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Uniqueness for degenerate parabolic equations in weighted L' spaces

CAMILLA NOBILI AND FABIO PUNZO

Abstract. We study uniqueness of solutions to degenerate parabolic problems, posed in bounded domains,
where no boundary conditions are imposed. Under suitable assumptions on the operator, uniqueness is
obtained for solutions that satisfy an appropriate integral condition; in particular, such condition holds for
possibly unbounded solutions belonging to a suitable weighted L space.

1. Introduction

We investigate uniqueness of solutions to degenerate parabolic problems of the
following type

oru =div{a(x,)Vu}+ f onQx (0,T]=: Or
U = U on  x {0},

(1.1)

where 2 C R” is an open bounded subset and 7 > 0. Note that in (1.1) no boundary
conditions are prescribed. Concerning the coefficient a(x, ¢) and the data f and ug,
we always assume that

aeClQr),a>0a#0inQr,

f e C(Qr),up € C(2). Furthermore, we assume that 9€2 is a manifold of dimension
n — 1 of class C°.

A wide literature is devoted to degenerate elliptic and parabolic problems, based on
both analytical methods (see, e.g., [3], [4]- [7], [12]- [19], [22]) and stochastic calculus
(see, e.g., [11], [21]). Under appropriate assumptions on the behavior at the boundary
of the coefficients of the operator, in [3] it is shown that uniqueness of solutions can
hold without prescribing boundary conditions at some portion of the boundary. Such
solutions belong to C 2(Q7) N C(Q7); therefore, they are bounded.

In [14], [15], by means of appropriate super- and subsolutions, similar uniqueness
results have been obtained, also for unbounded solutions. It is assumed that the solu-
tions satisfy suitable pointwise growth conditions near the boundary. Such conditions
are related to the constructed super- and subsolutions.
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In [17], uniqueness in the weighted Lebesgue space L.}lﬁ (x)(QT) (B > 0) is shown
for degenerate operators in non-divergence form, under appropriate conditions on the
coefficients, similar to those in [3]. Here and hereafter,

d(x) :=dist(x, 0R2) (x € Q)

is the function distance from the boundary.

In [20], under suitable hypotheses on the coefficient a, uniqueness results for prob-
lem (1.1), in suitable weighted L? spaces, are established by developing a general idea
used, for instance, in [8] and in [9, Theorem 9.2] (see also [10]) for different purposes.
Such uniqueness results are obtained as a consequence of suitable integral maximum
principles. Note that integral maximum principles in the whole R" for solutions of
degenerate parabolic equations are also obtained in [1], [2].

In this paper, we generalize the uniqueness results in [20], since we enlarge the
uniqueness class. In fact, we now consider solutions belonging to an appropriate
weighted L! space. The passage from L? to L! causes important changes in the
proofs. Let us outline the differences between our methods and results, and those in
[20]. The line of arguments in [20] is the following: multiply the differential equation
in (1.1) by suitable test functions, integrate by parts one time and obtain convenient
estimates on the solution. To do this, an important step is to find a function &(x, ),
depending on the distance function d(x), which is Lipschitz continuous w.r.t. to x and
C! w.rt. to ¢, and satisfies

0E(x,t) +aa(x,t)|VE(x, t)|2 <0 forae.x € Q, foranyt € (0, T), (1.2)

for appropriate « > 0, T > 0.
Now, suppose that, for some y > 1,c¢9 > ¢o > 0,¢c; > 0, forall (x,1) € Or,

Cod” (x) < a(x, 1) < cod” (x)
and
IVa(x,1)| < c1d” ' (x). (1.3)

For every ¢ > 0, let
Qf={xeQ:dx)> ¢}

In the present paper to obtain uniqueness in a weighted L' space, we argue as follows:
we multiply the differential equation in (1.1) by suitable test functions, then we inte-
grate by parts two times. Hence, to get convenient bounds on the solution, we have to
control new terms that appear after the second integration by part. A crucial point in the
proofis to exhibit a function & = &(x, 1) with&(-, 1) € C2(Q\dQHNC(Q), &(x, ) €
C1(Q), which satisfies

3¢ + div{a(x,VE} + ga(x, DIVER <0 in[Q\ Q] x (T1, T), (1.4)
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and

9§

=0 in Q% x (T1, 1), (1.5)
ong

where 7, is the unit outward normal vector to Q¢ at 9Q2°, for appropriate 0 < 71 < T».
Observe that £ (x, ¢) is defined in terms of the distance function from the boundary and
its behavior as x — 0€2 is very important, since it influences the integral conditions
for the solutions, which guarantees uniqueness. Clearly, the construction of & fulfilling
(1.4) and (1.5) is more delicate than that verifying only (1.2). The choice of £ changes
according to whether y > 2 or y € [1, 2]; consequently, in these two cases the proofs
present some important differences.

The paper is organized as follows. In Sect. 2, we state our main two uniqueness
results, concerning the two cases ¥ > 2 and y € [1, 2]; in addition, we compare them
with some related results in the literature. The uniqueness result for y > 2 is proved
in Sect. 3, while the other one, for y € [1, 2], in Sect. 4.

2. Statements of the results

Consider the homogeneous problem associated with (1.1), that is

{Btu = div{a(x,)Vu} in Q7 @1

u=~0 on 2 x {0}.
The following two uniqueness results are our main contribute in this paper.

Theorem 2.1. Suppose thatu € C>'(Q7)NC(Q %[0, T]) solves (2.1) and a satisfies
(1.3) with y > 2.
Moreover, suppose that, for some C > 0,0 > 0, g9 > 0,

T
/ / lu(x,t)|dxdt < ce’ et for every € € (0, g9). 2.2)
0 QF

Then, u =0in Q7.

Obviously, there exist unbounded functions satisfying condition (2.2). For any ¢ €
C(Q),¢9p>0,p>1,let

T
Li(Qr) = {u : Q1 — R measurable : / / lu(x, t)|P¢(x)dxdt < oo} :
0 Q
Remark 2.2. Tt is direct to see that if u € Li(Qr) with ¢ (x) = WP g o

0, y > 2, then condition (2.2) holds.

Theorem 2.3. Suppose thatu € C>'(Q7)NC(Q %[0, T]) solves (2.1) and a satisfies
(1.3) withy € [1,2].
Moreover, suppose that, for some C > 0,0 > 0and u > =2y +4,
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T
/ / ., lu(x, 1) [d)) 2dxdt < Ce*  foreverye € (0,g0). (2.3)
0o Jai\e3*

Then, u =0in Q.
Remark 2.4. Note that, ifu € L;(QT) with ¢ (x) = [d(x)]? ~27H, then (2.3) is valid.

Furthermore, if y € (%, 2] and

lu(x, )| < Cld(x)]™! forevery x € Q,t€[0,T], (2.4)
forsome C > 0and0 < [ < 3y —5,then (2.3)holds with jt =y — 1 —1 > =2y +4.

Remark 2.5. (i) Theorem 2.1 generalizes [20, Theorem 2.1], where (2.2) is replaced
by the stronger condition

T
f / lu(x, )P dxdt < Ce®"™ forevery e € (0, g). (2.5)
0 QF

(ii) Theorem 2.3 generalizes [20, Theorem 2.2], where (2.3) is replaced by the stronger
condition

T
f f , lu(e, )P [d(x)]Y 2dxdt < Ce* forevery e € (0, &p). (2.6)
0 JQ2\Q3°

for some . > 0. However, note that in Theorem 2.3 the further request © > —2y +4
is made.

(iii) We should note that in [20, Theorem 2.1, 22] the hypothesis on the coefficient a
is weaker. In fact, instead of (1.3) it is only assumed that

a(x,t) < cod” (x) forall (x,1) € Or.

Remark 2.6. Let y € (1, 2] and u be a solution of problem (2.1) satisfying (2.4), for
some C > 0 and [ > 0. Observe that [20, Theorem 2.2] yields that if 0 < [ < VT_I,
thenu =0in Q7.

Now, let y € (%, 2] . From Theorem 2.3 and the subsequent comments, it follows
that u = 0, provided that 0 </ < 3y — 5. Since

3y —5¢(0,1),

while

the growth condition for u in Theorem 2.3 is weaker than that in [20, Theorem 2.2].
5
) 5)’
hypotheses of Theorem 2.3 are not verified (under the extra condition (2.4)).

Finally, recall that in view of [20, Proposition 3.3],if y = 1, = 0, then uniqueness

holds in L*®(Q7).

By Theorems 2.1 and 2.3, the following uniqueness result immediately follows.

On the other hand, when y € (O [20, Theorem 2.2] can be applied, whereas the
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Corollary 2.7. Letui,us € cx! (O1)NC(2 x [0, T]) be two solutions of problem
(1.1). Assume that (1.3) holds with y > 2 and both u| and uy satisfy condition (2.2),
or that (1.3) holds with y € [1, 2] and both uy and uy satisfy condition (2.3). Then,
Uy =uyin Qr.

Remark 2.8. Assume that, for some ¢ > 0, Cop > O and y € R,
a(x,t) = Cold(x)]Y forany x € Q\ Q%1 €[0,T]. 2.7)

If y > 2, the results in [3] give uniqueness of solutions to problem (2.1) in
C2(Q7) N C(Q7). So, in particular such solutions are bounded. Hence, our results
are in agreement with those in [3] in the special case of bounded solutions, if y > 2.
Instead, when y < 2, the results in [3] cannot be applied, since the coefficients are
not regular enough.

The results in [15] could be applied, once we construct suitable super- and subsolu-
tions; however, we would obtain uniqueness under pointwise growth conditions near
0%2. Finally, the results in [14] and in [17] cannot be applied, since our operator does
not satisfy the required hypotheses.

From the existence result in [20, Proposition 3.1] and Corollary 2.7, we get the
following existence and uniqueness result.

Corollary 2.9. Let f =0,y > 2and a > 0in Qr. Suppose that, for some 0 < 8 <
y—2,7>0,

B
Ofuofexp{@} forall x € Q2. 2.8)

Assume that (1.3) holds. Then, there exists a solution u € C*+1 (Qr)NC(2x[0,T))

of problem (1.1) fulfilling

0 < A {[d(x)]f‘
<u(x,t) <Cexp T forall x € 2,te[0,T], 2.9)

with T = 2T_)u for suitable A > 0, C >0 Furthermore, u is the unique solution of
problem (1.1) in L} (Qr) with ¢ (x) = el= #4077,

Observe that Theorems 2.1 and 2.3 imply uniqueness whenever (1.3) holds with
y > 1. Such request on y is indeed optimal. In fact, from [20, Proposition 3.2] it
follows that when, for some ¢ > 0,y < 1,¢3 > 0,c3 > 0,5 € [0, y),

cld(x)]) <a(x) < c3[dx)]’™* forall x € Q\ Q°, (2.10)

problem (1.1) admits infinitely many bounded solutions.
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Remark 2.10. We observe that there are important differences between problem (1.1)
and the companion problem

oju =a(x,t)Au+ f in Qr
(2.11)
U = uop in 2 x {0}.

For example, let
a(x,n) =[dx)]" (y>1).

If y > 2, then there exists a unique bounded solutions to problem (2.11) (see [10,
Section 7], [14, Theorem 2.16]). On the other hand, if y < 2, then nonuniqueness
of solutions of problem (2.11) prevails, in the sense that it is possible to prescribe
Dirichlet boundary data at a2 x (0, T'] (see [10, Section 7], [14, Theorem 2.18]).
Thus, the change between uniqueness and nonuniqueness occurs for y = 2. Instead,
such change for problem (1.1) occurs for y = 1.

3. Proof of Theorem 2.1

Observe that
IVd(x)] <1 forae. x € Q. 3.1

Moreover, (see, e.g., [14]) if 02 is of class C 3 then there exists go € (0, 1) such that
foreach e € (0,¢&9) d € C2(Q \ ©°¢), and, for some kg > 0,

|Ad(x)| <ko in Q\ Q°. (3.2)
In addition, there exists vy € (0, 1) such that

IVd(x)| > vy forany x € Q\ Q°. (3.3)

For each g > 0, define the function

£(x,1) e (34)
X, 1) := . .
[dx)] P —e P ifxeQ\Qf
Differentiating the function above, we have
Vi(x, 1) = —Bldx)]P7'Vd(x)  foranyx € Q\ Q°, (3.5)

thus

Ve, ))* < B2ld(x)]7*#~%2  foranyx € Q\ Q°.
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Finally, define the function

22 (x)

ST e

(3.6)

forany x € Q,t # ail, where here o1 > 0 is a parameter to be chosen later. Note that
E(,1) € CH(R\ Q) N CH(Q) and

IE(x, 1
BOD o foranyx €098, 1 £ (3.7)
ong o]

where n; is the outward normal to Q°.
Lety >2,c € (0, %) be such that

[(1— &)~ = 11(c1 + coko) — Briodo <O, (3.8)
and define
y—=2
o=1—-(1-¢)7z . 3.9)

The proof of Theorem 2.1 is based on the combination of the following results.

Proposition 3.1. Under assumption (1.3) with y > 2, suppose u € C>'(Q7r) N
C(Q2 x [0, T]) solves (2.1). Suppose that, for some C > 0 and 0 > 0, (2.2) holds. Let
te€(0,T),ce (O, %) be such that (3.8) is satisfied, o be defined by (3.9),

g (=]

0 <6 < min

k]

, T
(y —2)(c1 + co) 40a;
and
6co(y —2)> 5
o] > max {CO(V—Z) —coly — 2)2} .
o 4
Then,
ng lu(x, 7)|dx < fQ% lu(x, 7 —8)|dx + Ce? 2, (3.10)
where C > 0 is a suitable constant independent of ¢.
Lemma 3.2. Letu € C(2 x [0, T']) with
u=0 in Qx{0}. 3.11)

Suppose that there exist ¢ > 0,& > 0,1 > 0, C > 0 such that for any ¢ € (0, €),
t€(0,T)and

0 < 8 < min{r, ¢}, (3.12)
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there holds
/|anmx5femuJ—mmx+&ﬂ. (3.13)
Qf Q2
Then,
u=0 in x(0,7T].

Now, we are ready to prove Theorem 2.1.

Proof of Theorem 2.1. We obtain the thesis, combining Proposition 3.1 and Lemma
3.2 with

w=y - 27
v=2 2
3 52
o2 [(2) t - 1}
¢ = min , )
(y —2)(c1 + co) 490
and
c=¢C
O
3.1. Proofs of Proposition 3.1 and Lemma 3.2
Consider a family of cut-off functions {n,} C C*°(2) such that
0<n =<1,
and
1 inQ3* G
Ne = e .
T lo mnQ\ Q.
Notice that
[Vne| < % for every x € 2,
(3.15)

S

|Ane| < Z5  forevery x € Q,

where A1 and A; are two positive constants.
For every a > 0, consider a function ¥, : R — R of class C? such that

Yy =0. (3.16)
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Then, by the chain rule
div{a(x, )V, (n)} = w(;(u)div{a(x, tH)Vu} + wg(u)a(x, t)|Vu|2

and, because of (3.16) and the positivity of a, we can estimate the second term on the
right-hand side from below, obtaining

divi{a(x, 1)V ()} > ¥, (w)divia(x, ))Vu} = 9 (u) , (3.17)

where in the last identity we used equation (2.1). Thus, the composed function 1y (1)
is a subsolution of (1.1).
The main ingredient for the proof of Proposition 3.1 is the following

Lemma 3.3. Under assumption (1.3) with y > 2, suppose u € C>1(Q7) N C(Q x
[0, T]) solves (2.1). Let 0 < ¢ < g9, T € (0,T),c € (0, %) be such that (3.8) is
satisfied, o be defined by (3.9). If

2
0<8<min{a—,r} (3.18)
(¥ —2)(c1 +co)
and
6 -2 5
e = max { SO 2 2y - 22 (3.19)
o 4
then

f o Vo, D) ()" dx < / o Vo u(x, T — ) (0T dx
Q2 Q2
+Cie?77? // ) Vo (u(x, 1))e ™) dx dt | (3.20)
Q2\Q3°x(1-6,1)

where & is defined in (3.6) with s = a1(t + §) and C1 > 0 is a suitable constant
independent of .

Proof of Lemma 3.3. Define the set C = Q7 x (t — 8, 7). Testing the time derivative
of Y () with % (x)ef ™D we get

/E Yo u(x, DN ()T dx = / Vo (u(x, T — 8)n*(x)eF T dx
Q2 Q2
+ / / By [ (e, )02 () EED dx it
C

+// Yo (u(x, N> (x)3,e5 D dx dr |
c
(3.21)
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We can compute the second term of the right-hand-side of the above equation as
/ fc 3 [Vo (u)In’e® dx dt f /c Wl W)d,un*et dx dt
= / ¥! (wydiviaVu)n*e® dx dt
(316 / /c (div{avwa(u)} — wga|w|2) n2et dx dt

< /f div{a Ve (w)}n>ef dx dt (3.22)
C

where, in the last inequality we used the positivity of the integrating factor, due to
(3.16) and (1.3). We need to estimate the right-hand side of the above inequality
further: Integrating by parts a second time, we have

/f divi{a Ve (u)}n’e dx dt
C
= —//avwa(u)-vmzef)dxdt
C
:—[/aVI//a(u)~2nVneédxdt—//aVl//a(u)~nze§V§dxdt.
C C

Observe that, since £ € C2(Q\ dQ°), the last identity is justified by splitting the
integral in the set Q2 \ ¢ and Q°, integrating by parts and eliminating the boundary
terms thanks to (3.7) and (3.14):

—// aVIpo,(u)-ZnVneg dxdt—// avwa(u)-nzes V& dxdt
C C
=_// avwa(u)-znvne%‘dxdt—f/ a Vi) - n* et VEdx dt
& QEx(t—6,1)

—f/ . a Ve (u) - 2nVn éf dx dt
Q2\Qfx(t-38,7)

—// a Vg (u) - n* et VEdx dt
Q2\Qf

d
= // Yo (u)div(a 2nVne§)dxdt —/ ayy(u)2n 0 & dsS, dt
QX (1—8,7) aQe ong

3
+ / / Yo ) div(an® ¢ V&) dx dr — / a V) 125 ds, di
QEx(1-8,7) 9QE 81’18
+// ¢ Yo () div(a 2nVn e°) dx dt
QI\Q x(1-5.7)

0
ayg(u)2n il e ds, dt

/‘;QEUGQSX(I—B,r) one
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+ // ¢ Vo (w)div(a n® ¢ VE) dx dt
Q2\Qfx(t-38,7)
2 ¢ 08
- £ a‘(/fa(u)n e _dedt
AR UINE X (1—8,7) ong
(B.7)&3.14) // Do o) divia 27V &) dx di
QEx(t—38,1)
+ // Yo () div(a n? e VE)dx dt
Q¢ x(t—38,1)

"‘/f e Ve () div(a 2nVn *) dx dt
Q2\Qfx(t-38,7)

+ // e Vo (w)div(a n® €f VE)dx dt .
QI\Qe x(1—8,7)

We therefore obtained

// div{a Vo (u)}n’e® dx dt

C

N 2// VY (0) {ndivm Vet +alVnl*ef +anVy- e Vé} dxdt
C

+// Y () {2a NV - EVE +an2ef|VEP + n*div(a VE) ef} dx dt .
C

and, inserting this new expression in (3.22) and this last one back into inequality (3.21),
we get

Jos Yo u(x, )0 (x)ef &) dx
< Jo5 Walux, T = 8)n?(x)ef 7= dx
2 [fo Vo lu(x, r)){n<x>div<a<x, V(xS +a(x, )| Vi (x)[* ef 0
+a(x, 1) n(x) Vn(x) - EEDVE(x, 1) + alx, 1) n(x)Vn(x) - D VE(x, 1)
+ S at, )| VEQ, )Pef™D + In?(x)div(a(x, 1) VE(x, 1)) ef("’”}

+ [ Yo u(x, 1)n*(x) ;5D dx dr.

Using Young’s inequality in the form

2// Vean V- efng// waan2e¥|vg|2dxdt+// Vea |V dx dt
C C C

in the second integral of the right-hand side, we get

2[/ lpa(u){ndiv(a Vet +a VP e +2anVy - ef Ve
C
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1 1
Sane|VeP + 2 n'divia vg)ef}dx di
< / / Ve )ndiv(a V) + al V21 ¢ dx di
C

+% /f Ve (w)la n*|VE|* + n*div(a VE)le® dx di
C

+/f wa(u)an%élvélzdxdm// Vo) a |V ef dx dr.
C C
Putting all the previous estimates together, we have
/ . Yo (ux, )*(0)ef ™ dx
Q2
< / Ve (u(x, T — 8)n?(x)ef > T dy
Q2
+ // Vo (u(x, ) [ndivia(x, ) Vn(x)) + a(x, )|V (x)[*1e5™" dx dt
C
1
+3 //C Vau(x, D)lalx, 0’ (0| VE, 1)
+n’div(a(x, ) VE(x, 1)1 S0 dx dt
- // Vo (u(x, )a(x, Hn?(x)es D |\ VE(x, 1) dx dt
C
+/f Yo (u(x, 0)a(x, H|Vix)[>ef &) dx dr
C

+ // Vo (x, DN () F 08,8 (x, 1) dx dt.
C

Finally, summing up and rearranging the terms we have

/E wa(u(x, T))nz(x)gg(x,f) dx
Q2
= / Y u(x, T — 8)n? (x)ef T gy
Q2

+// Yo (u(x, 1) IN(0)div(a(x, V() + 2a(x, H|Vn(x)[*1e** ) dx di
c
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3
+[/C Yo (N> O[3:E (x, 1) + 5IVEC, Hl%a(x, 1)
+div(a(x, HVE(x, ))]eESD dx dr . (3.23)

Our next goal is to show that

0:€ + %a IVEP? +div(aVE) <0 in[Q\IQ] x (t —8,1); (ED)

ndiv(a V) +2|VnPa < C1e" >  inQx(t—348,1), (E2)
for some C; > 0 independent of «.

Claim 1: Condition (E1) holds.

Proof of Claim 1. We start recalling that, by definition of ¢, the function & (and all its
derivatives in time and space) is supported in 2\ 2° = {x € Q | d(x) < &} so (E1)
is trivially verified in Q¢. Now, consider any x € 2\ Q¢ and any ¢ € (r — 6, 7).

In view of the definition of & (3.6), we compute

 a? » Ve
W=y YV E Gy 629
and
2
div(a(x,t)VE) = —Va - i —a(x,t) Vel —a(x,t) ¢A¢ . (3.25)
s — oyt s — ot s — ot

Rewriting the right-hand side of (3.25) by inserting the definition of V¢ and A¢,
we have
Va- (Vi =—-B¢Va-Vdd P!
at A = BB+ Dacd P2 |Vd]? —Bard P! Ad
a|Ve? = pad 2 |vd|?. (3.26)

Putting all previous terms together, we obtain the expression

9E + ;a(x, N|VE? + div(aVe)
3 1
T 2s — 1)

25 — i) [; Va-Vdd P +a¢ AddP!

i_algz 130282 d72BHD |vg?

—Bad P 2\VdP — B+ 1)ard P2 |Vd|2]} . (3.27)

O
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Figure 1. Illustration of the decomposition of the set €2

In order to estimate the right-hand side of the expression above, we decompose the
set '\ QF as

Q\QF=(Q\ QU QT \ Q).

Consider first the region

Q\ QL ={xeQ|dkx)<e—g} with g €(0,¢/2).
Thanks to (3.3), the last two terms of the right-hand side can be bounded from above
by zero, i.e.,
—Bad 72 |\vd> <0

and

—(B+ Had P72 |Vvd*c <0.

Using (3.2) and (1.3)
and ¢(x) = d P — ¢ B < d P, we can estimate

aAdd P~V ¢ < cokod P17 |
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while using (3.1) and (1.3),
we have
Va-Vdd P ' < cd 77,

Finally,

3ag? p2d2PD VAP < 6f%cod T

where we used

P=d P 4P g7 PP <2477 (3.28)

We claim that there exists a o € (0, 1) such that

—2(x) < —0?d P (x), (3.29)

and this will follow if we can show

dPx)—eP(x)>0dPx).

The letter is equivalent to

Let gy = ce withc € (O, %) Hence,
o=1-—(1-0c".

Now, we can use (3.29) and (3.28) to estimate the right-hand side of (3.27) further:

3
0& + Ja |VE + div(a V&)
1

< 1 _ dezﬂ 6 2 d74ﬁ72+]/
< 2(s—(x1t)2{ ajo + 68" co
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(s —ai)B [cld_zﬁ_Hy + cod_zﬂ_HV] }

d—4B-2+y

< —{ —aold?Ptr 4 6,82c0 + (s —a1)B [cldzﬁ + codzﬂ“] } .
2(s — o11)?

Choose
= VT_Z (3.30)
s=ai(t +9). 3.31)
So, forallt € (t — 4, 1),
18 < s —opt <208 (3.32)

This together with the fact that
dx) <e inQ\Q°

yields

3 .
o4& + Ja |VE|? + div(a V&)
d—4B+v—2

<& {—a102 + 682co + 20158 [clgzﬁ + coszﬁ“]} . (333)
2(s — aqt)?

If we impose that

o2

0<d< )
T 2B [c16%F + coe?ft]

(3.34)

then from (3.33) we get
—4B—-2+y

3 2 .
a —alV d \Y _—
&+ el VEP + divaVe) = 5

402 + 6a?)

Now, observe that in view of assumption (3.18), condition (3.34) is true. Finally, if

24¢0 B>
o = C()2,3 , (3.35)
o
then
3 o T e s
4§ + Za|VE[" +div(a VE) = m[_TG } =0

Now, consider the region

95761\§:{x69| e—e1 <dx) <e}
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For any x € Q761 \ Q¢,r € (r — 8, ), thanks to (3.27), (3.2), (3.3), (3.30), (3.32),
we have:

0E + %a [VE|? + div(a V)
< W{CZ(—M + 5¢0B%)
265 = aiB(¢ ler1a” P72 + cokod” 7] = piow) |
Observe that for any x € Q°°1 \ Q¢,
() <@e—en P -l =ePl1-0)F -1], (3.36)
while
dx) <e. (3.37)
In view of (3.18), (3.19), (3.36), (3.37), we obtain
&E + ga(x, DIVE? + div(a(x, 1)VE)
B

T s —agt

{{(1 = &)™ = 11(c1 + coko) — Béovo} < 0,

thanks to (3.8). O
Claim 2: Condition (E2) holds.

Proof for Claim 2. Using (3.14) and (3.15) we have

n div(a(x, 1)Vn) + 2|Vn|Pa(x, 1) = nVa(x, 1) - Vi + na(x, 1) An + 2|V |2a(x, t)

IVa(x, H||Val+la(x, ]| An|+2|Vnla(x, 1)
A 1A}

coyd” 2L cod” — + Z—ZICodV

& € €

IA

A

1
8—2dV (d_lAlcla +co+ 2A%Co) .

Because of the support conditions of Vi and An (contained in the set Q2 \ Qi =

{xeQ: % <d < %8}), the term d~'Ajc1e + ¢o + ZA%CO is bounded by a constant

independent of ¢, and the claim follows.
Finally, inserting (E1) and (E2) in (3.23) we obtain

f Y u(x, DN ()T dx < / Ve u(x, T —8)n* ()t T dx
Q2 Q2

T
+C15V—2// / L Yo u(x, 1))t dx dr,
-8 JQ2\Q3°¢

with C; > 0, independent of ¢, as in (E2). This completes the proof. U
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Proof of Proposition 3.1. For every a > 0 define

Yo (2) = (z2+a)%, zeR,

with @ > 0. Since ¥/ > 0, in view of (3.17) we can infer that v/, is a subsolution of
(1.1). The application of Lemma 3.3 yields

/ , Yo (ux, D) (0)ef 7 dx < / . Ya(ux, T = 8))n*(x)ef 77 dx
Q2 Q2
+Cie¥? // s Vo u(x, 1)) S0 dx dr ; (3.38)
Q2\Q3 x(1-8,1)

here, & is defined as in (3.6), and conditions (3.30) and (3.31) hold.
& 2
Using that Q° € Q2, n = 1 on Q3¢ and the positivity of the integrand we have

/ Vaule, D) (1) dx = / Vau(x, ©)ef 5 dx
Qe Q¢
S/Q Yo (u(x, 7)) dx |
Q2

Lettingoe — 07T in (3.38), applying the Lebesgue’s dominated convergence theorem
and observing that 0 < n < 1, we obtain

/ lu(x, )] dx < / Cux, T — 8)|eEE T gy
Q° of

+C18”_2//£ ) lu(x, 1)|efD dx dt .
Q2\Q3°x(1-6,7)

(3.39)

Recalling (3.4), we first notice that £ = 0 in Q° for any ¢ € [t — 8, 7]. Choose s as in
(3.31). Therefore, £(x,t) < O forallx € Q \ﬁ andr € (t — 6, 7). Since

3 2 e 2
QZ\Q3E={er:§<d(x)§§8}CQ\QE,

then
B e
t)=d PP =P ((2) _ 1) in Q2 \ Q3.
The bound
B (3\F
(2) > <§> forg >0,
yields
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Moreover, we have

§2(x) 628_2/3 . £ 2e
) = — < — Q2 \ Q3¢
E =g T S i@

Finally, inserting this bound in (3.39), we obtain

Joe lu(x, D)l dx < f lu(x, T —8)|dx

y— 2 4a 5
+Cre 1 ff 25 \a% x(r
Due to condition (2.2), it follows that

Joe lu(x, 0l dx < f lu(x, T —8)|dx

2,26
@-y)
+C meas(Q)Te¥ 2e 4“15 e

In view of (3.30), since 0 < § < 4C we obtain

9
Joe lu(x, D)ldx < f ¢ lu(x, T —8)|dx + C; meas(2)Te? 2.

This completes the proof.

|u(x,t)|dxdt.

O

Proof Lemma 3.2. The thesis follows by minor variations of the proof of [20, Propo-

sition 4.1]. However, we give the proof for the reader’s convenience.
Take any ¢ > 0, t € (0, T). Define

&k 1= 27%¢ forall k e N,

Furthermore, let {6;}reny C (0, 00) be a sequence fulfilling (3.12), that is

0 < 8k < min{r, C} forall k e N.
Also, let {1y }ren be a sequence defined inductively as follows

0 =T,

Tk4] = T — O forevery k € N\ {0}.
Observe that
T—T41 =060+ + ...+ forevery k € N.

From (3.13), it follows that for every k € N

/ lu(x, ©r)| dx S/ |u(x, 1) ldx + Cey
Q%

QEk-%—l

(3.40)

(3.41)

(3.42)
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Claim: there exists kp € N such that t,11 = 0.
In fact, in view of (3.41), tx,+1 = 0 if and only if

T=80+81+...+ 8- (3.43)

Clearly, we can select the sequence {&;} so that (3.40) and (3.43) hold, for some
ko € N. So, the Claim has been shown.
The Claim combined with (3.11) yields

/Q%H lu(x, Thy+1) | dx = /ka0+1 lu(x,0)|dx =0. (3.44)

By iterating (3.42) up to k = ko, in view of (4.28), we get

ko ko
W W
/QS lu(x, 7)|dx < /Qeko+1 lu(x, Tkg+1)| + C E g =C E & - (3.45)

k=0 k=0
Observe that
ko ko +00 1
H —kp o M —uk Iz
g, < 27 et < g 2 < et —0.
PILEDD ety M s et —
k=0 k=0 k=0

Hence, by letting ¢ — 07 in (3.45), we obtain

/ lu(x, t)ldx =0.
Q

Since T € (0, T)) was arbitrary, the conclusion follows.

4. Proof of Theorem 2.3
Let 8 = —y +2 whenever y € (1,2); let 8 = b > 0 whenever y = 2, withd > 0
arbitrary. Consider £ € (0, %) such that
[1 = (1 = ©P1e1 + coko) — Buodo < 0, @.1)
and define
G:=1—(1-0F. 4.2)

Define the functions

() 0 for x € QF “3)
x) = )
ef —dP(x) forx e Q\QF,

and

£2(x) s
—m for all XEQ,[#E. “4.4)

£(x) =

The proof of Theorem 2.3 is based on the combination of the following results.
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Proposition 4.1. Under assumption (1.3) with y € [1,2], suppose u € C>'(Q7) N
C(2 x[0,T]) solves (2.1). Lett > 0,b >0, £ € (O, %) be such that (4.1) is true, &
be defined by (4.2). Suppose that

o DY S S }
05 an 16(7}/”&);0]%0)8 ,Tp fory €[l,2)
min m, T fOV Yy = 2,

max {2912 5000 -y 2} fory e11,2)

o= 24¢ob? 2
max %,50@[9 } fory =2,

and that, for some C > 0, u > 0,

T
/ / . o lulx, NId(x)Y "> dxdt < Ce" for every & € (0, &) . 4.5)
0 Jo2\Q3°

Then,
Joe lu(x, v dx < fQ% lu(x, T — 8)|dx + Ceh, (4.6)
for some constant C>0 independent of ¢.
Lemma4.2. Letu € C(2 x [0, T']) with
u=0 in Qx{0}. 4.7

Suppose that there exist ¢ > 0, C > 0,60 > 0,2 > w1 > 0 such that for any
£ €(0,80), 7 €(0,7),

0 < § < min{t, cs"'}, (4.8)
there holds
/5 u(x, 7)dx < /m u(x, v — 8)dx + Cel2 4.9)
Then,
u=0 in Qx(0,T].
Lemma 4.2 is an extension of Lemma 3.2. Differently from Lemma 3.2, in Lemma

4.2 the bound on § goes to zero as ¢ — 07. To manage this situation, the condition
wa > w1 will be expedient.
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Proof of Theorem 2.3. The thesis follows, combining Proposition 4.1 and Lemma 4.2,
with

nr==2y+4, por=pu>pu,
fory €[1,2)

&2
c= 16(—V+2)gt'l+t‘0)
fory =2,

N —
16b[c1+(b—1)T+cpl

and

(@Y
I
(@

4.1. Proofs of Proposition 4.1 and Lemma 4.2

The proof of Proposition 4.1 is based on the following crucial lemma.

Lemma 4.3. Under assumption (1.3)withy € [1, 2], supposeu € C>1(Q7)NC (2 x
[0, T]) solves (2.1). Let ¢ € (0,&0),T > 0,b > 0, £ € (O, %) be such that (4.1) is
true, & be defined by (4.2). If

. 52 _
mln{16(—)/_-:2)(0-1+00)8 2y+4’T} fory €ll.2)
0<d< S (4.10)
. 5 B
min l 16b[c1+(b—D) T +col® f] Jory =2,
max{w,Sc’o(Z— y)z} fory €[1,2)
o = 5 4.11)
max{zé‘(}c—gb,Scobz} fory =2,

then

/g Yo (u(x, T))N*(x)e5 > dx < / Ve (u(x, T — 8)n*(x)e T dx

Q2 of
T

+C1/ / , Yeu(x, )t SDa" 2 (x)dx dt (4.12)
-5 Je1\Q3*

where & is defined as in (4.4) with s = a1 (t + 6), for a suitable C; > 0 independent
of e.

Proof of Lemma 4.3. Let ¢ be defined by (4.3). Then,

Vi =-BdP"'Vd and Ar=-BB - 1)dP2(Vd)? — BdP'Ad. (4.13)



J. Evol. Equ. Uniqueness for degenerate parabolic equations Page 23 of 30 50
Let & be defined as in (4.4). Imitating the arguments in Proposition 3.3, we derive
/8 Yo u(x, ) (0)ef ) dx
Q2
< [ dolute.t = P @D
Q2
+ / / Yo (u(x, D)0 [n(x)divialr, HVN()) + 2|V ) alx, )] dx di
C

+ / f Yo (u(x, 1))eE D2 (x)[8,€ + %IVS(x, Hla(x, 1)
C
+div(a(x, t)VE(x, t))]dx dt, (4.14)

which is exactly (3.23). Our next goal is to ensure that the following two conditions

3
0E + 5 IVE? +div(aVE) <0 in[Q\IQ°] x (t —38,7); (D1)
ndivia V) +2|Vn?a < Cid"™% inQ2x (r —6,1) (D2)

are simultaneously satisfied. U

Claim 3: Condition (D1) holds.

Proof of for Claim 3. By the same arguments used to obtain (3.27), we deduce that

€ + 3a(x, )|VE? +div(a(x, H)VE)

= s {18 (@) + 3%, 1) (1) a7 () [V ()

+2(s —a1)B [ () Valx, 1) - Vd(x)dP ™ (x) — Ba(x, Nd*P~2(x)|Vd (x)|?

+ (B — Dalx, NCx)dP2(x0)|Vd(x)* + alx, )¢ (x)dP~ () Ad(x)]} .
(4.15)

Also here, because of (3.3) and the non-negativity of a(x, t), we have
—Ba(x, nd* 7 (x)|Vd(x)]* < 0.
We now analyze all the other terms on the right-hand-side singularly, using the fact
that in Q2 \ ° we have d(x) < &. We start with the second term:
3B%a(x, NG (x) d*F 72 (x) [Vd()* < 68cos™d*P 7217 (x) < 68%cos*F T2,

where we used (1.3), (3.1) and that 2 < 2¢2f, together with the hypothesis that
y + 28 — 2 > 0 for the last inequality.



50 Page 24 of 30 C. NoBILI AND F. PUNZO J. Evol. Equ.

For the third term, we use again (1.3) and (3.1) to obtain

t()Valx, 1) - Vd(x)dP ' (x) < eferd" ' (0)|Vd (x)|dP T (x) < P72,
where the last inequality holds if y + 8 —2 > 0.

Again, if y + 8 — 2 > 0, the fourth term is estimated easily as
(B — Da(x, Nt (x)d" (@) |Vd(x)|* < co(B — DePdP7 2(x) < (B — Deoe™ 772

Finally, we estimate the last term as

a(x, N¢x)dP () Ad(x) < coePdP T (x)ko < coe®P 7!

if y + 8 — 1 > 0. Collecting these estimates in the range | < y < 2 we choose
B = —y + 2, so that all the previous conditions are satisfied. In particular, we set

_|mr+2 forl<y<2

P= b fory =2
where b is any positive number.
Finally, choose
s=o1(t+9). (4.16)
so, forallt € (t — 4, 1),
o8 <s —ot <2a16. 4.17)

We now write the set € \ Qf as a union of two disjoint sets
Q\QF = (Q\ Q7)) U Q2 \ Q)

and analyze the validity of condition (D1) separately in the two domains. First, let us
consider the set 2\ Q°7%2 = {x € Q:d(x) < e —¢e}and look at the case y € [1, 2)
and y = 2 separately.

e Forthe case y € [1,2) and 8 = —y + 2, we have

%& + 3a(x, | VE]? + div(a(x, 1) VE)

< —2“_10[”)2 {—OHCZ(X) + 6coB%e Y TO

+2(s —a1)(—y +2) [c1 + co(—y + D72 + coe7 T3]}
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For the first term on the right-hand-side, we claim the existence of ac € (0, 1]
such that

and this is equivalent to the condition

;
G<1-— (‘—l) . (4.18)

&

We set e, = £e with £ € (0, %) and choose & = 1 — (1 — £)# so that (4.18) is
trivially satisfied. Thus,

&€ + 3a(x, 1)|VE]> + div(a(x, 1) VE)

1 _9 _ _
S m {—Ol10'2€ 2)/+4 + 6C()(_)/ + 2)28 3)/—‘1—6

+2(s —a1t)(—=y +2) [c1 +co(—y + De7 72 4 cos—7+3]} ’

and, using that 0 < s — o1t < 2«16, we obtain

€ + 3a(x,1)|VE? +div(a(x, H)VE)

1 _7 _ _
< e {—0610'25 2y+4 4 6co(—y + 2)25 3y+6

+4a18(—y +2) [c1 + co(—y + De "2 + coe 77 ]}

—2y+4
<<t —0
— 2(s—aqt)

{—a16? + 6co(—y +2)%e 712

+4a18(—y +2)e® " er + coe 71},

where in the last inequality we used (—y + 1)8_7’+2 <Osincey > 1.
Comparing the three terms (the first with the third and then the first with the
second), we obtain

—3y+6

& + Salr, DIVEP + divia(x, OVE) = 5oy {=6%] <0
if the following two conditions are satisfied:
=2 —2y+4 2hco(— 2)2e—v+2
0<é< 7’ and o = CO(yT)S -
16(—y 4+ 2)[c1 + coe™ V3] o2

e Forthe case y =2 and 8 = b > 0, we have
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%E + 3a(x, )| VE]? + div(a(x, 1) VE)

= m {_alfz(x) + 6¢ob3e

+2(s —arn)B [e1 + (b — DT +coe]} .

Proceeding as above, we deduce easily

e + Salr.DIVER + diviaCe, )VE) < s —— [~ %152) <o
—al(x, v(a(x, <—= -0t <
) 2s —a)2 L 4
if the following two conditions are satisfied:

) 2

24cob
0<d< g and o] > f—o.
16b[c1 + (b — 1)t + cpe] o2

Now, consider the region
QN ={xeQ| e—e <dkx) <e¢}
For any x € Q%1 \ Q°,t € (r — 8, 1), thanks to (4.15), (3.2), (3.3), (4.17) we have:

&E + %a(x, DIVE]? + div(a(x, 1)VE)

1
T 2(s —aq1)?

2% — alt)ﬁ[; (cld”H(x) + cokod? A (x)) — dzﬂ*2+V(x)ﬁ50u0] }

{Cz(—al + 3c0B?)

Observe that for any x € Q%1 \ QF,
) <e P —@—en P =11 -1 -0, (4.19)
while
dix) <e. (4.20)
In view of (3.18), (3.27), (4.19), (4.20), we obtain
¥E + %a(x, D|VE? + div(a(x, 1)VE)
< ——{[(1 = 0P = 11(c1 + coko) — Bvodo} < O,

thanks to (4.1). ]



J. Evol. Equ. Uniqueness for degenerate parabolic equations Page 27 of 30 50

Claim 4: Condition (D2) holds.

Proof of Claim 4. Using the properties of n in (3.14) and (3.15) and the assumption
ona(x,t)in (1.3), we have

A A A2
ndiv(a(x, )Vn) + 2|Vnlfa(x, 1) < cd? ™! 2y cod}’—z2 + 2—2]cod7’
e e e
< Cd"?
. 3 2
in Q2 \ Q3°.
Finally, inserting the estimates in (D1) and (D2) in (4.14) we obtain
fgg Yo (u(x, )0 (x)eF D dx = fgﬁ Yo (u(x, T — 8))n*(x)ef 77 dx
T ECx.1) gy —2
+C fFa fg%\g%f You(x,t))e dV “(x)dxdt,

which coincides with (4.12). O

Proof of Proposition 4.1. Using the same arguments as in Proposition 3.1 and the
Lebesgue’s dominated convergence theorem, from (4.12), we have

jSZS lu(x, 1:)|eé(x.r) dx < fQ% lu(x, 7 — 5)|eé(x,r78) dx

4.21)
+C1 [ fg%\g%g lu(x, 1)|eE*DdY=2(x) dx dt .

By the definition of (4.3), & = 0in Q°f forany ¢ € [t —§, t]. Choose s as in (4.16).
So,&(x,t) < Oforallx € \@andr et —46,1], 0 D < 1,
Therefore, from (4.21) we obtain

Joe luGx, D)ldx <[5 lu(x, T —8)|dx

3 y—2
UL g3 psony 100 DAY 200 died

Finally, we use the assumption (4.5) to get (4.6).
Proof of Lemma 4.2. Take any ¢ > 0, 7 € (0, T'). Define
ex = —— forall keN.
ko
Note that

+oo
> el =400, (4.22)
k=1
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while, since pup > up,

+oo 1
Z —5 =5 < +o0. (4.23)
k=1 k*

Furthermore, let {6x}xeny C [0, 00) and {tx}xen C [0, T] be two sequences with
{rx} defined inductively as follows

7] =T,

Tky] =T — 6 forevery k e Nk >2,
and
0 < & < min{r, C1g,'} forall k € N. (4.24)
Observe that
T—T41 =061+ + ...+ forevery k € N. (4.25)

We can choose {7} so that there exists ko € N with 74,41 = 0. In fact, in view of
(4.25), tky4+1 = 0 if and only if

T=080+8 +...+ 8. (4.26)

Due to (4.22), we can select the sequence {5k}, and thus {7}, so that (4.24) and (4.26)
hold, for some kg € N.
From (4.9), it follows that for every k = 1...kg

/ ulx, i) dx < / u(x, te+1)dx + Czs,’:z . 4.27)
Q% Qe 41

Since 1,41 = 0, thanks to (3.11) we get
/ u(x, Tgy+1) dx =/ u(x,0)dx =0. (4.28)
Q‘Ek(ﬁ»l ng(ﬁ»l
By iterating (4.27) up to k = ko, in view of (4.28), we get
ko ko
w2 _ 2%
fmu(x, T)dx < /sto+1 U(x, Teg41) +C2k2_]:8k = CQI;Sk . (429

Thanks to (4.23),

ko ko 8“2 —+00 1
k=1 k=1 k#1 k=1 k#1 ¢

Hence, by letting ¢ — 07 in (4.29), we obtain

/ u(x,7)dx =0.
Q

Since T € (0, T') was arbitrary, the conclusion follows. O
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