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ON THE SQUEEZING FUNCTION FOR FINITELY CONNECTED
PLANAR DOMAINS

PAVEL GUMENYUK AND OLIVER ROTH

ABSTRACT. In a recent paper, Ng, Tang and Tsai (Math. Ann. 2020) have found an
explicit formula for the squeezing function of an annulus via the Loewner differential
equation. Their result has led them to conjecture a corresponding formula for planar
domains of any finite connectivity stating that the extremum in the squeezing function
problem is achieved for a suitably chosen conformal mapping onto a circularly slit disk.
In this paper we disprove this conjecture. We also give a conceptually simple potential—
theoretic proof of the explicit formula for the squeezing function of an annulus which has
the added advantage of identifying all extremal functions.

1. INTRODUCTION

Let QCC% d > 1, be a domain such that the class U() of all injective holomor-
phic mappings f: Q — B :={z € C%: |5 + -+ + |24|> < 1} is not empty. We denote by
dist(0,0f(2)) the Euclidean distance of the origin 0 from the boundary of f(£2). The
squeezing function Sq : {0 — R of the domain € is defined by

Sa(z) == sup {dist(0,0/(Q)): f € U(Q), f(z) =0}, z €. (1.1)

This notion was introduced in 2012 by Deng, Guang and Zhang [0] inspired by the
works of Liu, Sun and Yau [16, [I7] (2004) and Yeung [26] (2009). Squeezing functions
and their properties have since been investigated by many authors; we refer to the papers
[0, 7|11}, 114, |15, 20, 27] and the references therein.

Clearly, the squeezing function is a biholomorphic invariant. Moreover, it is known [6),
Theorem 2.1] that the supremum in the definition of the squeezing function is always
attained; in other words there exists an extremal mapping, i.e. an injective holomorphic
map f : Q — B such that f(z) =0 and dist(0,0f(Q2)) = Sa(2).

Recently, Ng, Tang and Tsai [19] have determined the squeezing function for an annu-
lus A, := {z € C: r < |z| < 1}, and they have formulated a conjectural formula for the
squeezing function of planar domains of higher (but finite) connectivity. The aim of this
paper is the construction of a counterexample to the conjecture of Ng, Tang and Tsai for
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domains of connectivity beyond two. Moreover, we give a simple proof of their result for
the doubly connected case. Unlike the approach in [19], which is based on the Loewner
differential equation on an annulus, we use only rather elementary potential-theoretic rea-
soning. An advantage of our method is that it allows us to identify all extremal functions.

2. MAIN RESULTS

In order to state our results we briefly recall some basic concepts. A circularly slit disk
is a subdomain D of the unit disk D := {z € C: |z| < 1} containing the origin such that
D\ D consists of the unit circle 9D and (closed) arcs lying on concentric circles centered
at the origin. It is admissible that the arcs degenerate to points.

Remark 2.1. Let Q be a domain in C with at least one non-degenerate (i.e., different from a
singleton) boundary component. It is known, see e.g. [25] [12], 23] that for any such domain
) and any fixed z € €2 there is always a conformal mapping of {2 onto some circularly
slit disk that takes z to 0. If the domain €2 is finitely connected with non-degenerate
boundary components I'g,I';,..., T, say, then for each z € Q and each 7 =0,1,...,n
we can find a unique conformal map f,; of Q2 onto a circularly slit disk normalized by
f2i(2) =0, f.;(2) >0, and f.;(I';) = JD. Note that, in general, f.; does not have to
admit a continuous extension to 0€2; writing f(I';), where f is any conformal map of €,
we mean the boundary component C; of f(£2) that corresponds to I'; under the map f in
the following sense: if (zj) is a sequence of points in € which converges to a point on I';,
then every limit point of the sequence (f(zj)) belongs to C;.

In the notation and terminology of Remark the following conjecture was formulated
in [19].
Conjecture 1. Let Q C C be an m-connected domain without degenerate boundary com-

ponents. Then for any z € Q) the squeezing function Sq is equal to
So(z) = max dist(0,0f.;(Q)). (2.1)
7=0,....m—1

Our main result states that this conjecture fails if the connectivity of €2 is higher than two.

Theorem 1. For each m > 3, there exists an m-connected domain Q2 C C without
degenerate boundary components and a point z € Q such that (2.1) does not hold.

Conjecture (1| is however true in the doubly connected case. This is the main result
of [19]. The following theorem gives slightly more precise information by identifying all
extremal functions.

Theorem 2. Formula (2.1) holds for any doubly connected domain 2 with at least one
non-degenerate boundary component and for any z € (). Each extremal function is a con-
formal map onto a circularly slit disk. In particular, for any r € (0,1) and any z € A,.,

Sa,(2) = max{|z|,r/|z|}. (2.2)
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The proof of in [19] is based on a representation of conformal maps in terms of
the Loewner differential equation. It is well-known that one disadvantage of the Loewner
method is its possible failure to identify all of the extremal functions. Our proof of Theo-
rem [2|is based on potential theory and more or less automatically gives complete descrip-
tion of the extremal functions.

Remark 2.2. Tt is worth mentioning that there is an infinitesimal version of Conjecture
which in fact does hold for any finitely connected domain and which, incidentally, will be
one of the key ingredients for the proof of Theorem|[1| To state this result, we fix z € 2 and
j €40,...,m— 1} and consider the set of all injective holomorphic functions f: Q@ — D
normalized by f(z) =0, f'(z) > 0 and such that f(I';) is the outer boundary of f(€2),
i.e. f(I';) is the boundary of the unbounded component of C\ f(£2). Then the maximum
of f'(z) is achieved for f = f,; and only for this function. To prove this remarkable
fact, we notice that if f maximizes f’(z), then according to the Schwarz Lemma, the
outer boundary of f(£2) must be the unit circle dD. It remains to apply the following
well-known result for D := f(Q) and ¢ := f, ;o f1.

Proposition 2.3 (Tsuji [25, Lemma 2(i) on p.409]). Let D C D be a finitely connected
domain with outer boundary 0D and let ¢ be the conformal mapping of D onto a circularly
slit disk normalized by p(0) = 0, ¢'(0) > 0, and p(OD) = ID. Then ¢'(0) > 1, with
©'(0) =1 if and only if D is a circularly slit disk, in which case ¢ =idp.

The paper is organized as follows. In Section |3| we describe the potential-theoretic tools
on which our work is based, namely harmonic measure, logarithmic potentials and confor-
mal mappings as well as their behaviour w.r.t. kernel convergence. This section contains
several auxiliary statements which are either new or otherwise only implicitly contained
in the vast literature on the subject. Strictly speaking, for the purpose of this paper, some
of these results would only be needed for domains of connectivity two or for domains with
degenerate boundary components. However, for the sake of clarity and consistency, and in
view of potential further applications, we state and prove these auxiliary results in their
natural setting for domains of any finite connectivity. In Section [ we prove Theorem [2
The proof is based on the doubly connected case of Theorem [3] in Section [3, which ex-
presses the harmonic basis (i.e. the harmonic measures of boundary components) for a
finitely connected domain €2 in terms of logarithmic potentials of specific positive Borel
measures which are supported on the individual boundary components of 2. In Section
we discuss in detail the mapping properties and dependence on parameters of the canonical
conformal mapping of the standard annulus A, onto a circularly slit disk. Our treatment
is based on the Schottky —Klein prime function. In the final Section [ these mapping
properties are then combined with the results of Section [3]to prove Theorem [I}

Throughout the paper we will denote by D(a, p) the open disk {z € C: |z — a| < p}.
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3. HARMONIC MEASURE, LOGARITHMIC POTENTIALS, AND KERNEL CONVERGENCE

In this section we suppose that 2 C C is a bounded finitely connected domain with
n + 1 non-degenerate boundary components I';, 7 =0,1,...,n.

For z € , we denote by wq(z,-) the harmonic measure for a point z € Q relative to
the domain €2. For the definition and fundamental properties of the harmonic measure we
refer the reader to [22, §4.3].

Remark 3.1. Finite sets are removable for bounded harmonic functions, see e.g. [3, Corol-
lary 1.5 on p.73]. This well-known fact together with Perron’s theory of the Dirichlet
problem for harmonic functions [22], Theorems 4.1.5 and 4.2.2] imply that under the
above assumptions, for any continuous function ¢ : 92 — R there exists a unique contin-
uous function ¥ : @ — R which is harmonic in © and which coincides with ¢ on every
non-degenerate boundary component of €2. This function is given by the generalized Pois-
son integral

(z) = [ e(Q)wa(z,dC) = | ¢({)wa(z,d() forall z € Q, (3.1)
/ /

where P :=TqUTI'yU...UT, is the union of all non-degenerate boundary components
of Q. The Maximum Principle asserts in this case, see e.g. [22, Theorem 4.1.2], that

max{1(z): z € Q} = max{p((): ¢ € P}.

Remark 3.2. Formula (3.1) leads to the following representation for the Green function
Gq of the domain €2,

1

[z —w]

1
Ga(z,w) = log / logﬁ wa(z,d¢) for all z,w €, z # w. (3.2)
P z—w

For any fixed w € Q, we will assume that G (-, w) is extended to J2 by continuity.

To state the first theorem of this section we need to introduce some more notation.
Denote by K the connected component of C \ € bounded by I';. We adopt the convention
that, unless explicitly stated otherwise, the boundary components are labelled such that
[y is the outer boundary of €, i.e. the component K is the unbounded one.

Let w;(z) :==wq(z,T;), 7 =0,...,n. Note that w; is the unique harmonic function in 2
admitting a continuous extension to Q with w;|I'; = 1 and w;|T}, =0 for k # ;.

Consider the integrals

1 aw]‘

o on
Dy

Aji = ds, k=0,...,n,

where Dy is a Jordan domain (unbounded in case k= 0) with C'-smooth boundary
0D, C Q and such that D, N ((C \ Q) = K. Here 0/0n stands for the derivative along the
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inner normal w.r.t. D,. Note that

> Ap=0, k=0,...,n, (3.3)
5=0
because 7 w; = wa(+, Q) = 1. Moreover, thanks to Green’s formula,
AjOZ_ZAjk‘a ]:0,,71 (34)
k=1
The functions wy, .. .,w, form the so-called harmonic basis in the domain 2 and the num-

bers \;;, are known as periods; for more details see, e.g., [3, §15.1]. To fix the terminology
in a more precise way, we will say that Aj; is the period of w; associated with the boundary
component I'.

Remark 3.3. The harmonic basis and the period matrix are conformally invariant in the
following sense. Let f be a conformal mapping of €2 onto another bounded domain in C.
Then for any j € {0,...,n} and all z € ,

wr) (f(2), F(T)) = wa(z,T;) = w;(2). (3.5)

It follows easily that for any & € {0,...,n} the period of wyq (-, f(I;)) associated
with f(I'y) equals Ajy.

To establish equality (3.5)), it is sufficient to recall that wf(g)(- f (Fj)) and wq(-, ;)

extend continuously to the boundaries of 2 and f(£2), respectively, and notice that for

any k € {0,...,n} and any sequence (z,) C €, dist(z,,'y) — 0 as n — +oo if and only
if dist(f(zn), f(Tk)) — 0 as n — +oo0.

Remark 3.4. It is known that the period matrix Ag := [\jx]1<jr<n 1S invertible and sym-
metric. The proof of this fact for smooth boundaries can be found, e.g., in [3| Proposi-
tion 1.7 on p.74] and [I8, p.39]. Since any finitely connected domain can be mapped
conformally onto a domain with smooth boundary, the general case holds thanks to
Remark Moreover, equalities and show that the extended period ma-
trix A = [AjkJo<jr<n 18 symmetric as well and that for any m € {0,...,n}, the matrix
A, = [Njkljkes,, where J,, :={0,...,n}\ {m}, is invertible.

Below we will see that the harmonic functions wy,...,w, can be represented in terms
of logarithmic potentials. For a finite Borel measure p with compact support in C, the
logarithmic potential V), is defined by

Vi(w) := /log du(z).

Note that V), is a harmonic function in C \ supp p. Moreover,

1
jw — 2|

1
Vi, (w) = |p|log Tal + O(1/|w|) as w — oo, (3.6)
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where |u| denotes for the total mass of yu, i.e. |u| ;== p(supp p). See, e.g., [22, Sect. 3.1] for
more details.

The following theorem is certainly known to the specialists. Since we have not been
able to trace any suitable precise reference, we state it here and include a proof.

Theorem 3. In the above notation, for each j = 1,...,n, there exist finite positive Borel
MEeAsures [ijo, - - -, fbjn supported on L'y, ..., I'y, respectively, such that
wj(z) = Vy,,(2) — Z Vi (2) for all z € Q). (3.7)
0<k<n
ki
The measures 1, are uniquely defined by 2. Moreover,
supp pjr, =Ly, k=0,...,n, (3.8)
|M]k|:|>\jk|7 k:07"'7n7 (3'9)
Ajj >0 and XNy <O forall k=0,...,n, k#j. (3.10)
Proof. The functions wy,ws, . ..,w, extend harmonically to every isolated point of 0f2.

Therefore, without loss of generality we may suppose that €2 has no degenerate boundary
components, i.e. 02 =T Uy U...UTL,.
Fix 7 € {1,...,n} and consider the function u : C — R defined by

wi(z), ifze€Q,
u(z) =40, if z € Ky with k € {0,...,n}, k # j,
1, if,Z € }<5.

This function is continuous in the whole plane, see e.g. [22, Theorems 4.2.2 and 4.3.4].
Clearly, u is harmonic in C\ 9€2. Moreover, comparing u(zy) for points zy € 92 with the
mean values of u over sufficiently small circles centered at zy and taking into account that
u(C) C [0, 1], one can easily see that u is subharmonic in C\ K; and superharmonic in

C\ K, where
K= |J K
0<k<n

k#j
Therefore, combining Riesz’s Representation Theorem for subharmonic functions (see,
e.g., [13, Theorem 3.9 on p.104]) with the fact that the logarithmic potential of a finite
Borel measure is harmonic in an open set A if and only if this measure vanishes on A,
one may conclude that there exist two uniquely defined finite positive Borel measures p
and v, supported on 0K; =TI'; and 0K =, +j L'k, respectively, such that

u :ZLL —*LL'+'U0,

where ug is a harmonic function in C. Put u;; := p and pjp = v|r, for k=0,...,n, k # j.
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By Gaufy’ Theorem (see, e.g., [24, Theorem 1.1 on p. 83]) we have

ik — . .
Tl i ke{l 0} k£

This proves and the non-strict inequalities in for k # 0. The fact that A, # 0
for all k € {0,...,n} follows from (3.8), which we will prove below.

Applying GauB’ Theorem in the disk (0, R) for R > 0 large enough, we see that
lu| = |v|. With taken into account, it follows that and (3.10), again with the
non-strict inequality, hold also for k£ = 0.

Moreover, thanks to (3.6)), we have V,(2) —V,(2) — 0 as 2 — oo. By construction, u
vanishes identically in a neighbourhood of co. Hence, applying the Maximum Principle
to the harmonic function vy = v — (V,, — V,), we see that uo = 0. This proves .

To show that supp it = I'; suppose on the contrary that there exists a neigbourhood U
of a point zy € I'; such that u(U) = 0. Replacing U, if necessary, with a smaller neighbour-
hood, we may suppose that U N K = (). Then u is harmonic in U; moreover, u(z) < 1 for all
z € U and u(z) = 1. By the Maximum Principle u(z) = 1 for all z € U. Since U N # 0,
this contradicts the fact that u is not constant in €2. The equality suppv = [J, 4 L' can
be proved in a similar way. U

Remark 3.5. For a non-empty set J C {1,...,n} denote
D= Jr; and J*:={0,...,n}\J.
jeJ
Repeating the argument of the above proof with u : C — [0, 1] defined by u(z) := wq(z,I'y)

if z€ Q, u(z) :==11if z € K for some j € J, and u(z) := 0 if z € I', with k € J*, we can
conclude that

wa(-.Ty) =Y w=V, -V, (3.11)
jeJ
where
pe= D (s = D0 i) =20 (e = D0 ) e v=30 3
jeJ keJ\{7} keJ jeJ\{k} jed keJ*

are positive finite Borel measures supported on I'; and (J,. ;. T'x, respectively, with
|M|:|V|:Z>\jk:—zz)\jk: Z)\jk. (3.12)
jked jEJ keJ* ke
(Here we have also taken into account relations (3.3]) and (3.4)).)

Remark 3.6. 1t is clear from the proof of Theorem (3| that the representation (3.7)), as well
as formula (3.11)), are valid also on the boundary of €.
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As a simple application of Theorem , we recover the following known result, see e.g. [3,
Proof of Lemma 6.3, pp. 97-98|.

Corollary 3.7. Letm € {0,1,...,n} and zy € 2, and let f be a conformal mapping of Q2
onto a suitable circularly slit disk

p:=p\( J &)

0<k<n
k#m

with f(z) = 0, f(I'yy) = 9D, and f(T'y) = Cy for all k # m. Then the radii ry of the
circular arcs Cy, satisfy the following system of linear equations:

1
g Ajiplog — =wj(z), 0<j<n, j#m. (3.13)
0<k<n "'k
k#m

Remark 3.8. Note that the linear system ([3.13]) has a unique solution because its coefficient
matrix is invertible; see Remark [3.4]

Proof of Corollary[3.7. Since the harmonic basis and the periods A\, j, k € {0,...,n},
are conformally invariant, see Remark [3.3] we may suppose that Q@ = D, m = 0, and
f =idg. Accordingly, we have zo = 0. Fix j € {1,...,n} and apply Theorem . By (3.7),

1 1
w;(0) = |pyillog — — Y el log —, (3.14)
"I 1ken Tk
ki
where we took into account that pj;, kK = 1,...,n, are supported on circles of radius 74

centred at the origin and that 0 is supported on JD and hence V,,,(0) = 0.

Taking into account (3.9) and ({3.10]), from (3.14]) we obtain
- 1
(0) = § \ox log —
w]( ) Pt jk 0g T'k’

as desired. O

In the doubly connected case, which is the relevant case for the proof of Theorem [2]
the above results allow us to deduce the following statement.

Corollary 3.9. Let r € (0,1) and let f be a conformal mapping of A, onto a bounded
domain 2 such that 0D corresponds under f to the outer boundary Iy of Q2. Then the
following two assertions hold.

(A) For any ¢ € Q,

1
log 70 Vi (€) = V3. (€), (3.15)
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where i, and v, are suitable probability measures with
suppv, =g and suppp, =T :=00Q\ T.
(B) Moreover, if Q is a circularly slit disk, then Ty C {C: [¢| = |f71(0)]}.

Proof. Apply Theorem |3| with n = j = 1. By Remark wi(¢) =log |f~(¢)]/ logr for
all ¢ € Q2. Thanks to the same remark, in order to find A; 1, we may suppose that f = idg,.
In this way we see that the measures p1 1 and p o in formula (3.7)) satisfy

1
Y log(1/r)

Hence to prove (A), it remains to set g, := (1/A11)p11 and v, := (1/A1 1) 0.

Assertion (B) is a well known fact, see e.g. [19, Lemma 2.2] or [23| Lemma 3|. Alterna-
tively, one can use system (3.13]) in Corollary , which reduces in our case to the unique
equation A 1 log(1/r) = wﬂ_l(O)) and hence yields r; = |f~1(0)|. O

’Ml,l‘ = |M1,o

Remark 3.10. It is possible to show that the measure p, in Corollary [3.9| coincides with the
so-called Green equilibrium distribution on K; relative to the simply connected domain
D := QUK, = C\ Ky, where in accordance with the notation introduced at the beginning
of this section, K; and K stand for the bounded and unbounded connected components
of C\ ©, respectively. Formula can be rewritten as

log - /GD«,w) dp.(w), CeD\K,

I

b
Fa(9l

where Gp is the Green function of the domain D. For more details on Green equilibrium
distributions, see e.g. [24], Sect. IL.5], or [25] p.94-95] where the case D = ID is considered.

The classical Kernel Convergence Theorem due to Carathéodory, see e.g. [21, Theo-
rem 1.8 on p. 14], relates the limit behaviour of a sequence of hyperbolic simply connected
domains with the convergence of the corresponding conformal mappings onto the canoni-
cal domain (the unit disk). The notion of kernel convergence extends naturally to multiply
connected domains, but no complete analogue of Carathéodory’s result seems to be known
even for the finitely connected case. Considerable progress in this direction has been made
in [1, 2]. In this regard, it is worth mentioning that the canonical mappings of a multi-
ply connected domain are closely related to its harmonic basis, see e.g. [3, Chapter 15].
However, to the best of our knowledge, no known results apply to the special, but rather
interesting, case in which the boundary consists of a non-empty constant part plus a vari-
able part, which shrinks in the limit to a single point. The following theorem describes the
limit behaviour of the harmonic measure, Green’s function, and the conformal mappings
onto circularly slit disks in this special case.
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Theorem 4. Let Qg and Q,, & Qo, n € N, be bounded finitely connected domains in C
and let C* € Qqy. Suppose that

sup{|C—C*\:C€QO\Qn}—>O as n — +0o.

Then the following five statements hold.
(A) If p is continuous on 0y and in a neighbourhood of (*, then for all z € Qo \ {C*},

/gp(g)wgn(z,df) — /gp(()wgo(z,dg) as n — +0oo. (3.16)

o, 800
Moreover, for any e > 0, the convergence in (3.16|) is uniform in Qg \ D(C*, ).
(B) For any € > 0, the sequence (G, ) converges to Gg, uniformly in

{(z,w): 2 € Qo \ D((*,e), we Qo \D((*,8), 2z #w}.

(C) Let T' be a non-degenerate boundary component of Qo and let (z, € Q) be a
sequence converging to some zy € Qo \ {C*}. For each n € {0} UN, denote by
fn the unique conformal mapping of 2, onto a circularly slit disk normalized by
falzn) = 0, fl(zn) > 0, fu(I') = OD. Then the sequence (f,) converges locally
uniformly in Qo \ {C*} to fo.

(D) For each n € N, let g, be a conformal mapping of U, with g,(Q,) C D. Further,
suppose that for any n € N the outer boundary of g,(Q,) corresponds under g, ' to
a subset of O, \ 0. If the sequence ((,) = (g;,*(0)) is contained in a compact
subset of Qo \ {C*}, then the sequence (g,) converges locally uniformly in Qo \ {C*}

to go = 0.
(E) For the sequences (f,) and (gn) defined above, we have
dist (0,01, () — dist(0,0f0(Q \ {¢*})) and (3.17)
dist (0, 0g,,(2,)) — 0 as n — +oo. (3.18)

Remark 3.11. Using Moebius transformations it is easily seen that the above theorem
holds also for unbounded domains 2y C C with external points. A similar approach allows
one to extend Theorem [ to the case of an unbounded domain without external points,
provided it has at least one non-degenerate boundary component. In such a case, however,
the argument becomes slightly more complicated because one should use a conformal map
of the form z — /(2 — a)/(z — b), which does not extend to a one-to-one map on the
boundary.

Proof of Theorem [ Denote T,, := 92, \ 9§2. We are going to show that:

CLAIM 1. For any € > 0, as n — 400, wq, (2, T,,) — 0 uniformly in Qq \ D(¢*, €).

Denote by Fy the union of all non-degenerate boundary components of €2y and let P,
n € N, stand for the union of all non-degenerate connected components of Y,,. If P, = (),
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then wq, (2, T,) = 0. Therefore, we may suppose that P, # () for any n € N. Then Theo-
rem [3] together with Remark [3.5] implies that for each n € N,

wa, (2, Tn) =V, (2) =V, (2) for all z € Q,, (3.19)

where 1, and v, are suitable positive Borel measures supported on P, and F, respectively.
Moreover,

Cn = |ftn| = [Vnl-
It follows from the very definition of the logarithmic potential that

inf V, (2) > —¢,logdiam(P,) and sup V,,(2) < —¢,logdist(P, P,)

z€P, zeP;,
for all n € N. Taking into account that V,, (2) —V,, (z) = 1 for all z € P,, we deduce that
dist( Py, P, ,
1/c, = log % — 400, ie. ¢, —0, as n— +oo. (3.20)

Using ([3.19) we see that for any ¢ > 0 with dD(C*,e) C Qq, wq, (T,,2) — 0 uniformly
on dD(C*, ¢) as n — +oo. Now Claim 1 follows easily from the Maximum Principle, see

Remark [3.1] applied to the harmonic functions we, (-, T,,) in the domain Q \ D(C*, €).
PROOF OF (A). By Remark [.1] for each n € N the function

wwwszommﬁo—/ﬁmmwmo
0 00

is harmonic in 2, and extends continuously to the boundary of €2,, with ,,|p, = 0. Hence,
again by Remark [3.0] for all z € Q,,

u(2)] = PdMOWWon\<mhwfmmwﬂwow<ea}
< 2wq, (2, T,) max{|p(Q)]: ¢ € 09, },

where we have applied the triangle inequality and the Maximum Principle in order to
estimate |¢,| on P,. Combined with Claim 1 the above inequality easily implies (A).

PrOOF OF (B). Let ¢ > 0. Fix some w € €y \ D(¢*, ¢). Bearing in mind formula (3.2,
consider the functions

Un(z) == Go,(z,w) — Gq,(z,w) =

1 1
= log — wq, (2,d() — /log— wq, (z,dC).
| o g a0 C—up 54

0, 890
For n € N large enough, we have P, C D(¢*,&/2) and hence 0 < Gg,(¢,w) < M for all
¢ € P, and some constant M > 0 depending on ¢ but not on w. Since Gq, (¢, w) = 0 for
all ¢ € P,, we have |¢,,| < M on P,, and it only remains to apply the argument used in

the above proof of assertion (A).
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Proor or (C). Since f,(€2,) C D for all n € N, the functions f,, form a normal family
in Qo \ {¢*}. Therefore, passing if necessary to a subsequence, we may suppose that (f,)
converges locally uniformly in g\ {¢*} to a holomorphic function f: Qg \ {¢*} — D.
Since f is bounded in g \ {{*}, it extends holomorphically to *.

To prove (C) it is sufficient to show that f = fo. Clearly f(20) = limy 100 fn(2n) = 0.
Moreover, f'(zy) = f{(z0). Indeed, for each n € N, let T}, be the automorphism of I such
that T),(fo(2,)) = 0 and T (fo(2,)) > 0. Note that T}, 0 fy maps €2, conformally onto a sub-
domain of D in such a way that the boundary component I' corresponds to 0. Bearing in
mind that (7, o fo)(2,) = 0 and (T, o fo)'(2,) > 0, by the extremal property of the confor-
mal mappings onto circularly slit disks, see Remark 2.2} we have f/(z,) = (T}, 0 fo) (24).
Passing to the limit as n — +o00 and taking into account that 7,, — idp yields the desired
conclusion. In particular, this means that f’(z9) # 0. Hence f is a conformal mapping
of €2y onto a subdomain of .

In order to show that I' corresponds under f to the outer boundary of f(€)), consider
a C'l-smooth Jordan curve C' C f(£ \ {¢*}) that separates the outer boundary of f(£)
from all other boundary components of f(€0\{¢*}). Let D be the connected component of
C\ f~Y(C) that contains I'. Then DN C €, for all n € N large enough and moreover,
for all such n’s, f,(D N ) lies in the unbounded component of C\ C,, where C,, :=
fn (f’l(C’)), because f,(I') = dD. Using this fact, we conclude that for any ¢ € D Ny,

/ dw / f'(z)dz
w = f(C) f(z) = Q)
¢ V(O]
dw

L fuz)dz _ dw
B A AT Rt SN ey 1 B
171e) Cn

It follows that f(I") lies in the unbounded connected component of C\ C. By the very
construction, the only boundary component of f(€2) possessing this property is its outer
boundary. Recalling that f(z9) = 0 and f'(z0) > f(20), we see now that f = f, thanks
to the extremal property stated in Remark [2.2]

Proor oF (E). With (C) having been already proved, relation (3.17)) is an immediate
consequence of the following two facts:
(i) if K C fo(Q0 \ {¢*}) is compact, then K C f,,(€2,) for all n € N large enough;
(ii) for any w € 9f (€ \ {¢*}) there exist a sequence w,, € df,(2,) converging to w.
We omit the proof of assertions (i) and (ii) because, up to a few light adjustments, it

repeats the standard argument used in the proof of Carathéodory’s Kernel Convergence
Theorem, see e.g. [21, Theorem 1.8 on p. 14].
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To prove relation ([3.18), consider the functions u,(z) := waq, (g,"(2),0%) defined on
the domains D,, := ¢,,(€2,). Applying Theorem 3] and Remark 3.5, we see that

Uup =V —V,,  foreachn €N,

where p! and v/, are positive Borel measures supported on the union of the (non-
degenerate) boundary components of D, corresponding under g, to the connected
components of Py and to those of P,, respectively. Moreover, |u!,| = |v,].

In fact, |pu,| = |v),| = ¢, for all n € N. Indeed, thanks to the conformal invariance of
the periods, see Remark , this equality follows from relation applied twice: for
the measures p,, v, and for the measures p,,, v,,.

Therefore, on the one hand, by (3.20), we have |u}| = |v,| — 0 as n — +o00. On the
other hand, by Claim 1, u,(0) = 1 — wq, (¢u, Tp) — 1 as n — +oo. It follows that

dist (0, supp(;, +1,)) = 0 as n — +oo,

which is equivalent to ((3.18]).

PRrROOF OF (D). Recall that by the hypothesis, there exists a compact set K C Qg \ {(*}

such that ¢, := g, '(0) € K for all n € N. Moreover, the functions g,, are all univalent in

their domains and form a normal family in Qg \ {¢*}. Therefore, it is sufficient to show

that ¢/, (¢,) — 0 as n — +00. According to Koebe’s 1/4-Theorem, see e.g. [3, Theorem 7.8

on p. 64],

() < om0 ODn)
ist(Cp, 0€2)

Thus, (D) follows from (3.18)). O

for all n € N.

4. PROOF OF THEOREM

Let 2 C C be a doubly connected domain with at least one non-degenerate boundary
component. Fix z € Q. As we mentioned in the Introduction, the supremum in is
achieved for at least one injective holomorphic function f, : 2 — D and such a function
is said to be extremal in the squeezing function problem. Let K C D be the bounded
connected component of C\ f.(€2). Denote by ¢ the conformal mapping of the simply
connected domain D := f,(Q2) U K onto D normalized by ¢(0) = 0 and ¢'(0) > 0. On the
one hand, since f, is extremal, we have

dist (0, 0£.(€2)) > dist(0, dp(f.(Q))) = dist (0, p(K)).

On the other hand, if (, € D is the point of p(K) closest to the origin, then by the Schwarz
Lemma applied for =1,

dist (0,0£.(2)) < ¢~ ()] < 1G] = dist(0, 5 (K)).



14 P. GUMENYUK AND O. ROTH

This means that equality takes place in all the above inequalities. Hence, ¢! = idp, i.e.
D = D. Consequently, the outer boundary of f.(£2) coincides with 0D and

So(2) = dist(0, 0K). (4.1)

In particular, the statement of Theorem [2|is now obvious for doubly connected domains {2
with one degenerate boundary component. Therefore, without loss of generality we may
suppose that 2 = A, for some r € (0,1) and that f.(0D) = JdD. Otherwise we would
replace f, by f.og ! and z by g(z), where g is a conformal mapping of Q onto A, taking
7 H(OD) to OD.

Then by Corollary (A) applied for f := f,,

1 1

log — = log ———
2| [/1(0)]

where p, and v, are two probability measures with supp u, = 0K and supp v, = JD.
Clearly, V,,.(0) = 0. Hence, taking into account (4.1)), we have

= V. (0) = V2.(0),

1 1 1

log — = [ log — dy, (w) <1 .
BT / o8 Ty I (w) < log 500
oK

The equality can occur only if 0K is contained on the circle of radius Sq(z) centered at
the origin, because supp . coincides with 0K.

Taking into account that by Corollary B.9/(B), Sa(z) > |z|, we conclude that in fact,
Sa(z) = |z] and that f.(Q) is a circularly slit disk.

To obtain formula (2.2)), it remains to recall that in case f,(9D) is D(0, r) rather than
0D, we have to replace z by g(z), where g is a conformal automorphism of A, permuting
the boundary components. The proof is now complete. O

5. CONFORMAL MAPPING OF AN ANNULUS ONTO A CIRCULARLY SLIT DISK

Fix r € (0,1) and consider the annulus A, := {z € C : r < |z| < 1}. According
to Remark for any fixed € (r,1) there exist a unique conformal map f, from A,
into D with f,(x) =0, f,(0D) = 90D and such that ', := D\ f.(A,) is a circular arc
centred at the origin, symmetric w.r.t. the real axis, and intersecting the interval (—1,0);
see Figure [I] Note that f, and I', depend also on r € (0,1), but since r € (0,1) will be
fixed throughout, we suppress the dependence of f, on r in our notation.

In the following lemma we collect some auxiliary statements, which will be used in
Section [6] to prove Theorem [I}
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FIGURE 1. The map f, for r =1/2 and = = 3/4

Lemma 5.1 (PROPERTIES OF THE CONFORMAL MAP f,). Let r € (0,1) be fized.
(A) For each x € (r,1) the map f, has a holomorphic extension to the annulus
A, ={2€C:r/z<|z| <1/z}
and (x, z) = fy(2) is a C°~ function on {(z,z): z € A, ,, x € (r,1)}.
(B) For each x € (r,1),
folz) = —fola)  forall a€(r1) (5.1)
and

4 o) = ~fi() < == _1$2,

— (5.2)

a=

(C) For each x € (r,1) the circular arc T, intersects the real line at the point —zx.

(D) If T} denotes the endpoint of the arc T, in the upper half-plane, then x +— T'f
is a C®~ function in (r,1).

Remark 5.2 (THE MAP f, VIA THE SCHOTTKY — KLEIN PRIME FUNCTION OF A,).
The proof of Lemma 5.1 can conveniently be based on the Schottky —Klein prime function

o(z,a) of the annulus A,., which is defined for all z,a € C* := C\ {0} by

“+o00 “+o0

o(z.a) = (2 —a) H (r*"z —a)(r*"a — z) ~ () H (1—7r*z/a)(1—r ”a/z)’ (5.3)

(r’nz — 2)(r*ma — a) (1 —r2n)2

n=1 n=1
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see [4, formula (14.57)]. It is known [4, Section 5.6] that for each a € A, the function
1 o(za)
= ol oz, 17
maps A, conformally onto a circularly slit disk, with g,(a) = 0 and g,(0D) = OD.

The prime function » : C* x C* — C is holomorphic in both variables and satisfies the
following functional identities, see [4], Section 5.3]:

(5.4)

w(a,z) =—-w(z,a), (5.5)
o(z,a) = »(z,a), (5.6)
o(1/2,1/a) = -2, 657)
) o

In particular, if = € (r, 1), then (5.6]) yields that g,(Z) = ¢.(2). Hence g,(A,) is symmetric
w.r.t. the real axis. A look at ([5.3)) reveals that g,(r) = = > 0, and it follows that g, maps
A, onto D minus a circular arc symmetric w.r.t. R and intersecting the interval (0, 1).
This clearly implies f, = —g,, i.e.

1 o)
fol2) = rw(z,1/x) (5.9)

for any x € (0,1).

Proof of Lemma[5.]. To PROVE (A), notice that according to (5.9), for each z € (r, 1),
f» extends to a meromorphic function in C*. By (5.3)), the zeroes of (-, 1/z) are exactly
the points 2, := r?* /x with k € Z. Hence, the extension of f, is holomorphic in A, .
Moreover, (z,z) — fy(z) is of class C™ in {(z,2): 2z € A,,, v € (r,1)} because the
function © is holomorphic in C* x C*.

Proor oF (B). For all z,« € (r, 1), we have
. _ 1 oz, a) €5 1 (o, ) ED 1 (o, ) (s
Jal@) ao(r,1/a) ao(l/a,x) r (o, 1/z) fola).

From this and the fact that o — f,(x) = —fo(«) is C* in (r,1) it follows immediately

that 1
= L) =~ fe).

Using ((5.3) and (5.9)), we obtain
1 17 1 —r2n)? 1
fie) = == 1 1 —r7) .

1 a2 1—r2g2) (1 —r2rg=2) 1 — a2

n=1
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It is worth mentioning that this inequality can be alternatively deduced from the extremal
property of conformal mappings onto circularly slit disks, see Remark[2.2] by comparing f,
with a suitable automorphism of ID restricted to A,.

Proor oF (C). See Corollary [3.9)(B).

Proor or (D). Fix z € (r,1). There exists a unique point r, € 9D(0,r) such that

fa(ry) = 't Recall that f,(Z) = f.(2) for all z € A,,.. Since f, is injective and f’(z) > 0,
it follows that Im f.(z) > 0 for some z € A, if and only if Im z > 0. In particular,
Im 7, > 0. Note that the mapping properties of f, show that f.(r,) =0, but f/(r,) # 0.
Moreover, with the help of the Schwarz Reflection Principle we see that f, is locally
injective in A, , \ {ry, 72}

Therefore, r, is the unique solution to the equation f.(z) =0in {z € A, ,: Im z > 0}.
Since in view of (A) the map (z, z) — f.(2) is of class C*°, the Implicit Function Theorem
guarantees that this solution r, is also of class C**° as a function of x. O

6. PROOF OF THEOREM [1]

The proof of Theorem [1}is divided into two steps. We will first show that the analogue
of Conjecture [1] fails for certain once-punctured circularly slit disks of the form

=D\ TU{c}),

where I' is a non-degenerate circular arc centered at the origin and (* is a point in D\ T
In other words, formula does not hold for such choice of 2. In Section [6.2| we will see
that if the degenerate boundary component {(*} is replaced by a compact set T consisting
of a finite number of non-degenerate circular arcs, then it is still possible to show that
formula fails provided that T lies within a sufficiently small neighbourhood of (*.

6.1. Degenerate case. Fix r € (0,1) and x¢ € (y/r,1) C A,. Using the notation intro-
duced in Section [5] for € (r, zo| we let

_ 2= fa (IO)

1 — fo(zo)z
Then ¢, maps the circularly slit disk o := f,,,(A,) = D\ I';, conformally onto D\ I'(x),
with ¢,(0) = 0 and ¢,(0D) = dD. The set I'(x) is a closed subarc of the circle T, (8ID)(O, x))

symmetric w.r.t. the real line.
We will see that there exists 2* € (r,z9) and (* € (—x¢,0) such that

dist(0,0(Q0 \ {¢*})) < dist(0, ¢+ (2 \ {¢*}))- (6.1)

Using this fact, it is easy to show that the formula (2.1]) of Conjecture |1| does not hold
for Q :=Qp \ {¢*} and z := 0. The proof of (6.1)) is based on the following lemma.

QS:C = Tx e} fl‘ e} fz_()l and F(l') = Tx(rx>7 where TCC(Z) :
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Lemma 6.1. Let 0 < r < xg < 1 be fizred. Then for any ¢ € (0, x) there exists x* € (r, xq)
and 6 € (0,¢) such that

(i) @ux (&) < & for all £ € (—xo, —x9 + 6);

(ii) dist(0,I'(z*)) > xo — 6.

We postpone the proof to the end of this section. Choose any zq € (1/r,1) and, tak-
ing Lemma for granted, apply it with ¢ := xg — r/zo. By assertion (ii), there exists
¢* € (—xp, —xo + 9) such that [¢*] < dist(0,I'(z*)). In combination with (i), this leads to

dist(0, 060, (% \ {¢'D)) = min {[6- () distO. D@D} > [ (62)
Then holds because, trivially, dist(0,9( \ {¢*})) < [¢7).
Now, if formula in Conjecture [1] would hold for Q := Qy \ {¢*} and z := 0, then
dist (0, D¢, (2)) < dist(0,0fo,0(R2)) or dist(0, dg,+(2)) < dist(0,0f0,1(R)),

with foo = idg and fo1 = fr/a © (z > r/z) o f;)l. However, the first inequality is the
opposite of , while the latter one cannot hold because of the choice of xg and £ > 0;
indeed,

r

diSt(O, 8f071(Q)) < dist(O, 3]‘}/% (A,,«)) = J}_ =Xy — € < o — o< |C*| (63)
0

To facilitate the proof of Lemma 6.1, we will first establish the following statement.
Lemma 6.2. The map x + dist(0,1'(z)) is locally Lipschitz on (r, ).

Proof. We know from Lemma that x — I}, where I'}" denotes the endpoint of the
circular arc I';, in the upper half-plane, as well as x — f,(zo) are C°°—functions on (r, 1).

Hence ¢ f(ao)
Iy — z\Lo
s T,(IF) = —¢ — J=\%0),
S e AE
is also C'*°, in particular locally Lipschitz.
Note that for z € (r, x) the center of the circular arc I'(x) is not the origin; in fact, it
belongs to (—1,0) because f,(z) > 0. It follows that

(r,20] 2 x> dist(0,T'(x)) = |T,(T})|
is indeed locally Lipschitz. O
Now we are ready to prove Lemma 6.1}
STEP 1. We first show that
¢.(§) = 1 uniformly on [—x,0] as z — zo. (6.4)

T

Indeed, ¢, o f,, = T, o f, and hence
o) fay ([ (€)) = (T 0 f2) (£, (€)) for all € € [—o,0).
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By Lemma (A), the map (£, x) — (Tx o fx)/(g) is of class C'* on the set
{(g,x): cec(r*/z,1/z), v € (r, 1)}

Since T,, = idp, it follows that, as z — x, (Tx o fx)/ — [y, uniformly on [r, zo] =
fa([=o,0]). It only remains to observe that f, does not vanish on [r, o).

STEP 2. Let x € (r,1) and denote by

1) = 20 =T =

the point of intersection of I'(x) with the real line. Lemma [5.1| shows that ¢ : (r,1) — R
is differentiable with
q'(zo) = —(1 —(1- x%)féo(mo)) >0 and g(zo) = —wo.

Hence, there is x; € (r,x¢) such that ¢.(—z¢) = q(z) < —x¢ for all x € (x1,20). In
particular, for any = € (x1,x0) we can define
§(x) :=sup {a € (0,20) : ¢o(&) <& forall €€ [~zg,—z0+ )} >0.
We claim that 5
lim (z) =
x xg \:c — :L‘o‘

+00. (6.5)

In order to prove this, fix an arbitrary e; > 0. Thanks to (6.4)), we can find x5 € (21, x0)
such that ¢/, < 14 &1 on [—xg, 0] for all x € (z3, x¢). Then, for any fixed = € (z2,z¢) and
any & € [—o, 0] satisfying £ < —zo — (@z(—z9) + 20) /1, We have

3
6a(6) = ul—z0) + / ¢.(s) ds

< ¢u(—0) + (14 €1)(§ + o)
< Gu(—m0) + (§ + 20) — (Pu(—20) + 20)

= €.
This shows that
d(z) = _9u(=20) £ 7 for all x € (22, 20),
€1
and therefore, recalling that xy = —¢,,(—z0), we have
_ _ _ /
lim inf o() > lliminf Gan(=20) = Ga(=0) =1 (o) :
x,/'tg Tog— X €1 =z o To— T €1

Since ¢'(z9) > 0 as we have observed above and since £; > 0 can be chosen arbitrarily
small, the latter inequality implies (6.5)).
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STEP 3. Since by Lemmal6.2} z +— dist(0, I'(z)) is locally Lipschitz and dist(0, I'(20)) = o,
there exist a constant M > 0 and a point x3 € (r, o) such that

dist(0,I'(z)) > xg — M(xg — ) for all x € (x3,z0).
In view of (6.5), there exists 2* € (x5, z) such that
M(zy — z*) < min{e,d(z")} =: 0,
and with this choice of § both conditions (i) and (ii) hold by construction. O

6.2. Non-degenerate case. As we have seen in the previous section, for any r € (0, 1)
and any zg € (y/r, 1), there exists (* € f,,(A,) such that formula (2.1]) in Conjecture
fails for 2 := f,,(A,) \ {¢*} and z := 0.

We will now use Theorem [4] to show that for any m > 3, there exist m — 2 pairwise
disjoint closed non-degenerate arcs I's, ..., ;1 C fi, (A,) located on circles centered at
the origin, such that formula fails also for

m—1 m—1
Q= fu(A) \ U ;=D\ U I'; and z:=0,
j=2 =1

where we set I'y :=1",, and I’y := 9D.

To this end we consider m — 2 sequences of arcs (IY),en, 7 = 2,...,m — 1, such
that for each n € N fixed, I'2,... ., T™ ! C f,,(A,) are pairwise disjoint closed non-
degenerate arcs located on circles centered at the origin and Y, := U;’;l 7 Cc D(C* 1/n).

Denote Qg := f,,(A,). Further, for each n € N, let ,, :== 4 \ T,, and denote by f?7, with
z€Q,and j=0,...,m— 1, the conformal mappings of €2, onto circularly slit disks, as
introduced in Remark [2.1] The slit disk mappings of the domain Qq will be denoted, as

in Section by f.o and f, 1.
Clearly, f2 = idg, . Taking into account that ¢, is holomorphic at *, it is easy to see
that, as n — 400,

dist (0,09,) — dist(0,0 (0 \ {¢*})) and dist(0, gy (Q,)) — dist (0, Dy (Qo \ {C*}).
Hence in view of , for all n € N large enough we have
dist(0,0/,°(Q,)) = dist(0,09,) < dist(0, Dy (2y)). (6.6)

By relation (3.17) in Theorem {4 applied with I' := I'y = I'y,, dist(0,0f2(Q,)) —
dist(9f0.1(Q0 \ {¢*})) as n — 4o0. Therefore, in accordance with (6.2) and (6.3)), for all
n € N large enough we also have

dist (0,011 (Qn)) < dist (0, Oy (). (6.7)
Finally, for each j = 2,...,m — 1, thanks to relation (3.18]) in Theorem ,
dist (0,0f27 () < dist(0, 9, (2,)) (6.8)
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provided n € N is large enough. From , (6.7), and , it immediately follows that
Conjecture [1] fails for 2 := €2,, and z := 0 if n € N is sufficiently large. This completes the

proof of Theorem [1] O
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