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Abstract 

OBJECTIVES: Haemodynamic determinants of the ratio between pulmonary and systemic flow (Qp/Qs) in partial anomalous pulmonary 
venous return (PAPVR) are still not fully understood. Indeed, among patients with the same number of lung segments draining anoma
lously, a great variability is observed in terms of right ventricular overload. The aim of this study was to test the hypothesis that the ana
tomic site of drainage, affecting the total circuit impedance, independently influences the magnitude of shunt estimated by Qp/Qs. A 

Summary

Appraisal of partial anomalous pulmonary venous drainage through a lumped-parameter
mathematical model: a new pathophysiological proof of concept

RA: right atrium, VC: vena cava, WU: wood units, Qp/Qs: pulmonary flow/systemic flow ratio

The hemodynamic determinants of pulmonary flow in partial 
anomalous pulmonary venous drainage are still not fully
understood.

The classical pathophysiologic explanation of this defect that
recognise a dominant role of the number of anomalous veins does
not fully capture the hydrodynamic complexity of this circulation.
We created a lumped parameter mathematical model computing 
all the hemodynamic component of the circuit in order to model the 
determinant of pulmonary flow. We found that the anatomical site 
of anomalous drainage modulates the magnitude of Qp/Qs.

This effect is analytically explained by computing the additional
resistance and inductance of the post capillary limb of venous
drainage. The effect attenuates with the increase of pulmonary
vascular disease
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zero-dimensional lumped parameter mathematical model was developed and validated on a sample of patients

METHODS: We developed a zero-dimensional lumped parameter model, using time-varying elastances for heart chambers, RLC 
Windkessel circuits for the systemic and pulmonary circulations. Patients were categorized into vena cava (VC) type (including left drain
age to anomalous vein) and right atrium (RA) type. The mathematical model is a system of ordinary differential equations that are numer
ically solved by means of the ode15s solver in the MATLAB environment.

RESULTS: The model showed an increase of Qp/Qs with the increase of the number of anomalous veins. With the same number of 
anomalous veins, Qp/Qs was lower in patients with anomalous drainage to the VC as compared with RA. The validation sample consisted 
of 49 patients (27, 55% females). As predicted by the model, patients with PAPVR with VC type displayed a lower invasive and cardiac 
magnetic resonance Qp/Qs as compared with drainage to RA: 1.4 (1.2–1.7) and 1.45 (1.25–1.6) versus 2 (1.75–2.1) and 1.9 (1.6–2), 
P< 0.05. After stratifying for number of lung territories, a lower Qp/Qs was measured in patients with VC PAPVR as compared with RA.

CONCLUSIONS: In patients with PAPVR, the site of anomalous drainage modulates the Qp/Qs. According to the model, this effect is 
mediated by the post-capillary impedance of the circuit and significantly decreases with the increase of pulmonary vascular resistances.

Keywords: Pulmonary drainage • Anomalous • Model • Ratio between pulmonary and systemic flow

ABBREVIATIONS   

0D Zero-dimensional  
CMR Cardiac magnetic resonance  
PAPVR Partial anomalous pulmonary venous return  
PV Pulmonary vein  
Qp/Qs Ratio between pulmonary and systemic flow  
RA Right atrium  
VC Vena cava 

INTRODUCTION

Partial anomalous pulmonary venous return (PAPVR) represents 
0.4–0.7% of congenital heart diseases and is frequently diag
nosed in the adult population [1–3]. It reproduces the patho
physiology of pre-tricuspid left-to-right shunt generated by the 
preferential blood flow to the lower pressure right atrial (RA) 
chamber through the anomalous veins. However, differently 
from atrial septal defect, left-to-right shunt is not supposed to 
be driven by the relative ventricular compliance. Furthermore, 
contribution of each vein and the effect of the specific anatomic 
arrangement are not easily predictable. Although there is a high 
anatomic variability, 2 main categories of variants can be identi
fied: drainage of right-sided pulmonary veins (PVs) into the right 
atrium (RA) or superior vena cava (SVC) and drainage of left- 
sided PVs into brachiocephalic vein through a vertical vein. 
Indication to repair is mainly based on the presence of right 
ventricular overload on transthoracic echocardiography, cardiac 
magnetic resonance (CMR) and ratio between pulmonary and 
systemic flow (Qp/Qs) assessment [2]. Not infrequently, clinicians 
face patients with comorbidities, equivocal symptoms and with 
borderline findings, complicating the decision-making algorithm 
[4, 5]. Therefore, a better understanding of determinants of left- 
to-right shunt in this defect may help to have a theoretical frame 
of PAPVR pathophysiology that ultimately might facilitate the in
terpretation of borderline or conflictual findings. In the classical 
view, the main determinant of Qp/Qs in PAPVR is the number of 
lung territories with anomalous drainage. However, among 
patients with the same number of lung segments draining 
anomalously, a great variability is observed in terms of right ven
tricular overload.

The primary objective of this study is to dissect the fluidody
namic mechanisms underlying Qp/Qs variability in PAPVR by us
ing a zero-dimensional (0D), lumped parameters mathematical 
model. We hypothesized that beside the traditional known fac
tors, the anatomic site of drainage (namely anonymous vein, 
SVC or RA), by affecting the total circuit impedance, indepen
dently influences the magnitude of shunt estimated by Qp/Qs.

The hydrodynamic theoretical plausibility of this hypothesis 
was verified by using model simulations that were verified in a 
representative sample of patients.

METHODS

This paper is structured in a first section in which the PAPVR flu
idodynamic is framed by creating an appropriate mathematical 
model and a second section in which a clinical proof of the con
cepts revealed by the model is provided. The clinical validation 
was realized by retrospectively reviewing all adult patients with 
PAPVR and intact interatrial septum followed in our centre who 
had undergone either cardiac catheterization or CMR. Qp/Qs 
was estimated invasively performing a saturation run, taking par
ticular care to obtain a representative sample of mixed venous 
blood proximal to the shunt. CMR estimation of shunt fraction 
was calculated by acquisition of phase-contrast velocity flow 
maps as previously described [6].

Mathematical modelling

We developed a 0D cardiovascular model inspired by previous 
ones present in literature exploiting the electrical analogy [7–9]. 
We modelled the cardiac chambers as pressure generators by 
means of time-varying elastances (ELA tð Þ;ERA tð Þ;ELVðtÞ and ERVðtÞ
referring to the left and right atria and to the left and right ven
tricles, respectively) that mimic the periodic contraction of the 
cardiac chambers. The valves are modelled as non-ideal diodes 
(RMV ;RAV ;RTV and RPV referring to the mitral, aortic, tricuspid 
and pulmonary valves, respectively). We split the circulatory sys
tem into several compartments, each of them represented by a 
Windkessel circuit: we subdivided systemic (SYS) and pulmonary 
(PUL) circulations into arterial (AR), venous (VEN) and capillary 
(C) compartments that, only in the pulmonary circulation, are 
further divided into the oxygenated and non-oxygenated ones 
(SH). The Windkessel circuits describe each compartment by 
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means of one or several components among resistors (R), which 
represent the resistance to blood flow, capacitances (C), 
which represent the vessels compliance, and inductances (L), 
which represent blood inertia. In particular, we modelled each 
of the 4 PVs with a resistor (RVEIN;1; etc.) and an inductance 
(LVEIN;1; etc), together with a common capacitance (CPUL

VEN). For 
each compartment, the 0D model can provide blood pressures 
(p) and flows (Q). We assumed normal low pulmonary vascular 
precapillary resistances, comparable to post-capillary ones, and 
that the distribution of total lung capillary bed was balanced 
among the 4 PVs. In order to compute the role of post capillary 
limb of the circuit, we defined 2 theoretical variants of the 
model: the RA and vena cava (VC) variant schematized by 1 or 
more veins connected directly to the RA or upstream to the re
sistance representing the VC, respectively. In the latter case, we 
included an additional compartment accounting for both the in
ferior and SVC (Fig. 1).

Clinical categorization

Baseline clinical, imaging and catheterization data of adult 
patients with PAPVR in our centre database were retrospectively 
reviewed. All patients older than 16 years at the time of 1st en
counter, with an anomalous drainage of at least 1 vein and with 
a valid Qp/Qs estimation were included. Patients with scimitar 
syndrome, total anomalous venous drainage, associated atrial 
septal defects and PVR >3 WU were excluded. Possible ana
tomic arrangements were categorized into 2 main clinical types: 
right pulmonary venous drainage to superior or inferior VC and 
RA that we called R variant or left drainage to brachiocephalic 
vein through a vertical vein, called L variant. To harmonize the 

clinical categorization with the model, patients were also dichot
omized into RA group, which includes the subset of clinical R 
variant with drainage directly to the RA, and VC group, which 
includes the subset of clinical R variant with drainage >2 cm dis
tant from RA and clinical L variant. Given the variability of num
ber of veins and extension of lung territory drained by each 
vein, we have considered 3 territories in the right lung (apical, 
medium and lower) and 3 in the left (including the lingula), 
according to the standard functional lung anatomy. Qp/Qs ratio 
were retrieved for all patients.

Statistical analysis

Continuous variables are expressed as median and interquartile 
range and compared using Wilcoxon rank sum and Kruskal– 
Wallis rank test having observed a clearly skewed distribution by 
visually inspecting histograms. Categorical variables are pre
sented as counts and percentages. Correlation between quanti
tative variables was assessed by Pearson r index and Sperman 
test used to estimate correlation with ranks. A P value <0.05 was 
assumed as statistical significance cut-off.

RESULTS

Numerical simulations by zero-dimensional  
computational model

The results of the numerical simulations of the 0D model pre
dicted a higher Qp/Qs in RA variant of PAPVR as compared with 
VC variant. Within each variant, the model predicted a nonlinear 

Figure 1: Diagram illustrating clinical varieties of PAPVR (bottom part) with the corresponding circuit analogue of the model (upper part) in the case of drainage in 
vena cava of a single anomalous vein. PAPVR: partial anomalous pulmonary venous return; RA: right atrium; VC: vena cava.
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increase of Qp/Qs with the increase of the number of anoma
lous veins. Drainage into the RA produced a higher Qp/Qs as 
compared to drainage into the VC with the same number of 
anomalous veins. Indeed, in patients with 1, 2 or 3 veins draining 
into the RA, the expected Qp/Qs was 1.3, 1.7 and 2.6, respec
tively, as compared with 1.2, 1.5 and 2.2 for the VC variant 
(Table 2). The magnitude of this difference was expected to de
crease with the increase of the pulmonary resistances. After sim
ulating a gradual increase in the precapillary pulmonary vascular 
resistances up to 8 WU, the Qp/Qs difference between the RA 
and VC variant decreased from 0.2 to 0.1 for the case of 2 veins 
and from 0.4 to 0.2 for the case of 3 veins. More in general, 
there was an inverse linear relation between Qp/Qs and pulmo
nary resistances, whatever the number of anomalous veins. On 
the other hand, by simulating an increase of the resistance 
of the postcapillary anomalous venous limb, a reduction of the 
Qp/Qs was predicted by the model (Fig. 2).

Clinical findings

Demographic and haemodynamic data for the whole cohort 
and according to the different anatomic variants are presented 
in Tables 1 and 2. Overall, 49 patients (27, 55% females) were in
cluded. In the whole cohort, median age was 39 (31–52) years. 
Thirty-six patients (73%) had the R variant, while 13 (27%) had L 
variant. Amongst patients with R variant, 4 (11%), 19 (53%) and 
13 (36%) had 1, 2 and 3 lung territory draining anomalously, re
spectively. Among patients with L variant, 5 (38%), 4 (31%) and 
4 (31%) patients had 1, 2 and all territories draining anoma
lously, respectively. By grouping the sample according to classi
fication generated by the model, 19 patients (39%) had an 
anomalous drainage connected directly to the RA, while 30 
(61%) had anomalous veins draining into the VC. In 16 patients 
(33%), only Qp/Qs estimated at catheterization was recorded, 
in 13 patients (27%), only CMR Qp/Qs and in 20 (41%), both 
estimations were available. In the whole cohort, median inva
sive Qp/Qs was 1.65 (1.2–2) and median CMR Qp/Qs was 1.5 
(1.3–1.9). There was a good correlation between Qp/Qs esti
mated by the 2 methods: Spearman’s rank and Pearson correla
tion coefficient 0.75 and 0.71, respectively, P< 0.001. In the 

whole cohort, patients with an anomalous drainage of single 
lung territory displayed a lower Qp/Qs as compared with 2 or 3 
territories: 1.2 (1.2–1.5) versus 1.4 (1.2–1.7) versus 1.9 (1.7–2), 
P¼ 0.02. The same trend was observed with the CMR-based 
Qp/Qs: 1.4 (1.3–1.6) versus 1.5 (1.3–1.7) versus 1.8 (1.6–2.2), 
P¼ 0.05. Qp/Qs displayed a direct correlation with the number 
of lung territories draining through anomalous veins: 
Spearman’s rho for ranks 0.5 and 0.4, P¼ 0.02 and 0.05 for in
vasive and CMR Qp/Qs, respectively. Patients with anomalous 
drainage to the VC displayed a lower median invasive and 
CMR Qp/Qs as compared with drainage to RA: 1.4 (1.2–1.7) 
and 1.45 (1.25–1.6) versus 2 (1.7–2) and 1.9 (1.6–2), respec
tively, P< 0.05 for both comparisons. After stratifying for num
ber of lung territories, there was a consistent signal of a higher 
Qp/Qs in patients with anomalous drainage to VC as compared 
with RA (Table 1, Fig. 3).

DISCUSSION

Patients with PAPVR without Atrial septal defect (ASD) represent a 
peculiar subset of patients with a wide range of clinical signs of 

Figure 2: Relation between Qp/Qs and pulmonary resistances predicted by the model according to the site of drainage and number of anomalous veins. Qp/Qs: pul
monary flow/systemic flow ratio; RA: right atrium; VC: vena cava.

Table 1: Demographic and haemodynamic data for the 
whole cohort

N ¼ 49

Female, n (%) 27 (55)
Age, median (IQR) 39 (31–52)
Right PAPVR, n (%) 36 (73)
Left PAPVR, n (%) 13 (27)
Invasive Qp/Qs, median (IQR) 1.65 (1.2–2)
CMR Qp/Qs, median (IQR) 1.5 (1.3–1.9)
PA pressure (mmHg), median (IQR) 16 (8–18)
PVR (mmHg), median (IQR) 1.1 (0.5–1.2)
RA pressure (mmHg), median (IQR) 8 (2–10)

CMR: cardiac magnetic resonance; IQR: interquartile range; PAPVR: pul
monary anomalous pulmonary veins return; PVR: pulmonary vascular 
resistances; Qp/Qs: ratio between pulmonary and systemic flow; RA: 
right atrium.
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pulmonary over-circulation. Classical theoretical pathophysiologic 
understanding of this defect contemplates that the magnitude of 
the left-to-right shunt mainly depends on the extension of the pul
monary bed with anomalous drainage. However, it has been 

empirically observed a great variability in terms of signs of pulmo
nary overflow among patients with the same number of lung seg
ments with anomalous drainage. In particular, it has been reported 
that the right venous drainage produces a higher Qp/Qs as 

Figure 3: Catheterization and cardiac magnetic resonance estimated Qp/Qs according to different site of venous drainage contemplated by the model. CMR: cardiac 
magnetic resonance; Qp/Qs: ratio between pulmonary and systemic flow; RA: right atrium; VC: vena cava.

Table 2: Catheterization, cardiac magnetic resonance (CMR) and model-based Qp/Qs according to different drainage varieties

Catheterization

Lung territory N (%) Clinical variant N (%) Model variant N (%) Qp/Qs, median (IQR) PVR

1 5 (14) SVC 1 (60) VC 4 (80) 1.35 (1.2–1.55) 1 (1–1.1)
RA 1 (20) RA 1 (20) 1.2 1
L 3 (20)

2 17 (47) SVC 10 (59) VC 13 (76) 1.4 (1.2–1.4) 1.2 (0.5–1.6)
RA 4 (23) RA 4 (24) 2 (1.8–2) 1.4 (1–1.6)
L 3 (18)

3 14 (39) SVC 3 (21) VC 7 (50) 1.7 (1.3–2) 1.15 (0.7–1.25)
RA 7 (50) RA 7 (50) 2 (1.8–2.3) 0.9 (0.7–1.1)
L 4 (29)

CMR

Lung territory N (%) Clinical variant N (%) Model variant N (%) Qp/Qs, median (IQR)

1 7 (29) SVC 2 (14) VC 6 (86) 1.3 (1.3–1.6)
RA 1 (10) RA 1 (14) 2
L 4 (57)

2 16 (47) SVC 9 (56) VC 11 (69) 1.5 (1.2–1.6)
RA 3 (19) RA 5 (11) 1.5 (1.5–2)
L 4 (25)

3 11 (32) SVC 3 (27) VC 3 (27) 1.5 (1.5–1.6)
RA 6 (54) RA 8(73) 1.9 (1.8–2.2)
L 2 (18)

Model

Lung territory Model variant N (%) Qp/Qs, median (IQR)

1 VC 1.2
RA 1.3

2 VC 1.5
RA 1.7

3 VC 2.2
RA 2.6

L: left; PVR: pulmonary vascular resistances; Qp/Qs: ratio between pulmonary and systemic flow; RA: right atrium; SVC: superior vena cava; VC: vena cava.
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compared with left anomalous drainage, being equal to the num
ber of anomalous veins [10].

This observation has been explained taking into account a dif
ferent extension of the pulmonary vascular bed in the left side 
as compared to the right, ultimately affecting the amount of pul
monary flow returning to the atria. This view implicitly assumes 
that blood flow through different pulmonary segments tributar
ies of a PV is almost exclusively guided by the precapillary im
pedance and that the role of the postcapillary (venous) section is 
negligible [11]. This assumption may not hold true in all anatom
ical variants and cannot explain the clinical variability of pulmo
nary overflow in patients with the same number of lung 
territories with anomalous drainage (Fig. 1). Furthermore, clinical 
framing of PAPVR haemodynamic contemplates only the resis
tive component of the circuit. In our mathematical model, resis
tive and inductive components for both the precapillary and 
postcapillary limbs of the circuits were computed. A main as
sumption of this model is the equality of arteriolar resistances 
across pulmonary segments draining through different PVs. This 
assumption has actually both theoretical and experimental basis 
[12]. The model predicted that the PAPVR variant with the 
anomalous veins connecting to VC, which includes right side 
drainage >2 cm from the RA and L clinical subsets, displays a 
lower Qp/Qs as compared to the variant with drainage to RA or 
at VC–RA junction. This difference fitted with invasive and non- 
invasive Qp/Qs measurements in the clinical sample. The same 
direction of this trend was reproduced in different subgroups 
characterized by different numbers of anomalous lung territo
ries. This finding is reported only in a descriptive way, since, 
due to the small numbers, we did not formally test the differ
ence statistical significance. Within the subset of patients with 
right venous return, it was also observed a dependence of Qp/ 
Qs from the site of drainage distance from the RA. This finding 
can also be analytically explained with the introduction of an 
additional resistance and inductance in the postcapillary limb 
of the anomalous drainage. The consistency of the effect of the 
postcapillary resistances is further reinforced by the reduction 
of Qp/Qs estimated when a selective postcapillary resistance in
crease of the anomalous veins is simulated. Interestingly, according 
to the model, the difference in terms of Qp/Qs between the RA 
and VC variants attenuated when the precapillary resistances 
raised. This behaviour can be explained taking into account that 
the effect of the postcapillary limb of the circuit becomes relatively 
negligible when the precapillary resistive component increases. 
Therefore, as the precapillary resistances increase, the relative ex
tension of the arterial pulmonary vascular bed is expected to be
come more preponderant and the site of anomalous drainage 
negligible in modulating the Qp/Qs. Unfortunately, since we ex
cluded patients with pathological PVRs, we cannot empirically ver
ify this model prediction in our cohort.

Limitations

This is a preliminary proof of concept paper, mainly based on 
mechanistic and pathophysiologic considerations and has sev
eral limitations. As we used a mathematical model, many 
assumptions and simplifications were made. First, the numeri
cal simulations obtained from the model implicitly assume in
stantaneous changes of blood circulation, not accounting for 
chronic adaptation of the vascular biology. Therefore, although 
we excluded patients with evidence of pulmonary vascular 

disease, the effect of additional variables besides those com
puted in the model cannot be excluded. Second, we modelled 
the inferior and SVC by means of a single compartment of the 
mathematical model to restrict our study cases. A representa
tion of the VC in 2 distinct compartments could improve analy
ses in future works. Furthermore, invasive or CMR-based 
estimations of Qp/Qs that are clearly affected by measurement 
errors were assumed to quantify the magnitude of left-to-right 
shunt. The fluid dynamics hypotheses at the basis of the model 
are restricted to PAPVR with intact interatrial septum and nor
mal PVRs. Therefore, the corresponding patient sample size is 
necessarily small, limiting the chances to perform statistically 
robust comparison, in particular among less represented ana
tomic varieties, such as those with anomalous drainage of a 
single lung territory. For all these reasons, the differences that 
we observed in terms of Qp/Qs, although consistent with the 
model predictions, must be interpreted in the context of their 
explorative meaning and need to be confirmed by more pow
ered studies.

CONCLUSIONS

In conclusion, assuming low/normal precapillary resistances, the 
site of venous drainage plays a clinically relevant role in modu
lating the Qp/Qs. This observation is analytically predicted by 
considering the influence of the total impedance offered by the 
pre- and post-pulmonary limb of pathway between the pulmo
nary arteries and the RA. This comprehensive pathophysiological 
picture may guide a more reproducible and rationale interpreta
tion of haemodynamic and image findings. Finally, these data 
suggest that the 0 dimensional lumped parameter models are a 
useful tool to analytically explore the complex pathophysiology 
of congenital heart diseases characterized by shunt circulations.
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