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1 | INTRODUCTION

How many relations can a numerical monoid have? Despite the simplicity of the objects involved,
this question is still not well-understood, see [18]. This paper is devoted to finding sharp upper
bounds for the number of minimal relations of a numerical monoid. Our results will indicate a
surprising complexity behind this apparently simple question.

To formulate precise questions and results, let us introduce some terminology. A numerical
monoid I' C N is a cofinite additive submonoid of N. As with many other objects in algebra,
monoids are classically studied by means of their generators and relations. Every numeri-
cal monoid has a unique minimal set of generators g, < ¢; < --- < g, €T, and we write I' =
(99> 91, -~ » o) to denote this fact. The cardinality e 4+ 1 of the minimal set of generators is called the
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embedding dimension of T, and it is denoted by edim(T"). The monoid morphism ¢ : N°*! — N
defined by p(ag, ay, ..., a,) = Y;_, a;g; yields an isomorphism I = N¢*1 / ker(¢p), where ker(p) =
{(a,b) € N1 x N¢*1 | p(a) = @(b)} is the kernel congruence of ¢. A minimal presentation of I
is a minimal set of generators of the congruence ker(p). Minimal presentations are not unique,
but their cardinality depends only on I'. This cardinality is denoted by p(T'), and it is referred to
as the number of minimal relations of I'. For example, the monoid I' = (10,13, 15) has a mini-
mal presentation {((3,0,0),(0,0,2)), ((0,5,0),(2,0,3)) }, and thus p(I') = 2. We refer to [24] for
details on numerical monoids and their minimal presentations.

There is a well-understood sharp lower bound for the number of minimal relations: we always
have p(TI') > edim(I") — 1, and equality is attained precisely by the complete intersection numerical
monoids. On the other hand, the picture for the upper bound is more interesting. It is known that
p(D) < 3ifedim(T) < 3[15], butifedim(T") > 4 then p(T') cannot be bounded by any function of the
embedding dimension [1]. For this reason, one considers another invariant of I': the multiplicity
of T is the smallest generator g,, and it is denoted by mult(T'). We always have edim(T") < mult(T’).

In this paper, we investigate the following problem.

Problem 1.1. Determine % (e,m) := max {p(I") | edim(T") = e + 1, mult() = m}.

The problem also appears in [9, Question 7.2]. An upper bound for % (e, m) was proved in [21,
Theorem 2.3], showing, in particular, that Z(e, m) is well-defined. However, this bound is not
sharp. Only a few values of &% (e, m) are known, namely, when the difference mult(T") — edim(T’)

is small. The case mult(T") = edim(T") is well-known, and we have Z(e,e + 1) = (621). Rosales

and Garcia-Sanchez proved in [23] that %(e,e +2) = %(e,e + 3) = (621). However, they also
observed that the problem becomes more complicated as the gap mult(T') — edim(T") widens, and
suggested that alternative methods are needed to tackle the general case, cf. [23, section 1.3].
Our goal is to determine the value of (e, m) in many more cases, and, in general, to understand
the nature of the difficulties of Problem 1.1. To state our results, we introduce some arithmetic
definitions related to the Macaulay expansion of an integer. Given positive integers n and d, there
are uniquely determined integers ny > ng_; > -+ > n; > j > Isuchthatn = ("¢) + ("¢-1) + - +

d d-1
(r;!').Define
(@ — ”d+1>+<”d—1+1 R ”‘J“),
d+1 d j+1

Let e,m € N be such that 1 < e < m. Let r be the unique integer such that (e+r_1) <m< (e:r),

r—1
and lets = m — (8:51) Define

Cle,m) := <e+:—1> +5 —s. )

It follows from [8, Theorem 4.7] that % (e, m) < €(e, m) for all e, m.
The main result of this paper is the following:
Theorem 1.2. Lete,m € N be such that3 < e < m.

(1) For each fixed value of m — e, we have % (e, m) = € (e, m) for all m > 0.
(2) For each fixed value of e, we have % (e, m) < € (e, m) for m > 0.
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We also show that Z(e, m) = €(e, m) whenever m — e < 6, improving thus the aforementioned
results of [23]. On the other hand, if mult(T') — edim(I") = 7, we show that there exist values of e, m
for which Z (e, m) < €(e, m): for example, we have % (3,10) < € (3, 10).

An additional benefit of our analysis is that, while the main focus is on minimal presentations,
it naturally yields results for the type of numerical monoids as well. An integer p € N \ T'iscalled a
pseudo-Frobenius number of T'if p + g € T'forall g € T \ {0}. The cardinality of the set of pseudo-
Frobenius numbers is called the type of ', and is denoted by type(I"). As before, it is known that
type(T) < 2 if edim(T") < 3, but otherwise type(T") cannot be bounded by a function of edim(T")
[11]. Then, one can consider the version of Problem 1.1 for the type.

Problem 1.3. Determine (e, m) : = max {type(I') | edim(I') = e + 1, mult(T") = m}.

It turns out that the function I (e, m) exhibits a similar behavior to % (e, m), though the
problem becomes somewhat more complicated. With the same notation introduced above, define

ng—1 ng_,—1 n;—1
n(d>=<dd >+<‘jjl_1 >+~~~+(1j )

D(e,m) 1= <‘“::2> + 84y @

and

Then, we have J (e, m) < D (e, m) by [7, Theorems 4 and 6], and we prove the following:

Theorem 1.4. Let e,m € N with 3 < e < m. For each fixed value of m — e, we have I (e,m) =
D(e,m) forall m > 0.

As before, we also obtain I (e, m) = D (e, m) for m — e < 6. However, proving the strict inequal-
ity 7 (e,m) < D(e, m) is harder than Z(e, m) < €(e, m). Our current methods do not yield the
analogue of the second part of Theorem 1.2 for the type, though they strongly suggest it holds. Just
to illustrate the complexity, we prove the strict inequality in one case, showing that 7 (4,11) =
2(4,11) — 1.

Let us now discuss the ideas and methods in this work. The main techniques are drawn from
commutative algebra, together with some ingredients from additive combinatorics and factoriza-
tion theory. Although it is well-known that numerical monoids can be studied in the framework of
commutative algebra, through their one-dimensional local monoid rings, our approach is to shift
the focus to zero-dimensional standard graded algebras and special monomial ideals. There is a
rich theory of Hilbert functions and free resolutions of such algebras and ideals, and we take full
advantage of these tools. This point of view offers a more transparent explanation for the nature
of the results and of the convoluted arithmetic formulae above. For example, for each pair (e, m)
there is a distinguished monomial ideal in e variables and with colength m that attains the largest
total Betti numbers among all perfect ideals with the same multiplicity and codimension [25]. The
formulae (1) and (2) are, respectively, equal to the first and last Betti number of this ideal.

Part (1) of Theorem 1.2 shows that, if the generators of I" are given enough room, toric ide-
als of numerical monoids behave like arbitrary ideals. To prove this result, we employ extremal
sumsets to construct monoids with Apéry sets with unique factorization, and use this feature to
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produce the desired invariants. This suffices for solving Problem 1.1 in many cases. In the remain-
ing cases, the combinatorics of numerical monoids gives rise to new constraints, which lead to
tighter bounds for the number of relations. Algebraically, these constraints may arise for a variety
of different reasons, such as the presence of polynomial relations of low degree, sub-extremal
Hilbert functions, or regular sequences of low degrees. We employ some finer tools that take
these additional data into account, together with further combinatorial results on sumsets, to
obtain part (2) of Theorem 1.2. In some cases, a famous problem comes into play: the Eisenbud-
Green-Harris Conjecture. We use partial results on this conjecture to show that sharper bounds
than €(e, m) do sometimes exist. The Eisenbud-Green-Harris Conjecture is widely open, and
it is reasonable to expect that its validity may imply sharper bounds in several other cases. In
our opinion, this suggests that a complete solution to Problem 1.1 might be out of reach with the
current knowledge.

Theorem 1.4 is deduced from the analogous statement of Theorem 1.2 applying certain rigidity
properties of free resolutions with extremal Betti numbers. Some new complications arise when
considering the failure of the bound J (e, m) < @ (e, m) to be sharp. We only prove nonsharp-
ness in one case, using results on the Lex-Plus-Powers Conjecture, which is a refinement of the
Eisenbud-Green-Harris Conjecture. Nevertheless, we conjecture that the bound fails to be sharp
in many other cases.

We remark here that similar techniques have proved to be useful also to study of another con-
jecture about the width of a numerical semigroup. We refer the interested reader to the paper [3]
by Caviglia and the authors.

2 | ALGEBRAIC TOOLBOX

In this section, we collect the tools from commutative algebra that will be applied in the next
sections to the study of minimal presentations and type of numerical monoids. We will review the
relevant literature and prove some new technical results along the way. At the end of this section,
we give a brief overview of some rings and ideals associated to a numerical monoid.

2.1 | Betti numbers

We begin by reviewing some basic notions of commutative algebra. A good reference for these
topics is [17].

Let k denote an arbitrary field. If V' is a Z-graded k-vector space, we denote by [V]; its graded
component of degree d. Assuming dim, [V']; < oo for all d, the Hilbert function of V' is the function
HF(V) : Z — Ndefined by HF(V, d) = dim, [V],.

For the rest of this section, let S = k[x, ..., x,] denote the polynomial ring. If M is a finitely
generated graded S-module, its graded Betti numbers are ﬁfj M) = dimk[Tor;q (M,k)];, wherei €

N, j € Z. The integer ﬁisj(M ) is the number of generators of degree j in the ith free module in a
minimal free resolution of M over S. In particular, ﬁg j(M ) is the number of minimal generators of
M of degree j. The total Betti numbers of M are 57 (M) = Yz ﬁfj(M), so B5(M) is the number

of minimal generators of M. By Hilbert’s Syzygy Theorem, we have ,Bis (M)=0foralli>e. We
denote the length of M as an S-module by £(M); observe that it is the same as the vector space
dimension dimy M. IfI C S is an ideal, the length #(S/I) is also referred to as the colength of I.

85UBD| 7 SUOWIWOD aA1eaID a|edi|dde ay) Aq peusenob are sapie WO ‘8sn Jo Sajni 1o} AelqiauljuO A3]1A UO (SUOIPUOI-pUB-SWLBIAL0D" A8 | IM A Reiq 1|t uoy//Sdny) SuonIpuoD pue swi | aY1 88 *[920z/£0/LT] uo ARiqi auljuo 481 ‘9oueld sueiyoo) Aq G000.'SWG/ZTTT OT/I0p/W0d A8 1M Areiq 1|BU1UO"D0SUTRWPUO /SNy Woi) papeojumod ‘€ ‘G20z ‘0ZTZ69rT



882 | MOSCARIELLO and SAMMARTANO

Alexsegmentideal of S is a monomial ideal L C S such that, for every d, the vector space [L],; is
spanned by an initial segment of monomials of S, where monomials are ordered lexicographically.
By Macaulay’s theorem [17, Theorem 6.3.1], there is a bijection between Hilbert functions of graded
quotients of S and lexsegment ideals of S. The following theorem of Bigatti, Hulett and Pardue
asserts that lexsegment ideals achieve the largest graded Betti numbers among all ideals with the
same Hilbert function, see [17, Theorem 7.3.1] or [20, Theorem 31].

Theorem 2.1. Let I C S be a homogeneous ideal, and L C S be the unique lexsegment ideal such
that HE(I) = HE(L). Then, we have ,Bisj(l) < ,BI.S].(L)for alli, j.

Let m = (X, ..., x,) denote the homogeneous maximal ideal of S. An ideal C C S is very com-
pressed ideal if m"*! C C C m’" for some r € N. For each m € N, there exists a unique very
compressed lexsegment ideal C C S such that #(S/C) = m. We denote this ideal by €(m, S). The
following theorem of Valla [25, Theorem 4] asserts that very compressed lexsegment ideals achieve
the largest total Betti numbers among all ideals with the same colength. See also [5, 7, 8].

Theorem 2.2. Let I C S be a homogeneous ideal such that £(S/I) = m < o, and let C = €(m, S).
Then, we have 87(I) < 87 (C) for all i.

The total Betti numbers of €(m, S) can be computed in terms of e, m, i [25, Proposition 5]. The
formulae are explicit but rather convoluted; however, the ones that are most relevant for our
purposes are the first and last nonzero Betti numbers, which admit simpler formulae, already
presented in the Introduction.

Proposition 2.3. We have 85(€(m, S)) = €(e,m) and f5_ (C(m,S)) = D(e, m).
Proof. See [25, p. 317] or [8, Proposition 4.2] for 3, [25, p. 316] or [7, Theorem 6] for §3,_;. O

It is natural to ask to what extent €(m, S) is the unique ideal attaining the largest Betti num-
bers. More precisely: if I differs from €(m, S) in some numerical invariant, such as the Hilbert
function or the initial degree, are the inequalities in Theorem 2.2 strict? This appears to be a fairly
complicated problem in general, and nothing is known about it. We are going to give a partial
affirmative answer for the first two Betti numbers.

Denote S = S/(x,) = k[x;,...,X,_;]. If I C S is a homogeneous ideal, denote [ = [Hxe)

(xe)
is easy to see that if I is lexsegment, respectively, very compressed, then so is I. The total Betti
numbers of a lexsegment ideal can be determined through the following recursive formula.

cS. It

Proposition 2.4. Let L C S be a lexsegment ideal such that £(S/L) < oo. Then, for all i we have

BSW) = B+ £(S/D)()).
Proof. See, for example, [3, Proof of Lemma 4.2] or [5, Proof of Theorem 3.7]. O
We will need some further properties of the ideals €(m, S).

Proposition 2.5. The following properties hold.

1) If my < m,, then €(m,,S) C €(m,, S).
(2) IfI C S is a lexsegment ideal with £(S/I) = m and C = C(m, S), then £(S/I) < ¢(S/C).
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Proof. Property (1) follows immediately from the definition of €(m, S), while property (2) is a
special case of [5, Corollary 3.4]. O

Lemma 2.6. If m; < m,, then §5(C(m,,S)) < B7(€(m,,S)) for all i.

Proof. We prove the statement by induction on e. If e =1, then S = k[x;], and the claim is
obvious, so assume e > 1. Let C; = €(m,,S) and C, = €(m,, S). By Proposition 2.5(1), we have
C, C C,, and therefore C, C C,. On one hand, this immediately implies #(S/C,) < #($/C,). On
the other hand, as both ideals are very compressed and lexsegment, by induction this implies
ﬁig (6;) < ﬁf (6;) for all i. The conclusion follows from the formula of Proposition 2.4. O

Proposition 2.7. LetI C S be a homogeneous ideal with £(S/I) = m < 0. Let C = €(m, S) and let
r be the unique integer such that m'*! C C C m’. Assume [I],_, # 0. Then, we have ﬁis(I) < ,BiS(C)
ifi=0orifi=1ande > 2.

Proof. We prove the statement by induction on e. If e = 1 the statement is vacuous, as C C
S = k[x,] is the unique homogeneous ideal of colength m. Assume e > 1. By Theorem 2.1, we
may assume that I is a lexsegment ideal. By Proposition 2.5(2), we have #(S/I) < #(S/C). We
distinguish two cases.

Suppose £(S/I) < £(S/C).LetC' = €(£(S/I),S), then Big(f) < Big(C’) by Theorem 2.2. We also
have /317¢ )< 5§ (€) by Lemma 2.6. By Proposition 2.4, we obtain the desired conclusion.

Suppose #(S/I) = £(§/C). Observe that [[],_, # 0,asx!~! € I.Ife > 3,as C is very compressed
and lexsegment, we have ﬁig H< ,8? (6)fori = 0,1 by induction, and by Proposition 2.4 we obtain
the desired conclusion. If e = 2, so that § = k[x; ], the case £#(S/I) = £(S/C) cannot occur, as
[I],_; # 0forces C ¢ I and thus #(S/I) < £(S/C). O

Remark 2.8. We note that the statement of Proposition 2.7 is not true for all total Betti
numbers. Inspecting the proof, the issue occurs when #(S/I) = #(S/C) and i = e —1: then
B (Hh=p (C)=0,s0 g5 (I)=p5 (C) by Proposition 2.4. For an explicit example, let
e=3,m=16,1=(x})+m* and C = €(16,5) = (X;, X7x;, X7 x3,X,X3) + m*. Then, we have
B =p5(C)=1.

We now establish a rigidity property of the resolution of €(m, S). This should be regarded as
the “colength counterpart” of the analogous result for lexsegment ideals proved in [16, Corollary
14].

Proposition 2.9. Let I C S be a homogeneous ideal with £(S/I) = m < oo, and let C = €(m, S). If
ﬁg(I) = Bg(C), then ,815(1) = ﬁf(C)for alli.

Proof. Let L C S denote the unique lexsegment ideal with HF(L) = HF(I). Combining the
hypothesis with Theorems 2.1 and 2.2, we obtain 85(I) = 5 (L) = 8;(C). Homogeneous ideals
I for which the first equality holds are known as Gotzmann ideals [16, 19], and they sat-
isty B5(I) = B7(L) for all i, cf. [16, Corollary 1.4]. It remains to show that g(L) = 87(C) as
well. As before, we proceed by induction on e, and the case e =1 is trivial, so assume e > 1.
By Proposition 2.5 (2), we have #(S/L) < £(S/C). Letting C’ = €(£(S/L),S), we have ﬁf(ﬁ) <
ﬁf(C’) by Theorem 2.2, and ,BLS(C’) < /3?((:‘) by Lemma 2.6. Suppose that #(S/L) < #(S/C), then
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Proposition 2.4 yields (L) = ﬁg (Ly+¢(S/L) < ,65 () +£(S/C) = B5(C), contradiction. Thus,
we must have #(S /L) = #($/C) and, for the same reason, ﬁg @) = ,65 (€). By induction, we deduce
that ﬁf (L) = 6? (€), and another application of Proposition 2.4 concludes the proof. O

Finally, we discuss two long-standing conjectures that attempt to refine the theorems of
Macaulay and of Bigatti, Hulett, and Pardue, by taking into account subtler data than just the
Hilbert function. If f1, ..., f, € S is a regular sequence of homogeneous polynomials, its degree
sequence is the vector d = (deg(f,), ... ,deg(f,)). We always require that deg(f,) < --- < deg(f.).

Conjecture 2.10 (Eisenbud-Green-Harris Conjecture). Let I C S be a homogeneous ideal contain-
ing a regular sequence of degree sequence (d, ..., d,). If there exists a lexsegment ideal L C S such that
HF(D) = HF(L + (x, ..., x()), then BS (D <BS (L+ L, ..., x5)) for all j.

Conjecture 2.11 (Lex-Plus-Powers Conjecture). Let I C S be a homogeneous ideal containing a
regular sequence of degree sequence (d,, ..., d,). If there exists a lexsegment ideal L C S such that

HF(I) = HF(L + (x{", ..., x()), then BS (D < B5 (L + 1, ., x5)) for all i, j.

We refer to them as the EGH and LPP Conjectures. The EGH Conjecture is usually stated in a
different way, which closely follows the statement of Macaulay’s theorem: if I C S is a homoge-
neous ideal containing a regular sequence of degree sequence (d,, ..., d..), there exists a lexsegment
ideal L C S suchthat HF(I) = HF(L + (xf1 y ey xfc)). It is not hard to see that the two formulations
are equivalent, for each fixed degree sequence. The formulation given in Conjecture 2.10 will be
more convenient for our purposes. We also remark that, while the two conjectures above focus on
Hilbert functions and graded Betti numbers, a version for colength and total Betti numbers can
also be formulated: in fact, if the LPP Conjecture holds, then it implies a corresponding refine-
ment of Valla’s Theorem 2.2, see [5, Proposition 5.4]. We refer to [2, 10, 12] for more details on
these two problems.

We record here the following computation, needed later for applications related to the two
conjectures above, see Propositions 4.6 and 5.4.

Lemma 2.12. Lete € {4,5}. Let I C S be a homogeneous ideal with £(S/I) = e+ 7and C = C(e +
7,8). IfHF(I) # HF(C), then 87(I) < B¥(C) foralli = 0, ...,e — 1.

Proof. By Theorem 2.1, we may assume that I is a lexsegment ideal. There are finitely many
lexsegment ideals of a given colength, and the statement can be verified directly using a computer
algebra system such as Macaulay? [14]. O

2.2 | Monoid algebras

We briefly recall here some well-known facts about numerical monoids and their monoid alge-
bras.

The Apéry set of a numerical monoid T is the set Ap(T) ={g €T | ¢ — m & I'}. We have
|Ap(T)| =mand0, g, ..., g, € Ap(T).

LetT = gy, -.-» gy be anumerical monoid and let z be an indeterminate. The monoid algebra of
I'is Ry = k[z%, ..., z%] C k[z]]. We have a presentation R = P /I, where P = k([x, ..., X,[| is the
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power series ring and Ir- is the toric ideal of T, generated by all the binomials xgo x? ¢ — xgo xfe
such that Y77 ja;9; = Yi_ b;g;. We have p(I') = ¥(Ir) and type(T) = Bf_lgr). The ring Ry is
a one-dimensional local domain of multiplicity m = g,, and the quotient R = R/(z™) is an

artinian local ring of length m. We have Ry = P/Iy, where P = P/(x,) = k[x,, ..., X, and I =
Ir+(xg)

(xo) _ . _

We consider the associated graded ring gr(Ry) = @, % where n C R denotes the unique
maximal ideal. Let S = k[x,, ..., X,], then we have a presentation gr(Ry) = S /f:, where f: cs
is the ideal of initial forms of TF. The latter is a homogeneous ideal, generated by binomials and

monomials

e
T — a1 Qe bl be —
IF _<x1 ...xe _xl ...xe | Zaigi_
i=1

1

e e e
b;g; € Ap(I') and Z a; = 2 bl-)
=1 i=1

i=1

e e e e
+ (xf1 e X | Zaigi = Zbigi € Ap(T), 2 a; < 2 b, for some by, ..., b, € N) 3)
i=1 i=1 i=1 i=1

e
+ (xfl SEAN Zaigi & AP(U)-
i=1

For every i € N, we have

BE(I) = BF(Tp) < BST)). ()

3 | REGIONS WHERE THE BOUND IS SHARP

This section is devoted to proving the first part of Theorem 1.2.

Let N¢ be the free commutative monoid with canonical basis by, ..., b,. A factorization of an
element g € Ap(T') is a vector ¢;b; + -+ +c,b, € N® such that g = c;g; + -+ + ¢, G,-

We will use the following result of Rosales to compute the number of relations. We consider
the component-wise partial order in N¢.

Proposition 3.1 [22, Theorem 1]. Suppose that every element of Ap(T') has a unique factorization.
Then, p(T) is equal to the number of minimal elements in the subset

A) 1= {(ay,...,a,) EN° | ag; + - + a,g, & Ap(D)} CN°.

Using Proposition 3.1 and Theorem 2.2, we can prove the following result.

Theorem 3.2. Let e,m € N with 3 < e < m. For each fixed value of m — e, we have # (e, m) =
€ (e, m) forallm > 0.

Proof. Let§ = m —e. As (;) = (tgl) + t — 1, there exist unique ¢, q € Nsuch that§ — 1 = (;) -q
and 0 < g <t — 2. The goal is to show that, for every m > 2!, there exists a numerical monoid
I, such that mult(T',,,) = m,edim(T",,) =e+1=m -5+ 1,and p(T,,,) = €(e, m). As (e, m) <
% (e, m) by (4), Theorem 2.2, and Proposition 2.3, this implies the statement of the theorem.
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886 | MOSCARIELLO and SAMMARTANO

We are going to show that the numerical monoids
I,={0}u{m+2'=1]i=0,.,t—-1}Uu{g | g>m+2""+2"7 -1} CN
satisfy the desired conditions. Clearly, we have mult(T',,,) = m.

Recall that g; denotes the ith minimal generator of T',,,, s0 g; = m + 2! — 1ifi <t — 1. We claim
that the nongenerator positive elements of Ap(T',) are exactly the elements g; + g; with 1 <i <
js<t—2orj=t—-1,1<i<t—q—1. Letwe Ap(T,,) and suppose that w is positive and it is
not a minimal generator of I',,,. Then,

w<maxAp(T,) = m+max(N\T,,) =2m+2"1 4270 —2<om+2' —2<3m, (5)
hence, we must have w = g; + 9; forsome 1 < i < j < e. As g; > m, the firstinequality of (5) yields
gi<gtg—m=w-m<m+27" 42701 —2,
thus, we necessarily have gi=m+ 2/ — 1 and, likewise, g =m+ 2l —1. Using (5) again, we have

_ i o) t=1 4 Ht—g-1 i 9 «ot=1 4 ot—g-1
gi+gi=2m+2'+2/ —2<2m+271 42 —-2=2' 42/ <27 42
thus, either i,j<t—2 or j=t—-1,i<t—q—1. Conversely, if either i,j<t—2 or j=
t—l,ist—q—l,thengi+gj—m:m+2i+2j—2<m+2‘_1+2‘_‘1_1—1¢I‘,hence,gi+
g9; € Ap(T',,). This concludes the proof of the claim. Moreover, every g; + g; € Ap(l',,) has a

unique factorization: if g; + g; = g + g, then 2! + 2/ = 2 + 27", and, as the base 2 represen-
tation is unique, we must have (i, j) = (i’, j’). We conclude that

mult(T,,,) — edim(T',,,) = (t ; 1) +({t—-q—-1)= <;> —qg=6-1,

thatis, edim(l',,,) = m — & + 1 = e + 1, as desired.
By the above description of Ap(T',,), in the notation of Proposition 3.1, we have

AT,) =N\ ({0,by,...,bJu{b +b; | 1<i<j<t—20rj=t-11<i<t—qg—1}).
It follows that set of minimal elements of A(T',,,) is A; U A, U A3 U A,, where

A ={b+b; [ 1<i<jt<j<el, Ay ={b+b; [t—g<i<t-1j=t-1}

A;={b;+b;+b, |1<i<j<k<t-2}, A,={b+b;+b |1<i<j<t—-qg-1Lk=t—-1}

Using Proposition 3.1, we conclude that

P(Fm)—|A1|+|A2|+|A3|+|A4|_;J+(t D—(t—gq 1)+<3>+( 2)

()= () rar () (5)
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Now, we determine the number € (e, m), cf. (1). First, we claim that r = 2, that is, (eJlrl) <
m < (ezz). The first inequality is trivial. Assume by contradiction that m > (e“;z). Then, § =

m—e> (e-;z) o= e2+2e+2

e > §, contradiction.

Thus, under the notation of (1), r = 2 and (eJlrl) <m< (ezz). Then,

e ()=o) e () (17)

therefore, s(2) = (;) + (f;q) and

cem= (7Y st oom () () (59) - (4)

concluding the proof. O

> e. However, as 8 < (;) +1<2and e+ 6 =m > 2!, we deduce

Refining the proof strategy used in Theorem 3.2, we obtain a complete solution of Problem 1.1
when the difference m — e is small.

Theorem 3.3. Lete,m € Nwith3 <e <m. Ifm —e < 6, then %(e,m) = €(e,m).

Proof. As in the proof of Theorem 3.2, it suffices to exhibit, for each pair (e, m), a monoid I with
mult(T") = m,edim(T’) = e + 1, and p(I') = €(e,m). Let § = m — e. Foreach § = 1, ..., 6, consider
the following numerical monoids:

(@))] Foer1 = (e+1,..,2e+1),

2) oo = (e+2,e+3,e+5,...,2¢e + 3),

3) ooz = (e+3,e+4,e+6,e+7,e+9,..,2¢e+5),

4) Coes = (e+4,e+5,e+7,2e+13,2e +15,...,3e + 11),

©) Foeys = (e+5,e+6,2¢+8,3¢e+12,3e +19,...,4e + 15),
(6) Tyor6 =(e+6,e+7,e+9,e+10,e+15e+16,..,2¢ +11),

where the dots indicate an interval of consecutive integers. In each case, we have mult(T, ., 5) =
e+ ¢ and edim(T, ,,5) = e+ 1.

We show that every element g € Ap(T, ., s) that is positive and is not a generator of I" has a
unique factorization. We determine the Apéry sets explicitly, highlighting such elements g and
determining their factorization.

(1) Ap(T,eq1) ={0,e+2,..,2¢ + 1}
(2) Ap(T,,12) ={0,e +3,e+5,...,2¢ + 3,2¢ + 6}. Unique factorization: 2¢ + 6 = 2(e + 3) = 2g,.
(3) Ap(T,ei3) ={0,e+4,e+6,e+7,e+9,..,2¢+5,2¢ +8,2¢ + 11}. Unique factorizations:
2e+8=2+4)=2¢g,2e+11=(e+4)+(+7) =g + g
(4) Ap(T,e44) ={0,e + 5, +7,2¢ +10,2¢ + 12,2¢ + 13,2¢ + 14,2¢ + 15,..., 3e + 11}.
Unique factorizations:
2e+10=2(e+5)=2g;,2e+12=(e+5) +(+7) =g, + ¢5,2e + 14 =2(e + 7) = 2¢,.
(5) Ap(T,o15) ={0,e +6,2e +8,2¢ +12,3¢ + 12,3e + 14,3¢ + 18,3¢ + 19, ... ,4e + 15,4e + 16}.
Unique factorizations:
2e+12=2(e+6)=2g;,3¢e+14=(e+6)+ (2e+8) =g, + ¢, 3¢+ 18 =3(e +6) = 3¢,
4e + 16 = 2(2e + 8) = 2g,.
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(6) Ap(T,ei6) ={0,e+7,e+9,e+10,e +15,...,2¢e + 11,2¢ + 14,2e + 17,2e + 18, 2¢ + 19,
2e + 20}
Unique factorizations:
2e+14=2¢g, =2(e+7),2¢e+17=(e+7)+ (e +10),2¢e + 18 =2¢g, =2(e +9) = g; + ¢3,
2e+19=(e+9)+ (e +10) = g, + g3,2e + 20 = 2(e + 10) = 2g;.

We now apply Proposition 3.1 to compute p(T, ., 5), and show that it equals € (e, e + &) in each
case, concluding the proof. As 3 < e < m, we have

<e-i—1> =e+ls<m=e+d<e+6<2e+2)< <e-£2>’

thus, in (1), we have r=2, s=m—(e+1)=58—1, and G(e,e+9) = (ezl) +(6-1)@ —
6-1.

(1) AP(Tyer1) = 10, g1, s 6o} thus Min(A(T,.4,)) = {by+b; | 1<i<j<e)and p(Tyep3) =
(e;—l). Wehaved —1 = 0, so (5 — 1)(2) = 0and (g(e,e + 2) _ (e_gl).
@ Ap(re,e+2) = {0, G155 Goo 2g1}’ thus

Min(A(T,.45)) ={b; +b; | 1<i<j<e () # 1,1} uU{3b;}

and we obtain p(T,,,3) = (ezl) —-14+1= (ezl). We have § —1=1= (;) so (6 —1)@ =

(z) =3 and %(e,e + 2) = (e';l) +1—-1= (e—;—l).

(3) Ap(T;e13) =10, g1, e 9o 2915 91 + 93}, thus
Min(A(T,13)) ={b; +b; | 1<i<j<e,(i,j)#(1,1),(1,3)} U{3b;,2b, +b;}

and we obtain p(T,,,3) = (e;“l) —-2+2= (egl). We have § —1=2= (;) + (i) so (6 —

D = () + () =2and Ble.e +3) = (1) +2-2= (7).

(4) Ap(T,eis) =10, 91,01 9,291, 91 + 925205}, thus

Min(A(T, 1)) = {b; +b; | 1<i<j<e, ) #(1,1),(1,2),2,2)}

U {3b;,3b,,2b, +b,,b, +2b,}

and we obtain p(T, ,,4) = (egl) —344= (e;l) +1.Wehaved —1=3 = (2) so(6 —1)@ =

o _ (e+l — (et1
(3)_4and%(e,e+4)—(ez)"’4_3_(62)+1'

(5) Ap(Tger5) =10, G155 Gos 2915 1 + 925 3015 295}, thus

Min(A(T,e1s) = {b+b; | 1<i<j<eG))#1,1),(1,2),22)

U {4b,3b,,2b, +b,,b, +2b,}

and we obtain p(T, ., s) = (egl) —-3+4= (e“le) +1.Wehave 6 —1=4= (3) + (1) so0 (6 —

1)@ = (‘3‘) + (j) =5and €(e,e+5) = (ezl) +5-4= (821) +1.
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(6) Ap(T,er6) =10, 9155 90,2915 93 + G1> 202> G2 + 935293}, thus

Min(A(re,€+6)) = {bl + bj | 1<i<g ] <e, (17.]) 56 (17 1)7 (2’ 2)7 (17 3)’ (27 3)’ (3’ 3)}

U {3b;,3b,,3b;,2b; + by, b, + 2b;,2b, + b3, b, + 2b; }

and we obtain p(T, ., 4) = (e+1) 5+7= (e+1) +2. Wehave 6 —1=5= ( ) + (i), so (8 —
D@ = () +()=7andBe,e+6) = (1) +7-5= (1) +2. O

Remark 3.4. Theorem 3.3 is sharp, in the sense that its statement is false for m —e = 7, see
Example 4.3 and Proposition 4.6.

4 | REGIONS WHERE THE BOUND IS NOT SHARP

This section is devoted to proving the second part of Theorem 1.2. More generally, the goal is to
identify regions of N> where the upper bound (e, m) < €(e, m) is never attained. The methods
are based on ideas from additive combinatorics and on the techniques of Section 2.

Let G be an abelian group. We use additive notation throughout. Let A, B C G be subsets, and
k € N. The sumset of A and B is the subset A+ B={a+b | a € A,b € B} C G, and the kth
multiple of A is the subset

kKA=A+A+ - +A= {Zliai |aieA,/1iEN,Z/1i=k} cG
) R ——_ - n
L A

k times

If |[A| = e + 1, then we have |kA| < (e+k) and the equality |kA| = (e+k) holds if and only if every
element a € kA has a unique representation as a sum of k elements of A.

We prove a combinatorial lemma, which gives a sufficient condition for a multiple of a subset
to have sub-maximal size.

Lemma 4.1. Let G be an abelian group with |G| = m, and let A C G be a subset with |A| = e + 1.

Ifm< (e+k N+ e(e+k %) for some k > 0, then |kA| < (ezk)

Proof. Consider the subset B = (k — 1)A C G, then we have |B| < (e+k 1) If |B| < (e+k 1) then

clearly we have |A + B| = |kA| < (ezk). Now, assume that |B| = (ez]i 11). Then, every element of
B has a unique representation as a sum of k — 1 elements of A. This also implies that |(k — 2)A| =
(ezk_z). Consider the sets
-2
(AxB)*={(a,b) | a€ A, beB,b—a¢(k—2)A} CGXG,

B-Ay={b—a| (a,b)e(AXB)'} CG\ (k—2)A.
Label the elements of A = {a,,a,, ..., a,}. Foreacha, € Aand b = }'/_  A;a; € B, by the unique-

ness of the representation of b, we have b — aq;, € (k — 2)A if and only if 4, > 0. That s, (ay,b) €
(A xB)*ifandonlyif4;, = 0,s0b € (k — 1)Aisasum of the remaining e elements of A. Therefore,
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e+(k—1)-1
k—1

*) _ e+k—-2\_  [e+k-2 e+k—2
|(A><B)|_(e+1)< 1 )-e( k—1 >+< k—1 )
— e e+k—2 + etk—1\ f(e+k-2
o\ k-1 k—1 k—2
=e<ezli;2>+<ezli;1>_|(k_2)A|

>m—|(k—=2)A| > |(B—A)"|.

for every a € A, there are exactly ( ) elements of B such that (a, b) € (A x B)*, yielding

As |[(A X B)*| > |(B — A)*|, there must be two distinct pairs (a,, b’), (aj, b) € (A X B)* such that
b'—a,=b- aj, thatis,a, +b=a; + b’. As the pairs are distinct, we have a; # ajand b # b.
Writing b = ¥;_(4;a; and b’ = Y7 Ala;, as b—a; & (k —2)A, we must have 4; = 0. It fol-
lows thatay, + Y7_ 4,0, = a it Yio A!q; are distinct representations of the same element of kA,
hence, |kA| < (ezk) as desired. O

Exploiting Lemma 4.1, we show that existence of regions in N?> where the bound % (e, m) <
€ (e, m) is not attained.

Proposition 4.2. If(e;k) <mg ("11:1) + e(i':z) — 1 forsomek > 2, then % (e, m) < €(e, m).
Proof. Let G = Z/mZ be the additive group of integers modulo m, let S = k[x, ..., x,] and m’ =
(ezk). As £(S /m 1) = m/, if follows that €(m’, S) = m**1. As m > m’, we get €(m, S) C m<+!
by Proposition 2.5 (1).

Let T = (gy, .., g,) be a numerical monoid with mult(T’) = ¢, = m and edim(T') = e + 1. Con-
sider the subset A = {6, G155 00 © G, where - denotes the congruence class modulo m. By
assumption we have m < (ezlzl) + 3(8?:2), hence |kA| < (ezk) by Lemma 4.1. It follows that
some element of kA can be represented in two different ways as a sum of k elements of A. Remov-
ing the occurrences of 0 in these representations and lifting the representations to Z, we obtain

an equation

giat -t Gk, =9gj1t o+ gjk, Ham (6)
where g; . 9j €{91, ., g} for all h, a €N, and ky, k, < k. Let I = I'* be as in Subsection 2.2.
Comparing with (3), we see that (6) gives rise to either a monomial or a binomial in I, of degree
equal to min(k,, k, + a) < k; < k. We deduce that [I]; # 0 and, applying Proposition 2.7 with
r = k + 1, we conclude that §5(I) < 85(€(m, S)) = € (e, m), concluding the proof. O

Example 4.3. Applying Proposition 4.2 with e = 3,m = 10,k = 2, we find that %#(3,10) <
€(3,10), thus, Theorem 3.3 cannot be further extended.

The following theorem is the main result of this section.

Theorem 4.4. For any fixed value of e > 3, we have Z (e, m) < € (e, m) for m > 0.
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Proof. Lett be the integer t = [3 + 31/e], and let m > (e“:t). Let k be the unique integer such that

(ezk) <m< (ezlﬂl) In particular, we have k > t > 9.
The inequality
(e—2)k?—(2e—1Dk—-(e>=1)>0 7)
holds if k > 2=l Vaei—de?—8e+9 mp o (7Y is satisfied in our assumptions, as

2(e=2)

k]

K>t 3 3\/—_26+2\/e3 2e+V4e3 _ 2e—1+\/4e3 —4e2 —8e+9
Zi=3+3ve= 2e > 2(e —2) 2(e —2)

where we used that 2?6 < 2(e —2)and —8e + 9 < 0 because e > 3.
The inequality (7) is equivalent to

(e+k+1)(e+k)(e+k—1)< e*+e+k—-1Dk)k+1)
e e ’

®)

as can be verified easily by expanding all the products. We now manipulate (8) to obtain equivalent
inequalities
(e+k+1)e+k)et+tk—-1) < e+k—1 +

k(k + D)e e &
(e+k+Dle+k)e+k—-1)[e+k—-2 < e+k—1+e e+k—-2
k(k + 1e k-1 e k-1 )
e+k+1 e+k—1 e+k—2
< k+1 ><< k-1 >+e< k-1 >
Combining the last inequality with (ezk) <m< (e?:l), we have found, for each m >

e+[3+31/e] . etk e+k—1 e+k—2 - ‘e
( 343ve] ), aninteger k > 2 such that ( . ) <m< ( e ) +e( 1, )-Applying Proposition 4.2,
we obtain the statement of the theorem. O

Roughly speaking, Theorem 4.4 says that in many cases the bound % (e, m) < € (e, m) fails to
be an equality, because the additive combinatorics of the numerical monoid forces a polynomial
relation of low degree. In particular, the ideal I;* cannot attain the same Hilbert function as the
extremal ideal € (e, m). We show next that, in general, the situation is even more complicated: it is
possible that I;* has the same Hilbert function as €(e, m), but, nevertheless, the bound % (e, m) <
% (e, m)is not achieved. This phenomenon is related to a subtler piece of data, namely, the degrees
of a regular sequence contained in I, and, thus, to the EGH Conjecture.

First, we need another lemma in additive combinatorics.

Lemma 4.5. Let T = (g, ..., g,) be a numerical monoid. Let C C {g,, ..., g.} be a subset and let

t = |C]. IFAp(D) = {0, gy, ..., g} U (C + C) and g = e + 1 + (17, then gy > t(t + 1),

Proof. Letm = g, and assume by contradiction that m < t(t + 1), thatis,m < Prt+1= (“{1) +

t(i) Let A C G = Z/mZ be the subset consisting of 0 and the residues of the elements of C,
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so that |A| =t + 1. Observe that {0, g;, ..., g,} N (C + C) = @, as g, ..., g, are minimal generators.
We deduce that |C + C| = |Ap(D)| — (e + 1) = (‘;l), and, astheunionA 4+ A ={0}UC U (C + C)
is disjoint, that |[A + A| = (“;2). This contradicts Lemma 4.1 (taking k = 2 and substituting ¢
with e). O

The following result covers the first two cases that are not covered by our previous results. The
intricate argument gives an indication of how complicated Problem 1.1 becomes in general.

Proposition 4.6. We have %(4,11) < €(4,11) and %(5,12) < €(5,12).

Proof. Lete € {4,5}andm = e + 7. LetI = IF* C S beasin Subsection 2.2, and let J be a monomial
initial ideal of I, with respect to some term order. Then, HF(I) = HF(J), £(S/I) = £(S/J) = m,
and ﬁfj(l) < /ij(l) for all i, j, cf. [17, Corollaries 3.3.3 and 6.1.5].

Let C = €(m, S). By Lemma 2.12, if HF(I) # HF(C) then 5 (I) < 85(C) = €(e, m). Thus, from
now on, we assume that HF(I) = HF(C).

Asm = e + 7, it is easy to check that C = (x,, ..., X,_3)(X{, ..., X,) + m>. In other words, C con-
tains all the cubics, and all the quadratic monomials except the six involving only x,_,, x,_;, X,.
It follows that the graded component [C], generates an ideal ([C],) CS of codimension
e—3.

Let C’ C S be another monomial ideal such that HF(C') = HF(C) and such that the graded
component [C’], generates an ideal C"” = ([C’],) C S of codimension codim(C") = s < e — 3. We
claim that there exists a permutation of the variables that transforms C’ into C. Let P D C" be a
minimal prime of C”" with codim(P) = s. As C" is a monomial ideal, P is a monomial ideal too,
and, up to permutation of the variables, we have P = (x,, ..., x,). It follows that the six quadrics
in x,_,, x,_;,x, do not belong to P, and hence to C””. We conclude that [C'], = [C"'], C [C],. On
the other hand, as HF(C) = HF(C') and m?® C C C m?, we deduce that [C"]; = [C], for all d, so
C’ = C as desired.

Now, we show that there exists no permutation of the variables that transforms J into C.
Assume the contrary. Then, there exists a subset 7 C {1, ..., e} with |Z| = 3 such that x;x j &J
for all i, j € I. We claim that the corresponding six elements g; + g;, where i, j € T, belong to
Ap(I') and are all distinct. If some g; + 9 & Ap(I), then it follows from (3) that x;x €1 thus
x;x; € J, contradiction. I g; + g; = g + gj for some , i',j,j' € Twith(i, j) # (i’, j), then it fol-
lows from (3) that x;x; — xyxj € I, thus either x;x; €J or xyx € J, contradiction. As Ap(I')
contains exactly m — e — 1 = 6 elements that are positive and not minimal generators, it follows
that Ap(T') = {0, g1, ..., g,y U (C + C) with C ={g; : i € I}. Applying Lemma 4.5 with ¢t = 3, we
find that m = g, > 12, contradiction. This concludes the proof of the claim that no permutation
transforms J into C.

By the previous two paragraphs, we have proved that J contains a regular sequence of quadrics
of length at least e — 2. Recall that e < 5. The EGH Conjecture is known to hold when the regular
sequence consists of quadrics and the polynomial ring has at most five variables [13, Theorem
4.1]. We conclude that the total Betti numbers of J, and hence those of I, are bounded above
by those of the unique ideal H = (xf, xg, . xez_z) + L such that L C S is a lexsegment ideal and
HF(H) = HF(I). In both cases e = 4, 5 we verify by direct calculation on [14] that Bf (H) < ,815 ©)
for all i =0,...,e — 1. Using (4) and Proposition 2.3, we conclude that p(T") < ﬁg([) < Bg(H) <
B (C) = C(e,m). O
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5 | RESULTS FOR THE TYPE

We conclude the paper with direct applications of the results of Sections 2, 3, and 4, to the type of
numerical monoids.

First, we discuss the cases where the bound I (e, m) < (e, m) is attained. Applying Proposi-
tions 2.3 and 2.9, we deduce the following two results from Theorems 3.2 and 3.3, respectively.

Corollary 5.1. Let e,m € N with 3 < e < m. For each fixed value of m — e, we have (e, m) =
(e, m) for allm > 0.

Corollary 5.2. Lete,m e Nwith3 <e <m.Ifm —e < 6, then T (e,m) = D(e, m).

Now, we switch to the cases where the bound is not attained. Unfortunately, we are unable to
obtain almost any result in this regard. The main complication, as observed in Section 2, is the fact
that finding sufficient conditions for having strict inequalities in Theorem 2.2 is harder ifi > 2, see
Proposition 2.7 and Remark 2.8. Nevertheless, we believe that the function I (e, m) does behave
like (e, m), in particular, we conjecture that the analogue of Theorem 4.4 holds for the type.

Conjecture 5.3. For any fixed value of e > 3, we have I (e, m) < D (e, m) for m > 0.

A second complication is the fact that the LPP Conjecture is known to hold in far fewer cases
than the EGH Conjecture. For example, we can only extend the first of the two results of Proposi-
tion 4.6 to the type. Although this particular fact is certainly not very significant by itself, it does
suggest that Problem 1.3 may be even harder than Problem 1.1 in general.

Proposition 5.4. We have 7 (4,11) = 2(4,11) — 1.

Proof. As the type of a numerical monoid clearly does not depend on the choice of the field k,
we may assume that the characteristic of k is 0. The proof of the inequality 7 (4,11) < 2(4,11)
proceeds exactly as in Proposition 4.6. The only difference is that, instead of the EGH Conjec-
ture, we use the LPP Conjecture, which is known to hold for regular sequences of two quadrics
in characteristic 0 by [4, Main Theorem], to obtain type(T’) < ﬁf_l(I ) < /35_1(H) < Bf_l(C) =
2 (e, m). To conclude that 7 (4,11) = D(4,11) — 1, it suffices to show an example of a numeri-
cal monoid I with edim(T) = 5, mult(T') = 11, and type(T') = 2(4,11) — 1 = 6. The monoid ' =
(11,12, 14,15, 20) is such an example. O
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