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Abstract: We consider reaction-diffusion equations driven by the p-Laplacian on noncompact, infinite
volume manifolds assumed to support the Sobolev inequality and, in some cases, to have L? spectrum
bounded away from zero, the main example we have in mind being the hyperbolic space of any
dimension. It is shown that, under appropriate conditions on the parameters involved and smallness
conditions on the initial data, global in time solutions exist and suitable smoothing effects, namely
explicit bounds on the L™ norm of solutions at all positive times, in terms of L? norms of the data. The
geometric setting discussed here requires significant modifications w.r.t. the Euclidean strategies.
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1. Introduction

We investigate existence of nonnegative global in time solutions to the quasilinear parabolic problem

(1.1)

u, = div ([Vul?Vu) + u” in M x (0,T)
U = U il’lMX{O},

where M is an N-dimensional, complete, noncompact, Riemannian manifold of infinite volume, whose
metric is indicated by g, and where div and V are respectively the divergence and the gradient with
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respect to g and 7" € (0, +co0]. We shall assume throughout this paper that

< p<N, >p-—1. 1.2
N+l P o>p (1.2)

The problem is posed in the Lebesgue spaces

1/q
Li(M) = {v : M — R measurable , ||V := (f vl d,u) < +oo} ,
M

where y is the Riemannian measure on M. We also assume the validity of the Sobolev inequality:

1
(Sobolev inequality) [Vl < w—IIVVlluran  forany v e C2(M), (1.3)

S,p

where C;, > 0 is a constant and p* := ,\f—ivp- In some cases we also assume that the Poincaré inequality
18 valid, that is

1
(Poincaré inequality)  [[Vl|Lrarn) < C—llellL,,(M) for any v e C7°(M), (1.4)
p

for some C, > 0. Observe that, for instance, (1.3) holds if M is a Cartan-Hadamard manifold, i.e., a
simply connected Riemannian manifold with nonpositive sectional curvatures, while (1.4) is valid
when M is a Cartan-Hadamard manifold satisfying the additional condition of having sectional
curvatures bounded above by a constant —c < 0 (see, e.g., [15, 16]). Therefore, as it is well known, on
RY (1.3) holds, but (1.4) fails, whereas on the hyperbolic space both (1.3) and (1.4) are fulfilled.

Global existence and finite time blow-up of solutions for problem (1.1) has been deeply studied
when M = RY, especially in the case p = 2 (linear diffusion). The literature for this problem is huge
and there is no hope to give a comprehensive review here. We just mention the fundamental result of
Fujita, see [10], who shows that blow-up in a finite time occurs for all nontrivial nonnegative data when
o<l+ %, while global existence holds, for o > 1 + %, provided the initial datum is small enough in a
suitable sense. Furthermore, the critical exponent o = 1+ %, belongs to the case of finite time blow-up,
see e.g., [22] for the one dimensional case, N = 1, or [23] for N > 1. For further results concerning
problem (1.1) with p = 2 see e.g., [7,9,11,20,26,34-36,41-43]).

Similarly, the case of problem (1.1) when M = RY and p > 1 has attracted a lot of attention, see
e.g., [12-14, 30-33] and references therein. In particular, in [31], nonexistence of nontrivial weak
solutions is proved for problem (1.1) with M = RY and

2N p

max{l,p-1}<oc<p-1+—.

>,
P= N+ N

Similar weighted problems have also been treated. In fact, for any strictly positive measurable function
p : RY — R, let us consider the weighted L7 spaces

1/q
LIRY) = {v : RY — R measurable , ||v||,s := ( f vip(x) dx) < +oo}.
4 RN
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In [27] problem
{p(x)u, = div ([Vul"2Vu) + p(x)u”  in RY x (0, T) )

U= u in RN x {0},

is addressed. In [27, Theorem 1], it is showed that, when p > 2, p(x) = (1 + |x)7, 0 < [ < p,
o>p-1+2 u e L®RY) nLYRY) is sufficiently small, with s > w then problem (1.5)
admits a global in time solution. Moreover, the solution satisfies a smoothing estimate L; - L%, in
the sense that for sufficiently small data uy € L;(RN ), the corresponding solution is bounded, and
a quantitive bound on the L™ norm of the solution holds, in term of the L;(RN ) norm of the initial
datum. On the other hand, in [27, Theorem 2], when p > 2, p(x) = (1 +|x), I > p, o > p -1,
Up € L;(RN )n L;(RN ) is sufficiently small, with s > %(0' —p + 1), then problem (1.5) admits a global
in time solution, which is bounded for positive times.

On the other hand, existence and nonexistence of global in time solutions to problems closely
related to problem (1.1) have been investigated also in the Riemannian setting. The situation can be
significantly different from the Euclidean situation, especially in the case of negative curvature.
Infact, when dealing with the case of the N-dimensional hyperbolic space, M = H", it is known that
when p = 2, for all o > 1 and sufficiently small nonnegative data there exists a global in time
solution, see [3,34,39,40]. A similar result has been also obtain when M is a complete, noncompact,
stochastically complete Riemannian manifolds with 4;(M) > 0, where A4;(M) := infspec(-A),
see [19]. Stochastic completeness amounts to requiring that the linear heat semigroup preserves the
identity, and is known to hold e.g., if the sectional curvature satisfies sec(x) > —cd(x, 0)* for all x € M
outside a given compact, and a suitable ¢ > 0, where d is the Riemannian distance and o is a given
pole. Besides, it is well known that 4,(M) > 0 e.g., if sec(x) < —c < O for all x € M. Therefore, the
class of manifolds for which the results of [19] hold is large, since it includes e.g., all
Cartan-Hadamard manifolds with curvature bounded away from zero and not diverging faster than
quadratically at infinity.

Concerning problem (1.1) with p > 1, we refer the reader to [28, 29] and references therein. In
particular, in [28], nonexistence of global in time solutions on infinite volume Riemannian manifolds
M is shown under suitable weighted volume growth conditions. In [29], problem (1.1) with M = Q
being a bounded domain and u” replaced by V(x,t)u” is addressed, where V is a positive potential.
To be specific, nonexistence of nonnegative, global solutions is established under suitable integral
conditions involving V, p and o.

In this paper, we prove the following results. Assume that the bounds (1.2) and the Sobolev
inequality (1.3) hold, and besides that o > p — 1 + £.

(@) If uy € L*(M) N L' (M) is sufficiently small, with s > (o0 —p + 1)%, then a global solution exists.
Furthermore, a smoothing estimate of the type L' — L™ holds (see Theorem 2.2).

(b) If uy € L7 %(M ) is sufficiently small, then a global solution exists. Furthermore, a smoothing
estimate of the type L 7 +D% _L* holds (see Theorem 2.4), this being new even in the Euclidean
case.

(¢) In addition, in both the latter two cases, we establish a L ~” R smoothing estimate, for any
(c—-p+ 1)% < ¢ < 40 and an LY — LY estimate for any 1 < g < +oo0, for suitable initial data uy.

Now suppose that both the Sobolev inequality (1.3) and the Poincaré inequality (1.4) hold, and
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that (1.2) holds. This situation has of course no Euclidean analogue, as it is completely different from
the case of a bounded Euclidean domain since M is noncompact and of infinite measure. Then:

(d) If up € L*(M) N L7 »(M) is sufficiently small, with s > max {(0—p+ DX, 1}, then a global
solution exists. Furthermore, a smoothing estimate of the type L* — L™ holds (see Theorem 2.7).

(e) In addition, we establish and Ly — L4 estimate, for any 0'% < g < +oo and an LY — LY estimate
for any 1 < g < +o00, for suitable initial data uy.

Note that, when we require both (1.3) and (1.4), the assumption on o can be relaxed.

In order to prove (a), we adapt the methods exploited in [27, Theorem 1]. Moreover, (b), (c) and
(e) are obtained by means of an appropriate use of the Moser iteration technique, see also [18] for a
similar result in the case of the porous medium equation with reaction. The proof of statement (d) is
inspired [27, Theorem 2]; however, significant changes are needed since in [27] the precise form of the
weight p is used.

As concerns smoothing effects for general nonlinear evolution equations, we refer the reader to the
fundamental works of Bénilan [4] and, slightly later but with considerable further generality and
methodological simplifications, Véron [38]. Recently, Coulhon and Hauer further generalize such
results and give new and abstract ones which even allow to avoid Moser’s iteration in a very general
functional analytic setting, through an extrapolation argument, see [8]. It should also be remarked
that, though we deal with weak solutions to our problems, it is certainly possible to prove existence of
solution in stronger senses, e.g., the strong one according to Bénilan and Crandall seminal
contribution [5]. In this regard, we also refer to the recent paper [21], in which existence results are
proved also for parabolic equations governed by the p-Laplace operator with Lipschitz lower-order
terms. We also mention that several important and seminal contributions to regularity results for
solutions of general nonlinear parabolic equations and systems can be found in several works by
Mingione, see e.g., [1,6,24].

The paper is organized as follows. The main results are stated in Section 2. Section 3 is devoted to
L% —L7 and L7 - L7 smoothing estimates, mainly instrumental to what follows. Some a priori estimates
are obtained in Section 4. In Sections 5—7, Theorems 2.2, 2.4 and 2.7 are proved, respectively. Finally,
in Section 8 we state similar results for the porous medium equation with reaction; the proofs are
omitted since they are entirely similar to the p-Laplacian case.

2. Statements of the main results

Solutions to (1.1) will be meant in the weak sense, according to the following definition.

Definition 2.1. Let M be a complete noncompact Riemannian manifold of infinite volume. Let p > 1,
o>p-1andue L}OC(M), uy > 0. We say that the function u is a weak solution to problem (1.1) in
the time interval [0, T) if

u € L0, T); W, (M) N LS (M x (0, T))

and for any ¢ € CZ(M X [0, T]) such that ¢(x,T) = 0 for any x € M, u satisfies the equality:

f fu(p,d,udt— f fIVulpz(Vu Vo) d,udt+f fu pdudt

+ f uo(x) p(x, 0) dy.
M

loc
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First we consider the case that o > p — 1 + £ and that the Sobolev inequality holds on M. In order
to state our results, we define

oo:=(c—-p+ I)N. 2.1
4

Observe that oy > 1 whenever o > p—1+ . Our first result is a generalization of [27] to the geometric
setting considered here.

Theorem 2.2. Let M be a complete, noncompact, Riemannian manifold of infinite volume such that
the Sobolev inequality (1.3) holds. Assume (1.2) holds and, besides, that o > p — 1 + %, s > oo and
uy € L*(M) N LY(M), uy > 0 where o has been defined in (2.1).

(i) Assume that
leollsony < €0, Nuollpiar < €0 (2.2)

with &y = &o(o, p, N, Cy,) > 0 sufficiently small. Then problem (1.1) admits a solution for any
T > 0, in the sense of Definition 2.1. Moreover, for any T > 0, one has u € L(M X (1, +00)) and
there exists a constant I" > 0 such that, one has

4

(Ol popry < T IIMOIIZ,"(’Z))”’ forallt >0, (2.3)

where
N

o= —:
N(p-2)+p
(ii) Let o0y < q < oo. If

lleeollzo0ar) < Eo (2.4)
for & = &y(o,p,N,Cs,,q) > 0 small enough, then there exists a constant
C =C(o,p,N, &y,Cs,,q) > 0 such that

lu(®llzsany < C 1Mol gy, forall >0, (2.5)
where
1 [ No-p+1) o-p+1 N(p—Z)]
Yq = 1 - , Og=— |14+ ——].
o-1 Pq o—1 Pq
(iii) Finally, for any 1 < g < oo, if uy € LY(M) N L7°(M) and

luollzromy < & (2.6)

with € = (o, p, N, C,, q) > 0 sufficiently small, then
el amy < Wuollzary  forall t>0. 2.7)

Remark 2.3. Observe that the choice of & in (2.2) is made in Lemma 5.1. Moreover, the proof of the
above theorem will show that one can take an explicit value of &) in (2.4) and ¢ in (2.6). In fact, let
qo > 1 be fixed and {g,,},cn be the sequence defined by:

N
gn = —— (P +qun-1—2), forallneN,
N-p
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so that
N

n N n—1 N i
qn = (—N_p) qo + N_p(p—Z) 2. (—N_p) : (2.8)

Clearly, {g,} is increasing and g, — +oco as n — +o0. Fix g € [g, +0) and let 72 be the first index such
that g; > g. Define

1
= 1 1/p p _1 l/p p CI: o—-p+l
& = &o(o, p, N, Cs 5, g, qo) := [minq min_ Pn 1) (2 (o =1) — . (2.9)
7 p+qn—2 p—0'0—2 2

Observe that &, in (2.9) depends on the value g through the sequence {g,}. More precisely, 7 is

D
increasing with respect to g, while the quantity min,—__z(g, — 1) (p m ;’ = )p C;" decreases w.r.t. g.
Then, in (2.4) we can take

& = &y(o,p,N,Csp,q) = &0, p,N,Cs ), q,00) .

Similarly, in (2.6), we can take

£ =&y A &,
where |
Eo = & — | min J(29= DAY ) ploo—=DVPY\ F=prT
&y = 80(0-’ D, CS,P’ Q) = [mln {(m C:l:,p’ m Cé)’p '

The next result involves a similar smoothing effect for a different class of data. Such result seems
to be new also in the Euclidean setting.

Theorem 2.4. Let M be a complete, noncompact, Riemannian manifold of infinite volume such that
the Sobolev inequality (1.3) holds. Assume (1.2) and, besides, that o > p — 1 + % and ug € L7°(M),
ug = 0, with g as in (2.1). Assume that

luolloomny < €2, (2.10)

with &, = &(o,p,N,Cs,,q) > 0 sufficiently small. Then problem (1.1) admits a solution for any
T > 0, in the sense of Definition 2.1. Moreover, for any T > 0, one has u € L*(M X (1, +00)) and for
any o > o0, there exists a constant I' > 0 such that, one has

o—-p+l

lu(llzan < T luoll 7oty for all t > 0. (2.11)
Moreover, (ii) and (iii) of Theorem 2.2 hold.

Remark 2.5. We comment that, as in Remark 2.3, one can choose an explicit value for &, in (2.10). In
fact, let gy = 0 in (2.9). It can be shown that one can take, with this choice of qy:

1 o—p+l
& = 82(0-a D, N’ Cs,p’ 0-0) := min {50(0-’ P, Na Cs,p7 q, 0-0) > (ﬁ) } s

where C > 0 and C > 0 are defined in Proposition 3.3 and Lemma 4.3, respectively.
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Remark 2.6. Observe that, due to the assumption o > p — 1 + %, one has

1 < N
oc-1 Np-2+p

Hence, for large times, the decay given by Theorem 2.4 is worse than the one of Theorem 2.2; however,
in this regards, note that the assumptions on the initial datum uy are different in the two theorems. On
the other hand, estimates (2.11) and (2.3), are not sharp in general for small times. For example, when
uy € L(M), u(t) remains bounded for any t € [0, T), where T is the maximal existence time.

In the next theorem, we address the case o0 > p — 1, assuming that both the inequalities (1.3)
and (1.4) hold on M, hence with stronger assumptions on the manifold considered. This has of course
no Euclidean analogue, as the noncompactness of the manifold considered, as well as the fact that it
has infinite volume, makes the situation not comparable to the case of a bounded Euclidean domain.

Theorem 2.7. Let M be a complete, noncompact manifold of infinite volume such that the Sobolev
inequality (1.3) and the Poincaré inequality (1.%) hold. Assume that (1.2) holds, and besides that
p > 2. Let uy > 0 be such that uy € L*(M) N L7 » (M), for some s > max {0, 1} and qo > 1. Assume
also that

lluollsny < &1, ||u0||LJ%(M) <érn

with g, = g(o, p, N, Csp,, C,, 5) sufficiently small. Then problem (1.1) admits a solution for any T > 0,
in the sense of Definition 2.1. Moreover, for any T > 0, one has u € L*(M X (1, +0)) and, for any
q > s, there exists a constant I' > 0 such that, one has

ps

(Nl By < [ Pas ||u0||£§’(’éif)*”" forallt >0, (2.12)
where .
ps
g =— |1 —-——1|>0.
P p—2( N(p—2>+pq)

Moreover, let s < g < oo and
lleeollzsary < &1

for & = &(o,p,N,Cy,,Cp,q,5) small enough. Then there exists a constant
C=C(o,p,N,¢&,,Cs ), Cp,q,5) > 0 such that

lellzaany < C Mol forall >0, (2.13)

where

Ry [1 1] 5 Ry
')/ = - ——, = —.
T p-2ls ¢ g
Finally, forany 1 < g < oo, ifuy € LY(M) N L*(M) and
luollsony < €
with € = (o, p, N, Cs,,, C,, q) sufficiently small, then

||u(t)||Lq(M) < ”uOHLq(M) fO}’ all t>0. (2.14)
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Remark 2.8. It is again possible to give an explicit estimate on the smallness parameter £, above. In
fact, let gy > 1 be fixed and {q,,}men be the sequence defined by:

Gn =P+ qm-1—2, forallmeN,
so that
Gm = qo + m(p = 2). (2.15)
Clearly, {q,,} is increasing and q,, — +00 as m — +oo. Fix q € [qg, +°0) and let in be the first index
such that gz > q. Define &, = &(o, p,N, Cs,, C,, q, qo) such that
: (P(qm - 1)l/r\’

____o4ptgm=2
:| (0 +gm—1)-p(p+qm—2)

C

b

TApro %72

o(c+o %—l)—p(p-ﬂr %—2)

plo 5 =D c
@+J%—m

~ p=l ~ ~
where C = CC;’(p‘r "and € = C(Cy, p,0,q) > 0 is defined in (3.37). Observe that & depends on
q through the sequence {q,}. More precisely, m is increasing with respect to q, while the quantity

. _nHl/r\P
ming,-o.._m (%) C decreases w.r.t. q,,. Furthermore, let 6, > 0 be such that
ps(c=1)

ps(o—1)
~ N(p-2
61 (P=2)+pq <1 ,

C 5{\’(1)—2)-#1)5‘ +

4

where C > 0 and C > 0 are defined in Proposition 3.3 and Lemma 4.3, respectively. Then, let gy = s
with s as in Theorem 2.7 and define

g =¢&(o,p,N,Cs,,Cp,q,s) = min {51(0', p,N,Cs,,Co.q,58); 51} .
3. L7—[9and L% — L7 estimates

Let xo,x € M. We denote by r(x) = dist(x,x) the Riemannian distance between x, and x.
Moreover, we let Br(xp) := {x € M : dist(xp, x) < R} be the geodesic ball with centre xy, € M and
radius R > 0. If a reference point xy € M is fixed, we shall simply denote by By the ball with centre x
and radius R. We also recall that 4 denotes the Riemannian measure on M.

For any given function v, we define for any k € R*

k if v>k,
T(v) :=13v if v <k, . (3.1
—k if v<—k;
For every R > 0, k > 0, consider the problem
w, = div (|VulP2Vu) + Tou?)  in Bg X (0, +00)
u=>0 in B X (0, +00) (3.2)
U= Uy in Br X {0},

where uy € L*(Bg), up > 0. Solutions to problem (3.2) are meant in the weak sense as follows.

Mathematics in Engineering

Volume 5, Issue 3, 1-38.



9

Definition 3.1. Let p > 1 and o > p — 1. Let ug € L*(Bg), ug > 0. We say that a nonnegative function
u is a solution to problem (3.2) if

u € L(Bg X (0,+00)), ue L*((0,T); W,”(Br))  forany T >0,

and for any T > 0, ¢ € C(Bg X [0, T']) such that (x,T) = 0 for every x € By, u satisfies the equality:

T T T
- f f ug dudt =— f \VulP>(Vu, Vo) dudt + f f T (u”) pdudt
0 BR 0 BR 0 BR

+ f uo(x) p(x, 0) dy.
Bg

3.1. L1 — L1 estimate for o > o0

First we consider the case o > 0o where oy has been defined in (2.1). Moreover, we assume that
the Sobolev inequality (1.3) holds on M.

Lemma 3.2. Assume (1.2) and, besides, that o > p—1+ %. Assume that inequality (1.3) holds. Suppose
that uy € L*(Bg), uy > 0. Let 1 < g < oo and assume that

luollzrosy < & (3.3)

with & = &(o, p,q,C; ) > 0 sufficiently small. Let u be the solution of problem (3.2) in the sense of
Definition 3.1, and assume that u € C([0,T], L1(Bg)) for any g € (1, +0), for any T > 0. Then

||I/l(t)||Lq(BR) < ”uO”L‘i(BR) for all t>0. (34)

Note that the request u € C([0, T], LY(Bg)) for any g € (1,0), for any 7" > 0 is not restrictive,
since we will construct solutions belonging to that class. This remark also applies to several other
intermediate results below.

Proof. Since uy is bounded and T} (u”) is a bounded and Lipschitz function, by standard results, there
exists a unique solution of problem (3.2) in the sense of Definition 3.1. We now multiply both sides of
the differential equation in problem (3.2) by u?~!,

f‘u,bﬂ_1 dx:f diV(qulp_2Vu) ui™'dx +f T (u ) u?" dx.
BR BR BR

Now, we formally integrate by parts in Bg. This can be justified by standard tools, by an approximation
procedure. We get

1
1d f wldu=—(qg-1) f w2 |\Vul? du + f T u™" du. (3.5)
gdt Jg

R Br Bg

Observe that, thanks to Sobolev inequality (1.3), we have
f w2 |\VulP du = ( ) (u P )
ptq=2
" e (3.6)

>(p+q 2) (f )

Mathematics in Engineering Volume 5, Issue 3, 1-38.
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Moreover, the last term in the right hand side of (3.5), by using the Holder inequality with exponents
Nl_p and %, becomes

f T ui™ dx < f u” ui ™ dx = f u? P ypra2 gy
Br Br Br (3.7)
< o—-p+1 p+q-2
llee(D)] Lo M)N(BR)”M(I)H gl

Combining (3.6) and (3.7) we get

p
P o—-p+1 +q—2
||u( Moy < = [(q—l)(ﬁ) cg’,,,—||u<t)||Uo$BR)]|| O s (3.8)

(["*'(/ DN

Take T > 0. Observe that, due to hypotheses (3.3) and the known continuity in L7° of the map ¢ — u(t)
in [0, T'], there exists 7y > 0 such that

le(Ollzeop < 2& forany te€[0,1)].

Hence (3.8) becomes, for any ¢ € (0, #y],

p
””(t)”Lq(BR) = (L) (g - DC?, = &) " @) <0,

p+q=2 LN (g

where the last inequality is obtained by using (3.3). We have proved that t — [[u(?)||z4(5,) 1S decreasing
in time for any ¢ € (0, ], thus

lu(@llLasry < lluollracsyy  for any 7€ (0,7] . (3.9)
In particular, inequality (3.9) follows for the choice ¢ = o in view of hypothesis (3.3). Hence we have
lee@)llroo sy < llutollroos,y < & forany 1€ (0,1].

Now, we can repeat the same argument in the time interval (¢, t;], with #; = 2¢,. This can be done due
to the uniform continuity of the map ¢ — u(¢) in [0, T']. Hence, we can write that

-p+1 -
||u(t)||Z,OfBR) <2& forany f€ (fo,1].

Thus we get
ee(l 2oy < llutollras,y forany t € (0,4].

Iterating this procedure we obtain that ¢t > |[[u(?)||rp,) 1 decreasing in [0,7]. Since T > 0 was
arbitrary, the thesis follows.
O

3.2. L — L9 estimate for o > 0

Using a Moser type iteration procedure we prove the following result:
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Proposition 3.3. Assume (1.2) and, besides, that o > p — 1 + % Assume that inequality (1.3) holds.
Suppose that uy € L*(Bg), up > 0. Let u be the solution of problem (3.2), so that u € C([0, T, LY(Bg))
forany q € (1,+00), forany T > 0. Let 1 < gy < g < +0co and assume that

lluollooBry < &o (3.10)

for & = &y(o, p,N, C ,, q, qo) sufficiently small. Then there exists C(p, qy, Cs », &, N, q) > 0 such that
82 P

(Ol zasey < C 17 llutol| %, sy Jorall >0, (3.11)
where
11 N g+%(p-2)
Yy = (— - —) s =l | (3.12)
9 q)Pqo+N(p-2) g \qo+,(p=2)

Proof. Let {q,} be the sequence defined in (2.8). Let 71 be the first index such that ¢; > ¢g. Observe that
n 1s well defined in view of the mentioned properties of {g,}, see (2.8). We start by proving a smoothing
estimate from gy to gz using a Moser iteration technique (see also [2]). Afterwards, if g; = ¢ then the
proof is complete. Otherwise, if g; > ¢ then, by interpolation, we get the thesis.

Let r > 0, we define

t
= — = 2"—1 . 1
r=gp W= -Dr (3.13)

Observe that ty = 0, t; =t, {t,} is an increasing sequence w.r.t. n. Now, forany 1 < n < n, we
multiply Eq (3.2) by u?-'~! and integrate in By X [t,_i, t,]. Thus we get

In n
f f w u® " dudt - f f div (|Val"Vu) u?~ dpdt
ti-1 v Bg ti-1 v Bg
tn
:f ka(u‘T)uq”‘l_1 dudt.
In-1 Bg

Then we integrate by parts in Bg X [#,—1, #,]. Due to Sobolev inequality (1.3) and assumption (3.10), we
get

(et M1 gy = Mt DN s |

14 g 5 -2
(—2) (qn_l—ncg’,,,—zéo] f ()|~ dr,
In—1

P+ 4qn-1— L 2 7 (Bg)

where we have made use of inequality 7, (u”) < u’. We define ¢, as in (2.8), so that (p + ¢, —

n—1

(3.14)
S —

N

2)—N = ¢,. Hence, in view of hypotheses (3.10) we can apply Lemma 3.2 to the integral on the
4

right hand side of (3.14), hence we get

1 [ ) e | Oy [ Pl
-~

(3.15)
S —

p
L - P _ PHqn-1-2 _
(p+qn_1 - 2) (@ = DCs, 280] ot o) L2 g )It ty-1l-
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Observe that

”u(" tn)l Z};nll(BR) = 0
o -1y (3.16)
n n—-11 — i _ 1
We define
P g o
dy =||———— w1 — 1)CP —28& . 3.17
: (p +qn-1 — 2) (q : ) oP “ dn-1 ( )
By plugging (3.16) and (3.17) into (3.15) we get
PHqn-1-2 ( " — ) n
lleeC-, 2| L < 2—” u(, to)lI 7! 1(Bg)*
The latter can be rewritten as
(2}1 _ 1)d p+qn P+a,_1 -2 1 p+‘11]n—1_
”M(, tn)”L(pJ’q”"_z)N%P(BR) < (T t p+qn-1—2||u(.’ tn—l)lqu»vf;EBi)'
Due to to the definition of the sequence {g,} in (2.8) we write
N 1
Q"= Dd,_ \¥7  _ ~ 1 Il
||u(’ tn)”an(BR) S (Tl t N-p gn ||l/[(-’ tn_l)”quflA(]BR) . (3.18)
We define N
s = o (3.19)
-p
Observe that, for any 1 < n < i, we have
_ -1 s
Q"= Dd,_1\ b 1
Al [ w1 — C? -2
( 2n—1 p + qn-1 — 2 (q : ) P ¢ qn-1
(3.20)
1
= p p N
w1 (@) — D | ————| CF, - 2¢&q,-
Gn-1(qn-1 )(p+CIn—1 _2) D &qn-1
and _
2" -1 fi+1 -
i <2 forall 1 <n<n. (3.21)

Consider the function

14

P
ﬁ) Cfp—Zs]x for go <x<gs xeR
prtx— ’

g(x) := [(x— 1)(

Observe that, due to (2.9), g(x) > 0 for any gy < x < g;z. Moreover, g has a minimum in the interval
qo < x < gy; call X the point at which the minimum is attained. Then we have

1
— < — for any ¢y < x < gs. (3.22)

g(x) — g(%)
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Thanks to (3.20)—(3.22), there exist a positive constant C, where C = C(N, Cy ,, &, 1, p, qo) such that

((2’_1 — Ddy

T ) <C, forall 1<n<n.

By plugging (3.19) and (3.23) into (3.18) we get, forany 1 <n <7

Sdn-1

1 _ s n
s t)llzan sy < Cont™om Gy ta-ll s 5,

Let us set
Un = ”u(',tn)”L‘lﬂ(BR)-

Then (3.24) becomes

In-15

L s T
U, <Cutul "

1 s s s 22
S C‘int qn C‘inl‘ qn Uk—zqn
<.

LGfl i _ s anl i ani()
< Can %i=0 5 i:OSUO n

We define
n—1
1 i
, = — s,
qn 5
s n—1
By i=— s = sa,,
4n ;
Oy = 20,
qn
By substituting n with 7 into (3.25) we get
N-pA
ap = ——,
P 4
NA
ﬂfl =
P 4n
8= (A+ DL

n

where A = (;=)" - 1. Hence, in view of (3.13) and (3.26), (3.24) with n = 7 yields

A+l

n
(Bp) *

N

N-p A A q0
s Ollzan gy < €7 o £ lul| 49

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

We have proved a smoothing estimate from g, to g;. Observe that if g; = ¢ then the thesis is proved.

Now suppose that g; > g. Observe that ¢ < g < g5 and define

B:=N(p-2)A+ pqo(A+1).
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From (3.27) and Lemma 3.2, we get, by interpolation,

[ 1-6
NG, Ollacsey < Nl Ollpao gl Dl o s,

_NA(_ At (1-9)
< Nt O Fao gy C 15 = kol a0 (3.28)
_NA(_ A1 (1-6)+6
=Cr gl gy s
where
g = 90 (M) (3.29)
q \9r — 4o
Observe that .
.. NA N (q-
Q) —(1—e)=—(q q°) . ;
B P\ qa Jq+,(p=2)
N
B A+1 g 4+ 5, =2
(i) pgo—p=(1 -0 +0==—2———r0
B 9 qo+ 5(p=2)

Combining (3.28), (3.12) and (3.29) we get the claim, noticing that ¢ was arbitrarily in [gg, +o0). O

Remark 3.4. One can not let ¢ — +oco is the above bound. In fact, one can show that € — 0 as
q — oo. So in such limit the hypothesis on the norm of the initial datum (2.9) is satisfied only when
Ug = 0.

3.3. L1 — L1 estimates for o > p — 1

We now consider the case oo > p — 1 and that the Sobolev and Poincaré inequalities (1.3), (1.4) hold
on M.

Lemma 3.5. Assume (1.2) and, besides, that p > 2. Assume that inequalities (1.3) and (1.4) hold.
Suppose that uy € L (Bg), uy > 0. Let 1 < g < oo and assume that

lletoll <& (3.30)

L7 7 (Br)
for a suitable & = &, (o, p,N,C,,Cy,,q) sufficiently small. Let u be the solution of problem (3.2) in
the sense of Definition 3.1, such that in addition u € C([0,T); LY(Bg)). Then

||Lt(t)||Lq(BR) < ||I/t()||Lq(BR) fOF all t>0. (331)

Proof. Since u, is bounded and T, («”) is a bounded and Lipschitz function, by standard results, there
exists a unique solution of problem (3.2) in the sense of Definition 3.1. We now multiply both sides of
the differential equation in problem (3.2) by u¢~!, therefore

f u, u?™! du = f div(|VulP % Vu)ud™! du +f Ti(u”) ud™ du.

Bg Bg Bg

We integrate by parts. This can again be justified by a standard approximation procedure. By using the
fact that 7(u”) < u”, we can write
V (u p+1q)72 )

1df p r
L P .
qdt Jg, ptq-2) JUs,

Mathematics in Engineering Volume 5, Issue 3, 1-38.
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Now we take ¢; > 0, ¢o > 0 such that ¢; + ¢, = 1 so that

ptq-2 P ptq=2
f \% (uT) \% (uT)
Bg

Take a € (0, 1). Thanks to (1.4), (3.33) we get

p p

du = c; + ¢

p+q-2
\% (uT)

LP(Bg) LP(BR)

2 p
p+q-2 ) p+q-2
j‘v@p)'wzchwwz -mzv@p)
p LP*4=2(Bg)
B, R Ly (BR)
ptpa—pa
-2 ptq=2
> ¢,C? [lul"*4 -mzv@p)
)4 Lr+a (BR) LP(Bg)

p—pa

+q—2 (p+q-2)
> e Ch lull) 52, + 2Ch uly 4

‘V (up+zf2 )

Moreover, using the interpolation inequality, Holder inequality and (1.3), we have

-1 +q-1
f W dy, = [l
Br

0o +q-1) |, |(1=0)c +g-1)
< utll, g8 o el o

LP(BR)

LP+a-2(Bg) LT+P+4-2(Bp)
(1-6)(0 +¢-1)
8(0 +q-1) o prg—2 ST
< el g2 g Nl ¥ s, || I Lot
. p(1-6) ;2L
< Il O (—1- v () )
2
LP+a=2(BR) (BR) Cs,p LP(Bg)

where § ;= @=D@+a2) By plugging (3.34) and (3.35) into (3.32) we obtain

o(o+q-1)

p
p p+q-2
||u(r)||Lq(BR) <—(g-1) (—+ — 2) e Colullfye2

p p—pa
4 a(p+q-2) ptg-2
—(g-1D|———=| 2C?|lu Viu—>
(q ) (p + q _ 2) 2 p || ||Lp+q72(BR) Lp(BR)
A1 10 +g=1) Zi(i’pi‘i, 3 p(1-6) 2L
+ Cllulle+q—2(B ) ” || ) ||V ||LP(BR) B
where
i ( | ) 1055
C=—
Csp
Let us now fix a € (0, 1) such that
o+qg—1
—pa=p(l-0)——.
p — pa = p( )a+p+q_2
Hence, we have
p—1
a=—
o

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)
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By substituting (3.38) into (3.36) we obtain
1d r _
aallu(t)lliq(gm < -(g- 1)(#) a1 Cp ||M||f:z,_f(BR)
1 p p (o +g=D)=(p=D)(p+g-2)
- — _ 1 I C — N T+p+q-2 (3'39)
C{(q )(P+q—2) | ”L"F(Bm }
o)

where C has been defined in Remark 2.8. Observe that, due to hypotheses (3.30) and by the continuity
of the solution u(#), there exists #y > 0 such that

—pa
a(p+q-2) b=p

X ”M”LP“I’Z(BR)

b

LP(Bg)

||u(t)||L(,%(BR) <28 forany tre€ (0,1)].

Hence, (3.39) becomes, for any ¢ € (0, #,]
ld q p g p+q-2
aa||u(f)||Lq(3R) <—(g- 1)(m) aCj ||M||Lp+qu(BR)

1 p ! ~ o +q;! t;i;;wqiz) a(p+q-2)
- E {(q - 1) (m) C-2¢g ||M||L,,+qu(BR)

p-pa

p+q-2
(%)

LP(BR)

<0,

provided &; is small enough. Hence we have proved that ||u(?)||1¢s,) 1S decreasing in time for any
t € (0,1y], thus
ee()l Loy < llutollras,y forany t € (0,1]. (3.40)

In particular, inequality (3.40) holds ¢ = o % Hence we have

[l

< luoll

< & € .
¥ o ¥ o & forany re€ (0,1)]

Now, we can repeat the same argument in the time interval (#y, ;] with #; = 2¢,. This can be done due
to the uniform continuity of the map ¢ — u(¢) in [0, T']. Hence, we can write that

<9z
||u(t)||L(,%(BR) <2& forany te€ (t,t].

Thus we get
u(@llrase) < lluollzas,y forany t € (0,1].

Iterating this procedure we obtain the thesis.

3.4. L — L9 estimate for o > p — 1

Using a Moser type iteration procedure we prove the following result:

Mathematics in Engineering Volume 5, Issue 3, 1-38.
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Proposition 3.6. Assume (1.2) and, besides, that p > 2. Let M be such that (1.3) and (1.4) hold.
Suppose that uy € L*(Bg), ug > 0. Let u be the solution of problem (3.2) in the sense of Definition 3.1
such that in addition u € C([0, T], LY(Bg)) for any q € (1,+00), forany T > 0. Let 1 < gy < g < +0
and assume that

lluoll - (Br) < & (3.41)

for & = &(o,p,N,Cs ), Cp, q,qo) sufficiently small. Then there exists C(p, qo,Csp, &1, N, q) > 0 such

that
6‘]

() o) < Ct_yq”Mo”qu(BR) forall t>0, (3.42)
where
qo (1 1) 90
Yq = — ==, 0,=—. (3.43)
T p-2 (qO q g

Proof. Arguing as in the proof of Proposition 3.3, let {g,,} be the sequence defined in (2.15). Let m be
the first index such that gz > g. Observe that m is well defined in view of the mentioned properties
of {gn}, see (2.15). We start by proving a smoothing estimate from g, to gy using again a Moser
iteration technique. Afterwards, if gz = g then the proof is complete. Otherwise, if g > ¢ then, by
interpolation, we get the thesis.

Lett > 0, we define
t

r = — .
2m_1

tw= (2" = Dr. (3.44)

Observe that

to=0, tz=1t {t,} is anincreasing sequence w.r.t. m.

Now, for any 1 < m < m, we multiply Eq (3.2) by u?1~" and integrate in Bg X [f,,-1, t,,]. Thus we get

'm Tm
f f w, u " dydr — f f div (|Vu"|Vue) ut'~" dp dr
In—1 Bgr In—1 Br
m
:f ‘[Tk(u")uq’"‘_1 dudr.
Im—1 BR

Then we integrate by parts in Bg X [f,,-1, t,,], hence we get

1
— [l 1Dl gy = s DI

m—1

p tm
p
| [
! p + Qm—l - 2 Im-1 Br
Im
+ f f u” ut= "V du dr.
tm-1 Y BR

where we have made use of inequality

p
dudr

Pram-1-2
v(u 5 )

Te(u”) < u’.
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Now, by arguing as in the proof of Lemma 3.5, by using (3.33) and (3.34) with g = g,,,—;, we get

p+qm 1-2
f V(u ) du
Br
g1 -2 \||PTPY
DLy, (1P Hdm-1-2 pa [, P+ qn-1-2) LA i
Z Clcp ||u||LP+qm*172(BR) + C2Cp ||M||Lp+qm*172(BR) V u p .
R

where a € (0,1) and ¢; > 0, ¢; > 0 with ¢; + ¢, = 1. Similarly, from (3.35) with ¢ = ¢g,,—; we can write

a qul_l — ‘T+q"171_1
f Wt = e,
Br
)(r((r+qm_1—1)

9(0'+qm_1—1) || || T +ptqy,—1-2

< ||u||L[7+qm—1_2(B ) o5 (Bg)
R

T +gm—1-1
PHam—1-2

1 PO st
X HV(M r)
(Cs’,, LP(Bg)
P=D(Pp+gm-1-2)

where 6 := e r— . Now, due to assumption (3.30), the continuity of u, by choosing C and « as
in (3.37) and (3.38) respectively, we can argue as in the proof of Lemma 3.5 (see (3.39)), hence we
obtain

—— [l a1 ey = MBI ]

m—1

p fn
p m
(G- —1)(—2) e Cy f G, DI de

p + qm-1 — i
1 1% g O 4Gy 1 =D==D)(P+gp-1-2) 3 45)
g - [ ) € g S
c Pt qm-1— 2
a ]+qm 1— p—pa
x f e DI ‘v( Yoo ar
Im—1 LP(BR)

where C has been defined in Remark 2.8. Finally, provided &, is small enough, (3.45) can be rewritten
as

—— [l U2 gy = Nt |

m—1
p p tl11 2
_ _ 4 . Prdm-1—
(Gm-1 D(p P 2) ciCh \le e, DI 2 5 AT
We define g,, as in (2.15), so that ¢,, = p + ¢g,,—1 — 2. Then, in view of hypothesis (3.41), we can apply
Lemma 3.5 to the integral in the right-hand side of the latter, hence we get

[t gy = M DI

m—1

p P (3.46)
qm
< _(Qm—l - 1) (p + Gt — 2) CIC5 ||I/l(', z‘m)l Lim(Bg) |tm - z‘m—ll'
Observe that
||I/t( tm)l ZerI](BR) = 07
om-y (3.47)
|tm - m—ll = o=

2m—1°
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We define

-P

p 1 1

dyy = ) (3.48)
] (p+qm-1 —2) c1 Cp gm-1(Gm-1 — 1)

By plugging (3.47) and (3.48) into (3.46), we get

om-1yp i lluC, DI

||u( tm)”Lqm(B) - Lzm—l(BR)'

The latter can be rewritten as

Im-1

_ 1
2m—1 m
dm—l) t q'"”u( . I)HLqm 1(Bg) (349)

”M("tm)”LM(BR) < (W
Observe that, for any 1 < m < m, we have
2’7’—1d _2’7‘—1( p )_” 1 1
2t T T \ pt gy =2 ¢t Ch et (G — 1)
< el 1 (p+qm_1—2)p 1 .
¢ C, p Gm-1(gm-1 — 1)

(3.50)

Consider the function

+x—=2)
h(x) := w for go < x < gm, x€R.
x(x—=1)
Observe that A(x) > 0 for any gp < x < g Moreover, & has a maximum in the interval gy < x < g5,
call X the point at which it is attained. Hence

h(x) < h(%) forany ¢o < x <gm x€R. (3.51)

Due to (3.50) and (3.51), we can say that there exists a positive constant C, where C = C(C,, m, p, qo),
such that B
2m—1
2m—1
By using (3.52) and (3.49), we get, forany 1 <m <m

dy_1 <C foralll <m<m. (3.52)

dm-1

11
s td)llpon gy < Comt™am [, te )l -1 - (3.53)

Lén-1(Bg)

Let us set
= ||u(" tm)“LtIm(BR)
Then (3.53) becomes

Im-1

U < ant qu qm
dm=2
< C‘imt Qm |:C‘im 't qm 1 Uq"121:|
<.
m m qfo
SCot o UJ".
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We define
m qo
Q= —, Op = —.
Qm qm

Substituting m with /m into (3.54) and in view of (3.44), (3.53) with m = m, we have

(3.54)

g S
”u("t)”L‘fW(BR) < GO ||u0||qu(BR)'

Observe that if g = g then the thesis is proved and one has

1
S T R
p—2 q q

Now suppose that g < gz, then in particular gy < g < g5. By interpolation and Lemma 3.5 we get

6 1-6
s Dll oy < NG Dl N DI

et Dl a0 gy C™ 08T o178 (3.55)
< Cam(l—e)t—aﬁ(l—e) ||u0”i§(§§;§))+0 ,
where
9:@(‘]’"”). (3.56)
q \q9m — 4o
Combining (3.43), (3.55) and (3.56), we get the claim by noticing that g was arbitrary fixed in [g, +00).
]

4. Auxiliary results

In what follows, we will deal with solutions ug to problem (3.2) for arbitrary fixed R > 0. For
notational convenience, we will simply write u instead of uz since no confusion will occur in the
present section. We define

Gi(v) :=v =T(v). 4.1)

where T;(v) has been defined in (3.1). Leta; > 0,a, > 0and ¢t > 7; > 7, > 0. We consider, for any
i € N U {0}, the sequences
ki=ay+ (a; —a)27;
2+ (a1 —az) s 42)
0 =1+ (11 —712)27";
and the cylinders
U; := B X (6;,1). 4.3)

Observe that the sequence {6;},ciy is monotone decreasing w.r.t. i. Furthermore, we define, for any
i € N, the cut-off functions &;(7) such that

1 O1<T<t 2
&i() == and (&) < : (4.4)
0 O<7t<6; T — T2
Finally, we define
S(1) := sup (tlu(o)fls,) (4.5)
O<r<t

We can now state the following
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Lemma 4.1. Let i € N, k;, 0;, U; be defined in (4.2), (4.3) and R > 0. Let u be a solution to
problem (3.2). Then, for any q > 1, we have that

p+q-2 | P .
sup (G, (w)]? dp + ff ‘V[Gk[(u)]T dudr <2y C, ff Gy, (w)]? dudr.
Ui Ui

T1<7<t JBp

where y = y(p, q) and
1 2
C = L2 2 (4.6)

Tl—Tz T 611—612

Proof. For any i € N, we multiply both sides of the differential equation in problem (3.2) by
[Gr(w)]?7'€;, g > 1, and we integrate on the cylinder U;, yielding:

[ w6006 duar

4.7)
- f f div(|VulP = Vu)[Gr (u)]?' & dudt + f f T(u”) [Gy,(w)]7 & dudt .
U; i
We integrate by parts. Thus we write, due to (4.4),
f f e [Gi ()" & dudt = — f f _[(Gk(”))q 1§ dudt
: (4.8)
- f (G V(&) dpudr + - f (G (. 1)1 d
Moreover,
- f f div(|Vul’? Vu)[Gy, )] ¢; dudt = f VulP = Vu - VG ()] dudt
vi Ui (4.9)

z(@-1) f (G, ()G ]I & dpdr.
Ui
Now, combining (4.7), (4.8) and (4.9), using the fact that 7(«#”) < u” and (4.4), we can write

1
p, f [Gr(u(x, )] dp + (g — 1) f f (G (]2 IVIGr ]I & dudt

Br
< - f f [Gr, (W] (&)~ dudT + f f (G, ()] '€; dudT (4.10)

< f (G, (w)]? dudT + f f u” (G (] & dudr.
T —T2 ;
-1
y = [min{l, q- 1}] ,
q

f[Gki(u(x,t))]"d/,c+f (G117 |VIGw)]IPE; dudt
U;

Br
<y 2 ff [Gr,(w)]? dudt +y ff u” (G, (W] Edudr.
T —T2 i i
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Observe that the sequence {k;};c is monotone decreasing, hence
Gi,(u) < Gi,(u) < Gy, (u) <u forall i € N.

Thus (4.11) can be rewritten as

f (G (u(x, )] dp + f f (G, ()" IV[G, ()] dudt
By Uz 1

[ (Guowr dudc+ [[[ Gt
Tl -T2 i i
I1:=% f f u” ' ulGy,, ()] dudr
U;

u u-— kl+l
S =t ©
where y; is the characteristic function of D; := {(x, ) € U; : u(x,t) > k;}. Then, by using (4.5), we get:

(4.12)

Let us now define

Observe that, for any i € N,

! 1 ~
17 [ 2oz, [ alGu @l duds
91’ BR

"1 u _
= 5/‘[ TT||M(T)| LW(BR)‘[ ki; [Gr.,,(w)]* Y dudr (4.13)
0 i

Br

ok 2
<7250 [ 1 [ (Gl dud
i — Kit1 6 T JBg

By substituting (4.13) into (4.12) we obtain
r Y prg2|P
sup | [Gi(uCx, DI dpa + | ——— [VIGy, 0177
T1<T<t BR - Uiy

f [Gr.,(w)]? dudT + ky S f f [Gr.., (u)|%dpdr.
ki—kiet 60 JJu,

<

T -T2

To proceed further, observe that
ko 2
ki — ki - a) —a

+2, and 6y =1;.

Consequently, by choosing C; as in (4.6), we get

p 2
sup | (G (uCx, )17 dpe + (L) f f VG )" | dudt
p+qg-2 Ui

T1<7<t JBp

52i7clff[Gki+](u)]qdudT.
Ui

The thesis follows, letting
py1-1
. p ~
Y [mln{ (P+CI—2) }] 7 R

O
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Lemma 4.2. Assume (1.2), let 1 < r < q and assume that (1.3) holds. Let k;, 0;, U; be defined in (4.2),
(4.3) and R > 0. Let u be a solution to problem (3.2). Then, for every i € N and € > 0, we have

dudrt

sup [@MW¢HIT\WQMﬁT”
Ui

T1<7<t J By

p+q-2
<e || |VIGK, (0"
Ui
N(p=2)+pq

G-2-r)+pr N(p-2)+pr
+Ce)@yC) T (1 Tz)( sup | [Gr. ()] d,u) ;

T2<1<t J Bp

p
dudr

with C and vy defined as in (4.6) and (4.14) respectively and for some C(g) > 0.
Proof. Letus fixg > 1 and 1 < r < g. We define

_,_Np-2+pq
Np+q-2-r)+pr

(4.15)

Observe that, since 1 < r < g, one has 0 < a < ¢g. By Holder inequality with exponents +— (
N(p+q=2)
N(p+a-2)+p(g-a)’

ptq— 2)
plg—a)

and we thus have:

wmwwwifmmwwmmwmw

Br Bgr
EEI
N p+q— P,
( (0 i du)
Bg
Npzaepy-o)
a +q— ptq—
><( f (G, (u)] T 2w d,u) (4.16)
Br

rlg-a)

) p+q-2
L7 (Bg)

p+q-2

< [ 01"

N(p+a—-2)+p(g—a)

 aNpigd) Np+q-2)
(f [le+l(u)] N(/r+rt 2)+p<q @) d'u
By the definition of « in (4.15) and inequality (1.3), (4.16) becomes
1 p(q*rrz) a
p+q—2 prq-— r
anwms( @] ) (fanww). (4.17)
fBR . Cs, Lr(Be) e

We multiply both sides of (4.17) by 2'yC; with C; and y as in (4.6) and (4.14), respectively. Then, we
apply Young’s inequality with exponents Z-4 2 and e > to get:

-

2'yC, f [Gr.,, ()] du
Br
@ ptq=2 (418)

r p+ta=2

ptq=2|P ; ptq=2
<e f 'V[ka(u)] 7| du+ Ce)(2yCr)re= ( f (G, )] dp
BR BR
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Define
A:

_a(ptq=2)_Np-2)+pq
r\p+a-2 N(p-2)+pr

Observe that A > 1 since r < g. By Lemma 4.1,

sup f (G, ()] du + f f ‘V[Gki(u)]"%'z
T1<7<t J By Ui

Moreover, let us integrate inequality (4.18) in the time interval 7 € (6;, ). Then, we observe that

!
" dudr < 2'yC, f f Gy, )] dud 4.19)
0; Bgr

i bl
CE)2yCyre f ( f [Gk,«+1(u)]’dﬂ) dt
0 \JBg

A
< C(e)2'yC)F e (1 = 1) ( sup | [Gg,, (W] d,u)

T2<7<t JBp

(4.20)

where we have used that 7, < 6; for every i € N. Finally, we substitute (4.19) and (4.20) into (4.18),
thus we get

sup f [Gr, )] dpa + ff [VIG )
T1<7<t J By Uiy
Sé‘ﬂ ‘V[ka(u)]‘”g‘z
U;

The thesis follows by noticing that, for any i € N

P
dudrt

A
p . ptq=2
dudr + C(e)(2'yCy)r2(t — 13) ( sup f [Gy,.,, )] a’,u)
Br

T<T<t
Gki(l/t) < GkM(Lt) <...< ka(bt),
and that

p+q—2 Np+q-2-r)+pr
p+a—2_ N(p—-2)+ pr

O

Proposition 4.3. Assume that (1.2) and (1.3) holds. Let S (t) be defined as in (4.5). Let u be a solution
to problem (3.2). Suppose that, for all t € (0,T),

S < 1.
Let r > 1, then there exists k = k(p, r) such that

__r
N(p-2)+pr

b

___N r
||Lt(x, T)||LM(BRX(%,[)) < kl‘ N(p=2)+pr |:Sup f u d/l
Bg

£<T<t
forallt € (0,7).
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Proof. Let us define, for any j € N,

ii= [ |7 16w

where Gy, {ki}ian and U; have been defined in (4.1), (4.2) and (4.3) respectively. Letus fix 1 <r < g
and define

" dudr, 4.21)

_Np+q-2-r)+pr
B N(p—-2)+ pr
By means of Lemma 4.2 and (4.21), we can write, for any i € N U {0}

B

sup (G, W] du + Jy
T1<7<t JBp

N(p=2)+pq
N(p-2)+pr

<&l + Ce)2yCY(t - Tz)( sup f (G, ()] du
<1<t J By

N(p-2)+pr

N(p=2)+pq
< 8{812 + C(e)2*yCr) (1 - Tz)( sup f [Gi. ()] dp }
T2<7<t JBp

4.22)
N(p-2)+pq
N(p-2)+pr
+ C(e)2yC)’(t - 12) ( sup [Gi. ()] d,u)
Ty<7<t J By
<...
i—1 N(p-2)+pq
. . N(p-2)+pr
<&+ ) (%) (2yC Y Ce) - Tz)( sup f Gy @)Y du) :
=0 T2<7<t JBp
Fix now & > 0 such that 62 < 1. Taking the limit as i — +oo in (4.22) we have:
xipjiﬂiq
sup f (G (W] du < CQyCyY(1 - Tz)( sup f (G, ()] d/J) : (4.23)
T1<7<t JBp T2<7<t J By
Observe that, due to the definition of the sequence {k;};c in (4.2), one has
ko = ay, ko = ay;
G () = Gy, (w), Gr,(u) = Gy, (u).
For n € N U {0}, consider, for some Cy > 0 to be fixed later, the following sequences
1
ty==t(1-2""1);
> ( )
h, = Co(1 =271y, (4.24)
- 1
hn = E(hn + hn+1) .
Let us now set in (4.23): 3
Ty =ty T2=t; a=h,; ay=h,. (4.25)
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Then the coeflicient C defined in (4.6), by (4.24) and (4.25), satisfies, since for any ¢ € (0, T') one has
S <1,

n

2C, < 72 for some C, > 1.

Due to the latter bound and to (4.25), (4.23) reads

N(p=2)+pq
~ N(p-2)+pr
sup (G}, W) du < Cyc’;ﬁfﬂ“(sup f [Ghn(u)]rd,u) . (4.26)
1 <7<t J Bg 12 <t<t J Bp
Furthermore, observe that
f (G ) it < (g = P ™ f |Gr )| du. (4.27)
Bgr Bg

By combining together (4.26) and (4.27), we derive the following inequalities:

sup f (G, )] du < (B — h,)1 sup f [Gﬁn(u)]q du
Bgr Br

I+ <T<t 41 <T<t
r— N(p=2)+pgq (428)
~ n hn+1 - hn 1 —B+1 Mp=2+pr
<CycP|——=—=| #"sup f (G, ()] du .
2 1, <t<t J Bp
Let us finally define
Y, := sup f (G, ()] du.
1,<t<t J Bg
Hence, by using (4.24), (4.28) reads,
R e A
n —_ 2 n
~ N(p=2)+pq
< C % C;ﬂ 2(n+3)(q—r) C(r)—q t—ﬁ+1 YnN(pr)ﬂ?r
N(p-2+pg
< kn(q—r) C(r)—q l_ﬁ+1 YnN(p—2)+17f ,
for some k = k(p, r) > 1. From [25, Chapter 2, Lemma 5.6] it follows that
Y, — 0 as n— +oo, (4.29)
provided
N(p=2)+pq _
Co Py <k (4.30)
Now, (4.29), in turn, reads
el (Bex(1.0)) < Co-
Moreover, (4.30) is fulfilled since
)4
B+ Np=2+pq _1\(_1_ N(p-2)+pr
CO — kt% Y(EN(ﬁ_z)Jrf’Z )(q—r) < kt_N(p—Aé)‘Fpr [Sup f ur le
f<t<t JBg
This concludes the proof. O
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5. Proof of Theorem 2.2

By Lemma 4.3, using the same arguments as in the proof of [27, Lemmata 4 and 5, and subsequent
remarks], we get the following result.

Lemma 5.1. Assume (1.2)and o > p— 1+ %. Suppose that (1.3) and (2.2) hold. Let S (t) be defined
as in (4.5). Define
T :=sup{t>0:85(@) < 1}. 5.1
Then
T = +oo.

Proof of Theorem 2.2. Let {uo ;)50 be a sequence of functions such that

(@) upp € L>M)NCZ(M) forall h >0,

(b) up;, 20 forall h >0,

(¢) uop, < uop, foranyhy < hy,

(d) uo, — uo in L'(M)NL' (M) as h — +c0,

Observe that, due to assumptions (c¢) and (d), ug, satisfies (2.2). For any R > 0, k > 0, h > 0,
consider the problem
u, = div (|VulP2Vu) + To(u”)  in Bg X (0, +0)
u=>0 in dBg X (0, 00) (5.2)

u=uyy, in Br X {0}.

From standard results it follows that problem (5.2) has a solution uﬁ’ . in the sense of Definition 3.1. In
addition, u;, € C([0, T]; LY(Bg)) for any g > 1.
(i) In view of Proposition 4.3 and Lemma 5.1, the solution uf’k to problem (5.2) satisfies estimate (4.3)
for any t € (0, +00), uniformly w.r.t. R, k and h. By standard arguments we can pass to the limit as
R — o0, k — oo and h — oo and we obtain a solution u to Eq (1.1) satisfying (2.3).
(i) Due to Proposition 3.3, the solution uf’k to problem (5.2) satisfies estimate (3.11) for any ¢ €
(0, +00), uniformly w.r.t. R, k and h. Thus, the solution u fulfills (2.5).
(111) We now furthermore suppose that ug; € LY9(M) and uy;, — uo in LY(M). Due to Proposition 3.2,
the solution u‘,’f’k to problem (5.2) satisfies estimate (3.4) for any ¢ € (0, +c0), uniformly w.r.t. R, k and
h. Thus, the solution u also fulfills (2.7).

This completes the proof.

6. Proof of Theorem 2.4

To prove Theorem 2.4 we need the following two results.

Lemma 6.1. Assume (1.2) and, moreover, that o > p — 1 + %. Assume that inequality (1.3) holds. Let
u be a solution of problem (3.2) with uy € L*(Bg), uy > 0, such that

llueollzoo(Be) < &2,
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for &, = &(o,p,N,Cy,,00) > 0 sufficiently small and o as in (2.1). Let S(t) and T be defined as
in (4.5) and (5.1) respectively. Then
T = +oc0.

Proof. We suppose by contradiction that 7 < +oo. Then, by (5.1) and (4.5), we can write:

1=5(T) = sup dulf=y,. (6.1)

0<t<T

Due to Lemma 4.3 with the choice r = g > 07, (6.1) reduces to

j (o-1)

N(p=2)+pq
1=8(T)< sup tikt” W3 ( sup f u? d,u]
Bg

0<t<T f<r<t

(6.2)
< k £~ ¥ (o7
sup sup [|u(Dllaipy " | -
0<t<T Z<T<t
Define o)
I = sup w2 . (6.3)
§<‘r<t
In view of the choice g > o7, we can apply Proposition 3.3 with gy = 0 to (6.3), thus we get
pqlo—=1)
I < sup [Ct Ya ||M0||qu(3 )]N(p_Z)W
4<‘I'<t (64)
- (o ~1)
< CrmRE gl
where y, and 6, are defined in (3.12). By substituting (6.4) into (6.2) we get
o — o — _pg(d-1)
1= S(T) < Ch sup w07 a5 g 1115 4
0<t<T
Observe that
__Ne=h . pale-D)
N(p-2)+pq "'Np-2)+pq
-1
N(p-2)+pq
hence
1=S(T)<CCel ™.
Provided ¢, is sufficiently small, a contradiction, i.e., 1 = S(T) < 1. Thus T = +oco. m|

Proposition 6.2. Assume (1.2) and, moreover, that o > p—1+ % Let u be the solution to problem (3.2)
with uy € L (Bg), ug > 0. Let 0 be defined in (2.1) and g > o . Assume that

lluollzoo ey < &2

with &, = & (o, p, N, Cs,, 00) > 0 sufficiently small. Then, for some C = C(N, o, p,q,0y) > 0:

=2

e (®)ll 5y < C 7T ”MO”LG'O(B y Joranyt € (0, +c0). (6.5)
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Proof. Due to Lemma 6.1,
S() <1 forall re (0,+c0).

Therefore, by Lemma 4.3 and Proposition 3.3 with ¢, = o, for all ¢ € (0, +0)

(2 (Be) < ||u||L°°(BR><(§,t))

NG=27a
N
< kit No-D+pa [Sup ”u(T)”Z‘i(BR)] (66)
ﬁ<‘r<t
<C t_N(p*]ngq_y‘l N(pfgﬂpq”uo”i(frgéﬁw ‘.,
where C = C(o, p, N, q,00) > 0, v, and 6, as in (3.12) with gy = 0. Observe that
N 1
_ A P4 = — , (6.7)
N(p-2)+ pq Nip-2)+pqg o-1
and 1
Pq o-p+
= . 6.8
qN(p—2)+pq o-—1 (6.8)
By combining (6.6) with (6.7) and (6.8) we get the thesis. O

Proof of Theorem 2.4. We use the same argument discussed in the proof of Theorem 2.2. In fact, let
{uo}i=0 be a sequence of functions such that

(@) up; € L(M)yNnC (M) forall [ >0,
(b) up; =0 forall 1 >0,

(¢) uoy, < upy, foranyly <,

(d) up; — up in L°(M) as [ — +co,

where o has been defined in (2.1). Observe that, due to assumptions (c) and (d), u, satisfies (2.10).
For any R > 0, k > 0, [ > 0, we consider problem (5.2) with the sequence u, replaced by the sequence
up,. From standard results it follows that problem (5.2) has a solution ufk in the sense of Definition 3.1;
moreover, uy, € C([0, T]; LY(Bg)) for any g > 1.

Due to Proposition 6.2, Proposition 3.3 and Lemma 3.2, the solution ufk to problem (5.2) satisfies
estimates (6.5), (3.11) and (3.4) for t € (0, +00), uniformly w.r.t. R, k and [. Thus, by standard
arguments we can pass to the limit as R — oo, k — oo and /[ — oo and we obtain a solution u to
Eq (1.1) satisfying (2.11), (2.5) and (2.7). m|

7. Proof of Theorem 2.7

Lemma 7.1. Assume (1.2), p > 2, and g > max{oy, 1}. Let u be a solution to problem (3.2) with
ug € L*(Bg), uy > 0, such that
lletollzaBr) < 615 (7.1)

for 61 > O sufficiently small. Let S (t) be as in (4.5), then

T:=sup{t>0: S < 1}>1. (7.2)
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Proof. By (4.5) and (7.2) one has

1=8(T)= sup tllu(t)lle(BR)

0<t<T
By Lemma (4.3) applied with r = g > max {%(o’ -p+1), 1}, (7.3) gives

e (c-1)
P=2)+pq
1=8(T)< sup ¢ kt_N@-AéHM(sup f u? a’,u]

Br

0<t<T £<T<l

N1 T
< sup kt N(p- 2>+pq Sup ”u(T)HL‘El()B ;pq .
0<t<T ’

i L<r<t

By applying Proposition 3.6 to (7.4) and due to (7.1), we get

qploc-1)

_N-1
1 =S(T) < sup ki "o ol 5™
0<t<T R

qplo—1)
le 7]\,@ Depq 6N(/7 ¥

The thesis follows for 6; > 0 small enough.

(7.3)

(7.4)

O

Lemma 7.2. Assume (1.2), p > 2 and s > max{oy, 1}. Let u be a solution to problem (3.2) with

uy € L*(Bg), ug = 0, such that
lletol|Ls(Bry < 1, ||M0||Lo%(BR) <41,
for 6, > O sufficiently small. Let S (t) be as in (4.5), then
T:=sup{t=>0: S() < 1} = +co.

Proof. We suppose by contradiction that
T < +o0.

Then, by (7.6), the definition of S (¢) in (4.5) and by Lemma 7.1 we can write,

1=S(T) = sup du(llfy,

0<t<T

< sup Hu(®)|lfelsy + sup du@®N7s,
O<t<1 1<t<T

=i+

Now, by Lemma 4.3, applied with r = s, and Lemma 3.5 with ¢ = s, we can write

N N(pj;)+ps
sup 1kt ¥o=2%s | sup f u’ du
O<r<1 £<‘r<t Bgr

ps(o—1)
N(p-2)+ps

L*(Br)

(c=1)

Ji

IA

|- Na=D)
sup k1 e [lugl|
O<r<1

IA

(7.5)

(7.6)

(7.7)

(7.8)
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On the other hand, for any ¢ > s, by Lemma 4.3, applied with r = g, and Proposition 3.6 with gy = s,

we get
P
N NG-2+pq
Jy < sup t{kt N2 [sup f u? d,uJ
Br

1<t<T

(o =1)

£<T<t
(G VI N] (TZ(:TZ;:/)W
< sup kt “¥owi sup ”M(T)”L‘i(BR)
1<t<T i<r<t (7.9)
N(o-1) 11 £ 1\1[(7(1(—02)_])
< sup ki sup (€0 D gl )
1<t<T §<r<t !
o spa(o— ps(o-—1)
S Sup C_k tl_NZJ(J)PM_(P*2>?’(‘I’(<p—2l>)+pq](%_é) ||u0||2i<1()1;2);pq
1<t<T R
By substituting (7.8) and (7.9) into (7.7) we get
Ch it
1=8()< Osup kt“lluollefBR)”‘ + sup Tl IIMOIILS’(’BR)”" , (7.10)
<t<1 1<t<T
where we have set
N(o -1 N(o -1 spg(o—1 1 1
a:1—¥, and b=1- ( ) - P ) (———).
N(p-2)+ps Np-2)+pqg (p-2DIN(p-2)+pql\s ¢

Now, observe that, since s > max {%(0‘ -p+1), 1} and g > s,
a>0; and b<0.

Hence, (7.10), due to assumption (7.5), reads

ps(o—1) k ps(o—1)
1=8(T) <ks "™ + Télw’z””"
Provided that ¢, is sufficiently small, thus yielding 1 = S(T) < 1, a contradiction. Thus 7' = +co. O

Proposition 7.3. Assume (1.2), p > 2 and s > max {0, 1}. Let u be a solution to problem (3.2) with
up € L=(Bg), uy = 0, such that

5 < <
lleeoll Br) = €1, ||M0||L(rlﬂ,(BR) =&,
with & = &(o,p,N,Cs ), Cp,s) sufficiently small.  Then, for any t € (0,+00), for some
I'=I(o,p,N,q,s,Cs),,Cp) >0
—#(1—7PS ) N(p—p2s)+pt1
)iy < T 7207 555553) [ | 75 (7.11)

Proof. Due to Lemma 7.2,
S() <1 forall te(0,+c0].
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Therefore, by Lemma 4.3 and Proposition 3.6 applied with go = s, for any ¢ > s, we get, for all
t € (0, +00)
ety < ||M||Loo(BRx(%,;))

. N(pfg>+pq
< k7 | sup (Ol g,

t
3 <T<t

s Pq

< Ft‘m‘ﬁ(%‘é)m||u0||2f(’g7)2)“"’
“\BR

Observing that

N s (1 1) Pq B 1 (l ps )
Np-2+pg p-2\s ¢q/N(p-2+pg p-2\ Np-2+pg]’
we get the thesis. O

Proof of Theorem 2.7. We proceed as in the proof of the previous Theorems. Let {ug }1>0 be a sequence
of functions such that

(@) upp € L>M)NCZ(M) forall h >0,

(b) up, 20 forall h >0,

(7.12)
(¢) uopn, < upp, forany hy < hy,

(d) upp — up in L°(M) as h — +co.

From standard results it follows that problem (5.2) has a solution uﬁik in the sense of Definition 3.1
with ug, as in (7.12); moreover, uf’k € C([0, 0); L1(Bg)) for any g > 1. Due to Proposition 7.3, 3.6 and
Lemmata 3.5 and 7.2, the solution uf’k to problem (5.2) satisfies estimates (3.31), (3.42) and (7.11) for
any ¢ € (0, +00), uniformly w.r.t. R, k and . Thus, by standard arguments, we can pass to the limit as
R — 400, k = 400 and h — 400 and we obtain a solution u to problem (1.1), which fulfills (2.12),
(2.13) and (2.14).

m]
8. Porous medium equation with reaction
We now consider the following nonlinear reaction-diffusion problem:
u, =Au"+u” inMx(@O,T
' | ©,7) &.1)
U= Uy in M x {0},

where M is an N—dimensional complete noncompact Riemannian manifold of infinite volume, A being
the Laplace-Beltrami operator on M and T € (0, co]. We shall assume throughout this section that

so that we are concerned with the case of degenerate diffusions of porous medium type (see [37]), and
that the initial datum u, is nonnegative. Let LY(M) be the space of those measurable functions f such
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that |f]? is integrable w.r.t. the Riemannian measure u. We shall always assume that M supports the
Sobolev inequality, namely that:

1
(Sobolev inequality) — [[vl[;2+(p) < C—IIVvlle(M) for any v € CJ°(M), (8.2)

where C; is a positive constant and 2* := % In one of our main results, we shall also suppose that M
supports the Poincaré inequality, namely that:

1
(Poincaré inequality)  [|V[[z2m) < C—IIVvlle(M) for any v e CJ°(M), (8.3)
P

for some C,, > 0.

Solutions to (8.1) will be meant in the very weak, or distributional, sense, according to the following
definition.

Definition 8.1. Let M be a complete noncompact Riemannian manifold of infinite volume, of dimension
N >3 Letm > 1, c > mand uy € LIOC(M), uy > 0. We say that the function u is a solution to
problem (8.1) in the time interval [0, T) if

uel’

loc

(M x(0,7))
and for any ¢ € C°(M X [0, T]) such that ¢(x,T) = 0 for any x € M, u satisfies the equality:

f futp,d/ldl‘—f fu Agod,udt+f fu pdudt
+f uo(x) ¢(x, 0) du.
M

First we consider the case that o > m + % and the Sobolev inequality holds on M. In order to state
our results we define

N
o= (o —m)E. (8.4)

Observe that oy > 1 whenever o > m + ]%, We comment that the next results improve and in part
correct some of the results of [17]. The proofs are omitted since they are identical to the previous ones.

Theorem 8.2. Let M be a complete, noncompact, Riemannian manifold of infinite volume and of
dimension N > 3, such that the Sobolev inequality (8.2) holds. Let m > 1, o > m + 2 5,8 > 0 and
uy € L*(M) N LY(M), uy > 0.

(i) Assume that
luollsory < €0, Nuollprar < €0
with &y = gy(o,m,N,C,) > 0 sufficiently small. Then problem (8.1) admits a solution for any

T > 0, in the sense of Definition 8.1. Moreover, for any T > 0, one has u € L*(M X (1, +0)) and
there exists a constant I' > 0 such that, one has

lu@lloary < T luoll LNf'(”A};Z forallt>0,

where
N

“TNm-D+2°

Mathematics in Engineering Volume 5, Issue 3, 1-38.



34

(ii) Let oy < q < oo and
lluollo1an) < €o

for & = &y(o,m,N,Cs,q) > O small enough. Then there exists a constant
C =C(m,o,N,&,Cy,q) > 0 such that

- 0,
“u(t)”L‘I(M) <Ct yq”uO”LqU](M) fOl" all t> O’

where

v = 1 [I_N(O'—m)]’ 6q:0'—m[1+N(m—l)].

-1 2q -1 2q
(iii) Finally, for any 1 < g < oo, if uy € LY(M) N L' (M) and

lluollerimy < €
with € = g(o,m, N, r,Cy, q) > O sufficiently small, then

||u(t)||Lq(M) < ||Lto||Lq(M) fOF all t>0.

Theorem 8.3. Let M be a complete, noncompact manifold of infinite volume and of dimension N > 3,
such that the Sobolev inequality (8.2) holds. Let m > 1, o > m + % and uy € L°'(M), ug > 0 where o
has been defined in (8.4). Assume that

llwollzerary < €0

with &y = go(o,m, N, r,Cy) > O sufficiently small. Then problem (8.1) admits a solution for any T > 0,
in the sense of Definition 8.1. Moreover, for any T > 0, one has u € L(M X (1, +00)) and there exists
a constant I" > 0 such that, one has

1, e
||u(t)||Loo(M) <I'tr s ||I/to||iall(M) fOr allt > 0.

Moreover, the statements in (ii) and (iii) of Theorem 8.2 hold.

In the next theorem, we address the case that oo > m, supposing that both the inequalities (8.2)
and (8.3) hold on M.

Theorem 8.4. Let M be a complete, noncompact manifold of infinite volume and of dimension N > 3,
such that the Sobolev inequality (8.2) and the Poincaré inequality (8.3) hold. Let

m>1, o>m,
and ug € L*(M) N L‘T%(M) where s > max {1, 0}, ug > 0. Assume that

lleollspry < €15 luoll < &,

N
L7 2 (M)

holds with &, = &/(m,o,N,r,C,,Cy) > 0 sufficiently small. Then problem (8.1) admits a solution
for any T > 0, in the sense of Definition 8.1. Moreover for any T > 0 and for any q > s one has
u€ L*(M X (1, +00)) and for all t > 0 one has

2s

Ol aey < T 1750 (ol 5750
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where

B, = 1 1 2s 0
™ m=1 N(m—1)+2g

Moreover, let s < g < 0o and
lluollsary < &1,
for some & = & (o,m,N,r,C,,Cs,q,s) > 0 sufficiently small. Then there exists a constant C =

C(o,m,N,¢&,Cs,C,,q,5) > 0 such that

_ s
le(O)|aary < Ct yqlluollLZ(M) forall t>0,

s (11 5 =5
YT 1 s q|’ g

Finally, for any 1 < g < oo, if uy € LYM) N L*(M) N L” * (M) and

where

||u0||L~‘(M) <eg,

for some € = g(o-,m,N, C,,Cy,q) > 0 sufficiently small, then
||u(t)||Lq(M) < ”uOHL‘f(M) fOF all +>0.
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