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Abstract—An adequate level of power system inertia and load
damping is essential to ensure frequency stability following power
imbalances. Prior to that, however, it is first necessary to be
capable of estimating these parameters. In this paper, we propose
an original method to estimate the global inertia and damping of
a power system comprising conventional synchronous generators,
as well as modern generation units based on grid forming
and following converters, which can provide virtual inertia and
load damping. The effectiveness of our approach is tested on a
modified version of the IEEE39 power system with ambient noise.

Index Terms—inertia estimation, damping estimation, online
estimation, active perturbation method, probing signal

I. INTRODUCTION

Electric power systems are undergoing radical changes due
to the increasing decarbonization in the energy production sec-
tor and the transition from massive generation units to smaller
ones, scattered in the grid and used for self-consumption.

A noteworthy effect of this transition is the growing rate
of converter-interfaced elements. This pertains not only to the
generation side, where conventional synchronous generators
(SGs) are being progressively replaced by converter-interfaced
plants fueled by renewable energy sources (RES), but also
to the consumption side. Indeed, conventional loads such as
motors are connected more frequently to the grid through
electrical drives.

Converter-interfaced generators and loads have different
electrical characteristics from their conventional counterparts.
A major difference is that the former do not naturally display
inertia and (load) damping, unless converters are controlled to
this specific aim. Thus, the phase-out of SGs, combined with
the growing share of converter-interfaced elements, leads to a
progressive degradation of system inertia and (load) damping.

Since both inertia and damping are of paramount importance
in supporting frequency stability [1], the availability of reliable
methods to estimate their actual amount becomes crucial
to assessing whether actions ought to be taken in order to
counteract frequency oscillations. These methods should be
capable of estimating the synthetic inertia and damping imple-
mented also at control level through grid-forming (GFM) and
grid-following (GFL) converter-interfaced generators (CIGs).
Synthetic inertia and damping contribute to the so-called fast
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frequency response (FFR), i.e., the ability of some resources,
including converter-based generators and loads, to change
the net power exchange much faster than conventional SGs
through primary frequency response. We refer the interested
reader to [2]–[4] and references therein for in-depth reviews
of the inertia and damping estimation methods available in the
literature.

Here we present a novel, reliable, and efficient method for
the online estimation of global inertia and global damping of
a power system. Our method belongs to the class of algorithms
based on active perturbations, i.e., those characterized by
probing signals [5] used for system identification purposes [6],
[7]. The main source of inspiration for our work is in the realm
of frequency synchronization of power generators [8], which
is a necessary condition for the operation of electric power
systems. During steady-state operation, the frequency is the
same throughout the entire grid and each pair of generators
has a fixed phase difference that determines the power flow.
Although the focus of our work is not on synchronization but
on estimating global inertia and damping, the main results we
propose are grounded in this concept.

II. THE POWER SYSTEM MODEL

A. The large-signal model

To introduce our results, it is useful to discuss what happens
in a power system modeled in the dq-frame including N syn-
chronous generators equipped with primary frequency control
and whose dynamic evolution is modeled by the simple swing
equation1. Generators are interconnected by lines and trans-
formers, and constant-power and/or constant-impedance loads
are connected to the grid buses. Under these assumptions, N
subsets of related differential algebraic equations (DAEs) are
introduced, one for each SG:

δ̇j = Ω(ωj − ω0)
Mjω̇j = Pmj

(xj , ωj − ω0,yj)+
−Pej (δ1, . . . , δN )−Dj(ωj − ω0)

ẋj = f j(xj , ωj − ω0,yj)
0 = gj(xj , ωj − ω0,yj) .

(1)

1In this work, as done in [9], we model GFM CIGs by resorting to the swing
equation. Hence, the extension to the case in which GFM CIGs are present is
straightforward. The presence of GFL CIGs is also considered in our case
study in Sec. IV but, for the sake of simplicity, GFL CIGs are not considered
in presenting the generic mathematical model of the system since it would be
much more involved and it would provide a limited added value.



The meaning of the symbols in (1) for the j−th SG is as
follows:

– Ω: the base synchronous frequency in rad/s;
– ωj(t): the per-unit (pu) rotor speed;
– ω0 ∈ R: the pu reference synchronous frequency;
– δj(t): the rotor angle;
– Mj : twice the product of the inertia constant Hj and the

pu rated power SBj , Mj = 2HjSBj ;
– Dj : the product of the load damping factor Dj and the

pu rated power SBj
, Dj = DjSBj

;
– Pej ( · ): the SG pu electrical active power exchange;
– Pmj

( · ): the SG pu mechanical power of the machines,
regulated by their respective turbine governors;

– f j : R
nj+mj+1 → Rnj and gj : R

nj+mj+1 → Rmj : the
vector field and the algebraic constraints, respectively, of
the DAEs of the turbine governor of the j−th generator;

– xj ∈ Rnj and yj ∈ Rmj : the state and algebraic vari-
ables, respectively, of the turbine governor of the j−th
SG.

The classical model in (1) represents the envelope of the
actual power system dynamics through a steady-state solution.
Indeed, the periodic steady-state solution at the fundamental
frequency with a constant envelope is represented as a constant
steady-state solution, i.e., a stationary solution in the dq-frame.
Therefore, a stationary solution of (1) is not an isolated equi-
librium but rather is embedded in a continuum of equilibria
[10]. This is confirmed by the presence of a null eigenvalue
in the Jacobian matrix of the power system model linearized
around an equilibrium point [11].

A generic power system can be viewed as a power-
controlled oscillator whose instantaneous frequency (i.e., rotor
speed of synchronous generators) is controlled by the power
flows. In reality, the power system model is more complex than
this since it includes several power-controlled oscillators (viz.,
synchronous generators and GFM CIGs) [8], [12]. In any case,
no matter how complex a power system, two aspects always
hold true: (i) the frequency of its generators (oscillators)
deviate whenever power generation and demand do not match;
(ii) interconnected generators share the same instantaneous
oscillation frequency when synchronized.

It is common knowledge that power system generators
achieve synchronization in the low-frequency range [8]. This
implies that, although the rotating speed of each generator may
evolve differently right after a power mismatch, they become
the same in the low-frequency range (and at steady-state)2.

This last concept is at the core of our method. Before ex-
plaining it, however, we first introduce the small-signal power
system model and the principal frequency system dynamics.

B. The small-signal model

In the following, 1k is the k × k identity matrix and 1k,h

is a k × h matrix of ones. We introduce the vectors δ, ω, x,

2Generator synchronization is never observed in practice but on average
due to random fluctuations in load consumption and RES generation, which
continuously stimulate the generators and prevent reaching steady-state oper-
ation.

y, Pm, and Pe as the stacked versions of the corresponding
scalar quantities. In particular, being n = n1 + · · ·+ nN and
m = m1+ · · ·+mN , x ∈ Rn and y ∈ Rm. In the same way,
f : Rn+m+N → Rn and g : Rn+m+N → Rm are the stacked
versions of the f j and gj vector functions. M ∈ RN×N and
D ∈ RN×N are diagonal matrices whose j-th elements are
Mj and Dj , respectively.

Starting from the model of a single SG in (1), the small-
signal model of the entire power system can be written as

∆δ̇ = Ω∆ω
M∆ω̇ = J1∆x− P eδ

∆δ + (J2 −D)∆ω + Γu(t)
∆ẋ = J3∆x+ J4∆ω ,

where u(t) ∈ RU is a small signal emulating the injection
of (stochastic) disturbances or probing signals in U buses of
the power system, Γ ∈ RN×U models how u(t) affects the
dynamics of each rotor speed, J1 = Pmx − Pmyg

−1
y gx,

J2 = Pmω − Pmyg
−1
y gω , J3 = fx − fyg

−1
y gx,

J4 = fω − fyg
−1
y gω , and P eδ

∈ RN×N is the network
interconnection Laplacian singular matrix [13], whose
null space is spanned by 1N,1

3. We now introduce the
principal frequency system dynamics, which correspond to
the frequency of the center of inertia (COI) [14]

ωCOI(t) =

∑N
j=1 SBj

Hjωj(t)∑N
j=1 SBjHj

.

As previously stated, the rotor speed deviation of each
generator at low frequency is the same and equal to ∆ω1 =
∆ω2 = ... = ∆ωN = ∆ωCOI(t). As a result, the instantaneous
rate of change of frequency of the COI can be derived as

∆ω̇COI(t) = G−1
M 11,NM∆ω̇|∆ω=1N,1∆ωCOI(t)

that in the Laplace’s domain reads as

∆ωCOI(s) =
υ(s)

GMs+ 11,NΥ(s)1N,1 + GD
,

where υ(s) = 11,NΓu(s), GM = 11,NM1N,1 is the global
inertia of the power system , GD = 11,N (D − J2)1N,1 is
the global damping, and Υ(s) = J1 (J3 − s1N )

−1
J4. Since

J1, J3, and J4 are block-diagonal matrices made up of N
blocks of size 1× nj , nj × nj , and nj × 1 (for j = 1, . . . , N ),
respectively, the Υ(s) matrix is simply diagonal: each element
Υjj(s) is a rational function with nj poles4, such that

11,NΥ(s)1N,1 =

N∑
j=1

bj(s)

snj + a(nj−1)js
nj−1 + · · ·+ a(0)j

,

3Some variables are not described for brevity but have similar meaning.
For instance, fx is the Jacobian matrix of the vector function f w.r.t. x.

4It is worth noticing that, being B a generic Q× P matrix, 11,QB1P,1

yields the summation of all the entries of B.



where deg(bj(s)) < nj . Hence,

∆ωCOI(s) =
υ(s)

GMs+ GD + P1(s)
sL+ãL−1sL−1+···+ã0

=
υ(s)

GM︸︷︷︸
ν(s)

sL + ãL−1s
L−1 + · · ·+ ã0

sL+1 +

(
ãL−1 +

GD

GM

)
︸ ︷︷ ︸

µ

sL + P2(s)

, (2)

where L ≤ n, P1(s) and P2(s) are polynomials of the variable
s with deg(P1(s)) < L, and deg(P2(s)) < L. Equation (2)
suggests that power system global inertia and damping can
be estimated through the ν(s) and µ terms, respectively. How
this can be done is described in the next section.

III. THE PROPOSED ESTIMATION METHOD

Equation (2) provides the expression of the frequency spec-
trum almost shared by all the ∆ωj(t) rotor speeds (as well as
the virtual rotor speeds of possibly connected GFMs providing
virtual inertia) at low frequency under the assumption of
synchronization. The proposed method exploits the overlap in
the frequency spectra to estimate GM and GD as follows:
• Assume that at least one of the generators in (1) is a

GFM CIG providing a virtual inertia constant Mk̄ (with
k̄ ∈ [1, . . . , N ]). By acting on the CIG converter controls,
we modulate Mk̄ by letting it vary as a square waveform of
amplitude ∆M, period T∆M, and duty cycle 50%.

• We simultaneously modulate the power injected at a
generic power system bus by a discrete set of NT deter-
ministic and coherent small-signal sinusoidal tones sw(t)
(w = 1, . . . ,NT ). Since only the low frequency portion of
the ωCOI(s) spectrum is of interest, the sw(t) waveforms are
very slowly varying; they are also of modest magnitude to
avoid impacting the stability of the power system [15]. Their
only purpose is to continuously stimulate the grid and allow
measuring the change in one of the N rotor speeds, say ωj̄

with ȷ̄ ∈ [1, . . . , N ]. The optimal selection of NT and of the
fw frequency of each tone depends on the bandwidth that
has to be explored to fit (2).

• We compute the γwc
and γws

direct and quadrature com-
ponents of the Fourier integrals of ωȷ̄ at each fw frequency
as

γwc
+ iγws

=
fw
κ

∫ t0+
κ
fw

t0

ωȷ̄(t)e
i2πfwtdt , (3)

where i is the imaginary unit (i2=−1), κ ∈ N+, and γwc

and γws
are the frequency samples of ∆ωCOI(s).

• The vector fitting (VF) algorithm [16]–[18] is applied on
∆ωCOI(s) with the specific purpose of deriving GM and
GD. In particular, we fit the frequency spectrum of ωȷ̄(t)
before and after varying Mk̄, thus obtaining ν− = υ/GM ,
ν+ = υ/(GM+∆M), µ− = ãL−1 + GD/GM , and µ+ =
ãL−1 + GD/(GM+∆M). These parameters allow us to derive

GM =
ν+

ν− − ν+
∆M, GD = ν−ν+

µ− − µ+

(ν− − ν+)
2∆M . (4)
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Fig. 1. Schematic of the modified IEEE 39-BUS system. The j−th SG is
equipped with a turbine governor described by the ODE Taẋj = −ka(ωj −
ω0) − (xj − P̄mj ), Pmj (xj , ωj − ω0) = xj , and P̄mj is its mechanical-
power setpoint corresponding to the power flow solution.

The proposed method requires no information about the
network except the ωȷ̄(s) frequency spectrum that can be
computed from the controller of a GFM CIG. The modulation of
Mk̄ is necessary since the value of υ(s), even if it is constant
when injecting a purely sinusoidal probing tone, is unknown
as the Γ matrix is unknown too and so is how it redistributes
in the power system and affects rotor speeds.

In practice, it is not possible to periodically modulate the
inertia constant of the SGs nor to sample the time evolution
of their rotor speed. For this reason, we exploit a GFM CIG
that is either already present in the grid, or can be inserted
with the specific purpose of allowing the estimation of the
power system global inertia and damping. Moreover, also
the probing signals used to stimulate the power system in a
suitable frequency band are injected by the GFM CIG. As such,
the requirements for applying this method can easily be met5.

IV. A CASE STUDY

We tested the proposed algorithm on a modified version of
the IEEE 39-BUS system [19], whose schematic is reported in
Fig. 16. The original grid, which corresponds to a simplified
model of the New England power system, contains 10 gener-
ators (see Table I) and 46 lines. We modified the system by
adding three GFM CIGs characterized by a 50 s inertia constant
and a 100MVA rated apparent power. They are connected
at BUS8, BUS14 and BUS27, with the generated power set
at, respectively 1 pu, 0.5 pu, and 0.25 pu7. In addition, two

5If the effects of noise must be reduced to increase the signal-to-noise
ratio, the integrals in (3) can be computed over a time interval µ/fw which is
a multiple of the period of the corresponding tone sw(t). The t0 time instant
in (3) coincides with the rising and falling edges of the square waveform used
to periodically change the Mk̄ virtual inertia. Assuming s1(t) as the tone with
the lowest frequency, f1 suggests how to choose T∆M, i.e., T∆M/2 > µ/f1.

6The IEEE 39-BUS system version we started from is that supplied with
DIgSILENT PowerFactory.

7Due to space reasons, it is not possible to write here the DAEs governing
GFM and GFL CIGs. The interested reader can find them in [9].



TABLE I
SYNCHRONOUS GENERATORS H AND SB (SBASE = 100MVA).

Gen. H [s] SB [pu] Gen. H [s] SB [pu]

G1 5.00 100 G6 4.35 8
G2 4.33 7 G7 3.77 7
G3 4.47 8 G8 3.47 7
G4 3.57 8 G9 3.45 10
G5 4.33 6 G10 4.20 10

Fig. 2. The magnitude squared of the transfer functions between the small-
signal input implemented by the GFM CIG at BUS14 and the rotor speed of
each synchronous generator and GFM providing virtual inertia.

GFL CIGs are connected at BUS19 and BUS5, respectively,
(rated apparent power 100MVA, generated power 0.01 pu, and
virtual damping set at 10 pu and 5 pu, respectively). The GFM
CIG used to modulate GM , to inject the probing signals and to
sample its virtual rotor speed, as described in Sec. III, is the
one connected at BUS14.

To show how the ωCOI(s) spectrum builds up, we firstly
performed an (ideal) frequency scan injecting small-signal
sinusoidal tones through the CIG at BUS14 in a noiseless
setup (no stochastic variations of the loads). By doing so, we
computed all the transfer functions between the small-signal
input and the rotor speed of each synchronous machine and
CIG (see Figure 2). We can notice that they almost perfectly
overlap at frequencies below 0.1Hz while they sensibly differ
for higher frequency values. Note that these transfer functions
show how rotor speeds deviate from ω0 under the assumption
of small-signal behavior (linear behavior in the neighborhood
of an equilibrium point). By observing the low frequency
overlap of all the curves in Fig. 2, the global inertia and
damping can be determined through (4) by fitting only the
low frequency portion of the spectrum related to the CIG
connected at BUS14. We selected the [6, 30]mHz frequency
interval, since all (virtual) rotor speeds are described by the
same behavior in this frequency interval (principal frequency
system dynamics), as predicted by our analysis.

To work in a more realistic framework, we followed the
steps described in Sec. III. We used independent zero-mean
small-signal stochastic noise sources, one for each power load
of the IEEE 39-BUS system, thus emulating stochastic fluctu-
ations by means of a multi-dimensional Ornstein-Uhlenbeck
(OU) process [20] η(t) as was done in [21]. The spectra of OU
processes are an accurate model of those due to the stochastic
variability of power loads [22]–[25]. The zero mean implies
that on average the loads power fluctuations do not perturb
the operating point of the system. We chose 0.5 s−1 as the

Fig. 3. The ϵM% = 100(GM−Gact
M )/Gact

M and ϵD% = 100(GD−Gact
D )/Gact

D percent
relative errors. The horizontal cyan segments and the black solid circle markers
correspond to the mean µ and the median µdn of the results, respectively. The
magenta bars represent the IQR, viz. the spread difference between the 75th

and 25th percentiles of the data. The green solid circle markers represent the
upper adjacent value (i.e., the largest observation that is less than or equal to
the third quartile plus 1.5×IQR) and the lower adjacent value (i.e., the smallest
observation that is greater than or equal to the first quartile minus 1.5× IQR).
The VGM

violin plot (µ = −0.379, µdn = −0.810, and IQR = 7.746) and
the VGD

violin plot (µ = −0.274, µdn = −0.257, and IQR = 5.657) refer
to the global momentum and global load damping estimation, respectively,
obtained by injecting a set of NT = 10 deterministic and coherent small
signal sinusoidal tones through the GFM CIG connected at BUS14.

mean-reversion speed of η(t) and its variance in such a way
that the standard deviation of the fluctuation of each load is
0.5% of its nominal active power. To carry out time-domain
simulations, the numerical integration of η(t) was based on
the numerical scheme proposed by Gillespie [26]. We used the
second-order trapezoidal implicit weak scheme for stochastic
differential equations with colored noise [27], available in the
simulator PAN [28]–[30].

Instead of performing a frequency scan, we used the CIG
connected to BUS14 to inject a discrete set of NT = 10 de-
terministic and coherent small-signal sinusoidal tones, whose
magnitude caused a peak power variation smaller than 2.5%
of the nominal power of the IEEE 39-BUS system. Then, we
performed 500, each 15min-long, large-signal time domain
simulations. For each run, we used the VF method to fit
the frequency behavior of the virtual rotor speed of the CIG
connected to BUS14 before and after changing its virtual
inertia constant, and estimated the GM global inertia and the
GD global damping. The left and right violin plots in Fig. 3
summarize the performance of the proposed approach, in terms
of the percent relative error, in estimating GM and GD for each
of the 500 random configurations w.r.t. its actual value Gact

M

and Gact
D , respectively. The accuracy of the estimates is proven

by the mean, median, and IQR values reported in the figure
caption.

V. CONCLUDING REMARKS

Contrary to the majority of the methods presented in the
literature, the proposed method estimates the inertia and
damping values of the entire power system and not of a single
synchronous or virtual generator. Moreover, the low relative
errors and the estimation time of 15min make it an adequate
candidate for real time applications. Another key feature of
this method is its practical applicability. Indeed, it allows esti-
mating inertia and damping of power system in noisy operating
conditions and comprising converter-interfaced elements just
by exploiting a single GFM CIG.
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