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 a b s t r a c t

In this paper, we present a new paradigm to construct an optimal map of a multi-parametric quadratic 
or linear program, based on random sampling. Probabilistic guarantees for coverage of the region 
over which the map is constructed are provided in terms of user-defined coverage and confidence 
parameters. Extensive simulations show that the proposed Multi-Parametric Randomized algorithm 
(MPR) outperforms state-of-the-art competitors.

© 2026 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND 
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
Notation. We denote with R the set of real numbers. Given a 
matrix M ∈ Rnr ,nc  with nr  rows and nc columns we denote its 
transpose as M⊤. For a symmetric matrix M = M⊤, M ⪰ 0
denotes that M is positive semi-definite. For a vector v, ∥v∥
denotes its Euclidean norm. All inequalities between vectors or 
between a vector and a scalar are intended component-wise. 
Given a probability space (Σ,F,P), we denote with P(E) the 
probability measure of the event E ∈ F . For a set S ⊂ Rn, vol(S)
denotes its n-dimensional volume.

1. Introduction

We consider the following multi-parametric Quadratic Pro-
gram (mpQP)

min
z

1
2 z
⊤Qz + (Fϑ + c)⊤z (Pϑ )

s.t: Gz ≤ b+ Sϑ
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where z ∈ Rnz  is the vector containing the decision variables, 
ϑ ∈ Rnϑ  is the vector containing the parameters, 0 ⪯ Q =
Q⊤ ∈ Rnz ,nz , F ∈ Rnz ,nϑ , and c ∈ Rnz  define the cost function, 
and G ∈ Rnc ,nz , b ∈ Rnc , and S ∈ Rnc ,nϑ  define the nc constraints. 
Note that (Pϑ ) encompasses a multi-parametric Linear Program 
(mpLP) as a special case when Q = 0.

We will work under the standing assumption that the set 
Θf ⊆ Rnϑ  of ϑ for which (Pϑ ) is feasible is full dimensional, 
which guarantees that problem (Pϑ ) admits an optimal map 
z⋆
: Θf → Rnz  given by a PieceWise Affine (PWA) function 

defined over Θf  and taking values in Rnz , i.e., 

z⋆(ϑ) = Kiϑ + hi, ϑ ∈ Θi, i = 1, . . . , nr , (1)

where the collection {Θi}
nr
i=1 is a polyhedral partition of Θf , which 

is also polyhedral, Jones and Morrari (2006). Each element Θi
of the polyhedral partition is called critical region and is asso-
ciated with a specific combination of active constraints (those 
satisfied with equality by z⋆(ϑ)) that remains active for all ϑ ∈
Θi, Bemporad, Morari et al. (2002).

Problems of the form (Pϑ ) arise in various contexts, including 
Model Predictive Control (MPC) for discrete-time linear systems. 
In MPC (see, e.g., Mayne (2014) and Morari and H. Lee (1999)), 
the control action to be applied at each time instant is com-
puted by solving a finite-horizon optimal control problem with 
a cost function which is typically quadratic in the future state 
and control input and subject to linear constraints on the input 
and the state. By unrolling the system dynamics over the given 
horizon, one can express the state evolution as a function of 
the input sequence and the initial state. In this scenario, the 
input sequence is the decision vector, while the initial state 
can be regarded as a parameter, which is given by the system 
rticle under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-
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and influences cost and constraint of the finite-horizon optimal 
control problem. According to the receding horizon strategy, once 
an optimal input sequence is obtained, only the first input in 
the sequence is applied, then the finite-horizon optimal control 
problem is solved again starting from the new state to determine 
the next input, and the same procedure is repeated at every time 
step. This results in a state feedback control law, which can thus 
counteract modeling errors and disturbances, while accounting 
for constraints on both input and state variables.

Under this scheme, it would be very appealing to precompute 
the optimal map between any state and the corresponding op-
timal input to be applied at that state, to avoid having to solve 
an optimization problem at each time step (explicit MPC, Alessio 
and Bemporad (2009) and Bemporad, Borrelli et al. (2002)), which 
may be even infeasible in certain real-time applications or in case 
limited computation power is available. This is, in fact, possible 
since in standard MPC problems, the system’s state (ϑ in (Pϑ )) 
evolves within a full-dimensional region of the state space, de-
spite input and state constraints. Thus the standing assumption 
on the feasibility region Θf  is naturally satisfied, which ensures 
the existence of an optimal PWA map z⋆ in (1). Therefore, one 
only needs to measure the current state, determine its posi-
tion within the polyhedral regions (point location problem), and 
evaluate the corresponding affine function.

Note that, although our driving motivation for studying prob-
lem (Pϑ ) is the relationship between multi-parametric program-
ming and explicit MPC, in this work we are not concerned with 
stability of the resulting MPC feedback scheme nor with any 
tweak that exploits the peculiarity of the MPC application. Our 
focus here is on the construction of an optimal map for a generic 
multi-parametric quadratic program, not necessarily associated 
to an MPC problem.

Several approaches have been proposed regarding efficient 
computation of an optimal map, see, e.g., Ahmadi-Moshkenani 
et al. (2018, 2016), Baotić (2002), Bemporad, Morari et al. (2002), 
Feller and Johansen (2013), Feller et al. (2013), Gupta et al. (2011), 
Herceg et al. (2015), Jones and Morrari (2006), Oberdieck et al. 
(2017), Spjøtvold et al. (2006) and Tøndel et al. (2003), and 
they can be divided into two main categories based on the way 
they explore the parameter space to construct an optimal map: 
geometric approaches and enumerative approaches.
Geometric approaches. The general idea behind a geometric ap-
proach is to perform the parameter space exploration starting 
from a suitably computed initial critical region, and then de-
termine the remaining regions according to some exploration 
strategy.

This kind of approach has been originally proposed in Bempo-
rad, Morari et al. (2002). Given a domain of exploration, the initial 
critical region is computed according to a two-steps procedure: 
in the first step, a feasible parameter is obtained by solving an LP 
and in the second step the active set of the optimal solution at 
the feasible parameter is retrieved by solving a QP. Exploration 
of the remaining parameter space proceeds recursively, taking 
as sub-domains of exploration the multiple polyhedral subsets 
composing the complement of the initial critical region. This 
approach works for a general mpQP but it has the drawback of 
introducing artificial cuts in the parameter space which do not 
necessarily match the polyhedral partition associated with the 
mpQP solution. Post-processing is then needed in order to merge 
those critical regions that are split into multiple sub-domains.

To overcome this issue, further methods were introduced to 
explore the parameter space more efficiently, Baotić (2002) and 
Tøndel et al. (2003). The idea is to obtain the active set of adjacent 
critical regions either by stepping outside a facet of the current 
region, Baotić (2002), or by directly inferring their active set from 
the kind of considered facets, Tøndel et al. (2003). Both methods 
2

rely however on the assumption that adjacent critical regions 
share a common facet, Tøndel et al. (2003). This property, called 
facet-to-facet property, does not hold for every mpQP partition, 
but whenever this property is violated, one can still resort to the 
method in Bemporad, Morari et al. (2002) in a reduced parameter 
space, Spjøtvold et al. (2006).

The method in Baotić (2002) is implemented in the Multi-
Parametric Toolbox 2.0 (MPT2), Kvasnica et al. (2004), and a 
numerically more robust extended version based on reformula-
tion of the mpQP as a parametric Linear Complementary Problem 
(pLCP) has been proposed in Jones and Morrari (2006) and im-
plemented in the Multi-Parametric Toolbox 3.0 (MPT3), Herceg 
et al. (2013). The method in Tøndel et al. (2003), instead, has been 
implemented in the Hybrid Toolbox (HT), Bemporad (2004).

In general, as the dimensionality of the parameter space in-
creases, geometric computations (e.g., computing the center of a 
lower-dimensional facet, Herceg et al. (2015)) become numeri-
cally sensitive, making these algorithms slower and less reliable.
Enumerative approaches. To overcome the need for a parameter 
space exploration step, the so called enumeration-based methods 
have been introduced, starting from the pioneer work of Gupta 
et al. (2011). These methods exploit the premise that correspond-
ing to each parameter at which the quadratic program is feasible 
and some constraint qualification conditions hold, there exists a 
unique set of constraints which are active at the optimal solution. 
Thus, the enumeration of all possible sets of active constraints 
leads implicitly to the full exploration of the parameter space.

In Gupta et al. (2011), active sets are organized in a com-
binatorial tree, and each candidate is tested for optimality by 
solving an LP. This either results in a feasible solution, indicating 
a unique critical region where the active set is optimal, or an 
infeasible solution. In the case of infeasibility, this information 
can be used to prune (via another LP) other candidate sets, thus 
reducing the exploration. A computational analysis and compar-
ison with the geometric method in Baotić (2002) is presented 
in Feller and Johansen (2013). The method in Gupta et al. (2011), 
proposed for strictly convex mpQPs only, has been extended to 
other problem classes. Specifically, Herceg et al. (2015) extends 
the approach to pLCPs, thus rendering it applicable to both linear 
and quadratic parametric programs. Also, various pruning and 
exploration strategies have been proposed to further enhance 
the method in Gupta et al. (2011). In Feller et al. (2013) the 
infeasibility of a candidate active set is tested by inspecting the 
vertices of a suitably defined polyhedron, which however grows 
exponentially with the number of constraints, parameters, and 
decision variables. In both Feller et al. (2013) and Gupta et al. 
(2011), feasible but non-optimal combinations of active con-
straints are never pruned. To address this, Ahmadi-Moshkenani 
et al. (2016) proposed exploring only those sets that are known 
to be potentially optimal. However, in case of degeneracy, still a 
geometric-based post-processing has to be invoked. Such a post-
processing is instead not needed in Ahmadi-Moshkenani et al. 
(2018), where a method for handling degeneracy is introduced. 
This approach categorizes the different types of degeneracy that 
may occur on common facets and addresses each one specif-
ically. However, it requires tracking all detected instances of 
degeneracy and, depending on the type, exploring all subsets or 
supersets of active constraints accordingly. In Gupta et al. (2011) 
and Mitze and Mönnigmann (2020) has been recently combined 
with dynamic programming techniques to reduce the number of 
candidate active sets that need to be evaluated for feasibility and 
optimality, but the approach is tailored to those mpQPs arising 
from finite-horizon optimal control problems.

The methods in Gupta et al. (2011) and Herceg et al. (2015) are 
both implemented in the Multi-Parametric Toolbox 3.0 (MPT3),
Herceg et al. (2013).
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A general drawback of enumerative approaches, even with 
effective pruning criteria, is that the number of possible combina-
tions of active constraints grows exponentially with the number 
of constraints, so that exploring the tree becomes intensive.

It is also worth mentioning that, in Oberdieck et al. (2017), 
a connected graph approach for solving mpQPs combining ge-
ometric and combinatorial methods has been introduced. This 
approach, like Tøndel et al. (2003), identifies facet types of full-
dimensional critical regions to infer active sets, which form nodes 
in the connected graph. The graph is then explored using the 
fathoming criterion from Gupta et al. (2011). However, identify-
ing facet types remains challenging, particularly for mpQPs with 
many parameters.

Lastly, there are methods designed to reduce memory usage or 
simplify the online evaluation of the computed optimal piecewise 
map. A first category of methods minimizes complexity by reduc-
ing the number of polyhedral regions, for example eliminating 
those ones where the PWA function saturates (Kvasnica & Fikar, 
2011). A second category focuses on efficient online evaluation 
of the precomputed PWA map, optimizing the search for the 
active region without explicitly storing the partition (Baotić et al., 
2008). A third one leverages specialized PWA representations to 
approximate the optimal control law, including lattice PWAs (Xu 
et al., 2024), canonical PWAs (Bemporad et al., 2011), and convex 
lifting (Nguyen et al., 2017).
Contribution and outline. In this paper, we present a new ex-
ploration paradigm based on randomized sampling to construct 
an optimal map of a multi-parametric quadratic program, which 
does not rely on geometric properties of the partition nor enu-
merates all possible active sets. The proposed procedure comes 
with probabilistic guarantees of coverage of the region where the 
user wants to compute the solution, except for a user-selected 
fraction. If such a fraction is chosen small enough compared to the 
size of the critical regions, then, 100% coverage is achieved, other-
wise we cannot guarantee full coverage. Differently from both ge-
ometric and enumerative approaches, the exploration process can 
be steered by the user and automatically prioritizes larger regions 
over smaller ones, resulting in broader coverage of the parameter 
space when there are constraints on runtime or on the maximum 
number of regions to be found. The proposed method compares 
favorably against state-of-the-art multi-parametric programming 
methods implemented in MPT3, both in computation time and 
parameter space coverage per number of regions.

The remainder of the paper is structured as follows. In Sec-
tion 2, we present the main idea behind the proposed randomized 
approach and we discuss its differences with respect to other 
approaches in more detail. In Section 3 we introduce a variant of 
the procedure which is computationally more convenient and in 
Section 4 we apply the proposed approach to two optimal control 
problems and a benchmark library of mpQP problems. Finally, 
Section 5 concludes the paper.

2. Multi-parametric randomized algorithm

We propose a novel Multi-Parametric Randomized algorithm 
(MPR) to construct an optimal map z⋆(ϑ) on a polyhedral col-
lection {Θi}

nr
i=1 over a user-provided set D ⊆ Rnϑ . The set D

should be chosen by the user based on the specific application 
and it should contain the portion of the feasibility set Θf  over 
which the user is interested in computing an optimal map. The 
proposed randomized procedure is summarized in Algorithm 1 
and described next.

The user has to provide a set D and a probability distribution 
P over the Borel space (D,B(D)), jointly with a positive integer N . 
The procedure starts with an empty collection C (cf. Step 1) which 
will be populated by triplets, each containing a polyhedral region 
3

MPR – Algorithm 1 
Input: (D,P), N
1: C← ∅
2: ns ← 0
3: while ns < N do 
4:  Sample a ϑ̄ from D according to P
5:  if ϑ̄ ∈ Θf ∧ ϑ̄ /∈

⋃
(Θ,K ,h)∈C Θ then 

6:  Compute critical region Θ around ϑ̄
7:  Compute affine map coefficients K  and h
8:  C← C ∪ (Θ, K , h)
9:  ns ← 0

10:  else
11:  ns ← ns + 1
12:  end if
13: end while
Output: C

and the corresponding affine map coefficients of the optimal map 
z⋆(ϑ) over that region. At each iteration, a parameter vector ϑ̄
is sampled from the user-provided set D according to the user-
provided probability distribution P (cf. Step 4). If Pϑ̄  is feasible 
(i.e., ϑ̄ ∈ Θf ) and the sample is not contained in any of the regions 
inside C (cf. Step 5), then the (new) critical region Θ around ϑ̄
is computed along with the coefficients K  and h of the optimal 
affine map1 over Θ (cf. Steps 6–7), and the triplet (Θ, K , h) is 
added to C (cf. Step 8). The procedure stops whenever more than 
N subsequent samples are found to either make (Pϑ ) infeasible or 
belong to some region within C. This is achieved via the counter 
ns which is initialized at zero (cf. Step 2), increased whenever a 
sample belongs to an already explored region in C or makes (Pϑ ) 
infeasible (cf. Step 11), and reset to zero whenever a sample used 
to construct a new region is found (cf. Step 9).

Intuitively, if N is large, then the probability of extracting a 
new sample from D (according to P) for which (Pϑ ) is feasible but 
does not belong to any region in C is expected to be low. However, 
this statement cannot be deterministic given the randomized 
nature of the algorithm. One can in fact be very unlucky and, 
for example, extract N samples that are within the same region 
in C thus halting the algorithm when yet the probability of the 
uncovered feasible area in D is high. However, this will happen 
with a low probability if N is large. The next theorem (whose 
proof is deferred to Appendix  A) formalizes this intuition.

Theorem 1.  Select a coverage parameter ε ∈ (0, 1) and a confi-
dence parameter β ∈ (0, 1). Let N in Algorithm 1 satisfy 

N ≥
logβ − log nr

log(1− ε)
. (2)

Then, with confidence at least 1− β , it holds that 

P({ϑ ∈ D : ϑ ∈ Θf \ΘC}) ≤ ε, (3)

where ΘC =
⋃

(Θ,K ,h)∈C Θ is the union of the regions within the 
collection C returned by Algorithm 1. □

Remark 1. It is worth noticing that one could alternatively fix N
in Algorithm 1 and derive the probabilistic coverage guarantees 
associated to a given confidence level 1 − β by making the 

1 Computing the critical region and the map coefficients is standard, see, 
e.g., Pistikopoulos et al. (2020, Chapters 2 and 3).
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inequality in (2) explicit with respect to ε, thus getting 

ε ≤ 1− N

√
β

nr
. (4)

Not surprisingly, as N grows to infinity, the coverage level 1− ε

of Θf ∩ D tends to one. □

The next corollary is an immediate consequence of Theorem  1 
and has an interesting practical implication.

Corollary 1. Select ε ∈ (0, 1), β ∈ (0, 1) and let N be chosen accord-
ing to Theorem  1. Then, if P is the uniform probability distribution 
over D, with confidence at least 1− β , it holds that 
vol((Θf \ΘC) ∩ D)

vol(D)
≤ ε, (5)

where ΘC =
⋃

(Θ,K ,h)∈C Θ is the union of the regions within the 
collection C returned by Algorithm 1. □

Corollary  1 implies that if we draw many samples from D
uniformly at random and each of them either renders (Pϑ ) in-
feasible or falls within one of the explored regions in C, then 
we have covered (almost) every part of D. Furthermore, if D is 
a box (i.e., D = {ϑ ∈ Rnϑ : ϑℓ ≤ ϑ ≤ ϑu}), then its volume 
is very easy to compute and the user can easily tune via ε the 
volume of the region Θf \ ΘC within D left unexplored. If N
is chosen large enough so that the corresponding ε is smaller 
than the volume of the smallest region relative to D (or if ε is 
directly selected this way), then, with probability 1−β the entire 
Θf ∩ D will be explored. Given the nice interpretation provided 
by Corollary  1, we advise to choose P as the uniform probability 
distribution over D, whenever possible. Note also that if D is a box 
and P is uniform, then, drawing an nϑ  dimensional sample from 
D is simple since it reduces to drawing nϑ  scalar samples from 
the edges of the box, according to a uniform distribution. If the 
uniform distribution choice is not possible, e.g., because the set D
is unbounded, then we advise to choose a P with more probability 
mass in those parts of the parameter space where the user wants 
a better coverage, to steer the exploration towards those parts.

The number N ≥ logβ−log nr
log(1−ε)  of subsequent samples that enters 

the stopping criterion in Step 3 is a function of the coverage 
parameter ε, the confidence parameter β , and the number nr
of critical regions partitioning Θf . As for the dependence on ε, 
coverage is costly, since N grows with the inverse of ε given that 
for small ε log(1 − ε) ≃ −ε. Confidence is instead cheap since 
β appears under the logarithm and, hence, can be chosen very 
low, e.g., β = 10−6, without growing too much N while making 
the statement hold basically deterministically. In particular, if ε is 
(directly or as a result of selecting N) smaller than the measure 
according to P of any critical region in Θf ∩D and β is very low, 
then the entire Θf ∩D will be explored with practical certainty. As 
for nr , the reader should note that, according to Bemporad, Morari 
et al. (2002, Section 4.4), the number of regions of the solution 
of an mpQP is given by the number of optimal combinations of 
active constraints, which depends on the number of optimization 
variables, the number of constraints, and the dimension of the 
parameter space. If the problem is non-degenerate,2 then any 
optimal combination of active constraints is composed of at most 
nz constraints. Moreover, the number of optimal combinations of 
at most nz active constraints is clearly bounded by the number of 

2 Problem (Pϑ ) is said to be (primal) degenerate if it has more than nz active 
constraint at the optimal solution. For an extensive discussion on degeneracy 
see Pistikopoulos et al. (2020, Section 2 of Chapter 2).
4

MPR – Algorithm 2 
Input: (D,P), Ns

1: C← ∅
2: for j = 1, 2, . . . ,Ns do 
3:  Sample a ϑ̄ from D according to P
4:  if ϑ̄ ∈ Θf ∧ ϑ̄ /∈

⋃
(Θ,K ,h)∈C Θ then 

5:  Compute critical region Θ around ϑ̄
6:  Compute affine map coefficients K  and h
7:  C← C ∪ (Θ, K , h)
8:  end if
9: end for
Output: C

(not necessarily optimal) combinations of at most nz active con-
straints. Therefore, the number nr  of critical region partitioning 
Θf  must satisfy

nr ≤

nz∑
i=0

(
nc

i

)
≤ 2nc ,

where the first inequality is true when the problem is non-
degenerate and nz ≤ nc , while the second inequality is always 
true and gives a worst-case value for nr , which can always be 
used in (2) if no information on nr  is available. If, instead, the 
user has some prior knowledge (i.e., a bound) on nr , this can be 
directly used in (2) without affecting the guarantees.

2.1. MPR variant with a fixed number of samples

Suppose that we have some constraint on the total number 
of extractions from the set D, e.g., because we have a limited 
amount of time to compute the solution. We can then run the 
variant of MPR summarized in Algorithm 2, where the while loop 
starting at Step 3 of Algorithm 1 is replaced with a for loop cycling 
through the Ns available samples (cf. Step 2 of Algorithm 2), and 
the counter ns is discarded.

Proposition  1 (whose proof is presented in Appendix  B) pro-
vides guarantees on the optimal map obtained by using Algo-
rithm 2 in terms of coverage-confidence pair (ε, β). As expected, 
also in this case, if Ns tends to infinity, then the coverage level of 
Θf ∩ D tends to one.

Proposition 1.  Select a confidence parameter β ∈ (0, 1). Set N̄ =⌊ Ns
nr+1

⌋
, where Ns is the number of samples processed in Algorithm 2. 

Then, with confidence at least 1− β , it holds that 

P({ϑ ∈ D : ϑ ∈ Θf \ΘC}) ≤ ε ≤ 1− N̄

√
β

nr
, (6)

where ΘC =
⋃

(Θ,K ,h)∈C Θ is the union of the regions within the 
collection C returned by Algorithm 2. □

2.2. Comparison with other approaches

The proposed approach differs from the alternative ones in the 
literature with respect to the following three aspects: exploration 
strategy, covered region, and coverage guarantees.
Exploration strategy: In the proposed approach, the exploration 
of the critical regions is driven by the sampling process and, 
hence, depends on the selected probability distribution P over the 
Borel space on D. A region with a large probability is much more 
likely to be discovered at an earlier stage of the algorithm, so that 
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if the algorithm is prematurely stopped, the returned collection 
C will likely contain that region. The user can thus guide the 
exploration of D leveraging P. If P is the uniform distribution, 
then the probability measure of a region is directly proportional 
to its volume and the algorithm will favor the exploration of 
larger critical regions at earlier stages instead of smaller ones. If 
one wants a better coverage in certain regions, then, the proba-
bility mass should be concentrated on them. In contrast, existing 
algorithms are bound to an exploration strategy driven by some 
notion of vicinity: spatial closeness for geometric approaches and 
active set similarity for enumerative approaches, which require 
some computational effort.
Covered region: An advantage of the proposed approach is that 
the explored regions within C can extend also outside the user-
provided set D. This is unlike the geometric approaches, which 
clips all regions to D and use this information to determine when 
the algorithm can be terminated. However, in MPC, there are 
situations where D is heuristically selected by the user but the 
state of the dynamical system (ϑ in (Pϑ )) can accidentally evolve 
outside D while still being in Θf . In these cases, having an optimal 
map that extends outside D enables us to apply the optimal 
control input, whereas the optimal map returned by other ap-
proaches would be simply undefined outside D. This limitation 
is, of course, not critical and can be circumvented by suitably 
choosing a larger D, but in our case this is done automatically 
as a byproduct of the exploration strategy.
Coverage guarantees: As a downside, our approach does not de-
terministically guarantee that the collection of regions in C will 
cover all of Θf ∩D, whereas other approaches do. This drawback 
can be partly overcome by assuming a uniform distribution and 
setting the coverage parameter ε and the confidence parameter 
β small enough so as to guarantee full coverage with practical 
certainty, or by selecting a very large N (or Ns) so that Algorithm 1 
(or 2, respectively) would extract enough samples to practically 
cover the entire Θf ∩ D.

3. Checking infeasibility

Note that Step 5 in Algorithm 1 and Step 4 in Algorithm 2 
involve checking whether ϑ̄ ∈ Θf . This check is fairly easy if an 
hyperplane representation of the polyhedral set Θf  is available, 
and it can even be skipped if D is known to be contained in Θf . In 
all other cases, it amounts to verify if problem (Pϑ ) is feasible for 
ϑ = ϑ̄ , which can be computationally expensive, thus ultimately 
slowing down the entire procedure if the probability of drawing 
a sample outside Θf  is high.

Motivated by this observation, we next propose in Algorithm 3 
a variant of Algorithm 1. The same can be done for Algorithm 2, 
but to ease the presentation we discuss the variant of Algorithm 1 
first and then comment on how to obtain the corresponding 
variant of Algorithm 2 at the end of this section.

Algorithm 3 incorporates some additional steps with respect 
to Algorithm 1 to outer-approximate Θf  with a polyhedral set 
Θ̂f . The approximation gets tighter and tighter as the algorithm 
progresses and provides a sufficient condition for ϑ̄ /∈ Θf . The 
equivalence between Algorithm 1 and its variant in Algorithm 3 
is discussed next.

At the beginning, Θ̂f  is set equal to Rnϑ  (cf. Step 2), which 
clearly contains Θf . Then, at each iteration, whenever a point ϑ̄
is extracted from Θ̂f \Θf  the else clause is executed: its projection 
ϑ̂ onto the set Θf  is first computed (cf. Step 14) and then used to 
refine the approximation Θ̂f  via a separating hyperplane between 
ϑ̄ and Θf  (cf. Step 15). Computing ϑ̂ amounts to solving the 
optimization program 
ϑ̂ = ΠΘf (ϑ̄) = argmin 1

2∥ϑ − ϑ̄∥2, (7)

ϑ∈Θf

5

MPR – Algorithm 3 
Input: (D,P), N
1: C← ∅
2: Θ̂f ← Rnϑ

3: ns ← 0
4: while ns < N do 
5:  Sample a ϑ̄ from D according to P
6:  if ϑ̄ /∈ Θ̂f ∨ ϑ̄ ∈

⋃
(Θ,K ,h)∈C Θ then 

7:  ns ← ns + 1
8:  else if Pϑ̄  is feasible then 
9:  Compute critical region Θ around ϑ̄

10:  Compute affine map coefficients K  and h
11:  C← C ∪ (Θ, K , h)
12:  ns ← 0
13:  else
14:  ϑ̂ = ΠΘf (ϑ̄)
15:  Θ̂f ← Θ̂f ∩ {ϑ ∈ Rnϑ : (ϑ̄ − ϑ̂)⊤(ϑ − ϑ̂) ≤ 0}
16:  ns ← ns + 1
17:  end if
18: end while
Output: C, Θ̂f

where we can use the fact that 

Θf = {ϑ ∈ Rnϑ : ∃z ∈ Rnz : Gz ≤ b+ Sϑ} (8)

to equivalently implement Step 14 as

(ϑ̂, ẑ) ∈ argmin
ϑ,z

1
2∥ϑ − ϑ̄∥2 (9)

s.t: Gz ≤ b+ Sϑ,

where ẑ is an instrumental variable and can be discarded.3
To see that Steps 14–15 result in an outer-approximation it is 

sufficient to recall that, by the projection theorem (see, e.g., Bert-
sekas (2015, p. 471)), any triplet (ϑ̄, ϑ̂, ϑ) such that ϑ̄ /∈ Θf , 
ϑ̂ = ΠΘf (ϑ̄), and ϑ ∈ Θf , satisfy 

(ϑ̄ − ϑ̂)⊤(ϑ − ϑ̂) ≤ 0, (10)

that is precisely the inequality added to Θ̂f  and is satisfied by 
any ϑ ∈ Θf , implying Θf ⊆ Θ̂f  at each step. Moreover, 
since ϑ̄ /∈ Θf  and ϑ̂ ∈ Θf , we have ϑ̂ ̸= ϑ̄ , so that (ϑ̄ −
ϑ̂)⊤(ϑ̄ − ϑ̂) = ∥ϑ̄ − ϑ̂∥2 > 0, which shows that ϑ̄ vio-
lates constraint (10), and, hence, Step 15 strictly reduces Θ̂f , 
thus tightening the outer-approximation of Θf  every time it is 
executed.

Now that we have established that Θf ⊆ Θ̂f , it is also easy to 
show by induction that Algorithms 1 and 3 returns the same col-
lection C, which motivates why they have the same name. To ease 
the exposition let us recall the definition of ΘC =

⋃
(Θ,K ,h)∈C Θ to 

denote the union of the regions inside C. Algorithms 1 and 3 are 
clearly initialized with the same values of C and ns. Now let us 
assume that they have the same C and ns at the beginning of one 
iteration and assume also that they extract the same parameter 
value ϑ̄ . Since ΘC ⊆ Θf ⊆ Θ̂f , we have four cases:

3 Note that the inclusion is used in (9) because ẑ is not necessarily unique, 
whereas ϑ̂ is always unique due to strict convexity of the objective function 
with respect to ϑ .
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(i) if ϑ̄ ∈ ΘC , then the check in Step 5 in Algorithm 1 fails, the 
check in Step 6 in Algorithm 3 passes, and both algorithms 
increase ns by one;

(ii) if ϑ̄ ∈ Θf \ ΘC , then the check in Step 5 in Algorithm 1 
passes, the check in Step 6 in Algorithm 3 fails but the 
check in Step 8 in Algorithm 3 passes, and both algorithms 
compute the same new critical region, update C in the same 
way and both reset ns to zero;

(iii) if ϑ̄ ∈ Θ̂f \ Θf , then the check in Step 5 in Algorithm 1 
fails, the checks in Step 6 and Step 8 of Algorithm 3 both 
fails, and both algorithms increase ns by one (Algorithm 3 
updating Θ̂f  is irrelevant);

(iv) if ϑ̄ /∈ Θ̂f , then the check in Step 5 in Algorithm 1 fails, the 
check in Step 6 in Algorithm 3 passes, and both algorithms 
increase ns by one.

This means that at the beginning of the next iteration the two 
algorithms will have the same values of C and ns, which proves 
the equivalence in terms of collection C returned, if the sequence 
of parameter values extracted are the same. All comments made 
for Algorithm 1 thus remains valid also for Algorithm 3 and the 
previous discussion readily proves the following result.

Corollary 2. Select a coverage parameter ε ∈ (0, 1) and a confidence 
parameter β ∈ (0, 1). If 

N ≥
logβ − log nr

log(1− ε)
, (11)

then, with confidence at least 1− β , 

P({ϑ ∈ D : ϑ ∈ Θf \ΘC}) ≤ ε, (12)

and, if we further assume that P is the uniform probability distribu-
tion over D, then 
vol((Θf \ΘC) ∩ D)

vol(D)
≤ ε, (13)

where ΘC =
⋃

(Θ,K ,h)∈C Θ is the union of the regions within the 
collection C returned by Algorithm 3. □

As an additional comment we shall stress that while in those 
iterations in which ϑ̄ ∈ Θ̂f \ Θf , Algorithm 3 solves two op-
timization problems because it tries to solve Pϑ̄  in Step 8 first 
(which is however infeasible) and then it needs to solve (9) 
for the projection in Step 14, the computational benefits of be-
ing able to quickly discard samples outside Θ̂f  at a later stage 
vastly outweigh the computational cost of the (fewer) additional 
optimization problems.

The same approximation scheme can also be introduced in 
Algorithm 2, resulting in a variant of Algorithm 3 with a fixed 
number of samples. To obtain this new variant, it is sufficient 
to replace the condition of the while loop starting at step 4 of 
Algorithm 3 with a for loop cycling over the samples available for 
the computation of the optimal map, and to discard the counter 
ns together with the related steps.

Finally, we shall admit that the proposed approach requires 
performing a point location step for the parameter sample ϑ̄ at 
each iteration (cf. Step 5 of Algorithm 1 and Step 6 of Algo-
rithm 3), which becomes increasingly demanding as the num-
ber of regions in C grows. While this is partly alleviated in 
Algorithm 3, where samples outside Θ̂f  are quickly discarded, 
avoiding the point location step represents an interesting aspect 
for future improvement. We will see in the numerical example 
section that, despite the point location step, Algorithm 3 is almost 
always faster than the competitors.
6

4. Numerical tests

In this section we explore the performance of MPR on different 
examples. We first consider two mpQPs, resulting from finite-
horizon optimal control problems, the first with a simpler and 
the second with a more complex partition induced by their op-
timal state-input map, and, then, a benchmark with 100 mpQP 
problems.

In all tests, we ran the MPR Algorithm 3 in MATLAB R2019a 
and compared it against the pLCP method first introduced in Jones 
and Morrari (2006) and implemented as default solver in MPT3
(Herceg et al., 2013) for MATLAB. Both methods use CPLEX 12.9 
as a solver for the QPs. Simulations are carried out on a laptop 
with 16 GB of RAM and an i7-8565U CPU. MPT3 also implements 
the enumerative approaches in Gupta et al. (2011) and Herceg 
et al. (2015), but they exhibit inferior performance with respect to 
the default pLCP method used by MPT3 on the two finite-horizon 
optimal control problems we studied. Moreover, the MPT3 im-
plementation of Herceg et al. (2015) does not provide an option 
to stop the algorithm after constructing a certain number of 
regions, which is instead crucial in our benchmark analysis. We 
therefore decided to present their results on the two control-
based examples but not to compare against (Gupta et al., 2011; 
Herceg et al., 2015) in the benchmark test.

As for the MPR algorithm, we adopted a uniform probability 
distribution P over D in light of its ease of interpretation, we set 
ε = 10−3, β = 10−6, so as to cover at least 1 − ε = 99.9% of 
the volume of D with probability at least 1− β = 99.9999%, and 
we used 2nc  as upper bound on nr , so as to have a worst-case 
performance reference. Accordingly, we then set

N =
⌈
logβ − nc log 2

log(1− ε)

⌉
.

As for the MPT3 implementations of Gupta et al. (2011), Herceg 
et al. (2015) and Jones and Morrari (2006), we used the default 
parameters. From now on, we will refer to the MPT3 imple-
mentation of Jones and Morrari (2006) simply as MPT3 and the 
MPT3 implementation of Gupta et al. (2011) and Herceg et al. 
(2015) simply as Gupta et al. (2011) and Herceg et al. (2015), 
respectively.

All volume measurements reported are approximated using 
105 samples drawn uniformly over D. We do not specify D here 
because it is different for the different examples.

4.1. MPC control of a linear dynamical system – 1

Our first example is the MPC control of a single-input single-
output discrete-time double integrator dynamical system sub-
ject to input constraints. The example is taken from Falsone 
et al. (2023) and is a slightly modified version of Bemporad, 
Morari et al. (2002, Section 7.3), which we briefly recall here for 
completeness.

Let us consider the following discrete-time dynamical system 

xk+1 =
[
1 1
0 1

]
  

A

xk +
[
0
1

]


B

uk, (14)

with state xk ∈ R2 and input uk ∈ R, k being the discrete-time 
index. The control objective is to regulate the system to the origin 
of the state space subject to constraints on the actuation capabil-
ity uk ∈ [−1, 1] and constraints on the second state component 
x[2], which should lie within the interval [−1, 1]. To this end we 
k
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Fig. 1. Partition induced by the optimal map z⋆ associated with mpQP (15). MPR (left) and MPT3 (right). Colored areas represent different regions of the partition. 
Thick black lines denote the boundary of Θ̂f  (for MPR) or Θf ∩D (for MPT3). The dotted rectangle represents D. The blue circles represents the samples of ϑ used 
by MPR to construct the regions. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
formulate the following finite-horizon optimal control problem 
parametric in xk

min
{ut ,xt }t

k+T−1∑
t=k

xt+1⊤Hxt+1 + ut
⊤Rut (15)

s.t: xt+1 = Axt + But t = k, . . . , k+ T − 1
− 1 ≤ ut ≤ 1 t = k, . . . , k+ T − 1

− 1 ≤ x[2]t ≤ 1 t = k+ 1, . . . , k+ T ,

with H = diag([1 0]), R = 0.1, and T = 5 (set according 
to Bemporad, Morari et al. (2002)).

The problem can be easily reduced to the structure of (Pϑ ) 
using the dynamic equation (14) to express each xt as a function 
of xk and us, s = k, . . . , t−1, for each t = k, . . . , k+T . In particular 
z = [uk · · · uk+T−1]

⊤
∈ RT , ϑ = xk ∈ R2, and G, S, and b model 

the actuation constraints ut ∈ [−1, 1], t = k, . . . , k + T − 1 as 
well as the state constraints x[2]t ∈ [−1, 1], t = k+ 1, . . . , k+ T . 
We computed the optimal map of mpQP (15) over the box D =
[−5, 5] × [−3, 3] both with MPR and with MPT3. The results are 
reported in Fig.  1. In this example, both MPR and MPT3 returned 
a (complete) collection of 23 regions, covering all of Θf ∩D. MPR 
took 0.54 s while MPT3 took 1.66 s. As can be seen from Fig.  1 
the regions returned by MPR (left) extend beyond the boundaries 
of D (dotted rectangle), whereas those returned by MPT3 (right) 
are clipped to D.

Since MPR is a randomized algorithm, its performance may 
vary depending of the specific sequence of parameter values 
extracted. We thus also performed 100 runs of MPR varying the 
sequence of parameter values extracted while leaving all the rest 
unchanged. In all 100 runs MPR returned all 23 regions and took 
an average of 0.51 s with a standard deviation of 0.029 s.

As for the enumerative approaches, both Gupta et al. (2011) 
and Herceg et al. (2015) returned a collection of 29 regions (more 
than 23 because 6 of them are overlapping) after 22.5 and 13 s, 
respectively. Apart from the fact that they returned more regions 
than necessary, their running times are well above those of MPR 
and MPT3.

4.2. MPC control of a linear dynamical system – 2

The second control-oriented example is taken from Chen et al. 
(2018) and is presented next.
7

Let us consider the following discrete-time dynamical system

xk+1 =
[
1 0
α 1

]
  

A

xk +
[

α
1
2α

2

]
  

B

uk, (16)

with state xk ∈ R2 and input uk ∈ R, k being the discrete-
time index, and α = 0.1. The control objective is again to 
drive the system to the origin of the state space while satisfying 
constraints on the input uk ∈ [−2, 2] and constraints on the state 
xk ∈ [−1, 1] × [−6, 6]. To this end we formulate the following 
finite-horizon optimal control problem parametric in xk

min
{ut ,xt }t

k+T−1∑
t=k

xt+1⊤Hxt+1 + ut
⊤Rut (17)

s.t: xt+1 = Axt + But t = k, . . . , k+ T − 1
− 2 ≤ ut ≤ 2 t = k, . . . , k+ T − 1

− 1 ≤ x[1]t ≤ 1 t = k+ 1, . . . , k+ T ,

− 6 ≤ x[2]t ≤ 6 t = k+ 1, . . . , k+ T ,

with H = diag([1 1]), R = 1, and T = 10. Similarly to the 
previous example, one can easily show that (17) fits the structure 
of (Pϑ ). We computed the optimal map of mpQP (17) over the box 
D = [−1, 1] × [−6, 6] both with MPR and with MPT3.

In this example, over 100 runs, MPR returned 82 ± 2.64
regions after 2.38 ± 0.19 s (mean ± standard deviation) and 
MPT3 returned 109 regions after 6.31 s. Even if in this case MPR 
returned (on average) only 75% of the regions with respect to 
MPT3, the fraction of the volume of D left unexplored by MPR 
is vol((Θf \ ΘC) ∩ D)/vol(D) ≈ 2.65 · 10−5 ± 2.43 · 10−5, with a 
maximum of 1.1 · 10−4 over all runs, which is (way) less then 
the selected coverage parameter ε = 10−3, as guaranteed by 
Corollary  2. MPR thus covered almost all Θf ∩D in less than half 
the time required by MPT3.

As for the enumerative approaches, Gupta et al. (2011) took 
1 min to process the first 15 depth levels of the 64-level tree 
storing the active sets to be explored, while Herceg et al. (2015) 
took 1 min and 50 s to process the first 3 depth levels of the 
10-level tree storing the active sets to be explored. We stopped 
both Gupta et al. (2011) and Herceg et al. (2015) prematurely as 
their timings were already well above those of MPR and MPT3 
also for this example.

To show the different exploration strategy pursued by MPR 
and MPT3, we also ran the two algorithms, again for problem (17), 
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Fig. 2. Partition induced by the optimal map z⋆ associated with mpQP (17). MPR (left) and MPT3 (right). Colored areas represent different regions of the partition. 
Thick black lines denote the boundary of Θ̂f  (for MPR). The dotted rectangle represents D. The blue circles represents the samples of ϑ used by MPR to construct 
the regions. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
but with a limit of 50 as the maximum number of regions. Over 
100 runs MPR always returned 50 regions after 1.2 ± 0.06 s 
(mean ± standard deviation) and MPT3 returned 50 regions after 
4.07 s. The results of the first run are reported in Fig.  2. Clearly, 
in this case, MPR and MPT3 do not cover Θf ∩ D as they are 
both stopped prematurely. However, as can be seen from Fig.  2, 
the regions returned by MPR (left) extend beyond the boundaries 
of D and cover almost all Θf ∩ D with just a few gaps in 
the bottom-right corner, whereas the regions returned by MPT3 
(right) leave the upper-left and bottom-right corners almost com-
pletely uncovered. This is because there are many small regions 
in the bottom-left corner (not visible in the picture) that MPT3 is 
forced to explore while MPR skips in favor of bigger regions. This 
statement is also supported by the fraction of volume of D left 
unexplored:

MPR :
vol((Θf \ΘC) ∩ D)

vol(D)
≈ 4.1 · 10−3 ± 0.94 · 10−3,

MPT3 :
vol((Θf \ΘMPT3) ∩ D)

vol(D)
≈ 39.8 · 10−3,

where ΘMPT3 denotes the union of the regions returned by MPT3 
and we report mean ± standard deviation over the 100 runs 
for MPR, with MPR outperforming MPT3 by almost one order 
of magnitude in terms of coverage. In this case, the fraction of 
volume of D left unexplored by MPR is bigger than ε because it 
was stopped prematurely.

As for the enumerative approaches, Gupta et al. (2011) took 
1.5 s but returned only 4 regions despite the maximum number 
of regions was set to 50, while we could not enforce any limit on 
the number of regions for Herceg et al. (2015).

4.3. Benchmark

Lastly, we tested the proposed approach on the POP-mpQP1 
test set available at Oberdieck et al. (2016). It is a library of 
100 mpQP problems with varying number of decision variables 
nz ∈ [1, 8], constraints nc ∈ [8, 70], and parameters nϑ ∈ [1, 8]. 
Each problem in the library also contains its own bounding box 
for ϑ , which we used as D. To minimize the chance to run into 
numerical issues, for each problem in the library, we normalize 
the cost function coefficients with respect to the maximum entry 
among Q , F , and c and we normalize constraints coefficients with 
respect to the maximum entry among G and S.

Since the timings of MPR in the previous examples exhibited 
a low dispersion, we performed a single run of MPR for each 
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problem in the library. Moreover, given the low performance 
achieved by Gupta et al. (2011) and Herceg et al. (2015) in the 
previous examples, we here compare MPR with MPT3 only.

We fixed a maximum of 150 regions both for MPR and MPT3. 
This entails that the probabilistic statement in Corollary  2 holds 
only when MPR ends with less than 150 regions. The maximum 
value of 150 was selected to divide the dataset in half and gather 
statistics both when the algorithms exited normally and when 
they stopped prematurely.

As for MPT3, in 51 tests it exited because it reached the 
maximum allowed number of regions,4 in 48 tests MPT3 suc-
cessfully exited returning the complete optimal map, and in 1 
test (Test #7) MPT3 deemed the problem infeasible and returned 
nothing.

In Fig.  3 we report, on a logarithmic scale, the execution times 
(in seconds) for the POP-mpQP1 test set. Each circle corresponds 
to one problem in the library with its horizontal coordinate 
reporting the time needed by MPT3 to run on that problem and 
its vertical coordinate reporting the time needed by MPR. As can 
be seen from the picture, almost all circles are below the diagonal, 
meaning that MPR is faster than MPT3, with only 3 exceptions: 
Test #3 and Test #60 for which MPR took slightly longer than 
MPT3 (1.06 s vs. 1.03 s and 21.3 s vs. 19.8 s, respectively) and 
Test #7 for which MPR took 10.06 s while MPT3 took 1.01 s, but 
MPT3 deemed the problem infeasible and readily exited. For most 
tests MPR is within one order of magnitude faster than MPT3 and 
for some instances its more than two order of magnitudes faster.

It is also interesting to look at the number of regions returned 
by the two algorithms. Fig.  4 reports, on a logarithmic scale, the 
number of regions found by the two algorithms for the POP-
mpQP1 test set. Each circle corresponds to one problem in the 
library with its horizontal coordinate reporting the number of 
regions returned by MPT3 and its vertical coordinate reporting 
the number of regions returned by MPR. As we can see from the 
picture, all points fall onto or below the diagonal. This is expected 
because when MPT3 exits normally, it covers the entire Θf ∩D, it 
thus find the true number of regions nr , and MPR cannot discover 
more regions, while when MPT3 stops prematurely because it 
reaches the maximum number of regions MPR cannot do better 

4 Actually, in 4 tests MPT3 exited saying that it reached the maximum 
number of regions but returned 149 (Tests #47, #51, and #76) or 148 (Test #91) 
regions. We believe that one or two regions have been merged by MPT3 after a 
post-processing phase and we treated those tests as if MPT3 had returned 150 
regions in the following analysis.
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Fig. 3. Execution times (in seconds) of MPR (vertical axis) and MPT3 (horizontal 
axis) for the POP-mpQP1 test set. Each circle corresponds to one problem. The 
red dashed line highlights the diagonal of the plot.

because it has the same limit on the number of regions it can 
discover. From the picture we also see that when the true number 
of regions is relatively low (below 30) the two algorithms tend 
to discover the same number of regions with MPR discovering 
slightly fewer regions than MPT3, whereas when the true number 
of regions is higher (above 30) MPR discovers consistently less 
regions than MPT3. Even when MPT3 maxed out at 150 regions, 
in some tests MPR returned less regions. Finally, it is worth 
discussing some cases which are not visible from Fig.  4: in 44 
tests both algorithms maxed out at 150 regions (these are all 
overlapping circles), in 1 test (Test #7) MPR found 150 regions 
and MPT3 none because it deemed the problem infeasible (this 
point does not appear because of the logarithmic scale), and 
in 5 tests (Tests #54, #69, #73, #86, and #90) MPR returned 
zero regions (also these points do not appear because of the 
logarithmic scale) but this is in full agreement with Corollary  2 
as for those tests ΘC = ∅ and vol(Θ̂f ∩ D)/vol(D) < 2 · 10−4, 
which implies vol(Θf ∩ D)/vol(D) < 2 · 10−4, way less than the 
selected coverage parameter ε = 10−3.

We next show that, despite returning no-more regions than 
MPT3, MPR consistently covers a bigger portion of the parameter 
space than MPT3. In Fig.  5 we report, on a linear scale, the per-
centage of Θf∩D covered in volume by the two algorithms for the 
POP-mpQP1 test set. Each point (circle or asterisk) corresponds to 
one problem in the library with its horizontal coordinate report-
ing the value of vol(ΘMPT3∩D)/vol(Θf ∩D) ·100 (ΘMPT3 denoting 
the union of the regions returned by MPT3) and its vertical 
coordinate reporting the value of vol(ΘC∩D)/vol(Θf∩D)·100 (ΘC
denoting the union of the regions returned by MPR). Differently 
from the right hand side of (5) and (13), these indices measures 
the coverage of Θf ∩D instead of D. We choose to normalize with 
respect to vol(Θf ∩D) as for this library D is given and for some 
tests vol(Θf ∩D) is very small while for other tests vol(Θf ∩D) ≈
vol(D), and, for control purposes, one would be more interested 
in the Θf ∩ D region rather than the whole D. As can be seen 
from the picture, for those tests where MPT3 maxed out at 150 
regions (51/100 tests, blue circles) MPR consistently outperforms 
MPT3 in terms of volume coverage since all blue circles are above 
the diagonal, except for 4 cases: in 1 test (Test #87) they both 
covered more than 99.99% of Θf ∩ D and in 3 tests (Tests #36, 
#86, and #90) they both covered less than 0.001% of Θf ∩ D but 
for Tests #86 and #90 vol(Θ̂f ∩ D)/vol(D) < 2 · 10−4, meaning 
that Θ ∩D is very small when compared to D. As for those tests 
f
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Fig. 4. Number of regions found by MPR (vertical axis) and MPT3 (horizontal 
axis) for the POP-mpQP1 test set. Each circle corresponds to one problem. The 
red dashed line highlights the diagonal of the plot.

Fig. 5. Percentage of Θf ∩D covered by MPR (vertical axis) and MPT3 (horizontal 
axis) for the POP-mpQP1 test set. Each point (circle or asterisk) corresponds to 
one problem. Blue circles corresponds to tests where MPT3 maxed out at 150 
regions while green asterisks corresponds to tests where MPT3 exited normally. 
The red dashed line highlights the diagonal of the plot.

where MPT3 exited normally (49/100, green asterisks) we would 
expect both algorithm to cover almost 100% of Θf ∩ D. Indeed, 
this is the case for 45 tests, each one covering more than 99.7% of 
Θf ∩D (these are all overlapping asterisks in the top-right corner), 
but there are 4 peculiar tests (asterisks in the bottom-left part): 
for 2 tests (Tests #54, and #73) both algorithms covered less than 
0.001% of Θf ∩D but for these tests vol(Θ̂f ∩D)/vol(D) < 2 ·10−4

meaning that Θf ∩ D is very small when compared to D, for 
Test #69 MPT3 covered 11.1% of Θf ∩ D while MPR covered 
0% of Θf ∩ D (it returned 0 regions) but this is in agreement 
with Corollary  2 since vol(Θf ∩ D)/vol(D) < 2 · 10−4 ≪ ε, 
and, finally, for Test #7 MPT3 covered 0% of Θf ∩ D (deemed 
the problem infeasible) while MPR covered 50.7% of Θf ∩ D and 
stopped because it maxed out at 150 regions.
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5. Conclusions

To conclude, in this paper, we presented a new randomized 
algorithm for constructing an optimal solution map of a multi-
parametric quadratic program via sampling of the parameter 
space. The proposed procedure is probabilistically guaranteed to 
cover the region where the user wants to compute the solution, 
except for a user-selected fraction. The exploration process can 
be guided by the user through the selection of the probability 
distribution for sampling the parameter space and automatically 
prioritizes larger regions over smaller ones when the uniform 
distribution is selected, resulting in broader coverage of the pa-
rameter space when there are constraints on runtime or on the 
maximum number of regions to be found. We compared the 
proposed method with the state-of-the-art multi-parametric pro-
gramming toolbox MPT3, and the proposed approach was shown 
to outperform MPT3 in both computation time and parameter 
space coverage, despite typically returning a smaller number of 
regions.

An interesting direction for future research would be to find 
a way to detect and ‘‘close’’ the gaps that MPR may leave in the 
partition or to complement them with a suboptimal (but feasible) 
solution. Some inspiring ideas can be found in Chen et al. (2018), 
where the problem is recovering feasibility when the MPC control 
law is coded by a neural network. Another intriguing problem 
would be to adapt the probability distribution based on the ex-
tracted samples to better scale the exploration. Another direction 
for future research would be to extend our sampling strategy 
to a broader class of parametric problems, like those addressed 
according to an enumerative resolution approach in Mate et al. 
(2023).

Appendix A. Proof of Theorem  1

We start by noticing that the outcome of Algorithm 1 would 
be the same if at each iteration of the while loop a batch of N
samples were independently extracted from (D,B(D),P) and the 
resulting ϑ̄ (i), i = 1, . . . ,N , values in the multi-sample ω =
(ϑ̄ (1), . . . , ϑ̄ (N)) were examined starting from i = 1 and increasing 
i progressively till either a sample ϑ̄ (i) from a new critical region 
were discovered and the while loop were run once more, or the 
algorithm were halted because all N samples belong to either the 
already identified critical regions or the infeasibility region.

Note that the maximal number of iterations of this equivalent 
algorithm is M = nr,b+1, where nr,b ≤ nr  denotes the number of 
critical regions intersecting D. We can then refer to the product 
space (DNM ,B(D)NM ,PNM ) to determine the measure of the set 
S of multi-samples (ω1, . . . , ωM ) extracted from DNM such that 
the algorithm stops but the probability P of extracting from D a 
parameter ϑ that belongs either to one of the identified critical 
regions or to the infeasibility set is smaller than 1− ε. N should 
be chosen so that this measure is smaller than β .

To this purpose, we can partition S into M − 1 subsets Sj, 
j = 0, 1, . . . ,M − 2, such that Sj is the set of multi-samples 
(ω1, . . . , ωM ) where the first j batches of N samples allow to 
identify a set Θ→j = Θ→j((ω1, . . . , ωj)) composed of j critical 
regions (with Θ→0 = ∅), the (j + 1)th batch has all samples 
belonging to
Rj = Θ→j ∪ (D \Θf ),

and the probability of Rj is smaller than 1− ε.
Set Sj, j = 0. . . . ,M − 2, can be characterized as follows:

Sj = {(ω1, . . . , ωj+1, . . . , ωM ) : (ω1, . . . , ωj+1) ∈ Ωj+1}

where

Ω =
{
(ω , . . . , ω ) : ω /∈ RN , k = 1, . . . , j,
j+1 1 j+1 k k−1

10
ωj+1 ∈ RN
j , P(Rj) < 1− ε

}
.

Let us now define P̄j
= PjN  as a shorthand for PjN , for any j =

1, . . . ,M . Given that S = ∪M−2
j=0 Sj and the sets Sj, j = 0, . . . ,M−2, 

are disjoint, the probability measure of S can then be computed 
as 

P̄M (S) =
M−2∑
j=0

P̄M (Sj) =
M−2∑
j=0

P̄(j+1)(Ωj+1). (A.1)

If we set
Ω̃j =

{
(ω1, . . . , ωj) : ωk /∈ RN

k−1, k = 1, . . . , j, P(Rj) < 1− ε
}

we can compute P̄(j+1)(Ωj+1) as follows

P̄(j+1)(Ωj+1) =
∫

Ω̃j

(∫
RN

j

dP̄(ωj+1)
)
dP̄j((ω1, . . . , ωj))

=

∫
Ω̃j

P(Rj)NdP̄j((ω1, . . . , ωj)) (A.2)

where we used the fact that∫
RN

j

dP̄(ωj+1) =
∫
RN

j

dPN (ωj+1) = P(Rj)N .

Now since P(Rj) ≤ 1− ε over Ω̃j, from (A.2) we obtain 
P̄(j+1)(Ωj+1) ≤ (1− ε)N P̄j(Ω̃j) ≤ (1− ε)N . (A.3)

By plugging (A.3) into (A.1), we finally get

P̄M (S) =
M−2∑
j=0

P̄j+1(Ωj+1) ≤ (M − 1)(1− ε)N

We shall then choose N such that
(M − 1)(1− ε)N ≤ β

thus getting

(1− ε)N ≤
β

nr,b
.

which is equivalent to

N ≥
logβ − log nr,b

log(1− ε)
.

Since nr,b ≤ nr , we can then require

N ≥
logβ − log nr

log(1− ε)

to enforce P̄M (S) ≤ β , and this concludes the proof. □

Appendix B. Proof of Proposition  1

Consider a realization of Ns samples extracted independently 
from D according to P.

If we run Algorithm 1 with N = N̄ =
⌊ Ns

nr+1

⌋
 on this multi-

sample realization by processing the samples sequentially, then 
Algorithm 1 will either stop before all Ns samples are processed 
or process them all providing a full coverage of Θf ∩ D (see the 
discussion at the beginning of the proof of Theorem  1).

If we run Algorithm 2 on the same multi-sample realization, 
all Ns samples will be processed thus providing a coverage that 
cannot be worse than that obtained with Algorithm 1, since addi-
tional critical regions intersecting D will be possibly discovered, 
thus resulting in a lower ε coverage parameter value.

Recall now that, from Theorem  1 and Remark  1, it follows that, 
when Algorithm 1 is applied, all except a β probability set of 
multi-sample realizations are guaranteed to provide a coverage 
1 − ε where ε satisfies (4) with N̄ in place of N . This, together 
with the previous observation, entails that the same guarantees 
hold for Algorithm 2, which concludes the proof. □
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