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Abstract

Swirl injection is a widely used strategy to improve performance in liquid and hybrid rocket engines. However, the
gas flow can sometimes retain part of the tangential velocity component when entering the engine nozzle. This can
lead to an apparent contraction of the throat diameter with respect to its geometrical value [1, 2]. Ignoring this effect
can lead to undesired biases as, for example, an overestimation of the combustion efficiency when the latter, expressed
as the characteristic velocity ratio, makes use of the classical equation function of the throat section to compute the
experimental characteristic velocity [2, 3].

This work develops a quasi-1-dimensional mathematical model describing the gas-dynamic expansion of hot gases in
a nozzle for flows with axial and tangential velocity. The proposed model becomes the Shapiro equations [4] when the
tangential component is null.

The mathematical solution has been used to develop a numerical model for the swirl correction of the experimental
data related to the Vortex Flow Pancake, a hybrid rocket engine in use at the Politecnico di Milano Space Propulsion
Laboratory (SPLab) and characterized by a full tangential injection of the oxidizer [5, 6].

1. Introduction

Swirling injection is a widely implemented strategy to improve the performance of hybrid rocket engines (HRE) [5, 7,
8]. Traditional hybrid rockets suffer from slow solid-fuel regression rates, low volumetric loading, and relatively poor
combustion efficiency. Swirl injection enhances performance by introducing a strong tangential velocity component to
the oxidizer in the combustion chamber, resulting in increased regression rates and combustion efficiency [3, 9—-15].
The tangential velocity component tends to diminish as the flow moves toward the exit, as rocket nozzles are designed to
accelerate gas in the axial direction. However, if the combustion chamber and post-chamber lengths are insufficient and
the initial flow is highly swirled, the gas may retain its swirl as it expands through the nozzle [2, 16—18]. Consequently,
evaluating combustion chamber efficiency using traditional methods can lead to overestimation, with values that could
exceed 100% [1, 5, 19, 20]. Different alternative approaches have been proposed for calculating the efficiency of the
combustion chamber in the presence of swirling flows [6, 19, 20]. Yuasa et al. [19] proposed a technique to indirectly
evaluate the characteristic velocity ¢* efficiency using the specific impulse efficiency and thrust coefficient. Santolini et
al. [6] proposed a numerical-experimental approach that uses the thrust measurement to compute the throat-contraction
and use it to correct the c*.

This paper develops an analytical solution to swirling flows through a nozzle as a quasi-1D flow. The developed
equations are found to be extensions of Shapiro’s equations and they coincide when the tangential velocity is null.
Application of the quasi-1D model shows the effect of throat-contraction with respect to non-swirling flows, that
allows to correct the combustion efficiency.
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2. Analytical Model

2.1 Starting Equations

Conservation Equations

Let’s write the conservation of mass, momentum and energy for 3-dimensional inviscid fluid, negligible gravity contri-
bution, no external work but allowing a possible heat flux:

F)
a—/t)+ﬁ-(Vp)+p(V~ﬂ)=0 (1
8[,7 N N Vp R
o @)+ = 0 @
dph) dp L. 0(pk) o\ v
Tor o TV i)+ =5+ V(pik) = V-0 ®

where the defined variables are: ¢ - time, p - density, i - velocity vector, p - pressure, & - specific enthalpy, k - specific
kinetic energy, and Q - heat flux. The operator V is the gradient while (V-) is the divergence.

Other Useful Equations and Identities

Apart from the previously defined main equations, it is also useful to define the following.

The law of perfect gas:

PR, T
p="—p =PRT “

where: T - temperature, R, - universal gas constant, M - molar mass, and R - specific gas constant. The gradient of
Eq. (4) leads to the two equivalent equations that follows:

v Vo VT V v \Y VI VR
_p:_p+___M or _p:_p+_+_ (5)
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The sonic velocity:
a® = yRT (6)

where: a - sonic velocity, and y - specific heat ratio. The gradient of Eq. (6) follows as the two equivalent equations:

Va 1(Vy VT VM Va 1(Vy VT VR
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The Mach number:
Ma=ii/la Ma’=u*/a® Ma’ =u?/d* (8)

where Ma - the mach number vector, Ma - the magnitude of the Mach vector, u - the magnitude of the velocity vector,
and the subscript ; indicates a single component of the vector. Let’s compute the gradient of Mach number of Eq. (8):

a2 4

a

u? v ut_ ,
a

VMa? = V(— ———Va 9

that can be written as follow by multiplying everything for a®/u’:
VMa? Vi’ Vd?
By (10
by substituting Eq. (7) it follows:

VMa®> Vu? Vy VT VR

=z v r 1
Ma? u? vy T R an

Thanks to the identity of Eq. (8), this is true for every component as well.
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The specific heat capacity:

. ——)R 12
C[7 ,y_l ( )

where ¢, is the specific heat capacity. Coupling Eq. (12) and (6) leads to the following identity:

13)

- T =
Cp )/—1

The entropy:

Vp Vs VT y-1Vp
or —_— -

TVs=c¢,VT — — (14)
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where s is the entropy.
2.2 General Quasi-1D Differential Equations: derivation

Let’s add the simplification of steady-state (st.s.) flow. It is convenient to consider the problem in cylindrical coordi-
nates: z - axial coordinate, 6 - tangential coordinate, and r - radial coordinate. The flow is considered axisymmetric,
thus the partial derivatives in the tangential direction are null: d()/d8 = 0. Furthermore, for an axisymmetric flow
with a sufficiently gradual change in the cross section of the nozzle, the radial velocity and its derivatives are often
considered negligible in the literature [2, 21-25]. The same is assumed in this work.

After these hypotheses, the previous equations may be rewritten as follow.

From the mass equation

The mass equation of Eq. (1) simplifies due to the st.s. condition:
V-(oi) =0 (15)

The Eq. (15) can be integrated on a control volume of radius r. By using the divergence theorem, it leads to the
following equation:
d(pu,r*) =0 (16)

where d denotes the partial derivative in the axial direction d()/dz, r* is — simplified of the 7 term — the nozzle cross-
sectional area up to the reference radius r, and that p and u, are assumed to be uniform in the radial direction. Another
way to express Eq. (16) is as follows:
dp d dr?
ap | duz Lz -0 (17)
e u, r

From the momentum equation

The momentum equation of Eq. (2) simplifies due to the st.s. condition:
v
@Vyi+ L =0 (18)
e

The vector equation becomes three scalar equations when expressed in the reference frame of choice. In cylindrical
coordinates, the following equation is the momentum axial component:

ou, ugd ou, 1dp
y Z i Z 4 - — 1
/u/—ar % +uz_8z +p_(9z (19)

where some terms cancel out due to the hypotheses made. By doing some arithmetic and making use of Eq. (4), (6)
and (8):

d
wdu, + 7” -0 (20)



DOI: 10.13009/EUCASS2025-437

SWIRL PROPAGATION IN ROCKET NOZZLES
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From the rotor of momentum equation (vorticity equation)

Let’s now derive the vorticity equation by making the rotor (V) of the momentum equation of Eq. (18):
\Y >
VX (@V)d) + Vx (L) =0 22)
Ve

It follows that, by making use of vector calculus identities:

VpxV
(@ V)W = (% - V)il — W(V-) + —L—F (23)
P
where W is the vorticity and is defined as w = V x @. It is of interest to explicit the axial component of the equation
in cylindrical coordinates. Recall that due to the axial symmetry hypothesis, the derivatives d()/d60 are null. This
cancels out from the axial component many velocity-related terms and the density-pressure related term. Thus, the

axial component of the equation becomes:

ow, ow, ou, ou, 1 0(r ou,
— tUy— = W,— + W,— — 7—7%4——' 24
»e ar " 0z v or Ve 0z Y7 or 0z @4
where the canceled terms are because u, ~ 0. Therefore, the axial component of the vorticity equation becomes:
ow, ou,
. =W,— 25
“or T or ()

or, by replacing the vorticity with the velocity:

ﬁ(lﬁ(rue>)+%%

=0 (26)

R 0z Or

The axial velocity u, was assumed uniform in the radial direction in Eq. (16). This assumption leads to neglecting the
second term of Eq. (26), which results in the conservation of vorticity axial component:

J (l a(”‘@)) ~0 27)
r Or
or
dw, =0 (28)

By integrating on an area of radius r — simplifying the 7 term — it follows:

d(f éa(hfe)?d?)zo
o T OF

d(rug) =0 (29)
Another way to express Eq. (29) is as follows:
dr d ldr* d dr?  du}
T o 2Z+%_g o L iTfo (30)
rooug 22w o
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From the energy equation

The energy equation (3) simplifies due to the st.s. condition:

V-(pith) + V-(piik) = V-0 31
By defining 0= pilg — where g is the specific heat — it follows:
V-(piih) + V-(pitk) = V-(pilq) (32)
By making use of Eq. (15) it becomes:
pil - Vh+k—-¢q)=0 (33)
The gradient of enthalpy can be expressed as Vi = ¢, VT. By exploiting this definition and dividing everything by ¢, T,
it follows:
vr vk Vv
pﬁ~(—+ - q):o (34)
T T ¢, T
Notice that the kinetic term can be expressed as follow by using Eq. (13) and (8):
Vi  Vity-1 _ Y- 1 2Vu
= Z__Ma 35
c,T 2 a 2 2 (33)
Thus, substituting Eq. (35) into Eq. (34) and simplifying p:
vT -1 \% \%
PO A Sk VI LA 0 D (36)
T 2 ur ¢, T

Notice that by developing the scalar product i - V() it follows that

00 ugd a0
A A 7

where some terms are canceled out due to the previous hypotheses. It follows that only the axial component of the
product is non-null. Therefore, since it is equal to 0, it is possible to simplify u, and obtain the following equation:

dr -1 dv>  d
C il M2 Y g or dhtdk—dg=0 (38)
T 2 uw ¢, T
The ratio Ma?/u? is the sound velocity, and thus — using the identity of Eq. (8) — the following equalities are true:
du? du? + du? d2 d2 du? du?
Ma?Zh = Ma?—— ¢ = Ma> =% + Ma?— = Ma?—% + Ma2—" (39
u? u? u? u? u% u’
Hence, Eq. (38) can also be written as follows:
dg dT y-1 du? du?
LY M2 M2 (40)
cp,T T 2 % u(%

Summary of the results

Equations (17), (21), (30) and (40) have been expressed along the axial direction. The same is immediate for equations
(5), (7), (11) and (14), where it is sufficient to retain the axial component from the gradient. All the aforementioned
equations are collected on the right side of Table 1. On the left side, the same equations derived by Shapiro [4] at
comparison. From Tab. 1 it can be observed that:

e Perfect gas, sonic velocity and entropy equations are invariant in the presence or absence of swirl.

o The differential equation of the mach number is still valid for the magnitude of the mach number as well for
every single component.

o The mass equation is specific for the axial component of the velocity.
o The energy equation takes into account the kinetic energy, thus both the axial and tangential velocities appear.

e The momentum equation is specific for the axial component of the velocity, while a new relation for the tangential
component of the velocity appears from the conservation of vorticity.

o Vorticity is null for 1D flows, as well as the tangential velocity. For 1D flows, both the vorticity equation and the
tangential mach number equation are not valid, and the other new equations collapse in the Shapiro’s equations.

5
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Table 1: The Shapiro’s differential equations for 1D flows (left) and the new differential equations with swirl for quasi-
1D flows (right), with d = ()/dz and the tangential components are r and z functions: uy = uy(z, r), May = May(z, r).

Derivation Shapiro with Swirl Eq. reference
dp _ dp b _ 4
perfect gas fz—’:dTT+% fz;":d%+% 3)
sonic velocity | % = %(77 +4C 4 “;TR) da = %(7: +4 4 %) 7
a2 2 d dMaZ du; d
Mach number | €18 = 45 — @ — < — <L —M:z‘zuié‘%‘%‘# (11
dMaj _ duy 4R dy 4T
Mg S @ TRy T (an
dp | dA | du _ dp | d  du
mass ?+7+l_lu_0 F+rL2+u_z_O (17)
d -1 2 d 1 d dug
energy Cp—qT =4+ T-Ma* 4 Cqu a4 (Ma?i2 + Magui(z)”) (40)
momentum %P + %yMaz‘i—’f =0 % + %yMa? duuz = 21
dr | dug _
ds _ d 1d d_rr sz'g_old P
_dr _ y-ldp _dr _ y-ldp
entropy L—j =5 -5 C—; =5 -5 (14)
3. Results and Discussion
3.1 General Quasi-1D Differential Equations: matrix form
Following Shapiro layout, the found differential equations can be rearranged as:
dy =Mdz (41)
where ¥ are the independent variables
ar* d dR d
de=|% & 42)
r c¢,T R 0%
and ¥ are the dependent variables
. dMal dMa; du? dul da dT dp dp ds 43)
yE Ma2 Ma2 @ u2 a T p p ¢

and M is the relation matrix function of only y, Ma, and May

matrix M takes the form of

[ 2 1+ Ma? | [+yMa? S 1+yMa? 1+yMa? 1"
1-Ma? 1-Ma? 1-Ma? 1-Ma?
1+(y-2)Ma?  1-yMa? S 1-yMa? 1-yMa? 1
1-Ma? 1-Ma? 1-Ma? 1-Ma?
1 1 1 1
1-Ma? + 1—Ma§S 1-Ma? 1-Ma? 0
—% 0 0 0
(y-D)Ma? 1-yMa? s 1-yMa? 1-yMa? 1
2(1-Ma?) * 2(1-Ma?) 2(1-Ma?) 2(1—Ma§2 2
(y-)Ma? 1-yMa? S 1-yMa? (1-y)MaZ 0
1-Ma? 1-Ma? 1-Ma? 1-Ma?
Ma: 1 1 __1
1-Ma?  1-Ma? 1-Ma? 1-Ma?
yMa? _ yMa? S _ yMa? _ yMa? 0
1-Ma?  1-Ma? 1-Ma? 1-Ma?
S 1 0 0 |

. How to derive M is shown in Appendix A. The whole

(44)

where S = Maz(y —1)/2. Observe that the matrix can be split as the two contributes defined by the presence or not of
the swirl, by defining M the Shapiro’s matrix — no swirl — and M the new terms associated to swirl. The two matrices
are coupled by the following relation and defined as follows:

dy = (M + Mg S)d¥

(45)
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where

’_21+72;‘Ma§ 1+yMa? 1+yMa? 1 1+yMa? 0 0 0

1-Ma? 1-Ma? 1-Ma? 1-Ma?

1+(y=2)Ma? 1-yMa? IoMa; 1-yMa?
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_ 1 1 1 0 1 0 0 0
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1 ;
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M, = o(1-maZ)  2(1-MaZ)  2(1-MaZ) 2 Ms =50 0 00 (46)
(y-1)Ma? 1-yMa?  (1—y)Ma? 0 1-yMa? 00 0
1-Ma? 1-Ma? 1-Ma? 1-Ma?

Ma? 1 1 -1 0 0 0
1-Ma? T1-Ma T 1-Md 0 1-Ma?
yMa? _ ‘}/Mag _ yMa? 0 _&alz 0O 0 O
1-MaZ 1—MaZ 1-MaZ 1-Ma;
0 1 0 0] L1 00 0]

Both matrices are only function of axial mach number and specific heat. The scalar S is the dynamic tangential mach
temperature, and if null the total matrix M coincides with My, that is Shapiro original matrix.

3.2 Convergent: Throat Area Reduction due to Swirl

Let’s consider for simplicity an adiabatic nozzle and constant specific heat and gas constant: ¢ = 0, dy = 0, dR = 0.
Consider as well that the radius of interest it the wall radius, »r = R. By doing so, the only independent remaining
variable in Eq. (45) is the nozzle area section dr> = dR> = dA. Following plot in Fig. 1 (left) shows the convergence
ratio — A./A; — to pass from an axial mach number of 0.01 to axial sonic conditions, for different values of May at the
throat and wall. The adjacent Fig. 1 (right) plots the axial evolution of the correspondent tangential mach number at
wall. Figure 2 shows the evolution of their ratio.

1— : : : = 1= : : :
=
Maa (z=throat, r=wall) \m’% Maa (z=throat, r=wall)
' — = _
m’N 0.8 _Mag_o 1 — 08 —Mae—o ]
_ ] _
z_ _Ma9—0.01 E _Ma9—0.01
g 0.6 Ma0=O.1 i g 0.6 Ma0=O.1 ]
€ —Ma, =025 2 —Ma, =025
<
_ =1 _
:—_% 04r —Mae—O.S i E 04r —Ma9—0.5 i
IS Mae =0.75 g Mae =0.75
T _ € -
'&? 0.2 _Ma9—1 4 TE 0.2 _Mae—l JIJ
<
(&)
O T T L L g 0 L L L
60 50 40 30 20 10 0o 60 50 40 30 20 10 0
Chamber-throat area ratio, Ac/At, - Chamber-throat area ratio, Ac/At, -

Figure 1: Axial mach number (left) and tangential mach number at the wall (right) as function of the chamber-throat
area ratio, for different tangential mach number at the wall at throat

The presence of swirl slows down the acceleration of the axial velocity. In the showed figures, this is highlighted by
higher contraction ratios (left part of the plots, around A./A; = 60) required to reach Ma, = 1 at throat. When the
combustion chamber section is fixed, it follows that the flow needs to contract more with respect to the throat area
associated to a only-axial expansion. The consequence is a reduction of the throat section function of May wall reached
at the throat, as showed in Fig. 3. An approximating equation for the relation in Fig. 3 is given by the following
2nd-order polynomial:

na = 1.000 — 0.008 Mag |,, ,, —0.085Ma2 |,  R>=0.999 A7)

where the mach number can be replaced with the mach number ratio since the axial mach number is 1 at throat. The
presence of swirl therefore affects the characteristic velocity, which equation becomes:

£l p A 77A el
¢ = # = Coo swirl A (48)
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Figure 2: Tangential (at wall) over axial mach number as function of the chamber-throat area ratio for different tangen-
tial mach number at the wall at throat
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Figure 3: Throat area reduction wrt no swirl function of the tangential mach number at wall reached at throat

3.3 Divergent

Figures 4 and 5 shows the behavior in the divergent part of the nozzle up to an expansion ratio of 4.

=
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[N

Figure 4: Axial mach number (left) and tangential mach number at the wall (right) as function of the exit-throat area
ratio, for different tangential mach number at the wall at throat
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Figure 5: Tangential (at wall) over axial mach number as function of the exit-throat area ratio for different tangential
mach number at the wall at throat

The same previous discussion holds. The tangential mach number slightly decreases as a result of the increase of the
section. The axial mach number grows is slowed by the presence of swirl. This affects the exit velocity thus the thrust,
that therefore is going to be reduced with respect to the fully-axial flow. This result can be implemented to improve
proposed model of Santolini et al. [6] by:

1. substituting Shapiro’s model with the model proposed in this paper
2. replacing the throat area corrective factor with the tangential velocity at wall (wherever).

By doing that, the experimental measure of thrust would allow to compute the unknown swirl entering (or exiting) the
nozzle and thus compute the correct experimental ¢* with the use of Eq. (48).

3.4 The Swirl Number

Let’s now introduce the swirl number, as ratio between the axial flux of angular momentum and axial flux of axial
momentum normalized respect to the duct radius [26-29].

1 Gy
S = =— 49
w(2) RG. 49)
with
R R
Gy = 27rf pug(r)uzrzdr = 27rpuzf uy(r) rdr (50)
0 0
and
R
G.=2n f pulrdr = npu’R? (51)
0

Therefore, it follows that:

S == 52
W= (52)
Latter equation can be rearranged with a change of variable { = r/R as:
1
uy($) $d¢
Sw(z) = yo O£ (53)
u;

Now, by defining the tangential velocity radial profile as function of its normalized profile:

ug(Q) = up(w) fu, () (54)

where for example f({) = { = r/R for the solid-body type rotation, it follows that:

1
Sw&)=udw)(21~f@)fdd (55)
0

Uz
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Since the result of the operation inside the brackets is constant, and the velocities ratio is equal to the mach ratios, it
follows: May |
a
Sw(z) o« — (56)
Ma

¢4
or Sw(z) = May |,, /(2 Ma,) for the solid-body profile.
The relation of Eq. (56) states that the swirl number develops proportionally to the tangential-axial mach ratio. The
swirl decays through the nozzle in the same way pictured in Fig. 2. In the plotted example, the decrement is of a factor
~ 10-12 to pass from Ma, = 0.01 to Ma, = 1.

4. CFD comparison

The analytical model was tested on the data from a CFD simulation of the VFP at SPLab, an hybrid rocket engine
characterized by fully-tangential oxidizer injection. Figure 6 (left) is a picture of the nozzle-convergent side after a
firing test. The swirling traces left by the soot can be noticed. On the right side, the mach lines in the nozzle result of
the CFD simulation.

1.00 1.25 1.50 1.75 2.00 2.25 2.50 2.8
Mach Number, Ma, [-]

Figure 6: VFP nozzle swirl line traces after a firing test (left) and mach lines from CFD (right)

CFD data were useful to verify that the axial velocity profile along the radius is constant as assumed by the
hypothesis, Ma_(r) = Ma,. In addition — even if it is not a requirement for the analytical model — the radial profile of
the tangential velocity was compared with a solid-body profile, May(r) = May |y, - #/R. The fitting data in different
A/A, ratios are reported with their evaluation quality criteria for the fitting in Tab. 2.

Table 2: From left to right: 1) area-throat area ratio (convergent-throat-divergent), 2) tangential mach at wall, 3) R? for
solid-body profile assumption, 4) mean axial mach, 5) standard deviation for constant profile assumption

A/At May |w R? Ma, std
12.2 0.038 0.953 | 0.047 0.003
12.2 0.035 0948 | 0.046 0.003
12.2 0.033 0949 | 0.046 0.002
12.2 0.031 0.950 | 0.047 0.002
12.2 0.031 0941 | 0.051 0.000

9.7 0.033 0943 | 0.064 0.001
7.5 0.036 0942 | 0.085 0.002
5.6 0.041 0948 | 0.115 0.003
39 0.047 0955 | 0.162 0.003
2.6 0.056 0962 | 0.249 0.004
1.5 0.072  0.969 | 0.449 0.005
1.0 0.091 0.967 | 0.968 0.002
1.4 0.100 0.781 | 1.639 0.022
2.6 0.079 0.714 | 2.194 0.025
4.2 0.069 0.713 | 2.632 0.003

The quasi-1D model was integrated from throat to chamber section and then from throat to exit section to avoid
numerical instabilities. Initial mach conditions are taken from the row of Tab. 2 for A/A; = 1. An adiabatic system
was considered both in CFD and the model. However, the model was also run at constant y = 1.33 and constant R for

10
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simplicity. Figures 7, 8 and 9 shows the result compared with the CFD data respectively for the axial, tangential, and
tangential-over-axial mach numbers, with convergent on the left and divergent on the right.

1 i 3
R?=0.998
' 0.8 |~ Quasi-1D W25
« ||« CFD <
= =
2L 06+ H 8 2f
S S
> >
c c
S 047 1 © 15¢f
IS IS
1S IS
£ 02 L%l R=0.961
< < —quasi-1D
e CFD
0 : : : : : : 0.5 : : ‘
14 12 10 8 6 4 2 1 2 3 4 5
Chamber-throat area ratio, Ac/At, - Exit-throat area ratio, Ae/At, -

Figure 7: Convergent (left) and divergent (right) quasi-1D compared with CFD data: axial mach number
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Figure 8: Convergent (left) and divergent (right) quasi-1D compared with CFD data: tangential mach number at wall
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The quasi-1D model fits well the CFD data, with high R? despite the constant y and R. The divergent tangential mach
number in Fig. 8 (right) is the worst case, but it is probably due to complex 3D interactions that arise from the nozzle
geometry (see Fig. 6 right). Indeed, the smooth change in area — one of the hypotheses behind the quasi-1D model — is
respected in the convergent and divergent. However, at the edges of the throat there is a discontinuity causing mismatch
between the two dataset. Furthermore, the nozzle throat is built as a short length at constant section. Mathematically,
for the quasi-1D model it means constant properties, but for the CFD it causes complex interactions due to the combined
effects of supersonic speeds in a narrow channel, the flow viscosity, and the interaction with the boundary layer.

5. Conclusions

This work presents a new quasi-1D analytical model to describe the propagation of swirl in rocket nozzles, extending
the classical Shapiro differential equations to account for tangential velocity components and vorticity conservation.
The model demonstrates that the presence of swirl leads to an apparent contraction of the nozzle throat area as expected
from different experimental observations in the literature, which, if unaccounted for, can result in an overestimation of
combustion efficiency. To correct for this, a second-order polynomial correction factor was introduced as function of
the tangential Mach number at the wall at throat, enabling for more accurate calculation of the characteristic velocity
in swirled flows. The correction factor can go from unity for no swirl to ~ 0.91 for sonic tangential mach numbers.
The swirl number was analytically linked to the ratio of tangential to axial Mach numbers, providing insight into its
evolution along the nozzle. Numerical integration of the model shows that the tangential Mach number increases from
the combustion chamber toward the nozzle throat, reducing the expected swirl decay in the converging section. As a
result, even a low initial swirl in the chamber can still cause a non-negligible throat contraction.

The model was validated through a CFD simulation of the Vortex Flow Pancake (VFP) engine, demonstrating strong
agreement in both axial and tangential Mach number predictions. The CFD simulation also demonstrated that uniform
axial and solid-body tangential velocities are a good approximation along the radial direction of a nozzle. While the
model performs well under the assumptions of axisymmetry and smooth nozzle geometry, minor discrepancies were
observed at the throat, attributed to three-dimensional effects and geometric discontinuities.

Overall, the proposed model offers a reliable and physically consistent alternative to existing correction methods and
is suitable for improving the accuracy of combustion efficiency evaluations in rocket engines operating with swirling
flows.
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A. The Arithmetic behind the New Matrix

Let’s drop the denominators — that are used for normalized results — to lighten the notation in the following arithmetic.

Matrix row 1

From (11) and substituting

dMa? =du? — dT — dy — dR

-1 ~1
but dT = dgq - VTMag di - VTMag A2 from (40) =

(57
-1 -1
=du? - dq + %Maﬁduf + L= _Ma2 du? - dy - dR
-1 -1
= (1 + 72 Maf)dug + yTMagdug —dq —dy - dR
From mass Eq. (17)
du? = = 2(dr* + dp)
but dp=dp—-dT —dR from(5)=
= —2(dr* +dp — dT — dR)
1
but dp:-EyMaf dil  from (21) = (58)
o 1 s Y-l o 2 v=1..5 5
= —2dr" - EyMaZ du; —dqg + TMaz du; + TMag dug — dR)
= —2dr* + yMaZ du? + 2dq — (y — )Ma? du? — (y — 1)Maj duj + 2dR
_ =2dr? +2dq +2dR - (y — 1)Ma; du;
1- Maf
Thus, by substituting Eq. (58) in Eq.(57):
-1 —2dr* +2dg + 2dR — (y — DMa2 du? -1
dMa§:(1+72 Ma?) 1 1—Ma2(y IMa; (,+)/2 Ma; duj — dg — dy — dR
4
1+ 55 Ma? 1+ 551 Ma? ~1 1+yMa2 1 4yMa?
_ s zz)drz— i 21)(7— DMaj di2 + Lo Ma di2 + ——=dg + —2—<dR - dy
1 - Ma; 1 - Ma; 2 1 - Ma; 1 - Ma;
but du}=-dr* from (30), =
(1 + 7;lMaz) (1 + y;lMaz) 1 1 + yMa2 1 + yMa?
2 %) o 2 % 2,0 YV~ 2,2 yMa, + yMa;
==2 dr® + — DMa; dr* — ——Ma; dr- + dg + dR—-d
1 — Ma? 1 — Ma? (v = DM 2 - Ma T Ma 7
(1+7—'1Ma2) _1 -1 1 + yMa? 1 + yMa?
2 vz Y 2\, Y 2| ;2 yMa, + yMa;
=-|2 1- Ma2 | + Ma2|dr? + dR —d
1 — Ma? ( 2 9) 2 1 — Ma? 1 — Ma? 4
(59)
If S is defined as: |
S (v, Mag) = T-—Maj (60)
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thus Eq. (59) can be rearranged as follow:

[ (1 + LEMa? 1 + yMa2 1 +yMa?
dMa?:—Zw(l—S)+S P+ — g+ — 2GR - dy
- I 1 — Ma; 1 — Ma; 1 — Ma;
[ (1 + &Ma? 1+ L1 Ma? 1 + yMa> 1 +yMa>
_[plr s 21)—2( 2 2Z)S+S P+ — 1 7% iR — dy
1 - Ma? 1 — Ma; 1 — Ma; 1 — Ma: 6
) i . (61)
1+ 25 Ma2) -2 — yMa? + +1- 1 +yMa? 1 +yMa?
_ [l 21)+ s M{Z ME ] gy L Sdg+ — L —2dR - dy
| 1 — Ma; 1 — Ma; 1 — Ma; 1 — Ma;
[ (1+ 5 Ma2) 1 4 yMa 1 + yMa? 1 + yMa?
_ [0 21)— s ldr s — g 7% R - dy
1 — Ma; 1 — Ma; 1 — Ma; 1 — Ma;
Therefore:
1+ %IMa2 1+ yMa? 1 + yMa? 1 + yMa?
aMa? = |-2— 2 %, TV dr2+( L4 ;)d ( L4 ;]dR+(—1)dy (62)
i 1 — Ma; 1 — Ma; 1 — Ma; 1 — Ma;
Matrix row 3
Starting from Eq. (58) final result:
1 2 2 1
du, = - Sdr” + 5Sdr” + sdq + 5dR
1 — Ma; 1 — Ma; 1 — Ma; 1 — Ma;
thus
d ( ! + ! S]d2+( ! )d +( ! )dR+(0)d (63)
u, = |- r —_—
‘ I—Mag 1—Ma§ l—Maf 1 I—Mag 4
Matrix row 4
Result is implicit in Eq. (30):
1
dug = (—5) dr? + (0)dq + (0)dR + (0)dy (64)
Matrix row 5
From Eq. (10):
1 2
da:du—EdMaz
but from Eq. (62) and (63)
1 1 +ZIMa2 11 +yMa?
=|- S+ ZS+X i<~ L4 =8 |dr+
~Ma; 1-Ma; 1 — Ma; 2 1-Ma;
1 11+yMa3) ( 1 11+yMa§] (1)
+ - = = |dg + - = dR+|=|d
(1—Ma§ 2 1-Ma? 1 1-Ma2 2 1-Ma? 2)Y
- DMa> 2-1-yMa> 2—1-yMa> 2—1—-yMa? 1
:((7 M | yzzS)dr2+(—yzz)d +(—yzz]dR+(—)dy
2(1-Ma2  2(1 —Ma2) 2(1 - Ma?) 2(1 — Ma?) 2
thus
- DMa? 1 -yMa? 1 — yMa? 1 — yMa? 1
da= | DMa 1oy g ldr? | = |dg + | dR+(—)d~y (65)
2(1-Ma?)  2(1-Ma?) 2(1-Ma?) 2(1 - Ma?) 2
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Matrix row 2
From Eq. (10):

dMa2 =2(dug — da)

but from Eq. (65) and (64)

B _l_(y—l)Maf_l—yMaf 2 1 — yMa? ~ 1 — yMa? [t
_Z[ Z 2(1-Ma?) Z(l—Maf)] Z[z(l-Mag)]dq Z[z(l—Mag))dR Z(Z)dy

2

1 —Ma? + (y— HMa? 1 -yMa? 1 —yMa 1 — yMa?
:(_ 2 (7’2 Ma; 1 -y ;S)drz+(—L;]dq+(—%]dR+(—l)dy
l—MaZ l—MaZ —MaZ 1—MaZ
thus
1+(y—-2Ma> 1-yMa? ] ( 1—yMa2) ( 1—yMa2)
dMag = | - :_ 2 |dr? + | ————Z |dg+ | ————=|dR + (-1)d 66
¢ ( 1 - Ma? 1 - Ma? — Ma? — Ma? (=Ddy (66)

Matrix row 6
From Eq. (7)
dT =2da —dy — dR
but from Eq. (65)
(y-DMa2  1-yMa? 5 1 — yMa? 1 —yMa? 1
=7 + S|art +|Z—"—c ldg+|Z——— - 1|dR + (2241 |dy
2(1 Ma2) ,’Z(l - Maf)

Z(1-Ma?)  Z(1 -Ma) — Ma’
_ 2 _ 2 2
1 — yMaZ J J ( I —yMaZ — [ + Ma’ )dR + O)dy

- DMd® 1-yMa?
:(0/ ) — + ? ;s)m2+( . >
1 —Maz 1 —MaZ 1 —Maz 1- MaZ
thus
—1)Ma® 1-yMa? 1 — yMa? 1—y)Ma?
dT:((y ) Mag 177 ;S)dr2+(—y ;)d +(—( v ZZ)dR+(O)dy ©7)
1—Maz l—MaZ — ; 1—Maz

Matrix row 7
From Eq. (17):

dp = —du, — dr’

but from Eq. (63)

1

=( Lo S—1)dr2—( L a
1—Ma§ l—Mag l—Mag

thus
(63)

2

( Ma; 1 S)d2+( 1 )d +( : )dR+(0)d
2 (o _
-2 ) 1 — Ma? 4
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Matrix row 8

From Eq. (5):

dp =dp+dT + dR

but from Eq. (67) and (68)

_Mgz/ 1

(7 —/Y) Ma?
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Y - yMaZ

- S+
= Maf /]//Mag 1- Mag

+
l—Maf

> S)dr2+

1 (1 -y)Ma?

1 1 — yMa?
+|- 5+ 5 |dg + |- 5+
= Ma; 1 — Ma; 1 — Ma;
yMa2 —L+MaZ — yMa? + 1 —Ma>
5 dq + z = - |dR
Z

2
=( S - ZZS]dr2+(——
I-Ma; 1-Ma 1 —Ma

yMa?

thus

>+ l]dR
1 —Ma?

1 — Ma?

yMa? yMa?2 ] ) ( yMa? ) ( yMa?2 ]
dp = - Sldr-+|-——=|dg+|-———=|dR + (0)d 69
P (1—Ma§ 1 — Ma? 1 - Ma? 1 1 - Ma? Oy )
Matrix row 9
From Eq. (14)
y—-1
ds =dT — ——dp
Y
but from Eq. (67) and (69)
(70)
-1)Ma? 1 -yMa? 1 — yMa? 1 —y)Ma2
_ [(7 ) S 2“S]dr2+( i ;)d +(( 12 2Z]dR+
1 —Ma; 1 —Ma; — Ma? 1 — Ma;
y—1( yMa? yMa? , y—-1( yMal y-1( yMa?
- 5 = 58 (dr' = — |- 5 [dg—— |- 5 [dR
Y \I-Ma; 1-Ma; 04 1 — Ma; 04 1 — Ma;
All the terms simplifies except for S and dgq. Thus:
ds = (8)dr* + (1)dg + (0)dR + (0)dy (71)
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