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Abstract

The Grushin Laplacian —A is a degenerate elliptic operator in R K that degenerates on {0} x RK.
We consider weak solutions of —Ayu = Vu in an open bounded connected domain 2 with V € wle (2)
and o > Q/2, where Q = h + (1 + )k is the so-called homogeneous dimension of RATK, By means of
an Almgren-type monotonicity formula we identify the exact asymptotic blow-up profile of solutions on
degenerate points of 2. As an application we derive strong unique continuation properties for solutions.
© 2025 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

For N e N, N >2, o € N, we denote by A, the operator defined by

Ay = Ay + x4,
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where x € ]Rh, y € Rk, h,k>1,h+k=N,and A, and A, are respectively the classical
Laplace operators with respect to the x and y variables. Here and throughout the paper, N =
{0, 1, 2,3, ...} denotes the set of nonnegative integers.

Nowadays, A, is known as the Grushin (or Baouendi-Grushin) operator and was introduced
in a preliminary version by Baouendi [10] and Grushin [32,33]. As one can immediately realize,
this operator is not uniformly elliptic, due to the presence of the term |x|?*: there is a whole
submanifold where the operator is degenerate, which is

¥ :={(0,y) e R" x RF: y e R} c RV, (L.1)

However, since a € N, the Grushin operator can be written as a finite sum of squares of
smooth vector fields, i.e. for some n > 1, Ay, = Z:»l: 1 Zl.2 (see Section 2 for more details on this
kind of representation), where {Z;};—; .., satisfy the Hormander condition: if one considers the
commutators [Z;, Z;]1 = Z;Z; — Z;Z; for any i # j, then the set of all Z; and their iterated
commutators up to a finite order generates RV at any point of R" (they generate a Lie alge-
bra of maximum rank at any point). Under this condition, a famous result by Hormander [34]
implies that the operator is hypoelliptic: for any open subset Q@ C RV, if f € C®(Q) then the
distributional solution u of Ayu = f is also C*°(2).

In principle one can consider real o > 0, but in general the Hormander condition fails because
the generating vector fields are not smooth. This is the main reason why in several cases one
considers the Grushin operator with @ € N. Incidentally, we mention that there is also a large
literature investigating the case of non-smooth vector fields, where the Hérmander condition
does not apply. In this regard, so far from being exhaustive, we only mention the seminal work
by Franchi and Lanconelli [26].

In the present paper we consider o € N and the equation

—Aqu=V(x,y)u in 2, (1.2)

where € is a connected bounded open set in RY and V is a potential. The term Vu can be
viewed as a zero-th order perturbation of the standard Grushin operator. The potential V satisfies
suitable regularity assumptions which will be specified in the next section. Here we just mention
that in particular the eigenvalue equation —Ag, u = Au will be included in our analysis. Since
Ay is uniformly elliptic far from the degenerate set, the most interesting case is 2 intersecting
3. Moreover, A, is invariant with respect to translation in the variable y € R¥, so that we will
always assume that €2 contains the origin.

The main objects of the present paper are asymptotic behaviors and unique continuation prin-
ciples for weak solutions to (1.2) (see (1.9) for the definition of weak solution) around points of
the degenerate set 2 N X, which is supposed to be non empty, as already mentioned.

1.1. Asymptotic behavior of solutions at the origin

As it is well-known, under suitable assumptions on the potential, weak solutions to the equa-
tion for the classical Laplacian

—Au=V(x,y)u inQ
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have the following asymptotic behavior at the origin: there exist ¥ € N and a spherical harmonic
W e L2(SN1) such that

— Agv-1W=y(N =2+ ),

F Y u(rx) — x| W <|x—|> as r — 0in H'(Bg) for any R > 0.
X

For a detailed statement of this kind of result, see for instance [22, Theorem 1.3] under pointwise
assumptions on the potential and [21, Theorem 1.1] under more general assumptions including
integral conditions on the potential and its weak derivatives. Besides its own interest, identifying
the precise blow-up asymptotic profile of a solution at a point, namely the origin without losing
generality, is the key step to determine the asymptotic behavior of eigenvalues when the domain is
affected by special singular perturbations. Indeed, as several recent results establish, when a small
set concentrating at a point is removed from the original domain, the eigenfunctions’ vanishing
order at that point plays a fundamental role to determine the rate of convergence of the related
eigenbranches for the Laplace operator (see e.g. [1,2,5,6]), as well as for different operators (see
Felli and Romani [25] and [4]). The same can be said about moving mixed boundary conditions,
as showed in Felli, Noris and Ognibene [24], and [3,7].

This kind of problems is one of the main motivation which led us to the study of asymp-
totic behavior of solutions to linear problems for the Grushin operator. Indeed, motivated by the
increasing interest in the spectral theory and geometry of degenerate elliptic operators and sub-
laplacians (see e.g. Chen, Chen and Li [15], Frank and Helffer [27], and [37,38]), in future works
we plan to investigate the asymptotic behavior of Grushin eigenvalues under singular perturba-
tion of the domain.

In the Grushin case, away from the singular set, the operator is uniformly elliptic, so that so-
lutions share essentially the same characteristics as solutions to equations involving the standard
Laplacian. For this reason we will focus on the asymptotic behavior of solutions at a point lying
on the degenerate set X, that we can suppose to be the origin. In particular, we want to investigate
how the degenerate manifold plays a role.

In general, this kind of asymptotic results can be obtained by an established procedure relying
on an Almgren-type monotonicity formula (see for instance [19-23]). The so-called Almgren-
type frequency function is the ratio between the quadratic form attached to the equation and the
L?-norm of the trace of solutions respectively taken over the ball of radius r and its boundary.
Both of them are normalized with certain powers of the radius r depending on the dimension. In
the setting of the Grushin operator, as already pointed out in Garofalo [29], when balls are taken
away from the singular set, the ellipticity of the operator prevails and the correct dimension is
exactly N. On the contrary, at points on the degenerate manifold the so-called homogeneous
dimension

Q:=h+(+ak

takes over and the balls need to be taken with respect to a suitable distance from the origin
induced by A,, which is usually called gauge norm:

1
2(a+1)

dy(x, ) = (|x|2<“+1> @+ 1)2|y|2> forany (x,y) e R? x Rk,  (1.3)

3
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The dimension Q is then the homogeneous dimension of RY with respect to the anisotropic
dilation:

8. (x, ) :=(Ax,A%Tly)  forany (x,y) e R" x R¥, 1 > 0. (1.4)

The operator A, possesses the following scaling property with respect to 3, :

Ay (1t 083) = A2 (Aqu) 0 8y,

while for the distance d, we have

do(83(x,y)) = Ade(x,y)  forany (x,y) € R" x R¥. (1.5)

Once we defined the distance function d,,, we can now introduce the following balls centered at
the origin of radius r > 0 and the corresponding spheres by

B} = {(x,y) eR" x R¥ : dy(x, y) <r} , OBY:= {(x,y) e R" x R¥ :da(x,y):r}

(1.6)
This definition combined with (1.5) yields

5,(BY) =B and 8,(3B%)=0dBY . (1.7)

In the same way, through d,, we can define balls BY(zp) and spheres 9B/ (zo) centered at a
generic point zg € RV,

The role of the homogeneous dimension is highlighted once more in the first result of the
paper, that classifies the asymptotic behavior of any weak solution to (1.2) near 0. In order to
introduce it properly, it is convenient to establish the functional setting. We recall some basic
facts on the Grushin Laplacian, see for example Garofalo [29].

Let us define the variable coefficients matrix

IR/l 0
A= o e

and the following Grushin gradient V, defined by Vov = (Vyv, [x|*V,v) where V, and the V,
denotes the gradient vectors with respect to x and y respectively.

Letting v be a sufficiently smooth function, for example of class C2(S2), defined on a domain
Q of R" with sufficiently smooth boundary, for example of class C!, the definitions of A, and
V, formally yield

Ayv =div(A, V)

so that by integration by parts we have
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/(—Aav)vdxdy = / —div(Ay,Vv)vdxdy :/AO,VU -Vvdxdy — / V(AgVV) - vdHN !
Q

Q Q a0
(1.8)

=/|Vav|2dxdy—/v(AaVv)-vd’HN_l,
Q Q2

where HV~! denotes the (N — 1)-dimensional Hausdorff measure in R and v the outer unit
normal vector to 9€2. Identity (1.8) suggests that a suitable class of weighted Sobolev spaces
should be the natural setting for defining the notion of weak solution for an equation with the
Grushin operator.

Actually, the regularity assumption on €2 used in (1.8) is only required here to formally justify
the functional setting that will be introduced below. Indeed, as one can see below, we only need a
weak formulation for local solutions so that no regularity condition on the boundary of Q2 will be
needed. For this reason, in the sequel, Q will be assumed to be only an open set in RN = R+,

First of all, we define the weighted Sobolev space

wl2(Q) :={v € L2(Q) : Vv € LA(Q; RN)} ,

where the quantity Vv must be interpreted in the weak sense.
The space Wé'z(Q) endowed with the scalar product

(u, U)WI_Q(Q) = / Vout - Vovdxdy + / uvdxdy for any u, v € WJ’Z(Q)
Q Q

becomes a Hilbert space. For more details on an alternative but completely equivalent definition
of this and other weighted Sobolev spaces see Section 2.
We denote by Wof”g (2) the subspace of WO}’Z(Q) defined as the closure in WO}’Z(Q) of C°(R2)

where C2°(£2) denotes the space of C°°-functions with compact support in €2, by WD}E (R2) the
subspace of WJ’Z(Q)—functions with compact support in €2 and finally by wl? (£2) the space of

a,loc
functions that are WJ’Z(w) for any open set w with @ C Q.

We say that u € W;’z (£2) is a weak solution to (1.2) if

,loc

/Vau -Vevdxdy = / V(x,y)uvdxdy for any v € WJ,’S(Q). (1.9
Q Q

As already mentioned, results on asymptotic behavior of solutions at a point require the use
of polar coordinates. In this case we need to use a global radial variable which is attached to the
geometry induced by the operator. Set this radial variable as p = dy (x, y) where d, was defined
in (1.3), and denote by ® an arbitrary element of the unit Grushin sphere SIJXV e {(x,y) €
R"*: d,(x, y) = 1}. Then the Grushin operator in polar coordinates is implicitly given by

tE——t+—

— 1.10
ap? p9p o (110

2 _ 2
du=ta (5 + o o+ k).
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where vy, according to Garofalo [29], is the following angular function

|x|20(
(do(x, y))>

(see Section 3 for the details on the polar decomposition of A,). For the moment, we mention
that the polar operator Lg acts on functions defined on the unit Grushin sphere SIJXV ~1 and plays
the same role as the Laplace-Beltrami operator on the unit sphere for the standard Laplacian.

We are now in position to state our first result on asymptotic behavior of weak solutions to
(1.2) at a singular point.

Yo (x,y) = for any (x, y) e RV \ {0} (1.1D)

Theorem 1.1. Let @ C R be an open set containing 0. Let « € N and let u € w2 () bea

a, loc
nontrivial weak solution to (1.2) with V € WIL’CG (2) and 0 > Q/2. Then there exists j € N such
that

P_EM((Sp(va))*(da(X,y))z‘I’( a , Y ) asp— 0" (1.12)
do(x,y) [da(xsy)]a+1

in WJ’Z(B;)‘) and uniformly in BY for any r > 0, where

~(0 -2+ /(0 =22+ 4@+ 1)?

L= , 1.13
5 (1.13)

w; is an eigenvalue of the polar operator —Leg attached to the Grushin Laplacian (see (1.10)
and the explicit representation in angular coordinates given in (3.8)) and W # 0 is one of its
relative eigenfunctions.

The explicit form of Lg, together with its eigenvalues and eigenfunctions, has been computed
by Garofalo and Shen [31] for the case & > 2,k = 1, = 1, and recently by De Bie and Lian
[14] for h > 2,k > 1, € N (see also Liu [36]). Up to the authors’ knowledge, the explicit
computation of the eigenvalues and eigenfunctions of Lg in the case 72 = 1 has not been done
yet. Indeed, if 7 =1 it is not possible to find, for every choice of m € N, a Grushin harmonic
polynomial in the variables (x, y) € R!*¥ that is 8;-homogeneous of order m, so that one can
not use all the theory of orthogonal polynomials to construct a basis of eigenfunctions for Lg.

The proof of Theorem 1.1 is based, as we mentioned, on an Almgren monotonicity approach.
As tools, we need a Pohozaev-type integral identity together with a careful regularity analysis
for weak solutions to (1.2).

Remark 1.2. As mentioned above, for any 2 > 2, k > 1 and @ € N the spectrum of —Lg was
completely determined (see Garofalo and Shen [31] for the case 7 > 2,k =1, = 1 and De Bie
and Lian [14] for the general case).

In particular, in these cases, all the eigenvalues of —Lg are of the form n(n+ Q —2)/(a + 1)2
where n € N. We observe that if we insert an eigenvalue pu; =n(n+ Q —2) /(o + 1)2 in (1.13),
we obtain £ = n thus showing that the exponent in the asymptotic formula (1.12) is always an
integer.

It remains open the question of determining the eigenvalues of —Lg in the remaining cases
h=1,k>1and ¢ € N.
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1.2. Unique continuation principles

Relevant consequences of Theorem 1.1 are unique continuation principles. The first one shows
that if a solution has infinite vanishing order at a point, then it must vanish everywhere. Namely
we have the following.

Corollary 1.3. Under the assumptions of Theorem 1.1, let zo € 2 and let u € w2 () be a

a, loc
weak solution to (1.2) such that u(z) = O(|z — zo|") as z — zo for any n € N. Then u =0 in .

One may wonder how the result of Corollary 1.3 can be obtained from Theorem 1.1 since
the last one gives an asymptotic formula for the solution u at the origin with respect to the
convergence associated with the gauge norm d,. On the other hand, looking at the statement
of Corollary 1.3, we find the condition u(z) = O(|z — zo|") as z = (x, y) = (x9, Yo) = 20 for
any n € N, which is expressed in terms of the Euclidean norm. We claim that this asymptotic
condition is completely equivalent to the alternative condition

w(@) =ux,y)=0(do(x —x0,y —yo))")  asz=(x,y) = (x0,y0) =20 foranyneN.

Indeed, for any z = (x, y) with |z| <
ing estimates hold true

alﬁ, one can show after some computation, that the follow-

dy(x.y) < (0 + DF 2] and  [z] < V2 da(x,y). (1.14)

In a similar way we can also recover the following stronger result.

Corollary 1.4. Under the assumptions of Theorem 1.1, let zo € 2 and let u € W;’lzoc(Q) be a
weak solution to (1.2) such that

/ Ix?*u*dxdy =0@G") asr— 0"

B (z0)

foranyn € N. Then u =0 in Q.

We note also that the degenerate set of the Grushin operator has zero measure in RV . In the
case 2\ X is connected, this implies the validity of a “weak” unique continuation principle by
classical unique continuation for elliptic operators: if a weak solution to (1.2) u is identically
zero on an open subset of 2 then # =0 on the whole 2.

We can strengthen it in Corollary 1.5, which is not a consequence of the unique continuation
properties stated in Corollary 1.3 and Corollary 1.4 nor on other results contained in previous
works like Garofalo [29], Garofalo and Shen [31], Banerjee, Garofalo and Manna [9], and De
Bie and Lian [14]. It is a direct consequence of the asymptotic analysis of Theorem 1.1, as one
can see in the proof of the corollary. See also Remark 1.6 for more details on the novelty of the
corollary.

Corollary 1.5. Under the assumptions of Theorem 1.1, let u € W; ’%OC(Q) be a weak solution to

(1.2) such that u = 0 on a subset w C Q2 with nonzero measure in R"* Thenu=0in Q.
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Remark 1.6. We observe that the proofs of Corollaries 1.3 and 1.4 when zg ¢ ¥ and the proof
of Corollary 1.5 can be obtained from the classical unique continuation principle for uniformly
elliptic operators (see de Figueiredo [17] and Sogge [42]) only when €2\ X is connected. Indeed,
one has to apply the classical unique continuation principle outside an arbitrarily small neighbor-
hood of the singular set . But when & = 1, the set X is a hyperplane and €2 \ ¥ is an open set
made of two connected components. In the case of Corollaries 1.3 and 1.4, the classical unique
continuation principle for uniformly elliptic operators only implies vanishing of the solution u
on the connected component containing zo.

Concerning Corollary 1.5, if for example the set w, defined in its statement, is entirely con-
tained in one of the two connected components of 2\ X or the intersection with the other
connected component has zero measure, then the classical unique continuation principle only
implies that the solution u of (1.2) vanishes on one of the two connected components but not
necessarily on the other one.

We can conclude that Corollaries 1.3, 1.4 and 1.5 are new results and, as the reader can check,
their proofs cannot work without the asymptotic analysis contained in Theorem 1.1. Indeed, the
main idea behind the proofs is that if the solution u were not identically zero and u had an infinite
order of vanishing, due to the asymptotic formula (1.12), we would have W = 0, which is clearly
not possible for the eigenfunction of a linear operator.

All the aforementioned corollaries complement the earlier unique continuation results on the
Grushin operator in the literature. One over all is Garofalo [29], where a strong unique contin-
uation principle is proved under the assumption that the potential V satisfies suitable pointwise
growth conditions. In a subsequent work by Garofalo and Shen [31], the authors were able to
remove the aforementioned bound on V replacing it with an integrability condition on the poten-
tial V, but only in the case « = 1, h > 2 and k = 1. Indeed, by means of Carleman estimates they
establish a strong unique continuation property under certain L? condition on V if the solution
vanishes of infinite order at a point of the singular set in the L? mean. This result has been ex-
tended and improved very recently by De Bie and Lian [14] taking into account the case o € N,
h > 2 and k > 1. Note that our results are not implied by those in De Bie and Lian [14].

For example, looking at Table 1 in De Bie and Lian [14], we see that in the case h > 4
and k > 2, they prove the validity of the unique continuation principle for V € L] (€2) with
r> (¢ + 1)(h+k —2)+ 1. In order to construct an example of a potential V satisfying our
assumption on V contained in Theorem 1.1 but not their one, we have to look for &, k, @ and
o > %, o < N such that ZIIVV—_Q <o*= NN_"U <(a+ 1)(h+k—2)+ 1. The left term in these
inequalities is strictly less than the right one if and only if

ah® — @k + 20+ Dh — a(o + D> + Qo> —a — D)k > 0, (1.15)

which is verified for A large enough once we have fixed « and k. If we choose for simplicity the
smallest values of & and k admissible in this case, i.e. « = 1 and k = 2, the inequality becomes
h? —5h — 8 > 0 whose least positive integer solution is 7 = 7. With this choice of 4, k, « we
chooseo =5.6 >5.5= % and the following potential V (x, y) = (Ix1241y*) 703 that is singular
at the origin and radial with respect to the Euclidean distance. Denoting by B; the unit ball with
respect to the Euclidean distance and choosing it as a domain for (1.2), by direct computation,
one can verify that V € W (By) but V ¢ Ly, .(B1) when r > (@ + 1)(h +k —2) + 1 =15.
Similar examples can be found for any o > 1 and k > 2 provided that % satisfies (1.15).

8
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Finally, we observe that our unique continuation principles are always new when & = 1 since
this case was never considered in [14,31].

The paper is organized as follows. Section 2 is devoted to establish the correct functional
setting and some notation. Section 3 describes the Grushin operator in spherical coordinates.
Section 4 deals with the monotonicity argument that is the fundamental tool for proving the main
results of the paper. The same section contains the proofs of Theorem 1.1, and Corollaries 1.3-1.5.
Section 5 is devoted to some fundamental properties of weighted Sobolev spaces and to the
regularity of solutions of equations with the operator Ay. It is worth noting that the results from
Section 5, although used in the previous section, are presented later for the sake of clarity. Finally,
the paper is equipped with a detailed appendix containing some basic scaling properties and a
rigorous proof of a Pohozaev type identity.

2. Functional setting

In this section we will give more details on the functional setting required to treat solutions
of equations with the Grushin operator. We first provide a representation of the Grushin operator
in terms of suitable vector fields. Exploiting the definitions of those vector fields, we provide an
alternative definition of the space Wo}vz(Q) and we generalize it to the case of the space Wé’p (RQ)
for a general 1 < p < co. In the statements of the regularity results we also need to give the
definition of the higher order spaces W7 (Q).

Let us start by introducing the following notations. If J = (hy,..., j) € N* and x =
(x1,...,xp) € Rh, we define
xTi=xfto X" [JI:=j+ -+ jn
and for any « € N and J = (1, ..., ji) € N with |J| = «, we define the following extension of

the usual binomial coefficient

<a> . o!
J) GO Gt

With this notation one can easily verify that

20 . o J\2 82
Ay =" > <J>(x ) e 2.1)

=1 JeN", |J|=a ¢

Looking at (2.1), it seems natural to define the following vector fields

x,::i, jell,.. kY, Y= (O‘)xfi, JeN" [J|=a, te(l,... k).
’ 0x; J dye
2.2)
Indeed, in this way we may write
h k
Aa=) X34+) oo, 2.3)
j=1 t=1  JjeN!, |J|=«a
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Itis a quick computation to check that the family of vector fields X ;, Y, ; satisfies the Hormander
condition. We are ready to introduce the following class of weighted Sobolev spaces denoted by

Wa'? () which are defined by
whe(Q) ::{v eLP(Q): X;velP(Q) Vjefl,... h},

Yy veLlP(2) VJeN’, |J|=a,V£e{1,...,k}}.

In particular, we have that v € Wo} "P(Q) if and only if |V,v| € LP(RQ), in accordance with the
definition already given in Section | in the case p = 2.
We clarify that X ;v and Y, ¢ v have to be interpreted in the weak sense. In particular we say

that w =Y v in the weak sense if w € LIOC(Q) and

/wgodxdy:—/vYJ,gq)dxdy for any ¢ € C°(R2) .
Q Q

The definition of X jv in the weak sense is standard being it simply a partial derivative.
The space W P () endowed with the norm

Il i= | [ 1VaPardy + [ uiPdndy 4
Q

is a Banach space. As already pointed out in Section 1, when p = 2 the norm defined in (2.4)
is compatible with a scalar product so that the corresponding Banach space becomes a Hilbert
space.

Since we will also need to apply regularity results for weak solutions of equations with the
Grushin operator, we also introduce the following class of second order weighted Sobolev spaces
W2 () defined by

Wg’p(Q) ZZ{U € LP(Q) : va, Yj,g v, leXjZU, le,lejz’gz v, Xij,z v, Yj’( va (S LP(Q)

Vi ji.jp€ll,....h), YJ, i, aeN" | J|=|Ji|=|h]=a,
VE,E],Zze{l,...,k}}.

The space W§ P () endowed with the norm

lleell 2.0

@ /|u|pdxdy+/|V ul? dxdy + Z /IX,IX,2u| dxdy
Ji=lg

k
+ Z Z /|Y11,llyfz,lzu|dedy
L1,6=1 Ji,JreNh, [J1l=l2]=a g

10
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1

h k
+ZZ Z /[|XjYJ,£M|p+|YJ,ngu|p]dxdy

j=10=1 JeN!, |J|=a %

for any u € W(f’P(Q)

is a Banach space. Similarly, we can define the spaces of higher order Wy"” () for any integer
m>1.

In accordance with the notation used in Section 1, for any integer m > 1 and any 1 < p < oo,
we denote by W, (%) the closure in W,"*” () of the space C2°(£2) and by W,/ (%) the space

a,loc
of functions that are W,,"¥ (w) for any open set w with @ C Q.
For the regularity results, see Section 5, we will also make use of the classical fractional
Sobolev spaces that, as usual, will be denoted by W"-(Q2), with 0 <y <ocand 1 < p < o0.

One can also find there the corresponding local spaces denoted by le(;’cp ().

The basic properties of WJ‘I) (2) and W; ‘(I)) (£2) are collected in Section 5. For other properties
of the Grushin Laplacian A, and for a corriplete collection of the tools employed in the proofs
of the main results see again Section 5 and the Appendix.

We now proceed by introducing the main assumptions and by providing the rigorous notion
of weak solution for equation (1.2). Let us recall that the homogeneous dimension is Q = h +
(o + D)k. For more details on the role of the number Q see the Appendix. Let 2 be a domain in
R¥ and let us assume that

VeW (), o>

loc

Q
D (2.5)

We conclude this section with a list of notations which will be used throughout the paper. We
denote by X the vector field X (x, y) := (x, (a4 1)y) defined for any (x, y) e RY =R" x R,
This vector field will be also identified with the corresponding differential operator defined by

h k
ad d
Xg = E Xi—+(a+1) E yiT—- 2.6)
o O = 9yj

This means that if v = v(x, y) is a function then X v := X - Vv. The differential operator X ¢
leaves unchanged the distance function:

Xgdy=dy,  inRM\{0}.
We introduce the following (N — 1)-dimensional measure denoted by 7—["1\' ~1 and defined by

1
[V

HY =L (m) :=/ dHN!

M

for any measurable set M € R with finite (N — 1)-dimensional Hausdorff measure.

11
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3. The Grushin operator in spherical coordinates

In this section we introduce suitable spherical coordinates adapted to the Grushin structure
and a decomposition of A, in such a system. Note that these spherical coordinates have been
already introduced in full generality in D’ Ambrosio and Lucente [16] (see also Garofalo and
Shen [31] and De Bie and Lian [14]).

In more detail, these coordinates use the distance d, (x, y) as the radial variable, along with
the standard angular variables in R” and R¥, and an extra angular variable serving as a junction
between them. We then show how to compute the Grushin Laplacian A, in these coordinates,
and in particular both the strong and variational formulation of the spherical part of the operator
on the unit Grushin sphere So]y —1. With the final aim of studying the spectral structure of such
spherical operator, we also introduce a suitable notion of weighted Sobolev space on Sév -1

With the only purpose of using a unified notation, we only treat in detail the cases &, k > 2 and
we only give a brief explanation when at least one between % and k equals 1. For more clarity,
each of the cases is treated in a separate subsection. The main results of this section are then
collected in a final subsection.

3.1. The case h,k >?2

Denoting by r = |x|, = |y| the radial variables in R” and R¥ and by 6 € R"=1 n e Rk the
corresponding angular variables, and writing the operators Ay and Ay in spherical coordinates
in R” and R* respectively, given a sufficiently smooth function u we obtain

A 82u+h—13u+1A L 82u+k—18u+1A a.0)
U=|-—+——-—+ =5 Agu r — t—— — + 5 Ayu .
“ or? roor r? ¢ at2 t ot 2"

where Ag and A, denote the Laplace-Beltrami operators on the (& — 1)-dimensional and (k — 1)-
dimensional spheres.

Next, we plan to use as a global radial variable the natural norm associated with the Grushin
operator, that is p = dy(x, y) where d, was defined in (1.3). To do that, the right change of
variables is:

) e pa—H
(r,t) =P(p,9) = <p(sm¢)°f+1 Cw cosw) (3.2)

with p € (0, +00), ¢ € (0, 5). The Jacobian matrix of the above transformation is

or ar . 1 . __a
35 34 (sing)a+ T L (sing)” @ cos g
Jo(p, ¢) = (3_‘; %‘f) = ( T

gL o P 3
ap o P~ COS@ —a¥T s @

and its determinant is:

a+1 o
(sing) o+, 3.3)

0
det Jop(p, ) = —
etJo (0, @) o

Clearly

12
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o _dr o 2ol —u
Jo-1(r,t) = S S " dp | _ (sing) ";“ p %cosg
-1, det Jo (0, @) —g—/’) or “TTI (sin @) @+ cos ¢ Zz+1 sin g

ap a+1
so that
u 8u(, )2a:fll+8ua+1(, )% ou du _, Jua+1 .
— = —(sing) @ — sing) e+ cos g, — = Ccos¢p — — ——sing.
ar  dp ¢ dp ¢ ¢ at  ap P ¢ g potl ¢

34

A possible way to proceed, with the purpose of writing the Grushin operator in polar coordinates,
is to use (3.1) and to compute all the second order derivatives of u with respect to the variables
r and ¢ and express them in terms of second order derivatives in the variables p and ¢, as we
already did for first order derivatives. Here, we proceed differently with the purpose of simplify-
ing computations and recovering a proper variational formulation for the spherical operator Lg
appearing in the representation (3.7) below.

Given two functions # and v sufficiently smooth, thanks to (3.4) we may write in polar coor-
dinates the following product:

Au d 1 Au d 2o
vau.vav_a_“av+ Vou - v9v+r2“a—”a—l;+r Vit - Vyu (3.5)
_y du dv (a+1)2w du v 1 Vot Vo 4 1 i
=Yg —— ———5 Vou -Vov+ —= V,u - Vyu | .
“ap 8,0 “19¢p dp ' (+ 1)2(sing)? ¢ ¢ (cos@)? " g

Then, assuming that u is a sufficiently smooth function defined in a neighborhood of the origin
B% and v € C2°(B%), recalling that SN I denotes the unit Grushin sphere d BY, we may write

d 8
/(—Aau)vdxdyzfvau-Vavdxdy— / /I/fa nov Q 1d,o dHN !

B

R

(OH_I)Z 0-1 / du dv 1

———Vou -V,
L 0.3)x6+ e ae T e e
T)xSh=1xS

1 1 . h-la e i .
T aosg? T VoY | Gyr Gine) T (cosg) T dpdHITHO) dH T )
where we used the fact that

pQ-1

dxdy = @ +1)k (sing) T (cos o) dp d dH" 1 @) dH1 () = p@~ YdpdHN =1 (3.6)

and where (3.6) follows from (3.2) and (3.3).
Integrating by parts we obtain

32 —19 1)?
[ avvaray= [ -, (a—”z‘ T L Mc@ vdxdy
o p?

P 0p
B

13
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so that we may conclude that

92 -1 +1)?
Ay =Yy —2+—Q —+—(a 2) Lo ), (3.7
ap p p Iy

where Lg is the surface operator on the Grushin unit sphere S ~! defined by

92 <h—1+acosg0 singa) Gl 1 1
5 L= _

Lo:=— k—1 — A A,
© Ao a+1 sing ( )cosq) dp + (( + 1) sing)? ot (cosg)2 "
3.8)

Here ® denotes an arbitrary element of Sfxv ~1 whose angular coordinates are given by

Oty oo Op—1,M1, o, =1, @

Note that Garofalo and Shen in [31, p.135] and De Bie and Lian [14] already derived formula
(3.7) respectively in the case k = 1, @ = 1 and in the general case k, @ € N \ {0}.

From the above arguments we also deduce that if u, v € C*® (B_%) with v compactly supported
in B%, then

-~ / Ve (©) Lou(p, O (p, ®) dHN ! (3.9)
syt
Ju ov 1 1
= . I v Y v/ - _V,u-V N-1
/ "’@)[a<oa<p+(a+1)2<sin¢>2 oYU osp ””}d%
sy
=:by(u,v)

for any p € (0, R), which gives the variational formulation for the operator Lg. Such a variational
formulation now needs a suitable functional space on which we can define the bilinear form
appearing in the second line of (3.9).

Following the scheme usually used for defining classical Sobolev spaces on the boundary of
a domain, see for example Lions and Magenes [39, Chapter 1, Section 7.3], we can define the
weighted Sobolev space Wo}’z(Sé{V ~1). We explain in more details how this procedure may be
implemented.

We can construct a partition of unity ¢1, ..., ¢y, dn+1, ..., Ppt+m associated with an open
covering O1, ..., Oy, Opi1, ..., Opsm of SY~1in RV such that

DzzSglﬂ(ZU{(x,y)eRh+k:O<<p<%])EjnL_Jle

and such that 3 ;_; ¢; vanishes outside SN-1\ D.

Recalling Lions and Magenes [39], for any j € {1,...,n + m}, we now define a family of
sufficiently smooth diffeomorphisms ®; : O; — W; x (=1, 1) where W; is an open setin RV ~1,
such that

14
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D(BYNO)=W; x(=1,00, @;SY'n0oj)=w;x{0}, @;(0;\BH)=W;x(0,1).

In the case j € {1, ...,n}, we have to specialize the choice of the maps ®; being the maps
involving the singular set SQ’ Inz.

We describe in details one of those maps ®;, j € {1,...,n}, corresponding to case O; N
SN=1 ¢ Séx :Ll where S(I)Z 4__1 is the subset of SY~! of points satisfying y; > 0. Proceeding simi-
larly by replacing y; with the other variables yp, ..., yx—1 we can cover the entire set D.

Letng_ € (0 1) ifk>3,n_1 € (—%, %) if k = 2, the polar coordinate such that if (x, y) €
SN¥7!and y' = (y1,.... yk=1) then yi = |y|cos(nk—1) and |y'| = |y| sin(mx—1) if k > 3, and
y2 =|ylcos(n) and y; = [y[sin(n;) if k =2. ~

Let us denote by Py : RN — RV~! the projection (x, y’, yi) = (x,y) and let D := Pr(D) N
B where B”‘ denotes the Grushin unit ball in RN-1 =R x R¥-1,

We can choose W= D and define over W; x (=1, 1) the map

1—|x|2@+D _ D212
Wix,y, ) = (x, Y, i+ Tx,y)) = <x,y/, yk+\/ d (a+1(‘fz+) = ) (3.10)

and put
0j:=W;(W;x(=1,1)) and ®;=W;':0; > W;x(-1,1). (3.11)
We are ready to define the following spherical Sobolev space:

Definition 3.1. Let 2,k > 2. Let w be a function defined over Sé[\' -1 We will say that w €
WL2(SN=1y if the function

(¢; w)(¥;(x,y,0) € W2(D)  forany je(l,...,n+m}.
3.2. Thecaseh>2and k=1

Identity (3.1) is replaced by

A 82u+h—18u+1A +2a82u
U=|—+————+ - Agu rv —
* or? r or r? o

and (3.2) remains the same with the only difference that this time ¢ € (0,7) and r =y
Proceeding as in the case k > 2 we see that (3.7) still holds true with Lg defined by

2 h—1+acosg 1
B e TR LT T L
R a+1 sing dp  ((x¢+ 1)sing)

Lo :=

The construction of O, lI/ and ®; may | be done as in the case k > 2: here P : RY — RN-!
is the projection (x, y) = x, D := P(D) N B where 31 is the Euclidean unit ball in R¥~!. Then
again W; := D and

15
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1—|x[2@+D
Wj(x, y) = (x,y+,/((';1—1)2) :

The rest, included the definition of W!2(SY¥~1), is the same as for k > 2. Accordingly with
Definition 3.1, we will say that w € W,}-2(SY~1) if the function

(@) w)(\I'j(x,O))GWI’Z(B) forany je{l,...,n+m}.
3.3. Thecase h=1and k > 2

Identity (3.1) is replaced by

A 82u+2a 82u+k—18u+1A
U=—>5-+r — +t— — + 5 Ayu ),
* ar2 t oot 27"

and (3.2) is replaced by

a poz—H
(x, 1) =®(p, ) := (p(simﬂ)lsinfpl_a_“, COS(P) (3.12)
o+1
with p € (0, +00), ¢ € (—%, %)
With this choice of p and ¢, we have a new version of (3.4):
ou u . o oua+1 | o
— = — |sing|*+T sing + — | sin|e+T cos ¢, (3.13)
dx dp I
ou Jdu _, ouo+1 .
—=— cosp — — sing,
ot Ip P ¢ dp portl ¢
so that the identity corresponding to (3.5) becomes
du dv 5y QU BV x|
Vauval):aa-i-bd §E+[—2V,7MV,7U (314)
" 8u8v+(a+1)2w du 8v+ 1 Vv
= _—— —_— _— —_— u - v
“9p ap 2 “lidpde  (cosp)r T 7

Then by (3.12), (3.13) and (3.14), we deduce that (3.7) still holds true with

Lg =

92 i 9 1
9 o  COos@ sin @ " A,
dp  (cosg)?

|
d¢p? a+1sing ( )coscp

The construction of O, ¥; and ®; may be done as in the case h > 2 with k > 2 or k = 1: here
P :RY — RN ig the projection (x, y', yx) = (x,y’), D is defined similarly to the previous
cases with the only difference that condition 0 < ¢ < 7 is replaced here by — 7 < ¢ < 7, D:=
P(D)N El where El is the Grushin unit ball in R” x R¥~!. Then again W; := D and v, is
defined as in (3.10). The rest, included the definition of WOV(SZXV -1 ), is the same as for h, k > 2,
see Definition 3.1 for the details.

16



L. Abatangelo, A. Ferrero and P. Luzzini Journal of Differential Equations 445 (2025) 113666

3.4. Thecaseh=1and k=1

In this case, identity (3.1) becomes

3%u » a2u
Agqu = ax2 + |x]
We define p and ¢ in such a way that
» pa+1
(x,y) =P(p,9) = (p(sinw)lsinwlaﬂ, P cosw) (3.15)

with p € (0, 400) and ¢ € (—m, 7).
With this choice of p and ¢, we have also this time the counterpart of (3.4):

u 0 . 3 1 .
2 singl#T sing + 22 | sing|@T cos @, (3.16)
ax dp g

ou du _, oua+1 .

_— = COSQ — — —S1n Q.

oy  op” Y7 9 pert T

Now the identity corresponding to (3.5) becomes

du dv 2y O DV du dv (oz + D2 Qu v

- g, MY . 3.17
mor T T T 2 Yanae (3.17)

Then by (3.15), (3.16), (3.17), we deduce that (3.7) still holds true with

92 o cosg 0

28—<p2+a+lsin<p P

The construction of O;, ¥; and ®; may be done as in previous cases: here P : RY — RV~1 js
the projection (x, y) = x, D is characterized again by condition —% < ¢ < 7, D:=P(D)N
(=1, 1). Then again W; := D and W; is defined as in the case 4 > 2 and k = 1. The rest, included
the definition of WJ’Z(SQ”I), is the same as for &, k > 2.

Once again, accordingly with Definition 3.1, we will say that w € WOE*Z(S(’){V ~1 if the function

(; w)(W;(x,00) € W-2(D)  forany j €{l,...,n+m}.

3.5. Rigorous formulation of the eigenvalue problem for —Lg

We start by proving that the weighted Sobolev spaces on S ~! we have introduced are Hilbert

spaces.

Proposition 3.2. Let h, k > 1 and let WJ’%S&V ~1Y be the weighted Sobolev space defined on the
Grushin sphere. Then WJ*z(S‘iV ~1Y is a Hilbert space with the scalar product

17



L. Abatangelo, A. Ferrero and P. Luzzini Journal of Differential Equations 445 (2025) 113666

(wl,wg)W;z(Sy,l):ba(wl,wz)—i— / wlwzd?’-lévfl, foranywl,wzewoi’z(SéV*l)

sa !
(3.18)
where by (-, -) is the bilinear form defined by the second line in (3.9).

Proof. We only treat in detail the proof in the case &, k > 2. By definition of WJ’z(St’XV’l), we
can localize the problem to a single relatively open set Sév’l N O; with j € {1, ...,n} being the
sets that cover the degenerate set S¥ =1 N X.

In order to simplify notations, we still denote by w the function ¢ ;w so that we may assume in
the rest of the proof that w is compactly supported in SN -In O;. Again, with the only purpose of
simplifying notations, we identify w with the function (x y’ )= w(W;(x,y’,0)) for (x,y) € D.

We have to show the equivalence between the Wl 2(D) -norm and the W1 2(SN 1)-norm
defined by (3.18). This can be done by expressmg the W1 2(D) -norm of w in terms of the polar
coordinates 01, ...,0,—1, 01, ..., Nk—1, ¢ for Sa,Jr .

Let us put Vow = (V,w, |x|*Vyw). Now, putting » = |x| and, ' = |y’| if k > 3 and ' = y" if
k =2, we may write

qw\? ow rle .
|Vaw|2=(5) 5 [Vowl? + 7% (at,) + oIVl k=3, (319)

where V, denotes the gradient on Sk=2 and

aw\? 1 qw\?
Vowl?=(Z2) + = (Vewp +r2 (& when k=2. (3.20)
ar r2 at’

1

Proceeding as for the computation of (3.4) and observing that ¢’ = 73T Cos@ sin(ng—1) and r =

1 .
(sing) «+T, we may write

ow (a+ 1)(sin<p)aa? ow (a+ 1)(sin<p)% sin(ng—1) oJw
ar cosg Er) (cos )2 cos(nk—1) k-1’
ow o+1 Jw

o cos ¢ cos(nk—1) Ink—1

2 . 20 2 2
B_w _ (a+1)2(31n<p)a+l 8_w+b ow e ow G21)
ar’ (cos p)? dp  Ink—1 Ink—1

sing sin(rx—1) _ 1
08 ¢ cos(1k—1) and ¢ = cos (k- 1)
It is readily seen that for 0 < ¢ < I b2 < ¢? and the matrix

1-1 b
b (1-1)c?+p?

18
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is positive definite so that

%[(%)2“2@21) }

IA

<8w dw )2 2( dw )2
—+b +c
0 k-1 k-1

dw \2
. (3.22)
3nk71
Combining (3.21) and (3.22) we obtain

(a+1)2 dw\? 1 dw \? aw\* L, (ow)?
4cos p)? I/’°‘[<_) " (eostr-n)? <8nk_1) }5(¥> o <aT> G2

<3(a+1)21// (3w>2+ 1 ( qw )2
= (cosp)? ¢ (cos(me—1))* \Bme—1/ |
Recalling the definition of O; in (3.11), the fact that the functions of the partition of unity ¢; are

compactly supported in O; and that w in (3.23) actually stands for ¢; w, we deduce that there
exist two positive constants Cy and C; independent of w such that

c (8w>2 ( qw >2 <(8w>2 2a<8w)2<c (8w>2 ( dw )2
1 Ve k) * OMk—1 =\%) 7" \ar) = 2 Ve g * OMk—1 '

(3.24)

I /\

2
: 1 2 _ 1 2 2 _ (9w 1 L |2
Now, observing that ) [Vow|” = ¥y o)’ [Vow|< and |Vyw|” = (ank—l> + o’ [Vywl?,

by (3.19), (3.20) and (3.24) we finally obtain, for suitable positive constants Cy, C, not neces-
sarily the same of (3.24),

w ! ! 2 2
clwa[(a ) + e oy ! ]s|vaw| (3.25)

<Gy (3—“’ P vup
=2Vl \ 5 (o 4+ 1)2(sin )2 Vow (cos )2 Ul

Recalling again that the support of ¢ ;w is contained in O; we have that

Dydxdy <dHY™'= /14 |Vl(x,y)|?dxdy < D)dxdy (3.26)

over SQ’ -Ino j» for some positive constants Dy and D; independent of w. We recall that I is
the function introduced in (3.10).

Integrating (3.25) and taking into account (3.26), we immediately see that the norm induced
by (3.18) is equivalent to the norm coming from W1 2(D)

The same kind of approach may be implemented in all the other cases A >2and k=1, h =1
andk>2,h=k=1. O
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Corollary 3.3. Let h, k > 1. Then the space W;'z(Sév_l) endowed with norm induced by (3.18)
is compactly embedded LZ(S&v -,

Proof. Using a partition of unity subject to an open cover {O;} of SN —1 as in the proof of
Proposition 3.2, we can identify locally a bounded sequence in W1 2(SN 1) with a bounded
sequence in W1 2(D) for some bounded domain D c RV~! . Now, we know that W1 2(D) is
compactly embedded into L2(D) see Proposition 5.8 in Section 5, so that our sequence admits a
subsequence converging in L2(D). Coming back to Sév ! we recover the strong convergence of
this subsequence in Lz(Sélv “no ;) for any j. This proves strong convergence in L2(Sfxv -h. o

Thanks to Proposition 3.2 we can now give a rigorous variational formulation for the eigen-
value problem associated with the operator —Lg: we say that u is an eigenvalue of —Lg
corresponding to some eigenfunction W WO}’Z(SQI ~H\ {0} if

e (W, w) = / VaYwdHY™'  forany we WlA(SY. (3.27)

s¥!
By Corollary 3.3 and standard results for linear self-adjoint compact operators, we deduce that
the eigenvalue problem (3.27) admits a sequence of nonnegative eigenvalues diverging to 4-00

with finite multiplicity. Moreover, it can be proved that WO}’z(SéV ~1y can be endowed with an
equivalent scalar product defined by

bo (w1, w) + / Yo wiwy dHY !
S

(see the argument used in the proof of Proposition 4.5) and, with respect to this scalar product,
W1-2(SN=1) admits a Hilbertian basis of eigenfunctions.

Throughout the paper we use the following notations for the eigenvalues and the eigenfunc-
tions of —Lg

O=po<pmi =2 <---=pup=..., (3.28)

where each eigenvalue appears in the sequence as many times as its multiplicity, and

wo,W] «..,Wj,... (3.29)

a corresponding sequence of orthonormal eigenfunctions with respect to the scalar product of
L2(SN=1) given by (wy, wp) > Jsv1 Ve wiws dHN-L,

We conclude this section by observing that, as a consequence of the regularity results for Ay,
the eigenfunctions of —Lg are smooth on S !

Proposition 3.4. Let W be an eigenfunction of —Lg. Then W € C*® (Sév_l).

Proof. Let X be the eigenvalue of —Lg corresponding to W and denote by W the function defined
in R* 5\ {0} by W(x,y) =W ) Then by (3.7), W solves the equation

X y
o (X,Y)” [do (x, )]0
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M4 D x|

—WW inRthk\{O}.

—A W

Since the potential

Mo+ 12| x>

) ey

is of class C®°(R"*% \ {0}), the hypoellipticity of the Grushin Laplacian implies that W €
C®(R"*\ {0}) and then W € C°(SY~"), see Theorem 1.1 in [34]. O

4. The monotonicity formula

In the present section we present the Almgren-type monotonicity argument and we prove the
main results of the paper, namely Theorem 1.1 and Corollaries 1.3, 1.4, and 1.5.

Let € R"** be a bounded connected domain that, without losing generality, contains the
origin. Let u be a weak solution of (1.2) in sense of the variational formulation (1.9). Let us
define the functions

D(r) = rZ*Q/(WauF—V(x,y)uz)dxdy, @.1)
B

Hr) = 10 / Vol dHY .2)
9B

for any r € (0, R) where R > 0 is the maximal value for which B C Q and where v/ is the
function defined in (1.11). The functions D and H are respectively called the energy and height
functions.

Both functions D and H are well defined if we assume that V satisfies (2.5). Indeed, for D one
can check by the Sobolev embedding in Proposition 5.8 and by (2.5) that Vu?e LIIOC(Q). Instead,

in the definition of H, we only need u € WJ’Z(B;" ) since the trace of a function u € W;’]zOC(Q),

which in (4.2) is still denoted by u, belongs to the weighted space Lg(a BY) as one can see from

Proposition 5.6. Here Lé (0BY) is the space of square integrable function on d BY* with respect to

the measure |x|2*dHN~! (see Subsection 5.1 for the general definition of the space L% (3Q2)).
We start by computing the derivative of H.

Lemma 4.1. Let u € W2 () be a weak solution of (1.2) with V satisfying (2.5) and let H be

a, loc

the corresponding function defined in (4.2). Then H € Wl]O’C] (0, R) and for a.e. r € (0, R):

H'(r)=2r'"¢ %uxGudH{j—l. (4.3)

o
3 BY

Proof. Since u € W2 (R2) then we readily see that the function YouXgu € Ll (£2\{0}) and

«, loc loc
hence the function r —~ fZ)BD‘ 'g—z uXgu d?—lé\”] is defined a.e. in (0, R). Then for a.e. r € (0, R),
by Lemma 6.3, we may write
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2r1-0 / % uXgu d'H‘IXV*l = / |x|2°‘ 2u(rx, r““y)Vu(rx, ro‘Hy) c(x, (a4 Dr%y) d'foV*l .
o
3 BY B
“4.4)

Then we integrate (4.4) over a generic interval (r1, r) with r, > r; > 0 to obtain after Fubini-
Tonelli Theorem

r rn

9 2
/ 2r17Q/ﬁuXGud’HéV*] dHY ™ = / x| 2 /—(u(”x,”aH)’)) dHy !
d, ar
p aBY aBY 1
2 a+l atl ) N-1
= |x| (u(rzx ry y)) <M(”IX, ry y)) dHa
B

=r, @ / ry PP a0 / r 2P ut dHY T = Hr) — Hrp).
33,‘?‘2 BBﬁ‘l

This readily shows that H € Wll)’cl (0, R) and moreover its derivative is given a.e. by (4.3). O

We also need to represent the derivative of the function D. In order to perform the computa-
tion of D" we first need the following Pohozaev-type identity. For the clarity of exposition we
postpone the proof to the Appendix.

Proposition 4.2. (Pohozaev- type identity) Let u € W 10C(Q) be a weak solution of (1.2) with
V satisfying (2.5). Then u € W IOC(Q) Vu e LlOC(SZ, RN) and the trace on dBY of first order

derivatives of u belong to L*(d BY) for any r > 0 such that B_f‘ C 2. Moreover for a.e. r € (0, R)
we have

——/|v ul®dxdy + = /|v uldHYN ! — /%(X(;u)zdﬂgv—l

dB"‘ aBg

1
:% / Vuzd’}-[év_l — %/Vuzdxdy— Ef(VV-Xc)uzdxdy.
dBY o o

Remark 4.3. We observe that the regularity result stated in Proposition 4.2 combined with the
integration by parts formula stated in Proposition 6.4 in the Appendix and Lemma 4.1, yields

D(r) = % H'(r). (4.5)

The same regularity result stated in Proposition 4.2 shows that the integral in the right hand side
of (4.3) can be also interpreted in the sense of traces.
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Lemma 4.4. Let u Wa 10C(SZ) be a weak solution of (1. 2) with V satisfying (2.5) and let D be

the corresponding function defined in (4.1). Then D € W1 (O R) and for a.e. r € (0, R) we have
that

D'(r)=—r'" Q/(2v+vv X¢)u?dxdy + 2r=2 / Vo (Xgu)?dHN 1. (4.6)
dB¥

Proof. By Proposition 4.2 we easily deduce that for a.e. r € (0, R):

/ (|v ul? = Vu )dHN = (0- 2)/|v ul dxdy—Q/Vu dxdy (47

JdBY

/(vv Xo)udxdy + = /wa(xguf dHNT.

BBO‘
On the other hand, for a.e. r € (0, R) we have that
D'(r)=@— Q)rI*Q/ (|Vau|2 — Vu2> dxdy +r>=2 / (|v0[u|2 — Vu2> dHYT (4.8)
BY dBY

thanks to Lemma 6.1 in the Appendix.
Combining (4.7) and (4.8) we arrive to the conclusion of the proof. O

We will also need the following Poincaré-type inequality in BY.

Proposition 4.5. Let r > 0. There exists a constant C (h, k, a) depending only on h, k and a such
that

—/v dxdy < C(h,k,a) /|v v[>dxdy + - /wav dHN! (4.9)
dB"‘

forany v € Wolt’2(Bf‘).

Proof. For simplicity let start by proving (4.9) for » = 1. It is enough to prove that the original
norm of W,-?(BY) is equivalent to the norm defined by

V]l := f|v v>dxdy + / Yov? dHY ! for any v € W)2(B%)

« 3B
which means that there exist two positive constants Cy, C» such that

1vlle < Cillvllyy 2 0 =Callully  forany v e WIA(BE).

R v
b Il
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The first estimate is a consequence of the continuity of the trace map, see Proposition 5.6 in

Section 5. For proving the second estimate we can proceed by contradiction and find a sequence

{v,} C WO}’Z(B?) with ”v””Wl'z(B"‘) = 1 such that ||v, || — 0 as n — +o00. Up to subsequences,
o 1

we can assume that there exists v € Wé*z(B‘l") such that v, — v weakly in WO}’Z(B?) and

by the compact embedding WO}’Z(B‘f‘) C L2(Bf‘), see Proposition 5.8 in Section 5, v, — v

strongly in LZ(Bj"). Moreover, by weak convergence we have that f Bo VoUn - Veudxdy —

fBT' |V0(v|2 dxdy. On the other hand we also have

=
D=

/Vavn-Vavdxdy < /IVavn|2dxdy /lVav|2dxdy
i i i
1

2

< vnlla f|vav|2dxdy

1

which converges to zero thus proving that | B |Vqv|?dxdy = 0 so that v is constant in BY. On
1

the other hand, the continuity of the trace map also implies that v, — v weakly in Lg(a B{) but
v, — 0 strongly in Li(aB‘l") since ”Un”Lg(aB‘l") < |lvplle = 0. This implies that the constant
function v vanishes on 9 B{ which means that actually v =0 in BY.

In particular v, — 0 in Lz(Bf‘) and recalling that fo |Voup|2dxdy < ||v,,||§ — 0, this im-

plies v, — O strongly in W,-%(B¢), contradicting ||v, , = L. The equivalence of the two

w2

norms readily implies the validity of (4.9) in the case r = 1.
For proving (4.9) for any arbitrary radius r > 0, letting v € Wof’z(B;’), we consider the

rescaled function v, (x, y) = v(rx, r*t1y) defined in BY and we apply to it (4.9) with r = 1.

Then applying Lemma 6.2 and Lemma 6.3 we arrive to the conclusion in the general case. O
As a consequence of Proposition 4.5 one can also prove the following

Corollary 4.6. Let r > 0. Let 1 < g < 0o be such that g < % when Q > 2. Then there exists a
constant C(h, k, «, q) depending only on h, k, « and q such that

ESYIN)

2 1
/|v|qudy <Ch,k,a,q)ra 2F? /|Vav|2dxdy+; / Yav?dHY 1| (4.10)
o o aB2

forany v e W;*z(Bf‘).

Proof. By Proposition 5.8 applied to the case 2 = B} combined with a rescaling argument
yields
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q

2 1
/|v|qudy <Cilh,k,a,q)r @ 2F? /|Vav|2dxdy+—2/v2dxdy . (41D
r
BY a

Estimate (4.10) then follows combining (4.11) with (4.9). O

Lemma 4.7. Let u € Wa 10C(Q) be a nontrivial weak solution of (1.2) with V satisfying (2.5)

and let H be the correspondmg function defined in (4.2). Then there exists r € (0, R) such that
H(r) > 0 foranyr e (0,r).

Proof. By (2.5), Holder inequality, Corollary 4.6, we deduce that for all r € (0, R):

2 20-0 2
[|Vau| —Vu ]dxdy> [1—||V||LJ Ba)c(h koo, 22, 1) 5 ] \Voul?dxdy (4.12)
B% BY

r

M _
LWVl € (ko 2) /Wzdag '
9B

Suppose by contradiction that for any r € (0, R) there exists rg € (0,7) such that H(rg) = 0.
Since by (2.5) we know that o > % choosing 7 small enough such that

1= IVllge ey C (h,k»“, %)FZGJ_Q >0, (4.13)

applying (4.12) with r = rg < r, observing that by (4.3) we have H'(rg) = 0 being the trace of u
zero on 9B, by (4.5) and (4.1) we obtain

207
0:/[|Vau|2—Vu ]dxdy>|:1—||V||La(Ba)C(h ko, 22 1 }fw ul?dxdy,
B,

which implies that u is constant in Bjf and since its trace on 9By is zero then u =0 in By .
Applying a classical unique continuation principle for elliptic operators, see Sogge [42], we
deduce that u = 0 on any open set whose closure is contained in €2\ 2. This proves that u =0
a.e. in 2, a contradiction. O

Thanks to Lemma 4.7 we may define the Almgren-type function corresponding to nontrivial
solutions of equation (2.5):

D(r)
H(r)

N(@r) = for any r € (0, 7). (4.14)

We now compute the derivative of A/ and prove some estimates.

Lemma 4.8. Let u € W C(Q) be a nontrivial weak solution of (1.2) with V satisfying (2.5), let
N be defined by (4.14) wnh r as in (4.13). Then for a.e. r € (0,7) we have
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2
N'(r)=2 (H( ))2 /% (Xgu)?dHY ! /wau dHY! — /wauxGudH{j—l
dB aB d B2
(4.15)
H( )/(2V+VV Xg)u dxdy.
Moreover, we also have
N > -1 forany r € (0, F) (4.16)
and
N = —K(h ko, 0,7, Vir 552 NG+ 11 forae. e (0,F) 4.17)

for some positive constant K (h, k,a, 0,7, V) depending only on h, k, a, o, ¥ and V.

Proof. The proof of (4.15) follows by (4.3), (4.5), (4.6) and the definition of N
Let us proceed with the proof of (4.16). Let 7 be as in (4.13). Then by (4.12) and (4.13) we
have that

D(r)+ H(r)>r>"9 /(lVaulz— Vu2> dxdy (4.18)

B«

r

’(7’1

F VI € (koo

3B

= 201 VI € (ko 227) 77 [ 190 dxdy =0
B

for any r € (0, 7). Dividing the last inequality by H (r), (4.16) readily follows.

Let us proceed with the proof of (4.17). By (2.5), Holder inequality, Corollary 4.6 and (4.18),
we infer that there exists a constant C(h, k, «, o, r) depending only on 4, k, ¢, o and 7 such that

/(2V +VV - Xl dxdy| < C (ho ka0, r s |V o ey r@ 2 (D) + H(r)]

(4.19)
for any r € (0, 7). Combining (4.19) with (4.15) and using the Holder inequality, we obtain
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rl’Q

H(r)
By

Ny > — QV +VV - Xyl dxdy > —K(h, k,a, 0,7, Vr— 55 IN () + 1]

(4.20)

for any r € (0,7) where we put K(h,k,c,0,7,V)=C (h,k,a,0,7) ||V||W1~°(B£‘)- This com-
pletes the proof of (4.17). O

Lemma 4.9. Suppose that all the assumptions of Lemma 4.8 hold true. Then N is bounded as
r— 0t

Proof. Let us consider (4.17) and for simplicity denote by K the constant K (h, k,«, 0,7, V)
introduced in the statement of Lemma 4.8 and let us put § = @ > 0. Integrating (4.17) in
(r,r) we obtain

log(N (F) + 1) — log W (r) + 1) > & (* —79) for any r € (0, 7).
This implies

)
=8

N@E) + 1< [NGFE) + 1]e§(’ ) <IN ) + l]e% for any r € (0, 7).

This proves that N is bounded from above in a right neighborhood of 0. The fact that N is also
bounded from below follows by (4.16). O

Lemma 4.10. Suppose that all the assumptions of Lemma 4.8 hold true. Then N admits a finite
limit as r — 0T which we denote by {.

Proof. By Lemma 4.9 we know that AV is bounded and by (4.15) and (4.20), we infer that A/’
is the sum of a nonnegative function f(r) (the first line in the right hand side of (4.15)) and of a
function g(r) (the second line in the right hand side of (4.15)) which is integrable in (0, 7).

Hence, the integral functions | r f(t)dt and [’ g(r)dt both admit a limit as r — 0. There-

fore, frf N’(t)dt also admits a limit as r — OT. This shows that A" admits a limit as r — 0F.
This limit is necessarily finite thanks to Lemma 4.9. O

Proceeding as in the following papers [19-23] with suitable adaptation to the present problem
one can prove the following.

Lemma 4.11. Suppose that all the assumptions of Lemma 4.8 hold true and let £ be as in
Lemma 4.10. Then the following conclusions hold true:

lim r 2 H(r) 4.21)
r—0t

exists and it is finite and moreover for any n > 0 there exist K (n) > 0 and ry, > 0, both depending
on n, such that

H(r) > K(n)r?tn foranyr e (0,ry). 4.22)
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Proof. We first observe that by the proof of Lemma 4.10, we have that N’ € L' (0, 7) and by
(4.20) we have that

N@E)—£= /J\/’(t)dt >—Cr® for any r € (0, 7) (4.23)
0

with 6 = %T_Q accordingly with the notation of Lemma 4.9.
Once we have (4.23), one can follow exactly the same argument used in the proof of [22,
Lemma 5.6] to complete the proof of (4.21) and (4.22). O

We now perform a blow-up argument of nontrivial solutions u of equation (2.5) by defining
the following family of rescaled functions:

. 9) u(ex,e%tly) 0 424)
ug(x,y) = ——==, e>0. .
& y /—H(F,‘)
By (1.11) and Lemma 6.3 we readily see that
f YouZdHY "1 =1. (4.25)

9B

Before proving the following blow-up result, we recall that by (p, ®) we denote the radial
and spherical coordinates introduced in Section 3.

Lemma 4.12. Suppose that all the assumptions of Lemma 4.8 hold true and let € be limit defined
in Lemma 4.10. Then there exists j € N such that

—(0=2)+,/(Q =27 +4p (@ + 172
(= 5 (4.26)

where ; is an eigenvalue of the polar operator —Le with Le defined by (3.8).
Moreover, for any sequence ¢y |, O there exist a subsequence ¢,; and an eigenfunction WV of

the operator —Lg associated with |1 j such that fan VYo W2 d?—[év_l =landas j - +o0
us, (0.©) > p"W(O)  p>0, 0B, 4.27)

weakly in WJ'Z(B?), strongly in Wé'z(Bf‘) and uniformly in BY for any r € (0, 1).

Proof. Throughout the proof of this lemma we denote by C any positive constant independent
of & which is not necessarily always the same in each formula of this proof.
We first prove that {1, }s(0,7) is bounded in W}-2(BY). By (4.24), (4.9) and (4.18) we obtain

lute 1312 o, = CIN (@) + 1] (4.28)
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for any ¢ € (0, 7) with r as in (4.14). Boundedness in WO}’Z(B‘I") then follows from Lemma 4.9.
Therefore, for any sequence &, there exists a subsequence &, such that

e, =i in Wy (BY). (4.29)
Moreover, we claim that
e, — @ #0 in L2(3BY). (4.30)

For simplicity, in order to prove (4.30), we only wrote u en, and & on 9 B{ to actually denote their
traces Tr, Ug,, and Tr, u. First of all we observe that U, —> u a.e. with respect to the measure
HN 1. Indeed, denoting by ¥, ={(x, y) :|x| <n}, n > 0, aneighborhood of the set X, we have
that {u¢}¢c(0,7) 1s bounded in the classical Sobolev space (without weight) W1’2(B‘1" \fn). Hence
by compactness of the classical trace map from Wl’z(Bf‘ \En) to L>(d BY \fn), along a suitable
subsequence of {ugnj }, the a.e. convergence in 9 BY \fn holds true. Being the pointwise limit
always the same, i.e. the function u found in (4.29), by using a Cantor diagonal argument we may
find a suitable subsequence, that for simplicity we still denote by {u e, }, such that u En; ua.e.
in 9 B{ \ ¥ and hence a.e. in d Bf being HN! (dB{ NX) = 0. Now, by Corollary 5.7 we have that
{ug}ee(o,7) 1s bounded in LI BY{') for some ¢ > 2 and this, together with the a.e. convergence
and the Vitali convergence theorem, yields the strong convergence in Li(a BY') contained in

(4.30) along a suitable subsequence.
In particular, by (4.25) we infer that fBBf, Vg it> dHN ! =1 and hence it # 0.

Next, putting Ve (x, y) = V (ex, e2T1y), we observe that
—Agtte =8> Vou,  in BY (431
for any ¢ € (0, 7). By Lemma 6.2 and direct computation we see that
2 20-0
16 Vellwro gy <87 IVIIwio ) (4.32)
for any ¢ € (0, min{1, 7}). Up to shrink 7, it is not restrictive to assume in the rest of the proof
that 7 < 1.
Hence, recalling that o > Q/2 thanks to (2.5), by (4.28) and Proposition 5.12 (i), we deduce

that {u¢}¢¢(0,7) is bounded in WO%’Z(B;") for any r € (0, 1).
Applying the compact embedding result of Proposition 5.8 (i) we deduce that

Ug, — i in wl2(BY) (4.33)
for any r € (0, 1).
Moreover, we can pass to the limit in the weak formulation of (4.31) over BY (see (1.9) for
more details) and by Holder inequality, (4.32) and (4.29), we obtain
~Agii=0 inB{ (4.34)

in a weak sense. Moreover, by Proposition 5.9 we also have that u € C*°(BY).
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Furthermore, by (4.14) and Lemmas 6.2, 6.3 we have

()72 [u (IVau? = Vu?)dxdy
€)= [ o Vo u? dHy
r?7Q [po |Vauel* dxdy (er)?7 9 [pa Vu?dxdy
- rl_QfaB,‘?‘ w‘xugd}[{l\]—l (8r)l_Qf33§tr Il/aude(]:y_l .

N(er) =

(4.35)

About the second term in the latter equation, by (5.1), (2.5) we obtain

(er)*~ [4, Vu*dxdy _ 3Chk.ao, A Er) 7NV o @[ D(er) + H(er)]
()= [ po o u2dHy | T H,(er)

(4.36)
<271 Ch ka0, F)(Er) TV Iy oy [N (er) + 11 =0(1) ase — 0

uniformly with respect to 7 in a neighborhood of 0. From (4.35), (4.36), (4.29), (4.30) and (4.33),
we deduce

r2=0 fBg |Vau5nj |>dxdy

t= jETooN(gnjr) - jEIJIrloo rl—-0 fan Yy u% ) d’H(vafl ’ @-37)
r nj
,-ETOO rz_Qf |Vatte, dxdy =r*2 / |Vyit|? dxdy =: Di(r) (4.38)
BY BY
and
jiirfoorl—Q / Va ugnj dHN = =p170€ / Yo W2 dHY ! = Hy (r) (4.39)
3B 3B

for any r € (0, 1). We observe that H;(r) > 0 for any r € (0, 1). Indeed if there exists ro € (0, 1)
such that Hj;(r9) = 0 then combining (4.37)-(4.39) we see that also Dj;(rg) = 0 since otherwise
the limit in the right hand side of (4.37) cannot be finite. This implies # =0 in By and applying
the classical unique continuation property for elliptic operator in Bf \ ¥ we infer that & =0 in
B, a contradiction.

Now we may define the Almgren-type quotient corresponding to i by

2—-0 —12
_ Dj;(p) _ P fo)t [Voul|=dxdy

J\/’L_l ):_ - kl
= o) P10 [ gy VB dHY

pe,1).

Combining (4.37) with (4.38)-(4.39), we infer
= lim N(ey;0) =Na(p) forany p € (0, 1),
J—+o00
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which shows that N is a constant function.
On the other hand, following the same outline as in Lemma 4.8, it results

2

Ni(o) = f Yo (Xgit)? dHY ! / Yol dHY ! - f YuiXgadHY ™!

By 0By

(H (p ))2

(4.40)
for any p € (0, 1). Being Nj constant from (4.40) we deduce that we have an equality in a
Holder inequality which implies that Xgu and & are parallel vectors as elements of the Hilbert
space Lg(& Bg‘) for any p € (0, 1). Hence there exists a function /(p) such that

Xgi(p, ®) =h(p)i(p, ®) forany p e (0,1), ©® € 9B, 4.41)

We observe that multiplying both sides of (4.41) by Y and integrating over d B with respect
to the measure fov_l, by (4.3) we deduce that h(p) = pH/(p)/(2H;(p)) which shows that
helLl (0,1).

By (A.1) in the Appendix, we have that % = % Xgu. Integrating (4.41) we obtain

fﬂ h()d
up, O)—u( ) 127r for any p € (0,1) and ® € 3B .

0 h(r)
Letus put w(®) =it (5, ®) and z(p) := i ar Using the polar expression of the Grushin
operator (3.7) and recalling that « is a solution to (4.34) we have

9%z 19 2
wa(a <®>+Q——Z @4 @t z(p)£@w<0>>
2 p P2

Maintaining p fixed and varying ® € d BY, we see that the function w = w(®) is an eigenfunc-
tion of —Lg and letting u the corresponding eigenvalue, we deduce that

92 -19 )2
—Low=pw indBY  and 9z @-ldz pltD® o .
dp? pdp p?

The linear equation for z = z(p) has solutions of the form z(p) = c1p?' + 2?2 where

1 1
fr=—30 -2~ 3/ (Q -2 +4u@+ 1) and

1 1
fr=—3(0 -2+ 3/(@- 2% +dut@+17.

We show that pﬁl w(®) & WJ’Z(B‘IX). Indeed, by (3.5) in the case %, k > 2 and the corresponding
identities when at least one between & or k equals 1, we have that

Ve (0P w(©))]> = 0?12 W (©)
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for some function W depending only on the angular part ® € d BY'. Looking at the spherical rep-
resentation of the volume element dxdy in (3.6), we conclude that |V, (,0/31 w(®)) |2 € Ll(Bf‘) if

and only if fol p*P1+073 dp < oo and this is impossible as one can see substituting the expression

of /31.
Then the expression of u is given by u(p,®) = ¢ pﬂzw(®) where ¢; is given by

_1
(fyg e @MY1) 7. We can now put W(6) = 2 w(®).
Putting the expression u(p, ®) = pP2W(®) in D; and Hj, by (3.5) and corresponding identi-
ties when at least one between % and k equals 1 and (3.27), we obtain

o
Di(p) = p* 283 / pAfres f Vo WM | dr
0 0B
2-0 7 2 2B +0-3 N-1 B3 + (e + 1)?
+p /(a+1) rer? . / ba(q},qj)d%a d}":m
0 B¢

pzﬁz =8 plﬂz ;

Hy(p) = p'~Cp*Prre! / Yo WP dHY) ' = p*P2,

9B

where we recall that by (-, -) is defined in (3.9). Therefore, a straightforward computation yields
Nj; = B and hence B, = £.

It remains to prove the uniform convergence in (4.27). It follows from the fact that
””€”Wo}‘2(3") = O(1) as ¢ — 0" combined with Proposition 5.11 in Section 5, Battaglia and

Bonfiglioli [11, Theorem 4.1] and the Ascoli-Arzela Theorem. This completes the proof of the
lemma. O

A crucial part for concluding the proof of Theorem 1.1 is to show that the limit in (4.21)
is strictly positive. Recalling the notations introduced for (3.28) and (3.29), we may expand in
Fourier series the function u: u(5:(®)) = 1+=08 pi(e)w;i(®), © € Sév_l, with &, as in (1.4),
where ¢; is given by

i(e) = / Vo (O©)u(8:(©))w; (@) dHY . (4.42)
syt
We also define
T-(s)'—/V(x e )w( ol Y )dxd
T TR ey et ) T
and
i(e) =72 Ti(e) = / V(8:(©)u(8:(©))w; (®) dHY ! (4.43)

sa!
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thanks to Lemma 6.1 and Lemma 6.3 in the Appendix. By (3.7), (4.42), (4.43), the fact that u
solves (1.2), the symmetry of the bilinear form b (-, -) defined in (3.9) and the fact that w; is an
eigenfunction of p;, we obtain the following equation for ¢;

-1 D2 u:
—¢/(e) — o-1 @i (e) + w @i (e) =¢;i(e) in the sense of distributions in (0, 7).
€ €

(4.44)

Lemma 4.13. Suppose that all the assumptions of Lemma 4.8 hold true and let £ be the limit
defined in Lemma 4.10. Let m > 1 be the multiplicity of the eigenvalue [ij, = fjo+1 =+ =
Mjo+m—1 of —Le found in Lemma 4.12 and satisfying identity (4.26). Then for any R € (0,71),

with r as in Lemma 4.7, and i € {jo, ..., jo +m — 1}, we have
R R
3 2 _ Q -0 B 3 Y —0+2-2¢ B
(/’i(g):se R £§0i(R)+2_Q7_2€ /S o+l ZTi(S)dS—m /SZ lTi(S)dS
5 0
+ 0@ (4.45)
as e — 0%, with § = @ as in the proof of Lemma 4.9.

Proof. The proof of this lemma is based on the same argument used in the proof of [23, Lemma
6.8] and we refer to [23] for the details. By direct computation one can check that (4.44) may be
rewritten in the form

_ [8Q1+2z (8*%5 (8)>’} — 01 gy

Proceeding as in the proof of [23, Lemma 6.8] we obtain, for a suitable constant c;,

R

2 — 0—¢ EC.R7Q+2728
— ! -t —0+1-¢ i
i(e) = R%¢i(R)+ —— Yi(s)ds + ———— 4.46
vile)=¢ vi )+2_Q_2£/s (5 ds + 55— (4.46)
&
fe—Q+2—¢ R 1
+m Ci+fS T Yi(s)ds
&
By Lemma 6.2, (4.32), Proposition 5.8 we have that
&’ 0+22-0
NGIO) 1Ti(e)| < C(Q, o, h, k, o) VILe (@) IlwillL%(S‘y_,)s o Muellyrzpey

for some constant C (2, «, &, k, o) depending only on 2, «, &, k, 0. Then, by (4.28), Lemma 4.9,
(4.21), we deduce that Y;(¢) = O(e272t+%) as ¢ — 01 and in particular s~ 2H =67, (s) €
L0, R).

This implies that the first line in (4.46) is a O (%) C o(e= 22 %) as ¢ — 0.
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From the estimate Y;(g) = O (¢272H¢+9) we also have s*~!';(s) € L' (0, R) so that if by
contradiction we have £ (Ci 4 fOR s (s) ds) # 0 then ¢; () < e~ C+2~€ 56 ¢ 5 0F contra-
dicting the fact that fOReQ’lkpi (e)|9de < +oo forany g > 1if Q=2and 1 <g < 20 ¢
Q > 2, as a consequence of Sobolev embedding (see Proposition 5.8) and (4.42).

Now if £ = 0, the conclusion of the lemma follows immediately, otherwise from what we have

obtained above we infer ¢; = — fOR st1Y; (s) ds so that (4.46) becomes
R R
_ 2—-Q—¢ Ol ¢R™OF2-2¢ _
(/3,'(8) = Se R Z(/71(13) + m/&‘ o+l ZT[(S)dS — m\/&‘z lTi(S)dS
& 0
&
fe—Q+2—¢
— Sifsg_lﬁ(s)ds.
0-2+2¢
0

The last term in the above identity satisfies 0 (¢"*?%) as a consequence of the estimate Y;(s) =
O (s272T643) This completes the proof of the lemma also in the case £ #£0. O

Now we are ready to prove that the limit in (4.21) is strictly positive.

Lemma 4.14. Suppose that all the assumptions of Lemma 4.8 hold true and let £ be the limit
defined in Lemma 4.10. Then the limit (4.21) is strictly positive.

Proof. Suppose by contradiction that the limit in (4.21) equals O so that by the Parseval identity
we also have that lim,_, o+ e~ ¢;(¢) = 0 for any i € {jo, ..., jo +m — 1}, with jo and m as in
Lemma 4.13. Therefore, by Lemma 4.13, letting ¢ — 01, we obtain

R
R_Z%(R)-F% /S_QH_Z Yi(s)ds— % /se_l Y;(s)ds =0
0 0
which replaced in the asymptotic estimate (4.45) for ¢; implies
€
wi(e) = _;—_Q% gt / sy (s) ds + 0 (470 (4.47)
0

In the proof of Lemma 4.13 we have shown that Y;(s) = 0 (s2- 249y o that by (4.47) we
obtain ¢; (¢) = O(¢¢+%) as e — 0.

Now, by (4.22) with n = §, we have that /H () > VK (§ 8”%. Recalling the definition of
ug in (4.24), for any i € {jo, ..., jo +m — 1}, we then have

i)l _ 0

— O(e3) = +
NOh K(8)8€+%—0(82)—0(1) ase — 07. (4.48)

/ Yo Ug w; d’Hév_l =
N—-1
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On the other hand, by (4.27) and (4.29), for any i € {jo,..., jo +m — 1}

fwaugwid}zgf—le / Yo Wy dHN ! (4.49)

where W belongs to the eigenspace generated by wj, ..., @j,+m—1. Combining (4.48) and (4.49)
we infer fSN 1Yo Y o; dHN =0foranyi € {jo, ..., jo+m— 1} in contradiction with the fact
that W £ 0 belongs to the eigenspace generated by wjg, ..., Wjorm—1. O

4.1. End of the proof of Theorem 1.1

Using the notations of Lemma 4.13 for pjy, ..., jj+m—1 and wjq, ..., @j;+m—1, and letting
€n 4 0, by Lemma 4.12 and Lemma 4.14, along a subsequence ¢,,; we have

Jo+m—1
—¢ e 14 § . X y
Enj M(SE,,J. (.X, Y)) (dﬂl(-xv y)) i:jo lBl a)l (da(x’y)’ [da(X7y)]a+])

weakly in Wl 2(B‘)‘) and strongly in L2 (SN 1), where Z]Hm 1,8, w; = ¥ with ¥ as in
Lemma 4.12. To complete the proof of the theorem it remains to prove that the function W and

hence the coefficients B, ..., Bj,+m—1 do not depend on the sequence &, thus showing that the
convergence above actually holds as ¢ — 0.
By (4.42) and the orthonormality of wjy, ..., wjo+m—1, forany i € {jo, ..., jo +m — 1}, we
then have
s,jje @i(en;) = Bi as j — 400.

On the other hand, by Lemma 4.13 we have that

~

R
_ B 2_Q_g _ _ ‘R Q+2-2¢ B
e‘pi(e) > R [goi(R)+m/s g+ eTi(s)ds—z_Q—_%/s[ i (s) ds,
0 0

thus proving that B; does not depend on the sequence ¢, and

R

R
.y 3 ZR7Q+2728 B
Bi =R~ (p,(R)—i— —; /s o+l eTi(s)ds—m/sz I (s)ds .
0 0

To complete the proof of Theorem 1.1 we need to prove that the strong convergence in Wo}’Z(B;" )
and the uniform convergence in BY contained in (1.12) holds for any r > 0 and not only for
r € (0,1) as already shown in Lemma 4.12. Letting r > 0 and (X, Y) € BY, one can define
(x,y)=6é10n(X,Y) € Bf‘/z and observe that
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P~ u,(X, 7))

= (@2n)t (2rp>—‘u<azm(x,y>)—><2r)4<da(x,y>)—ew( . Y )
da(x’Y) [da(xsy)]a+l

= (do (X Y))—fxp( X Y ) as p — 07
o do(X,Y) [do(X,Y)]oH! ’

that completes the proof of Theorem 1.1.
4.2. Proof of Corollary 1.3

We divide the proof in three cases.

The case zg € X. Letting zo = (0, yo), up to the translation (x, y) — (x, y — yo) we may as-
sume that z is the origin of R" . Suppose by contradiction that u 0 in Q and apply Theorem 1.1
to get

o ud,(©) - W(®O)  asp— 0" (4.50)

uniformly in SQ’ ~! for some eigenfunction W # 0 of —Lg. Taking n > £, with n as in the state-
ment of the corollary, by (1.14) we have that |u(5,(®))| < Cp" for any p > 0 sufficiently small.
This, combined with (4.50) implies ¥ =0 in SQ’ —1 a contradiction.

The case zo € X, h > 2. The assumption & > 2 implies that 2 \ X is connected and the proof
follows from the classical unique continuation principle for uniformly elliptic operators (see
Sogge [42]) applied outside an arbitrarily small neighborhood of the singular set X, as already
observed in Remark 1.6.

The case zg € X, h = 1. In this case, if 0 € 2, the set 2 \ X is not connected. We denote by
H* :={(x, y) € Rt x 2 0} and by QT := QN H? the two connected components of Q\ X.
We may suppose that zg € 27T, being the other case completely equivalent. The classical unique
continuation principle for uniformly elliptic operators implies that # = 0 in QF. Suppose by
contradiction that u 0 in Q2. Then we may apply Theorem 1.1 around 0 and conclude that the
eigenfunction W £ 0 vanishes in SQJ ~I'n H*. Accordingly with the proof of Proposition 3.4 we
may define the function W (x, y) =¥ (da(i,y), [da(x’yy)]aﬂ ), which satisfies W € C*®°(RN \ {0}).
Choose a point Z = (0, y) € X \ {0} so that all derivatives of any order of W vanish at z, being
W =0in H". By Taylor formula with Peano remainder term we deduce that W (z) = O(|z —Zz|")
for any n € N. Applying to W the result of Corollary 1.3 itself, already proved in the case
Z0 =z € X, we may conclude that W = 0 in R" \ {0} and in particular ¥ = 0 in Sév’], thus
reaching a contradiction.

4.3. Proof of Corollary 1.4

For the same reason already explained in the proof of Corollary 1.3, we have to distinguish
three cases.

The case zg € X Up to translation we may assume that zo = 0. Suppose by contradiction that
u # 0 in Q. By estimate (4.22) of Lemma 4.11 for any n > 0 there exist K(n) > 0 and r, > 0
such that, after integrating the boundary integral:
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K

f wauz dxdy > & P20 for any r <ry,
2€+n+0

By

thus contradicting the assumption of the corollary one we choose n > 2¢ +n + Q.

The case zg ¢ ¥ We can treat both the cases & > 2 and & = 1 exactly as in the proof of Corol-
lary 1.3 by applying the unique continuation principle with the integral assumption which is
precisely the type of condition assumed in Sogge [42, Theorem 2.1], that is implied by our one.

4.4. Proof of Corollary 1.5

When & > 2 we know that Q \ ¥ is connected so that, as already observed in Remark 1.6 the
conclusion follows from the unique continuation principle for uniformly elliptic operators in the
version with the solution u vanishing on a set of positive measure, see de Figueiredo and Gossez
[17] and Sogge [42]. When h = 1, we already observed in Remark 1.6 that in general we can
only conclude that u vanishes on at least one connected component of 2\ ¥. But in this case we
can apply the argument already used in the proof of Corollary 1.3: we assume by contradiction
that u # 0 in © but u = 0 either in QT or in Q7 ; then we use Theorem 1.1 to show that ¥ # 0
and Proposition 3.4 to show that W € C®(RY \ {0}); finally, applying Corollary 1.3 to W, we
obtain W = 0 thus reaching a contradiction.

5. Regularity results and properties of weighted Sobolev spaces

This section collects some fundamental properties of the weighted Sobolev spaces WJ’I) and
some local regularity results in Walf P and in fractional Sobolev spaces for solutions of equations
with the Grushin operator A,. We note that parts of the results contained in this section, or
their variants in more general settings, can be found in the literature (see e.g. Rothschild and
Stein [41], Garofalo and Nhieu [30], Danielli, Garofalo and Nhieu [18], Monti and Morbidelli
[40], and Kogoj and Lanconelli [35]). Nevertheless, to the best of our knowledge, no existing
references fully address the exact assumptions required here. For these reasons we decided to
provide an exposition including detailed proofs, which we believe can be of interest for people
working with the Grushin operator.

5.1. Properties of the Sobolev spaces Wol’p ()

In this section we will state and prove some basic results of weighted Sobolev spaces Wol,’p ()
concerning extension theorems, density, trace operators and embeddings. In all these statements
we assume the validity of the following condition on the domain €:

Definition 5.1. Let &, k, 0 € N, h,k,« > 1 and let N = h + k. We say that a domain Q C RY
satisfies condition (D) if it is a domain with Lipschitz boundary and moreover 42 N X, with
¥ as in (1.1), may be covered by a finite family {Vj}‘;= | of cuboids (i.e. rotations of rectangle

parallelepipeds in R”) such that the following assumptions hold:

(i) there exists a corresponding family of rotations {r;}’_, in RV =R" x R¥, r; =r;(x,y) in-
dependent of x € R” (and hence depending only on y € R¥), such that for any j € {1, ..., s}
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(V) ={x,») eR" x RF oy <x, < Bjoe=1,....h, aij <yi <bij,i=1,... k)
(ii) forany je{l,...,s}
P QNV)={(x,y) eR" xR : (x,y) € W, gj(x,¥) < yk < bij}
where we wrote y' = (yy, ..., yx—1) and
Wii={(x,y) R xR iaj <x, < Bjot=1,...,h, ajj <yi <biji=1,....k—1};
(iii) forany j € {l,...,s} we have that g; € C%!(W,) and moreover

akj < gj(x,y') <byj for any (x, y') € Wj,

and there exists a constant C; such that

IVegj(x, )| <Cjlx|*  forany (x,y) e W;.

Remark 5.2. We point out that conditions (i)-(iii) in Definition 5.1 not necessarily involve the
whole boundary of 2 but only the part of it intersecting the singular set X. In other words the
family of cuboids {V/; }j.zl does not in general cover the whole set d€2 but only 32N X. However,
for the remaining part of 92 one can find in Definition 5.1 a Lipschitzianity condition.

This definition excludes for example domains €2 for which relatively open sets in X are en-
tirely contained in 9€2. In other words, the set X intersects transversally d2. Moreover, the
second condition in (iii) states that partial derivatives with respect to the variables x; of the func-
tions g; have to vanish at least like |x|* or faster than it when (x, y’) is close to the set W; N X.
Note that the same condition for domains in R? has been already introduced by Monti and Mor-
bidelli [40, p. 763].

Definition 5.1 seems to be quite restrictive but for our purposes this is not a great problem
since the next results about the properties of the weighted Sobolev spaces WJ’I) (£2) will be
essentially applied to the case 2 = BY with BY as in (1.6). One can verify that for this kind of
balls BY, condition (D) is actually satisfied.

We start with the following extension result:

Proposition 5.3. Let Q@ C R"N be a bounded domain satisfying condition (D) introduced in Def-
inition 5.1. Then there exists a linear continuous operator & - Wall’p(Q) — Wol’p(]RN) such that
(Ev)@=v foranyv e Wé’p(Q).

Proof. The proof follows exactly the same argument used for classical Sobolev spaces based on
partition of unity, local deformation of the domain and symmetric extension. Let us emphasize

the main differences with the classical case. Up to the rotation r; introduced in Definition 5.1,
we may assume that

QNVi={(x,y) eR" xR*: (x,y) € W, gj(x,y) < v < byj)
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andifv e Woll’p (£2), up to consider a partition of unity, we may assume that

supp(v) C {(x,y) e R" x R¥: (x,y) e W;, g;(x,¥") < i < byj}

so that by implementing a trivial extension of v we may put v(x, y’, yr) =0 for any (x,y") € W;
and yi > by;.
Then we define the deformation

S :W; xR—>W; xR
i,y ) =,y e —gj(x,y))  forany (x,y, ye) € W x R
and the function v: W; x (0,4+00) — R given by v(x,y’, yx) 1= v(CDJTI(x, y', yx)) for any

(x, ¥, yi) € Wj x (0, +00).
By a direct computation based on Definition 5.1 (iii), we infer

2

_ aw
|vav(x,y’,yk>|2szmv(@j‘(x,y’,yk>>|2+2’a<d>j1<x,y’,yk)> IVegj (e, Y)P (5.1)

2

+ 20 V(@7 Y i) P+ 20 IVygj(x, y)I?

v
o Y 'y )

2

v
+ x| — (@7 (x, Y, 30))
oy 7

< (2CF +25up |Vg;* +3) [Vav (@' (x, ¥/, y))I* forae. (x,y', yx) € Wj x (0, +00).

By (5.1) and a change of variables we obtain

/ |Vav|pdxdy’dyk5(2C12~+25up|ng|2+3)§ / |Vou|Pdxdy .
W x(0,400) QNv;

With a similar but easier procedure one can show that ||V||LP(W,.><(0’+OO)) = ||U||LP(QQV/.) so that
ve Wy (W x (0, +00)) and

1

IVl < [1 +(2C2 +25up| Vg, 2 +3)% (5.2)

v
(W x(0,400)) = ] HUHWJ’”(mVj) )

The next step is to extend the function v by a symmetric reflection with respect to the hyper-

plane y; = 0. This extension gives rise to a function V: W; x R — R such thatV € Wo}’p(Wj x R)
and

1
IVl ;) = 27 VIl 22 ¢ 0,400 -

For more details about the extension by symmetric reflection and the proof of the fact that X;V
and Yy ¢V exist in a weak sense and are L”-functions, see Brezis [12, Lemma 9.2].
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The final step is to define the function v : W; x R — R by putting v(x,y’, yx) :=
V(®(x,y', y)) for any (x,y’, yx) € W; x R. With the same procedure used in (5.1) one can

verify that ¥ e Wé’p(Wj x R) and

1

~ 217 i~
190,y = [1F @C3+250p 1V P +3)5 ] 191,10 (5.3)

(W;xR) "

Since v is compactly supported in W; x R, it can be trivially extended to the whole R . More-
over, combining (5.2)-(5.3) we can write

2
- 1 p12
19010y <27 [ 1+ @CE+25up Vg P + 3 |7 0l g

This completes the proof of the proposition. O

Remark 5.4. We observe that under the assumptions of Proposition 5.3, the extension operator
can be constructed in such a way that every function v, v € Wé"’ (2), is compactly supported

in RY and its support is contained in a ball Bg(0) with a radius R independent of v € Wo}’p (2).
Indeed, suppose that is not the case; then it is sufficient to choose a cutoff function ¢ € CZ° (RN)
with ¢ = 1 in Q and multiply every extended function by ¢. In this way, we may construct a new
extension operator which now satisfies the desired property.

The next purpose is to show that it is possible to define a trace operator from the space
Wé’p (R2) to the weighted LE(3Q) of functions defined on 92 which belongs to the L”-space
with respect to the boundary measure |x|P*dHN .

A possible strategy is to define the trace on smooth functions and to extend it by density and

continuity to the whole space WO}"" (Q). In order to prove density of C*°(Q) in W;’p (2), we
assume again condition (D) introduced in Definition 5.1. Since the proof follows the classical
argument by Friedrichs in [28], we therefore omit it.

Proposition 5.5. Let Q@ C RYN be a bounded domain satisfying condition (D) introduced in Def-
inition 5.1. Then C*®°(Q) is dense in WO:'p(Q).

Let us proceed with the definition of the trace operator.

Proposition 5.6. Let @ C RYN be a bounded domain satisfying condition (D) introduced in Def-
inition 5.1. Then there exists ' a continuous linear operator Try, : Wé’p () — LEQ) such that
Trv =v)pq for any v e C®(RQ).

Proof. Let us consider the linear operator which maps every function v € C*®(Q) C WO} P (Q)
to v)pq € LP(52). We want to prove that there exists a constant C > 0 such that

||U\GS2||L{;(;)Q) = C”U”Wi.p(m forany v € C®(Q). 54

By using partition of unity and a local representation of 92, as in Definition 5.1, the problem can
be reduced to prove the following estimate
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low ll e owy = C||v”w‘l*"(Wx(0,+oo)) for any v € CZ°(W x [0, +00)) (5.5)
with W in the form
W::{(x,y’)eRh xRV a <x, < Bi=1,...,h, a <yi<bj,i=1,....,k—1}.
Indeed, one can proceed by exploiting the computations in (5.1) and the two conditions in Defi-

nition 5.1 (iii). Let R > 0 be such that the support of v is contained in W x [0, R].
For any function v as in (5.5), by the integration by parts formula we obtain

/ x| Ju(x, y', 0)|” dxdy’
w
=/IXIpalv(x,y/,yk)lpdxdy/
w

av
- / p|x|pa|v(-x7y/’t)|pizv(x7y/’t)3_(xsy/vt)d-Xdyldt
Yk
W (0, %)

5/IXI”“Iv(x,y’,yk)l”dxdy’+(p— 1)) / |x|P% |v]P dxdy
w W x (0, +00)

+ / x|

W x(0,400)

9 p
v dxdy.
k

Integrating with respect to yi in the interval (0, R) we get

R [ 17 1otr. 5. 0 dxay’ 5:6)

w
< / |x|P*v|P dxdy + R(p — 1) / |x|P¥ [v|P dxdy

Wx(0,R) W x (0,400)

p
+ R / |x|P¥ |—| dxdy
Yk
W % (0,400)

<[+ R(p-—1)] (sup|x|pa) f |v|” dxdy + R / |VoulP dxdy .
v W x(0,400) W x(0,400)

This proves (5.5). Coming back to the original domain 2 and exploiting the assumptions con-
tained in Definition 5.1, one can easily complete the proof of (5.4).

Combining the estimate (5.4) with the fact that C*°(Q) is dense in Walf’p (€2), as shown in
Proposition 5.5, we can extend by continuity and density the restriction operator to the whole
Wa'? ().
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The operator defined in this way will be called trace operator and it will be denoted with the
notation introduced in the statement of the proposition. O

As a corollary of Proposition 5.6 we have the following, where we recall that Q = h+ (¢ + 1)k
is the homogeneous dimension defined in Section 2.

Corollary 5.7. Let Q@ C RN be a bounded domain satisfying condition (D) introduced in Defini-
tion 5.1. Then the operator Tty introduced in Proposition 5.6 is also a linear continuous operator
from Wé’p(Q) to LE(3Q) forany 1 <q < oo if Q < p and forany 1 <q < % if Q> p.
Proof. It is enough to prove the counterpart of (5.5), i.e.

lowll g owy = C||U”WJ’”(W><(0,+oo)) for any v € C2°(W x [0, +00)) . (5.7)

For 1 < g < oo, by proceeding as in the proof of Proposition 5.6 and using first Holder inequality
and then Young inequality, we obtain the generalization of (5.6), i.e.

R/ x[7 [v(x, ', 0)|? dxdy’
w

= (Sup |x|qa> “v”iq(Wx(O,-&-oo)) +R(g — 1)||U||q plg—1)
w L =T (Wx(0,+00))

+ R f |Vou|Pdxdy | . (5.8)
W x (0,400)

q

WaP (W x (0,-+00))
restriction occurs when Q > p and it reads g < p; and % < p}, as a consequence of Propo-
sition 5.8 below. The more restrictive condition is the second one and it can be rewritten as
qg=< %__pl). We have so completed the proof of (5.7). O

In order to estimate the right hand side of (5.8) in terms of |v]| the only

We now recall an embedding for the weighted Sobolev spaces Wé’p ().

Proposition 5.8. Let @ C RY be a bounded domain satisfying condition (D) introduced in Def-
inition 5.1.

(i) If 1 < p < Q then, letting p} =
and there exists a constant C($2,
that

QPTQ, or any 1 < q < p} we have that Wé’p(Q) C L1(2)
o, ﬁ, k, p,q) depending only on 2, o, h, k, p and q such

lullpa@ < C(Q, o, h,k, p, q)||u||WJ,p(Q) forany u € W;*P(Q).

Moreover; if 1 <q < p}, the embedding Wé’p(Q) C L9(R2) is also compact.
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(i) If Q < p < oo then for any 1 < g < oo we have that WJ’p(Q) C L9(2) and there exists a
constant C(2,a, h, k, p, q) depending only on 2, «, h, k, p and q such that

lullzo@) < CQa bk, pollullyrr g foranyue Wy P ().

Moreover, the embedding Wol,’p(Q) C L9(R2) is also compact for any 1 < q < oo.

Proof. The proof of the proposition is essentially contained in Section 3 of Kogoj and Lanconelli
[35] where it is proved the continuous embedding W;é’ () C LPa(). For proving part (i)
we first apply the extension operator constructed in Proposition 5.3, see also Remark 5.4. Let
R > 0 be as in Remark 5.4 so that the embedding WJ”’ () C LPa (£2) and the relative continuity
estimate easily follow from the continuous embedding W;:é’ (Br(0)) C LPa(Bg(0)), see (1.18)

in [35]. The continuous embedding Woi”g (Br(0)) C LY(Br(0)) for 1 < q < pl then follows by
the Holder inequality.

The validity of the embedding Woi Q) CcLiI(Q) forl <g < py and its continuity then fol-
low immediately; at the same time, its compactness for 1 < g < p follows from the compactness
of the embedding W, (Q) C L(%).

Let us proceed with the proof of (ii). Since p > Q, for any 0 < & < Q — 1, by Holder in-
equality we have that Wo}’p (2) is continuously embedded in WO][’Qfg(Q) which, in turn, is
continuously embedded in L9(2) for any 1 < g < (Q — &)} = @ and compactly em-

bedded in L9(Q2) for any 1 < g < (Q — &) = QW=9 For ¢ small we see that the critical

&
exponent (Q — €)* becomes larger and larger, thus showing the validity of the compact embed-
p o g g g y p

ding Wa'P () C LY(Q) forany 1 <g <oco. O
5.2. Local Wo%’p -regularity results

We now state a regularity result for weak solutions of the Poisson equation

—Aqu=f. (5.9)

Since all the statements of this subsection are all local regularity results, no restrictions are actu-
ally needed on the regularity of domain 2. Up to translation, it is not restrictive assuming that €2
contains the origin.

The next proposition provides regularity for a solution u of (5.9) in terms of both weighted
Sobolev spaces and classical (without weights) fractional Sobolev spaces.

(Q) and letu e W2 (@) nL?

a, loc loc

Proposition 5.9. For 1 < p < oo, let f € L
solution of (5.9) in the sense that

f)c () be a weak

/Vau -Voevdxdy = / fvdxdy foranyv e WO}”CZ,(Q) N LP%I(Q).
Q Q

Then the following assertions hold true:
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@) if f e Wmlfc(Q) m > 0 integer, then u € WmngCZ P(Q). Moreover, for any open sets w1, @
such that w7 C wy C wy C 2, there exists a constant C(w1, w2, Q, o, h, k, m, p) depending

only on w1, wy 2, a, h, k, m, p such that

tlys2.yy, = Cl@1, 02, s ko, ) (lllLron + 1f Loy ) ;- (510)

@) if f € WIZCP(Q), y € [0, 00), then u € Wyc @ p(Q). Moreover, for any open sets w1, w2
such that ®1 C wy C wy C 2 there exists a constant C(w1, w2, 2, o, h, k,y, p) depending

only on w1, wy, Q, «, h, k, y, p such that

||M|| SC(CL)], a)z,Q,a,h,k, Vs P) (”u||Lp(a)2)+ ||f||WVv1’(w2))~ (511)

2
WY T ()

Proof. The proof of the proposition is a consequence of a classical regularity result for linear
second order operators admitting a representation as the sum of squares of vector fields like in
(2.3). For more details see Rothschild and Stein [41, Theorem 16] and its proof. For the proofs of
(5.10)-(5.11) one can combine the following results contained in [41]: Theorem 11, Propositions
17.3-17.4, Corollary 17.14 and the proof of Theorem 16. O

Combining the assumptions on the potential V contained in (2.5) with the results of Proposi-
tions 5.8-5.9 we obtain the following regularity results for weak solutions of (1.2).

Proposition 5.10. Let u € W (2) be a weak solution of (1.2) with V satisfying (2.5). Then
ue L]OC(Q) for any 1 < g < 0o and moreover for any open sets w1, wy such that w1 C wy C
wy C 2, there exists a constant C(w1, w2, 2, a, h, k, 0, q) depending only on w1, w2 2, «, h, k,
o, q such that

loc

lullLa () < Clor, w2, R, e, h, k, o, q)(llullwal.Z(Q) + ||V||L°(SZ)> .

Proof. We may assume in the rest of the proof that Q > 2 otherwise the proof of the proposition
is an immediate consequence of Proposition 5.8 (ii) with p = Q = 2. Let us define the following
sequences of exponents:

Opn

— _ 20 — _4no
qo_ZE_W, pn—m fOrnzO, qn+1—Q 2Pn fornzo

until p, satisfies the condition p, < %
With this definition, combining iteratively Proposition 5.8 and Proposition 5.9, we may con-

struct the following scheme: starting from u € L;I(;’C(Q) by Holder inequality we first have

Vue Lp . (£2), then by Proposition 5.9 (i) we have u € W (Q) and by an iteration of Proposi-

dn+1
loc

tion 5.8 we finally obtain u € L, " (£2) and the procedure can restart again.

The iteration can be repeated until condition p, < g is satisfied. If after a finite number of

iterations we obtain p, > % 2 then we are done since u € Wa o (€2) for any
1<g < oo0.
After a simple check one can verify that the sequence of exponents p,, is increasing since

o> Q and since until p, < (22 we also have

" (2) implies u € L!

loc
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Pntl Qo Qo
P = 0o—Co—0ipn ~ 0o—Co—0ips ~ |
This shows that after a finite number of steps we find n > 0 such that p, < % but p,4+1 > %
2, Pnt1

The conclusion is that u € W, ©" (2) with p, 41 > % which, in turn, implies u € quOC(Q)
for any 1 < g < co. The corresponding estimate appearing in the statement of the proposition

follows as well. O

00
loc

By Battaglia and Bonfiglioli [11] it is possible to obtain also an L{*, regularity results.

Proposition 5.11. Let u € W;’lzoc(Q) be a weak solution of (1.2) with V satisfying (2.5). Then u
is locally Holder continuous in Q2 and in particular u € Ly, (2) and moreover for any open sets
w1, wy such that wi C wy C wy C K2, there exists a constant C (w1, wy, 2, &, h, k, o) depending

only on w1, wy, Q, &, h, k, o such that

el ooon) = C@1, 02, 2,0k, ) (Il a2,y + 1V 2002 )-

(w2)

Proof. See the statement of [11, Theorem 4.1]. In order to verify that the assumptions of [11,
Theorem 4.1] are really satisfied by our problem, see [11, Section 6] and (2.2), (2.3), (1.4) in
the present article. Finally we have to show that Vu € Lf;c(Q) for some p > Q/2; this is an
immediate consequence of Proposition 5.10, from which we have that u € LfOC(Q) forany 1 <

q < 00, and of (2.5), which states that V € L? (2) for some o > % O
Now we have all the ingredients to prove the following regularity results, that will be necessary
to prove the Pohozaev-type identity of Proposition 4.2.

Proposition 5.12. Let u € wl? () be a weak solution of (1.2) with V satisfying (2.5). Then

a, loc
the following conclusions hold true:

. 1+L,U —
(i) ue W, “T@QN Wj’ic(g) and moreover for any open sets w1, w2 such that w1 C wy C
wy C 2, there exists a constant C (w1, w2, 2, a, h, k, o) depending only on w1, wa, 2, o, h,
k, o such that

Il 2o+ ) < C@1 02,200k 0) (el gy 1V 1)

(5.12)

(if) Vu e leoc(Q; RN)Y and the traces on 0B of first order derivatives of u are in Lz(an‘)for

any r > 0 such that B_ﬁ‘ C Q2. Moreover for any open sets w1, wy such that w; C wy C w; C
2, there exist a constant C(w1, w2, 2, o, h, k, o) depending only on w1, wy, 2, a, h, k, o
and a constant C(w1, w2, 1, ¢, h, k, o) depending only on w1, wa, @, r, a, h, k, o such that

IVull 2 m ) < Cl@1, @2, 2,0, b, k, G)(||u||Wd1.z(w2) n ||V||W1.a(w2)) , (5.13)
1Vl 20y < C@r 007,00k, o) (lllyrz + 1V o) - (5.14)
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2
Proof. Proof of (i). We begin by proving that u € Wl (Q) Our purpose is to apply Brezis
and Mironescu [13, Lemma 6.1] with f =u and g =V.

If N> o we choose p=o0,t= %, and o <r < A],V_“O such that the number 8 defined

by the identity 1y Q = % satisfies 0 < 6 < 1. We observe that choosing r sufﬁciently close
to N

IfNSowechoosep—t—o,r>oand9: —
ciently large, the number 0 < 6 < 1 becomes closer and closer to 1.

We now put 51 = a%q and, up to shrink 6 if necessary, we may assume that 051 < 1.

In this way, by (2.5), Proposition 5.10, Proposition 5.9 (ii) and Proposition 5.11, u and V
satisfy the assumptions of [13, Lemma 6.1] with f = u and g = V in the following sense:

ue W QNLE(Q) and Ve W 7 (Q)NLL(Q).
Actually, in order to apply the result in [13], one needs to have functions defined on the whole
R¥ and belonging in the corresponding fractional spaces defined over R ; in our case, this may
be done by multiplying # and V by a cut-off function and after that by extending them trivially
to the whole RV . In this way, the extended functions that we still denote for simplicity by u and
V, belong to Ws1H(RN) N L®(RY) and W12 (RY) N L™ (RY) respectively. As a consequence
of Lemma 6.1 in [13], we obtain Vu € WI?)SC] ?(R) and moreover for any couple of open sets
w1, wy such that w; C wy and wy C 2, there exist two constants C (w1, w2, 2, a, h, k, o, r) and
Cr(wy, w2, 2, o, h, k,o,r) depending only on wy, w2, 2, &, h, k, o, r such that

[Vul wose (5.15)

(o1)

S Cl (Cl)l, w2, Q9 o, hs kv o, r)(”””Loo(a)z) ||V||W9‘Y1’U(w2) + ” V”L'(wz)”u” W51 I(CUZ) ”u”LOO(wz))
= a1, 02, 2. k0, ) (1l 12 ) + 1V 2700 -

By Proposition 5.9 (ii) we infer u € W'9Y1+Yl "7 (€2). Now, we can proceed iteratively maintaining

the same choice of r and 6 and by putting at each step s,+1 = 0s, + s1 for any n > 1 until
Os, <1.
Suppose by contradiction that 6s, < 1 for any n > 1. By direct computation we see that

Sy = S] Z"._I 0/ = M and that lim,,_, 4o 05, = 10‘—“9

It is easy to verify that with an appropriate choice of 6 € (0, 1) the limit 9“ > | thus showing
that 65, becomes eventually larger than 1, a contradiction.

We may conclude that after a finite number of steps we find n > 1 such that Vu € Wleoi” (),
Osp, < 1and u € W' (Q) with 5,41 > 05,41 > 1.

In particular we obtain that u € WISOCU (Q) for some s > 1. Now, we may choose p and ¢ as

above, 6 = % and r such that the identity + Q = i holds true. Such an r always satisﬁes r>o

and if N > o it also satisfies r < ]\I,V % as one can deduce from of the fact that o > Q > 5.1In

this way we obtain

Vue W2 (Q) (5.16)

loc
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and hence u € WlOC
).

Let us conclude the proof of (i) by showmg that u € W2
Proposition 5.9 (i) we deduce that u € w2 10C(Q)

Let us consider now the three cases Q >4, Q =3 and Q = 2 separately.

Tha case Q > 4. Since u € W (2) we immediately have that o > Q > 2 thanks to (2.5)
and the conclusion readily follows

The case Q = 3. Since h,k > 1 and « is a nonnegative integer we have the three following
subcases: h =1, k=2 ando=0orh=2, k=1andoe=0orh=k=1and o = 1. By
(5.16) and Sobolev embedding we have that Vu € L?OC(Q) forany 1 <g <oocif N <o or

(Q) by Proposition 5.9 (ii). This completes the proof of the first part of

(2). Since Vu € L7 (L2), by

loc loc

loc

Vue

loc
can check by direct computation after recalhng that o > g = 5

In both situations N > o and N < o we may conclude that Vu € quOC(Q) for some ¢ > 2 and
the conclusion readily follows by Proposition 5.9 (i).

The case Q = 2. Since h,k > 1 and « is a nonnegative integer the only possibility is that
h= k =landa=0. Therefore the conclusion follows by progeeding as in the case Q = 3. Note
=5 >2,

The corresponding estimate (5.12) follows by 1terat10n 20fUSOb01€V embeddings, Proposi-
tion 5.9 and (5.15).

Proof of (ii). We start by proving that for any r > 0 such that B* C €, the trace on 3 B

of the ﬁrst order derivatives of u belongs to L% BY). To see this, it is sufficient to recall that

ue W]OC - (Q) from part (i) of this proposition and hence its first order derivatives belong

to Wa+1 ?(B%). Applying Adams [8, Theorem 7.58] we deduce that the traces of functions

o(N—1)

in W% "7 (BY) belong to LVt (0BY) if N > 2—“ and to L9(dBY) for any 1 < g < oo if

N < =5 . In any case we see that first order partlal derlvatlves belong to L2(d BY). Indeed, since
o>% for the critical exponent in the case N > +1 we have
v ) (5.17)
N-af  2(N-3%) —

where the last inequality is equivalent to the inequality

4h
(h+k+ak)(h+k—1) > 2

The last one is readily verified for any h,k>1and o > 0 integer.
It remains to show that Vu € LIOC(Q ]RN) It is enough to show that Vu € L? (Q21;:RN)

for any smooth subset €2 such that Q1 C Q. We recall that u € W1+a+1 "7 (£21) so that its first

order derivatives belong to Wu%l ”(Ql) Now the conclusion follows immediately by Sobolev
embedding both in the case N < 1 and in the case N > +1 : in the first case we have that first
order derivatives are in L9(£21) for any 1 < g < oo while in the second case we have that first
order derivatives are in L9 () for any 1 < g < —2%_— as one can deduce by applying again [8,

loc

ot+l

Theorem 7.58]. Finally, by (5.17) we observe that N”N >2.
The corresponding estimates (5.13) and (5.14) follow by Sobolev embedding and (5.12). O
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Appendix A

In this appendix we collect some scaling properties of integrals on By and 0B} (see (1.6) for
the definition). Moreover we prove the Pohozaev-type identity of Proposition 4.2.

Let §, be the anisotropic dilation defined in (1.4). As we have already observed one has that
Ag(mody) = kz(Aau) o 8, This means that, up to a constant multiplier, the Grushin Laplacian
commutes with the group of operators {T;},cr defined by Tyu = u o §, for every sufficiently
smooth function u. The group {7;},cr admits as an infinitesimal operator the operator X de-
fined in (2.6).

Being X the infinitesimal generator of the group of operators {7;},cRr, we have that

83—1;) =Xgw, teR,
w(, - 0)=u,

where w(-, -, t) := T;u where u is a function of class Cl'.1n particular letting u) :=u o §, and
t =log A, we have that

du, dt o 1 1
—=——Tu)=—-—Xg(Tiu)y=-X . A.l
or = o o i) =~ X6 (Tu) = — Xguy (A.1)
We can now state some basic properties which will be used in the monotonicity argument and

the subsequent blow-up procedure.

Lemma 6.1. Let Q@ C RY be a domain containing the origin and let v € LIIOC(SZ). Then

i v(x,y)dxdy:/vd?’-LN_l
dxr «

BY IBY
for a.e. A > 0 such that B_ff C Q.

Proof. The proof is an immediate consequence of the coarea formula being 9 BY the level sets
ofd,. O
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We recall once again the definition of the homogeneous dimension Q = &k + («¢ + 1)k in-
troduced in Section 2 before (2.5). In the next lemmas it is clarified its role when dealing with
changes of variables for both volume and surface integrals.

Lemma 6.2. Let @ € RY be a domain containing the origin and let v € LIIOC(Q). Then

/v(x,y)dxdy=)»Q/U(3x(x7Y))dXd)’
B¢ BY

for any & > 0 such that By C Q.

Proof. The proof follows by the definition of §,, (1.7) and a change of variables. O

Lemma 6.3. Let v € L' (3BY) for some A > 0. Then

/vdﬂfj—l:AQ—l / v(,(©) dHY L.
dBY sy-1

Proof. It can be proved by combining the result of Lemma 6.1, which characterizes a boundary
integral as the derivative of a volume integral, with the scaling properties of the volume integral
stated in Lemma 6.2. O

We give now a rigorous version of an integration by parts formula on BY'.

Proposition 6.4. Let Q@ € RN be a domain containing the origin. Let u € w22 ()N

a,loc
1+-2 0
a+l1>

W, () for some o > % and let v e W2 (). Then for any r > 0 such that B_;” C Q

loc a,loc

the following conclusions hold: Ayu € LZ(B;" ), the trace on 0 BY of the first order derivatives
of u belong to L*(d BY), the trace of v on dBY belongs to Li (0BY) and the following identity
holds true

/vAaudxdyz / %vXGudHév_l —/Vau-vavdxdy
BY 3B “ BY

where v denotes the outer unit normal to 9 By.

Proof. The proof can be obtained by density applying Proposition 5.5 on Grushin balls B/. In
order to show that first order derivatives of u belong to L2(d BY) one can repeat the argument used
in the proof of Proposition 5.12. On the other hand, the trace of v belongs to Li (0BY) thanks

to Proposition 5.6. Then one can use the classical integration by parts formula on smooth func-
| x|2a

tions combined with the identity Ay (x, y)Vdy(x,y) = ol )=TT Xc(x,y), (x,y) #(0,0)

and pass to the limit. O
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A.l. Proof of Proposition 4.2

We recall that by Sobolev embedding u € WJ'Z(Q) C L91(Q2) forany 1 <g <ooif Q <2 and
forany 1 <g < % if 0 > 2. Hence,b_y(Z.S), we infer that Vu? € L' () so that fB;l Vu?dxdy
is well defined for any r > 0 such that BY C €2 and moreover / 9B Vu? d’}-[élv —1 is defined almost
everywhere and

d
Z/Vuzdxdyz / Vu? dH ! (A.2)
BY dBY

almost everywhere, see Lemma 6.1 for more details. Applying again Sobolev embedding and
(2.5) we also deduce that (VV - Xg)u? € L] (Q).
By (A.2), Lemma 6.2 and simple computations we obtain

r

[ | S AR 2
— EVM dxdy + EVM dH, 3 (VV - Xg)u“dxdy (A.3)
r
BY 3BY BY

a (1 1
:rQ/— <— Vruf) dxdy —rQ/EVV(rx,r“Hy) -(x, (a+ l)r"‘y)uf(x,y)dxdy

where for any function w = w(x, y) we use the notation w,(x,y) = w(é,(x,y)) in accor-

dance with (1.4). We observe that the right hand side of identity (A.3) is well defined since
by Proposition 5.12 we have that Vyu, = (Vu), = (—Aqu), € L*(BY) being u € W_' () and
aa”r’ = % Vu, - X¢g € Lz(B‘f). Combining the above regularity of # with an approximation argu-

ment like in Proposition 5.5, we may find a sequence {u"} C C °°(B_;") such that

W' —u inWr(B% and  u"—>u inW'3BY)  asn— +oo. (A4)

Applying Proposition 6.4 along the sequence {u"} and using (1.11), (A.l1), Lemma 6.1,
Lemma 6.2 and Lemma 6.3, we may write

8 n
ro f (= Bau"), L dxdy =22 / —Agul
r
B

BY

n
du;

ar

dxdy (A.5)

0-2 n OUy N 0-2 n duy
=—r Yo Xgu, 5 dH, +r Vot - Vg 3 dxdy
r

,
9B} B¢
0-2 n 1 n N—-1 0-2 19 n2
=—r Yo Xgu, ;XGur dH,  +r 2ar <|Vaur| ) dxdy
dBY B¢
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=—rQ‘2f "o [(Xgu™)?1, dHY 1+——/|V u?)* dxdy
dBY BY

2 SRR I 2

= —r" /WQ(XGM") dH, " + > o r _Q/|Vau"| dxdy
r
dB B¢
2

=_r—2f1/fa(xgu")2 dHy ' - Q _1/|Vau *dxdy + - /|v w'PdHy

aB“ BB"‘

Passing to the limit as n — 400 in the left and right hand sides of identity (A.5), by (A.4) we
obtain

du
0 / (—Aau),a—rrdxdy (A.6)

BY

= /|Vau| dxdy + - /lVau| dHN~ 1——/1//a(xgu)2 dHNT.

3B°‘ 3B
The proof of the proposition then follows combining (A.3) with (A.6).
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