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1. Introduction
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theme in analysis, with profound connections to the classification of solutions of nonlinear
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partial differential equations. In this context, the Caffarelli-Kohn-Nirenberg inequalities
(CKN) form a two-parameter family of interpolation inequalities that generalize the
classical Sobolev one by incorporating weight singularities or degeneracies.

In their simplest form, the CKN inequalities, proved in [3], read as

2
P
Jul? [Vul? o
(R/ BG dr | <Cup e dz, for any u € D**(R?), (1.1)
d R4

where
D (RY) = {ue LP(RY, |z| PP dx) : |z|~%|Vu| € LQ(Rd,dz)} .
In (1.1), the parameters a,b € R satisfy the conditions
a<b<a+1 ford>3, and a<b<a+1 ford=2. (1.2)

In addition we assume

a<a:= u (1.3)
2
Indeed, it is known that for @ = a. the inequality (1.1) fails to be true (see [3]), while the
dual case a > a. is related to the case a < a. via the “modified inversion symmetry” that
can be found in [8, Theorem 1.4] (see also [18]). Moreover the constant C, ; appearing
in (1.1) is the optimal one and it depends only on a,b and d. The exponent

2d
p:

“d—2420—-a) (14)

is chosen so that the inequality (1.1) is scale-invariant.

Inequality (1.1) interpolates, for d > 3, between the Sobolev inequality (a = b = 0)
and the weighted Hardy inequalities corresponding to b = a + 1 (see e.g. [8,18] for more
details). We explicitly note that if @ = b then p = 2*, while if b = a + 1 one has p = 2,
which are the equality cases in (1.2). fa =b<0,d >3 or b=a+1, d > 2 then equality
in (1.1) is never achieved in D%*(R%), while it is realized if a = b > 0, d > 3 (see [8] for
further details).

When a = b = 0, (1.1) reduces to the Sobolev inequality, whose extremal functions
were classified independently in [1], [28] and [32]. In particular, for a = b = 0, they
showed that the extremal functions are radial and given by the so called bubbles. The
Euler-Lagrange equation associated with the Sobolev inequality is the critical semilinear
(Yamabe) equation

Au + u|u|ﬁ =0 inR?. (1.5)
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Classical results in [21] and [25] showed that all positive C?-solutions of (1.5) are radially
symmetric under a suitable decay assumption at infinity. Subsequent works removed such
a priori assumption. In particular, in [2] the authors established a landmark Liouville-
type theorem for (1.5) that deduced radial symmetry and classification of positive
solutions without any decay (or energy) assumption. Their approach combined a Kelvin
transform with the method of moving planes, using a delicate asymptotic analysis to
handle the singular behaviour at infinity. This was later refined in [9] and in [23], where
the authors obtained the rigidity via maximum principle techniques, using the method
of moving planes from infinity or the method of moving spheres, respectively. Thus, for
the classical critical equation (1.5), the classification of positive solutions was eventually
achieved in full generality, showing that the only positive solutions are the bubbles up
to translations and scalings.

When one introduces non-zero parameters a,b in (1.1), the nature of extremal func-
tions and solutions to the corresponding Euler-Lagrange equations becomes markedly
richer. The associated Euler-Lagrange equation is the following weighted semilinear el-
liptic equation

div (|z|2*Vu) + || 7% |u[P~%u =0 in R, (1.6)
where p is given by (1.4). It is well known that (1.6) admits a family of explicit radial

solutions generalizing the Sobolev bubbles (see e.g. [8, Section 2.3]). For example, under
suitable relations between a, b, d, any positive radial solution of (1.6) must take the form:

U(z) = (d(p1J2r)((laiba)2>ﬁ (1 n ‘x|(1’*2)(acfa))_% , (1.7)

up to scaling. A fundamental question is whether these radial functions characterize
all possible positive solutions of (1.6), or whether non-radial solutions can exist. This
question is intimately connected to the phenomenon of symmetry breaking for extremal
functions of (1.1). It was discovered that, unlike the pure Sobolev case, extremal functions
for (1.1) need not always be radially symmetric. Indeed, in [19] the authors showed that
for certain ranges of the parameters a,b € R, the extremal functions of (1.1) are not
radially symmetric. More precisely, defining an auxiliary parameter o and an intrinsic
dimension n by

_ (I+a—-b)ac—a) . d
o= p——— , and n'_1—|—a—b’

(1.8)

they proved that if d > 3, p > 2, a,b € R satisfy (1.2)-(1.3) and if

d—1
n—1

o >

b
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then extremal functions are not radially symmetric. This result provided concrete ex-
amples of symmetry breaking in weighted critical equations, a striking difference from
the unweighted case. On the other hand, it left open the complementary question: in
the subcritical regime (i.e. when « is below the threshold), are all extremal functions
necessarily radial? In [18] the authors introduced a novel nonlinear flow on a cylinder
(related to fast diffusion) to prove an optimal Liouville-type theorem for positive solution
of (1.6). Their result showed that for p € (2,2*), a,b € R satisfying (1.2)-(1.3) and

d—1

o<
“Vn-1

: (1.9)

every positive solution of (1.6) that belongs to the energy space D*’(R?) is indeed
radially symmetric and given by (1.7) up to scaling. This settled the question of symmetry
for extremals of (1.1) and provided a complete classification of finite energy solutions in
the symmetric regime.

Despite this progress, a fundamental open problem remained: can one classify all
positive solutions of (1.6) without the finite energy condition (or with a weak decay
condition at infinity)? In the critical Sobolev case (a = b = 0), as mentioned above, this
was achieved in [2,9,23]. The case a > 0 has been considered in [10] by using the moving
planes method as in [9]. In the case a = b = 0, a proof based on integral estimates, that
can be applied also in the Riemannian setting when the Ricci curvature is non-negative,
has been recently obtained if d < 5 in [5,13,26,33].

We also mention that an analogue picture holds for the quasilinear version of (1.5),
ie.

d(p—2)+2p

Aputulul = =0 inR?,
where 1 < p < d and A, is the usual p-Laplace operator. In [17,29,34] the method of
moving planes has been used to classify finite energy (positive) solutions, while in [6,26,
33] the integral approach has been adapted to classify all positive solutions provided some
restrictions on the dimension (see also [6,31] for the Riemannian extensions). Finally, also
the subelliptic critical equation in the Heisenberg group (see [4,20,27] and [22] for the
finite energy result) and in the Sasakian setting (see [7]) have been considered.

In this paper, we tackle the classification of positive solutions to (1.6) by carefully
adapting the approach in [18] in order to avoid any a priori energy or decay conditions.
Our main results are complete classifications of all positive solutions to (1.6) in the
symmetry regime, without assuming u € D**(R?) in low intrinsic dimension or under
suitable decay assumptions at infinity. In particular our first result is the following

Theorem 1.1. Let u € Dlao’f(Rd) be a positive solution of (1.6), with p € (2,2*) and a,b
satisfying (1.2)-(1.3). If

-1
n—1

2<n<4 and o<

)
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then u(x) = U(x), where U is given by (1.7), up to scaling.

We remark that very recently in [16] the authors have obtained closely related clas-
sification results in RY and in convex cones (see [16] and also [14,15,24] for the critical
Sobolev case in convex cones) under the following assumptions

5 d—2
§<n<5 and o< 5

To our knowledge, these are the first rigidity theorems for weighted critical equations
that hold without assuming decay or energy conditions. In addition, we show that the
rigidity result in Theorem 1.1 holds true in higher intrinsic dimension, provided a suitable
pointwise decay condition at infinity holds.

Theorem 1.2. Let u € D{lo’g(Rd) be a positive solution of (1.6), with p € (2,2*) and a,b
satisfying (1.2)-(1.3). If

n>4 and o< d_l,
n—1
and
—2)(n—06
u(z) < Clz|7®  for some o < —%,

outside a compact set, then u(x) = U(x), where U is given by (1.7), up to scaling.
Combining Theorems 1.1 and 1.2 we obtain the following corollaries.

Corollary 1.3. Let u € D2(R%) be a positive solution of (1.6), with p € (2,2%) and a,b

loc

satisfying (1.2)-(1.3). If

d>2 and a< Lil,
n—1
and
d—2—2a

u(z) < Cla|™ 2,
outside a compact set, then u(x) = U(x), where U is given by (1.7), up to scaling.

Corollary 1.4. Let u € DX’ (R%) be a bounded positive solution of (1.6, with p € (2,2*)

loc

and a,b satisfying (1.2)-(1.3). If

2<n<6 and o<
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then u(z) = U(x), where U is given by (1.7) up to scaling.

We stress the fact that the limiting exponent in Theorem 1.2 is strictly larger than

—4=2-2a \oreover, we note that the exponent —4=2-2¢

is the threshold decay in order
for a radial solution to have finite energy. In the finite energy case, we also recover the

result in [18] with a simpler proof.

Theorem 1.5. Let u € D**(RY) be a positive solution of (1.6), with p € (2,2*) and a,b
satisfying (1.2)-(1.3). If

d—1

d>2 and a<
n—1

then u(x) = U(x), where U is given by (1.7), up to scaling.

The proof of our results is a careful adaptation of the argument in [18]. One key
observation of this paper, contained in Lemma 2.1, is to rewrite the fundamental Bochner
quantity k[p] defined in (2.6), introduced and analysed in [18], as a divergence of a vector
field & la Obata [25]. This fact leads us to prove the rigidity without any higher order
asymptotic estimates on the solution at infinity and at the origin which is assured from

the finite energy assumption (see [18, Appendix] and also [11,12,30]), but just exploiting
the equation and at most a C°-control on the solution.

2. Preliminaries
2.1. Notations and a key divergence formula
For d > 2 we consider spherical coordinates: given x € R4 we define
r=|z| and 9:2,
|z
we consider the change of variables r — %, where « is given by (1.8), and we define
u(r,0) =: w(r®,0), for every (r,6) € (0,400) x ST, (2.1)

In the new variables the derivatives are given by
, 1
Dw=(aw’,-Vow | ,
r

where w’ denotes the derivative with respect to the radial variable r € (0, +00) and Vy
denotes the gradient with respect to the angular variable # € S?~!. As pointed out in
[18, Section 3] the CKN inequalities (1.1) read as
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SIS

Q
RS2

wPdu| <Cup Dw|* dy,
; H

(0,4-00) xSd—1 (0,4-00) xSd—1

where
dp =r""tdrde,
and
Dw|? = o?|w'|? + M .
Moreover, as shown in [18, Section 3], if u solves (1.6) then w given by (2.1) solves
—Lw=wP"'  in (0,400) x ST, (2.2)

where p is given by (1.4) or, equivalently using the definition of n in (1.8),

and L is given by

n—1 Agw
Lw :=D,;Djw = o*w” + o> ——w' + 02 )
T T

(2.4)

where we used the Einstein convention over repeated indices and where Ay denotes the
Laplace-Beltrami operator of S4~1.

Besides the change of variables the other fundamental ingredient in [18] is the following
auxiliary function, called the pressure function,

2

pi=(n—-1w »2, (2.5)

together with the Bochner quantity

1 1
where
Vop - Vo (L
(Dp,DLp) = a’p’ (Lp)' + epr—;(P)

and - denotes the standard product in S%1.
As mentioned in the introduction a key difference with respect to the proof in [18] is
presented in the following Lemma.



8 G. Catino et al. / Journal of Functional Analysis 291 (2026) 111538

Lemma 2.1. Let u be a positive solution of (1.6) and p € C3 ((07+oo) X Sd_l) given by
(2.5), then

2(n —1)2

LD =
P n—2

pl ot g|Dp|2p*1 in (0, +00) x S, (2.7)

and

1 1
p! "k[p] = D; <2p1"Di|Dp|2 - nplnﬁpDip> in (0,400) x 471, (2.8)

Proof. We start by proving (2.7). From the definition of p (2.5) and the definition of £
(2.4) we have

2n(n —1)a? _20-1, 5 2(n—1) _ a 2n(n —1) _20-1 [Vowl|?
Lp=—"r—‘ n—2 R —a n—2 [ A n—2
P (n—2)2 (w’) n—2 " W (n—2)2w r2
2n(n—1) _20-0 ( o, ,4  |Vewl|? 2(n—1) _=
[ S — n—2 n—2
(n—2)2w (a (W)™ + 2 to

where we used (2.2). From (2.5) we immediately see that

2(n—1) 2 2(n— 2

e
moreover,
27271(” - l)w_Z(::;) (w')? = azﬁrfl|p/|2
(n—2)2 2
and

2n(n — 1)w*2(n:21) [Vew|* _n__;[Vep|?
(n—2)2 r2 2 r2

Summing up, we get

n _ V9p2 2n—12 _
[,p: —p 1 oz2|p'|2—|-‘ 2| T ( ) p 1,
2 r n—2

and (2.7) follows immediately. Regarding (2.8) we compute

1, 1, 1-n _, 1,
D; <5p1 Dz-lelzfﬁp1 EpDz-p> =—5—p "(Dp,D[Dp[*) + ;p'"L|Dp|*

1-n _, 1 ..,
=P Lp|Dp|* — 5101 (DLp,Dp)

i (Lp) (2.9)
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From (2.7) we have

9 2
D|Dp|* = ~LpDp + —pDLp,

hence

1—n
2

. 1-n _, 1-n ,_,
p "(Dp,D|Dp|?) = —p LpDp|* + Tpl (Dp,DLp) . (2.10)

By using (2.10) in (2.9) we obtain

]. —-n ]- —n ]- —n —n
D; <§p1 D;i[Dp|* - —p' EpDip> = 5P "LDp|* — p'"(DLp, Dp)
1 - 2
_ Zpl-n(p
P " (Lp)",
and (2.8) follows immediately from the definition of k in (2.6). O
2.2. Integral estimates
From the differential identity obtained in Lemma 2.1 we deduce several integral esti-
mates which will be used in the proofs of our main results. The first one is substantially

contained in [18, Section 5].

Proposition 2.2. Assume n > d > 2 and let p € C? ((O7 00) X Sd_l). Then

p'"k[p|n® du >

(0,400)xSd—1
2
n—1 4 1—n| 1 p/ AGP s
P 2P sy
( n >a(0 )/Sdlp P r o?(n—1)r? an
,400) X -
a1 Vop |? s
+ 20[2 pl ﬁ vepl _ rp 7] d,UJ
(0,400) xSd—1
d—1 1 .
+(n—2) (n_l —a? P " IVepln du, (2.11)
(0,400)xSd—1

for every positive n = n(r) € C*(0,400) and for every s > 0. In particular, if (1.9) is

in force we have

p' "k[p]n*du > 0. (2.12)

(0,+00) xSd—1
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Moreover, if (1.9) is in force we have
p' "k[pldu=0 <<= u(z)=U(z), (2.13)
(0,400) xSd—1
where u is related to p via (2.5)-(2.1), and U is given by (1.7), up to scaling.

Proof. Let d > 3. From [18, Lemma 5.1] we have

n—1 p’ Agp 2 1 Vop S|
k — N T 202 — ’_ ~ keaa—
o= ()t o = 2o B e v - T2 Lol
(2.14)
where
1 1
ksa-1[p] := §A9|V910|2 —Vop Volop — —— (Agp)* — (n — 2)a*|Vop|*.
Moreover, from [18, Lemma 5.2], one has
—-n d—1 —n 1 s
[ v selplan= -2 (S5 -} [ e LiwanPras. (29
Sd-1 §d-1

Let n = n(r) € C(0,00) be positive and let s > 0. Multiplying (2.14) by n® and
integrating on (0, 00), by using (2.15) we get (2.11). In particular (2.12) immediately
follows if (1.9) holds. The rigidity in (2.13) is a consequence of [18, Corollary 5.5].

The case d = 2 can be proved with a similar argument, using [18, Lemma 5.3] instead
of [18, Lemma 5.1]. O

The following key integral estimate will be used in the proofs of Theorems 1.1, 1.2
and 1.5.

Lemma 2.3. Assume n > d > 2 and that (1.9) holds. Let p € C? ((0,00) x S71) then

0< / p' "k[pln*dp < C / p'"Dp I [* dp,
(0,+00) xSt (0,400) xSd—1

for every s > 2 and n = n(r) € C°(0,+00) positive, for some C > 0.

Proof. The first inequality is the one in (2.12). Regarding the second inequality, from
Lemma 2.1 we have

—n S 1 —n 1 —n S
/ P "k[p]n® du = / D; <§p1 D;|Dp|* — Epl EpDip) n®dp.
(0,400) xSd—1 (0,00) x Sd—1



G. Catino et al. / Journal of Functional Analysis 291 (2026) 111538 11
Since n = n(r), integrating by parts we obtain

_ ! 1 -
p' "k[p|n®du = —s / p" [§(|DP|2)/—E£PP/ n'n*tdu.

(0,+00) xS4-1 (0,400) x§d-1
(2.16)
From (2.4) we have
1 1 1 a? a?(n—1)(p')? 1A
2 (Dpl2Y — Zrpp’ = —(IDpl2Y — & p'p’ — 4 r 217
5(Dp[Y) = —Lpp’ = Z(IDp[)’ — —p"p - e P (217)

Moreover, since

\V4 2
Dl = a?p'? + 62p| :
T
then
1 1 IVop|? ' 1 1
§(|DP|2)/ =35 (‘3¢2|I)/|2 Ttz ) = o’p’'p’ + ijep/ -Vop — ﬁ|vep|2 :

Therefore (2.17) reads as

1 1 a?(n—1) p’ App
(IDpl?) = ZfLpp =——" T (pl T T |y
2(| pl) n-PP n (p r a?(n—1)r2 P

1 \4 Y%
+; (Vgp'— 9P). op

r r

In addition, from Young and Cauchy-Schwarz inequalities we have

1 1 _
SDBRY = Lo 1
2 2
p’ Agp o1 Vop
< 4|10 ¥ s — |V /Y orE s
L r a?(n—1)r? e 72 op r
|Vop _
4 067(1 ( 2( 1)2 + TQ | /|2 s—2
’ 2 2
a4l P Agp s 2 1 , Vop s
p— _— —_— —_— V — c—
@ P r a?(n—1)r? e 72 oP r "

+ Ce.o|DP* |0 [Pn° 2,

for all € > 0 and for some C¢ o > 0.
Summing up, from (2.11) and (2.16), choosing € = £(n, s) small enough we have

/ p' "k[pln®du < C / p' "|Dp*|n|* dus,
(0,400)xSd—1 (0,400) xSd—1
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for every s > 2 and for some C' > 0. 0O
2.8. A pointwise lower bound for L-superharmonic function

The following general pointwise lower bound will be used in the proofs of Theorems 1.2
and 1.5. This is a classical result, for the sake of completeness we include its proof.

Lemma 2.4. With the notation introduced in Subsection 2.1 let f = f(r,0) €
C?((0,+00) x S971) be a positive L-superharmonic function, i.e.

Lf<0 in (0, +o0c0) x S41
f>0,

where L is given by (2.4). Then there exist positive constants p, A > 0 such that

A

—  on (p,+00) X sé-t,

f(r,0) =

n
Proof. Let p > 0 be such that Lf < 0in (p,+oc) x S9! and define
v(r,8) = f(r,0) — M%, for (r,0) € (p, +o00) x S
where A := p" "2 min(, 4 )xsi-1 f > 0. Then v > 0 in (p,400) x S* ! and
Lv <0 in (p,400) x S¢!
since
Lrr " =a?2-n)(1—n)r " +a*(n—1)(2—n)r " =0.
In addition, from the fact that liminf, o v(r,0) > 0, if inf(, | ) sa-1v < 0, then
v attains its negative absolute minimum at a point in (p,o0) x S?~!. By the strong

maximum principle, then v must be constant and negative on its domain, a contradiction.
Thus v > 0 in (p, +00) x S?~! and the conclusion follows. O

2.4. A weak energy estimate

The following weak energy estimate will be used in the proof of Theorem 1.2.

Lemma 2.5. Let u be a positive solution of (1.6) and let w, given by (2.1), a solution of
(2.2). Then, for every t < —1, there exists C' > 0 such that
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wPtt dp + / w'|Dw|? du < CRP

(0,R)xSd—1 (0,R)xSd—1
where
5 222y if t>—2
=214t ift<-2.

Proof. Let ¢t < —1, s > max{2, %}, R > 0 and choose a standard smooth cut-off
function n = n(r) with

n=1in[0,R], n=0 in[2R,4o0), and |1f|< % in [R,2R]

for some C' > 0. Multiplying equation (2.2) by w!*n® and integrating by parts we obtain

/ wP Ty dp = — / wittLwn® du
(0,400)xSd—1 (0,400)xSd—1
=(1+1) / w'|Dw|*y® du
(0,400) xSd—1
+s / w' T (Dw, Dy)n*du.
(0,400) xSd—1

By Cauchy-Schwarz and Young inequalities, we get
w1+t<Dw, D?’]>’I’]S_1 S E’LUt|D’lU|27’]s + C€w2+t|Dn|2ns—2 ;

for every € > 0 and for some C. > 0. Since t < —1 and s > 2, choosing € > 0 small
enough, we obtain

/ wPTn® dp + / w|Dw|*n* du < C / w*T Dy Py 2 du.
(0,400) xSd—1 (0,400) xSd—1 (0,400) xSd—1
(2.18)
We have to consider the two cases: —2 <t < —1 and t < —2.

If -2 <t < —1, then g—ii > 1 and, by the generalized Young inequality, we have

2(pt+t) o 2(pt+t)

W Dn*n*? < ewPtin® 4+ Co|Dp| v n® T e2

for every € > 0 and for some C. > 0. Therefore, since s > %, choosing € > 0 small
enough, we get
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2(p+0)
/ wPt dy + / w|Dw|? du <C / |Dn| = du
(0,R)xSd—1 (0,R)xSd—1 (R,2R)xSd—1
<CR 5
—CR "7,

where we used (2.3).
If ¢t < —2, we use the lower bound in Lemma 2.4 with f = w, in (2.18) to obtain

/ wPtt dp + / w![Dw|? dp <CR~(M=2) 2+t / |Dn|? du
(0,R)xSd—1 (0,R)xSd—1 (R,2R)xSd—1

SCRf(n72)(2+t)72+n

<CR~(n=2)(1+t) ’
and in both cases the claim follows. O
3. Proofs of the results

Before presenting the proofs of our main results, we observe that any (positive) solu-
tion u of (1.6) satisfies

u € C*(R\ {0}) N Lis,(RY),
this implies that both w, given by (2.1), and p, given by (2.5), satisfy
w,p € C((0,+00) x ST™1) N L ([0, 400) x S,

Moreover, if u € D%*(R9) then

=
W=

|lwPdu| < +oo and / Dw|>du | < +oo. (3.1)

(0,4-00) xSd—1 (0,4-00) xSd—1

3.1. Proof of Theorem 1.1

Assume that n < 4, then from Lemma 2.3 we have
0< / p' "k[p]ndp < C / p' " [Dp|?['[* dp (3.2)
(0,+00)xSd=1 (0,4-00)xSd—1

for every s > 2, n = n(r) € C(0,4+00), for some C > 0. Let R > 0, we choose a
standard smooth cut-off function n = n(r) with
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n=1in[0,R], n=0 in[2R,+c), and |n|< % in [R,2R]

for some C > 0. To control the right-hand side of (3.2) we integrate by parts to obtain

—n S 1 —n S
/ p' " |Dp|*n" dp =5 — / (D(p*™"), Dp)n® du
(0,400)xSd—1 (0,400)xSd—1

= / P’ "Lpn®dp
(0,400) xSd—1

S —n S—
+ / P’ " (Dp, Dn)n*~ ' dp
n—2

(0,+00)xSd—1

n— 2
2(51 - 21))2 / plin’f]sd,u

(0,400)xSd-1

n

1-n 2. s
+ — D
2(n—2) / pIDpl
(0,400)xSe—1

S -n s—
+ / p> "(Dp, Dn)n* " dp,
n—2

(0,-4-00) x Sd-1
where we used (2.7). Hence
4—n - 5 2(n —1)2 -
"D Sdy = — npsd
=2 p "|Dp|"n° du ICEE P "n’du
(0,400) xSd1 (0,400) xSd1
s 2—n s—1
— Dp,D du .
— p~ "(Dp,Dn)n* " du

(0,+00)xSd—1

From Cauchy-Schwarz and Young inequalities we get

S

——p* "(Dp, Dn)n”~! < p*"[Dp|[Dyln” " < ep'"Dp[*n* + Cop® " Dnf*n* 7,

for every € > 0 and for some C. > 0. Therefore, since n < 4, we can choose € > 0 small
enough to obtain
1-n 2,8 1-n,s
p"Dp[n’du < —Cy / p "n°du
(0,400) xSd—1 (0,+00) xSd—1

+Cy / p* " [Dnf*n* " dpe,

(0,+00) xSd—1
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for some C7,Cy > 0. Let s > n — 1. By the generalized Young inequality, we have
p* " [Dy*y* 7 < ep' "+ Ce|Dp|" T

for every € > 0 and for some C.; > 0. Choosing again £ > 0 small enough, we get

p' "|Dp|*n® du <C / IDp|* ' p* " dp

(0,400) xSd—1 (0,400) xSd—1

2R
gCRHL/ / r" Y dr do

R Sa-1

<CR.

In particular, for every R > 0
p'"[Dp[*dp < CR
(0,R)xSd~1
for some C > 0. From (3.2), we deduce
0< / p'"k[p]du = / p'"k[py® du
(0,2R)xS4-1 (0,400) xSd—1

<cr? [ piDpfdu

(0,2R) xSd—1

<CR7'.

Taking the limit as R — oo we get

p' "k[p]du = 0.
(0,4-00) x Sd—1

From Proposition 2.2 we obtain

up to scaling, where U is given by (1.7) and the conclusion of Theorem 1.1 follows.
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3.2. Proof of Theorem 1.2

Let n > 4 and assume

n—2)(n—-=6
u(z) < Clz|7®  for some o < —% ,
outside a compact set. Equivalently, for » > p > 0,
w(r,0) < Cr° for some o < —% . (3.3)
From Lemma 2.3 we have
o< [ ptrkplrdesc [ pUUDRPRPA ()
(0,4-00) xSd—1 (0,400) xSd—1

for every s > 2, n = n(r) € C°(0,+00), for some C > 0. Let R > 0, we choose again a
standard smooth cut-off function n = n(r) with

n=1in[0,R], n=0 in[2R,+c), and |1|< % in [R,2R]

for some C' > 0. Therefore

0< / p!"k[p]dy < CR™2 / w_$|Dw|2 du
(0,2R) xSd—1 (R,2R)xSd—1

n—4
n—2

Let v >
with

. To control the right-hand side we use the integral estimates in Lemma 2.5

2
t=———7—v7< -1
n
which yields

R™2 / w_£|Dw|2d,u <R™? sup  w” / w_ﬁ_7|Dw|2d,u

B (R,2R)xSd—1 B
(R,2R)xSd—1 (R,2R)xSd—1
<CRP? sup w? . (3.5)
(R,2R)xSd—1
If Z—:g < v < 2(711:23), i.e. t > —2, then the exponent [ given in Lemma 2.5 is

8 = —%tzl—i—"T_z'yand

R72 / wo e |Dw|2 dp < CR-F 5 +ov

(R,2R)xSd—1
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2(n—3)

Choosing Z:g <y < =, =~ sufficiently close to Z:g

negative, so the left-hand side tends to zero as R — oo. Using (3.4), we get

we have that the exponent of R is

p' "k[p] du = 0.
(0,4-00) x Sd—1

From Proposition 2.2 we obtain

up to scaling, where U is given by (1.7) and the conclusion of Theorem 1.2 follows.

Remark 3.1. It is easy to see that, choosing v > % in (3.5), one can obtain similar
but worst estimates.

3.3. Proof of Corollaries 1.3 and 1./

If n < 4 the results follows immediately from Theorem 1.1. If n > 4, we apply
Theorem 1.2 with

.__d—2—2a<_(n—2)(n—6) _ d—2-2a 1 2
o= 2 on—4) 2 n—4

or

to prove Corollaries 1.3 and 1.4, respectively.
3.4. Proof of Theorem 1.5

From Lemma 2.3 we have

0< / p' "k[pln*du < C / p' "Dp ' |* du (3.6)

(0,400)xSd—1 (0,+00)xSd—1

for every s > 2, n = n(r) € C°(0,+00), for some C > 0. Let R > 0, we choose again a
standard smooth cut-off function n = n(r) with

n=1in[0,R], 1n=0 in[2R,+o), and |1|< % in [R,2R]

for some C' > 0. To control the right-hand side of (3.6) we use the lower bound in
Lemma 2.4 with f = w which yields
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A

Tn72

w(r,0) > for all (r,0) € (p, +00) x S471,

for some p > 0 and A > 0. Thus, from the definition of p in (2.5), we deduce

p'"|Dp[*|n|* dp <CR™? / p'~"|Dp[* du
(0,+00)xSd—1 (R,2R)xSd~-1
=C'R™2 / w722 Dw|? dy
(R,2R)xSd-1

<C / |Dw|* du .

(R,2R)xSd—1

Since u € D**(R4), then from (3.1) we have

|Dw|* dp < +oc.

(0,+00)xSd—1

Therefore, taking the limit R — oo and using (3.6), we get

/ p'"k[p] du = 0.
(0,400)xSd—1

From Proposition 2.2 we obtain

up to scaling, where I is given by (1.7) and the conclusion of Theorem 1.5 follows.
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