∇V · XG)u2 dxdy .

Moreover, we also have

𝒩 (r) > −1 for any r ∈ (0, r̄) (4.16)

and

𝒩 ′(r) ≥ −K(h, k,α,σ, r̄, V )r−1+ 2σ−Q
σ [𝒩 (r) + 1] for a.e. r ∈ (0, r̄) (4.17)

for some positive constant K(h, k,α,σ, r̄, V ) depending only on h, k, α, σ , r̄ and V .

Proof. The proof of (4.15) follows by (4.3), (4.5), (4.6) and the definition of 𝒩 .
Let us proceed with the proof of (4.16). Let r̄ be as in (4.13). Then by (4.12) and (4.13) we 

have that

D(r) + H(r) ≥ r2−Q

⎡⎢⎣∫︂
Bα

r

(︂
|∇αu|2 − V u2

)︂
dxdy (4.18)

+1

r
∥V ∥Lσ (Bα

r ) C
(︂
h, k,α, 2σ 

σ−1

)︂
r

2σ−Q
σ

∫︂
∂Bα

r

ψαu2 dℋN−1
α

⎤⎥⎦
≥ r2−Q

[︂
1 − ∥V ∥Lσ (Bα

r ) C
(︂
h, k,α, 2σ 

σ−1

)︂
r

2σ−Q
σ

]︂∫︂
Bα

r

|∇αu|2 dxdy > 0

for any r ∈ (0, r̄). Dividing the last inequality by H(r), (4.16) readily follows.
Let us proceed with the proof of (4.17). By (2.5), Hölder inequality, Corollary 4.6 and (4.18), 

we infer that there exists a constant C(h, k,α,σ, r̄) depending only on h, k, α, σ and r̄ such that⃓⃓⃓⃓
⃓⃓⃓∫︂
Bα

r

(2V + ∇V · XG)u2 dxdy

⃓⃓⃓⃓
⃓⃓⃓≤ C (h, k,α,σ, r̄) r

2σ−Q
σ ∥V ∥W 1,σ (Bα

r ) r
Q−2 [D(r) + H(r)]

(4.19)

for any r ∈ (0, r̄). Combining (4.19) with (4.15) and using the Hölder inequality, we obtain
26 



L. Abatangelo, A. Ferrero and P. Luzzini Journal of Differential Equations 445 (2025) 113666 
𝒩 ′(r) ≥ − r1−Q

H(r) 

∫︂
Bα

r

(2V + ∇V · XG)u2 dxdy ≥ −K(h, k,α,σ, r̄, V )r−1+ 2σ−Q
σ [𝒩 (r) + 1]

(4.20)

for any r ∈ (0, r̄) where we put K(h, k,α,σ, r̄, V ) = C (h, k,α,σ, r̄) ∥V ∥W 1,σ (Bα
r̄ ). This com

pletes the proof of (4.17). □
Lemma 4.9. Suppose that all the assumptions of Lemma 4.8 hold true. Then 𝒩 is bounded as 
r → 0+.

Proof. Let us consider (4.17) and for simplicity denote by K the constant K(h, k,α,σ, r̄, V )

introduced in the statement of Lemma 4.8 and let us put δ = 2σ−Q
σ

> 0. Integrating (4.17) in 
(r, r̄) we obtain

log(𝒩 (r̄) + 1) − log(𝒩 (r) + 1) ≥ K
δ

(︁
rδ − r̄ δ

)︁
for any r ∈ (0, r̄) .

This implies

𝒩 (r) + 1 ≤ [𝒩 (r̄) + 1]eK
δ

(︁
r̄ δ−rδ

)︁
≤ [𝒩 (r̄) + 1]eKr̄ δ

δ for any r ∈ (0, r̄) .

This proves that 𝒩 is bounded from above in a right neighborhood of 0. The fact that 𝒩 is also 
bounded from below follows by (4.16). □
Lemma 4.10. Suppose that all the assumptions of Lemma 4.8 hold true. Then 𝒩 admits a finite 
limit as r → 0+ which we denote by ℓ.

Proof. By Lemma 4.9 we know that 𝒩 is bounded and by (4.15) and (4.20), we infer that 𝒩 ′
is the sum of a nonnegative function f (r) (the first line in the right hand side of (4.15)) and of a 
function g(r) (the second line in the right hand side of (4.15)) which is integrable in (0, r̄).

Hence, the integral functions 
∫︁ r̄

r
f (t) dt and 

∫︁ r̄

r
g(t) dt both admit a limit as r → 0+. There

fore, 
∫︁ r̄

r
𝒩 ′(t) dt also admits a limit as r → 0+. This shows that 𝒩 admits a limit as r → 0+. 

This limit is necessarily finite thanks to Lemma 4.9. □
Proceeding as in the following papers [19--23] with suitable adaptation to the present problem 

one can prove the following.

Lemma 4.11. Suppose that all the assumptions of Lemma 4.8 hold true and let ℓ be as in 
Lemma 4.10. Then the following conclusions hold true:

lim 
r→0+ r−2ℓH(r) (4.21)

exists and it is finite and moreover for any η > 0 there exist K(η) > 0 and rη > 0, both depending 
on η, such that

H(r) ≥ K(η) r2ℓ+η for any r ∈ (0, rη) . (4.22)
27 



L. Abatangelo, A. Ferrero and P. Luzzini Journal of Differential Equations 445 (2025) 113666 
Proof. We first observe that by the proof of Lemma 4.10, we have that 𝒩 ′ ∈ L1(0, r̄) and by 
(4.20) we have that

𝒩 (r) − ℓ =
r∫︂

0 

𝒩 ′(t) dt ≥ −C1 rδ for any r ∈ (0, r̄) (4.23)

with δ = 2σ−Q
σ

accordingly with the notation of Lemma 4.9.
Once we have (4.23), one can follow exactly the same argument used in the proof of [22, 

Lemma 5.6] to complete the proof of (4.21) and (4.22). □
We now perform a blow-up argument of nontrivial solutions u of equation (2.5) by defining 

the following family of rescaled functions:

uε(x, y) = u(εx, εα+1y)√
H(ε)

, ε > 0 . (4.24)

By (1.11) and Lemma 6.3 we readily see that∫︂
∂Bα

1

ψαu2
ε dℋN−1

α = 1 . (4.25)

Before proving the following blow-up result, we recall that by (ρ,Θ) we denote the radial 
and spherical coordinates introduced in Section 3.

Lemma 4.12. Suppose that all the assumptions of Lemma 4.8 hold true and let ℓ be limit defined 
in Lemma 4.10. Then there exists j ∈ N such that

ℓ =
−(Q − 2) +

√︂
(Q − 2)2 + 4μj (α + 1)2

2 
(4.26)

where μj is an eigenvalue of the polar operator −ℒΘ with ℒΘ defined by (3.8).
Moreover, for any sequence εn ↓ 0 there exist a subsequence εnj

and an eigenfunction Ψ of 
the operator −ℒΘ associated with μj such that 

∫︁
∂Bα

1
ψα Ψ2 dℋN−1

α = 1 and as j → +∞

uεnj
(ρ,Θ) → ρℓ Ψ(Θ) ρ > 0, Θ ∈ ∂Bα

1 , (4.27)

weakly in W 1,2
α (Bα

1 ), strongly in W 1,2
α (Bα

r ) and uniformly in Bα
r for any r ∈ (0,1).

Proof. Throughout the proof of this lemma we denote by C any positive constant independent 
of ε which is not necessarily always the same in each formula of this proof.

We first prove that {uε}ε∈(0,r̄) is bounded in W 1,2
α (Bα

1 ). By (4.24), (4.9) and (4.18) we obtain

∥uε∥2
1,2 α ≤ C[𝒩 (ε) + 1] (4.28)
Wα (B1 )
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for any ε ∈ (0, r̄) with r̄ as in (4.14). Boundedness in W 1,2
α (Bα

1 ) then follows from Lemma 4.9.
Therefore, for any sequence εn there exists a subsequence εnj

such that

uεnj
⇀ ū in W 1,2

α (Bα
1 ). (4.29)

Moreover, we claim that

uεnj
→ ū ≠ 0 in L2

α(∂Bα
1 ) . (4.30)

For simplicity, in order to prove (4.30), we only wrote uεnj
and ū on ∂Bα

1 to actually denote their 
traces Trα uεnj

and Trα ū. First of all we observe that uεnj
→ ū a.e. with respect to the measure 

ℋN−1. Indeed, denoting by Ση = {(x, y) : |x| < η}, η > 0, a neighborhood of the set Σ, we have 
that {uε}ε∈(0,r̄) is bounded in the classical Sobolev space (without weight) W 1,2(Bα

1 \Ση). Hence 
by compactness of the classical trace map from W 1,2(Bα

1 \Ση) to L2(∂Bα
1 \Ση), along a suitable 

subsequence of {uεnj
}, the a.e. convergence in ∂Bα

1 \ Ση holds true. Being the pointwise limit 
always the same, i.e. the function ū found in (4.29), by using a Cantor diagonal argument we may 
find a suitable subsequence, that for simplicity we still denote by {uεnj

}, such that uεnj
→ ū a.e. 

in ∂Bα
1 \Σ and hence a.e. in ∂Bα

1 being ℋN−1(∂Bα
1 ∩Σ) = 0. Now, by Corollary 5.7 we have that 

{uε}ε∈(0,r̄) is bounded in Lq
α(∂Bα

1 ) for some q > 2 and this, together with the a.e. convergence 
and the Vitali convergence theorem, yields the strong convergence in L2

α(∂Bα
1 ) contained in 

(4.30) along a suitable subsequence.
In particular, by (4.25) we infer that 

∫︁
∂Bα

1
ψα ū2 dℋN−1

α = 1 and hence ū ≠ 0.

Next, putting Vε(x, y) = V (εx, εα+1y), we observe that

−Δαuε = ε2 Vε uε in Bα
1 (4.31)

for any ε ∈ (0, r̄). By Lemma 6.2 and direct computation we see that

∥ε2 Vε∥W 1,σ (Bα
1 ) ≤ ε

2σ−Q
σ ∥V ∥W 1,σ (Ω) (4.32)

for any ε ∈ (0,min{1, r̄}). Up to shrink r̄ , it is not restrictive to assume in the rest of the proof 
that r̄ < 1.

Hence, recalling that σ > Q/2 thanks to (2.5), by (4.28) and Proposition 5.12 (i), we deduce 
that {uε}ε∈(0,r̄) is bounded in W 2,2

α (Bα
r ) for any r ∈ (0,1).

Applying the compact embedding result of Proposition 5.8 (i) we deduce that

uεnj
→ ū in W 1,2

α (Bα
r ) (4.33)

for any r ∈ (0,1).
Moreover, we can pass to the limit in the weak formulation of (4.31) over Bα

1 (see (1.9) for 
more details) and by Hölder inequality, (4.32) and (4.29), we obtain

−Δα ū = 0 in Bα
1 (4.34)

in a weak sense. Moreover, by Proposition 5.9 we also have that ū ∈ C∞(Bα).
1
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Furthermore, by (4.14) and Lemmas 6.2, 6.3 we have

𝒩 (εr) =
(εr)2−Q

∫︁
Bα

εr
(|∇αu|2 − V u2) dxdy

(εr)1−Q
∫︁
∂Bα

εr
ψα u2 dℋN−1

α

(4.35)

=
r2−Q

∫︁
Bα

r
|∇αuε|2 dxdy 

r1−Q
∫︁
∂Bα

r
ψα u2

ε dℋN−1
α

−
(εr)2−Q

∫︁
Bα

εr
V u2 dxdy 

(εr)1−Q
∫︁
∂Bα

εr
ψα u2 dℋN−1

α

.

About the second term in the latter equation, by (5.1), (2.5) we obtain⃓⃓⃓⃓
⃓ (εr)2−Q

∫︁
Bα

εr
V u2 dxdy 

(εr)1−Q
∫︁
∂Bα

εr
ψα u2 dℋN−1

α

⃓⃓⃓⃓
⃓≤ 1

2C(h, k,α,σ, r̄)(εr)
2σ−Q

σ ∥V ∥W 1,σ (Ω)[D(εr) + H(εr)]
Hu(εr) 

(4.36)

≤ 2−1C(h, k,α,σ, r̄)(εr)
2σ−Q

σ ∥V ∥W 1,σ (Ω) [𝒩 (εr) + 1] = o(1) as ε → 0

uniformly with respect to r in a neighborhood of 0. From (4.35), (4.36), (4.29), (4.30) and (4.33), 
we deduce

ℓ = lim 
j→+∞𝒩 (εnj

r) = lim 
j→+∞

r2−Q
∫︁
Bα

r
|∇αuεnj

|2 dxdy 

r1−Q
∫︁
∂Bα

r
ψα u2

εnj
dℋN−1

α

, (4.37)

lim 
j→+∞ r2−Q

∫︂
Bα

r

|∇αuεnj
|2 dxdy = r2−Q

∫︂
Bα

r

|∇αū|2 dxdy =: Dū(r) (4.38)

and

lim 
j→+∞ r1−Q

∫︂
∂Bα

r

ψα u2
εnj

dℋN−1
α = r1−Q

∫︂
∂Bα

r

ψα ū2 dℋN−1
α =: Hū(r) (4.39)

for any r ∈ (0,1). We observe that Hū(r) > 0 for any r ∈ (0,1). Indeed if there exists r0 ∈ (0,1)

such that Hū(r0) = 0 then combining (4.37)-(4.39) we see that also Dū(r0) = 0 since otherwise 
the limit in the right hand side of (4.37) cannot be finite. This implies ū ≡ 0 in Bα

r0
and applying 

the classical unique continuation property for elliptic operator in Bα
1 \ Σ we infer that ū ≡ 0 in 

Bα
1 , a contradiction.

Now we may define the Almgren-type quotient corresponding to ū by

𝒩ū(ρ) := Dū(ρ)

Hū(ρ) 
=

ρ2−Q
∫︁
Bα

ρ
|∇αū|2 dxdy 

ρ1−Q
∫︁
∂Bα

ρ
ψα ū2 dℋN−1

α

, ρ ∈ (0,1).

Combining (4.37) with (4.38)-(4.39), we infer

ℓ = lim 𝒩 (εnj
ρ) = 𝒩ū(ρ) for any ρ ∈ (0,1) ,
j→+∞
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which shows that 𝒩ū is a constant function.
On the other hand, following the same outline as in Lemma 4.8, it results

𝒩 ′̄
u(ρ) = 2ρ1−2Q

(Hū(ρ))2

⎧⎪⎨⎪⎩
∫︂

∂Bα
ρ

ψα (XGū)2 dℋN−1
α ·

∫︂
∂Bα

ρ

ψαū2 dℋN−1
α −

⎛⎜⎝ ∫︂
∂Bα

ρ

ψαūXGūdℋN−1
α

⎞⎟⎠
2⎫⎪⎬⎪⎭

(4.40)
for any ρ ∈ (0,1). Being 𝒩ū constant from (4.40) we deduce that we have an equality in a 
Hölder inequality which implies that XGū and ū are parallel vectors as elements of the Hilbert 
space L2

α(∂Bα
ρ ) for any ρ ∈ (0,1). Hence there exists a function h(ρ) such that

XGū(ρ,Θ) = h(ρ)ū(ρ,Θ) for any ρ ∈ (0,1), Θ ∈ ∂Bα
1 . (4.41)

We observe that multiplying both sides of (4.41) by ψαū and integrating over ∂Bα
ρ with respect 

to the measure ℋN−1
α , by (4.3) we deduce that h(ρ) = ρH ′̄

u(ρ)/(2Hū(ρ)) which shows that 
h ∈ L1

loc(0,1).
By (A.1) in the Appendix, we have that ∂ū

∂ρ = 1 
ρ

XGū. Integrating (4.41) we obtain

ū(ρ,Θ) = ū
(︁ 1

2 ,Θ
)︁
e
∫︁ ρ

1/2
h(r)
r

dr for any ρ ∈ (0,1) and Θ ∈ ∂Bα
1 .

Let us put w(Θ) = ū
(︁ 1

2 ,Θ
)︁

and z(ρ) := e
∫︁ ρ

1/2
h(r)
r

dr . Using the polar expression of the Grushin 
operator (3.7) and recalling that ū is a solution to (4.34) we have

ψα

(︃
∂2z 
∂ρ2 w(Θ) + Q − 1

ρ

∂z 
∂ρ

w(Θ) + (α + 1)2

ρ2 z(ρ)ℒΘw(Θ)

)︃
= 0 .

Maintaining ρ fixed and varying Θ ∈ ∂Bα
1 , we see that the function w = w(Θ) is an eigenfunc

tion of −ℒΘ and letting μ the corresponding eigenvalue, we deduce that

−ℒΘw = μw in ∂Bα
1 and

∂2z 
∂ρ2 + Q − 1

ρ

∂z 
∂ρ

− μ(α + 1)2

ρ2 z = 0 in (0,1) .

The linear equation for z = z(ρ) has solutions of the form z(ρ) = c1ρ
β1 + c2ρ

β2 where

β1 = −1

2
(Q − 2) − 1

2

√︂
(Q − 2)2 + 4μ(α + 1)2 and

β2 = −1

2
(Q − 2) + 1

2

√︂
(Q − 2)2 + 4μ(α + 1)2 .

We show that ρβ1w(Θ) ∉ W 1,2
α (Bα

1 ). Indeed, by (3.5) in the case h, k ≥ 2 and the corresponding 
identities when at least one between h or k equals 1, we have that

|∇α(ρβ1w(Θ))|2 = ρ2β1−2 W(Θ)
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for some function W depending only on the angular part Θ ∈ ∂Bα
1 . Looking at the spherical rep

resentation of the volume element dxdy in (3.6), we conclude that |∇α(ρβ1w(Θ))|2 ∈ L1(Bα
1 ) if 

and only if 
∫︁ 1

0 ρ2β1+Q−3 dρ < ∞ and this is impossible as one can see substituting the expression 
of β1.

Then the expression of ū is given by ū(ρ,Θ) = c2 ρβ2w(Θ) where c2 is given by (︂∫︁
∂Bα

1
ψα ū2 dℋN−1

α

)︂− 1
2
. We can now put Ψ(Θ) = c2 w(Θ).

Putting the expression ū(ρ,Θ) = ρβ2Ψ(Θ) in Dū and Hū, by (3.5) and corresponding identi
ties when at least one between h and k equals 1 and (3.27), we obtain

Dū(ρ) = ρ2−Qβ2
2

ρ∫︂
0 

r2β2+Q−3

⎛⎜⎝ ∫︂
∂Bα

1

ψα Ψ2 dℋN−1
α

⎞⎟⎠ dr

+ ρ2−Q

ρ∫︂
0 

(α + 1)2 r2β2+Q−3

⎛⎜⎝ ∫︂
∂Bα

1

bα(Ψ,Ψ) dℋN−1
α

⎞⎟⎠ dr = β2
2 + μ(α + 1)2

2β2 + Q − 2 
ρ2β2 = β2 ρ2β2 ,

Hū(ρ) = ρ1−Qρ2β2+Q−1
∫︂

∂Bα
1

ψα Ψ2 dℋN−1
α = ρ2β2 ,

where we recall that bα(·, ·) is defined in (3.9). Therefore, a straightforward computation yields 
𝒩ū ≡ β2 and hence β2 = ℓ.

It remains to prove the uniform convergence in (4.27). It follows from the fact that 
∥uε∥W

1,2
α (Bα

1 )
= O(1) as ε → 0+ combined with Proposition 5.11 in Section 5, Battaglia and 

Bonfiglioli [11, Theorem 4.1] and the Ascoli-Arzelà Theorem. This completes the proof of the 
lemma. □

A crucial part for concluding the proof of Theorem 1.1 is to show that the limit in (4.21)
is strictly positive. Recalling the notations introduced for (3.28) and (3.29), we may expand in 
Fourier series the function u: u(δε(Θ)) = ∑︁+∞

i=0 φi(ε)ωi(Θ), Θ ∈ SN−1
α , with δε as in (1.4), 

where φi is given by

φi(ε) :=
∫︂

SN−1
α

ψα(Θ)u(δε(Θ))ωi(Θ) dℋN−1
α . (4.42)

We also define

Υi(ε) :=
∫︂
Bα

ε

V (x, y)u(x, y)ωi

(︃
x

dα(x, y)
,

y

[dα(x, y)]α+1

)︃
dxdy

and

ζi(ε) := ε1−Q Υ′
i (ε) =

∫︂
N−1

V (δε(Θ))u(δε(Θ))ωi(Θ) dℋN−1
α (4.43)
Sα
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thanks to Lemma 6.1 and Lemma 6.3 in the Appendix. By (3.7), (4.42), (4.43), the fact that u
solves (1.2), the symmetry of the bilinear form bα(·, ·) defined in (3.9) and the fact that ωi is an 
eigenfunction of μi , we obtain the following equation for φi

−φ′′
i (ε) − Q − 1

ε
φ′

i (ε) + (α + 1)2μi

ε2 φi(ε) = ζi(ε) in the sense of distributions in (0, r̄) .

(4.44)

Lemma 4.13. Suppose that all the assumptions of Lemma 4.8 hold true and let ℓ be the limit 
defined in Lemma 4.10. Let m ≥ 1 be the multiplicity of the eigenvalue μj0 = μj0+1 = · · · =
μj0+m−1 of −ℒΘ found in Lemma 4.12 and satisfying identity (4.26). Then for any R ∈ (0, r̄), 
with r̄ as in Lemma 4.7, and i ∈ {j0, . . . , j0 + m − 1}, we have

φi(ε) = εℓ

⎛⎝R−ℓφi(R) + 
2 − Q − ℓ 
2 − Q − 2ℓ

R∫︂
ε

s−Q+1−ℓΥi(s) ds − 
ℓR−Q+2−2ℓ

2 − Q − 2ℓ 

R∫︂
0 

sℓ−1Υi(s) ds

⎞⎠
+ O(εℓ+δ) (4.45)

as ε → 0+, with δ = 2σ−Q
σ

as in the proof of Lemma 4.9.

Proof. The proof of this lemma is based on the same argument used in the proof of [23, Lemma 
6.8] and we refer to [23] for the details. By direct computation one can check that (4.44) may be 
rewritten in the form

−
[︃
εQ−1+2ℓ

(︂
ε−ℓφi(ε)

)︂′]︃′
= εQ−1+ℓ ζi(ε) .

Proceeding as in the proof of [23, Lemma 6.8] we obtain, for a suitable constant ci ,

φi(ε) = εℓ

⎡⎣R−ℓφi(R) + 2 − Q − ℓ 
2 − Q − 2ℓ

R∫︂
ε

s−Q+1−ℓ Υi(s) ds + ℓciR
−Q+2−2ℓ

2 − Q − 2ℓ 

⎤⎦ (4.46)

+ ℓε−Q+2−ℓ

Q − 2 + 2ℓ

⎛⎝ci +
R∫︂

ε

sℓ−1Υi(s) ds

⎞⎠ .

By Lemma 6.2, (4.32), Proposition 5.8 we have that

ε2

√
H(ε)

|Υi(ε)| ≤ C(Ω,α,h, k, σ )∥V ∥Lσ (Ω) ∥ωi∥
L

2σ 
σ−1 (SN−1

α )
εQ+ 2σ−Q

σ ∥uε∥W
1,2
α (Bα

1 )

for some constant C(Ω,α,h, k, σ ) depending only on Ω,α,h, k, σ . Then, by (4.28), Lemma 4.9, 
(4.21), we deduce that Υi(ε) = O(εQ−2+ℓ+δ) as ε → 0+ and in particular s−Q+1−ℓΥi(s) ∈
L1(0,R).

This implies that the first line in (4.46) is a O(εℓ) ⊆ o(ε−Q+2−ℓ) as ε → 0+.
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From the estimate Υi(ε) = O(εQ−2+ℓ+δ) we also have sℓ−1Υi(s) ∈ L1(0,R) so that if by 

contradiction we have ℓ
(︂
ci + ∫︁ R

0 sℓ−1Υi(s) ds
)︂

≠ 0 then φi(ε) ≍ ε−Q+2−ℓ as ε → 0+ contra

dicting the fact that 
∫︁ R

0 εQ−1|φi(ε)|qdε < +∞ for any q ≥ 1 if Q = 2 and 1 ≤ q ≤ 2Q 
Q−2 if 

Q > 2, as a consequence of Sobolev embedding (see Proposition 5.8) and (4.42).
Now if ℓ = 0, the conclusion of the lemma follows immediately, otherwise from what we have 

obtained above we infer ci = − ∫︁ R

0 sℓ−1Υi(s) ds so that (4.46) becomes

φi(ε) = εℓ

⎡⎣R−ℓφi(R) + 2 − Q − ℓ 
2 − Q − 2ℓ

R∫︂
ε

s−Q+1−ℓ Υi(s) ds − ℓR−Q+2−2ℓ

2 − Q − 2ℓ 

R∫︂
0 

sℓ−1Υi(s) ds

⎤⎦
− ℓε−Q+2−ℓ

Q − 2 + 2ℓ

ε∫︂
0 

sℓ−1Υi(s) ds .

The last term in the above identity satisfies O(εℓ+δ) as a consequence of the estimate Υi(s) =
O(sQ−2+ℓ+δ). This completes the proof of the lemma also in the case ℓ ≠ 0. □

Now we are ready to prove that the limit in (4.21) is strictly positive.

Lemma 4.14. Suppose that all the assumptions of Lemma 4.8 hold true and let ℓ be the limit 
defined in Lemma 4.10. Then the limit (4.21) is strictly positive.

Proof. Suppose by contradiction that the limit in (4.21) equals 0 so that by the Parseval identity 
we also have that limε→0+ ε−ℓ φi(ε) = 0 for any i ∈ {j0, . . . , j0 + m − 1}, with j0 and m as in 
Lemma 4.13. Therefore, by Lemma 4.13, letting ε → 0+, we obtain

R−ℓφi(R) + 
2 − Q − ℓ 

2 − Q − 2ℓ

R∫︂
0 

s−Q+1−ℓ Υi(s) ds − 
ℓR−Q+2−2ℓ

2 − Q − 2ℓ 

R∫︂
0 

sℓ−1 Υi(s) ds = 0

which replaced in the asymptotic estimate (4.45) for φi implies

φi(ε) = − 2 − Q − ℓ 
2 − Q − 2ℓ

εℓ

ε∫︂
0 

s−Q+1−ℓ Υi(s) ds + O(εℓ+δ) . (4.47)

In the proof of Lemma 4.13 we have shown that Υi(s) = O(sQ−2+ℓ+δ) so that by (4.47) we 
obtain φi(ε) = O(εℓ+δ) as ε → 0+.

Now, by (4.22) with η = δ, we have that 
√

H(ε) ≥ √
K(δ) εℓ+ δ

2 . Recalling the definition of 
uε in (4.24), for any i ∈ {j0, . . . , j0 + m − 1}, we then have⃓⃓⃓⃓
⃓⃓⃓ ∫︂
SN−1

α

ψα uε ωi dℋN−1
α

⃓⃓⃓⃓
⃓⃓⃓= |φi(ε)| √

H(ε)
≤ O(εℓ+δ) 

√
K(δ) εℓ+ δ

2

= O(ε
δ
2 ) = o(1) as ε → 0+ . (4.48)
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On the other hand, by (4.27) and (4.29), for any i ∈ {j0, . . . , j0 + m − 1}
∫︂

SN−1
α

ψα uε ωi dℋN−1
α →

∫︂
SN−1

α

ψα Ψ ωi dℋN−1
α (4.49)

where Ψ belongs to the eigenspace generated by ωj0, . . . ,ωj0+m−1. Combining (4.48) and (4.49)
we infer 

∫︁
SN−1

α
ψα Ψ ωi dℋN−1

α = 0 for any i ∈ {j0, . . . , j0 +m−1} in contradiction with the fact 
that Ψ ≢ 0 belongs to the eigenspace generated by ωj0, . . . ,ωj0+m−1. □
4.1. End of the proof of Theorem 1.1

Using the notations of Lemma 4.13 for μj0, . . . ,μj0+m−1 and ωj0, . . . ,ωj0+m−1, and letting 
εn ↓ 0, by Lemma 4.12 and Lemma 4.14, along a subsequence εnj

we have

ε−ℓ
nj

u(δεnj
(x, y)) ⇀ (dα(x, y))ℓ

j0+m−1∑︂
i=j0

βi ωi

(︃
x

dα(x, y)
,

y

[dα(x, y)]α+1

)︃

weakly in W 1,2
α (Bα

1 ) and strongly in L2
α(SN−1

α ), where 
∑︁j0+m−1

i=j0
βi ωi = Ψ with Ψ as in 

Lemma 4.12. To complete the proof of the theorem it remains to prove that the function Ψ and 
hence the coefficients βj0, . . . , βj0+m−1 do not depend on the sequence εn, thus showing that the 
convergence above actually holds as ε → 0+.

By (4.42) and the orthonormality of ωj0, . . . ,ωj0+m−1, for any i ∈ {j0, . . . , j0 + m − 1}, we 
then have

ε−ℓ
nj

φi(εnj
) → βi as j → +∞ .

On the other hand, by Lemma 4.13 we have that

ε−ℓφi(ε) → R−ℓφi(R) + 
2 − Q − ℓ 
2 − Q − 2ℓ

R∫︂
0 

s−Q+1−ℓΥi(s) ds − 
ℓR−Q+2−2ℓ

2 − Q − 2ℓ 

R∫︂
0 

sℓ−1Υi(s) ds ,

thus proving that βi does not depend on the sequence εn and

βi = R−ℓφi(R) + 
2 − Q − ℓ 
2 − Q − 2ℓ

R∫︂
0 

s−Q+1−ℓΥi(s) ds − 
ℓR−Q+2−2ℓ

2 − Q − 2ℓ 

R∫︂
0 

sℓ−1Υi(s) ds .

To complete the proof of Theorem 1.1 we need to prove that the strong convergence in W 1,2
α (Bα

r )

and the uniform convergence in Bα
r contained in (1.12) holds for any r > 0 and not only for 

r ∈ (0,1) as already shown in Lemma 4.12. Letting r > 0 and (X,Y ) ∈ Bα
r , one can define 

(x, y) = δ1/(2r)(X,Y ) ∈ Bα and observe that
1/2
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ρ−ℓu(δρ(X,Y ))

= (2r)ℓ (2rρ)−ℓu(δ2rρ(x, y)) → (2r)ℓ(dα(x, y))−ℓ Ψ

(︃
x

dα(x, y)
,

y

[dα(x, y)]α+1

)︃
= (dα(X,Y ))−ℓ Ψ

(︃
X

dα(X,Y )
,

Y

[dα(X,Y )]α+1

)︃
as ρ → 0+,

that completes the proof of Theorem 1.1.

4.2. Proof of Corollary 1.3

We divide the proof in three cases.
The case z0 ∈ Σ. Letting z0 = (0, y0), up to the translation (x, y) ↦→ (x, y − y0) we may as

sume that z0 is the origin of RN . Suppose by contradiction that u ≢ 0 in Ω and apply Theorem 1.1
to get

ρ−ℓ u(δρ(Θ)) → Ψ(Θ) as ρ → 0+ (4.50)

uniformly in SN−1
α for some eigenfunction Ψ ≢ 0 of −ℒΘ. Taking n > ℓ, with n as in the state

ment of the corollary, by (1.14) we have that |u(δρ(Θ))| ≤ Cρn for any ρ > 0 sufficiently small. 
This, combined with (4.50) implies Ψ ≡ 0 in SN−1

α , a contradiction.
The case z0 ∉ Σ, h ≥ 2. The assumption h ≥ 2 implies that Ω \ Σ is connected and the proof 

follows from the classical unique continuation principle for uniformly elliptic operators (see 
Sogge [42]) applied outside an arbitrarily small neighborhood of the singular set Σ, as already 
observed in Remark 1.6.

The case z0 ∉ Σ, h = 1. In this case, if 0 ∈ Ω, the set Ω \ Σ is not connected. We denote by 
H± := {(x, y) ∈Rh+k : x ≷ 0} and by Ω± := Ω ∩ H± the two connected components of Ω \ Σ. 
We may suppose that z0 ∈ Ω+, being the other case completely equivalent. The classical unique 
continuation principle for uniformly elliptic operators implies that u ≡ 0 in Ω+. Suppose by 
contradiction that u ≢ 0 in Ω. Then we may apply Theorem 1.1 around 0 and conclude that the 
eigenfunction Ψ ≢ 0 vanishes in SN−1

α ∩ H+. Accordingly with the proof of Proposition 3.4 we 

may define the function W(x,y) = Ψ
(︂

x
dα(x,y)

,
y

[dα(x,y)]α+1

)︂
, which satisfies W ∈ C∞(RN \ {0}). 

Choose a point z̄ = (0, ȳ) ∈ Σ \ {0} so that all derivatives of any order of W vanish at z̄, being 
W ≡ 0 in H+. By Taylor formula with Peano remainder term we deduce that W(z) = O(|z− z̄|n)
for any n ∈ N . Applying to W the result of Corollary 1.3 itself, already proved in the case 
z0 = z̄ ∈ Σ, we may conclude that W ≡ 0 in RN \ {0} and in particular Ψ ≡ 0 in SN−1

α , thus 
reaching a contradiction.

4.3. Proof of Corollary 1.4

For the same reason already explained in the proof of Corollary 1.3, we have to distinguish 
three cases.

The case z0 ∈ Σ Up to translation we may assume that z0 = 0. Suppose by contradiction that 
u ≢ 0 in Ω. By estimate (4.22) of Lemma 4.11 for any η > 0 there exist K(η) > 0 and rη > 0
such that, after integrating the boundary integral:
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∫︂
Bα

r

ψαu2 dxdy ≥ K(η) 
2ℓ + η + Q

r2ℓ+η+Q for any r < rη,

thus contradicting the assumption of the corollary one we choose n > 2ℓ + η + Q.
The case z0 ∉ Σ We can treat both the cases h ≥ 2 and h = 1 exactly as in the proof of Corol

lary 1.3 by applying the unique continuation principle with the integral assumption which is 
precisely the type of condition assumed in Sogge [42, Theorem 2.1], that is implied by our one.

4.4. Proof of Corollary 1.5

When h ≥ 2 we know that Ω \ Σ is connected so that, as already observed in Remark 1.6 the 
conclusion follows from the unique continuation principle for uniformly elliptic operators in the 
version with the solution u vanishing on a set of positive measure, see de Figueiredo and Gossez 
[17] and Sogge [42]. When h = 1, we already observed in Remark 1.6 that in general we can 
only conclude that u vanishes on at least one connected component of Ω\ Σ. But in this case we 
can apply the argument already used in the proof of Corollary 1.3: we assume by contradiction 
that u ≢ 0 in Ω but u ≡ 0 either in Ω+ or in Ω−; then we use Theorem 1.1 to show that Ψ ≢ 0
and Proposition 3.4 to show that W ∈ C∞(RN \ {0}); finally, applying Corollary 1.3 to W , we 
obtain Ψ ≡ 0 thus reaching a contradiction.

5. Regularity results and properties of weighted Sobolev spaces

This section collects some fundamental properties of the weighted Sobolev spaces W 1,p
α and 

some local regularity results in Wk,p
α and in fractional Sobolev spaces for solutions of equations 

with the Grushin operator Δα . We note that parts of the results contained in this section, or 
their variants in more general settings, can be found in the literature (see e.g. Rothschild and 
Stein [41], Garofalo and Nhieu [30], Danielli, Garofalo and Nhieu [18], Monti and Morbidelli 
[40], and Kogoj and Lanconelli [35]). Nevertheless, to the best of our knowledge, no existing 
references fully address the exact assumptions required here. For these reasons we decided to 
provide an exposition including detailed proofs, which we believe can be of interest for people 
working with the Grushin operator.

5.1. Properties of the Sobolev spaces W 1,p
α (Ω)

In this section we will state and prove some basic results of weighted Sobolev spaces W 1,p
α (Ω)

concerning extension theorems, density, trace operators and embeddings. In all these statements 
we assume the validity of the following condition on the domain Ω:

Definition 5.1. Let h, k,α ∈ N , h, k,α ≥ 1 and let N = h + k. We say that a domain Ω ⊂ RN

satisfies condition (D) if it is a domain with Lipschitz boundary and moreover ∂Ω ∩ Σ, with 
Σ as in (1.1), may be covered by a finite family {Vj }sj=1 of cuboids (i.e. rotations of rectangle 

parallelepipeds in RN ) such that the following assumptions hold:

(i) there exists a corresponding family of rotations {rj }sj=1 in RN = Rh ×Rk , rj = rj (x, y) in

dependent of x ∈ Rh (and hence depending only on y ∈Rk), such that for any j ∈ {1, . . . , s}
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rj (Vj ) = {(x, y) ∈Rh ×Rk : αιj < xι < βιj , ι = 1, . . . , h, aij < yi < bij , i = 1, . . . , k};

(ii) for any j ∈ {1, . . . , s}

rj (Ω ∩ Vj ) = {(x, y) ∈Rh ×Rk : (x, y′) ∈ Wj, gj (x, y′) < yk < bkj }

where we wrote y′ = (y1, . . . , yk−1) and

Wj := {(x, y′) ∈ Rh ×Rk−1 : αιj < xι < βιj , ι = 1, . . . , h, aij < yi < bij , i = 1, . . . , k − 1};

(iii) for any j ∈ {1, . . . , s} we have that gj ∈ C0,1(Wj ) and moreover

akj < gj (x, y′) < bkj for any (x, y′) ∈ Wj ,

and there exists a constant Cj such that

|∇xgj (x, y′)| ≤ Cj |x|α for any (x, y′) ∈ Wj .

Remark 5.2. We point out that conditions (i)-(iii) in Definition 5.1 not necessarily involve the 
whole boundary of Ω but only the part of it intersecting the singular set Σ. In other words the 
family of cuboids {Vj }sj=1 does not in general cover the whole set ∂Ω but only ∂Ω∩Σ. However, 
for the remaining part of ∂Ω one can find in Definition 5.1 a Lipschitzianity condition.

This definition excludes for example domains Ω for which relatively open sets in Σ are en
tirely contained in ∂Ω. In other words, the set Σ intersects transversally ∂Ω. Moreover, the 
second condition in (iii) states that partial derivatives with respect to the variables xi of the func
tions gj have to vanish at least like |x|α or faster than it when (x, y′) is close to the set Wj ∩ Σ. 
Note that the same condition for domains in R2 has been already introduced by Monti and Mor
bidelli [40, p. 763].

Definition 5.1 seems to be quite restrictive but for our purposes this is not a great problem 
since the next results about the properties of the weighted Sobolev spaces W 1,p

α (Ω) will be 
essentially applied to the case Ω = Bα

r with Bα
r as in (1.6). One can verify that for this kind of 

balls Bα
r , condition (D) is actually satisfied.

We start with the following extension result:

Proposition 5.3. Let Ω ⊂ RN be a bounded domain satisfying condition (D) introduced in Def
inition 5.1. Then there exists a linear continuous operator ℰ : W 1,p

α (Ω) → W
1,p
α (RN) such that 

(ℰv)|Ω = v for any v ∈ W
1,p
α (Ω).

Proof. The proof follows exactly the same argument used for classical Sobolev spaces based on 
partition of unity, local deformation of the domain and symmetric extension. Let us emphasize 
the main differences with the classical case. Up to the rotation rj introduced in Definition 5.1, 
we may assume that

Ω ∩ Vj = {(x, y) ∈Rh ×Rk : (x, y′) ∈ Wj, gj (x, y′) < yk < bkj }
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and if v ∈ W
1,p
α (Ω), up to consider a partition of unity, we may assume that

supp(v) ⊂ {(x, y) ∈Rh ×Rk : (x, y′) ∈ Wj, gj (x, y′) ≤ yk < bkj }

so that by implementing a trivial extension of v we may put v(x, y′, yk) = 0 for any (x, y′) ∈ Wj

and yk ≥ bkj .
Then we define the deformation

Φj : Wj ×R→ Wj ×R

Φj(x, y′, yk) = (x, y′, yk − gj (x, y′)) for any (x, y′, yk) ∈ Wj ×R

and the function v : Wj × (0,+∞) → R given by v(x, y′, yk) := v(Φ−1
j (x, y′, yk)) for any 

(x, y′, yk) ∈ Wj × (0,+∞).
By a direct computation based on Definition 5.1 (iii), we infer

|∇αv(x, y′, yk)|2 ≤ 2|∇xv(Φ−1
j (x, y′, yk))|2 + 2

⃓⃓⃓⃓
∂v 
∂yk

(Φ−1
j (x, y′, yk))

⃓⃓⃓⃓2
|∇xgj (x, y′)|2 (5.1)

+ 2|x|2α|∇y′v(Φ−1
j (x, y′, yk))|2 + 2|x|2α

⃓⃓⃓⃓
∂v 
∂yk

(Φ−1
j (x, y′, yk))

⃓⃓⃓⃓2
|∇y′gj (x, y′)|2

+ |x|2α

⃓⃓⃓⃓
∂v 
∂yk

(Φ−1
j (x, y′, yk))

⃓⃓⃓⃓2
≤ (2C2

j + 2 sup |∇gj |2 + 3) |∇αv(Φ−1
j (x, y′, yk))|2 for a.e. (x, y′, yk) ∈ Wj × (0,+∞). 

By (5.1) and a change of variables we obtain∫︂
Wj ×(0,+∞)

|∇αv|pdxdy′dyk ≤ (2C2
j + 2 sup |∇gj |2 + 3)

p
2 
∫︂

Ω∩Vj

|∇αv|pdxdy .

With a similar but easier procedure one can show that ∥v∥Lp(Wj ×(0,+∞)) = ∥v∥Lp(Ω∩Vj ) so that 

v ∈ W
1,p
α (Wj × (0,+∞)) and

∥v∥
W

1,p
α (Wj ×(0,+∞))

≤
[︂
1 + (2C2

j + 2 sup |∇gj |2 + 3)
p
2 
]︂ 1 

p ∥v∥
W

1,p
α (Ω∩Vj )

. (5.2)

The next step is to extend the function v by a symmetric reflection with respect to the hyper
plane yk = 0. This extension gives rise to a function ˜︁v : Wj ×R→ R such that ˜︁v ∈ W

1,p
α (Wj ×R)

and

∥˜︁v∥
W

1,p
α (Wj ×R)

= 2
1 
p ∥v∥

W
1,p
α (Wj ×(0,+∞))

.

For more details about the extension by symmetric reflection and the proof of the fact that Xi˜︁v
and YJ,ℓ˜︁v exist in a weak sense and are Lp-functions, see Brezis [12, Lemma 9.2].
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The final step is to define the function ˜︁v : Wj × R → R by putting ˜︁v(x, y′, yk) :=˜︁v(Φ(x, y′, yk)) for any (x, y′, yk) ∈ Wj × R. With the same procedure used in (5.1) one can 
verify that ˜︁v ∈ W

1,p
α (Wj ×R) and

∥˜︁v∥
W

1,p
α (Wj ×R)

≤
[︂
1 + (2C2

j + 2 sup |∇gj |2 + 3)
p
2 
]︂ 1 

p ∥˜︁v∥
W

1,p
α (Wj ×R)

. (5.3)

Since ˜︁v is compactly supported in Wj ×R, it can be trivially extended to the whole RN . More
over, combining (5.2)-(5.3) we can write

∥˜︁v∥
W

1,p
α (RN)

≤ 2
1 
p

[︂
1 + (2C2

j + 2 sup |∇gj |2 + 3)
p
2 
]︂ 2 

p ∥v∥
W

1,p
α (Ω)

.

This completes the proof of the proposition. □
Remark 5.4. We observe that under the assumptions of Proposition 5.3, the extension operator 
can be constructed in such a way that every function ℰv, v ∈ W

1,p
α (Ω), is compactly supported 

in RN and its support is contained in a ball BR(0) with a radius R independent of v ∈ W
1,p
α (Ω). 

Indeed, suppose that is not the case; then it is sufficient to choose a cutoff function ζ ∈ C∞
c (RN)

with ζ ≡ 1 in Ω and multiply every extended function by ζ . In this way, we may construct a new 
extension operator which now satisfies the desired property.

The next purpose is to show that it is possible to define a trace operator from the space 
W

1,p
α (Ω) to the weighted Lp

α(∂Ω) of functions defined on ∂Ω which belongs to the Lp-space 
with respect to the boundary measure |x|pαdℋN−1.

A possible strategy is to define the trace on smooth functions and to extend it by density and 
continuity to the whole space W 1,p

α (Ω). In order to prove density of C∞(Ω) in W 1,p
α (Ω), we 

assume again condition (D) introduced in Definition 5.1. Since the proof follows the classical 
argument by Friedrichs in [28], we therefore omit it.

Proposition 5.5. Let Ω ⊂ RN be a bounded domain satisfying condition (D) introduced in Def
inition 5.1. Then C∞(Ω) is dense in W 1,p

α (Ω).

Let us proceed with the definition of the trace operator.

Proposition 5.6. Let Ω ⊂ RN be a bounded domain satisfying condition (D) introduced in Def
inition 5.1. Then there exists a continuous linear operator Trα : W

1,p
α (Ω) → L

p
α(∂Ω) such that 

Trv = v|∂Ω for any v ∈ C∞(Ω).

Proof. Let us consider the linear operator which maps every function v ∈ C∞(Ω) ⊂ W
1,p
α (Ω)

to v|∂Ω ∈ L
p
α(∂Ω). We want to prove that there exists a constant C > 0 such that

∥v|∂Ω∥L
p
α(∂Ω) ≤ C∥v∥

W
1,p
α (Ω)

for any v ∈ C∞(Ω) . (5.4)

By using partition of unity and a local representation of ∂Ω, as in Definition 5.1, the problem can 
be reduced to prove the following estimate
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∥v|W∥L
p
α(W) ≤ C∥v∥

W
1,p
α (W×(0,+∞))

for any v ∈ C∞
c (W × [0,+∞)) (5.5)

with W in the form

W := {(x, y′) ∈ Rh ×Rk−1 : αι < xι < βι, ι = 1, . . . , h, ai < yi < bi, i = 1, . . . , k − 1} .

Indeed, one can proceed by exploiting the computations in (5.1) and the two conditions in Defi
nition 5.1 (iii). Let R > 0 be such that the support of v is contained in W × [0,R].

For any function v as in (5.5), by the integration by parts formula we obtain∫︂
W

|x|pα |v(x, y′,0)|p dxdy′

=
∫︂
W

|x|pα |v(x, y′, yk)|p dxdy′

−
∫︂

W×(0,yk)

p|x|pα |v(x, y′, t)|p−2v(x, y′, t) ∂v 
∂yk

(x, y′, t) dxdy′dt

≤
∫︂
W

|x|pα |v(x, y′, yk)|p dxdy′ + (p − 1)

∫︂
W×(0,+∞)

|x|pα |v|p dxdy

+
∫︂

W×(0,+∞)

|x|pα

⃓⃓⃓⃓
∂v 
∂yk

⃓⃓⃓⃓p
dxdy .

Integrating with respect to yk in the interval (0,R) we get

R

∫︂
W

|x|pα |v(x, y′,0)|p dxdy′ (5.6)

≤
∫︂

W×(0,R)

|x|pα |v|p dxdy + R(p − 1)

∫︂
W×(0,+∞)

|x|pα |v|p dxdy

+ R

∫︂
W×(0,+∞)

|x|pα

⃓⃓⃓⃓
∂v 
∂yk

⃓⃓⃓⃓p
dxdy

≤ [1 + R(p − 1)]
(︃

sup
W

|x|pα

)︃ ∫︂
W×(0,+∞)

|v|p dxdy + R

∫︂
W×(0,+∞)

|∇αv|p dxdy .

This proves (5.5). Coming back to the original domain Ω and exploiting the assumptions con
tained in Definition 5.1, one can easily complete the proof of (5.4).

Combining the estimate (5.4) with the fact that C∞(Ω) is dense in W 1,p
α (Ω), as shown in 

Proposition 5.5, we can extend by continuity and density the restriction operator to the whole 
W

1,p
α (Ω).
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The operator defined in this way will be called trace operator and it will be denoted with the 
notation introduced in the statement of the proposition. □

As a corollary of Proposition 5.6 we have the following, where we recall that Q = h+(α+1)k

is the homogeneous dimension defined in Section 2.

Corollary 5.7. Let Ω ⊂ RN be a bounded domain satisfying condition (D) introduced in Defini
tion 5.1. Then the operator Trα introduced in Proposition 5.6 is also a linear continuous operator 
from W 1,p

α (Ω) to Lq
α(∂Ω) for any 1 ≤ q < ∞ if Q ≤ p and for any 1 ≤ q ≤ p(Q−1)

Q−p if Q > p.

Proof. It is enough to prove the counterpart of (5.5), i.e.

∥v|W∥L
q
α(W) ≤ C∥v∥

W
1,p
α (W×(0,+∞))

for any v ∈ C∞
c (W × [0,+∞)) . (5.7)

For 1 ≤ q < ∞, by proceeding as in the proof of Proposition 5.6 and using first Hölder inequality 
and then Young inequality, we obtain the generalization of (5.6), i.e.

R

∫︂
W

|x|qα |v(x, y′,0)|q dxdy′

≤
(︃

sup
W

|x|qα

)︃(︄
∥v∥q

Lq(W×(0,+∞)) + R(q − 1)∥v∥q

L
p(q−1)
p−1 (W×(0,+∞))

)︄

+ R

⎛⎜⎝ ∫︂
W×(0,+∞)

|∇αv|p dxdy

⎞⎟⎠
q
p

. (5.8)

In order to estimate the right hand side of (5.8) in terms of ∥v∥q

W
1,p
α (W×(0,+∞))

the only 

restriction occurs when Q > p and it reads q ≤ p∗
α and p(q−1)

p−1 ≤ p∗
α , as a consequence of Propo

sition 5.8 below. The more restrictive condition is the second one and it can be rewritten as 
q ≤ p(Q−1)

Q−p . We have so completed the proof of (5.7). □
We now recall an embedding for the weighted Sobolev spaces W 1,p

α (Ω).

Proposition 5.8. Let Ω ⊂ RN be a bounded domain satisfying condition (D) introduced in Def
inition 5.1.

(i) If 1 ≤ p < Q then, letting p∗
α := pQ 

Q−p
, for any 1 ≤ q ≤ p∗

α we have that W 1,p
α (Ω) ⊂ Lq(Ω)

and there exists a constant C(Ω,α,h, k,p, q) depending only on Ω, α, h, k, p and q such 
that

∥u∥Lq(Ω) ≤ C(Ω,α,h, k,p, q)∥u∥
W

1,p
α (Ω)

for any u ∈ W 1,p
α (Ω) .

Moreover, if 1 ≤ q < p∗ , the embedding W 1,p
α (Ω) ⊂ Lq(Ω) is also compact.
α
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(ii) If Q ≤ p < ∞ then for any 1 ≤ q < ∞ we have that W 1,p
α (Ω) ⊂ Lq(Ω) and there exists a 

constant C(Ω,α,h, k,p, q) depending only on Ω, α, h, k, p and q such that

∥u∥Lq(Ω) ≤ C(Ω,α,h, k,p, q)∥u∥
W

1,p
α (Ω)

for any u ∈ W 1,p
α (Ω) .

Moreover, the embedding W 1,p
α (Ω) ⊂ Lq(Ω) is also compact for any 1 ≤ q < ∞.

Proof. The proof of the proposition is essentially contained in Section 3 of Kogoj and Lanconelli 
[35] where it is proved the continuous embedding W 1,p

α,0 (Ω) ⊂ Lp∗
α (Ω). For proving part (i)

we first apply the extension operator constructed in Proposition 5.3, see also Remark 5.4. Let 
R > 0 be as in Remark 5.4 so that the embedding W 1,p

α (Ω) ⊂ Lp∗
α (Ω) and the relative continuity 

estimate easily follow from the continuous embedding W 1,p
α,0 (BR(0)) ⊂ Lp∗

α (BR(0)), see (1.18) 

in [35]. The continuous embedding W 1,p

α,0 (BR(0)) ⊂ Lq(BR(0)) for 1 ≤ q < p∗
α then follows by 

the Hölder inequality.
The validity of the embedding W 1,p

α (Ω) ⊂ Lq(Ω) for 1 ≤ q ≤ p∗
α and its continuity then fol

low immediately; at the same time, its compactness for 1 ≤ q < p∗
α follows from the compactness 

of the embedding W 1,p

α,0 (Ω) ⊂ Lq(Ω).
Let us proceed with the proof of (ii). Since p ≥ Q, for any 0 < ε ≤ Q − 1, by Hölder in

equality we have that W 1,p
α (Ω) is continuously embedded in W 1,Q−ε

α (Ω) which, in turn, is 
continuously embedded in Lq(Ω) for any 1 ≤ q ≤ (Q − ε)∗α = Q(Q−ε)

ε
and compactly em

bedded in Lq(Ω) for any 1 ≤ q < (Q − ε)∗α = Q(Q−ε)
ε

. For ε small we see that the critical 
exponent (Q − ε)∗α becomes larger and larger, thus showing the validity of the compact embed

ding W 1,p
α (Ω) ⊂ Lq(Ω) for any 1 ≤ q < ∞. □

5.2. Local W 2,p
α -regularity results

We now state a regularity result for weak solutions of the Poisson equation

−Δα u = f . (5.9)

Since all the statements of this subsection are all local regularity results, no restrictions are actu
ally needed on the regularity of domain Ω. Up to translation, it is not restrictive assuming that Ω
contains the origin.

The next proposition provides regularity for a solution u of (5.9) in terms of both weighted 
Sobolev spaces and classical (without weights) fractional Sobolev spaces.

Proposition 5.9. For 1 < p < ∞, let f ∈ L
p

loc(Ω) and let u ∈ W
1,2
α, loc(Ω) ∩ L

p

loc(Ω) be a weak 
solution of (5.9) in the sense that∫︂

Ω 

∇αu · ∇αv dxdy =
∫︂
Ω 

f v dxdy for any v ∈ W 1,2
α,c (Ω) ∩ L

p
p−1 (Ω) .

Then the following assertions hold true:
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(i) if f ∈ W
m,p

α,loc(Ω), m ≥ 0 integer, then u ∈ W
m+2,p

α,loc (Ω). Moreover, for any open sets ω1,ω2
such that ω1 ⊂ ω2 ⊂ ω2 ⊂ Ω, there exists a constant C(ω1,ω2,Ω,α,h, k,m,p) depending 
only on ω1, ω2 Ω, α, h, k, m, p such that

∥u∥
W

m+2,p
α (ω1)

≤ C(ω1,ω2,Ω,α,h, k,m,p) 
(︂
∥u∥Lp(ω2) + ∥f ∥W

m,p
α (ω2)

)︂
; (5.10)

(ii) if f ∈ W
γ,p

loc (Ω), γ ∈ [0,∞), then u ∈ W
γ+ 2 

α+1 ,p

loc (Ω). Moreover, for any open sets ω1,ω2
such that ω1 ⊂ ω2 ⊂ ω2 ⊂ Ω there exists a constant C(ω1,ω2,Ω,α,h, k, γ,p) depending 
only on ω1, ω2, Ω, α, h, k, γ , p such that

∥u∥
W

γ+ 2 
α+1 ,p

(ω1)
≤ C(ω1,ω2,Ω,α,h, k, γ,p) 

(︂
∥u∥Lp(ω2) + ∥f ∥Wγ,p(ω2)

)︂
. (5.11)

Proof. The proof of the proposition is a consequence of a classical regularity result for linear 
second order operators admitting a representation as the sum of squares of vector fields like in 
(2.3). For more details see Rothschild and Stein [41, Theorem 16] and its proof. For the proofs of 
(5.10)-(5.11) one can combine the following results contained in [41]: Theorem 11, Propositions 
17.3-17.4, Corollary 17.14 and the proof of Theorem 16. □

Combining the assumptions on the potential V contained in (2.5) with the results of Proposi
tions 5.8-5.9 we obtain the following regularity results for weak solutions of (1.2).

Proposition 5.10. Let u ∈ W
1,2
α, loc(Ω) be a weak solution of (1.2) with V satisfying (2.5). Then 

u ∈ L
q

loc(Ω) for any 1 ≤ q < ∞ and moreover for any open sets ω1,ω2 such that ω1 ⊂ ω2 ⊂
ω2 ⊂ Ω, there exists a constant C(ω1,ω2,Ω,α,h, k, σ, q) depending only on ω1, ω2 Ω, α, h, k, 
σ , q such that

∥u∥Lq(ω1) ≤ C(ω1,ω2,Ω,α,h, k, σ, q)
(︂
∥u∥

W
1,2
α

(Ω) + ∥V ∥Lσ (Ω)

)︂
.

Proof. We may assume in the rest of the proof that Q > 2 otherwise the proof of the proposition 
is an immediate consequence of Proposition 5.8 (ii) with p = Q = 2. Let us define the following 
sequences of exponents:

q0 = 2∗
α = 2Q 

Q−2 , pn = qnσ 
qn+σ

for n ≥ 0 , qn+1 = Qpn

Q−2pn
for n ≥ 0

until pn satisfies the condition pn <
Q
2 .

With this definition, combining iteratively Proposition 5.8 and Proposition 5.9, we may con
struct the following scheme: starting from u ∈ L

qn

loc(Ω), by Hölder inequality we first have 

V u ∈ L
pn

loc(Ω), then by Proposition 5.9 (i) we have u ∈ W
2,pn

α,loc(Ω) and by an iteration of Proposi

tion 5.8 we finally obtain u ∈ L
qn+1
loc (Ω) and the procedure can restart again.

The iteration can be repeated until condition pn <
Q
2 is satisfied. If after a finite number of 

iterations we obtain pn ≥ Q
2 then we are done since u ∈ W

2,pn

α,loc(Ω) implies u ∈ L
q

loc(Ω) for any 
1 ≤ q < ∞.

After a simple check one can verify that the sequence of exponents pn is increasing since 
σ >

Q and since until pn <
Q we also have
2 2 
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pn+1
pn

= Qσ 
Qσ−(2σ−Q)pn

>
Qσ 

Qσ−(2σ−Q)p0
> 1 .

This shows that after a finite number of steps we find n ≥ 0 such that pn <
Q
2 but pn+1 ≥ Q

2 .

The conclusion is that u ∈ W
2,pn+1
α,loc (Ω) with pn+1 ≥ Q

2 which, in turn, implies u ∈ L
q

loc(Ω)

for any 1 ≤ q < ∞. The corresponding estimate appearing in the statement of the proposition 
follows as well. □

By Battaglia and Bonfiglioli [11] it is possible to obtain also an L∞
loc regularity results.

Proposition 5.11. Let u ∈ W
1,2
α, loc(Ω) be a weak solution of (1.2) with V satisfying (2.5). Then u

is locally Hölder continuous in Ω and in particular u ∈ L∞
loc(Ω) and moreover for any open sets 

ω1,ω2 such that ω1 ⊂ ω2 ⊂ ω2 ⊂ Ω, there exists a constant C(ω1,ω2,Ω,α,h, k, σ ) depending 
only on ω1, ω2, Ω, α, h, k, σ such that

∥u∥L∞(ω1) ≤ C(ω1,ω2,Ω,α,h, k, σ )
(︂
∥u∥

W
1,2
α (ω2)

+ ∥V ∥Lσ (ω2)

)︂
.

Proof. See the statement of [11, Theorem 4.1]. In order to verify that the assumptions of [11, 
Theorem 4.1] are really satisfied by our problem, see [11, Section 6] and (2.2), (2.3), (1.4) in 
the present article. Finally we have to show that V u ∈ L

p

loc(Ω) for some p > Q/2; this is an 
immediate consequence of Proposition 5.10, from which we have that u ∈ L

q

loc(Ω) for any 1 ≤
q < ∞, and of (2.5), which states that V ∈ Lσ (Ω) for some σ >

Q
2 . □

Now we have all the ingredients to prove the following regularity results, that will be necessary 
to prove the Pohozaev-type identity of Proposition 4.2.

Proposition 5.12. Let u ∈ W
1,2
α, loc(Ω) be a weak solution of (1.2) with V satisfying (2.5). Then 

the following conclusions hold true:

(i) u ∈ W
1+ 2 

α+1 ,σ

loc (Ω) ∩ W
2,2
α,loc(Ω) and moreover for any open sets ω1,ω2 such that ω1 ⊂ ω2 ⊂

ω2 ⊂ Ω, there exists a constant C(ω1,ω2,Ω,α,h, k, σ ) depending only on ω1, ω2, Ω, α, h, 
k, σ such that

∥u∥
W

1+ 2 
α+1 ,σ

(ω1)
+ ∥u∥

W
2,2
α (ω1)

≤ C(ω1,ω2,Ω,α,h, k, σ )
(︂
∥u∥

W
1,2
α (ω2)

+ ∥V ∥W 1,σ (ω2)

)︂
;

(5.12)
(ii) ∇u ∈ L2

loc(Ω;RN) and the traces on ∂Bα
r of first order derivatives of u are in L2(∂Bα

r ) for 
any r > 0 such that Bα

r ⊂ Ω. Moreover for any open sets ω1,ω2 such that ω1 ⊂ ω2 ⊂ ω2 ⊂
Ω, there exist a constant C(ω1,ω2,Ω,α,h, k, σ ) depending only on ω1, ω2, Ω, α, h, k, σ
and a constant C(ω1,ω2, r, α,h, k, σ ) depending only on ω1, ω2, Ω, r , α, h, k, σ such that

∥∇u∥L2(ω1;RN) ≤ C(ω1,ω2,Ω,α,h, k, σ )
(︂
∥u∥

W
1,2
α (ω2)

+ ∥V ∥W 1,σ (ω2)

)︂
, (5.13)

∥∇u∥L2(∂Bα;RN) ≤ C(ω1,ω2, r, α,h, k, σ )
(︂
∥u∥ 1,2 + ∥V ∥W 1,σ (ω )

)︂
. (5.14)
r Wα (ω2) 2
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Proof. Proof of (i). We begin by proving that u ∈ W
1+ 2 

α+1 ,σ

loc (Ω). Our purpose is to apply Brezis 
and Mironescu [13, Lemma 6.1] with f = u and g = V .

If N > σ we choose p = σ , t = Nσ 
N−σ

, and σ < r ≤ Nσ 
N−σ

such that the number θ defined 
by the identity 1

r
+ θ

t
= 1 

p
satisfies 0 < θ < 1. We observe that choosing r sufficiently close 

to N < Nσ 
N−σ

, the number 0 < θ < 1 becomes closer and closer to 1. Note that the inequality 
N < Nσ 

N−σ
is satisfied as a consequence of (2.5), being Q > N .

If N ≤ σ we choose p = t = σ , r > σ and θ = r−σ
r

. We observe that choosing r > σ suffi
ciently large, the number 0 < θ < 1 becomes closer and closer to 1.

We now put s1 = 2 
α+1 and, up to shrink θ if necessary, we may assume that θs1 ≤ 1.

In this way, by (2.5), Proposition 5.10, Proposition 5.9 (ii) and Proposition 5.11, u and V
satisfy the assumptions of [13, Lemma 6.1] with f = u and g = V in the following sense:

u ∈ W
s1,t
loc (Ω) ∩ L∞

loc(Ω) and V ∈ W
θs1,σ
loc (Ω) ∩ Lr

loc(Ω) .

Actually, in order to apply the result in [13], one needs to have functions defined on the whole 
RN and belonging in the corresponding fractional spaces defined over RN ; in our case, this may 
be done by multiplying u and V by a cut-off function and after that by extending them trivially 
to the whole RN . In this way, the extended functions that we still denote for simplicity by u and 
V , belong to Ws1,t (RN) ∩ L∞(RN) and Wθs1,σ (RN) ∩ Lr(RN) respectively. As a consequence 
of Lemma 6.1 in [13], we obtain V u ∈ W

θs1,σ
loc (Ω) and moreover for any couple of open sets 

ω1,ω2 such that ω1 ⊂ ω2 and ω2 ⊂ Ω, there exist two constants C1(ω1,ω2,Ω,α,h, k, σ, r) and 
C2(ω1,ω2,Ω,α,h, k, σ, r) depending only on ω1,ω2,Ω,α,h, k, σ, r such that

∥V u∥
W

θs1,σ

loc (ω1)
(5.15)

≤ C1(ω1,ω2,Ω,α,h, k, σ, r)
(︂
∥u∥L∞(ω2) ∥V ∥Wθs1,σ (ω2)

+ ∥V ∥Lr(ω2)∥u∥θ
Ws1,t (ω2)

∥u∥1−θ
L∞(ω2)

)︂
≤ C2(ω1,ω2,Ω,α,h, k, σ, r)

(︂
∥u∥

W
1,2
α (ω2)

+ ∥V ∥Lσ (ω2)

)︂
.

By Proposition 5.9 (ii) we infer u ∈ W
θs1+s1,σ
loc (Ω). Now, we can proceed iteratively maintaining 

the same choice of r and θ and by putting at each step sn+1 = θsn + s1 for any n ≥ 1 until 
θsn ≤ 1.

Suppose by contradiction that θsn ≤ 1 for any n ≥ 1. By direct computation we see that 
sn = s1

∑︁n−1
j=0 θj = s1(1−θn)

1−θ and that limn→+∞ θsn = θs1
1−θ

.

It is easy to verify that with an appropriate choice of θ ∈ (0,1) the limit θs1
1−θ

> 1 thus showing 
that θsn becomes eventually larger than 1, a contradiction.

We may conclude that after a finite number of steps we find n ≥ 1 such that V u ∈ W
θsn,σ
loc (Ω), 

θsn ≤ 1 and u ∈ W
sn+1,σ

loc (Ω) with sn+1 > θsn+1 > 1.
In particular we obtain that u ∈ W

s,σ
loc (Ω) for some s > 1. Now, we may choose p and t as 

above, θ = 1
s

and r such that the identity 1
r
+ θ

t
= 1 

p
holds true. Such an r always satisfies r > σ

and if N > σ it also satisfies r < Nσ 
N−σ

as one can deduce from of the fact that σ >
Q
2 ≥ N

2 . In 
this way we obtain

V u ∈ W
1,σ

(Ω) (5.16)
loc
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and hence u ∈ W
1+ 2 

α+1 ,σ

loc (Ω) by Proposition 5.9 (ii). This completes the proof of the first part of 
(i).

Let us conclude the proof of (i) by showing that u ∈ W
2,2
α,loc(Ω). Since V u ∈ Lσ

loc(Ω), by 

Proposition 5.9 (i) we deduce that u ∈ W
2,σ
α,loc(Ω).

Let us consider now the three cases Q ≥ 4, Q = 3 and Q = 2 separately.
Tha case Q ≥ 4. Since u ∈ W

2,σ
α,loc(Ω) we immediately have that σ >

Q
2 ≥ 2 thanks to (2.5)

and the conclusion readily follows.
The case Q = 3. Since h, k ≥ 1 and α is a nonnegative integer we have the three following 

subcases: h = 1, k = 2 and α = 0 or h = 2, k = 1 and α = 0 or h = k = 1 and α = 1. By 
(5.16) and Sobolev embedding we have that Vu ∈ L

q

loc(Ω) for any 1 ≤ q < ∞ if N ≤ σ or 

V u ∈ L
Nσ 

N−σ

loc (Ω) if N > σ . When N > σ , in all the three subcases we have that Nσ 
N−σ

> 2 as one 

can check by direct computation after recalling that σ >
Q
2 = 3

2 .
In both situations N > σ and N ≤ σ we may conclude that V u ∈ L

q

loc(Ω) for some q > 2 and 
the conclusion readily follows by Proposition 5.9 (i).

The case Q = 2. Since h, k ≥ 1 and α is a nonnegative integer the only possibility is that 
h = k = 1 and α = 0. Therefore the conclusion follows by proceeding as in the case Q = 3. Note 
that in the case N > σ the critical Sobolev exponent Nσ 

N−σ
= 2σ 

2−σ
> 2.

The corresponding estimate (5.12) follows by iteration of Sobolev embeddings, Proposi
tion 5.9 and (5.15).

Proof of (ii). We start by proving that for any r > 0 such that Bα
r ⊂ Ω, the trace on ∂Bα

r

of the first order derivatives of u belongs to L2(∂Bα
r ). To see this, it is sufficient to recall that 

u ∈ W
1+ 2 

α+1 ,σ

loc (Ω) from part (i) of this proposition and hence its first order derivatives belong 

to W
2 

α+1 ,σ (Bα
r ). Applying Adams [8, Theorem 7.58] we deduce that the traces of functions 

in W
2 

α+1 ,σ (Bα
r ) belong to L

σ(N−1) 
N− 2σ 

α+1 (∂Bα
r ) if N > 2σ 

α+1 and to Lq(∂Bα
r ) for any 1 ≤ q < ∞ if 

N ≤ 2σ 
α+1 . In any case we see that first order partial derivatives belong to L2(∂Bα

r ). Indeed, since 

σ >
Q
2 , for the critical exponent in the case N > 2σ 

α+1 we have

σ(N−1)

N− 2σ 
α+1

>
Q(N−1) 

2
(︂
N− Q 

α+1

)︂ ≥ 2 (5.17)

where the last inequality is equivalent to the inequality

(h + k + αk)(h + k − 1) ≥ 4hα 
α+1 .

The last one is readily verified for any h, k ≥ 1 and α ≥ 0 integer.
It remains to show that ∇u ∈ L2

loc(Ω;RN). It is enough to show that ∇u ∈ L2
loc(Ω1;RN)

for any smooth subset Ω1 such that Ω1 ⊂ Ω. We recall that u ∈ W 1+ 2 
α+1 ,σ (Ω1) so that its first 

order derivatives belong to W
2 

α+1 ,σ (Ω1). Now the conclusion follows immediately by Sobolev 
embedding both in the case N ≤ 2σ 

α+1 and in the case N > 2σ 
α+1 : in the first case we have that first 

order derivatives are in Lq(Ω1) for any 1 ≤ q < ∞ while in the second case we have that first 
order derivatives are in Lq(Ω1) for any 1 ≤ q ≤ σN 

N− 2σ 
α+1

as one can deduce by applying again [8, 

Theorem 7.58]. Finally, by (5.17) we observe that σN 
N− 2σ 

α+1
≥ 2.

The corresponding estimates (5.13) and (5.14) follow by Sobolev embedding and (5.12). □
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Appendix A

In this appendix we collect some scaling properties of integrals on Bα
λ and ∂Bα

λ (see (1.6) for 
the definition). Moreover we prove the Pohozaev-type identity of Proposition 4.2.

Let δλ be the anisotropic dilation defined in (1.4). As we have already observed one has that 
Δα(u ◦ δλ) = λ2(Δαu) ◦ δλ. This means that, up to a constant multiplier, the Grushin Laplacian 
commutes with the group of operators {Tt}t∈R defined by Ttu = u ◦ δet for every sufficiently 
smooth function u. The group {Tt}t∈R admits as an infinitesimal operator the operator XG de
fined in (2.6).

Being XG the infinitesimal generator of the group of operators {Tt}t∈R, we have that{︄
∂w
∂t = XGw , t ∈R ,
w(·, ·,0) = u ,

where w(·, ·, t) := Ttu where u is a function of class C1. In particular letting uλ := u ◦ δλ and 
t = logλ, we have that

∂uλ

∂λ 
= dt 

dλ

∂

∂t
(Ttu) = 1 

λ
XG(Ttu) = 1 

λ
XGuλ . (A.1)

We can now state some basic properties which will be used in the monotonicity argument and 
the subsequent blow-up procedure.

Lemma 6.1. Let Ω ⊆ RN be a domain containing the origin and let v ∈ L1
loc(Ω). Then

d

dλ

∫︂
Bα

λ

v(x, y) dxdy =
∫︂

∂Bα
λ

v dℋN−1
α

for a.e. λ > 0 such that Bα
λ ⊂ Ω.

Proof. The proof is an immediate consequence of the coarea formula being ∂Bα
λ the level sets 

of dα . □
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We recall once again the definition of the homogeneous dimension Q = h + (α + 1)k in
troduced in Section 2 before (2.5). In the next lemmas it is clarified its role when dealing with 
changes of variables for both volume and surface integrals.

Lemma 6.2. Let Ω ⊆ RN be a domain containing the origin and let v ∈ L1
loc(Ω). Then

∫︂
Bα

λ

v(x, y) dxdy = λQ

∫︂
Bα

1

v(δλ(x, y)) dxdy

for any λ > 0 such that Bα
λ ⊂ Ω.

Proof. The proof follows by the definition of δλ, (1.7) and a change of variables. □
Lemma 6.3. Let v ∈ L1(∂Bα

λ ) for some λ > 0. Then

∫︂
∂Bα

λ

v dℋN−1
α = λQ−1

∫︂
SN−1

α

v(δλ(Θ)) dℋN−1
α .

Proof. It can be proved by combining the result of Lemma 6.1, which characterizes a boundary 
integral as the derivative of a volume integral, with the scaling properties of the volume integral 
stated in Lemma 6.2. □

We give now a rigorous version of an integration by parts formula on Bα
λ .

Proposition 6.4. Let Ω ⊆ RN be a domain containing the origin. Let u ∈ W
2,2
α,loc(Ω) ∩

W
1+ 2 

α+1 ,σ

loc (Ω) for some σ >
Q
2 and let v ∈ W

1,2
α,loc(Ω). Then for any r > 0 such that Bα

r ⊂ Ω

the following conclusions hold: Δαu ∈ L2(Bα
r ), the trace on ∂Bα

r of the first order derivatives 
of u belong to L2(∂Bα

r ), the trace of v on ∂Bα
r belongs to L2

α(∂Bα
r ) and the following identity 

holds true ∫︂
Bα

r

vΔαu dxdy =
∫︂

∂Bα
r

ψα

dα

vXGu dℋN−1
α −

∫︂
Bα

r

∇αu · ∇αv dxdy

where ν denotes the outer unit normal to ∂Bα
r .

Proof. The proof can be obtained by density applying Proposition 5.5 on Grushin balls Bα
r . In 

order to show that first order derivatives of u belong to L2(∂Bα
r ) one can repeat the argument used 

in the proof of Proposition 5.12. On the other hand, the trace of v belongs to L2
α(∂Bα

r ) thanks 
to Proposition 5.6. Then one can use the classical integration by parts formula on smooth func

tions combined with the identity Aα(x, y)∇dα(x, y) = |x|2α

(dα(x,y))2α+1 XG(x, y) , (x, y) ≠ (0,0)

and pass to the limit. □
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A.1. Proof of Proposition 4.2

We recall that by Sobolev embedding u ∈ W 1,2
α (Ω) ⊂ Lq(Ω) for any 1 ≤ q < ∞ if Q ≤ 2 and 

for any 1 ≤ q ≤ 2Q 
Q−2 if Q > 2. Hence, by (2.5), we infer that V u2 ∈ L1(Ω) so that 

∫︁
Bα

r
V u2 dxdy

is well defined for any r > 0 such that Bα
r ⊂ Ω and moreover 

∫︁
∂Bα

r
V u2 dℋN−1

α is defined almost 
everywhere and

d

dr

∫︂
Bα

r

V u2 dxdy =
∫︂

∂Bα
r

V u2 dℋN−1
α (A.2)

almost everywhere, see Lemma 6.1 for more details. Applying again Sobolev embedding and 
(2.5) we also deduce that (∇V · XG)u2 ∈ L1

loc(Ω).
By (A.2), Lemma 6.2 and simple computations we obtain

− Q

r

∫︂
Bα

r

1

2
V u2 dxdy +

∫︂
∂Bα

r

1

2
V u2 dℋN−1

α − 1 
2r

∫︂
Bα

r

(∇V · XG)u2 dxdy (A.3)

= rQ

∫︂
Bα

1

∂

∂r

(︃
1

2
Vru

2
r

)︃
dxdy − rQ

∫︂
Bα

1

1

2
∇V (rx, rα+1y) · (x, (α + 1)rαy)u2

r (x, y) dxdy

= rQ

∫︂
Bα

1

Vrur

∂ur

∂r 
dxdy = rQ

∫︂
Bα

1

(−Δαu)r
∂ur

∂r 
dxdy

where for any function w = w(x,y) we use the notation wr(x, y) = w(δr(x, y)) in accor
dance with (1.4). We observe that the right hand side of identity (A.3) is well defined since 
by Proposition 5.12 we have that Vrur = (V u)r = (−Δαu)r ∈ L2(Bα

1 ) being u ∈ W
2,2
α,loc(Ω) and 

∂ur

∂r = 1
r
∇ur · XG ∈ L2(Bα

1 ). Combining the above regularity of u with an approximation argu
ment like in Proposition 5.5, we may find a sequence {un} ⊂ C∞(Bα

r ) such that

un → u in W 2,2
α (Bα

r ) and un → u in W 1,2(Bα
r ) as n → +∞ . (A.4)

Applying Proposition 6.4 along the sequence {un} and using (1.11), (A.1), Lemma 6.1, 
Lemma 6.2 and Lemma 6.3, we may write

rQ

∫︂
Bα

1

(−Δαun)r
∂un

r

∂r 
dxdy = rQ−2

∫︂
Bα

1

−Δαun
r

∂un
r

∂r 
dxdy (A.5)

= −rQ−2
∫︂

∂Bα
1

ψα XGun
r

∂un
r

∂r 
dℋN−1

α + rQ−2
∫︂
Bα

1

∇αun
r · ∇α

(︃
∂un

r

∂r 

)︃
dxdy

= −rQ−2
∫︂

∂Bα

ψα XGun
r

1

r
XGun

r dℋN−1
α + rQ−2

∫︂
Bα

1

2

∂

∂r

(︂
|∇αun

r |2
)︂

dxdy
1 1
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= −rQ−2
∫︂

∂Bα
1

r−1ψα [(XGun)2]r dℋN−1
α + rQ−2

2 
∂

∂r

∫︂
Bα

1

|∇αun
r |2 dxdy

= −r−2
∫︂

∂Bα
r

ψα(XGun)2 dℋN−1
α + rQ−2

2 
∂

∂r

⎛⎜⎝r2−Q

∫︂
Bα

r

|∇αun|2 dxdy

⎞⎟⎠
= −r−2

∫︂
∂Bα

r

ψα(XGun)2 dℋN−1
α − Q − 2

2 
r−1

∫︂
Bα

r

|∇αun|2 dxdy + 1

2

∫︂
∂Bα

r

|∇αun|2 dℋN−1
α .

Passing to the limit as n → +∞ in the left and right hand sides of identity (A.5), by (A.4) we 
obtain

rQ

∫︂
Bα

1

(−Δαu)r
∂ur

∂r 
dxdy (A.6)

= −Q − 2

2r 

∫︂
Bα

r

|∇αu|2 dxdy + 1

2

∫︂
∂Bα

r

|∇αu|2 dℋN−1
α − 1 

r2

∫︂
∂Bα

r

ψα(XGu)2 dℋN−1
α .

The proof of the proposition then follows combining (A.3) with (A.6).
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