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 a b s t r a c t

Inverse uncertainty quantification (UQ) tasks such as parameter estimation are computationally 
demanding whenever dealing with physics-based models, and typically require repeated evalu-
ations of complex numerical solvers. When partial differential equations are involved, full-order 
models such as those based on the Finite Element Method can make traditional sampling ap-
proaches like Markov Chain Monte Carlo (MCMC) computationally infeasible. Although data-
driven surrogate models may help reduce evaluation costs, their utility is often limited by the 
expense of generating high-fidelity data. In contrast, low-fidelity data can be produced more effi-
ciently, although relying on them alone may degrade the accuracy of the inverse UQ solution. To 
address these challenges, we propose a Multi-Fidelity Delayed Acceptance scheme for Bayesian 
inverse problems involving large-scale physics-based models. Extending the Multi-Level Delayed 
Acceptance framework, the method introduces multi-fidelity neural networks that combine the 
predictions of solvers of varying fidelity, with high-fidelity evaluations restricted to an offline 
training stage. During the online phase, likelihood evaluations are obtained by evaluating the 
coarse solvers and passing their outputs to the trained neural networks, thereby avoiding ad-
ditional high-fidelity simulations. This construction allows heterogeneous coarse solvers to be 
incorporated consistently within the hierarchy, providing greater flexibility than standard Multi-
Level Delayed Acceptance. The proposed approach improves the approximation accuracy of the 
low-fidelity solvers, leading to longer sub-chain lengths, better mixing, and accelerated posterior 
inference. The effectiveness of the strategy is demonstrated on two benchmark inverse problems 
involving (i) steady isotropic groundwater flow, (ii) an unsteady reaction–diffusion system, for 
which substantial computational savings are obtained.

1.  Introduction

Parameter estimation is a crucial aspect of many engineering applications, playing a key role in the design, optimization, and 
control of complex systems. In several fields ranging from, e.g., fluid dynamics [1,2] and climate systems [3] to civil structures [4] 
and microsystems [5,6], the accuracy and reliability of parameter estimates directly influence systems’ performances or even safety. 
Indeed, despite advanced numerical simulations have tremendously improved our ability to predict the behavior of these systems, 
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\begin {equation}\label {eq:inverse_problem_1} \boldsymbol {y}^{\text {obs}} = \mathcal {G}(\boldsymbol {\theta }) + \boldsymbol {\varepsilon },\end {equation}
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\begin {equation}\label {eq:inverse_problem_statistical} \boldsymbol {y}^{\text {obs}} = \mathbf {f}_\text {HF}(\boldsymbol {\theta }) + \boldsymbol {\varepsilon },\end {equation}
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$\boldsymbol {\theta }$


$\boldsymbol {y}^{\text {obs}}$


\begin {equation}\label {eq:BayesTheorem} \pi (\boldsymbol {\theta }|\boldsymbol {y}^{\text {obs}} ) = \frac {\pi (\boldsymbol {y}^{\text {obs}} |\boldsymbol {\theta }) \pi (\boldsymbol {\theta })}{\pi (\boldsymbol {y}^{\text {obs}} )}.\end {equation}
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$\pi (\boldsymbol {y}^{\text {obs}})$


\begin {equation}\label {eq:marginal} \pi \left (\boldsymbol {y}^{\text {obs}}\right )=\int _{\boldsymbol {\Theta }} \pi (\boldsymbol {\theta }) \pi \left (\boldsymbol {y}^{\text {obs}} \mid \boldsymbol {\theta }\right ) d \boldsymbol {\theta }.\end {equation}
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$\boldsymbol {\theta }$


$q(\cdot \mid \boldsymbol {\theta })$


\begin {equation}\alpha (\boldsymbol {\theta }', \boldsymbol {\theta }) = \min \left \{1, \frac {\pi (\boldsymbol {y}^{\text {obs}} \mid \boldsymbol {\theta }') \pi (\boldsymbol {\theta }')q(\boldsymbol {\theta }\mid \boldsymbol {\theta }')}{\pi (\boldsymbol {y}^{\text {obs}} \mid \boldsymbol {\theta }) \pi (\boldsymbol {\theta })q(\boldsymbol {\theta }'\mid \boldsymbol {\theta })} \right \}. \label {Xeqn5}\end {equation}


$q(\boldsymbol {\theta }'\mid \boldsymbol {\theta })=q(\boldsymbol {\theta }\mid \boldsymbol {\theta }')$


$\alpha (\boldsymbol {\theta }' \mid \boldsymbol {\theta })$


$\mathbf {f}_{\text {HF}}$


$\boldsymbol {\varepsilon } \sim N({\bf 0}, \boldsymbol {\Sigma }_\varepsilon )$


\begin {equation}\pi (\boldsymbol {y}^{\text {obs}} \mid \boldsymbol {\theta }) \propto \exp \left ( -\frac {1}{2} \left \| \boldsymbol {\Sigma }_{\boldsymbol {\varepsilon }}^{-\frac {1}{2}} \left (\mathbf {f}_{\text {HF}}(\boldsymbol {\theta }) - \boldsymbol {y}^{\text {obs}} \right ) \right \|^2 \right ), \label {Xeqn6}\end {equation}
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$\mathbf {f}_\text {LF}^{(1)}, \mathbf {f}_\text {LF}^{(2)}, \ldots , \mathbf {f}_\text {LF}^{(L)}$
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\begin {equation}\tilde {\pi }_\text {LF}^{(l)}(\boldsymbol {y} \mid \boldsymbol {\theta }) \propto \exp \left ( -\frac {1}{2} \left \| \boldsymbol {\Sigma }_{\boldsymbol {\varepsilon }}^{-\frac {1}{2}} \left (\mathbf {f}_\text {LF}^{(l)}(\boldsymbol {\theta }) - \boldsymbol {y} \right ) \right \|^2 \right ), \quad l = 1, \ldots , L. \label {Xeqn7}\end {equation}
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$l\le L$
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$l=1$


$q(\cdot \mid \cdot )$


\begin {equation}\alpha _{1}(\boldsymbol {\theta }',\boldsymbol {\theta }) = \min \left \{1, \frac {\pi _\text {LF}^{(1)}(\boldsymbol {y}^{\text {obs}}\mid \boldsymbol {\theta }')\pi (\boldsymbol {\theta }')q(\boldsymbol {\theta }\mid \boldsymbol {\theta }')} {\pi _\text {LF}^{(1)}(\boldsymbol {y}^{\text {obs}}\mid \boldsymbol {\theta })\pi (\boldsymbol {\theta })q(\boldsymbol {\theta }'\mid \boldsymbol {\theta })} \right \}. \label {Xeqn8}\end {equation}
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\begin {equation}\label {eq:acc} \alpha _l(\boldsymbol {\theta }', \boldsymbol {\theta }) = \min \left \{1,\, \frac {\tilde {\pi }_\text {LF}^{(l)}(\boldsymbol {y}^{\text {obs}}\mid \boldsymbol {\theta }') \tilde {\pi }_\text {LF}^{(l-1)}(\boldsymbol {y}^{\text {obs}}\mid \boldsymbol {\theta }) } {\tilde {\pi }_\text {LF}^{(l)}(\boldsymbol {y}^{\text {obs}}\mid \boldsymbol {\theta }) \tilde {\pi }_\text {LF}^{(l-1)}(\boldsymbol {y}^{\text {obs}}\mid \boldsymbol {\theta }') } \right \}, \qquad l=2,\ldots ,L .\end {equation}


$l=L+1$


\begin {equation}\label {eq:acc1} \alpha _{L+1}(\boldsymbol {\theta }', \boldsymbol {\theta }) = \min \left \{1, \frac {{\pi }(\boldsymbol {y}^{\text {obs}}\mid \boldsymbol {\theta }') \tilde {\pi }_\text {LF}^{(L)}(\boldsymbol {y}^{\text {obs}}\mid \boldsymbol {\theta }) }{{\pi }(\boldsymbol {y}^{\text {obs}}\mid \boldsymbol {\theta }) \tilde {\pi }_\text {LF}^{(L)}(\boldsymbol {y}^{\text {obs}}\mid \boldsymbol {\theta }') }\;\;\right \}\end {equation}
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\begin {equation}\mathbf {f}_{\mathrm {HF}}(\boldsymbol {\theta })=\mathcal {F}_{\mathrm {MF}}\left (\boldsymbol {\theta }, \mathbf {f}_{\mathrm {LF}}^{(1)}(\boldsymbol {\theta }),\mathbf {f}_{\mathrm {LF}}^{(2)}(\boldsymbol {\theta }),\ldots ,\mathbf {f}_{\mathrm {LF}}^{(n)}(\boldsymbol {\theta })\right ). \label {Xeqn11}\end {equation}


$N_L$


$\mathbf {f}_{\text {MF}}(\cdot ; \mathbf {W}, \mathbf {b})$


$\mathbf {W} = \{\mathbf {W}^{(1)}, \ldots , \mathbf {W}^{(N_L)}\}$


$\mathbf {b} = \{\mathbf {b}^{(1)}, \ldots , \mathbf {b}^{(N_L)}\}$


\begin {equation}\mathbf {z}^{(k)} = \sigma \left ( \mathbf {W}^{(k)} \mathbf {z}^{(k-1)} + \mathbf {b}^{(k)} \right ), \quad k = 1, \ldots , N_L, \label {Xeqn12}\end {equation}


$\mathbf {z}^{(0)}$


$\mathbf {z}_0 = [\mathbf {\theta }, \mathbf {f}_\texttt {LF}^{(1)}(\mathbf {\theta }), \ldots ]^\top $
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$N_\text {train}$


$\{\boldsymbol {\theta }_j\}_{j=1}^{N_\text {train}}$
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$N_\text {train}$


\begin {equation}\mathbf {W},\mathbf {b} = \arg \min _{\mathbf {W}, \mathbf {b}} \frac {1}{N_\text {train}} \sum _{j=1}^{N_\text {train}} \left \| \mathbf {f}_{\text {HF}}(\boldsymbol {\theta }_j) - \mathbf {f}_{\text {MF}}\!\left ( \boldsymbol {\theta }_j, \mathbf {f}_\text {LF}^{(1)}(\boldsymbol {\theta }_j), \ldots , \mathbf {f}_\text {LF}^{(n)}(\boldsymbol {\theta }_j); \mathbf {W},\mathbf {b} \right ) \right \|^2. \label {eq:training_loss}\end {equation}


$L$


$l=1,\ldots ,L$


\begin {equation}\label {eq:MF_l} \mathbf {f}_{\mathrm {MF}}^{(l)}(\boldsymbol {\theta }) = \mathbf {f}_{\mathrm {MF}}\!\left ( \boldsymbol {\theta }, \mathbf {f}_{\mathrm {LF}}^{(1)}(\boldsymbol {\theta }), \ldots , \mathbf {f}_{\mathrm {LF}}^{(l)}(\boldsymbol {\theta }) \right ),\end {equation}
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$l = L$


\begin {equation}\label {eq:MFlikelihood} \tilde {\pi }_{\text {MF}}^{(l)}(\boldsymbol {y}^{\text {obs}} \mid \boldsymbol {\theta }) \propto \exp \left ( -\frac {1}{2} \left \| \boldsymbol {\Sigma }_{\boldsymbol {\varepsilon }}^{-\frac {1}{2}} \left (\mathbf {f}_{\text {MF}}^{(l)}(\boldsymbol {\theta }) - \boldsymbol {y}^{\text {obs}} \right ) \right \|^2 \right ), \quad l = 1, \ldots , L.\end {equation}


$l$


\begin {equation}\label {eq:acc2} \alpha _l(\boldsymbol {\theta }', \boldsymbol {\theta }) = \min \left \{1, \frac {\tilde {\pi }_{\text {MF}}^{(l)}(\boldsymbol {y}^{\text {obs}} \mid \boldsymbol {\theta }') \tilde {\pi }_{\text {MF}}^{(l-1)}(\boldsymbol {y}^{\text {obs}} \mid \boldsymbol {\theta })}{\tilde {\pi }_{\text {MF}}^{(l)}(\boldsymbol {y}^{\text {obs}} \mid \boldsymbol {\theta }) \tilde {\pi }_{\text {MF}}^{(l-1)}(\boldsymbol {y}^{\text {obs}} \mid \boldsymbol {\theta }')} \right \}, \quad l=2,\ldots ,L.\end {equation}
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\begin {equation}N_{\mathrm {eff}} = \frac {N}{1 + 2 \sum _{t = 1}^{\infty } \rho _t}, \label {Xeqn17}\end {equation}


$\rho _t$


$t$


$\Omega = (0,1)^2$


$\Gamma = \partial \Omega $


$h(\mathbf {x})$


\begin {equation}-\nabla \cdot \left (T(\mathbf {x}) \nabla h(\mathbf {x})\right ) = g(\mathbf {x}), \quad \mathbf {x} \in \Omega , \label {Xeqn18}\end {equation}


$T(\mathbf {x})$


$g(\mathbf {x})$


\begin {equation}h(\mathbf {x}) = h_D(\mathbf {x}) \quad \text {on } \Gamma _D, \qquad \left (-T(\mathbf {x})\nabla h(\mathbf {x})\right ) \cdot \mathbf {n} = q_N(\mathbf {x}) \quad \text {on } \Gamma _N, \label {Xeqn19}\end {equation}


$\Gamma = \Gamma _D \cup \Gamma _N$


$\Gamma _D \cap \Gamma _N = \emptyset $


$q_N({\bf x}) = 0$


\begin {equation*}\Gamma _N = \Gamma _N^{bottom} \cup \Gamma _N^{top} = \{(x_1,0) \, : \, x_1 \in (0,1) \} \cup \{(x_1,1) \, : \, x_1 \in (0,1) \}\end {equation*}


\begin {equation*}\Gamma _D = \Gamma _D^{left} \cup \Gamma _D^{right} = \{(0,x_2) \, : \, x_2 \in (0,1) \} \cup \{(1,x_2) \, : \, x_2 \in (0,1) \}\end {equation*}
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$\mu =1$


\begin {equation}C(\mathbf {x}_1, \mathbf {x}_2) = \sigma ^2 \exp \left (-\frac {\|\mathbf {x}_1 - \mathbf {x}_2\|_2^2}{2\lambda ^2}\right ), \quad \mathbf {x}_1, \mathbf {x}_2 \in \Omega , \label {Xeqn20}\end {equation}


$\sigma = 0.1$


$\lambda $


\begin {equation}\log T(\mathbf {x}) = \mu + \sum _{i=1}^m \sqrt {\lambda _i} \psi _i(\mathbf {x})\, \theta _i, \label {eq:transmissivity}\end {equation}
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$\theta _i \sim \mathcal {N}(0, 1)$
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$\boldsymbol {\theta } = (\theta _1, \ldots , \theta _m)^\top \sim \mathcal {N}(0, I_{m})$


$\boldsymbol {\theta }$


$h$


$d=25$


$\{\mathbf {x}_j\}_{j=1}^d \subset \Omega $


$\mathbf {y}^{\mathrm {obs}} \in \mathbb {R}^d$


$\mathcal {T}_1$


$\mathcal {T}_2$


$\mathcal {T}_3$


$\mathcal {T}_4$


$L=4$


$\mathcal {T}_{\mathrm {HF}}$


$100$


$101$


$\boldsymbol {\theta }$


$h$


$d$


$\{\mathbf {x}_j\}_{j=1}^d$


$\mathbf {f}_{\mathrm {HF}}: \mathbb {R}^m \rightarrow \mathbb {R}^d$
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$\mathbf {f}_{\mathrm {MF}}^{(l)}: \mathbb {R}^m \times [\mathbb {R}^d]^l \rightarrow \mathbb {R}^d$
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\begin {equation}\mathcal {L}(\mathbf {W}_l, \mathbf {b}_l) = \frac {1}{N_{\mathrm {train}}} \sum _{j=1}^{N_{\mathrm {train}}} \left \| \mathbf {f}_{\mathrm {HF}}(\boldsymbol {\theta }_j) - \mathbf {f}_{\mathrm {MF}}^{(l)}\left (\boldsymbol {\theta }_j, \mathbf {f}_\mathrm {LF}^{(1)}(\boldsymbol {\theta }_j), \ldots , \mathbf {f}_\mathrm {LF}^{(l)}(\boldsymbol {\theta }_j); \mathbf {W}_l, \mathbf {b}_l\right ) \right \|^2, \quad l=1,\ldots ,4. \label {Xeqn22}\end {equation}
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\begin {equation*}\mathbf {y}^{\mathrm {obs}} = \mathbf {f}_{\mathrm {HF}}(\boldsymbol {\theta }) + \boldsymbol {\varepsilon }, \qquad \boldsymbol {\varepsilon } \sim \mathcal {N}(0,0.01^2 I_d).\end {equation*}


$\pi (\boldsymbol {\theta }\mid \mathbf {y}^{\mathrm {obs}})$
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\begin {equation}\begin {aligned} \dot {u} &= \left (1 - (u^2 + v^2)\right ) u + \mu _1 (u^2 + v^2) v + \mu _2\left (u_{xx} + u_{yy}\right ), \\ \dot {v} &= -\mu _1 (u^2 + v^2) u + \left (1 - (u^2 + v^2)\right ) v + \mu _2\left (v_{xx} + v_{yy}\right ), \end {aligned} \label {eq:RD_eqs}\end {equation}


$u(x, y, t)$
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$\mu _1\in (0.5, 1.5)$


$\mu _2 \in (0.01, 0.1)$


$\boldsymbol {\mu } = [\mu _1,\mu _2] \in \mathcal {M} = (0.5, 1.5) \times (0.01, 0.1) \subseteq \mathbb {R}^2$


$(x, y) \in (-L, L)^2$


$L = 20$


$t \in [0, 50]$


\begin {equation*}u(x, y, 0) = v(x, y, 0) = \tanh \left (\sqrt {x^2 + y^2} \cos \left ((x + i y) - \sqrt {x^2 + y^2}\right )\right ).\end {equation*}
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\begin {equation}\mathbf {S} = \big [ \mathbf {g}_{\mathrm {HF}}(\boldsymbol {\mu }^{(1)}), \ldots , \mathbf {g}_{\mathrm {HF}}(\boldsymbol {\mu }^{(20)}) \big ] \in \mathbb {R}^{N \times (T\times 20)}, \label {Xeqn24}\end {equation}


$N$


\begin {equation}\mathbf {S} = \mathbf {U}\boldsymbol {\Sigma }\mathbf {V}^\top , \label {Xeqn25}\end {equation}


$r$


\begin {equation}\frac {\sum _{i=1}^r \sigma _i^2}{\sum _{i} \sigma _i^2} \ge 0.95, \label {Xeqn26}\end {equation}


$\sigma _i$


\begin {equation}\boldsymbol {\Phi } = \mathbf {U}_{[:,1:r]} \in \mathbb {R}^{N \times r}, \qquad r \ll N. \label {Xeqn27}\end {equation}


$r = 25$


\begin {equation}\mathcal {I}: \mathbb {R}^{N_l \times T_l} \longrightarrow \mathbb {R}^{N \times T}, \label {Xeqn28}\end {equation}
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\begin {equation}\label {eq:lf-reduced-final} \mathbf {z}_{\mathrm {LF}}^{(l)}(\boldsymbol {\mu }) = \boldsymbol {\Phi }^\top \, \mathcal {I}\big (\mathbf {g}_{\mathrm {LF}}^{(l)}(\boldsymbol {\mu })\big ) \in \mathbb {R}^{r \times T}.\end {equation}
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\begin {equation}\hat {\mathbf {g}}_{\mathrm {MF}}^{(l)}: \mathbb {R}^2 \times \left [\mathbb {R}^{r\times T}\right ]^l \rightarrow \mathbb {R}^{r\times T}, \label {Xeqn30}\end {equation}


\begin {equation}{\mathbf {g}}_{\mathrm {MF}}^{(l)}(\boldsymbol {\mu }) = \boldsymbol {\Phi } \, \hat {\mathbf {g}}_{\mathrm {MF}}^{(l)}\left (\boldsymbol {\mu }, \left \{ \mathbf {z}_{\mathrm {LF}}^{(j)}(\boldsymbol {\mu }) \right \}_{j=1}^l \right ) \in \mathbb {R}^{N\times T}. \label {Xeqn31}\end {equation}
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\begin {equation}{\mathbf {f}}_{\mathrm {MF}}^{(l)}(\boldsymbol {\mu }) \in \mathbb {R}^{N_s\times T}, \label {Xeqn32}\end {equation}
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$r = 25$


\begin {equation}\mathcal {L}(\mathbf {W}_l, \mathbf {b}_l) = \frac {1}{N_{\mathrm {train}}} \sum _{j=1}^{N_{\mathrm {train}}} \left \| \mathbf {f}_{\mathrm {HF}}(\boldsymbol {\mu }_j) - \hat {\mathbf {f}}_{\mathrm {MF}}^{(l)}\left (\boldsymbol {\mu }_j, \boldsymbol {\Phi }^\top \, \mathcal {I}(\mathbf {f}_\mathrm {LF}^{(1)}(\boldsymbol {\mu }_j)), \ldots , \boldsymbol {\Phi }^\top \, \mathcal {I}(\mathbf {f}_\mathrm {LF}^{(l)}(\boldsymbol {\mu }_j)); \mathbf {W}_l, \mathbf {b}_l\right ) \right \|^2, \quad l=1,2,3. \label {Xeqn33}\end {equation}
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$13\times 13$


\begin {equation}\mathbf {y}^{\mathrm {obs}} = \mathbf {f}_{\mathrm {HF}}(\boldsymbol {\mu }) + \boldsymbol {\varepsilon }, \qquad \boldsymbol {\varepsilon } \sim \mathcal {N}(0,\sigma _\varepsilon ^2 I_{d}), \label {Xeqn34}\end {equation}


$\sigma _\varepsilon = 0.2$
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$\psi \sim q(\cdot \mid \theta )$


\begin {equation}\alpha _1(\psi ,\theta )=\min \left \{1,\frac {q(\theta \mid \psi )}{q(\psi \mid \theta )}\frac {\pi _\text {LF}^{(1)}(\psi )}{\pi _\text {LF}^{(1)}(\theta )}\right \}, \label {Xeqn35}\end {equation}


\begin {equation}q^{*}(\psi \mid \theta )=\alpha _1(\psi ,\theta )\,q(\psi \mid \theta )+(1-r(\theta ))\,\delta _{\theta }(\psi ), \qquad r(\theta )=\int \alpha _1(\psi ,\theta )\,q(\psi \mid \theta )\,d\psi , \label {Xeqn36}\end {equation}


\begin {equation}\alpha _2(\psi ,\theta )=\min \left \{1,\frac {q^{*}(\theta \mid \psi )}{q^{*}(\psi \mid \theta )}\frac {\pi (\psi )}{\pi (\theta )}\right \}. \label {Xeqn37}\end {equation}


$q^*$
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\begin {equation}\label {eq:acc1234} \alpha _{2}(\psi ,\theta ) = \min \left \{1,\frac {\pi (\psi )\,\pi _\text {LF}^{(1)}(\theta )}{\pi _\text {LF}^{(1)}(\theta )\,\pi (\psi )}\right \}.\end {equation}
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mathematical models often involve Partial Differential Equations (PDEs) [1,2,7] which can be computationally intensive to solve, 
thus making many-query scenarios, like Uncertainty Quantification (UQ) tasks, prohibitive [8].

To address UQ in parameter estimation (or inverse UQ) a variety of methods have been developed. Bayesian approaches are 
particularly appealing, as they provide a principled way to update prior beliefs on the parameters using observed data, yielding 
a posterior distribution that reflects all sources of uncertainty. Since this posterior is rarely available in closed form, a range of 
computational techniques have been developed to obtain a reliable approximation. Among these, Markov Chain Monte Carlo (MCMC) 
methods [9–11] provide the most general option among sampling-based methods, as they asymptotically generate samples from 
the posterior under mild regularity conditions. Other approaches include, for instance, Importance Sampling [12], which estimates 
expectations by reweighting samples from a proposal distribution, Sequential Monte Carlo methods [13] that rely on ensembles of 
weighted particles to explore evolving posterior distributions, as well as Kalman filters and their nonlinear extensions [14,15], that 
are widely used for recursive Bayesian updates in sequential or state-space models.

While more computationally intensive than frequentist techniques such as maximum likelihood estimation, Bayesian methods 
offer significant advantages: they yield richer probabilistic information, including credibility intervals, sensitivity to outliers, and the 
ability to capture complex posterior features such as multi-modality and skewness, thus providing a more robust framework for UQ 
[16].

Variational Inference (VI) [17] has emerged as a scalable alternative, formulating posterior approximation as an optimization 
problem. Although efficient, VI may introduce bias due to the restricted expressiveness of the variational family. In contrast, MCMC 
methods impose fewer assumptions but require many forward model evaluations, leading to slow convergence when models are 
expensive.

To mitigate these limitations, we propose a novel sampling scheme, which we refer to as Multi-Fidelity Delayed Acceptance
(MFDA). This method accelerates MCMC-based inference by integrating surrogate models of varying fidelity via multi-fidelity fu-
sion [8] using Neural Networks (NNs) regression, and by incorporating filtering [8] strategies inspired by the Multi-Level Delayed 
Acceptance (MLDA) framework [18].

1.1.  Existing approaches: multi-level methods

The classical MCMC algorithm explores the parameter space through an outer loop [8] process: at each iteration, a new candidate 
parameter is proposed based on the previous sample, and the forward model is evaluated to compute the likelihood of the candidate. 
The parameter is then accepted (and treated as being a sample drawn from the target posterior distribution) or rejected. Therefore, 
the effectiveness of MCMC sampling is based fundamentally on (i) the rapid and accurate evaluation of the likelihood function and 
(ii) the efficient exploration of the parameter space.

The rapid evaluation of the likelihood function can be addressed by replacing repeated high-fidelity forward solves with low-
fidelity surrogates that approximate the parameter-to-observable map (or, equivalently, the log-likelihood computation). While re-
placing the high-fidelity model (𝐟HF) with a low-fidelity counterpart (𝐟LF) substantially reduces computational efforts, this might come 
with a loss in accuracy that can be quite hard to assess, as it usually depends on the characteristics of the specific surrogate model in 
use [19,20].

Data-driven surrogates can be highly accurate, but may require substantial high-fidelity training data [6], which limits their 
practicality when each forward solve is expensive. Common surrogate families range from global spectral approximations, such as 
polynomial chaos expansions (often coupled with dimension-reduction) [21,22], to kernel-based regressors such as Gaussian-process 
(kriging) models [23,24], as well as reduced-order models tailored to PDE-based forward operators [25,26]. Complementary sur-
rogate formulations approximate the likelihood (or posterior) directly via spectral likelihood expansions [27,28], or embed local 
approximations within the transition kernel while retaining asymptotic exactness [29]. Since posterior estimates are primarily sensi-
tive to approximation quality in regions carrying most posterior mass, adaptive and posterior-localised strategies refine the surrogate 
using information gathered during inference, e.g. sequential enrichment driven by posterior samples or error indicators [30,31]; ap-
plications in geophysical imaging likewise exploit posterior-focused refinement to reduce the number of expensive simulations [32]. 
However, adaptive refinement can still demand frequent high-fidelity evaluations when the posterior is highly concentrated or the 
forward map is strongly nonlinear. In this context, NN surrogates are attractive for their expressiveness and their ability to handle non-
linear and high-dimensional outputs, but they typically offer weaker a priori error control than classical spectral or projection-based 
surrogates; explicitly adaptive constructions for NN surrogates also remain comparatively less explored [33], motivating multi-level 
and multi-fidelity training strategies.

Regarding the exploration of the parameter space, MCMC samples often exhibit high autocorrelation, leading to an effective 
number of samples being only a small fraction of the total number of forward model evaluations [18,34,35]. Several strategies have 
been proposed to mitigate this limitation, such as, e.g, updating the proposal distribution using the information obtained during the 
process, as implemented in the adaptive Metropolis algorithm [36], or estimating gradient information from the forward model, as in 
the Metropolis-adjusted Langevin algorithm [37], Hamilton Monte Carlo [38] or No-U-Turn-Sampler [39]. However, these methods 
often pose a series of computational challenges. For instance, the required gradient information can be expensive to obtain, thereby 
limiting their applicability in complex or high-dimensional settings.

The idea of combining different solvers to enhance sampling-based Bayesian inference has led to several strategies, among which 
multi-level methods [40,41] have gained substantial attention in the last decade. These techniques were originally introduced in the 
context of forward UQ, leveraging hierarchies of numerical discretizations, typically generated by varying mesh resolution in a single 
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solver, to balance accuracy and computational cost [42]. In this setting, a high-fidelity model is used to ensure the required accuracy, 
while coarser discretizations offer inexpensive but less accurate approximations.

Multi-level strategies have subsequently been adapted to improve the efficiency of sampling methods in inverse UQ, primarily 
through filtering-based schemes. One prominent class involves Delayed Acceptance algorithms [43], where low-cost models are used 
to discard unlikely parameter proposals before evaluating them with high-fidelity simulations. Strategies like Multi-level MCMC [44] 
and MLDA [18] further extend this idea using chains that pass through models of increasing fidelity, retaining proposals only if they 
pass acceptance tests at all levels: by doing so, the number of expensive model evaluations is reduced by rejecting poor candidates 
earlier in the chain.

However, the efficiency of MLDA is highly sensitive to the consistency of the posterior approximations across fidelity levels. When 
the coarse forward models introduce non-negligible bias, proposals that appear acceptable at coarse levels may be rejected at finer 
levels, resulting in poor mixing. This issue is particularly pronounced when the coarse models differ from the high-fidelity model 
not only in discretization but also in physical representation or numerical formulation. Consequently, MLDA faces a fundamental 
limitation: one must either use very short sub-chain lengths, shifting a significant portion of the computational budget back to 
the high-fidelity model, or employ more accurate (and therefore more expensive) coarse models, which reduces the computational 
advantage of the multi-level approach.

To improve the alignment between fidelity levels, multi-fidelity fusion methods can be employed. Unlike filtering-based ap-
proaches, fusion methods evaluate multiple models simultaneously and combine their outputs to produce better predictions. Classical 
techniques include control variates [45–47] and co-kriging [48–50], although these approaches may scale poorly with problem di-
mension. In contrast NNs have proven effective for multi-fidelity fusion in complex, high-dimensional problems. Their capacity to 
learn nonlinear mappings between low- and high-fidelity models makes them well-suited for improving the consistency of surrogate-
based approximations [51–56]. In delayed-acceptance hierarchies, improved cross-level consistency can reduce late-stage rejections 
and thereby support more effective filtering.

1.2.  Our proposed strategy: multi-fidelity delayed acceptance MCMC

In this work, we build upon the filtering structure of the MLDA framework and extend it by incorporating a multi-fidelity fusion 
strategy based on NNs. The proposed approach consists of two stages. In the offline stage, the NNs are trained to learn a correc-
tive mapping that reduces the discrepancy between the coarse solvers and the high-fidelity model. This is the only stage in which 
evaluations of the high-fidelity solver are required.

In the online stage, we perform multi-level sampling while retaining the filtering structure of MLDA, but using only the coarse 
solvers. At each fidelity level, the outputs of all coarser solvers up to that level are provided as input to the corresponding NN, 
which produces a corrected prediction. This improves the accuracy of the lowest fidelity levels and ensures that the finest level in the 
hierarchy provides an approximation that is sufficiently consistent with the high-fidelity model.

We refer to this enhanced approach as MFDA. By leveraging the structure and correlation across models of varying fidelity, MFDA 
provides a scalable tradeoff between two extremes: purely data-driven surrogates, which incur high offline training costs but offer 
fast online evaluations, and solver-based MLDA schemes, which require no offline phase but heavily rely on costly online high fidelity 
computations during sampling.

The proposed approach offers several advantages. First, by improving the consistency between posterior approximations across 
fidelity levels, it enables longer sub-chains at coarse levels, reduces sample autocorrelation, and increases the overall sampling effi-
ciency. Second, the corrective capability of the multi-fidelity NNs allows the use of lower-cost and less accurate coarse models that 
would otherwise lead to poor performance in standard MLDA schemes. Third, the numerical results indicate that the NNs perform 
best when trained on a hierarchy of coarse model outputs, rather than relying solely on the most accurate surrogate, highlighting the 
benefit of exploiting correlations across multiple fidelity levels.

To our knowledge, the proposed MFDA framework represents one of the first systematic integration of multi-fidelity data-fusion 
using NNs and delayed-acceptance-style filtering within an MCMC-based workflow for inverse uncertainty quantification.

The structure of the paper is as follows. Section 2 presents the inverse UQ framework based on MCMC techniques, beginning 
with standard methods and progressing to the MLDA approach. This is followed by the introduction of multi-fidelity NNs and the 
development of the proposed MFDA scheme. Sections 3 and 4 detail the results of two numerical experiments offering an empirical 
assessment of all the listed advantages of MFDA. Finally, Section 5 concludes the work and outlines prospective avenues for further 
research.

2.  Methodology

In this section, we review the foundations of Bayesian inverse problems and standard MCMC sampling strategies, highlighting 
their limitations. We then introduce surrogate models and the MLDA method, finally showing how to extend this framework using 
NN-based multi-fidelity fusion. This will yield our MFDA scheme.

2.1.  Bayesian inverse problem for PDEs

Inverse problems deal with the use of actual measurements or observational data to infer the properties of a system described by a 
mathematical model [11,57]. These properties are often encoded in a vector of input parameters 𝜽, whereas the model (𝜽) allows us 
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to express all the available knowledge about the way data can be explained in terms of the input parameters. Under the assumption 
of additive, independent noise, observations are linked to input parameters through the following relationship:

𝒚obs = (𝜽) + 𝜺, (1)

where  ∶ ℝ𝑚 → ℝ𝑑 denotes the parameter-to-observable map, while 𝜺 accounts for observational noise and model mis-specification. 
The task of computing (𝜽) for a known input 𝜽 defines the so-called forward problem, which very often involves the solution of a 
differential problem, in the form of either a system of Ordinary Differential Equations (ODEs) or PDEs; in this work we focus on the 
latter. Usually, (𝜽) consists of a set of solution components, whenever mimicking, for instance, data collected at a set of sensors, or 
more general outputs depending on the PDE solution and involving, e.g., spatial averages, fluxes, or derivatives. In this context, the 
input 𝜽 ∈ 𝚯 ⊂ ℝ𝑚 typically denotes a vector of model coefficients affecting the differential operator, as well as boundary or initial 
conditions, and is referred to as the set of model parameters.

A common instance of an inverse problem occurs when the model  is approximated by a high-fidelity simulator 𝐟HF, which 
provides a highly accurate numerical approximation to the PDE, leading to the reformulation of (1) as:

𝒚obs = 𝐟HF(𝜽) + 𝜺, (2)

where 𝜺 is typically assumed to follow a zero-mean Gaussian with covariance 𝚺𝜀 ∈ ℝ𝑑×𝑑 . By casting the inverse problem in a Bayesian 
framework, the goal is to determine the so-called posterior distribution 𝜋(𝜽|𝒚obs) of the parameters 𝜽 given 𝒚obs, which according to 
the Bayes theorem reads as:

𝜋(𝜽|𝒚obs) =
𝜋(𝒚obs|𝜽)𝜋(𝜽)

𝜋(𝒚obs)
. (3)

Here 𝜋(𝒚obs|𝜽) denotes the likelihood of the data given the parameters, 𝜋(𝜽) is the prior distribution of the parameters, encoding all the 
available knowledge on 𝜽 before acquiring the data, and 𝜋(𝒚obs) is the marginal distribution (or evidence), which plays the role of a 
normalizing constant, and is given by

𝜋
(

𝒚obs
)

= ∫𝚯
𝜋(𝜽)𝜋

(

𝒚obs ∣ 𝜽
)

𝑑𝜽. (4)

The integral in Eq.  (4) cannot be computed analytically in general, so that a closed-form expression for the posterior distribution is 
therefore unavailable. A widely used strategy to approximate samples from the posterior distribution relies on MCMC methods [58]. 
These methods aim at generating a Markov chain in the input parameter space 𝚯, whose invariant distribution approximates the 
target posterior. Among the various MCMC algorithms, the Metropolis Hastings (MH) scheme is one of the most widely used options 
[59]. After initializing the chain, MH proceeds by generating candidate samples 𝜽′, given the previous sample 𝜽, from a proposal 
distribution 𝑞(⋅ ∣ 𝜽) and accepting or rejecting each candidate based on the acceptance probability

𝛼(𝜽′,𝜽) = min
{

1,
𝜋(𝒚obs ∣ 𝜽′)𝜋(𝜽′)𝑞(𝜽 ∣ 𝜽′)
𝜋(𝒚obs ∣ 𝜽)𝜋(𝜽)𝑞(𝜽′ ∣ 𝜽)

}

. (5)

For symmetric proposals, 𝑞(𝜽′ ∣ 𝜽) = 𝑞(𝜽 ∣ 𝜽′), the proposal ratio cancels out and 𝛼(𝜽′ ∣ 𝜽) depends only on the posterior ratio. This 
mechanism ensures convergence of the Markov chain to the target posterior distribution over successive iterations [58]. The full 
procedure is reported in Algorithm 1.

Algorithm 1 Metropolis-Hastings (MH).
  Input: Likelihood 𝜋(𝒚obs ∣ ⋅), prior distribution 𝜋(⋅), proposal distribution 𝑞(⋅ ∣ ⋅), initial sample 𝜽0, number of samples 𝑁
  Output: Chain of samples {𝜽𝑗}𝑁𝑗=1.
1: for 𝑗 = 1 to 𝑁 do
2: Propose 𝜽′ ∼ 𝑞(𝜽′ ∣ 𝜽𝑗−1). 
3: Compute acceptance probability:

𝛼(𝜽′ ∣ 𝜽) = min
{

1,
𝜋(𝒚obs ∣ 𝜽′)𝜋(𝜽′)𝑞(𝜽 ∣ 𝜽′)
𝜋(𝒚obs ∣ 𝜽)𝜋(𝜽)𝑞(𝜽′ ∣ 𝜽)

}

.

4: Accept 𝜽′ with probability 𝛼; set 𝜽𝑗 = 𝜽′ if accepted, otherwise 𝜽𝑗 = 𝜽𝑗−1.
5: end for

Evaluating the likelihood at each iteration requires solving the high-fidelity model 𝐟HF as defined in Eq.  (2). By assuming that 
𝜺 ∼ 𝑁(𝟎,𝚺𝜀) the likelihood takes the form:

𝜋(𝒚obs ∣ 𝜽) ∝ exp

(

−1
2

‖

‖

‖

‖

‖

𝚺
− 1

2
𝜺

(

𝐟HF(𝜽) − 𝒚obs
)‖

‖

‖

‖

‖

2)

, (6)

where ‖ ⋅ ‖ denotes the Euclidean norm. Every step of an MCMC algorithm thus requires the solution of the high-fidelity problem: 
this is the main reason why solving Bayesian inverse problems involving differential models is indeed an intensive task. To overcome 
this bottleneck, one can introduce a surrogate model 𝐟LF to approximate 𝐟HF and define a corresponding approximate likelihood. 
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This reduces the computational burden at the price of introducing an approximation in the posterior distribution. Unfortunately, the 
intrinsic ill-posedness of inverse problems might require extremely accurate surrogate models [19,35,60]. When a single surrogate is 
not sufficiently accurate or efficient, a structured approach based on multi-fidelity model management offers a viable alternative.

2.2.  Multi-fidelity model management in Bayesian inverse problems

In many inverse problems involving PDEs, a high-fidelity model 𝐟HF is often available alongside one or more low-fidelity approx-
imations. The objective of multi-fidelity model management is to design sampling strategies that combine these models efficiently, 
aiming to retain the accuracy of the high-fidelity model while reducing computational costs through surrogate evaluations [8]. In this 
work, we leverage both multi-fidelity filtering and fusion strategies. Following the terminology in the survey by Peherstorfer et al. [8], 
filtering denotes a coarse-to-fine screening mechanism in which inexpensive models are used to early-reject unpromising candidates 
before invoking the high-fidelity solver, and should not be confused with Bayesian state-estimation filtering. In contrast, fusion refers 
to approaches that combine information from multiple fidelity levels to improve predictive accuracy.

2.2.1.  Multi-fidelity filtering: multi-level delayed acceptance
We consider a setting in which a high-fidelity model 𝐟HF is available, along with a hierarchy of low fidelity numerical approxi-

mations, referred to as surrogate models, denoted by 𝐟 (1)LF , 𝐟
(2)
LF ,… , 𝐟 (𝐿)LF , ordered by increasing accuracy and computational cost. Each 

surrogate model 𝐟 (𝑙)LF defines in principle an approximate likelihood:

𝜋̃(𝑙)LF(𝒚 ∣ 𝜽) ∝ exp

(

−1
2

‖

‖

‖

‖

‖

𝚺
− 1

2
𝜺

(

𝐟 (𝑙)LF (𝜽) − 𝒚
)‖

‖

‖

‖

‖

2)

, 𝑙 = 1,… , 𝐿. (7)

These models are integrated into a multi-level MCMC scheme of 𝐿 + 1 levels. The levels 𝑙 = 1,… , 𝐿 correspond to the low-fidelity 
model 𝐟 (𝑙)LF and level 𝑙 = 𝐿 + 1 corresponds to the high-fidelity model 𝐟HF. Each level 𝑙 ≤ 𝐿 uses the surrogate 𝐟 (𝑙)LF and its corresponding 
likelihood 𝜋̃(𝑙)LF. At level 𝐿 + 1, the high-fidelity model 𝐟HF and the corresponding likelihood 𝜋 are employed to ensure accurate sampling.

At each level, a candidate 𝜽′ is proposed by generating a sub-chain of length 𝐽𝑙−1 (also referred to as sub-sampling rate) from 
the previous level 𝑙 − 1. The sub-chain lengths 𝐽𝑙 are tuning parameters that affect efficiency (mixing and cost) but do not alter the 
high-fidelity invariant distribution for fixed finite values [18].

At the coarsest level 𝑙 = 1, a standard MH algorithm is used employing the cheapest model, and new parameters are proposed 
using a proposal distribution 𝑞(⋅ ∣ ⋅), leading to the acceptance probability:

𝛼1(𝜽′,𝜽) = min

{

1,
𝜋(1)LF (𝒚

obs ∣ 𝜽′)𝜋(𝜽′)𝑞(𝜽 ∣ 𝜽′)

𝜋(1)LF (𝒚
obs ∣ 𝜽)𝜋(𝜽)𝑞(𝜽′ ∣ 𝜽)

}

. (8)

As the level 𝑙 increases, finer and more expensive models are queried. The acceptance probability at level 𝑙 is then computed as:

𝛼𝑙(𝜽′,𝜽) = min

{

1,
𝜋̃(𝑙)LF(𝒚

obs ∣ 𝜽′)𝜋̃(𝑙−1)LF (𝒚obs ∣ 𝜽)

𝜋̃(𝑙)LF(𝒚
obs ∣ 𝜽)𝜋̃(𝑙−1)LF (𝒚obs ∣ 𝜽′)

}

, 𝑙 = 2,… , 𝐿. (9)

At the finest level 𝑙 = 𝐿 + 1 we have:

𝛼𝐿+1(𝜽′,𝜽) = min

{

1,
𝜋(𝒚obs ∣ 𝜽′)𝜋̃(𝐿)LF (𝒚

obs ∣ 𝜽)

𝜋(𝒚obs ∣ 𝜽)𝜋̃(𝐿)LF (𝒚
obs ∣ 𝜽′)

}

(10)

See Appendix for more details on the derivation of (9) and (10).
This hierarchical design allows for the early rejection of poor candidates using cheaper models, significantly reducing the number 

of high-fidelity evaluations while maintaining sampling accuracy. Moreover, the nested sub-chains at different levels effectively 
reduce sample autocorrelation, improving the mixing of the chain.

Importantly, it can be shown that the chain at the finest level satisfies detailed balance with respect to the posterior distribution 
defined by the high-fidelity model [18,61]. In particular, coarse target distributions must assign positive probability to all states 
reachable under the proposal (cf. Theorem 1 in [43]). However, poorly aligned low-fidelity targets may still create mixing bottlenecks; 
if a coarse level strongly down-weights a high-fidelity mode, transitions into that region are rarely promoted to finer levels. Note 
that the approach remains transparent to the particular choice of the forward model, allowing it to flexibly handle both linear and 
nonlinear, stationary or transient simulations without significant alterations [1,43,62,63].

In this formulation, the proposal kernel is used only to generate candidate states at the coarsest level. Additional, level-specific 
proposal kernels at higher levels can be introduced when considering different parameter blocks across distinct fidelity levels [18]. It 
is worth noting that when the approximation maps do not depend on the current state, the acceptance probabilities for level 𝑙 > 1 in 
Eqs.  (9)–(10) depend only on the targets of the adjacent levels. This is a direct consequence of the delayed-acceptance construction: 
each coarse-level transition kernel satisfies detailed balance with respect to its own target (see, e.g., Lemma 1 in [18]). As a result, 
the forward/reverse proposal terms generally present in Delayed Acceptance (DA) acceptance kernel [43] can be substituted with the 
ratio of the corresponding target distributions. Therefore, at levels 𝓁 > 1 the acceptance probability reduces to the ratio of adjacent 
targets used in MLDA, also when the coarsest-level proposal is not symmetric.  In general, the current formulation does not allow the 
proposal to be adaptive. Enabling this option would require the acceptance ratios at level 𝑙 > 1 in Eqs.  (9) and (10) to be adjusted, 
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Fig. 1. Schematic representation of the MLDA scheme, for an instance of two low-fidelity solvers and one high-fidelity solver. At each level, a 
candidate 𝜽′ is proposed by generating a sub-chain of length 𝐽𝑙−1. Each coarse level 𝑙 uses the surrogate 𝐟 (𝑙)LF and its corresponding likelihood 𝜋̃(𝑙)

LF, 
while the finest level uses 𝐟HF and its corresponding likelihood 𝜋.

since detailed balance with respect to the level target distributions would no longer hold. A straightforward remedy is to keep the 
adaptation frozen while proposing a new fine-level sample (i.e., to choose an adaptation period that is a multiple of the product of 
the sub-chain lengths), which is the strategy adopted in the numerical examples.

In practice, 𝐽𝑙 is tuned to maintain adequate acceptance between consecutive levels and to de-correlate the coarse sub-chains. A 
common heuristic is to use larger 𝐽𝑙 on cheaper (coarser) levels and smaller 𝐽𝑙 on expensive levels, guided by short pilot runs that 
monitor acceptance rates and finest-level correlation [18]. A schematic representation of the method is provided in Fig. 1, and the 
detailed algorithm is presented in Algorithm 2.

2.3.  Multi-fidelity fusion through neural networks for regression

Although MLDA can significantly reduce reliance on costly high-fidelity evaluations, its practical efficiency is still inhibited by 
discrepancies among different fidelity levels. Specifically, when low-fidelity approximations poorly represent their high-fidelity coun-
terparts, the acceptance probability at the second stage deteriorates significantly. As a consequence, frequent rejections occur unless 
extremely low sub-sampling rates are adopted, which in turn result in suboptimal acceptance rates, inadequate mixing, and ulti-
mately diminished effective sample sizes [18]. To mitigate this problem, the current work introduces a multi-fidelity regression 
strategy leveraging artificial NNs, extending the recent framework of [55,64].

Here, the fundamental assumption is the existence of a nonlinear relationship MF linking 𝑛 low-fidelity model outputs to their 
high-fidelity counterpart [65], represented as follows:

𝐟HF(𝜽) = MF

(

𝜽, 𝐟 (1)LF (𝜽), 𝐟
(2)
LF (𝜽),… , 𝐟 (𝑛)LF (𝜽)

)

. (11)

The key benefit of using NNs with respect to other multi-fidelity regression frameworks lies in the simultaneous and efficient 
incorporation of multiple low-fidelity approximations as inputs. Traditionally, even in hierarchical settings, multi-fidelity regression 
methods such as auto-regressive co-kriging [50] incorporate only a single lower-fidelity model at each stage. Although these schemes 
can be extended to multiple fidelity levels by sequentially stacking such mappings, the resulting structure restricts information flow to 
a one-directional correction chain. This simplifies implementation and reduces memory requirements, but prevents the method from 
exploiting complementary information across different solvers. In contrast, the inherent flexibility and nonlinear representational 
capacity of NNs allow efficient fusion of multiple low-fidelity sources within a unified model, enhancing predictive accuracy without 
increasing numerical complexity. An example of the effectiveness of NNs in combining multiple sources of information is provided 
in [64].
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Algorithm 2 Multi-level Delayed Acceptance (MLDA).
  Input: High-fidelity likelihood 𝜋(𝒚obs ∣ ⋅), coarse likelihoods 𝜋̃𝓁(𝒚obs ∣ ⋅) for 𝓁 = 1,… , 𝐿, prior distribution 𝜋(⋅), symmetric proposal 
distribution 𝑞(⋅ ∣ ⋅), initial sample 𝜽0, number of fine-level samples 𝐽 , sub-chain lengths 𝐽𝓁 for 𝓁 = 1,… , 𝐿.
  Output: Chain of samples {𝜽𝑗}𝐽𝑗=1. 
1: Initialise 𝜽𝓁0 = 𝜽0 and subchains steps counters 𝑛𝓁 ← 0 for all 𝓁 = 1,… , 𝐿. 
2: for 𝑗 = 0 to 𝐽 − 1 do
3: Level 1: Run a sub-chain of length 𝐽1 using Algorithm 1, starting from current state 𝜽10 and proposal 𝑞(𝜽′ ∣ 𝜽)
4: Set 𝓁 = 2
5: while 𝓁 ≤ 𝐿 do
6: Propose from level 𝓁 − 1: 𝜽̃𝓁 ← 𝜽𝓁−1𝐽𝓁−1

 (last state of the level-(𝓁 − 1) sub-chain). 
7: Compute acceptance probability between current state 𝜽𝓁𝑛𝓁  and proposed state 𝜽̃

𝓁 :

𝛼𝓁 = min

⎧

⎪

⎨

⎪

⎩

1,
𝜋̃𝓁(𝒚obs ∣ 𝜽̃

𝓁) 𝜋̃𝓁−1(𝒚obs ∣ 𝜽𝓁𝑛𝓁 )

𝜋̃𝓁(𝒚obs ∣ 𝜽𝓁𝑛𝓁 ) 𝜋̃𝓁−1(𝒚
obs ∣ 𝜽̃𝓁)

⎫

⎪

⎬

⎪

⎭

8: With probability 𝛼𝓁 , accept: 𝜽𝓁𝑛𝓁+1 ← 𝜽̃𝓁 ;  otherwise reject: 𝜽𝓁𝑛𝓁+1 ← 𝜽𝓁𝑛𝓁
9: Increment 𝓁-level sub-chain steps counter 𝑛𝓁 ← 𝑛𝓁 + 1
10: if 𝑛𝓁 = 𝐽𝓁 then
11: Set 𝓁 ← 𝓁 + 1
12: else
13: Reset 𝑗𝑘 = 0, 𝜽𝑘0 ← 𝜽𝓁𝑛𝓁  for all 1 ≤ 𝑘 < 𝓁, and return to Step 3
14: end if
15: end while
16: Set final proposal: 𝜽̃ ← 𝜽𝐿𝐽𝐿
17: Compute final acceptance probability between current 𝜽𝑗 and proposed 𝜽̃:

𝛼𝐿+1 = min

{

1,
𝜋(𝒚obs ∣ 𝜽̃) 𝜋̃𝐿(𝒚obs ∣ 𝜽𝑗 )

𝜋(𝒚obs ∣ 𝜽𝑗 ) 𝜋̃𝐿(𝒚obs ∣ 𝜽̃)

}

18: With probability 𝛼𝐿+1, accept: 𝜽𝑗+1 ← 𝜽̃;  otherwise reject: 𝜽𝑗+1 ← 𝜽𝑗
19: Reset 𝑛𝓁 = 0, 𝜽𝓁0 ← 𝜽𝑗+1 for all 1 ≤ 𝓁 ≤ 𝐿
20: end for

For this reason, to model this multi-fidelity mapping, a densely connected feedforward NN architecture is adopted. Such a network, 
consisting of 𝑁𝐿 layers, defines a parametric function 𝐟MF(⋅;𝐖,𝐛), where 𝐖 = {𝐖(1),… ,𝐖(𝑁𝐿)} and 𝐛 = {𝐛(1),… ,𝐛(𝑁𝐿)} denote weight 
matrices and biases, respectively. Each network layer performs an affine transformation followed by a nonlinear activation function, 
as follows:

𝐳(𝑘) = 𝜎
(

𝐖(𝑘)𝐳(𝑘−1) + 𝐛(𝑘)
)

, 𝑘 = 1,… , 𝑁𝐿, (12)

with 𝐳(0) representing the input vector (i.e., 𝐳0 = [𝛉, 𝐟 (1)LF (𝛉),…]⊤ is the concatenation of parameters 𝜽 and outputs from multiple low-
fidelity models), and 𝜎(⋅) indicating a suitable nonlinear activation function.

A schematic representation of a multi-fidelity NN, for a generic instance of two low-fidelity solvers and a reference high-fidelity 
solver, is presented in Fig. 2. Input parameters 𝜽 are passed to the low-fidelity solvers. The outputs of the solvers and the input 
parameter 𝜽 are passed to the first hidden layer of the NN. The subsequent hidden layers perform nonlinear transformations to 
capture complex correlations across fidelities. The final network output serves as an approximation of the high-fidelity model.

We note that a variety of multi-fidelity neural emulator architectures have been proposed in the literature (e.g., decomposed 
linear/nonlinear corrections [51], residual architecture [66] and auto-regressive formulations [55]), and these alternatives can be 
integrated within the MFDA workflow without conceptual changes. In this work we focus on a monolithic multi-branch architecture 
(see B–C for more details), since (i) it retains the expressivity of generic NNs while avoiding an explicit linear/nonlinear decomposition 
(which may make learning more difficult when correlation is strongly nonlinear), and (ii) it is easier to train, especially when multiple 
low fidelity inputs are present. Decomposed formulations (e.g., linear+nonlinear or residual corrections [51,66]) can be seen as 
introducing additional inductive bias that may improve data-efficiency when their assumptions hold, but they are not required for 
MFDA. MFDA does not require identical parameterizations across fidelities: it only requires that the information provided to the 
emulator can be expressed in a common feature space; in particular, low-fidelity outputs can be used as inputs even when the low-
fidelity model depends on a reduced parameter set, provided a consistent mapping from the high-fidelity parameters to the low-fidelity 
inputs is available.

Training of the network parameters is performed offline. Specifically, a set of 𝑁train parameter samples {𝜽𝑗}𝑁train𝑗=1  is generated, and 
for each sample, both the high-fidelity and all 𝑛 low-fidelity solvers are evaluated. The resulting dataset, consisting of 𝑁train paired 
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Fig. 2. Schematic representation of a multi-fidelity NN, for a generic instance of two low-fidelity solvers and a reference high-fidelity solver. Input 
parameters 𝜽 are passed to the low-fidelity solvers. The outputs of the solvers and the input parameter 𝜽 are passed to the first hidden layer of the 
NN. The subsequent hidden layers perform nonlinear transformations to capture complex correlations across fidelities. The final network output 
serves as an approximation of the high-fidelity model.

high- and multi-fidelity evaluations, is used to train the NN by minimizing the Mean Squared Error (MSE) between the high-fidelity 
model outputs and the network predictions. The optimization problem can be expressed as:

𝐖,𝐛 = argmin
𝐖,𝐛

1
𝑁train

𝑁train
∑

𝑗=1

‖

‖

‖

‖

𝐟HF(𝜽𝑗 ) − 𝐟MF
(

𝜽𝑗 , 𝐟
(1)
LF (𝜽𝑗 ),… , 𝐟 (𝑛)LF (𝜽𝑗 );𝐖,𝐛

)

‖

‖

‖

‖

2
. (13)

This minimization is carried out using standard stochastic gradient–based optimizers, such as stochastic gradient descent and its 
variants (e.g., Adam [67]), as commonly employed in deep learning frameworks.

2.4.  A remark on low-fidelity solvers

In standard multi-level frameworks concerning physical problems and PDEs, low-fidelity solvers are typically constructed by 
systematically reducing the resolution or complexity of a high-fidelity model. Common strategies include mesh coarsening in finite 
element or finite volume schemes, simplified discretizations, or algebraic multi-level formulations such as multigrid approaches 
[18,40–42].

However, in many practical scenarios, lower-fidelity models may differ from the high-fidelity solver not only in resolution but 
also in their underlying physical assumptions, boundary conditions, or numerical formulations [68–71]. In such cases, correlations 
across fidelity levels can become strongly nonlinear [65]. As a result, the filtering at the lower levels of MLDA scheme fails to reflect 
the structure of the fine posterior distribution, thereby limiting the effectiveness of MLDA approach.

To address this challenge, non-linear information fusion techniques [64,65], such as the NN–based strategy adopted in this work, 
provide a flexible solution. By integrating multiple low-fidelity models within a unified nonlinear regression framework, the proposed 
approach can effectively capture complex dependencies between low- and high-fidelity responses. As a result, the NN-based fusion 
yields surrogate representations that more closely align the coarse-level approximations with the high-fidelity posterior.

2.5.  Multi-fidelity delayed acceptance

The multi-fidelity NNs are embedded into the multi-level MCMC sampling framework of 𝐿 levels to form the proposed MFDA 
scheme. For each fidelity level 𝑙 = 1,… , 𝐿, we construct a multi-fidelity NN

𝐟 (𝑙)MF(𝜽) = 𝐟MF

(

𝜽, 𝐟 (1)LF (𝜽),… , 𝐟 (𝑙)LF(𝜽)
)

, (14)

which takes as inputs the parameter vector and the outputs of all solvers up to level 𝑙. Each 𝐟 (𝑙)MF follows the architecture introduced 
in Section 2.3. The algorithm operates in two stages:

• Offline phase (training): we generate a set of parameter samples {𝜽𝑗}𝑁train
𝑗=1  (e.g., via Latin hypercube sampling) and evaluate all 

available solvers at these points. We train each network 𝐟 (𝑙)MF independently by minimizing the mean squared error between the 
high-fidelity outputs and the network predictions, as in (13). This is the only part where we rely on the high-fidelity model. The 
number of training points should be selected so that the surrogate at the finest level 𝑙 = 𝐿 attains the desired accuracy, as this 
model replaces the high-fidelity solver at the final stage of the multi-level chain.

• Online phase (inference): In this phase, parameter samples are drawn using the standard MLDA procedure, with likelihood eval-
uations replaced by their multi-fidelity NN counterparts:

𝜋̃(𝑙)MF(𝒚
obs ∣ 𝜽) ∝ exp

(

−1
2

‖

‖

‖

‖

‖

𝚺
− 1

2
𝜺

(

𝐟 (𝑙)MF(𝜽) − 𝒚obs
)‖

‖

‖

‖

‖

2)

, 𝑙 = 1,… , 𝐿. (15)
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Fig. 3. Schematic representation of the Multi-Fidelity Delayed Acceptance (MFDA) framework for an instance of two low-fidelity solvers and one 
high-fidelity solver. First row: offline phase. A dataset of parameter samples is generated and each solver is evaluated for every parameter instance. 
Then multi-fidelity neural networks are trained to approximate the high-fidelity reference. Second row: online phase. A Markov chain of parameter 
samples is generated using a multi-level structure. At each level we evaluate the corresponding low-fidelity solvers and neural networks to compute 
the likelihood and acceptance rate.

These adjusted multi-fidelity likelihoods naturally replace standard likelihoods in the acceptance criterion of the MLDA frame-
work. Specifically, the modified acceptance probability at fidelity level 𝑙 becomes:

𝛼𝑙(𝜽′,𝜽) = min

{

1,
𝜋̃(𝑙)MF(𝒚

obs ∣ 𝜽′)𝜋̃(𝑙−1)MF (𝒚obs ∣ 𝜽)

𝜋̃(𝑙)MF(𝒚
obs ∣ 𝜽)𝜋̃(𝑙−1)MF (𝒚obs ∣ 𝜽′)

}

, 𝑙 = 2,… , 𝐿. (16)

At level 𝑙 = 1 we use MH scheme using 𝜋̃(1)MF. In the proposed MFDA implementation, the 𝐿 coarse solvers are used online and their 
outputs is the input argument of the multi-fidelity NNs and the corresponding likelihoods. The high-fidelity model is not called 
during sampling. Preserving the filtering structure enables reuse of coarse-level evaluations as inputs to finer-level networks, 
avoiding redundant computations. Hence, the only additional online cost relative to standard MLDA is the (typically negligible) 
NN inference, while the high-fidelity solver is not called online.
The Markov chain at the finest level satisfies detailed balance with respect to the posterior associated with the surrogate likeli-

hood 𝜋̃(𝐿)MF, rather than with the exact high-fidelity posterior. We expect that the use of multi-fidelity inputs allows one to construct 
sufficiently accurate surrogate posteriors with substantially fewer high-fidelity training evaluations. The choice between MFDA and 
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Algorithm 3 Multi-Fidelity Delayed Acceptance (MFDA).
  Input: Number of training samples 𝑁train; high-fidelity model 𝐟HF; low-fidelity surrogate models 𝐟 (𝓁)LF  for 𝓁 = 1,… , 𝐿; prior distri-
bution 𝜋(⋅), symmetric proposal distribution 𝑞(⋅ ∣ ⋅); initial state 𝜽0; sub-chain lengths 𝐽𝓁 for 𝓁 = 1,… , 𝐿 − 1, and number of fine-level 
samples 𝐽 .
  Output: Sample chain {𝜽𝑗}𝐽𝑗=1. 
1: Offline Phase (Training): 
2: Collect training data {(𝜽𝑖, 𝐟HF(𝜽𝑖))}𝑁train

𝑖=1 . 
3: for 𝓁 = 1 to 𝐿 do
4: Evaluate and store 𝐟 (𝓁)LF (𝜽𝑖) for all 𝑖. 
5: Train multi-fidelity surrogate 𝐟 (𝓁)MF using inputs 

(

𝜽𝑖, 𝐟
(1)
LF ,… , 𝐟 (𝓁)LF

)

.
6: end for
7:
8: Online Phase (Inference): 
9: Initialise 𝜽𝓁0 = 𝜽0 and subchains steps counters 𝑛𝓁 ← 0 for all 𝓁 = 1,… , 𝐿. 
10: Initialise cache for low fidelity surrogate models evaluations. 
11: for 𝑗 = 0 to 𝐽 − 1 do
12: Level 1: Run a sub-chain of length 𝐽1 using Algorithm 1, starting from 𝜽10. 
13: Set 𝓁 ← 2
14: while 𝓁 < 𝐿 do
15: Set proposal 𝜽̃𝓁 ← 𝜽̃𝓁−1 (last state of the level-(𝓁 − 1) sub-chain). 
16: Evaluate 𝐟 (𝓁)LF (𝜽̃

𝓁) and store in cache. 
17: Retrieve surrogate outputs and compute 𝐟 (𝓁)MF(𝜽̃

𝓁) and likelihood 𝜋̃(𝓁)MF(𝒚 ∣ 𝜽̃𝓁) from Eq. (15). 
18: Compute acceptance probability:

𝛼𝓁 = min

⎧

⎪

⎨

⎪

⎩

1,
𝜋̃(𝓁)MF(𝒚 ∣ 𝜽̃𝓁) 𝜋̃(𝓁−1)MF (𝒚 ∣ 𝜽𝓁𝑛𝓁 )

𝜋̃(𝓁)MF(𝒚 ∣ 𝜽𝓁𝑛𝓁 ) 𝜋̃
(𝓁−1)
MF (𝒚 ∣ 𝜽̃𝓁)

⎫

⎪

⎬

⎪

⎭

.

19: With probability 𝛼𝓁 , accept: 𝜽𝓁𝑛𝓁+1 ← 𝜽̃𝓁 ; else set 𝜽𝓁𝑛𝓁+1 ← 𝜽𝓁𝑛𝓁 . 
20: Increment 𝓁-level sub-chain steps counter 𝑛𝓁 ← 𝑛𝓁 + 1. 
21: if 𝑛𝓁 = 𝐽𝓁 then
22: Set 𝓁 ← 𝓁 + 1
23: else
24: Reset 𝑗𝑘 = 0, 𝜽𝑘0 ← 𝜽𝓁𝑛𝓁  for all 1 ≤ 𝑘 < 𝓁, and return to Step 12
25: end if
26: end while
27: Final Level 𝐿: Let 𝜽̃ ← 𝜽̃𝐿−1. 
28: Compute 𝐟 (𝐿)MF (𝜽̃) and likelihood 𝜋̃

(𝐿)
MF(𝒚 ∣ 𝜽̃). 

29: Compute final acceptance probability:

𝛼𝐿 = min

{

1,
𝜋̃(𝐿)MF(𝒚 ∣ 𝜽̃) 𝜋̃(𝐿−1)MF (𝒚 ∣ 𝜽𝑗 )

𝜋̃(𝐿)MF(𝒚 ∣ 𝜽𝑗 ) 𝜋̃
(𝐿−1)
MF (𝒚 ∣ 𝜽̃)

}

.

30: With probability 𝛼𝐿, set 𝜽𝑗+1 ← 𝜽̃; else set 𝜽𝑗+1 ← 𝜽𝑗 . 
31: Reset 𝜽𝓁0 ← 𝜽𝑗+1 and 𝑛𝓁 ← 0 for all 𝓁 = 1,… , 𝐿.
32: end for

standard MLDA depends on whether the offline training cost is compensated by the improvement in effective sample size and mixing 
during inference.

The NNs training set is generated offline (prior to inference) and is not adapted to concentrate accuracy around posterior modes. 
Further improvements could be achieved through the incorporation of adaptive training mechanisms for the NNs during the online 
phase. This adaptation could substantially reduce the dependence on the offline training phase. However, implementing online 
learning for NNs remains a non-trivial challenge and may require significant methodological adjustments, potentially involving 
techniques such as Gaussian process-based sequential design [72–74], deep kernel learning [75], or enforcing physics informed 
residuals [76]. Additionally, at present, the multi-fidelity surrogate models are not used to select or update the proposal distribution, 
although in principle offline information could be exploited to guide proposal design. Fig. 3 illustrates the workflow, and Algorithm 3 
provides the full procedure.
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Fig. 4. (a) Transmissivity field corresponding to mesh HF and (b) hydraulic head using high-fidelity solver. Inverted triangles indicate sensor 
locations.

3.  Numerical experiments i: isotropic groundwater flow - transmissivity reconstruction

The first test concerns the reconstruction of a spatially varying subsurface transmissivity field from hydraulic pressure measure-
ments, using the benchmark configuration of [1]. This problem is governed by a linear, stationary elliptic equation and serves as a 
standard reference in inverse UQ.

The evaluation focuses on two aspects:

1. Forward accuracy: The ability of multi-fidelity NNs to enhance the accuracy of coarse models, measured via the Root Mean 
Squared Error (RMSE) with respect to the high-fidelity solver solution.

2. Sampling efficiency: The effectiveness of the MFDA scheme for Bayesian inversion, compared with MH and MLDA algorithms. In 
particular, sampling efficiency is quantified using the time-to-Effective Sample Size (ESS) ratio. For a Markov chain of 𝑁 samples, 
the ESS is usually defined as

𝑁eff =
𝑁

1 + 2
∑∞
𝑡=1 𝜌𝑡

, (17)

where 𝜌𝑡 denotes the autocorrelation at lag 𝑡. This reflects the number of effectively independent samples produced by the chain. 
The objective is to obtain the highest possible ESS for a given computational budget.

3.1.  Problem description

Let Ω = (0, 1)2 denote the spatial domain with boundary Γ = 𝜕Ω. The steady-state hydraulic head ℎ(𝐱) satisfies the following 
diffusion equation

−∇ ⋅ (𝑇 (𝐱)∇ℎ(𝐱)) = 𝑔(𝐱), 𝐱 ∈ Ω, (18)

where 𝑇 (𝐱) denotes the transmissivity field and 𝑔(𝐱) is the source term. The boundary conditions are
ℎ(𝐱) = ℎ𝐷(𝐱) on Γ𝐷, (−𝑇 (𝐱)∇ℎ(𝐱)) ⋅ 𝐧 = 𝑞𝑁 (𝐱) on Γ𝑁 , (19)

where Γ = Γ𝐷 ∪ Γ𝑁 , Γ𝐷 ∩ Γ𝑁 = ∅. In particular, 𝑞𝑁 (𝐱) = 0 on
Γ𝑁 = Γ𝑏𝑜𝑡𝑡𝑜𝑚𝑁 ∪ Γ𝑡𝑜𝑝𝑁 = {(𝑥1, 0) ∶ 𝑥1 ∈ (0, 1)} ∪ {(𝑥1, 1) ∶ 𝑥1 ∈ (0, 1)}

whereas on
Γ𝐷 = Γ𝑙𝑒𝑓 𝑡𝐷 ∪ Γ𝑟𝑖𝑔ℎ𝑡𝐷 = {(0, 𝑥2) ∶ 𝑥2 ∈ (0, 1)} ∪ {(1, 𝑥2) ∶ 𝑥2 ∈ (0, 1)}

we set ℎ𝐷(𝐱) = 1 on Γ𝑙𝑒𝑓 𝑡𝐷  and ℎ𝐷(𝐱) = 0 on Γ𝑟𝑖𝑔ℎ𝑡𝐷 .
A widely used model for the prior distribution of aquifer transmissivity in groundwater hydrology is the log-Gaussian random 

field [1]. In this approach, the logarithm of the transmissivity, log 𝑇 (𝐱), is modeled as a Gaussian random field [77] characterized by 
a specified mean and covariance structure. The mean of log 𝑇 (𝐱) is set to 𝜇 = 1, and the covariance function is given by

𝐶(𝐱1, 𝐱2) = 𝜎2 exp

(

−
‖𝐱1 − 𝐱2‖22

2𝜆2

)

, 𝐱1, 𝐱2 ∈ Ω, (20)
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Fig. 5. Transmissivity fields corresponding to low-fidelity meshes: (a) 1, (b) 2, (c) 3, (d) 4.

where 𝜎 = 0.1 and 𝜆 denotes the correlation length. To enable a finite-dimensional parameterization, the log-Gaussian random field 
is approximated using a truncated Karhunen–Loève (KL) [78] expansion. Specifically,

log 𝑇 (𝐱) = 𝜇 +
𝑚
∑

𝑖=1

√

𝜆𝑖𝜓𝑖(𝐱) 𝜃𝑖, (21)

where {𝜆𝑖}𝑚𝑖=1 and {𝜓𝑖(𝐱)}𝑚𝑖=1 are the 𝑚 largest eigenvalues and associated 𝐿2-orthonormal eigenfunctions of the covariance operator 
with kernel 𝐶(𝐱1, 𝐱2), and 𝜃𝑖 ∼  (0, 1) are independent standard normal random variables. In this study, we deal with 𝑚 = 64 modes 
to represent the spatially distributed random field, ensuring that approximately 95% of the field variance is retained. The parameter 
vector 𝜽 = (𝜃1,… , 𝜃𝑚)⊤ ∼  (0, 𝐼𝑚) serves as the set of uncertain parameters in the stochastic PDE model.

Therefore, our objective is to infer the posterior distribution of 𝜽, given noisy measurements of the hydraulic head ℎ at 𝑑 = 25
discrete sensor locations {𝐱𝑗}𝑑𝑗=1 ⊂ Ω. These measurements are collected in the observation vector 𝐲obs ∈ ℝ𝑑 .

3.2.  MFDA: setting

For this test case we design a MFDA scheme with 𝐿 = 4 levels, defining the following models:

• High-fidelity solver: The high-fidelity model employs a finite element discretization on a structured triangular mesh HF consisting 
of 100 elements per spatial direction, corresponding to 101 nodes along each axis. Linear finite elements are used. For each 
parameter instance 𝜽, it reconstructs the transmissivity field (see Eq.  (21)) and computes the pressure head ℎ at the 𝑑 sensor 
locations {𝐱𝑗}𝑑𝑗=1. We have 𝐟HF ∶ ℝ𝑚 → ℝ𝑑 . The PDE solution requires solving a linear system with 1012 degrees of freedom. For 
the solution, we use the GMRES solver with an incomplete LU preconditioner. Fig. 4 illustrates an example of the numerical solution 
and the corresponding transmissivity field. The high-fidelity solver generates reference data for the offline training. In addition, 
when solving the inverse problem, synthetic observations are produced by sampling random parameter instances 𝜽, solving the 
high-fidelity model, and perturbing the resulting pressure fields with additive Gaussian noise, as detailed in Section 3.4.

• Low-fidelity solvers: Four low-fidelity models are obtained by uniform mesh coarsening, yielding meshes 𝑙, 𝑙 = 1,… , 4. The 
corresponding spatial resolutions and degrees of freedom are reported in Table 1. As shown in Fig. 5, the representation of the 
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Table 1 
Spatial discretization, degrees of freedom (DoFs), computational time per 
forward evaluation, and predictive accuracy (RMSE) of the high-fidelity, 
low-fidelity, and multi-fidelity surrogate models.

 Model  Mesh Size [#elements]  DoFs  Time / eval [s]  RMSE
𝑓HF 100 × 100 10,201 1.27 × 10−1 0
𝑓 (1)
LF 5 × 5 36 2.53 × 10−3 5.1 × 10−2

𝑓 (2)
LF 10 × 10 121 3.22 × 10−3 1.8 × 10−2

𝑓 (3)
LF 25 × 25 676 4.11 × 10−3 4.4 × 10−3

𝑓 (4)
LF 50 × 50 2,601 1.09 × 10−2 6.7 × 10−4

𝑓 (1)
MF  —  — 4.0 × 10−4 7.0 × 10−3

𝑓 (2)
MF  —  — 5.6 × 10−4 4.9 × 10−3

𝑓 (3)
MF  —  — 6.6 × 10−4 6.7 × 10−4

𝑓 (4)
MF  —  — 7.8 × 10−4 1.9 × 10−4

transmissivity field becomes progressively smoother as the mesh is refined. All low-fidelity models employ linear finite elements 
and GMRES for the solution of the resulting linear systems. Each solver 𝐟 (𝑙)LF ∶ ℝ𝑚 → ℝ𝑑 maps the parameter vector 𝜽 to the pressure 
head evaluated at the 25 sensor locations. The outputs of 𝐟 (𝑙)LF are used as inputs to the multi-fidelity NN at level 𝑙, and, when the 
end of the sub-chain is reached, are stored for use at subsequent finer levels.

• Multi-fidelity NN: At each level 𝑙, a multi-fidelity NN 𝐟 (𝑙)MF ∶ ℝ𝑚 × [ℝ𝑑 ]𝑙 → ℝ𝑑 is trained to approximate the high-fidelity pressure 
head solution, given the parameter vector 𝜽 and the outputs of all low-fidelity solvers up to level 𝑙, according to (14). Each multi-
fidelity surrogate is then used during inference to compute an approximate likelihood 𝜋(𝑙)MF. Additional details for the training are 
provided in the next section.

All finite element simulations are performed using the FEniCS library[79], based on code adapted from Lykkegaard et al. [1] (available 
at https://ore.exeter.ac.uk/repository/handle/10871/125704). In the following, the neural network surrogates are implemented in
TensorFlow [80], and the multi level MCMC are implemented using the TinyDA library.

3.3.  MFDA: offline training and models accuracy

During the offline phase, 𝑁train parameter samples {𝜽𝑗}𝑁train
𝑗=1  are drawn from the prior, and all finite element solvers are evaluated 

at these instances. Each multi-fidelity network 𝐟 (𝑙)MF, 𝑙 = 1,… , 4, is trained to minimize the mean squared error with respect to the 
high-fidelity output:

(𝐖𝑙 ,𝐛𝑙) =
1

𝑁train

𝑁train
∑

𝑗=1

‖

‖

‖

‖

𝐟HF(𝜽𝑗 ) − 𝐟 (𝑙)MF

(

𝜽𝑗 , 𝐟
(1)
LF (𝜽𝑗 ),… , 𝐟 (𝑙)LF(𝜽𝑗 );𝐖𝑙 ,𝐛𝑙

)

‖

‖

‖

‖

2
, 𝑙 = 1,… , 4. (22)

where 𝐖𝑙 and 𝐛𝑙 are the weights and biases of the multi-fidelity NN at level 𝑙, respectively. The Adam optimizer is used for mini-
mization. Network architecture details are provided in Appendix B.

We assess the accuracy of the multi-fidelity models incrementally, from level 𝑙 = 1 to the level 𝑙 = 4. For each level, we evaluate 
whether the corresponding multi-fidelity NN enhances the predictive accuracy of the associated low-fidelity solver, and whether 
incorporating information from coarser levels contributes positively to the prediction performance.

In Fig. 6a, the multi-fidelity surrogate 𝐟 (1)MF, which receives as input 𝜽 and evaluations from the low-fidelity solver 𝐟 (1)LF , achieves a 
RMSE nearly one order of magnitude lower than that of the solver, for 𝑁train = 64,000. By comparison, a standard (or single-fidelity) 
NN 𝐟SF trained using only 𝜽, without low-fidelity inputs, yields a RMSE almost three times higher, confirming the advantage of 
incorporating low-fidelity information.

Fig. 6b reports the results for the second-level surrogate 𝐟 (2)MF, which takes as input both 𝐟
(1)
LF  and 𝐟

(2)
LF . Also in this case, the multi-

fidelity network surpasses the predictive accuracy of 𝐟 (2)LF . Notably, a version using only 𝐟
(2)
LF  as input provides nearly equivalent 

performance, suggesting no benefits when 𝐟 (1)LF  is added.
The third-level surrogate 𝐟 (3)MF (Fig. 6c), which combines the outputs from 𝐟 (1)LF , 𝐟

(2)
LF , and 𝐟

(3)
LF , again shows improved accuracy over 

𝐟 (3)LF . In contrast to the second level, here the inclusion of 𝐟
(2)
LF  proves beneficial, showing the usefulness of multi-fidelity fusion.

Finally, Fig. 6d illustrates the performance of the fourth-level surrogate 𝐟 (4)MF, which aggregates all available low-fidelity solver 
evaluations. The resulting model achieves a RMSE approximately four times lower than that of the best-performing low-fidelity 
solver at 𝑁train = 64,000. The figure also compares variants using only subsets of the low-fidelity inputs, confirming that including 
coarser solvers as inputs systematically enhances accuracy, with the only exclusion of model 𝐟 (1)LF . This however might be reasonable, 
given the extremely coarse mesh the surrogate 𝐟 (1)LF  has been built on.

Overall, the results consistently show that multi-fidelity NNs outperform the corresponding low-fidelity solvers at all levels. The 
integration of information from multiple fidelities contributes significantly to predictive performance.

We retain 16000 samples because it is sufficient to bring the error of the coarsest (and cheapest) level to the order of the observation 
noise, which is the accuracy regime required for efficient filtering in MLDA. Following the modelling-error aware likelihood function 
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Fig. 6. Accuracy of the multi-fidelity surrogate models for different levels and training sample sizes, varying the amount of input coarse solver 
information.

discussed by Meles et al. [32], one may account for the residual surrogate discrepancy by augmenting the likelihood with an additional 
error term, which may reduce the amount of data needed for enabling long sub-chain at the coarsest levels.

A comprehensive summary of the spatial discretization, accuracy, and computational cost of the high-fidelity, low-fidelity, and 
multi-fidelity surrogate models is provided in Table 1.

3.4.  MFDA: online inference

Synthetic observations at the sensor locations {𝐱𝑗}𝑑𝑗=1 are generated by evaluating the high-fidelity model and adding independent 
Gaussian noise,

𝐲obs = 𝐟HF(𝜽) + 𝜺, 𝜺 ∼  (0, 0.012𝐼𝑑 ).

The aim is to characterize the posterior distribution 𝜋(𝜽 ∣ 𝐲obs) and to compare the sampling efficiency of MFDA with that of MH and 
MLDA.

In MFDA, the high-fidelity model is evaluated only during the offline stage to produce the training dataset. During inference, the 
likelihood is evaluated using the multi-fidelity surrogates 𝐟 (𝑙)MF, which combine 𝜽 with low-fidelity forward evaluations. In contrast, 
MLDA evaluates a hierarchy of low- and high-fidelity solvers online, while MH relies solely on the high-fidelity model.

The sampling schemes, the forward models used at every level and the corresponding sub-chain lengths are summarized in Table 2. 
Longer sub-chains are assigned to coarser levels so that most evaluations occur at inexpensive models. Five independent MCMC chains 
are run, and convergence is monitored every 100 iterations using the Gelman–Rubin statistic 𝑅̂ [81]. Sampling is terminated once 
the maximum 𝑅̂ across all components of 𝜽 falls below 1.01.

Fig. 7 shows the posterior mean reconstructions of the transmissivity field obtained with MH, MLDA, and MFDA, together with the 
ground truth, for one random instance. All schemes recover the main spatial features with comparable accuracy. To assess robustness, 
posterior sampling is repeated for ten independent realizations of 𝜽 and corresponding synthetic observations. The distribution of the 
resulting RMSE values is reported in Fig. 8, confirming that the reconstruction quality is similar across the three methods. In particular, 
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Fig. 7. (a) Exact transmissivity field 𝜽 to be identified. (b–d) Posterior mean transmissivity fields reconstructed using (b) MH, (c) MLDA, and (d) 
MFDA, respectively.

Fig. 8. Root mean square error (RMSE) of reconstructed parameters across 10 instances for all sampling schemes.
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Fig. 9. Sampling efficiency (computation time per ESS) across 10 instances for all sampling schemes.

Table 2 
Likelihood evaluation strategies for each scheme and level during the online phase. 
MFDA entries specify the surrogate and its required inputs.
 Scheme  Level  Forward model  Inputs  Sub-chain Length
 MH  only 1 level 𝐟HF 𝜽  -

MLDA

 1 𝐟 (1)LF 𝜽  5
 2 𝐟 (2)LF 𝜽  2
 3 𝐟 (3)LF 𝜽  2
 4 𝐟 (4)LF 𝜽  1
 5 𝐟HF 𝜽  -

MFDA

 1 𝐟 (1)MF 𝜽, 𝐟 (1)LF  10
 2 𝐟 (2)MF 𝜽, 𝐟 (1)LF , 𝐟 (2)LF  2
 3 𝐟 (3)MF 𝜽, 𝐟 (1)LF , 𝐟 (2)LF , 𝐟 (3)LF  1
 4 𝐟 (4)MF 𝜽, 𝐟 (1)LF , 𝐟 (2)LF , 𝐟 (3)LF , 𝐟 (4)LF  -

Table 3 
Computational cost comparison among sampling schemes. MFDA incurs 
a one-time offline cost due to dataset generation and surrogate training, 
but achieves a substantially lower online and total inference cost. Online 
cost values report mean ± standard deviation over 10 independent inverse 
problems (i.e., 10 realizations of 𝜽 and 𝐲obs).

 Scheme  Data Gen. [s]  Training [s]  Online Cost [s]  Total Cost [s]
 MH  0  0 12078 ± 1600 12078 ± 1600
 MLDA  0  0 8794 ± 2044 8794 ± 2044
 MFDA 2367 1655 2722 ± 928 6744 ± 928

MH and MLDA provide almost identical accuracy, while MFDA provide a median RMSE 1% larger, which is fully acceptable given the 
computational gains. Sampling efficiency, measured as computation time per ESS, is shown in Fig. 9. The MFDA scheme achieves the 
best performance, reducing the cost per effective sample by about a factor of five relative to MH and by about a factor of 3 relative 
to MLDA.

To quantify the overall computational gains, Table 3 reports the offline and online wall-clock costs associated with each scheme. 
The mean online wall-clock time per inference is reduced by about 75% compared to MH and by about 70% compared to MLDA. 
Although MFDA requires a one-time offline effort for data generation and surrogate training, the overall cost per inference remains 
roughly 50% lower than MH and about 30% lower than MLDA, even when this offline stage is included. Moreover, the offline cost is 
incurred only once: in scenarios requiring repeated inference, MFDA reuses the trained surrogates, and its effective cost reduces to 
the online stage alone.

In summary, the MFDA approach attains posterior reconstruction accuracy comparable to that of MLDA and standard MH, while 
delivering substantially greater computational efficiency in Bayesian inference for the considered groundwater flow model.
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Fig. 10. Reference solution for the diffusion reaction problem obtained using high fidelity model at four distinct time instants along with the 
observation sensor locations.

4.  Numerical experiments II: reaction–diffusion equation

To further assess the performance of the MFDA algorithm, we consider a nonlinear, time-dependent reaction-diffusion system as a 
second benchmark [7,82]. This case study is characterized by higher-dimensional output, offering a challenging test for data-driven 
models and posterior inference. The governing equations are:

𝑢̇ =
(

1 − (𝑢2 + 𝑣2)
)

𝑢 + 𝜇1(𝑢2 + 𝑣2)𝑣 + 𝜇2
(

𝑢𝑥𝑥 + 𝑢𝑦𝑦
)

,

𝑣̇ = −𝜇1(𝑢2 + 𝑣2)𝑢 +
(

1 − (𝑢2 + 𝑣2)
)

𝑣 + 𝜇2
(

𝑣𝑥𝑥 + 𝑣𝑦𝑦
)

,
(23)

where 𝑢(𝑥, 𝑦, 𝑡) and 𝑣(𝑥, 𝑦, 𝑡) represent two interacting species. The parameters of interest are the nonlinear reaction coefficient 𝜇1 ∈
(0.5, 1.5) and the diffusion coefficient 𝜇2 ∈ (0.01, 0.1), therefore 𝝁 = [𝜇1, 𝜇2] ∈  = (0.5, 1.5) × (0.01, 0.1) ⊆ ℝ2. The domain is (𝑥, 𝑦) ∈
(−𝐿,𝐿)2 with 𝐿 = 20 and periodic boundary conditions. The system is integrated in time over 𝑡 ∈ [0, 50] with initial conditions:

𝑢(𝑥, 𝑦, 0) = 𝑣(𝑥, 𝑦, 0) = tanh
(
√

𝑥2 + 𝑦2 cos
(

(𝑥 + 𝑖𝑦) −
√

𝑥2 + 𝑦2
))

.

Observations are collected at 13 × 13 spatial sensor locations for both 𝑢 and 𝑣. We set 𝑁𝑠 = 13 × 13 × 2. The measurements are taken 
every 0.2 seconds, resulting in 𝑇 = 250 time steps and a total observation vector of size 𝑑 = 𝑁𝑠 × 𝑇 = 13 × 13 × 2 × 250.

4.1.  MFDA: setting

For this test case, we design a MFDA scheme with 𝐿 = 3 levels. Analogously to before, we define:
• High-fidelity solver: The high-fidelity forward model solves problem (23) numerically using a pseudo-spectral method on a 

128 × 128 spatial grid, with a time step Δ𝑡 = 0.2. We denote by 𝐠HF(𝝁) the corresponding full-field solution (for both 𝑢 and 𝑣) on 
this grid. The dominant computational cost comes from the two-dimensional Fast Fourier Transform [83], with per-step complexity 
(𝑁 log𝑁), where 𝑁 = 1282. Given 𝑇 = 50∕Δ𝑡 = 250 time steps, the total complexity of the solver is (𝑇 ⋅𝑁 log𝑁). As before, this 
high-fidelity solver is used to generate reference data for training the NNs. Evaluating 𝐠HF(𝝁) at the 𝑁𝑠 = 13 × 13 × 2 grid nodes 
corresponding to the sensor locations yields the sensor-level output 𝐟HF(𝝁) ∈ ℝ𝑁𝑠×𝑇 . In addition, it is used to generate the synthetic 
observations employed in the inverse problem, as outlined in Section 4.3. The reference solution obtained using the high-fidelity 
model for a random instance of the parameters 𝝁 is shown in Fig. 10 along with the sensor configuration at four distinct time 
instances.

• Low-fidelity solvers: A hierarchy of three low-fidelity forward models is constructed by uniformly coarsening both the spatial 
and temporal discretisations of the high-fidelity solver. Each low-fidelity solver computes a full-field solution 𝐠(𝑙)LF(𝝁) on a coarser 
spectral grid and with a larger time step, 𝑙 = 1, 2, 3. All solvers employ the same pseudo-spectral scheme; only the mesh resolution 
and time-step size vary across levels. The spatial resolutions, number of time steps, forward evaluation times, and associated errors 
relative to the high-fidelity solution are summarised in Table 4. Restricting 𝐠(𝑙)LF(𝝁) to the sensor locations yields the corresponding 
sensor-level outputs 𝐟 (𝑙)LF(𝝁) ∈ ℝ𝑁𝑠×𝑇 .

• Dimensionality reduction: To make NN training tractable and mitigate overfitting, we perform Proper Orthogonal Decomposition 
(POD) on the full-field high-fidelity solutions. Define the snapshot matrix

𝐒 =
[

𝐠HF(𝝁(1)),… , 𝐠HF(𝝁(20))
]

∈ ℝ𝑁×(𝑇×20), (24)
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Fig. 11. Final-time full field numerical solutions for 𝑢. (a) HF reference; (b–d) LF solver outputs at increasing spatial resolution; (e–g) MF surrogate 
predictions corresponding to the LF levels.

where each column corresponds to a vectorised full-field solution at a given time instance and 𝑁 is the number of spatial degrees 
of freedom of the high-fidelity discretisation. We compute the singular value decomposition

𝐒 = 𝐔𝚺𝐕⊤, (25)

and select the smallest 𝑟 such that
∑𝑟
𝑖=1 𝜎

2
𝑖

∑

𝑖 𝜎
2
𝑖

≥ 0.95, (26)

where 𝜎𝑖 denote the singular values. The resulting POD basis on the full grid is
𝚽 = 𝐔[∶,1∶𝑟] ∈ ℝ𝑁×𝑟, 𝑟 ≪ 𝑁. (27)

In this case, the above criterion yields 𝑟 = 25 retained modes.
Since the low-fidelity solvers are defined on coarser spatio-temporal grids, their full-field outputs are first mapped to the 

high-fidelity spatio-temporal resolution using an interpolation operator
 ∶ ℝ𝑁𝑙×𝑇𝑙 ⟶ ℝ𝑁×𝑇 , (28)

where 𝑁𝑙 is the number of spatial degrees of freedom of the corresponding low-fidelity discretisation. The operator  applies linear 
interpolation in space and cubic spline resampling in time . For a given parameter vector 𝝁 and fidelity level 𝑙, the reduced-order 
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Fig. 12. Absolute error fields at final time for the 𝑢 quantity. (a–c) LF solver errors; (d–f) MF surrogate errors for the corresponding LF levels. 
Identical color limits are used within each row for direct comparison.

Fig. 13. Posterior distributions for the reaction–diffusion parameters using MH, MLDA, and MFDA.

representation (POD coefficients) of the low-fidelity model is then defined as

𝐳(𝑙)LF(𝝁) = 𝚽⊤ 
(

𝐠(𝑙)LF(𝝁)
)

∈ ℝ𝑟×𝑇 . (29)

An analogous projection applied to the high-fidelity full-field solution yields the corresponding high-fidelity POD coefficients 
𝐳HF(𝝁). In this way, all models share a consistent reduced representation in the POD coefficient space.

• Multi-fidelity NN: At each level 𝑙 = 1, 2, 3, a multi-fidelity NN 𝐟 (𝑙)MF is trained to predict the high-fidelity POD coefficients using the 
parameter vector 𝝁 and the reduced outputs from all low-fidelity solvers up to level 𝑙. The multi-fidelity NN acts in the reduced 
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Fig. 14. Trace plots for the reaction–diffusion posterior distributions of the parameters obtained using MH, MLDA, and MFDA.

Fig. 15. Root mean square error (RMSE) of reconstructed parameters across 10 test instances for all methods.

space and has the form

𝐠̂(𝑙)MF ∶ ℝ2 ×
[

ℝ𝑟×𝑇 ]𝑙 → ℝ𝑟×𝑇 , (30)

where the output is the time sequence of POD coefficients associated with the high-fidelity solution. The corresponding recon-
structed full-field prediction is obtained by

𝐠(𝑙)MF(𝝁) = 𝚽 𝐠̂(𝑙)MF

(

𝝁,
{

𝐳(𝑗)LF(𝝁)
}𝑙

𝑗=1

)

∈ ℝ𝑁×𝑇 . (31)

Evaluating 𝐠(𝑙)MF(𝝁) at the sensor grid nodes yields the sensor-level surrogate output

𝐟 (𝑙)MF(𝝁) ∈ ℝ𝑁𝑠×𝑇 , (32)

which is the quantity used in the likelihood evaluation. This architecture efficiently leverages low-fidelity evaluations to ap-
proximate the high-fidelity response, combining model reduction with hierarchical information fusion. It can be regarded as a 
multi-fidelity extension of the POD–NN framework [84]. The architecture details are provided in Appendix C.
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Fig. 16. Sampling efficiency: computation time per ESS across 10 test instances for all methods.

Table 4 
Computation time and RMSE for high-fidelity, low-fidelity, and multi-fidelity surrogate 
models.

 Model  Mesh Size [#elements]  Time Steps  Computational Time [s]  RMSE
𝑓HF 128 × 128  250  19.34  0
𝑓 (1)
LF 16 × 16  50  0.407 1.74 × 10−1

𝑓 (2)
LF 32 × 32  100  0.809 8.72 × 10−2

𝑓 (3)
LF 64 × 64  250  3.293 1.34 × 10−2

𝑓 (1)
MF  –  –  0.0588 4.0 × 10−2

𝑓 (2)
MF  –  –  0.5180 3.9 × 10−2

𝑓 (3)
MF  –  –  1.556 2.8 × 10−2

4.2.  MFDA: offline training and models accuracy

We sample 𝑁𝑡𝑟𝑎𝑖𝑛 = 500 parameter instances, denoted by {𝝁𝑖}𝑁𝑡𝑟𝑎𝑖𝑛𝑖=1 , using Latin Hypercube Sampling within the admissible param-
eter domain 𝜇. For each sampled instance, all the high-fidelity and low-fidelity models are evaluated. A dimensionality reduction is 
applied using 𝑟 = 25 modes. The three multi-fidelity neural networks are then trained using the Adam optimizer by minimizing the 
MSE:

(𝐖𝑙 ,𝐛𝑙) =
1

𝑁train

𝑁train
∑

𝑗=1

‖

‖

‖

‖

𝐟HF(𝝁𝑗 ) − 𝐟 (𝑙)MF

(

𝝁𝑗 ,𝚽⊤ (𝐟 (1)LF (𝝁𝑗 )),… ,𝚽⊤ (𝐟 (𝑙)LF(𝝁𝑗 ));𝐖𝑙 ,𝐛𝑙
)

‖

‖

‖

‖

2
, 𝑙 = 1, 2, 3. (33)

An additional set of 20 parameter instances is reserved for testing. Table 4 reports the computational cost and predictive accuracy, 
measured in terms of RMSE in the testing set, for each solver and surrogate model. The results indicate that the multi-fidelity 
NNs consistently achieve significantly lower RMSE compared to any individual low-fidelity model, while maintaining comparable 
computational costs. The performance gain is particularly notable when using the coarsest solvers: for instance, the surrogate 𝑓 (1)

MF
reduces the RMSE by approximately one order of magnitude relative to its corresponding low-fidelity model 𝑓 (1)

LF .
Fig. 11 presents the predicted solutions for the low-fidelity solvers and the multi-fidelity neural networks at all three levels, 

evaluated at the final time step for the 𝑢 quantity in a benchmark case. The corresponding errors are presented in Fig. 12. As shown, 
the multi-fidelity neural networks substantially enhance the reconstruction accuracy. The resulting error is significantly reduced and 
primarily concentrated in the central region of the domain, indicating the effectiveness of the surrogate models in capturing the 
underlying dynamics even at coarse resolutions. The source of the errors is mostly related to higher frequencies modes, not included 
in dimensionality reduction.

4.3.  MFDA: online inference

Synthetic observations are generated by evaluating the high-fidelity solver at the 13 × 13 sensor locations and adding independent 
Gaussian noise,

𝐲obs = 𝐟HF(𝝁) + 𝜺, 𝜺 ∼  (0, 𝜎2𝜀𝐼𝑑 ), (34)

where 𝜎𝜀 = 0.2, measurements are collected every 0.2 time units. The sensor configuration is shown in Fig. 10. The aim is to charac-
terize the posterior distribution 𝜋(𝝁 ∣ 𝐲obs) and compare the sampling efficiency of MFDA with that of MH and MLDA.
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Table 5 
Likelihood evaluation strategies during online inference for the 
reaction–diffusion test case. MFDA uses POD-based surrogate evalua-
tions with reduced-model inputs, see Eq.  (29) for definition of 𝐳(⋅)𝐿𝐹 ; 
MLDA sequentially filters proposals across low- to high-fidelity solvers; 
MH directly evaluates the high-fidelity model.
 Scheme  Level  Forward Model  Inputs  Subchain Length

MFDA
 1 𝐟 (1)MF 𝝁, 𝐳(1)LF  5
 2 𝐟 (2)MF 𝝁, 𝐳(1)LF , 𝐳

(2)
LF  5

 3 𝐟 (3)MF 𝝁, 𝐳(1)LF , 𝐳
(2)
LF , 𝐳

(3)
LF  –

MLDA

 1 𝐟 (1)LF 𝝁  5
 2 𝐟 (2)LF 𝝁  5
 3 𝐟 (3)LF 𝝁  1
 4 𝐟HF 𝝁  –

 MH  1 𝐟HF 𝝁  –

In MFDA, the high-fidelity model is used only offline to both construct the POD basis and train the multi-fidelity surrogates. During 
inference, the likelihood is evaluated exclusively using 𝐟 (𝑙)MF, which combines 𝝁 with reduced low-fidelity model outputs. In contrast, 
MLDA evaluates a hierarchy of low- and high-fidelity solvers online, while MH relies solely on the high-fidelity solver.

The sampling schemes, together with the forward models and sub-chain lengths at each level, are summarized in Table 5. Sub-chain 
lengths are chosen so that the number of coarse evaluations per fine-level proposal in MLDA matches that of MFDA. Analogously 
to the previous test case, five independent MCMC chains are run, and convergence is monitored every 100 iterations using the 
Gelman–Rubin diagnostic; sampling is terminated once 𝑅 < 1.01 across all components of 𝝁. For all cases, the chains are initialized 
by solving a least-squares problem for the observations using the highest-level model and setting the resulting estimate as the initial 
parameter sample. The proposal distribution is a Gaussian random walk with covariance given by a Gauss-Newton approximation of 
the least-squares Hessian at this point and adaptive step size (adapted every fine level iteration).

Computed posterior distributions for a given reference value of the parameter vector are shown in Fig. 13. The corresponding 
trace plots are reported in Fig. 14. The MH and MLDA schemes yield posterior distributions that are broadly consistent with the 
reference parameters. However, MLDA distribution is corrupted by spurious narrow peaks, which we attribute to the discrepancy 
between fidelity levels: long stretches of rejections lead to highly correlated segments, as also visible in the trace plots. This let the 
MLDA posterior to be slightly misaligned with the reference MH distribution, especially in the left tail for both parameters. Thanks to 
the least-squares initialization the samples remain close to the true parameters. The MFDA scheme shows the best mixing behaviour. 
Its posterior is slightly shifted with respect to MH/MLDA, which is consistent with the residual approximation error introduced by 
removing the high-fidelity model from the online hierarchy. To avoid relying solely on parameter RMSE (which assumes practical 
identifiability), we also report a posterior predictive check in Appendix C.1, where replicated observations generated from posterior 
samples are compared against the measurements via predictive credible bands and a coverage diagnostic.

The procedure is repeated over ten independent realizations of the parameter vector 𝝁. Fig. 15 reports the distribution of the RMSE 
between the posterior means and the corresponding true parameters. All methods recover the unknown parameters with small errors. 
The MH reference yields consistently low RMSE, indicating that the considered setup is practically identifiable at the adopted noise 
level. MLDA exhibits the smallest RMSE and variability; however, this behaviour is influenced by the least-squares initialization and 
by reduced mobility of the chain due to inter-level discrepancies, which can lead to frequent rejections and strong autocorrelation. 
MFDA shows a modest increase in RMSE, consistent with the residual approximation error introduced by removing the high-fidelity 
model from the online hierarchy. Nonetheless, the estimation accuracy of MFDA remains acceptable for this inverse UQ task, with a 
typical RMSE around 4 × 10−4. The higher error relative to MH/MLDA is likely dominated by the approximation introduced by the 
reduced-order representation rather than by sampling variability.

Finally, the sampling efficiency of the schemes is investigated in Fig. 16. The MFDA scheme demonstrates the highest efficiency, 
achieving approximately a fourfold speedup relative to standard MH. Conversely, MLDA provides no computational gain in this 
setting and results in the poorest performance, over an order of magnitude less efficient than MFDA. This loss of efficiency can be 
attributed to the limited accuracy of the coarsest-level model.

To quantify the computational gains, Table 6 reports the offline and online wall-clock costs associated with each sampling scheme. 
The offline cost includes the high-fidelity data generation used to construct the POD basis and the surrogate training phase (MFDA 
only). The online cost corresponds to the total wall-clock time required to complete one inference run, averaged over the five MCMC 
chains. The MFDA scheme achieves a substantial reduction in online cost relative to standard MH, and is significantly more efficient 
than MLDA. When the offline stage is included, the total cost of MFDA remains lower than both MH and MLDA. As in the previous 
test case, the offline cost is incurred only once: in settings where inference must be repeated for multiple observational datasets, the 
effective cost per inference for MFDA reduces to its online cost alone.

Overall, these results indicate that MFDA yields posterior estimates that are statistically consistent with those obtained by the 
high-fidelity and MLDA samplers, exhibiting only a negligible loss in accuracy. At the same time, MFDA achieves a substantial gain 
in sampling efficiency.
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Table 6 
Computational cost comparison among sampling schemes for the reaction–
diffusion test case. MFDA incurs a one-time offline cost for POD construc-
tion and surrogate training, but provides a substantially lower online and 
total inference cost. Online cost values correspond to mean ± standard de-
viation over the independent MCMC chains.

 Scheme  Data Gen. [s]  Training [s]  Online Cost [s]  Total Cost [s]
 MH 0 0 91181 ± 12115 91181 ± 12115
 MLDA 0 0 62591 ± 12066 62591 ± 12066
 MFDA 14615 13200 9220 ± 2753 38035 ± 2753

5.  Conclusions

In this work we have presented a novel MFDA framework for Bayesian inverse problems governed by partial differential equa-
tions. The proposed approach integrates the hierarchical sampling strategy of MLDA with neural network–based multi-fidelity fusion, 
enabling the combination of information from multiple low-fidelity solvers to construct enhanced surrogates that approximate high-
fidelity model evaluations with high accuracy and low cost. In doing so, the MFDA framework retains the sampling accuracy of 
high-fidelity models while reducing the computational cost traditionally associated with Markov chain Monte Carlo (MCMC)–based 
inference in large-scale PDE settings.

From a methodological perspective, the MFDA framework offers three key advances. First, it introduces multi-fidelity neural 
networks capable of incorporating outputs from multiple low-fidelity models simultaneously, thereby overcoming the limitations of 
traditional auto-regressive or pairwise multi-fidelity regression schemes. Second, it confines the use of computationally expensive 
high-fidelity solvers to an offline training phase, making the online sampling stage entirely reliant on low fidelity solvers and neural 
network corrections. Third, it strongly improves the accuracy of the coarsest levels, allowing to rely on the cheapest models for long 
sub-chains without diverging too much from fine level posterior distributions.

The performance of MFDA has been demonstrated on two benchmark problems: the reconstruction of transmissivity fields in 
a groundwater flow model, and the parameter inference for a nonlinear, time-dependent reaction–diffusion system. Across both 
case studies, MFDA achieved posterior estimates statistically comparable from those obtained using high-fidelity MH and MLDA 
samplers, while substantially improving sampling efficiency. In the groundwater flow example, MFDA reduced the computation time 
per effective sample by factors of approximately five relative to MH and 3 relative to MLDA. In the reaction–diffusion case, MFDA 
delivered similar gains w.r.t. to MH and much higher w.r.t. to MLDA, despite the added complexity of nonlinear dynamics and high-
dimensional spatio-temporal observations. The results also confirmed that the neural network surrogates consistently improved the 
predictive accuracy of all low-fidelity solvers, with the benefits being most pronounced at coarser resolutions.

The proposed methodology is general and can be applied to a broad class of Bayesian inverse problems involving expensive forward 
models, provided that lower-fidelity approximations are available. The modular design allows flexibility in the choice of surrogate 
architectures and subchain configurations, making it extendable to problem-specific constraints and computational budgets. Overall, 
the MFDA framework provides an effective and scalable tool for accelerating Bayesian inference in PDE-constrained inverse problems, 
achieving a favorable balance between computational efficiency and posterior accuracy.

Future research directions include the development of adaptive online training strategies to update neural network surrogates 
during sampling, potentially reducing offline training costs. Additionally, investigating MFDA to settings where low-fidelity models 
differ in physics or dimensionality, rather than solely in numerical resolution, could further highlight its applicability.

Code availability
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Appendix A.  Derivation of Eq.  (9)

We highlight here the derivation of the acceptance rate of Eq.  (9), following and summarizing the key results of [18]. In the 
original delayed-acceptance Metropolis-Hastings [43], the proposal 𝑞(⋅ ∣ 𝜃) appears explicitly only in the first stage acceptance rate. 
Suppose we want to sample from a distribution 𝜋 and we have access to an approximation 𝜋(1)LF , given the current state 𝜃, draw 
𝜓 ∼ 𝑞(⋅ ∣ 𝜃) and define the stage-1 acceptance

𝛼1(𝜓, 𝜃) = min

{

1,
𝑞(𝜃 ∣ 𝜓)
𝑞(𝜓 ∣ 𝜃)

𝜋(1)LF (𝜓)

𝜋(1)LF (𝜃)

}

, (A.1)

which induces the effective proposal

𝑞∗(𝜓 ∣ 𝜃) = 𝛼1(𝜓, 𝜃) 𝑞(𝜓 ∣ 𝜃) + (1 − 𝑟(𝜃)) 𝛿𝜃(𝜓), 𝑟(𝜃) = ∫ 𝛼1(𝜓, 𝜃) 𝑞(𝜓 ∣ 𝜃) 𝑑𝜓, (A.2)

and the stage-2 acceptance

𝛼2(𝜓, 𝜃) = min
{

1,
𝑞∗(𝜃 ∣ 𝜓)
𝑞∗(𝜓 ∣ 𝜃)

𝜋(𝜓)
𝜋(𝜃)

}

. (A.3)

In particular, [18] (Lemma 1 and Eq. 2.10) shows that when the coarse transition kernel 𝑞∗ is in detailed balance with 𝜋(1)LF , which 
is the case when using Metropolis-Hastings kernel, and the forward map is not state dependent, as in our case, the proposal terms 
cancel in the promotion step, yielding the compact form:

𝛼2(𝜓, 𝜃) = min

{

1,
𝜋(𝜓)𝜋(1)LF (𝜃)

𝜋(1)LF (𝜃)𝜋(𝜓)

}

. (A.4)

When we are targeting a posterior, since the prior is the same for both levels they cancel each other and only likelihood appears in 
the ratio, and the proposal is present only at level 1.

Since the composition of transition kernel keeps the same property (Lemma 2, [18]) we can extend this to multiple coarse steps. 
Thus, by induction, introducing multiple approximations 𝜋(𝓁)LF ,𝓁 = 1,… , 𝐿, we have for the multi-level case (Theorem 5, [18]):

𝛼1(𝜓, 𝜃) = min

{

1,
𝜋(1)LF (𝜓)𝑞(𝜓 ∣ 𝜃)

𝜋(1)LF (𝜃)𝑞(𝜃 ∣ 𝜓)

}

, (A.5)

𝛼𝓁(𝜓, 𝜃) = min

{

1,
𝜋(𝓁)LF (𝜓)𝜋

(𝓁−1)
LF (𝜃)

𝜋(𝓁)LF (𝜃)𝜋
(𝓁−1)
LF (𝜓)

}

, 𝓁 = 2,… , 𝐿 (A.6)

𝛼𝐿+1(𝜓, 𝜃) = min

{

1,
𝜋(𝜓)𝜋(𝐿)LF (𝜃)

𝜋(𝜃)𝜋(𝐿)LF (𝜓)

}

. (A.7)

Appendix B.  Neural Network Architecture Selection for the Groundwater Flow Test Case

A comparative analysis of neural network architectures was performed for the test cases in Section 3, using 16000 samples and 
focusing on 𝐟 (3)MF. Because of the multi-input, multi-fidelity setting, the search was restricted to architectures with one branch per input 
source: each branch processes a single input (e.g. equation parameters or low-fidelity data), the resulting latent representations are 
concatenated in a fusion layer, and a final fully connected output block maps the concatenated representation to the output.
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Table B.7 
Schematic architecture of the multi-fidelity NN 𝐟 (3)MF for the ground-
water flow test case. The fusion layer concatenates the outputs of 
the input branches, which are then processed by the output block to 
produce the final prediction.
 Component  Layer type  Neurons  Activation
 Parameter branch (𝜽)  Input  64  –

 Dense  128  GeLU
 Dense  128  GeLU
 Dense  128  GeLU
 Dense  128  GeLU
 Dense  128  Linear

 Low-fidelity branch 1 (𝐟 (1)LF )  Input  25  –
 Dense  128  Linear

 Low-fidelity branch 2 (𝐟 (2)LF )  Input  25  –
 Dense  128  Linear

 Low-fidelity branch 3 (𝐟 (3)LF )  Input  25  –
 Dense  128  Linear

 Fusion layer  Concatenation  512  –
 Output block  Dense  128  GeLU

 Dense  128  GeLU
 Dense  25  Linear

Architectures within this family were compared using Bayesian optimisation [85] as implemented in Python package Optuna [86]. 
Each candidate model was trained for a fixed duration of one minute, favouring compact and computationally efficient networks. 
The architectures for 𝐟 (1)MF and 𝐟

(2)
MF were obtained by reusing the same design as for 𝐟

(3)
MF, while removing the unused low-fidelity input 

branches.
The hyperparameter search varied the number of hidden layers in each input branch and in the shared/output branch between 0 

and 6. The special case with 0 hidden layers in all input branches corresponds to a standard fully connected network acting on the 
concatenation of all inputs, without any branch structure. The number of neurons per layer and the activation function were explored 
over {32, 64, 128, 256} and {GeLU, tanh,ReLU, sigmoid}, respectively, and a regularisation coefficient was also tuned.

The final architecture for 𝐟 (3)MF employs a high-fidelity branch (Input 1) with four fully connected layers of 128 neurons, and three 
additional low-fidelity branches (Inputs 2–4), each mapped to 128 neurons. The resulting latent representations are concatenated 
and passed through a shared processing block with two fully connected layers and a 25-neuron linear output layer.

The complete configuration of this architecture is reported in Table B.7. The networks used for 𝐟 (1)MF and 𝐟
(2)
MF are obtained from the 

same structure by retaining only the branches associated with their available inputs.
We emphasize that the resulting architecture is not universal: for different training-set sizes, an optimal bias–variance trade-off 

may require adjusting the network capacity and/or regularisation. In this work, the architecture was selected at 16000 samples and, 
for the learning-curve study, we re-tuned the regularisation coefficient for each dataset size while keeping the architecture fixed. For 
unseen problems, we recommend a short validation-driven search that starts from the suggested multi-branch models and gradually 
increases depth/width, monitoring validation error. When data are limited, smaller networks combined with stronger regularisation 
(early stopping, weight decay, dropout) are preferable; when more data are available, increasing capacity can improve accuracy with 
reduced overfitting risk.

Appendix C.  Neural Network Architecture for the Reaction–Diffusion Test Case

For the results in Section 4, a hand-tuning phase was performed, building on the insights from the groundwater flow case. The 
goal was not to identify a single globally optimal architecture, but to show that a limited, targeted tuning effort already leads to 
substantial accuracy gains for the low-fidelity models without excessive offline cost.

All architectures process sequential inputs with a length equal to the number of time steps. All the branches are concatenated and 
further processed by a fully connected layer, followed by two stacked LSTM layers and two additional fully connected layers. The 
network concludes with a fully connected output layer.

The detailed architecture for 𝐟 (3)MF (using all inputs) is reported in Table C.8. The models for 𝐟
(1)
MF and 𝐟

(2)
MF share the same design, 

restricted to the branches corresponding to their available inputs.

C.1.  Posterior predictive validation

To complement the parameter-based error metric reported in Fig. 8, we include a posterior predictive validation. Given the 
approximate posterior samples {𝜽(𝑠)}𝑆𝑠=1, we generate replicated observations

𝒚(𝑠)rep = 𝐟 (𝜽(𝑠)) + 𝜺(𝑠), 𝜺(𝑠) ∼ 
(

𝟎,𝚺𝜀
)

, (C.1)
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Table C.8 
Schematic architecture of the multi-fidelity NN 𝐟 (3)MF for the reaction–
diffusion test case. The fusion layer concatenates the outputs of the 
input branches, which are then processed by the output block to pro-
duce the final prediction.

 Component  Layer type  Neurons  Activation
 Parameter branch (𝝁)  Input  3  –

 Dense  64  GeLU
 Dense  64  GeLU
 Dense  64  GeLU
 Dense  64  Linear

 Low-fidelity branch 1 (𝐳(1)LF)  Input  25  –
 Dense  64  Linear

 Low-fidelity branch 2 (𝐳(2)LF)  Input  25  –
 Dense  64  Linear

 Low-fidelity branch 3 (𝐳(3)LF)  Input  25  –
 Dense  64  Linear

 Fusion layer  Concatenation  256  –
 Output block  Dense  64  GeLU

 LSTM  64  Tanh
 LSTM  64  Tanh
 Dense  64  GeLU
 Dense  25  Linear

Fig. C.17. Pointwise predictive credible bands (5–95% quantiles) of replicated observations at 6 of the 169 sensor locations, compared with the 
observed data.

and compare the distribution of 𝒚(𝑠)rep with the observed data 𝒚obs. Fig. C.17 reports pointwise predictive credible bands (5–95% 
quantiles) for the replicated observations at 6 of the 169 sensor locations. Overall, the posterior predictive distributions are consistent 
with the measurements and the assumed aleatoric uncertainty for all three schemes.
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