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In the context of the currently growing interest of industry and research towards the field of controlled airships,

in particular in association to unmanned flight, the availability of methods and tools for the analysis of specific

maneuvers faced by airships over their typical mission profile constitutes a relevant asset. The inherent dynamics

of this class of flying vehicles, dominated by buoyancy and by the aerodynamics of their envelope, produces a

peculiar response especially in terminal maneuvers and in the docking phase. The latter is often carried out with

the help of tethering cables, which further influence the dynamic behavior of the airship, in a way depending

on the number and physical characteristics of the cables, the tethering points on board, the rewind velocity, etc.

For a better understanding of the airship response in this type of maneuver, mid-fidelity dynamic models of both

the airship and tethering cables are employed in this research. They are applied in a first stage to understand

the effect of tethering cables on the dynamics of the airship, through a detailed linear analysis. The latter is

performed in a parameterized fashion, studying the effect of different parameters on dynamic stability. Then the

analysis of the outcome of fully non-linear simulations of an airship anchored to the ground via a rewinding

tethering cable is proposed, showing the effect of different simple control logics on the behavior of the airship

during an idealized docking manevuer. The proposed modeling and analysis methods allow to efficiently study

the behavior of steerable lighter-than-air vehicles in terminal maneuvers, with a detail sufficient for airship

design and characterization phases, also making for an interesting asset in the compliance-checking phase with

respect to regulatory requirements.

1. Introduction

As reported by the specialized recent literature dedicated to the

topic [1], as well as the recent record-setting flights in the most challeng-

ing high-altitude scenario [2], airships are currently opening interesting

technological niches in the aeronautical field. Thanks to the relaxation of

layout criteria, enabled by the adoption of high thrust-to-weight electric

motors in lieu of piston power, novel configurations are being explored

for lighter-than-air (LTA) flight [3–5], especially in combination with

the small-size and light-payload unmanned type of mission [6–8]. On

the other end of the technological spectrum, airships are under consid-

eration as alternatives to fixed-wing platforms in very challenging high-

altitude pseudo-satellite missions, where the chance to relocate the ma-

chine as well as of recovering its payload put them in an advantageous

position compared to space satellites [2,9].

Beside a design problem, now covered by an abundant literature

documenting several different sizing techniques [10–17], airships in-

variably pose some issues through their complex in-flight behavior. To
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study and forecast their response in flight as well as in terminal maneu-

vers close to the ground, much attention has been devoted in the past

to set up mid-fidelity models [18–22]. Notably, these models invariably

consider the airship as rigid, characterized by a slender (also, ideally

axial-symmetric) envelope and tail layout, and with an assigned posi-

tions of the centers of buoyancy and gravity, as well as of the thrusters.

They employ typically a hybrid approach for the computation of aero-

dynamic forces, where potential flow solutions are assumed to recover

aerodynamic lift and moment components due to the envelope (reflect-

ing the classical approach originally encoded by Munk [23]), whereas

some model for viscous forces, also entailing cross-flow effects due to

possible high angle of attack operations, uncommon on aircraft but

achievable on airships, is employed in association to the envelope as

well as the tail fins [24,25]. Such inherently non-linear aerodynamic

models may be employed to obtain linearized representations of the

dynamics of the airship in proximity to an equilibrium point. How-

ever, such linearized models have a limited validity for simulation pur-

poses, on account of the significant non-linearity of airship aerodynam-
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Nomenclature

𝑨 State matrix of twelve-dimensional system

𝑨𝑷𝑖 Ground anchor point for 𝑖th cable

𝑩 Center of buoyancy

𝑪 Reference point on tether cable

𝑮 Center of gravity

𝑭𝑖,𝑭𝑖 Tension vector at 𝑻𝑷𝑖, at generic coordinate of 𝑖th

tether cable

𝑰(⋅),𝟎(⋅) Identity matrix, null matrix

𝑱 𝑖
𝑷

Inertia tensor wrt. point 𝑷

𝑲̃ Twelve-dimensional stiffness matrix

𝑴̃ Twelve-dimensional mass matrix

𝑴𝑎
𝑷

Generalized apparent mass matrix wrt. point 𝑷

𝑴 𝑖
𝑷

Generalized mass matrix wrt. point 𝑷

𝑷
3210

Matrix linking Δ𝒆321 to Δ𝒆̇321
𝑹

→ Rotation tensor from reference  to  by

components in reference 
𝑺𝑷 Static moment wrt. point 𝑷

𝑺
321 Matrix linking 𝒆̇321 to 𝝎


𝑻𝑖,𝑇𝑖 Thrust vector and intensity for 𝑖th thruster

𝑻𝑷𝑖 On-board tether point for 𝑖th cable

𝑼 Control sensitivity matrix of twelve-dimensional

system

𝑾
(⋅)
𝑷 ,𝒔
,𝑾

(⋅)
𝑷 ,𝜹

Generalized force sensitivity matrices to state and

control (six rows)

𝑾̃
(⋅)
𝑷 ,𝒔
,𝑾̃

(⋅)
𝑷 ,𝜹

Sensitivity matrices to state and control (twelve

rows)

𝒃1, 𝒃2, 𝒃3 Unit vectors of the three axes of reference 
𝒄1, 𝒄2, 𝒄3 Unit vectors of the three axes of reference 
𝒆321 Array of Euler angles of body reference wrt. ground

reference

𝒇 (⋅) Active force

𝒈,𝑔 Gravitational acceleration vector, modulus

𝒉𝑪 Unit vector with 𝒗𝑎
𝑪

𝒊1, 𝒊2, 𝒊3 Unit vectors of the three axes of reference 
𝒋 Unit vector between cable extremities

𝒋′
𝑪

Component of 𝒋 normal to 𝒉𝑪
𝒌𝑪 Unit vector normal to 𝒋

𝒍(⋅),𝒍(⋅)
𝑪

Cable external load vector (or load at point 𝑪) per

unit length

𝒎
(⋅)
𝑷

Active moment wrt. point 𝑷

𝒒(⋅) Position vector of generic point wrt. origin of body

reference

𝒓
(⋅)
𝑷

Generalized force vector wrt. point 𝑷

𝒔 Twelve-dimensional state array

𝒕𝑖 Thrust nominal unit vector for 𝑖th thruster

𝒗𝑷 Velocity of point 𝑷 wrt. ground observer (ground

speed)

𝒗𝑊 Wind speed vector measured by ground observer

𝒗𝑎(⋅) Airspeed at generic point

𝒗𝑎
′

(⋅) Component of 𝒗𝑎(⋅) normal to 𝒋

𝒘𝑷 Generalized state vector wrt. point 𝑷

𝒙(⋅) Position vector of generic point wrt. origin of ground

reference

𝒛 Generic three-dimensional vector

𝜹 Array of controls

𝜹𝑎 Array of aerodynamic surface controls

𝜹𝑡 Array of throttle settings

𝝎 Rotational speed of reference  wrt. ground observer

𝐴𝐷𝐶 Actuator duty cycle

𝐶𝑑,𝑐 ,𝐶𝑑,𝑙 Cross-flow and longitudinal drag coefficients of cable

𝐷𝑡 Diameter of cable

𝐸𝛿𝑇
Energy associated to thrust control action

𝐹𝑅 Fineness ratio of envelope

𝐽𝑎
(⋅) Component of apparent inertia

𝐾0 Nominal stiffness of cable

𝐿𝑡𝑖
Length of 𝑖th cable

𝐿̄𝑡𝑖
Non-dimensional length parameter of 𝑖th cable

𝑁(⋅) Number of thrusters (𝑇 ), cables (𝐶), controls (𝛿)

𝑅𝑜𝐶 Rate of climb

𝑈, 𝑉 ,𝑊 Components of 𝒗𝑷 in body reference ()
𝑒𝑖 Elongation of 𝑖th cable

𝑘(⋅),𝑘
′ Munk’s factors

𝑚 Mass

𝑝, 𝑞, 𝑟 Components of 𝝎 in body reference ()
𝑢 Catenary solution

𝑦𝑖, 𝑦̄𝑖 Generic abscissa, abscissa of 𝑻𝑷𝑖 extremity along 𝒄𝑖
Δ(⋅) Quantity change or perturbation

Λ Catenary solution parameter

Ψ Rewind rate

Ω Catenary solution parameter

𝛼𝑪 Reference angle of attack of cable

𝛽𝑖 Nominal slope of cable

𝛿𝑇𝑖 Throttle setting of 𝑖th thruster

𝜀(⋅) Positional error

𝜗 Second rotation angle in 3-2-1 Euler’s sequence

(pitch angle)

𝜅(⋅) Control gain

𝜌 Volumetric density of air

𝜌𝑡 Linear density of cable

𝜑 Third rotation angle in 3-2-1 Euler’s sequence (roll

angle)

𝜒 Horizontal misalignment angle

𝜓 First rotation angle in 3-2-1 Euler’s sequence (yaw

angle)

,(⋅) Body reference, by components in body reference

,(⋅) Cable local reference, by components in cable local

reference

,(⋅) Ground reference (inertial), by components in

ground reference

 Volume

(⋅)0 Value in reference condition (trim)
̇(⋅) Time derivative

ics and the pronounced dependence of their dynamic response on the

airspeed [26].

Models in this class, capable of efficiently support simulation cam-

paigns while capturing most of the flight dynamics of the airship (while

leaving out typically deformation and aero-elastic effects, which is

starting to receive attention after some years of neglect in the air-

ship domain [27,28]), can be profitably employed for carrying out

control design and testing, thus facing a relevant issue associated

to airship operations, especially when unmanned flight is of inter-

est and a high level of automation in flight is pursued. The litera-

ture on control with application to airship flight is rich, concentrat-

ing however mostly on the management of flight operations [29–34],

including hovering [5]. Little attention has been devoted to the anal-

ysis of docking maneuvers [35]. In this context, it is worth men-

tioning that, as typical to aircraft, regulations (still in an embryonic

stage, concerning unmanned LTA platforms [36]) shall in the near fu-

ture pose some clear constraints, thus on the one hand helping de-

signers through quantitative indications, and on the other requiring
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some precise assessment of the performance of an airship in a docking

maneuver.

As a matter of fact, currently the docking maneuver is carried out ei-

ther manually for smaller platforms, or in a tethered condition on larger

transports. Tethered flight has been since long of major interest for

lighter-than-air platforms. The concept of tethered aerostats and airships

has received extensive attention in the past [37–40], and more recently

especially for applications in the higher layers of the atmosphere. Much

literature has been devoted to the analysis of a fully-tethered mission,

where the airship is conceived tomake use of the tether as amajor means

of control, and concentrating on the phases of the flight of the greatest

interest for design, i.e. ascent/descent and especially cruise [41–43]. In

conjunction with mid-to-high altitude operations, also relatively high-

fidelity models of the tether, based on a discretization of its properties

along its length (and the introduction of a correspondingly higher num-

ber of positional states), have been studied. This approach is in order

to capture the reaction of the system to the far-from-uniform wind con-

ditions met by the tether along its span in high-altitude missions, and

to accurately account for low-frequency dynamic effects (i.e., induced

also by tether inertia), which are particularly relevant for longer, hence

heavier, tether cables.

Compared to the literature on tethered flight, the topic of tethered

docking has received much less attention. Just like for any other fly-

ing machine, this terminal phase is inherently risky, hence, as pointed

out, it is likely to be in the focus of a dedicated regulatory effort tar-

geting the electrically-propelled, low-weight airship drone class [36].

Furthermore, the automatically regulated actuation of the tether cable

and the cooperation of the airship in the docking phase are enablers in

the achievement of a fully-automatic docking capability.

To the aim of developing a better understanding of the dynamic be-

havior displayed by an airship in a tethered docking phase, a purpose-

designed mid-fidelity model is introduced, by merging in a single suite

the non-linear model for a rigid airship in flight and a numerically ef-

ficient model for a tethering cable [44,45], capable of capturing the

zero-frequency tension and deformation of the cable with a fast and

accurate procedure. While moving to a higher level of accuracy com-

pared to the preliminary forays in this domain [35] (which made use of

a reduced-order linearized model for the airship), the model proposed

in this paper does not renounce to numerical simplicity and execution

speed, thus bending itself to an use in parameterized analyses. This ap-

proach has been purposely pursued in order to make this model useful

for airship designers and control designers as well, in a typical virtual

testing campaign for certification compliance verification.

The aim of the paper is two-fold. After introducing the dynamic

models for the airship and tether in detail, including a rigorous vector-

calculus characterization of the tether cable static deformation model

which allows for a pitfall-free and accurate implementation, the poten-

tial of the ensuing model suite is shown by analyzing a realistic speci-

men scenario in detail. In this way, the potential of the model in assist-

ing computational dynamic performance evaluations is coupled with the

analysis of a case study worth investigation, thus studying in detail the

behavior of an airship in tethered flight. Many diverse parameterized

analyses are proposed in this paper. A mid-sized unmanned airship is

considered for the task, tethered by a lightweight anchoring cable. A

first parameterized analysis is carried out on the free response of the

tethered system, performed through linear analysis in trimmed condi-

tions, showing the effect of key parameters featured in the design of the

airship/tether cable and in the testing scenario (e.g. the wind intensity).

Subsequently, the dynamic analysis of a docking maneuver is proposed,

performed through non-linear runs of the simulator for a tethered air-

ship, considering as parameters the wind (including side gusts), and as-

suming different control logics, finally ranked in terms of their ability to

reduce the docking timewhile mitigating tension at the tether-airship in-

terface, thus avoiding potential tear of the airship envelope attachment

and cable overstress. The sensitivity of the model synthesized here to

the parameters of the equilibrium problem, as well as those of different

control laws, shows that this model may constitute a helpful tool in the

design and testing of new airships and control algorithms, complement-

ing the modeling tools currently available for a corresponding analysis

of free (i.e. untethered) flight.

2. Modeling approach

A mid-fidelity non-linear model suitable for the analysis of airship

flight dynamics has been introduced and validated in previous works

by the authors [4,5,17]. It will be briefly reviewed here. Conversely,

particular attention will be given to the model considered for the anal-

ysis of a tether cable, originating mostly from the approach proposed

in [44], which has been coupled to the airship flight dynamics model

in this research. The complete derivation of a linearized model, drawn

from the assembled models of the airship and tether cable, will follow

the discussion of the non-linear one.

2.1. Non-linear model for airship dynamics

The dynamic balance equations of an airship in flight can be writ-

ten according to a generalized agnostic tensor form, in particular con-

sidering the generic point 𝑷 for expressing inertial properties and for

measuring active moments,(
𝑴 𝑖

𝑷
+𝑴𝑎

𝑷

)
𝒘̇𝑷 +𝒘𝑷↙⟍

𝑴 𝑖
𝑷
𝒘𝑷 = 𝒓𝑎

𝑷
+ 𝒓𝑏

𝑷
+ 𝒓

𝑝

𝑷
+ 𝒓

𝑔

𝑷
+ 𝒓𝑡

𝑷
. (1)

In Eq. (1), the left-hand side (l.h.s.) represents the inertial reaction

of the system. Let a body reference centered in point 𝑷 be defined so

that its unit vectors, associated with its three orthonormal axes 𝒃1, 𝒃2, 𝒃3,

point respectively to the nose of the airship, to the right and to the

bottom as in Fig. 1 (as typical also to the domain of winged aircraft

dynamics [46,47]).

Then the generalized mass matrices in Eq. (1) write in body compo-

nents (⋅)

𝑴
𝑖,
𝑷

=

[
𝑚𝑰3 𝑺𝑇

𝑷

𝑺
𝑷

𝑱
𝑷

]
, 𝑴

𝑎,
𝑷

= 𝑴
𝑎,
𝑷

(
 , 𝐹𝑅, 𝒒𝑩

)
, (2)

wherein 𝑚 is the mass of the airship, 𝑰3 is a 3-by-3 identity, 𝑺

𝑷
and

𝑱
𝑷
respectively the static moment and moment of inertia of the air-

ship wrt. point 𝑷 in body components,  is the airship volume, 𝐹𝑅

the fineness ratio of the airship envelope, and 𝒒𝑩 represents the po-

sition vector of the center of buoyancy 𝑩 with respect to point 𝑷 .

Concerning 𝑴
𝑎,
𝑷
, the expression in Eq. (2) is an implicit generaliza-

tion of the more familiar writing often adopted when 𝑷 = 𝑩, such that

𝑴
𝑎,
𝑩

= diag
(
𝑘1 , 𝑘2 , 𝑘3 , 0, 𝑘′𝐽𝑎

2 , 𝑘
′𝐽𝑎

3
)
, where 𝐽𝑎

2 and 𝐽𝑎
3 represent the

inertia of the mass of air displaced by the external volume of the airship

around the pitch and yaw axes (i.e., along 𝒃2 and 𝒃3 respectively), often

referred to as apparent inertia, and 𝑘1, 𝑘2, 𝑘3, 𝑘
′ are Munk’s factors for

the airship [23]. The generalized state array, in body components, is

Fig. 1. Definitions of ground and body references, and of position vectors em-

ployed in the model.
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defined as

𝒘
𝑷
=

{
𝒗
𝑷

𝝎


}
= {𝑈, 𝑉 ,𝑊 , 𝑝, 𝑞, 𝑟}𝑇 . (3)

In Eq. (3), 𝒗
𝑷
represents the velocity vector of point 𝑷 with respect to

a ground-fixed reference , assumed inertial, with unit vectors 𝒊1 and 𝒊2
pointing North and East respectively, and 𝒊3 pointing down (see Fig. 1).

Similarly,𝝎
 represents the rotational speed vector of the body-attached

reference  with respect to the ground-fixed reference . Both vectors
in Eq. (3) have been expressed in body components. The operator ↙⟍ is

defined such that when applied to a generic six-dimensional vector 𝒛,

defined as the assembly of two three-dimensional vectors 𝒛 =
{
𝒛1, 𝒛2

}𝑇

(i.e., exactly like 𝒘𝑷 in Eq. (3)), it is such that

𝒛↙⟍ =

[
𝒛2× 𝟎
𝒛1× 𝒛2×

]
, (4)

wherein (⋅)× represents the skew-symmetric form of a vector.

The right-hand side (r.h.s.) of Eq. (1) is composed of five generalized

forcing terms, respectively representing aerodynamics (𝒓𝑎
𝑷
), buoyancy

(𝒓𝑏
𝑷
), propulsion (𝒓

𝑝

𝑷
), gravity (𝒓

𝑔

𝑷
) and tether tension (𝒓𝑡

𝑷
). Each gen-

eralized forcing term conveys two vectors in three-dimensional space,

namely a force and moment wrt. point 𝑷 , so that

𝒓
(⋅)
𝑷

=

{
𝒇 (⋅)

𝒎
(⋅)
𝑷

}
. (5)

It can be noted that, by adopting the agnostic form in Eq. (1), the

specification of the dynamic balance typical to a specific craft or another

only requires the corresponding writing of a suitable set of generalized

forces on the r.h.s., and possibly the specification of the displaced mass

and inertia term on the l.h.s., when this is non-negligible (as for airships

or submarines). In this way, from the same baseline writing, different

models can be obtained, for example, for an airship, a rotor-craft or a

winged aircraft, either with or without a tether acting on the machine

(in the latter case, 𝒓𝑡
𝑷
= 𝟎).

Considered from an implementation stand-point, Eq. (1) is composed

of six scalar first-order non-linear differential equations. However, as

known, the forcing terms on the r.h.s. depend on the state array𝒘𝑷 , but

as well on additional quantities. These include the orientation angles of

the body in space, represented by three Euler angles 𝒆321 = {𝜑, 𝜗, 𝜓}𝑇 ,
which are invariably imported at least by gravity, as well as the posi-

tional information wrt. the ground reference , wrapped in the posi-
tion vector 𝒙𝑷 of point 𝑷 , imported in the equations by tether force, as

will be detailed in the next paragraphs. The position vector, written by

components in a ground reference  as 𝒙
𝑷
, conveys three scalar vari-

ables. Furthermore, control variables may impact aerodynamic forces

(i.e., through the commanded deflection of control surfaces) and propul-

sion forces (through the throttle setting of each thruster). Considering

controls as assigned quantities, it is however clear that the balance of

equations vs. unknowns requires the addition of six relations flanking

the dynamic balance in Eq. (1), linking the six additional scalar vari-

ables in 𝒆321 and 𝒙
𝑷
to the components of the array 𝒘

𝑷
, yielding an

overall balanced system of twelve equations in twelve differential un-

knowns. The first set of three kinematic relations is constituted by the

usual link [46,47] between the components of 𝝎
 = {𝑝, 𝑞, 𝑟}𝑇 and the

time derivative of the elements of 𝒆321, such that

𝒆̇321 = 𝑺−1
321 𝝎

, with 𝑺
321 =

⎡⎢⎢⎣
1 0 − sin 𝜗
0 cos𝜑 sin𝜑 cos 𝜗
0 − sin𝜑 cos𝜑 cos 𝜗

⎤⎥⎥⎦. (6)

The second set of three kinematic equations is constituted by the link

between the time derivatives of the position vector in ground compo-

nents, 𝒙̇
𝑷
, and the components of the translational velocity in body com-

ponents, 𝒗
𝑷
= {𝑈, 𝑉 ,𝑊 }𝑇 , which can be written via the corresponding

rotation matrix from reference  to  (the representation is invariant in

either of the two [47]), yielding

𝒙̇
𝑷
= 𝑹

→𝒗

𝑷
, with𝑹

→ =⎡⎢⎢⎣
cos(𝜗) cos(𝜓) sin(𝜑) sin(𝜗) cos(𝜓) − cos(𝜑) sin(𝜓) cos(𝜑) sin(𝜗) cos(𝜓) + sin(𝜑) sin(𝜓)

cos(𝜗) sin(𝜓) sin(𝜑) sin(𝜗) sin(𝜓) + cos(𝜑) cos(𝜓) cos(𝜑) sin(𝜗) sin(𝜓) − sin(𝜑) cos(𝜓)

− sin(𝜗) sin(𝜑) cos(𝜗) cos(𝜑) cos(𝜗)

⎤⎥⎥⎦.
(7)

Eqs. (1), (6), (7) make for twelve scalar first-order non-linear dif-

ferential relations in the twelve scalar unknowns, wrapped in the aug-

mented state array 𝒔 =
{
𝒘

𝑷
, 𝒆321,𝒙


𝑷

}𝑇
.

2.1.1. Models for the generalized forces for an untethered airship

In this section the modeling approach adopted for the generalized

forces due to aerodynamics, buoyancy, gravity and propulsion will

be defined. For aerodynamics, since no novelty has been introduced

with respect to the existing literature [4,5,17,18], the rather articulated

model encoded in this component will be only outlined.

Aerodynamics. The aerodynamic model considered in this research for

an airship is described in the theory developed by Munk, Jones and De-

Laurier [18,23]. Considering the envelope of the airship, a discretization

along the longitudinal axis is carried out, producing a set of discrete ele-

ments (slices, according to Jones and DeLaurier nomenclature). For each

discrete element, a method for computing three local contributions to

aerodynamic force values and the corresponding contributions to mo-

ment is implemented [18]. Potential flow is employed for lift forces and

the ensuing moment. For this computation, the method accounts for

the local value of the airspeed vector, itself due to the linear velocity

and rotational rate of the body, respectively 𝒗
𝑷
and 𝝎

 defined as in

Eq. (3), according to an hypothesis of rigid body, and to the local ac-

celeration vector. The aerodynamic model estimates the drag according

to an attached flow and a cross-flow effect [18,24], thus allowing one

to effectively capture the behavior of the airship also for a high angle

of attack [20], which might be encountered on an airship more easily

than on a winged aircraft, for instance when maneuvering in near-hover

conditions [5]. The contribution of the envelope to the overall aerody-

namic actions on the airship is extended from the nose to a longitudinal

station defined in proximity of the leading edge of the root airfoil of the

tails, from where the flow is assumed to be dominated by the action of

the tail fins.

The fins are treated each according to a simple lumped model, where

aerodynamic lift, drag and moment coefficient sensitivities, specified as

known parameters, are employed to compute aerodynamic forces and

torque due to attached flow and cross-flow components [18,24,25], and

the knowledge of the positions of the aerodynamic center and cross-flow

force center of each fin with respect to the measuring point 𝑷 allows

one to compute the overall moment due to the aerodynamic forces. The

local angle of attack and sideslip are computed based on the actual po-

sitioning and incidence angle of the fin with respect to the airship body

reference.

Notably, in presence of a non-null wind, a distinction between the

airspeed and the airship velocity has to be made. Let vector 𝒗𝑊 iden-

tify the wind velocity vector, i.e. the speed of the wind with respect to

a ground observer. Then the velocity vector 𝒗𝑷 of point 𝑷 on the air-

ship, which in the aeronautical domain is typically referred to as ground

speed and taken by components in  represents a component of the air-

ship state (Eq. (3)), is related to the airspeed vector 𝒗𝑎
𝑷
by the definition

𝒗𝑷 = 𝒗𝑊 + 𝒗𝑎
𝑷
. Additionally, a non-null wind vector 𝒗𝑊 produces a de-

pendence of the aerodynamic action from the attitude angles in 𝒆321
(which is seldom accounted for when describing flight dynamics).

The generalized aerodynamic force in body components can be ex-

pressed in general as a function 𝒓𝑎
𝑷
= 𝒓𝑎

𝑷

(
𝒘𝑷 , 𝒆


321, 𝜹

𝑎
)
, where the depen-

dence on 𝒆321 is specifically activated by a non-zero 𝒗𝑊 , and 𝜹
𝑎 conveys

the control variables impacting aerodynamic forces (typically, the de-

flection of control surfaces on the trailing edge of the fins).
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Buoyancy and gravity. Buoyancy and gravity are both strictly related to

the gravitational acceleration vector 𝒈. By components in the ground

reference , the respective forces can be computed as

𝒇 𝑏, = −𝜌𝒈 =
⎧⎪⎨⎪⎩

0
0

−𝜌𝑔

⎫⎪⎬⎪⎭, 𝒇 𝑎, = 𝑚𝒈 =
⎧⎪⎨⎪⎩

0
0
𝑚𝑔

⎫⎪⎬⎪⎭, (8)

where 𝜌 represents the density of the air. The corresponding moments

are due to the moment arm between the generic measuring point 𝑷

and, respectively, the center of buoyancy 𝑩, where the buoyancy force

is centered (i.e., where the distribution of buoyancy force produces no

moment), and the center of gravity 𝑮, where gravity force is centered.

These are represented by the relative position vectors 𝒒𝑩 and 𝒒𝑮, point-

ing the respective points from point 𝑷 , and yielding

𝒎
𝑏,
𝑷

= 𝒒
𝑩
× 𝒇 𝑏, , 𝒎

𝑔,
𝑷

= 𝒒
𝑮
× 𝒇 𝑔, . (9)

In Eq. (9) the specification of 𝒒
𝑩
and 𝒒

𝑮
by components in the ground

reference  is possible by preliminarily assigning these vectors by com-
ponents in the body reference  (where they will be typically constant

and more practical to assign, for a known mass and volume distribu-

tion), and by turning them into ground components via a change of

reference operation, as 𝒒(⋅) = 𝑹
→𝒒


(⋅). Conversely, the forces and mo-

ments in Eqs. (8) and (9) shall be turned into body components, to be

put in the dynamic balance in Eq. (1), expressed in reference . This can
be performed with the inverse transformation, i.e. 𝒇 (⋅), = 𝑹𝑇

→𝒇
(⋅), ,

and similarly for moment. Notably, the dependence of buoyancy force

an moment on the components of the augmented state will be only with

respect to the attitude angles 𝒆321 appearing in the rotation matrix𝑹

→

(Eq. (7)). Therefore, in general 𝒓𝑏
𝑷
= 𝒓𝑏

𝑷

(
𝒆321

)
and 𝒓

𝑔

𝑷
= 𝒓

𝑔

𝑷

(
𝒆321

)
.

Propulsion. Propulsion actions are modeled introducing a force vector

for each 𝑖th thruster, as

𝑻𝑖 = 𝑇𝑖

(
𝛿𝑇𝑖 , 𝒗

𝑎
𝑇𝑖
, 𝜌

)
𝒕𝑖, (10)

wherein 𝑇𝑖

(
𝛿𝑇𝑖 , 𝒗

𝑎
𝑇𝑖
, 𝜌

)
is the intensity of the thrust force, modeled as a

known function of the throttle setting 𝛿𝑇𝑖 and airspeed pertaining to the

motor position in the layout of the airship 𝒗𝑎
𝑇𝑖
, and of the density of air

𝜌. The term 𝒕𝑖 represents a unit vector pointing in the nominal direction

of thrust, and depends on the specific airship design and thruster layout.

The position of the thruster in the airship layout can be specified with

a position vector from point 𝑷 , namely 𝒒𝑻𝑖 . The generalized propulsion

force 𝒓
𝑝

𝑷
can be expressed easily in body components as

𝒓
𝑝,
𝑷

=
𝑁𝑇∑
𝑖=1

{
𝑰3
𝒒
𝑻𝑖×

}
𝑻 
𝑖
, (11)

where 𝑁𝑇 is the number of thrusters. Notably, the expression of 𝒕

𝑖
by

components in the body reference, goes through a constant rotation

when the mutual attitude of the thruster is fixed with respect to the

airship (i.e. defined by fixed vertical and side-ward incidences within

the layout of the airship), whereas that rotation may be specified as a

function of time when thrust vector control is implemented. Of the air-

ship states in 𝒔, the generalized propulsion force is a function of 𝒗
𝑷
and

𝝎
 through the local airspeed 𝒗

𝑎
𝑇𝑖
, so that in general 𝒓

𝑝

𝑷
= 𝒓

𝑝

𝑷

(
𝒗𝑷 ,𝝎, 𝜹

𝑡
)
,

where 𝜹𝑡 conveys the throttle settings 𝛿𝑇𝑖 of the 𝑁𝑇 thrusters.

2.1.2. Modeling of the tether cable tension

As specified in the introduction, the approach outlined in [44]

and [45], originally developed for tethered kites, has been employed

as a baseline for the computation of the tension at the tether point 𝑻𝑷𝑖

of an 𝑖th tether cable on the airship. Starting from the original theoret-

ical development found in the literature, a model has been elaborated

in this research to include it within the tensor calculus approach em-

ployed for the formulation of airship dynamics. An advantage of this

formulation is the ability of a corresponding implementation to seam-

lessly treat totally generic maneuvers, without caring specifically on a

case-by-case basis for the provenience of the wind, the mutual position-

ing of the extremities of the tether cable, etc.. This makes an ensuing

simulation code totally general with respect to the simulated condition,

significantly less error-prone and inherently more robust (i.e., virtually

pitfall-free) than case-tailored formulations. Furthermore, the elemental

approach in the modeling of each item producing force (or moment),

like for the thrusters (see previous paragraph), allows to easily repli-

cate the same computations when more elements of the same class are

present in the simulation scenario (e.g., when more cables are at hand).

The model employed in this research defines three working condi-

tions for the tether cable, based on the elongation of the cable 𝑒. This

can be defined starting from the distance between the tether cable ex-

tremities, namely the on-board tether point 𝑻𝑷𝑖 and the ground anchor

point 𝑨𝑷𝑖 for the 𝑖th tether cable, and from its nominal length 𝐿𝑡𝑖
, so

that 𝑒𝑖 =
‖‖‖𝒙𝑻𝑷𝑖−𝒙𝑨𝑷𝑖 ‖‖‖

𝐿𝑡𝑖

. These working conditions can be synthetically de-

scribed as follows.

1. Elongation is such that it does not stimulate an elastic force. Numerically,

𝑒𝑖 < 𝑒𝑖,𝑐 , where 𝑒𝑖,𝑐 may be typically slightly below unity. In these

conditions the intensity and direction of the tension force is dictated

by the solution of the catenary deformation of the tether. This case

will be detailed later in this section.

2. Elongation is dominated by elastic force. Numerically, 𝑒𝑖 > 𝑒𝑖,𝑒, where

𝑒𝑖,𝑒 is typically slightly above unity. In these conditions, the cable

is assumed to behave like an elastic system according to Hooke’s

law, with tension acting on the airship aligned with
(
𝒙𝑨𝑷𝑖

− 𝒙𝑻𝑷𝑖

)
,

yielding

𝑭𝑖 = 𝐾0
(
𝑒𝑖 − 𝑒𝑖,𝑐

)
⋅

𝒙𝑨𝑷𝑖
− 𝒙𝑻𝑷𝑖‖‖‖𝒙𝑨𝑷𝑖
− 𝒙𝑻𝑷𝑖

‖‖‖ (12)

where 𝐾0 represents an axial stiffness coefficient for the fully

stretched cable.

3. Elongation is such to stimulate a non-negligible elastic force. Numerically

this condition is treated with a transition model, which applies for

a range 𝑒𝑖,𝑐 ≤ 𝑒𝑖 ≤ 𝑒𝑖,𝑒. A linear jointing law has been employed in

this research, where the tension is defined based on the value of the

catenary solution 𝑭𝑖,𝑐 computed at 𝑒𝑖 = 𝑒𝑖,𝑐 and the elastic solution

𝑭𝑖,𝑒 computed for 𝑒𝑖 = 𝑒𝑖,𝑒, so that

𝑭𝑖 = 𝑭𝑖,𝑐 +
(
𝑒𝑖 − 𝑒𝑖,𝑐

)
⋅
𝑭𝑖,𝑒 − 𝑭𝑖,𝑐(
𝑒𝑖𝑒 − 𝑒𝑖𝑐

) . (13)

Considering now the model which applies in the mostly relevant case

1. just mentioned, a major hypothesis underlying the computation of

tension force at any station within the cable is the uniformity of the

load per unit length 𝒍𝑪 (the nature of point 𝑪 will be clarified in the

next lines), which is induced by gravity and aerodynamic actions along

the cable length. This hypothesis strongly simplifies the computation of

the static solution for the deformation and for the tension of the cable,

which is possible by solving a single scalar algebraic implicit equation.

Clearly, a model based on this approach will capture only the static solu-

tion of cable deformation and tension, which is interesting only for static

or slowly-evolving dynamic maneuvers of a tethered airship. However,

this should suffice for the analysis of a slow dockingmaneuver, for exam-

ple. Furthermore, the rather low intensities of mass-related (i.e. induced

by gravity and inertia) and aerodynamic actions on the tether cable of

an airship, compared to the forces acting on the airship itself, allow one

to assume that the forces borne by the cable and injected in the teth-

ered airship system will be generally less significative than the intensity

of the force system originating from the airship (i.e. due to thrust, the

buoyancy and weight of the airship, its own aerodynamics and inertia).

However, the direction of the tension along the cable, capable of in-

fluencing the dynamics of the airship, is clearly a function of its own
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Fig. 2. Definition of aerodynamic load on a cable. Left and right: Two alterna-

tive cases of mutual orientation of the airspeed vector 𝒗𝑎
𝑪
and cable attitude unit

vector 𝒋. Top-left box: Relationship between ground speed 𝒗𝑷 , wind speed 𝒗𝑊

and airspeed 𝒗𝑎
𝑷
in downwind and upwind conditions (top and bottom respec-

tively).

characteristics and local loads. Therefore it deserves a modeling effort,

of the same level of accuracy as that adopted for airship flight dynam-

ics. A suitable model is represented by the static solution, as pointed

out [44,45]. The load due to gravity on the cable is defined as

𝒍𝑔, =
⎧⎪⎨⎪⎩

0
0
𝑔𝜌𝑡

⎫⎪⎬⎪⎭, (14)

where 𝜌𝑡 represents the linear density of the cable. According to the

definition in Eq. (14), this is generally uniform. Conversely, the aero-

dynamic load vector is generally non-uniform, since it will depend on

the local airspeed at any given point along the cable, and on its an-

gle with respect to the local direction of the cable. The model adopted

here introduces a reference point 𝑪 on the cable, where conceptually

the local intensity and angle of the airspeed are representative of an

average of the aerodynamic action on the cable. As a result, by com-

puting the local aerodynamic forces at point 𝑪, an average value of

these forces can be defined for the cable, and employed as a uniform

load to carry out the computation of the tension with the relatively

straightforward procedure presented in the following. The aerodynamic

action per unit length at the reference point 𝑪 can be quantified con-

veniently by introducing firstly a unit vector 𝒋 pointing from the tether

point 𝑻𝑷𝑖 on the airship to the anchor point𝑨𝑷𝑖 on ground (representing

the opposite extremity of the cable), which is correspondingly defined

as 𝒋 =
(
𝒙𝑨𝑷𝑖

− 𝒙𝑻𝑷𝑖

)
∕‖‖‖𝒙𝑨𝑷𝑖

− 𝒙𝑻𝑷𝑖

‖‖‖ (note this is the same appearing in
Eq. (12)), as in Fig. 2.

Adopting a typical definition for aerodynamic drag, it is possible to

assign its direction by introducing the unit vector 𝒉𝑪 for the drag per

unit length, as 𝒉𝑪 = 𝒗𝑎
𝑪
∕‖‖‖𝒗𝑎𝑪‖‖‖, where 𝒗𝑎𝑪 is the airspeed vector at point

𝑪. The drag force per unit length vector can be computed in ground

components () as

𝒍
𝑑,
𝑪

= −1
2
𝜌𝐷𝑡

(
𝐶𝑑,𝑐

|||sin3 𝛼𝑪 ||| + 𝐶𝑑,𝑙

)(
𝒗𝑎
𝑪
⋅ 𝒗𝑎

𝑪

)
𝒉
𝑪
, (15)

wherein 𝐷𝑡 is the diameter of the cable, 𝐶𝑑,𝑐 and 𝐶𝑑,𝑙 are cable-specific

drag force coefficients [24,44] (functions of the airflow Reynolds num-

ber). In Eq. (15) the local angle of attack 𝛼𝑪 can be estimated by tak-

ing the component of the airspeed 𝒗𝑎
𝑪
along the direction of 𝒋, i.e.

𝒗𝑎
′
𝑪
= 𝒗𝑎

𝑪
− 𝒋

(
𝒋 ⋅ 𝒗𝑎

𝑪

)
, and by computing the inverse tangent

𝛼𝑪 = tan−1
⎛⎜⎜⎝
‖‖‖𝒗𝑎′𝑪 ‖‖‖
𝒗𝑎
𝑪
⋅ 𝒋

⎞⎟⎟⎠. (16)

The remaining component of aerodynamic force at point 𝑪 is acting

in a direction normal to that of the airspeed 𝒗𝑎
𝑪
, and defined in space

Fig. 3. Definition of local catenary reference , from loads and geometrical

quantities.

Fig. 4. Definition of local cable coordinates, employing the local catenary ref-

erence .

by the local direction of the airspeed wrt. the cable. The correspond-

ing unit vector 𝒌𝑪 is obtained by taking the component of 𝒋 normal to

the direction of the drag, i.e. 𝒋′
𝑪
= 𝒋 − 𝒉𝑪

(
𝒉𝑪 ⋅ 𝒋

)
, and by computing the

sign-assigning normalization

𝒌𝑪 = sign
(
𝒋 ⋅ 𝒉𝑪

)
⋅

𝒋′
𝑪‖‖‖𝒋′𝑪‖‖‖ . (17)

Based on Eq. (17), it is easy to obtain the remaining aerodynamic

load per unit vector, which in ground components can be computed as

𝒍
𝑛,
𝑪

= 1
2
𝜌𝐷𝑡

(
𝐶𝑑,𝑐

|||sin2 𝛼𝑪 ⋅ cos 𝛼𝑪
|||)(𝒗𝑎𝑪 ⋅ 𝒗𝑎

𝑪

)
𝒌
𝑪
. (18)

Then the uniform load which the tether cable is assumed to be sub-

ject to is quantified in ground components as 𝒍
𝑪
= 𝒍𝑔, + 𝒍

𝑑,
𝑪

+ 𝒍
𝑛,
𝑪
. Now

the solution of the static deformation and tension of a cable subject to

this load can be computed based on a catenary model. Let the tether

reference  be defined by the mutually-orthogonal unit vectors

𝒄3 = −
𝒍𝑪‖‖𝒍𝑪‖‖ , 𝒄1 =

(
𝒙𝑻𝑷𝑖

− 𝒙𝑨𝑷𝑖

)
× 𝒄3‖‖‖‖(𝒙𝑻𝑷𝑖

− 𝒙𝑨𝑷𝑖

)
× 𝒄3

‖‖‖‖
, 𝒄2 = 𝒄3 × 𝒄1, (19)

forming a right-handed triad. Fig. 3 helps in capturing the identity

and geometrical properties of the three unit vectors in Eq. (19).

By projecting the relative position vector of the tether point wrt. the

anchor point
(
𝒙𝑻𝑷𝑖

− 𝒙𝑨𝑷𝑖

)
in the local  reference, the three abscissas

𝑦̄𝑗 =
(
𝒙𝑻𝑷𝑖

− 𝒙𝑨𝑷𝑖

)
⋅ 𝒄𝑗 , 𝑗 = 1,… , 3 are defined, as shown in Fig. 4. The

parameters 𝐿̄𝑡,𝑖 =
𝑦̄2
𝐿𝑡,𝑖

and 𝛽𝑖 =
𝑦̄3
𝑦̄2
can be computed next, and employed

to solve the implicit scalar equation

𝑢 = cosh−1
(
𝑢
𝐿̄2

𝑡,𝑖
− 𝛽2

𝑖

2
+ 1

)2

. (20)

To ensure robustness when implementing this model within a wrap-

ping solver for airship dynamics, care should be taken in the numerical
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solution of Eq. (20), so as to steer a solution algorithm towards the only

strictly positive solution among all possible, for instance by bounding

the solution and properly selecting the initial guess above the minimum

value of the associated residual function. From the solution of 𝑢, two

additional parameters can be computed, namely

Ω =
√

𝑢

𝑦̄2
, Λ =

𝐿̄𝑡𝑖
sinh

(
Ω𝑦̄2

)
− 𝑦̄3 ⋅

(
cosh

(
Ω𝑦̄2

)
− 1

)
2 cosh

(
Ω𝑦̄2

)
− 1

. (21)

The catenary solution parameters in Eq. (21) can be finally employed

for computing the solution of the static cable deformation and the ten-

sion along the cable, and specifically at its extremities. The deformed

cable is by construction laid within the plane normal to 𝒄1, and such

that it can be expressed as a function 𝑦3 (i.e., a coordinate along 𝒄3) of

an abscissa 𝑦2 along 𝒄2, yielding

𝑦3 =
(
𝑦̄3 + Λ

) sinh (Ω𝑦2
)

sinh
(
Ω𝑦̄2

) − Λ + Λ
sinh

(
Ω
(
𝑦̄2 − 𝑦2

))
sinh

(
Ω𝑦̄2

) , (22)

where it is apparent that the solution returns 𝑦3 = 0 for 𝑦2 = 0, rep-

resenting the passage by the ground anchor point 𝑨𝑷𝑖, and 𝑦3 = 𝑦̄3 for

𝑦2 = 𝑦̄2, representing the passage by the on-board attachment point (air-

ship tether point 𝑻𝑷𝑖). As for tension, the derivative of the previous

expression wrt. the abscissa 𝑦2 is required, yielding

𝑦′3 =
d𝑦3
d𝑦2

=
Λ
(
Ωcosh

(
Ω𝑦2

)
− Ωcosh

(
Ω
(
𝑦̄2 − 𝑦2

)))
+ Ω𝑦̄3 cosh

(
Ω𝑦2

)
sinh

(
Ω𝑦̄2

) .

(23)

The tension, based on Eq. (23), just like the deformation from

Eq. (22) can be evaluated in local coordinates (), at any point rep-
resented by the generic abscissa 𝑦2 (Fig. 4), according to the definition

𝑭 
𝑖
=

⎧⎪⎨⎪⎩
0

𝒍𝑐 ⋅𝒄3
Ω

𝑦′3
(
𝑦2

) 𝒍𝑐 ⋅𝒄3
Ω

⎫⎪⎬⎪⎭ (24)

This allows one for instance to easily find the maximum value of

the tension along the cable. However, of the greatest relevance for the

dynamics of a tethered airship is the tension vector at the tether point

𝑻𝑷𝑖, which is obtained by evaluating Eq. (24) for 𝑦2 = 𝑦̄2, yielding 𝑭

𝑖
=

𝑭 
𝑖

(
𝑦̄2

)
(see Fig. 4).

In order to obtain the tension components in the airship body refer-

ence , which is needed to compute the generalized action 𝒓𝑡
𝑷
within the

dynamic balance equations in the same reference as for all other actions,

it is convenient to first express it by components in the ground refer-

ence, by exploiting the easy writing of the three unit vectors in Eq. (17)

in reference . The explicit expression of 𝒄3 can be obtained starting

from 𝒍
𝑪
, which is obtained from Eqs. (14), (15), (18). The position vec-

tor 𝒙𝑨𝑷𝑖
is most naturally assigned in ground components, whereas the

position vector 𝒙𝑻𝑷𝑖
can be obtained by definition as 𝒙𝑻𝑷𝑖

= 𝒙𝑃 + 𝒒𝑻𝑷𝑖
,

where 𝒒𝑻𝑷𝑖
represents the position of the tether point on board the air-

ship from the measuring point 𝑷 where the dynamic balance is ex-

pressed, and can be typically specified easily in constant body com-

ponents (i.e., 𝒒
𝑻𝑷𝑖
). The latter expression in a ground reference yields

𝒙
𝑻𝑷𝑖

= 𝒙
𝑃
+𝑹

→𝒒

𝑻𝑷𝑖
. These observations in turns allow to obtain ex-

plicitly the components of 𝒄2 and 𝒄1 , and to correspondingly build the

rotation matrix 𝑹
→ =

[
𝒄1 |𝒄2 |𝒄3 ]. With the latter, the tension by com-

ponents in the ground reference  is finally obtained as 𝑭 
𝑖
= 𝑹

→𝑭

𝑖
.

From this, the tension in body components is correspondingly computed

as 𝑭
𝑖

= 𝑹𝑇

→𝑭

𝑖
.

Considering the general case where the airship is attached to more

cables (indexed as 𝑖th), each associated to a tension 𝑭𝑖 at the corre-

sponding on-board tether point 𝑻𝑷𝑖, and that no moment is discharged

by the cable at the level of the attachment, it is possible to define the

action 𝒓𝑡
𝑷
to fit in the dynamic balance in Eq. (1), in body reference,

as

𝒓
𝑡,
𝑷

=
𝑁𝐶∑
𝑖=1

{
𝑰3

𝒒
𝑻𝑷𝑖×

}
𝑭
𝑖
, (25)

where 𝑁𝐶 is the number of tether cables attached to the airship.

Interestingly, the dependence of the tether generalized force is on

all quantities in the array of states 𝒔, whereas there is no direct action

of the controls on it. In particular, velocity and rotational rate within

𝒘𝑷 produce an effect on the velocity of the tether point on board 𝑻𝑷𝒊,

influencing the reference airspeed 𝒗𝑎
𝑪
of a tether cable, whereas the atti-

tude represented by 𝒆321 and the position 𝒙𝑷 define the mutual position

of the tether point on board with respect to the anchor point 𝑨𝑷𝒊 on

ground. Therefore, formally 𝒓𝑡
𝑷
= 𝒓𝑡

𝑷

(
𝒘𝑷 , 𝒆


321,𝒙𝑷

)
.

2.2. Linearized model for airship dynamics

In order to carry out a linear analysis starting from the framework

of the non-linear model employed in the previous section, an approach

was selected where the reaction term on the l.h.s. of the dynamic balance

equation (Eq. (1)), as well as the kinematic relations in Eqs. (6) and (7),

are linearized analytically, yielding an explicit writing, outlined later in

this section. Conversely, the r.h.s. of Eq. (1) is linearized numerically

by employing a perturbation method. The latter is far more convenient

than an analytic approach, on account of the extremely complex equa-

tions linking the states and controls to aerodynamic, propulsion and

tether actions (whereas for buoyancy and gravity an analytic linearized

expression could be worked out easily). Of course, a writing in states-

space form could be also obtained, by deploying a perturbation method

and computing 𝒔̇ directly, yielding the state and control sensitivity ma-

trices, thus bypassing the analytic computation of the l.h.s. of the dy-

namic balance equations and of the kinematic relations. In this research,

both ways have been tested for cross-validation, obviously getting the

same results. The first (semi-analytic) way is presented here primarily

to capture the effect of having the position of the measuring point 𝑷 not

coinciding with that of the center of gravity (which would yield some

simplification, typical to the fixed-wing aeronautical domain [46]) or

the center of buoyancy (which would produce some simplification as

well, an approach often adopted when writing the equations of motion

for airships [20]), and for showing the complete derivation of a linear

form for kinematic equations, including Eq. (7) which is seldom treated

in aeronautical flight dynamics problems, and is crucial when dealing

with a tethered platform.

2.2.1. Reaction term in the dynamic balance equations

The linearization process for the dynamic balance equations in

Eq. (1) starts from the substitution of a linear expansion of the solution

𝒘𝑷 = 𝒘𝑷0
+ Δ𝒘𝑷 on the l.h.s. and of the forcing terms 𝒓

(⋅)
𝑷

= 𝒓
(⋅)
𝑷0

+ Δ𝒓(⋅)
𝑷

on the r.h.s.. Upon replacement in the dynamic balance equation and

elimination of the identity representing equilibrium in the reference

condition (i.e., those terms with subscript (⋅)0 only), it is possible to
obtain the linear perturbation form of the dynamic balance equations,(
𝑴 𝑖

𝑷
+𝑴𝑎

𝑷

)
Δ𝒘̇𝑷 +𝒘𝑷0

↙⟍𝑴 𝑖
𝑷
Δ𝒘𝑷 + Δ𝒘𝑷↙⟍𝑴 𝑖

𝑷
𝒘𝑷0

= Δ𝒓𝑎
𝑷
+ Δ𝒓𝑏

𝑷
+ Δ𝒓𝑔

𝑷
+ Δ𝒓𝑝

𝑷
+ Δ𝒓𝑡

𝑷
. (26)

Concentrating on the l.h.s., when leaving 𝑷 as a generic position (i.e.,

not setting it as a special point like the center of gravity), the first term

in Eq. (26) can be nonetheless easily written recurring to Eq. (2) (by

components in a body reference), whereas the second and third terms

yield

𝒘𝑷0
↙⟍𝑴 𝑖

𝑷
Δ𝒘𝑷 =

[
𝝎0×

𝟎
𝒗𝑷0×

𝝎0×

][
𝑚𝑰3 𝑺𝑇

𝑷

𝑺𝑷 𝑱𝑷

]{
Δ𝒗𝑷
Δ𝝎

}
,

Δ𝒘𝑷↙⟍𝑴 𝑖
𝑷
𝒘𝑷0

=

−
(
𝑴 𝑖

𝑷
𝒘𝑷0

)
↙⟍
Δ𝒘𝑷 = −

([
𝑚𝑰3 𝑺𝑇

𝑷

𝑺𝑷 𝑱𝑷

]{
𝒗𝑷0
𝝎0

})
↙⟍

{
Δ𝒗𝑷
Δ𝝎

}
.

(27)
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Both expressions can be normally written by components assuming a

body reference, where the fully-populated generalized mass matrix𝑴 𝑖
𝑷

has usually constant components within a maneuver for an airship con-

sidered as a rigid body.

2.2.2. Kinematic relations for rotational speed and Euler parameters

Considering the kinematic relations in Eq. (6), their linearization re-

quires replacing all quantities on the l.h.s. and r.h.s. with corresponding

linear expansions. By substituting and purging the identity holding in a

reference condition, the following perturbation form is obtained

Δ𝒆̇321 = 𝑺−1
3210

Δ𝝎
 + Δ𝑺−1

321 𝝎

0

, (28)

The term Δ𝑺−1
321 can be computed by performing the differential of

𝑺−1
321 , and is clearly a function of Δ𝒆


321. Upon substitution in Eq. (28),

developing the products and factorizing Δ𝝎
 and Δ𝒆321, the following

expression is obtained,

Δ𝒆̇321 =
⎧⎪⎨⎪⎩

Δ𝜑̇

Δ𝜗̇

Δ𝜓̇

⎫⎪⎬⎪⎭ =𝑺−1

3210
Δ𝝎

 + 𝑷 
3210

Δ𝒆321

=
⎡⎢⎢⎢⎣

1 tan 𝜗0 sin𝜑0 tan 𝜗0 cos𝜑0
0 cos𝜑0 − sin𝜑0
0 sin𝜑0

cos 𝜗0
cos𝜑0
cos 𝜗0

⎤⎥⎥⎥⎦
⎧⎪⎨⎪⎩

Δ𝑝

Δ𝑞

Δ𝑟

⎫⎪⎬⎪⎭+⎡⎢⎢⎢⎣
tan 𝜗0

(
𝑞0 cos𝜑0 − 𝑟0 sin𝜑0

)
−𝑞0 sin𝜑0 − 𝑟0 cos𝜑0
𝑞0

cos𝜑0
cos 𝜗0

− 𝑟0
sin𝜑0
cos 𝜗0

↩

(
tan2 𝜗0 + 1

)(
𝑞0 sin𝜑0 + 𝑟0 cos𝜑0

)
0

0 0
𝑞0

sin 𝜗0 sin𝜑0
cos2 𝜗0

+ 𝑟0
sin 𝜗0 cos𝜑0

cos2 𝜗0
0

⎤⎥⎥⎥⎦
⎧⎪⎨⎪⎩

Δ𝜑

Δ𝜗

Δ𝜓

⎫⎪⎬⎪⎭.
(29)

Notably, in Eq. (29) a term in Δ𝒆321, often unnecessarily purged by
specifically deploying hypotheses on the reference condition such to

make the corresponding matrix multiplier null [46], has been retained

for generality.

2.2.3. Kinematic relations for velocity and ground position

Considering now the kinematic relations in Eq. (7), again a linear

expansion for each quantity appearing on both sides of the equation is

introduced. Upon substitution, and elimination of the identity yielding

in reference conditions, it is possible to obtain the perturbation form

Δ𝒙̇
𝑷
= 𝑹

→0
Δ𝒗

𝑷
+ Δ𝑹

→𝒗

𝑷0
. (30)

An elegant analytic expression of the last term on the r.h.s. of Eq. (30)

can be written, by first recalling Poisson’s rule, according to which

𝑹̇
→ = 𝝎

×
𝑹

→ = 𝑹
→𝝎


×

= 𝑹
→

(
𝑺
321𝒆̇


321

)
×. (31)

Employing Eq. (31) on the perturbation forms Δ𝑹→ and Δ𝒆321 (in-
stead of the corresponding rates), it is possible to write the equivalence

Δ𝑹
→ = 𝑹

→0

(
𝑺
3210

Δ𝒆321
)
×
. (32)

By replacing Eq. (32) in the last term of Eq. (30), and elaborating it

to factorize Δ𝒆321, the following is obtained,

Δ𝑹
→𝒗


𝑷0

= 𝑹
→0

(
𝑺
3210

Δ𝒆321
)
×
𝒗
𝑷0

= −𝑹
→0

𝒗
𝑷0×

(
𝑺
3210

Δ𝒆321
)
= −

(
𝑹

→0
𝒗
𝑷0×

𝑺
3210

)
Δ𝒆321.

(33)

Substituting Eq. (33) into Eq. (30) produces a form where the time

derivative on the l.h.s., in a similar fashion to Eq. (29), is a function of

(in this case) the current perturbed velocity Δ𝒗
𝑷
and Euler parameters

Δ𝒆321.

2.2.4. Linearization of the forcing terms in the dynamic balance equations

As stated previously in this section, the perturbed forms of the ac-

tions on the r.h.s. of Eq. (26) can be obtained numerically with a finite-

difference perturbation method. This process is physically performed by

first assigning the reference state of the system 𝒔0, the reference controls

𝜹0 (where 𝜹 =
{
𝜹𝑒, 𝜹𝑡

}𝑇
conveys the aerodynamic controls and thrust

controls in a column vector), and the environmental conditions consti-

tuted by the density of air 𝜌, the intensity of gravity 𝑔, and the wind

intensity and direction 𝒗
𝑊0

in ground components (which is usually

more convenient to assign than in body components). All actions are

computed in these reference conditions. Then the states are perturbed

one by one in both a positive and negative direction, and all actions are

computed correspondingly. This produces state and control sensitivity

matrices𝑾
(⋅)
𝑷 ,𝒔

and𝑾
(⋅)
𝑷 ,𝜹
, for each of the five generalized forces 𝒓

(⋅)
𝑷
men-

tioned in Eqs. (1) and (26), with the following structure stemming from

Eq. (5),

𝑾
(⋅)
𝑷 ,𝒔

=
⎧⎪⎨⎪⎩

𝜕𝒇 (⋅)

𝜕𝒔

𝜕𝒎
(⋅)
𝑷

𝜕𝒔

⎫⎪⎬⎪⎭,𝑾
(⋅)
𝑷 ,𝜹

=
⎧⎪⎨⎪⎩

𝜕𝒇 (⋅)

𝜕𝜹

𝜕𝒎
(⋅)
𝑷

𝜕𝜹

⎫⎪⎬⎪⎭. (34)

Notably, as highlighted in Section 2.1.1 when going through the

analysis of each generalized force term one by one, according to the

dependencies assumed in this research, not all generalized forces shall

depend on all states and controls. This will be numerically reflected by

null values in the corresponding positions of the sensitivity matrices.

Considering the r.h.s. of Eq. (26), according to Eq. (34), the perturba-

tion form of each of the generalized force terms can be written as

Δ𝒓(⋅)
𝑷

= 𝑾
(⋅)
𝑷 ,𝒔

Δ𝒔 +𝑾
(⋅)
𝑷 ,𝜹

Δ𝜹. (35)

2.2.5. States-space form of the linearized equations

Based on the development of the linearized forms of all terms just in-

troduced, the complete system of dynamic balance and kinematic equa-

tions in linearized form can be written at first as typical to a mechanical

system (i.e. with reaction on the l.h.s. and the action on the r.h.s.), yield-

ing

𝑴̃Δ𝒔̇ + 𝑲̃Δ𝑠 = 𝑾̃𝑷 ,𝒔Δ𝒔 + 𝑾̃𝑷 ,𝜹Δ𝜹. (36)

Correspondingly, in Eq. (36), the 12-by-12 mass and stiffness matri-

ces on the l.h.s. take the form

𝑴̃ =
[ (

𝑴 𝑖
𝑷
+𝑴𝑎

𝑷

)
𝟎6

𝟎6 𝑰6

]
,

𝑲̃ =

⎡⎢⎢⎢⎢⎣

((
𝒘𝑷0↙⟍

𝑴 𝑖
𝑷

)
−

(
𝑴 𝑖

𝑷
𝒘𝑷0

)
↙⟍

)
𝟎6

𝟎3 −𝑺−1
3210

−𝑹
→0

𝟎3

−𝑷
3210

𝟎3(
𝑹

→0
𝒗
𝑷0×

𝑺
3210

)
𝟎3

⎤⎥⎥⎥⎥⎦
,

(37)

whereas the sensitivity matrices on the r.h.s. of Eq. (36) take the simple

form

𝑾̃𝑷 ,𝒔 =

[
𝑾 𝑎

𝑷 ,𝒔
+𝑾 𝑏

𝑷 ,𝒔
+𝑾

𝑔

𝑷 ,𝒔
+𝑾

𝑝

𝑷 ,𝒔
+𝑾 𝑡

𝑷 ,𝒔

𝟎6×12

]
,

𝑾̃𝑷 ,𝜹 =

[
𝑾 𝑎

𝑷 ,𝜹
+𝑾 𝑏

𝑷 ,𝜹
+𝑾

𝑔

𝑷 ,𝜹
+𝑾

𝑝

𝑷 ,𝜹
+𝑾 𝑡

𝑷 ,𝜹

𝟎6×𝑁𝛿

]
,

(38)

wherein the number of control 𝑁𝛿 is the sum of the number of aerody-

namic controls (typically three, representing control settings around the

three body axes) and thrust controls (typically the same number as the

thrusters on-board, 𝑁𝑇 ).

From Eqs. (36)–(38), it is immediate to compute the matrices of a

states-space representation of the system, respectively the state matrix

𝑨 and control sensitivity matrix 𝑩 as

𝑨 = 𝑴̃−1(𝑾̃𝑷 ,𝒔 − 𝑲̃
)
, 𝑼 = 𝑴̃−1𝑾̃𝑷 ,𝜹, (39)

such that Δ𝒔̇ = 𝑨Δ𝒔 + 𝑼Δ𝜹.
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Table 1

Positions of the motors on-board the considered airship.

Motor ID Position 𝒒
𝑻𝑖

[m] Positive thrust direction

#1 {−9.07, 0, 0}𝑇 Forward

#2 {−9.07, 0, 0}𝑇 Downward

#3 {2.0,−1.8634, 0}𝑇 Upward

#4 {2.0, 1.8634, 0}𝑇 Upward

#5 {0,−1.9905, 0}𝑇 Forward

#6 {0, 1.9905, 0}𝑇 Forward

Table 2

Geometric and inertial data of the considered airship model.

Sizing data Value

Mass 𝑚 [kg] 136.8

Volume  [m3] 110.3

Envelope length [m] 16.0

Maximum radius [m] 1.99

Center of buoyancy from origin of body reference 𝒒
𝑩
[m] {0, 0, 0}𝑇

Center of gravity from origin of body reference 𝒒
𝑮
[m] {−0.06, 0, 0.455}𝑇

Diagonal inertia components 𝐽𝑷 ,1, 𝐽𝑷 ,2, 𝐽𝑷 ,3 [kgm
2] 214, 3,310, 3,211

Non-diagonal inertia components 𝐽𝑷 ,12, 𝐽𝑷 ,13, 𝐽𝑷 ,23 [kgm
2] 0, -88, 0

Munk’s factors 𝑘1, 𝑘2, 𝑘3 [kg/m
3], 𝑘′ [kg] 0.08, 0.86, 0.86, 0.69

Apparent inertia 𝐽𝑎
2 , 𝐽

𝑎
3 [m

2] 13.6, 13.6

3. Free response of a tethered airship in static equilibrium

This and the next section (see Section 4) serve the double aim of

investigating the characteristics of the docking maneuver for a realistic

airship, and displaying the ability of the mid-fidelity model introduced

in Section 2 for the airship and tether cables to produce interesting re-

sults, sensitive to changes in many parameters relevant to the design of

the airship and the testing scenario.

To the aim of investigating the free response of the system, a practical

testing scenario has been introduced. An ideal airship with the same en-

velope and tail empennages of the experimental Lotte machine [20,26]

has been considered. Notably, such envelope is axial-symmetric, featur-

ing a simple cruciform tail and a single motor in the tail cone. How-

ever, unlike the real machine, the investigated model is not controlled

by means of any aerodynamic controls (i.e., figuratively the deflection

of the rudder and elevons is permanently set to a null value). Instead,

𝑁𝑇 = 6 electric motors have been considered in the airship concept at

hand, positioned as reported in Table 1 with respect to a body reference

centered in the center of buoyancy 𝑩.

In essence, motors #1 and #2 are positioned to the back of the air-

ship (tail cone), with #1 longitudinally aligned (similar to the original

configuration of the Lotte) and #2 aligned with the positive direction of

the body reference unit vector 𝒃3 (i.e. downwards). Motor #3 and #4 are

positioned symmetrically, respectively to the port and to the starboard

sides of the airship, 2 m forward with respect to the longitudinal posi-

tion of the center of buoyancy 𝑩, on the horizontal plane of symmetry

of the envelope, and they point upwards. Finally, #5 and #6 are again

symmetrically located respectively to the port and to the starboard sides

of the airship, longitudinally at the level of point 𝑩 and on the horizon-

tal plane of symmetry of the envelope, and pointing forward. Additional

basic data are reported in Table 2.

In a baseline configuration, a single cable has been considered, with

a nominal length 𝐿𝑡1
= 20 m. The technological characteristics refer to a

common polyester braided rope for nautical applications, with a diam-

eter 𝐷𝑡 = 10 mm and a linear density 𝜌𝑡 = 80 g/m, yielding a breaking

tension of 𝐹𝑏 = 3,040 N [48]. The value of the stiffness of the stretched
cable has been estimated based on a regression of catalog data [49,50],

yielding 𝐾0 = 6.976⋅104 N. The limit elongation values for the three
different tension models (see paragraph Section 2.1.2) have been set to

𝑒𝑖,𝑐 = 0.99 and 𝑒𝑖,𝑒 = 1.05 respectively. The ground anchor point𝑨𝑷1 has

been set at the origin of the ground reference, yielding 𝑨𝑷 
1 = {0, 0, 0}𝑇 ,

whereas in the baseline configuration the position of the tether point

Fig. 5. Topology of the reference airship in SILCROAD. Orange diamonds: Po-
sition of thrusters (Orange arrow: Nominal direction of corresponding thrust).

Blue triangle: Center of buoyancy. Black square: Center of gravity. (For inter-

pretation of the references to color in this figure legend, the reader is referred

to the web version of this article.)

𝑻𝑷1 is assumed at the nose tip of the airship, i.e. 𝒒

𝑻𝑷1

= {6.97, 0, 0}𝑇 m.
The reference measuring point 𝑷 has been set at the center of buoyancy

𝑩, as can be seen from Table 2 (note 𝒒
𝑩
is null correspondingly).

A non-linear model for tethered airship dynamics has been set up

employing the SILCROAD library [5,17,51], which implements the for-
mulation described in Section 2.1. The topology of the reference airship

as specified in SILCROAD is shown in Fig. 5.
The library has been suitably expanded in this research, allowing the

user to include an unlimited number of tethering cables, each treated as

a separate object obtained as the instantiation of a newly designed class.

The latter implements the model described in Section 2.1.2. The non-

linear model of the tethered airship has been employed first to solve a

non-linear trim problem, finding a static equilibrium condition repre-

sented by a state 𝒔0 and a control array 𝜹0 = 𝜹𝑡0. In that problem, the

airship is automatically trimmed by means of thrust controls, so as to

guarantee 𝒔̇ = 𝟎, while keeping null values of the velocity and rotational
rate (𝒗

𝑷 ,0 = 𝟎 and 𝝎
,0 = 𝟎), a neutral attitude (𝒆3210 = 𝟎) and a specific

position of the tether point 𝑻𝑷 
1 in space, specified by components in

the ground reference , such to produce an assigned reference elonga-
tion ratio 𝑒10 = 0.8. Additionally, in the trimmed condition the airship

(including its tethering system) is subject to a uniform horizontal ref-

erence wind 𝒗𝑊 ,0, assigned in ground components, such to blow from

North to South. The airship is trimmed so that the wind vector lye in the

vertical plane of symmetry (𝜓 = 0, as said). The selection of this specific
trimmed condition is consistent with the analysis of the controlled re-

sponse in a dynamic docking maneuver of interest in this research, for

which this static equilibrium condition constitutes an initial condition.

Figuratively, the machine is thus trimmed in a tethered condition, where

the cable has been unwound from the airship tether point and linked to

the anchoring point, in a non-idling thrust condition from where the

airship can start a controlled docking maneuver.

It should be observed that the trim problem just specified is radically

different from that of a tethered aerostat, in that an aerostat cannot

keep a generic reference condition in space, but the latter is determined

by the characteristics of the tether cable (in particular, its length and

positioning of the tether point on board), the intensity of the wind and

the aerostatic, aerodynamic and inertial characteristics (in particular,

the positioning of the center of gravity vs. the center of buoyancy and

tether point/s) of the aerostat.

For studying the free response, linearization is performed according

to the method explained in Section 2.2 (implemented in the routines of

the SILCROAD library). The study of the free response can be carried out
by computing the eigenvalues and eigenvectors of the state matrix 𝑨

corresponding to a certain state 𝒔0, wind 𝒗𝑊 ,0 and control 𝜹0 (computed

such to satisfy static equilibrium, i.e. trim). In the following, as stated

in the introduction (Section 1), the effect of the presence and of the
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Fig. 6. Eigenvalues of the untethered airship trimmed in fixed-point condi-

tions in an opposing wind of 6 m/s, as described in the text. Comparison

of eigenvalues pertaining to a 9th order model, typically employed for air-

ship flight dynamics, and a 12th order model, required for tethered flight

analysis.

characteristics of the tether cable and of the trim problem setting will

be shown in a parameterized fashion.

3.1. Effect of a tether cable on the free response

A typical eigenanalysis of the free response of an untethered air-

ships is carried out on a reduced state, where in particular the three

positional states 𝒙
𝑷
are not considered. Correspondingly, nine eigenval-

ues are featured in the eigendynamics of the system, where the fastest

are the real, typically largely stable eigenvalues corresponding to pitch

and yaw subsidence modes, the slowest are the real ones associated to

longitudinal surge, typically stable, and the generally unstable side-slip

subsidence. Two couples of complex conjugate eigenvalues are associ-

ated respectively to pendulum mode, which might be mildly stable or

unstable, and the high-frequency, typically stable roll oscillation. Finally

a null mode mostly associated to yaw (𝜓) is in order for an airship mov-

ing in calm air (no wind), replaced by a real, low frequency directional

mode when the airship is traveling in a wind stream. Fig. 6 displays

the eigenmodes just mentioned for the reference airship, standing in

static equilibrium and still with respect to the ground reference (i.e.,

𝒗𝑷 = 𝟎, 𝝎 = 𝟎) while untethered, pointing North, and immersed in an
opposing uniform wind stream 𝒗𝑊 ,0 of intensity 6 m/s (blowing to the

South). Furthermore, the attitude angles 𝒆3210
= 𝟎. In this condition, no

null mode can be found in the reduced-order (i.e., 9th order) dynamics

of the system. However, when introducing the additional three states

corresponding to 𝒙
𝑷
(in particular, with the position of the buoyancy

center 𝑩 such that 𝒙
𝑻𝑷1

= 𝑒10𝐿𝑡{− cos(𝜋∕4), 0,− sin(𝜋∕4)}𝑇 ), three addi-
tional eigenvalues are obtained.

Of these, two correspond to horizontal translation (North, East),

whereas the latter to vertical translation. The former two are associ-

ated to zero frequency, since there is no difference in trimming the (un-

tethered) airship at whatever couple of horizontal geographical coordi-

nates, whereas the latter is non-zero, and mildly unstable, since there

is a slight difference on buoyancy and aerodynamic forces in changing

the altitude, due to the effect of density (a function of the altitude ac-

cording to the International Standard Atmosphere model implemented

in SILCROAD).
For a better understanding the impact of a tether force, it is inter-

esting at first to study how these eigenvalues evolve when adding to

the scenario an ideal tethering cable, featuring at first very light den-

sity and small diameter, and progressively featuring an increasing value

of both quantities. For a negligible diameter and density, the tension

at 𝑻𝑷1 shall be negligible, impacting the results of the eigenanalysis

only minimally. Conversely, for increasing values of the cable-specific

parameters, corresponding to cables realistically employed in practice,

a difference is noted in the results of the eigenanalysis. The tether is

anchored as previously specified, with the tether point 𝑻𝑷1 on the nose

of the airship, and the airship is in an a position with respect to the

ground reference such that 𝑻𝑷1 is exactly where it was in the unteth-

ered trimmed condition. Taken together, the two plots in Fig. 7 show

the change in the map of eigenvalues, as just explained. Both plots are

zoomed on the portion pertaining to the slowest eigenmodes (i.e. small-

est modulus of the eigenvalues). Actually, with respect to the untethered

condition, also the eigenvalues pertaining to higher-frequency modes

(namely yaw, pitch, side-slip, as well as roll- and pendulum-oscillation,

all visible on Fig. 6) shall change slightly, yet qualitatively keeping very

close to their respective untethered values. Conversely, the change of

the low-frequency eigenvalues corresponding to surge and directional

modes, as well as the newly added North, East and vertical translation

modes, is more dramatic, and requires some explanation. Specifically,

in the left plot the results of eigenanalysis for an untethered condition

are displayed (black circles), representing a theoretical starting point

for a tethered analysis where the cable is infinitely thin and infinites-

imally heavy. The plot shows the eigenvalues for increasing 𝜌𝑡 and 𝐷𝑡

up to a realistic (albeit weak, for the application at hand), 𝜌𝑡 = 6 g/m

and 𝐷𝑡 = 2.5 mm (blue star). The arrows indicate the identity and evo-

lution of the eigenvalues. It can be observed in particular that the surge

mode, with an eigenvector mostly associated to 𝑈 (first component of

𝒗
𝑩
) and the northerly component of 𝑥

𝑷
, tends decidedly towards insta-

bility. Also interesting is the fact that one of the two modes identified

as null in Fig. 6, associated to a northerly motion (first component of

𝒙
𝑷
), tends in a similarly decided way towards stability. Additionally,

the remaining originally null mode, associated to an Eastern translation

(second component of 𝒙
𝑷
) tends slowly towards a (very slow) instabil-

ity. Finally, the rightmost among the considered modes, associated to

the vertical position (third component of 𝒙
𝑷
) starts shifting slightly to-

wards stability.

Moving on to the right plot in Fig. 7, this completes the analysis

for even increasing values of 𝜌𝑡 and 𝐷𝑡. The starting condition is the

same as the last on the previous plot (blue star), and the analysis con-

siders a maximum value of 𝜌𝑡 = 140 g/m and 𝐷𝑡 = 14 mm. The red

star represents the baseline value of the cable-specific properties, pre-

viously mentioned and employed later in this research. In this second

plot, it can be seen how, for a heavier/thicker cable, the eigenvalues

corresponding to surge and northerly translation coalesce to produce

a low-frequency oscillatory mode, which is stable, but with a damping

which is progressively reduced as 𝜌𝑡 and 𝐷𝑡 are raised. The other three

eigenvalues keep on the real axis. The directional motion and notably

the vertical translational mode become increasingly stable, whereas the

easterly translational mode turns progressively more unstable.

It is interesting to show how an alternative layout of the cables would

impact the results of the eigenanalysis. To this aim, a case where two in-

dependent cables are anchored to the sides of the airship is considered.

To allow for a fair comparison with respect to the previous solution,

the cable-specific physical characteristics have been selected according

to the same listing employed for the single cable case. Furthermore,

the positioning of the two cables with respect to the ground and to the

wind has been assigned so that each of the two cables takes exactly

the same shape and carries the same tension load as in the previous

case. In particular, the two cables have been attached to tether points

3.77 m towards the nose from point 𝑩 (a longitudinal station employed

also later in the next analyses), on the envelope and on the horizontal

plane of symmetry of the airship. The corresponding positions are there-

fore 𝒒
𝑻𝑷1

= {3.77,−1.5977, 0}𝑇 and 𝒒
𝑻𝑷2

= {3.77, 1.5977, 0}𝑇 . The anchor
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Fig. 7. Eigenvalues of the tethered airship trimmed in fixed-point conditions in an opposing wind of 6 m/s, for increasing density 𝜌𝑡 and diameter 𝐷𝑡 of the cable.

Left: Lighter/thinner cable properties. Right: Heavier/thicker cable properties. Blue star: Merging point between plots. Red star: Reference value of cable properties.

Black circles: Eigenvalues of untethered system. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this

article.)

Fig. 8. Eigenvalues of the airship trimmed with two tether cables symmetrically located to the sides, in fixed-point conditions in an opposing wind of 6 m/s, for

increasing density 𝜌𝑡 and diameter 𝐷𝑡 of the cable. Left: Lighter/thinner cable properties. Right: Heavier/thicker cable properties. Blue star: Merging point between

plots. Red star: Reference value of cable properties. Black circles: Eigenvalues of untethered system. (For interpretation of the references to color in this figure legend,

the reader is referred to the web version of this article.)

points on ground are correspondingly specified as 𝒙
𝑨𝑷1

= {0,−1.5977, 0}
and 𝒙

𝑨𝑷2
= {0, 1.5977, 0}, so that the elongation of both cables is 𝑒10 =

𝑒20 = 0.8.
The result of the eigenanalysis is displayed in Fig. 8, split in the same

way as Fig. 7 for convenience. Again, the focus is on the low-frequency

modes (i.e., low-modulus eigenvalues), whereas the quality of others

(not visible in the figure) remains qualitatively similar for changing val-

ues of the cable-specific parameters.

From the left plot, for a thinner/lighter cable, a different behavior

from the single-cable case (Fig. 7 left) is immediately apparent. The lon-

gitudinal modes of surge and northerly translation travel faster towards

coalescence, giving way to a stable oscillatory motion for lower values

of 𝜌𝑡 and 𝐷𝑡 than in the previous case. This can be the effect of the pres-

ence of two cables, adding twice the overall tension in the longitudinal

domain with respect to a single-cable case. However, a radically differ-

ent behavior is encountered from the directional and easterly translation

modes, which travel respectively towards instability and towards stabil-

ity (exactly the opposite of the previous case), while keeping real. For

increasingly heavier/thicker cables (right plot) the latter eigenvalues

coalesce to create an additional oscillatory mode, with an eigenvector

polarized on easterly translation and body side velocity (i.e., component

𝑉 of ground velocity 𝒗
𝑩
). This low-frequency mode is stable, yet it fea-

tures a reduced level of stability for increased values of the density and

diameter of the cables. Generally, this behavior is in line with intuition,

showing that two forward-positioned tethering cables, with a symmetric

sideward displacement of their tether points with respect to the plane

of symmetry (and the wind direction), instead of a single cable attached

to the nose, make the airship more stable in terms of cross-wind (i.e.,

easterly) ground position, while on the other hand activating an oscilla-

tory response in the lateral directional plane. Notably, the mode associ-

ated primarily to vertical translation (i.e., normal to the horizon) does

not feature a significant travel in this case. This may be the result of

the longitudinal positioning of the tether points closer to the center of

buoyancy and center of mass with respect to the single-cable case, in-

ducing a less relevant action of tension in the balance equation around

the pitch axis along 𝒃2 (more on the effect of longitudinal positioning of

the tether point in the next Section 3.2).

3.2. Effect of longitudinal positioning of the tether point

Referring again to the original reference condition mentioned in the

previous example (see Section 3.1, single cable with assigned reference
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Fig. 9. Eigenvalues of the tethered airship trimmed in fixed-point conditions in

an opposing wind of 6 m/s, for positions of the tether attachment point shifting

from the nose to the tail. Red star: Reference value of tether point position on-

board. (For interpretation of the references to color in this figure legend, the

reader is referred to the web version of this article.)

properties), represented by the red star in Fig. 7, it is possible to analyze

the effect of a change of the longitudinal position of the on-board tether

point 𝑻𝑷1. In this case, the analysis has been parameterized so that the

cable solution be exactly the same for all cases, by keeping the position

of the tether point in ground coordinates 𝑻𝑷 
1 the same in all cases, and

by suitably changing the position of the airship to cope with a different

position 𝒒𝑻𝑷1 of the anchor point 𝑻𝑷

1 with respect to the airship lay-

out. The position of the on-board tether point has been selected to be

on the bottom chin line along the airship surface, on the external sur-

face of the latter. Longitudinal positions have been considered ranging

from the nose (reference condition) to the tail. A finer discretization has

been considered in proximity to the nose. The plot in Fig. 9 shows the

eigenvalues resulting for each considered position, zooming on the low-

frequency area (non visible are yaw, pitch, side-slip and roll oscillation).

Besides a relevant change in the real part of pendulum (which re-

mains unstable), and an instability of the eigenvalue associated to a

mainly vertical motion (i.e., with the eigenvector associated mostly to

the third component of 𝒙
𝑩
normal to the horizon), the most significant

result in terms of quality of the response is the coalescence of the eigen-

values associated to directional stiffness and to the easterly-oriented

translation (i.e., the second component of 𝒙
𝑩
). As it can be observed, for

a longitudinal position of the tether point between 5.37 m and 3.77 m

from 𝑩, these two modes merge into a new lateral-directional oscilla-

tory mode, featuring an increasing frequency and a reduced damping

(yet keeping stable) as the position of the tether point shifts backwards.

This is in line with intuition, since the positioning of the anchor point to

the back of the airship, in a generic laterally-perturbed condition (e.g.,

a perturbation in yaw), would tend to pull the tail forward, inducing a

rotation around the yawing axis, and triggering a sideward motion. No-

tably, also the surge/north longitudinal mode is interested by a change,

which however does not alter its quality significantly.

3.3. Effect of wind intensity

An interesting effect in presence of a tether cable is observed when

increasing the intensity of the wind. In Fig. 10 is reported the map of the

airship eigenvalues for a wind intensity between 6 and 12 m/s (notably,

the latter is the top speed in the performance envelope of Lotte). An

appreciable stabilizing effect is immediately visible on pitch and yaw,

similar to what happens for a faster-traveling untethered airship. The

comparison with the untethered airship holds also for the cases of roll

and side-slip modes. Conversely, the pendulum is influenced in a com-

Fig. 10. Eigenvalues of the tethered airship trimmed in fixed-point conditions

in an opposing wind of increasing intensity between 6 and 12 m/s. Red star:

Reference value of the wind speed. (For interpretation of the references to color

in this figure legend, the reader is referred to the web version of this article.)

pletely different way than in the tethered case. As known, this mode is

generally turned slightly towards instability by an increased traveling

speed, keeping roughly the same frequency, and becoming insensitive

to speed for higher values of this parameter, for an untethered airship.

Conversely, pendulum is here affected more markedly for increasing val-

ues of the wind speed, with a stark increase in damping, which produces

the break-down of the mode into two real modes, which for extreme val-

ues of the airspeed travel towards stability and instability, respectively.

This effect is bound to the action of the tension, which increases dra-

matically with the wind speed. By acting on the nose as in this case,

it is capable of altering the pitch equilibrium balance. Qualitatively, it

is an additional force acting in a similar way as weight (similar direc-

tion, intensity increasing with the wind speed), yet displaced forward in

its line of action with respect to the other force centers (𝑮 and 𝑩). The

balance of buoyancy- and weight-induced moment which produces pen-

dulum is therefore altered by the addition of a progressively prevailing

downward force. For a sufficiently intense wind, when perturbed from

equilibrium, the airship tends to slowly diverge (longitudinally capsiz-

ing) as returned by the two real eigenvalues, associated mostly to pitch

and vertical velocity.

3.4. Effect of tether cable elongation

Another relevant parameterization is that with respect to cable elon-

gation. Considering again the baseline configuration described in the

introduction to this section, and a wind intensity of 6 m/s, trimmed

solutions have been obtained for changing values of the elongation pa-

rameter 𝑒10 of the cable. To this aim, the length of the cable 𝐿𝑡1
has

been left to its nominal value (20 m), and the position 𝒙𝑩 of the airship

in space has been changed to obtain the desired elongation, so that the

tether point position be 𝒙
𝑻𝑷1

= 𝑒10𝐿𝑡{− cos(𝜋∕4), 0,− sin(𝜋∕4)}𝑇 . Values
of the elongation between 0.5 and 0.95 have been considered.

The results are displayed in Fig. 11.

Looking at the lower frequency modes in the zoomed plot, a progres-

sive increase in the frequency and decrease in the damping of longitudi-

nal pendulum, as well as of the coalesced modes of surge and northerly

motion, can be observed for increasing values of cable elongation. Of

special interest are the three last points in the analysis, which reach

very close to the domain where the elastic reaction of the cable is as-

sumed relevant and is added to the computation (see Eq. (13)). Where

the global behavior of the frequencies is relatively little changed for an
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Fig. 11. Eigenvalues of the tethered airship trimmed in fixed-point conditions,

for different values of the elongation parameter 𝑒10 in an opposing wind of 6 m/s.

Red star: Reference value of the elongation of the tether cable. (For interpreta-

tion of the references to color in this figure legend, the reader is referred to the

web version of this article.)

elongation up to 𝑒10 = 0.9, over this value a much greater sensitivity

to elongation can be noticed (note that the last three points are set at a

finer discretization, compared to the other in the considered range). This

shows that for an increased stretch the response of the system starts to

change at an increased pace. This is expected, since for a fully-stretched

cable the very stiff elastic reaction shall change the map of eigenval-

ues substantially. It can be reported that the trimmability of the airship

under elongation conditions over those considered here is increasingly

problematic, since the thrust required from some of the thrusters for

keeping the airship in a stand-still position comes close or exceeds the

corresponding nominal thrust, to the point that attaining static equi-

librium turnes de facto impossible. Therefore, the application of linear

analysis to the corresponding cases would be of limited practical value.

4. Response of a tethered airship in a dynamic docking maneuver

In this section, the non-linear model introduced in Section 2 is em-

ployed to analyze the behavior of the airship through dynamic simula-

tions. In particular, the tethered docking phase faced by a small-scale

machine is considered. Simple controllers are applied and compared.

These analyses do not have the ambition of defining a best-practice for

control in a tethered docking maneuver, yet they show two relevant ef-

fects. Firstly, the simulation model at hand allows for a sufficient resolu-

tion to test differences in performance between control laws, thus show-

ing its suitability for control design and testing applications, possibly of

interest for certification-compliant design. Secondarily, they indeed wit-

ness that, despite their simplicity, the proposed control laws allow to ef-

fectively control a small unmanned airship in a challenging docking sce-

nario, also highlighting the progress in performance obtained through

additional control layers.

Through the analysis of the free response of a tethered airship in the

vicinity of an equilibrium condition, shown in the previous Section 3,

ideally representing the starting point of a docking maneuver, it is pos-

sible to note that the inherent behavior of the airship, where different

from that of a free airship traveling forward in a calm air condition (i.e.,

no wind), is still featuring a sub-set of the same distinctive modes of the

airship in free flight, i.e. yaw, pitch, side-slip, as well as pendulum- and

roll-oscillation. In addition, a set of threemore eigenvalues can be found,

introduced by the increased order of the system (in turns, induced by

the additional ground-positional states). In particular, it has been shown

how the original real eigenvalues pertaining to surge and heading (null)

mode combine with these additional three eigenvalues, creating either

subsiding or oscillatory dynamics, depending on the setting of the pa-

rameters (either cable-specific or scenario-specific). However, it can be

noted that the additional modes in the tethered scenario are generally as-

sociated to low frequencies, posing mild skill requirements on a human

pilot, provided a sufficient control authority has been included in the air-

ship layout at a design level. Concerning the latter, as pointed out in the

formulation, in this research the focus is on a purely thrust-controlled

machine, a paradigm inspired by the aim of project IPROP [52], and

already investigated in consolidated literature by the authors [4,5]. As

shown in Fig. 5 and Table 1, the layout of the airship thrusters allows

for an effective direct control around the pitch axis (𝒃2, with thrusters

#2, #3, #4), roll axis (𝒃1, with thrusters #3, #4) and yaw axis (𝒃3, with

thrusters #5, #6), whereas forward thrusting action (along 𝒃1) is guar-

anteed primarily by #1.

Despite the non-critically unstable behavior of the machine, as

shown in the cited literature [4,5] and in the linear analyses presented

in Section 3, a simple stability augmentation system (SAS) around the

three body axes can be employed for increased ease of piloting in the

navigation phase. This operates with proportional laws on the yaw and

roll rates, and with a proportional-integral law on the pitch rate, feeding-

back these measures to selected thrusters to dampen the rotational rates.

In this research, the navigation SAS is replaced by a similar concept,

which is more tailored to the need of not just increasing the damping

in the rotational free response but also favor the keeping of a neutral

attitude around the roll and pitch axes, or analytically setting the target

values 𝜗̄ = 𝜑̄ = 0 deg. Making use of a reading of the attitude angles,

typically obtained in practice from an on-board electronic IMU, it is

possible to implement the following SAS/neutral attitude laws (all gains

are positive, see Appendix),

Δ𝛿𝑆𝐴𝑆
𝑇2

= −𝜅𝑆𝐴𝑆
𝑞

𝑞 − 𝜅𝜗(𝜗 − 𝜗̄),

Δ𝛿𝑆𝐴𝑆
𝑇3

= −𝜅𝑆𝐴𝑆
𝑝

𝑝 − 𝜅𝜑(𝜑 − 𝜑̄) − 1
2

𝑞
𝑻21

𝑞
𝑻31

(𝜅𝑆𝐴𝑆
𝑞

𝑞 + 𝜅𝜗(𝜗 − 𝜗̄)),

Δ𝛿𝑆𝐴𝑆
𝑇4

= +𝜅𝑆𝐴𝑆
𝑝

𝑝 + 𝜅𝜑(𝜑 − 𝜑̄) − 1
2

𝑞
𝑻21

𝑞
𝑻41

(𝜅𝑆𝐴𝑆
𝑞

𝑞 + 𝜅𝜗(𝜗 − 𝜗̄)),

Δ𝛿𝑆𝐴𝑆
𝑇5

= −𝜅𝑆𝐴𝑆
𝑟

𝑟,

Δ𝛿𝑆𝐴𝑆
𝑇6

= +𝜅𝑆𝐴𝑆
𝑟

𝑟. (40)

In Eq. (40), the side thrusters #3, #4 are employed both for roll

control and for pitch control, together with #2. Concerning the latter,

the ratio of the forward positions of the thrusters (i.e., 𝑞
𝑻21
, 𝑞

𝑻31
and

𝑞
𝑻41
) are employed to obtain two equal opposing components of the

pitching moment in the center of buoyancy 𝑩 from the combined action

of motors #2, #3 and #4. Notably, no control is implemented on 𝜓 ,

since pointing a prescribed constant heading is not generally interesting

in the docking maneuver (more relevant is keeping the airship pointed

towards the target, more on this point later).

Docking can be performed in principle by simply rewinding the

tether cable. However, the target of automated docking is not just that

of taking the airship to a prescribed resting position, but also to avoid

reaching excessive values of the cable tension, which may lead to enve-

lope tear and cable failure, as well as to reduce the time for the docking

maneuver. Concerning loads, taking inspiration from the original enve-

lope of the Lotte, made of PVC, a tether point patch similar in shape

to that considered in project IPROP has been considered. This is made

of the same fabric as the envelope, soldered and centrally glued to it.

Assuming a thickness of 0.45 mm for the envelope and patch and a cir-

cular patch with a diameter of 10 cm, from the properties of woven

PVC a tear breaking force 𝐹𝑏𝑡,𝑒𝑛𝑣 = 481 N and a tensile breaking force of
𝐹𝑏,𝑒𝑛𝑣 = 2,354 N have been assumed [53]. These are likely conservative
(i.e., low) values, since the area of the tether point is generally much
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reinforced to allow for a better stress distribution over the surrounding

area and a lower local strain. They are mostly employed here to monitor

and rank the performance of the controllers. Concerning the winch, it

is advisable to match the breaking limit of the cable, i.e. 𝐹𝑏 = 3,040 N

for the tether cable introduced as a reference in the previous Section 3.

A compatible winch is the South Pacific 900E [54], which can be em-

ployed up to a tension of 3,139 N. This electric winch, rated at 1,1 kW

(max.) power, allows for a maximum rewind speed of 30 m/min.

In view of a desirable increasing degree of automatization of the

docking maneuver, the present paper considers three controllers of in-

creased complexity, described in the next paragraphs.

4.1. Tether rewind control

The simplest rewind controller considered here just acts on the cable

rewind rate as a control variable, feeding-back the tension measured on

the cable at the tether point 𝑻𝑷1, typically available through a dedi-

cated dynamometer. Given the default target rewind rate Ψ̄ and a ten-

sion threshold 𝐹 ′
𝑖
, the rewind rate of the cable Ψ is set according to the

following law (gain 𝜅Ψ positive, see Appendix),

Ψ =

{
max

(
Ψ̄ − 𝜅Ψ(||𝑭𝑖

|| − 𝐹 ′
𝑖
),Ψmin

)
, ||𝑭𝑖

|| > 𝐹 ′
𝑖

Ψ̄, ||𝑭𝑖
|| ≤ 𝐹 ′

𝑖

. (41)

In this control, the threshold 𝐹 ′
𝑖
is selected to activate a reduction

of the default rewind rate when the actual tension modulus ||𝑭𝑖
|| raises

above that value. Such reduction shall be at most down to a bound-

ary value Ψmin, in order not to halt the rewind or even unwind the ca-

ble, which would potentially lead to an indefinitely long docking ma-

neuver. In the results presented here, the parameters have been set to

Ψ̄ = 0.3 m/s (equal to 18 m/min), Ψmin = 0.01 m/s (which is compatible
with the selected winch), and the tension limit to 𝐹 ′

𝑖
= 144.3 N, which

amounts to 1
3𝐹𝑏𝑡,𝑒𝑛𝑣. The gain 𝜅Ψ = 5⋅10−3 (m/s)/N, a value tuned by

trial and error such to reduce maximum tension over time.

To test this control scheme, as well as those introduced in the next

paragraphs, the airship has been firstly trimmed in the same scenario

employed for linear analysis (see introduction to Section 3). The refer-

ence layout with a single cable attached to the nose has been employed.

The elongation for trim is 𝑒10 = 0.8. The airship is immersed in a uni-

form horizontal wind flow, blowing from North to South. Three intensi-

ties have been considered, of 6, 9, 12 m/s (where the latter is the limit

velocity of the Lotte airship). Following trimming, the non-linear model

of the airship is integrated over time, starting from a perturbed initial

condition where all three Euler parameters 𝒆321 = {𝜑, 𝜗, 𝜓} have been
augmented by 10 deg with respect to the null reference 𝒆3210

= 𝟎 em-
ployed for trim. Over time, a side gust from West to East (i.e., attacking

the airship from the port side), modeled as a cosine wave with an inten-

sity equal to 1
3 of the wind intensity and a period of 5 s, intervenes at

𝑡 = 20 s, injecting a non-negligible time-varying disturbance. The simu-
lation is stopped upon reaching a residual tether length of 1.5 m. Inte-

gration is carried out employing a variable-step, variable-order (VSVO)

integration algorithm with an order between 1 and 5, suited for stiff

differential problems, with a maximum discretization time of 0.025 s.

Fig. 12 displays the trajectory, and snapshots of the airship and tether

cable every 4 s, from North (top-left), East (top-right) and from top

(bottom-right). On the bottom-left plot are displayed the tether length,

tension modulus at the tether point 𝑻𝑷1 and rewind rate Ψ over time.

Together with the tether length, the norm of the position of the tether

point
‖‖‖𝒙𝑻𝑷1‖‖‖ is also displayed, allowing the reader to immediately check

the elongation of the cable. Dots along the line correspond to the snap-

shots in the trajectory plots.

As can be seen, the controller is globally incapable of satisfactorily

control the tension. Despite a reduction of the rewind rate is triggered

by the controller in several occasions, as a result of peak tension values,

the tension exceeds the envelope tear breaking limit and reaches the as-

sumed tensile breaking value in one occasion (coming close to the cable

breaking tension). Table 3 displays synthetic results for the three consid-

ered wind/gust intensities, in terms of maximum and average tension,

minimum rewind rate Ψ, time Δ𝑡 spent above 𝐹 ′
𝑏
, 𝐹𝑏𝑡,𝑒𝑛𝑣, 𝐹𝑏,𝑒𝑛𝑣 and 𝐹𝑏,

and total time for docking.

From the analysis of the table, it is apparent that the system is not

capable of avoiding excessive peaks of the tension in the considered sce-

nario, suggesting its usability only for the lowest wind intensities. No-

tably, the conditions of peak tension are recorded when the elongation

of the cable approaches unity coming from a condition of lower elonga-

tion (i.e. from a sagging condition of the tether to a more stretched one).

Looking at the dynamic behavior of the airship, a very intense side-

ward motion is experienced as a result of the initial condition, due to

the combined action of the wind and the tension of the fully-stretched

tether cable. A comparatively less dramatic drift is obtained from the

side gust, also due to the fact that, when it hits the airship, the latter is

displaced downwind (i.e. to the East) of the anchor point with respect

to the side wind component blowing from the West.

It can be reported that the results presented herein do not account

for ground effect. Testing with a simple model of ground effect have

been carried out, simulating the effect with a vertical wind component

proportional to the ground speed and to the altitude from the ground.

These simulations show that ground effect has generally a mitigating

effect on the tension, bearing a result which is however negligible for

the lower wind speeds, and slight for an extreme speed of 12 m/s (the

difference with respect to the results presented here on the peak ten-

sion without ground effect is below 1% for 6 and 9 m/s, and below 8%

for 12 m/s).

4.2. Heading control layer

To mitigate the misalignment issues inducing excessive tension val-

ues in the scenario described in the previous paragraph (Section 4.1), a

heading control system has been implemented, based on a measure of

the horizontal misalignment between the position vector from the an-

chor point 𝑨𝑷1 (i.e. the origin of the ground reference) and the tether

point 𝑻𝑷1, and the longitudinal axis of the airship 𝒃1. Both are projected

on the plane of the horizon (practically possible by measuring the Eu-

ler parameters 𝒆321 of the airship), allowing the definition of the angle

𝜒 between them, assumed positive when the target point is to the left

of the airship. A simple proportional law is employed to annihilate the

misalignment by action of the forward-pointing side thrusters #5, #6,

yielding (positive gain 𝜅𝜒 , see Appendix)

Δ𝛿
𝜒

𝑇5
= −𝜅𝜒𝜒,

Δ𝛿
𝜒

𝑇6
= +𝜅𝜒𝜒. (42)

Fig. 13 and Table 4 display performance indices similar to Fig. 12

and Table 3 respectively, when both the rewind control and the mis-

alignment control are active.

The advantage provided by this additional layer of control is appar-

ent. The tension is clearly reduced with respect to the previous case,

as indicated by all indices at every wind speed, yet more markedly at

the higher values of the latter. However, for the top considered value

of velocity, also this controller fails to keep the tension below the as-

sumed envelope tear strength. Where this is a rather conservative value

pertaining to the envelope material only and without accounting for

any special reinforcement (as said), this performance is an indication

of a possible criticality. Considering the trajectory at 12 m/s (plots in

Fig. 13), the misalignment controller allows for a significant reduction

of the side-slip effect experienced in the previous case (Fig. 12) as a

result of a polluted initial condition. The sideward gust causes some

East-bound displacement, producing the elongation to approach unity

soon after 𝑡 = 20 s. However, notably more numerous and intense peaks
are obtained as a result of a high elongation towards the end of the

maneuver, when the tether is approaching its target length of 1.5 m.



C.E.D. Riboldi, A. Croce, F.A.C. Pagani et al.

Fig. 12. Trajectory and attitude of the airship in docking with tether rewind control activated. Wind from North at 12 m/s, side gust of 4 m/s @ 𝑡 = 20 s. Snapshots
every 4 s. Top-left: View from North. Top-right: View from East. Bottom-right: View from top. Green airship mock-up: Start time of simulation. Red airship mock-up:

End time of simulation. Red line on trajectory plots: Trajectory of buoyancy center 𝑩. Blue dashed line on trajectory plots: Tether cable. Bottom-left plot: Time

histories of tether length, tension and rewind rate. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this

article.)

Table 3

Results of the analysis of the time histories of tension at the tether point 𝑻𝑷1 for increasing wind speed, with the rewind control active.

Wind [m/s] Max.|𝑭𝑖| [N] Avg.|𝑭𝑖| [N] minΨ [m/s] Δ𝑡𝐹 ′
𝑏
[s] Δ𝑡𝐹𝑏𝑡,𝑒𝑛𝑣

[s] Δ𝑡𝐹𝑏,𝑒𝑛𝑣
[s] Δ𝑡𝐹𝑏

[s] Δ𝑡 [s]

6 283 75 0.01 5.18 0 0 0 62.05

9 1,555 51 0.01 3.75 0.28 0 0 62.85

12 2,357 75 0.01 10.77 1.33 0.03 0 66.07

This suggests that by keeping the cable in a low-elongation condition

is more critical when the maneuver is coming to a close, corresponding

to the shortest values of the cable length.

4.3. Navigation towards the anchor point

Better results than with the control suite developed up to here can

be obtained adding a control layer capable of carrying out a near-hover

navigation task, where the horizontal and vertical distances of the tether

point 𝑻𝑷1 from the target anchor point 𝑨𝑷1 are targeted. In particular,

in the longitudinal direction, thrusters #1, #5, #6 are employed to tar-

get the positional error 𝜀𝑙𝑜𝑛 along the projection of 𝒃1 on the horizontal

plane (i.e., the plane normal to 𝒊3). In addition, as typical to naviga-

tion problems, an error on velocity is computed based on the actual

ground speed component along 𝒃1, namely 𝑈 , and a corresponding set-

point of longitudinal speed 𝑈̄ . The latter is defined as a linear function

of the longitudinal positional error 𝜀𝑙𝑜𝑛, bounded between a minimum

𝑈̄min and a maximum 𝑈̄max. The vertical control acts in a totally sim-

ilar fashion, employing thrusters #2, #3, #4 to target the positional

error 𝜀𝑣𝑒𝑟 and a vertical velocity setpoint defined in terms of the rate

of climb 𝑅𝑜𝐶, i.e. the component of the ground velocity normal to the

horizon (i.e., 𝑅𝑜𝐶 = −𝒗
𝑩3
). This set point is defined as a linear function

of 𝜀𝑣𝑒𝑟, bounded between a minimum 𝑅𝑜𝐶min and a maximum 𝑅𝑜𝐶max.

The resulting control laws can be written as (all gains are positive, see
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Fig. 13. Trajectory and attitude of the airship in docking, with tether rewind control and an additional misalignment control layer. Same testing conditions and plot

settings of Fig. 12.

Table 4

Results of the analysis of the time histories of tension at the tether point 𝑻𝑷1 for increasing wind speed, with the rewind control and misalignment control both

active.

Wind [m/s] Max.|𝑭𝑖| [N] Avg.|𝑭𝑖| [N] minΨ [m/s] Δ𝑡𝐹 ′
𝑏
[s] Δ𝑡𝐹𝑏𝑡,𝑒𝑛𝑣

[s] Δ𝑡𝐹𝑏,𝑒𝑛𝑣
[s] Δ𝑡𝐹𝑏

[s] Δ𝑡 [s]

6 156 66 0.30 0.15 0 0 0 61.67

9 191 38 0.15 0.50 0 0 0 62.00

12 1,246 33 0.01 4.075 0.25 0 0 63.27

Appendix)

Δ𝛿𝑇𝑖 = −𝜅ℎ𝑜𝑟𝜀ℎ𝑜𝑟 + 𝜅𝑈 (𝑈 − 𝑈̄ ), 𝑖 = 1, 3, 4,

Δ𝛿𝑇𝑖 = −𝜅𝑣𝑒𝑟𝜀𝑣𝑒𝑟 + 𝜅𝑅𝑜𝐶 (𝑅𝑜𝐶 − 𝑅𝑜𝐶), 𝑖 = 2,

Δ𝛿𝑇𝑖 = +𝜅𝑣𝑒𝑟𝜀𝑣𝑒𝑟 − 𝜅𝑅𝑜𝐶 (𝑅𝑜𝐶 − 𝑅𝑜𝐶), 𝑖 = 4, 5. (43)

Both the extreme values of 𝑈̄ and 𝑅𝑜𝐶 have been set to 0.5 m/s. The

action of the navigation controller is designed to work synergistically

with the other layers. In particular, the airship should keep horizontal

in attitude (through the action of the SAS/attitude control) and aligned

with the direction of the target point (through the action of the heading

control layer). Similar to the previous cases, Fig. 14 and Table 5 display

the results obtained with this additional control layer, considering in

particular a wind speed of 12 m/s in the figures.

Looking at the latter, the airship tends to shift forward from the start,

as a result of positional control. The docking maneuver is then mostly

vertical, assisted by the slow downward motion of the vertical navi-

gation layer, which allows keeping the cable to an elongation slightly

below unity, and helps avoiding the bounce effect which produces ten-

sion peaks. As a matter of fact, the tension never reaches the tear stress

even in the most demanding scenario (i.e., 12 m/s), whereas for lower

wind speeds (Table 5) the rewind controller never triggers a reduction

of the rewind rate Ψ.
For a more convenient at-a-glance comparison of the results of the

simulations presented in this section, a three-quarter view of the cor-

responding trajectories is presented in Fig. 15 (referring respectively to

Figs. 12–14).

With an understanding of the performance of the three controllers,

it is interesting to quickly check the results in a comparative fashion, in-
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Fig. 14. Trajectory and attitude of the airship in docking, with misalignment and navigation layers all active. Same testing conditions and plot settings of Fig. 12.

Table 5

Results of the analysis of the time histories of tension at the tether point 𝑻𝑷1 for increasing wind speed, with the rewind, misalignment and navigation control

layers all active.

Wind [m/s] Max.|𝑭𝑖| [N] Avg.|𝑭𝑖| [N] minΨ [m/s] Δ𝑡𝐹 ′
𝑏
[s] Δ𝑡𝐹𝑏𝑡,𝑒𝑛𝑣

[s] Δ𝑡𝐹𝑏,𝑒𝑛𝑣
[s] Δ𝑡𝐹𝑏

[s] Δ𝑡 [s]

6 14 6 0.30 0 0 0 0 61.67

9 15 7 0.30 0 0 0 0 61.67

12 422 41 0.01 7.00 0 0 0 62.86

Table 6

Control usage and effectiveness parameters, computed for the three considered control layers and for different values of the wind speed.

𝐴𝐷𝐶 [-] 𝐸𝛿𝑇
[-] 𝜗𝑅𝑀𝑆 [deg]

6 m/s 9 m/s 12 m/s 6 m/s 9 m/s 12 m/s 6 m/s 9 m/s 12 m/s

Rewind (SAS only on airship) 0.11 0.25 0.58 0.45 0.42 0.69 4.92 2.74 3.30

Rewind, heading 0.16 0.39 0.69 0.45 0.67 0.95 4.98 3.35 2.44

Norm. Δ vs. Rewind +46.9% +54.3% +19.6% −0.2% +61.3% +37.7% +1.32% +22.2% −25.8%

Rewind, heading, navigation 0.12 0.31 0.94 0.21 0.68 1.51 2.16 4.97 8.04

Norm. Δ vs. Rewind +9.4% +24.9% +62.2% −53.0% +62.6% +117.9% −56.2% +81.4% +143.5%

cluding additional measures of performance. The control effort is mea-

sured firstly through an actuator duty cycle (𝐴𝐷𝐶) for all thrusters, de-

fined as 𝐴𝐷𝐶 =
∑𝑁𝑇

𝑖=1
1

𝑡𝑓−𝑡0
∫

𝑡𝑓
𝑡0

|||| d𝛿𝑇𝑖d𝑡

||||d𝑡. In a similar fashion, the energy
spent in the control action of all actuators is computed as the integral

𝐸𝛿𝑇
=

∑𝑁𝑇

𝑖=1
1

𝑡𝑓−𝑡0
∫

𝑡𝑓
𝑡0

|||𝛿𝑇𝑖 |||d𝑡, for each control option and wind speed. Fi-

nally, the ability of the controller in conditioning the motion of the air-

ship is measured by computing the root mean square value of the pitch

angle of the airship, 𝜗𝑅𝑀𝑆 , which should be ideally driven to zero. A

comparison of these indices is reported in Table 6, showing values per-

taining to different control options and for each wind speed, as well as

normalized percent changes with respect to the pure rewind control case
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Fig. 15. Comparison of three-quarter views of the trajectory of the airship and evolution of the configuration of the cable, for the same cases portrayed in Figs. 12–14,

respectively from left to right.

(Section 4.1), where the control of the thrusters is only governed by the

stability augmentation layer.

Clearly, an increase in the travel of the of thrust control signals is in

order when additional control layers making use of these controls are

activated. This is witnessed by the increase in 𝐴𝐷𝐶 when activating the

directional and navigational layers. The trend for 6 and 9 m/s appears to

show a more efficient use of control with the navigation layer working,

whereas the navigation layer imposes an increase on 𝐴𝐷𝐶 at 12 m/s.

This suggests that a retuning of the controller gains (not implemented)

may be advisable when moving to these extreme wind speeds. The en-

ergy indicator 𝐸𝛿𝑇
provides a similar picture, with the peculiarity that

for 6 m/s the required control energy is reduced with respect to the

baseline controller (even though the 𝐴𝐷𝐶 is not, as seen). To explain

this, it should be pointed out that this parameter is sensitive to the trim

value of the thrust setting (initial value). The actual unfolding of the

simulation, following the initial perturbation and depending on the tar-

get of the control action, can in principle induce a reduction of all thrust

settings, thus in turns causing a reduction in the overall control energy

value. Finally, the ability of the controller to keep the machine close to

its target 𝜗 value does not follow a clear trend. It should be noted that

this performance index measures mostly the ability of the stability aug-

mentation layer, which targets 𝜗, in conjunction with the other control

layers (see Eq. (40)). Furthermore, despite the seemingly striking per-

centage difference, the value of 𝜗 remains generally limited (the worst

case is represented by the simulation portrayed in Fig. 14, and on the

rightmost plot of Fig. 15).

Besides complementing the analysis of the control performance on

the tension, previously shown, the performance indices in Table 6 al-

lows ascertaining that the control action remains generally limited, and

compatible with a physical behavior of the actuators, which are fast-

reacting, small servo-electric motors. Moreover, the absence of satura-

tion phenomena in all time histories of control has been checked visu-

ally.

5. Conclusion

As mentioned in the introduction (Section 1), this research has

served two major aims. Firstly, it has introduced and demonstrated a

useful tool for the design and testing of airships, inclusive of a realistic

model of a tethering cable. In facts, after introducing a model for airship

flight dynamics such to cope with the presence of a tethering system, a

model for a tether cable has been presented, obtained from elaboration

of pre-existing models and adapted by employing a careful tensor rep-

resentation to work in a completely general, three-dimensional environ-

ment. This model has been plugged in to the airship model, producing a

mid-fidelity model of a tethered airship. Then a rigorous procedure for

the linearization of the equations for dynamic equilibrium of a tethered

airship has been developed, notably such to enable the writing of the

equations of motion at whatever point (thus sufficiently general to be

potentially applicable also to describe the dynamics of other tethered

vehicles, e.g., aircraft, submarines, etc.).

Secondly, the integrated airship/tether cable model has been em-

ployed to analyze a realistic scenario, considering a small-scale un-

manned airship in a tethered docking maneuver, thus proving the sensi-

tivity and suitability of the proposed model as a tool for airship design

and control testing. To this aim, a starting condition of a docking ma-

neuver has been selected in the form of a trimmed solution where the

machine is standing still with respect to the ground, in presence of a

horizontal wind, with thrusters running and a tether cable linked to the

ground.

This reference condition has been employed in a first stage for car-

rying out linear analyses in a parameterized fashion. Positional states

are included in the analysis, together with usual body components of

velocity, rotational rate and Euler parameters of the airship (as typical

to trim in free flight). An analysis for changing values of characteris-

tics of the cable, has allowed to show that the eigenvalues induced in

this static equilibrium problem by the additional positional states keep

a globally low frequency, yet display a rather complex behavior, which

may configure subsidence or oscillatory modes involving longitudinal

motion. These depend from the weight and diameter of the tether, when

considering a single cable. The longitudinal mode just mentioned is ob-

tained by the interplay between the original (untethered) surge mode

and a mostly longitudinal motion (i.e. in the direction of the wind and

plane of symmetry of the airship, in the considered scenario). An oscil-

latory lateral-directional motion is obtained for sufficiently heavy/thick

cables, when considering an alternative configuration with two teth-

ering cables. For positions of the tether attachment on board shifting

backwards (towards the tail of the airship), when considering again a

single tether cable configuration, an oscillatory lateral-directional mode

may be induced by the interplay between a directional mode associated

to yaw (originally a null mode in calm air) and a mostly cross-wind

lateral-directional mode imported by the presence of positional states.

This oscillatory mode is marginally stable, whereas a vertical transla-

tion subsidence mode results unstable for a positioning of the tether

point sufficiently close to the tail. Additionally, the wind intensity ap-

pears to play a rather different role especially on pendulum oscillation

with respect to an untethered condition, bearing a break-down of this

mode into two longitudinal subsidence modes, for a sufficiently high

intensity of the wind. Globally however, the free response of the con-

sidered airship and flight conditions, idealized yet sufficiently realistic

for representing the starting condition of a docking maneuver, does not

seem to pose significant issues for a standard flight controller, since no

fast instability arises. This is especially true when employing thrusters

for control, which by design (i.e., for a suitable layout of the thrusters)
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allow for a more accurate injection of control action, with respect to

aerodynamic surfaces (even more so, at low dynamic pressure values

close to hovering flight).

Then in the final stage of this research, three controllers of increas-

ing complexity have been employed to carry out a simulated docking

maneuver. These are based respectively on a modulated rewind action

based on the tension value, on an additional layer targeting horizontal

misalignment between the airship longitudinal axis and the target point

on ground, and on a further near-hover three-dimensional navigation

controller. Testing was carried out starting from a trimmed condition,

perturbed in all attitude angles, for a horizontal wind of different inten-

sity and including a side gust. As performance parameters, the tension

at the tether point as well as the duration of the maneuver are consid-

ered. This realistic type of maneuver has been inspired by a potential

certification testing in docking, which is still to be defined for the class

of lightweight unmanned airships of interest in this work. It can be ob-

served that, as expected, the three controllers perform increasingly well,

at the price of additional complexity, related cost of the sensor suite, and

an additional burden on the actuators (i.e. the motors) especially for ex-

treme wind speeds.

Larger-scale employment of this model in future research shall entail

the inclusion of tethered maneuvers in a design-for-certification frame-

work, expanding the scope of the most modern methodologies for air-

ship design by including relevant cases like tethered docking in the air-

ship sizing loop [55].
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Appendix A. Control settings

The parameters employed for the controllers in the simulations pre-

sented in Section 4 are reported in the following Tables A.1–A.4.

Table A.1

Control settings for stability augmentation system (SAS, see

Eq. (40)).

𝑘𝑆𝐴𝑆
𝑞

1.0 1/(rad/s)

𝑘𝜗 0.5 1/rad 𝜗̄ 0 deg

𝑘𝑆𝐴𝑆
𝑝

2.0 1/(rad/s)

𝑘𝜑 0.5 1/rad 𝜑̄ 0 deg

𝑘𝑆𝐴𝑆
𝑟

5.0 1/(rad/s)

Table A.2

Control settings for rewind control

system (see Eq. (41)).

𝑘Ψ 0.005 m/(s⋅N)
Ψ̄ 0.3 m/s

𝐹 ′
𝑖

144.3 N

Ψmin 0.01 m/s

Table A.3

Control settings for heading

control layer (see Eq. (42)).

𝑘𝜒 5.0 1/rad

Table A.4

Control settings for heading control layer (see Eq. (43)).

𝑘ℎ𝑜𝑟 0.0033 1/m

𝑘𝑈 0.033 1/(m/s) max ||𝑈̄ || 0.5 m/s @ 5.0 m hor. displ. error

𝑘𝑣𝑒𝑟 0.0033 1/m

𝑘𝑅𝑜𝐶 0.033 1/(m/s) max |||𝑅𝑜𝐶
||| 0.5 m/s @ 5.0 m ver. displ. error
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