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MARKOVIAN PROPERTIES OF THE PAULI-FIERZ MODEL

AMEUR DHAHRI*

Abstract. The Hamiltonian approach of the Pauli-Fierz model is studied
by Derezinski and Jaksic (cf. [7]). In this paper, we give the Markovian
description of this model. Using the weak coupling limit, we derive the quan-
tum Markovian semigroup of the Pauli-Fierz system from its Hamiltonian
description. Also, we give the explicit form of the associated Lindblad gener-
ator. As a consequence, we study the properties of the associated quantum
master equation: Quantum detailed balance condition and return to equilib-
rium. Finally, we give the associated quantum Langevin equation which can
be obtained by a repeated quantum interaction Hamiltonian.

1. Introduction

This paper is aimed at studying a particular open quantum system known as the
Pauli-Fierz model. The approach is based on the theory of quantum Markovian
semigroups. Indeed, the Pauli-Fierz model describes the dynamics of a small
system, where the observables are bounded operators (matrices) defined on a finite
dimensional Hilbert space HS , submitted to perturbations originated in a free
Bose gas which represents the environment. This model can be considered as
a generalization of the spin-boson system in the following sense: the degree of
freedom of the small system is given by an arbitrary integer.

To describe the dynamics of the environment (also called reservoir), linear oper-
ators on another Hilbert space HR are used. Furthermore, to consider the system-
reservoir interaction a coupling is needed. To properly define that coupling, one
needs to consider the tensor product HS ⊗HR as the total Hilbert space.

This is the standard setting used by a number of authors (cf. [7] [12]) to analyze
open systems as a closed system on the wider space HS ⊗HR.

The Markov approach uses to describe the system-reservoir evolution by con-
sidering a reduced dynamics on the algebra of observables (operators defined on
HS). Such a reduced dynamics can be obtained, for instance, by performing a
weak coupling limit yielding to a semigroup of completely positive maps acting on
the algebra B(HS) of all endomorphisms of HS . This semigroup is characterized
via its infinitesimal generator L bearing the name of Lindblad generator (cf. [1]
[13]).
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In section 2, we describe some properties of quantum Markovian semigroup and
quantum master equation. The Hamiltonian description, the weak coupling limit
and the Lindblad generator of the Pauli-Fierz system are treated in section 3. In
section 4, we study the Markovian properties of the quantum master equation. We
prove that the faithful thermodynamical equilibrium state of the small system is
a stationary state. Moreover, the quantum detailed balance condition is checked.
Also, we prove the property of approach to equilibrium for the Pauli-Fierz system
at a positive temperature β−1. The quantum Langevin equation for the Pauli-Fierz
system is studied in section 5.

2. Quantum Markovian Semigroup and Quantum Master Equation

Throughout the paper we consider a Hilbert space HS (resp. HR) to describe
the small system (resp. the environment).

The Markovian approach consists on omitting what happens in the environment
and to concentrate only on the effective dynamics of the small system. If at time
t = 0 the initial state of the small system is supposed to be given by a density
matrix ρ0, then the mathematical model for the evolution of the states (of the small
system) is described by a completely positive map T ∗t , which is trace preserving
and ensures that ρt = T ∗t (ρ0) is also a state. Moreover, this model is one for which
the likelihood of a given future state, at any moment, depends only on its present
state, and not on any past state. The dual of T ∗t , denoted Tt, is a one parameter
semigroup of completely positive normal maps from B(HS) to B(HS), which is
continuous for the σ-weak topology (w∗-topology) and satisfying Tt(I) = I, for all
t ≥ 0. The semigroup Tt is called quantum Markovian semigroup (cf. [1]), which
satisfies

Tr(ρTt(X)) = Tr(T ∗t (ρ)X),

for all X ∈ B(HS) and all density matrix ρ.
In quantum mechanics, many properties of physical models follow from the

explicit form of the generator of Tt. In particular, if Tt is a uniformly continuous
quantum Markovian semigroup, that is

lim
t→0

‖Tt − T0‖ = 0,

then its generator is given by

L(X) = i[H, X] +
1
2

∑

k

(
2L∗kXLk − L∗kLkX −XL∗kLk

)
, (2.1)

for all X ∈ B(HS) such that H = H∗ and
∑

k L∗kLk is strongly convergent (cf. [1]
[13]). The operator L is called a Lindblad generator (or Lindbladian).

The predual L∗ of L is usually used for deriving the so-called quantum master
equation in a Lindblad form

d

dt
ρt = L∗(ρt), (2.2)

where ρt = T ∗t (ρ), t ≥ 0 and ρ is a given state.
The equation (2.2) not only governs the time evolutions of the diagonal ele-

ments of the density matrix, but also of variables containing information about
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the decoherence between the states of the system (non-diagonal elements of the
density matrix).

It is worth noticing that, in physics, many master equations for the reduced
dynamics of a small system in interaction with an exterior system, should be
derived from the underlying Hamiltonian dynamics for the total system using the
weak coupling limit technique (cf. [4] [5] [8]).

3. Markovian Dynamics of the Pauli-Fierz Model

In this section, after having given a short description of the Pauli-Fierz system
(cf. [6] [7]), for more details), we give a rigorous proof for the weak coupling limit.
Moreover, we compute the explicit form of the associated Lindblad generator.

3.1. The model. The Pauli-Fierz system consists of a small system in interaction
with a reservoir modeled by free bose gas.

The small system is described by a finite dimensional Hilbert space HS . Its
energy is described by an Hamiltonian H0 defined on HS . Moreover, the thermo-
dynamical equilibrium state at inverse temperature β is the Gibbs state

ρs =
e−βH0

Tr(e−βH0)
.

The reservoir is described by the symmetric Fock space Γs(L2(Rd)), d ≥ 2.
Moreover, if we denote by ω(k) = |k|, k ∈ Rd the energy of a single boson, then
the Hamiltonian of the reservoir is given by the differential second quantization
of ω, dΓ(ω) which acts on Γs(L2(Rd)). The observables are the Weyl operators
W (f), f ∈ L2(Rd), where

W (f) = exp
( i√

2
(a(f) + a∗(f))

)
,

where a(f) and a∗(f) are the usual annihilation and creation operators.
The equilibrium state of the reservoir at inverse temperature β is the quasi-free

state ωR defined by

ωR(W (f)) = exp
[
− ‖f‖2

4
− 1

2

∫

Rd

|f(k)|2ρ(k) dk
]
, (3.1)

where ρ(k) is related to ω(k) by Planck radiation law

ρ(k) =
1

eβω(k) − 1

and f satisfying (1 + ω−1/2)f ∈ L2(Rd). The free Hamiltonian of Pauli-Fierz is
the self-adjoint operator defined on HS ⊗D(dΓ(ω)) by

Hfr = H0 ⊗ I + I ⊗ dΓ(ω),

and the full Hamiltonian of the Pauli-Fierz system is

Hλ = H0 + dΓ(ω) +
λ√
2

N∑
n=1

(qn ⊗ a+(fn) + q∗n ⊗ a−(fn)),
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where (fn)n is an orthonormal family of Schwartz functions on Rd and qn ∈ B(HS).
Because fn are Schwartz functions, one has

ω−1/2fn ∈ L2(Rd), n = 1, . . . , N.

It follows from [7] that D(Hfr) is a core for Hλ. Moreover, Hλ is a self-adjoint
operator on D(Hfr).

Let
D = {f ∈ L2(Rd)| ω−1/2f ∈ L2(Rd)}

be the domain of the quadratic form ρ1/2. Then, the Araki-Woods representation
of the pair (L2(Rd), ρ) is the triple (Γs(L2(Rd)⊕ L2(Rd)), πρ, l, ΩR) (cf. [3] [7]),
where

• πρ, l : g −→ Wρ, l(g), g ∈ D, with Wρ, l(g) = W ((1 + ρ)1/2g ⊕ ρ̄1/2ḡ),
• ΩR is the vacuum vector of Γs(L2(Rd)⊕ L2(Rd)).

Therefore, one gets

ωR(W (f)) = 〈ΩR,Wρ,l(f)ΩR〉〉 = 〈ΩR,W ((1 + ρ)1/2f ⊕ ρ̄1/2f̄)ΩR〉,
for all f ∈ D. In the following, if there is no confusion, we denote 〈ΩR, A1 . . . AnΩR〉
by ωR(A1 . . . An).

Let
LR = dΓ(ω ⊕−ω̄)

be the Liouvillean of the reservoir, which satisfies LRΩR = 0. Then, the free
semi-Liouvillean of Pauli-Fierz is given by

Lsemi
0 = H0 + LR

and the full semi-Liouvillean is the operator

Lsemi
λ = H0 + LR + λϕAW (q),

where

ϕAW (q) =
1√
2

N∑
n=1

(
qn⊗a∗((1+ρ)1/2fn⊕ ρ̄1/2f̄n)+q∗n⊗a((1+ρ)1/2fn⊕ ρ̄1/2f̄n)

)
.

Now, consider the left Araki-Woods algebra Mρ, l generated by {Wρ, l(g), g ∈
D}. Recall that fn are Schwartz functions. Then, it is clear that (1+ω)(1+ρ)1/2 ∈
L2(Rd). Hence, from [7], the map

τ t
λ(A) = eitLsemi

λ Ae−itLsemi
λ

defines a W ∗-dynamics on Mρ = B(HS)⊗Mρ, l.

3.2. Weak coupling limit of the Pauli-Fierz system. The weak coupling
limit is one of the main asymptotic techniques in quantum theory of open systems.
We replace the Hamiltonian interaction HI between a small system and an exterior
system by λHI and consider the limit λ → 0. In order to obtain a non-vanishing
influence of the exterior system on the small system, we have to rescale time as
τ = λ2t. This means that the perturbations of the small system due to the exterior
system have a long time t = τ/λ2. In this limit, we obtain a new dynamics
describing the irreversible evolution of the small system affected by the exterior
system.
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3.2.1. Abstract theory of the weak coupling limit. Set Y a Banach space and X its
dual, i.e: X = Y∗. Let P be a projection on X and eitδ0 a one parameter group of
isometries on X which commutes with P . Put E = Pδ0. It is clear that E is the
generator of one parameter group of isometries on RanP . Consider a perturbation
Q of δ0 such that D(Q) ⊃ D(δ0).

Now, we introduce the following assumptions:

(1) P is a w∗-continuous projection on X with norm equal to one,
(2) eitδ0 a one parameter group of w∗-continuous isometries (C∗0 -group) on X ,
(3) For |λ| < λ0, iδλ = iδ0 + iλQ is the generator of a one parameter C∗0 -

semigroup of contractions.

Consider now the operator

Kλ(t) = i

∫ λ−2t

0

e−is(E+λPQP )PQeis(1−P )δλ(1−P )QP ds.

For the proof of the following theorem we refer the interested reader to [5].

Theorem 3.1. Suppose that assumptions (1), (2) and (3) hold true. Assume that
the following hypotheses are satisfied:

(4) P is a finite range projection and PQP = 0,
(5) For all t1 > 0, there exists a constant c such that

sup
|λ|<1

sup
0≤t≤t1

‖Kλ(t)‖ ≤ c.

(6) There exists an operator K defined on RanP such that

lim
λ→0

Kλ(t) = K

for all 0 < t < ∞.

Put

K] =
∑

e∈spE

1e(E)K1e(E) = lim
T→∞

1
T

∫ T

0

eitEKe−itEdt.

Then, one has

i) eitK]

is a semigroup of contractions,
ii) For all t1 > 0,

lim
λ→0

sup
0≤t≤t1

‖e−itE/λ2
Peit(δ0+λQ)/λ2

P − eitK]‖ = 0.

3.2.2. Application to the Pauli-Fierz system. Consider the Hilbert space B(HS)
equipped by the scalar product 〈A,B〉 = Tr(A∗B).

Lemma 3.2. If qn ∈ B(HS), then there exist operators vn,j ∈ B(HS) such that

qn =
l∑

j=1

vn,j , with eitH0vn,je
−itH0 = eitωn,j vn,j .
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Proof. Note that [H0, .] is a self-adjoint operator on B(HS). Then, there exists an
orthonormal basis {A1, . . . , Al} of B(HS) such that

[H0, Aj ] = ωjAj , ∀j = 1, . . . , l.

But, qn belongs to B(HS). This implies that

qn =
l∑

j=1

αn,jAj .

Put vn,j = αn,jAj . This yields that qn =
∑l

j=1 vn,j , where [H0, vn,j ] = ωn,jvn,j ,
that is

eitH0vn,je
−itH0 = eitωn,j vn,j .

¤

As a consequence of the above lemma, we have q∗n =
∑l

j=1 v∗n,j with [H0, v
∗
n,j ] =

−ωn,jvn,j . This also gives [H0, vn,j + v∗n,j ] = 0. Hence, any self-adjoint operator
qn ∈ B(HS) takes the form

qn =
k∑

j=1

(vn,j + v∗n,j), with eitH0vn,je
−itH0 = eitωn,j vn,j ∀j = 1, . . . , k. (3.2)

In the following, we suppose that the operators qn, n = 1, . . . , N, are self-
adjoint operators, which have the decomposition (3.2). Moreover, we assume that
they satisfy

eitH0vn,je
−itH0 = eitωn,j vn,j , ωn,j > 0, (3.3)

where ωn,j 6= ωn,j′ for all j 6= j′. Therefore, the full semi-Liouvillean of Pauli-Fierz
becomes

Lsemi
λ = H0 + LR + λ

N∑
n=1

qn ⊗ ϕAW (fn),

where ϕAW (fn) is the Araki-Woods field associated to fn

ϕAW (fn) =
1√
2

(
a∗((1 + ρ)1/2fn ⊕ ρ̄1/2f̄n) + a((1 + ρ)1/2fn ⊕ ρ̄1/2f̄n)

)
.

Consider the following assumptions:

〈fn, eitωfm〉 = δnm 〈fn, eitωfm〉, (3.4)

〈fn, eitωρfm〉 = δnm〈fn, eitωρfm〉. (3.5)

The assumptions (3.4) and (3.5) are satisfied for the functions
fn(x) = Yln,mn(x̂)gn(|x|) where the Yln,mn are the spherical harmonics and ln 6= lr
or mn 6= mr for all n 6= r.

Now, our aim is to use the abstract theory given in subsection 3.2.1 for proving
the weak coupling limit of the Pauli-Fierz system.
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Put

V =
N∑

n=1

qn ⊗ ϕAW (fn) =
N∑

n=1

Vn, Vn = qn ⊗ ϕAW (fn),

Q = [V, .] =
N∑

n=1

Q(n), Q(n) = [Vn, .],

δ0 = [Lsemi
0 , .], δλ = [Lsemi

λ , .] = δ0 + λQ,

P (B ⊗ C) = ωR(C)B ⊗ 1
Γs(L2(Rd)⊕L2(Rd))

, ∀B ⊗ C ∈Mρ.

It is clear that RanP is a finite dimensional subspace of Mρ with norm equal
to one. Also, to check that hypotheses (1), (2), (3) and (4) of Theorem 3.1 are
satisfied. Particularly, we have PQP = 0. Moreover, the operator E is given by

E = Pδ0 = δ0P = [H0, .]P.

Set P1 = 1− P . Then, the operator Kλ(t) is written as

Kλ(t) = i

∫ λ−2t

0

e−isEP [V, .]eisP1[L
semi
λ ,.]P1 [V, .]P ds.

Put
Uλ

t = eitP1[L
semi
λ ,.]P1 , Ut = eitP1[L

semi
0 ,.]P1 .

This yields that

Kλ(t) = i

∫ λ−2t

0

e−isEP [V, .]Uλ
s [V, .]P ds. (3.6)

Actually, we prove the following.

Lemma 3.3. We have

Kλ(t) = i

∫ λ−2t

0

e−isEP [V, .]eisP1[L
semi
0 ,.]P1 [V, .]P ds + i

∑

p≥1

(iλ)pRp(λ−2t),

where

Rp(t) =
∫

0≤tp≤···≤t0≤t

e−it0EP [V, .]Ut0(P1Q1P1) . . . (P1QpP1)[V, .]P dtp . . . dt0,

with Qj = U−tj [V, .]Utj for all j = 1, . . . , p.

Proof. We have

Uλ
t = Ut + iλ

∫ t

0

Ut−sP1[V, .]P1U
λ
s ds.

Therefore, the operator U−tU
λ
t satisfies the following equation

U−tU
λ
t = I + iλ

∫ t

0

(U−sP1[V, .]P1Us)(U−sU
λ
s ) ds.

Note that the operator Us commutes with P1. Hence, one gets

U−tU
λ
t = I + iλ

∫ t

0

(P1U−s[V, .]UsP1)(U−sU
λ
s ) ds.
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This yields that the series iteration of U−tU
λ
t is given by

U−tU
λ
t = I +

∑

p≥1

(iλ)p

∫

0≤tp≤···≤t1≤t

(P1Q1P1) . . . (P1QpP1) dtp . . . dt1.

This proves that

Uλ
t = Ut +

∑

p≥1

(iλ)p

∫

0≤tp≤···≤t1≤t

Ut(P1Q1P1) . . . (P1QpP1) dtp . . . dt1. (3.7)

Then, after substituting (3.7) in (3.6), one obtains

Kλ(t) = i

∫ λ−2t

0

e−isEP [V, .]eisP1[L
semi
0 ,.]P1 [V, .]P ds

+i
∑

p≥1

(iλ)p

∫

0≤tp≤···≤t0≤λ−2t

e−it0EP [V, .]Ut0(P1Q1P1)

. . . (P1QpP1)[V, .]P dtp . . . dt0.

This ends the proof. ¤

The explicit form of Rp(t) can be simplified.

Lemma 3.4. We have

Rp(t) =
N∑

n=1

∫

0≤tp≤···≤t0≤t

P [qn,0 ⊗ ϕAW (e−it0ωfn), .]P1

. . . P1[qn,p ⊗ ϕAW (e−itpωfn), .]P1[qn,p+1 ⊗ ϕAW (e−itp+1ωfn), .]Pdtp . . . dt0,

where tp+1 = 0 and qn,j = e−itjH0qneitjH0 .

Proof. Recall that PU−t0 = P . This implies that

Rp(t) =
∫

0≤tp≤···≤t0≤t

e−it0EPQ0(P1Q1P1) . . . (P1QpP1)Qp+1Pdtp . . . dt0.

Moreover, one has

e−it0EP = Pe−it0[H0,.] = Pe−it0[H0,.]e−it0[LR,.].

This yields that

e−it0EPQ0P1 = Pe−it0[H0,.][V, .]eit0[H0,.]eit0[LR,.]P

= Pe−it0[H0,.]e−it0[LR,.][V, .]eit0[H0,.]eit0[LR,.]P

=
N∑

n=1

P [qn,0 ⊗ ϕAW (e−it0ωfn), .]P1.

Now, by using the fact that

Utj = eitj [H0,.]eitj [LR,.]P1 + P and e−itjLRϕAW (fn)eitjLR = ϕAW (e−itjωfn),



MARKOVIAN PROPERTIES OF THE PAULI-FIERZ MODEL 299

it is easy to show that

Rp(t) =
N∑

n1,...,nN=1

∫

0≤tp≤···≤t0≤t

P [qn1,0 ⊗ ϕAW (e−it0ωfn1), .]P1

. . . P1[qnN ,p+1 ⊗ ϕAW (e−itp+1ωfnN
), .]Pdtp . . . dt0.

Finally, the result of the above lemma follows immediately from identities (3.4),
(3.5) and the explicit form of the projection P . ¤

As a consequence of the above lemma, one has Kλ(t) =
∑N

n=1 Kλ,n(t), where

Kλ,n(t) = i

∫ λ−2t

0

e−isEP [Vn, .]eisP1[L
semi
0 ,.]P1 [Vn, .]P ds + i

∑

p≥1

(iλ)pRp,n(λ−2t),

Rp,n(t) =
∫

0≤tp≤···≤t0≤t

P [qn,0 ⊗ ϕAW (e−it0ωfn), .]P1

. . . P1[qn,p ⊗ ϕAW (e−itpωfn), .]P1[qn,p+1 ⊗ ϕAW (e−itp+1ωfn), .]Pdtp . . . dt0.

Theorem 3.5. Suppose that the following hypothesis is satisfied:

sup
n

∫ ∞

0

(1 + tε)|hn(t)|dt < ∞,

for some 0 < ε < 1. Then, the hypotheses of Theorem 3.1 hold true. Moreover,
the operator K] is given by

K] = lim
T→∞

1
T

∫ T

0

eitEKe−itEdt,

where

K =
N∑

n=1

Kn, with Kn = i

∫ ∞

0

e−isEP [Vn, .]eis[Lsemi
0 ,.][Vn, .]P ds.

Proof. Firstly, note that it is easy to show that hypotheses (1) − (5) of Theorem
3.1 are satisfied. Moreover, in order to investigate the hypothesis (6) of Theorem
3.1, it suffices to prove that

lim
λ→0

Kλ,n(t) = Kn, 0 < t < ∞. (3.8)

But, the proof of the identity (3.8) is similar as the one of Theorem 3.8 in [8]. ¤

3.2.3. Lindblad generator of the Pauli-Fierz system. In this subsection, our pur-
pose is to prove that the operator L = iK] takes the form (2.1).

Let us start by proving the following lemma.
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Lemma 3.6. For all X ∈ B(HS), one has

eitH0qne−itH0Xei(t−s)H0qne−i(t−s)H0 =
k∑

j,j′=1
j 6=j′

eit(ωn,j+ωn,j′ )e−isωn,j′ vn,jXvn,j′

+
k∑

j,j′=1
j 6=j′

e−it(ωn,j+ωn,j′ )eisωn,j′ v∗n,jXv∗n,j′ +
k∑

j,j′=1
j 6=j′

eit(ωn,j−ωn,j′ )eisωn,j′ vn,jXv∗n,j′

+
k∑

j,j′=1
j 6=j′

eit(ωn,j′−ωn,j)e−isωn,j′ v∗n,jXvn,j′ +
k∑

j=1

eisωn,j vn,jXv∗n,j

+
k∑

j=1

e−isωn,j v∗n,jXvn,j ,

XeitH0qne−itH0ei(t−s)H0qne−i(t−s)H0 =
k∑

j,j′=1
j 6=j′

eit(ωn,j+ωn,j′ )e−isωn,j′Xvn,jvn,j′

+
k∑

j,j′=1
j 6=j′

e−it(ωn,j+ωn,j′ )eisωn,j′Xv∗n,jv
∗
n,j′ +

k∑

j,j′=1
j 6=j′

eit(ωn,j−ωn,j′ )eisωn,j′Xvn,jv
∗
n,j′

+
k∑

j,j′=1
j 6=j′

eit(ωn,j′−ωn,j)e−isωn,j′Xv∗n,jvn,j′ +
k∑

j=1

eisωn,j Xvn,jv
∗
n,j

+
k∑

j=1

e−isωn,j Xv∗n,jvn,j ,

ei(t−s)H0qne−i(t−s)H0XeitH0qne−itH0 =
k∑

j,j′=1
j 6=j′

eit(ωn,j+ωn,j′ )e−isωn,j vn,jXvn,j′

+
k∑

j,j′=1
j 6=j′

e−it(ωn,j+ωn,j′ )eisωn,j v∗n,jXv∗n,j′ +
k∑

j,j′=1
j 6=j′

eit(ωn,j−ωn,j′ )e−isωn,j vn,jXv∗n,j′

+
k∑

j,j′=1
j 6=j′

eit(ωn,j′−ωn,j)eisωn,j v∗n,jXvn,j′ +
k∑

j=1

e−isωn,j vn,jXv∗n,j

+
k∑

j=1

eisωn,j v∗n,jXvn,j ,
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ei(t−s)H0qne−i(t−s)H0eitH0qne−itH0X =
k∑

j,j′=1
j 6=j′

eit(ωn,j+ωn,j′ )e−isωn,j vn,jvn,j′X

+
k∑

j,j′=1
j 6=j′

e−it(ωn,j+ωn,j′ )eisωn,j v∗n,jv
∗
n,j′X +

k∑

j,j′=1
j 6=j′

eit(ωn,j−ωn,j′ )e−isωn,j vn,jv
∗
n,j′X

+
k∑

j,j′=1
j 6=j′

eit(ωn,j′−ωn,j)eisωn,j v∗n,jvn,j′X +
k∑

j=1

e−isωn,j vn,jv
∗
n,jX

+
k∑

j=1

eisωn,j v∗n,jvn,jX.

Proof. Note that identities (3.2) and (3.3) imply that

ei(t−s)H0qne−i(t−s)H0 =
k∑

j=1

(
ei(t−s)ωn,j vn,j + e−i(t−s)ωn,j v∗n,j

)
, (3.9)

eitH0qne−itH0 =
k∑

j=1

(
eitωn,j vn,j + e−itωn,j v∗n,j

)
. (3.10)

Therefore, using (3.9) and (3.10), it is straightforward to prove the results in the
above lemma. ¤

Now, we prove the following.

Theorem 3.7. Suppose that

sup
n

∫ ∞

0

[ ∣∣∣
∫

Rd

eitω (ρ(k) + 1) |fn(k)|2dk
∣∣∣ +

∣∣∣
∫

Rd

eitω ρ(k) |fn(k)|2dk
∣∣∣
]
ds < ∞.

Then, for all X ∈ B(HS), one has

L(X) =
N∑

n=1

k∑

j=1

i
(
Im(fn, fn)+−ωn,j

− Im(fn, fn)−ωn,j

)
[v∗n,jvn,j , X]

+i
(
Im(fn, fn)−−ωn,j

− Im(fn, fn)+ωn,j

)
[vn,jv

∗
n,j , X]

+Re(fn, fn)+−ωn,j

[
2v∗n,jXvn,j − {v∗n,jvn,j , X}]

+Re(fn, fn)−−ωn,j

[
2vn,jXv∗n,j − {vn,jv

∗
n,j , X}],
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where

Re(fn, fn)+−ωn,j
=

πeβωn,j

eβωn,j − 1

∫

Rd

|fn(k)|2δ(ω(k)− ωn,j) dk,

Re(fn, fn)−−ωn,j
=

π

eβωn,j − 1

∫

Rd

|fn(k)|2δ(ω(k)− ωn,j) dk,

Im(fn, fn)+−ωn,j
= PP

∫
ρ(k) + 1

ω(k)− ωn,j
|fn(k)|2 dk,

Im(fn, fn)−ωn,j
=

∫

Rd

ρ(k)
ω(k) + ωn,j

|fn(k)|2 dk,

Im(fn, fn)+ωn,j
=

∫

Rd

ρ(k) + 1
ω(k) + ωn,j

|fn(k)|2 dk,

Im(fn, fn)−−ωn,j
= PP

∫
ρ(k)

ω(k)− ωn,j
|fn(k)|2 dk.

Proof. Recall that K] =
∑N

n=1 K]
n, where

K]
n = lim

T→∞
1
T

∫ T

0

eitEKne−itEdt.

Then, for all X ∈ B(HS), the term

eitEe−isEP [Vn, .]eis[Lsemi
0 ,.][Vn, .]Pe−itE(X)

is equal to
[
eitH0e−isH0qneisH0qne−itH0X − eitH0e−isH0qneisH0e−itH0XeitH0qne−itH0

]

ωR(ϕAW (fn)ϕAW (eisωfn))−
[
eitH0qne−itH0XeitH0e−isH0qneisH0e−itH0

−XeitH0qne−isH0qne−itH0eisH0

]
ωR(ϕAW (eisωfn)ϕAW (fn)),

which is equal to
[
ei(t−s)H0qne−i(t−s)H0eitH0qne−itH0X − ei(t−s)H0qne−i(t−s)H0XeitH0qne−itH0

]

ωR(ϕAW (fn)ϕAW (eisωfn))−
[
eitH0qne−itH0Xei(t−s)H0qne−i(t−s)H0

−XeitH0qne−itH0ei(t−s)H0qne−i(t−s)H0

]
ωR(ϕAW (eisωfn)ϕAW (fn)). (3.11)

Now, from Lemma 3.6, (3.11) and the following identity

lim
T→∞

1
T

∫ T

0

eiνtdt = 0, ν ∈ R∗ (3.12)

we prove that, for all j 6= j′, the terms

vn,jXvn,j′ , v∗n,jXv∗n,j′ , v∗n,jXvn,j′ , vn,jXv∗n,j′ , Xvn,jvn,j′ , Xv∗n,jv
∗
n,j′ ,

Xvn,jv
∗
n,j′ , Xvn,jv

∗
n,j′ , vn,jvn,j′X, v∗n,jv

∗
n,j′X, vn,jv

∗
n,j′X, v∗n,jvn,j′X
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disappear in the explicit form of K]
n. This gives

K]
n = i

k∑

j=1

−
[ ∫ ∞

0

e−isωn,j ωR(ϕAW (fn)ϕAW (eisωfn))ds

+
∫ ∞

0

eisωn,j ωR(ϕAW (eisωfn)ϕAW (fn))ds
]
vn,jXv∗n,j

−
[ ∫ ∞

0

eisωn,j ωR(ϕAW (fn)ϕAW (eisωfn))ds

+
∫ ∞

0

e−isωn,j ωR(ϕAW (eisωfn)ϕAW (fn))ds
]
v∗n,jXvn,j

+
[ ∫ ∞

0

eisωn,j ωR(ϕAW (eisωfn)ϕAW (fn))ds]Xvn,jv
∗
n,j

+
[ ∫ ∞

0

e−isωn,j ωR(ϕAW (eisωfn)ϕAW (fn))ds
]
Xv∗n,jvn,j

+
[ ∫ ∞

0

e−isωn,j ωR(ϕAW (fn)ϕAW (eisωfn))ds
]
vn,jv

∗
n,jX

+
[ ∫ ∞

0

eisωn,j ωR(ϕAW (fn)ϕAW (eisωfn))ds
]
v∗n,jvn,jX. (3.13)

Now, let us introduce the well known formula of Schwartz distribution theory

±i

ω ± i0
= πδ(ω)± iVp(

1
ω

), (3.14)

where
∫

f(x)δ(x) dx = f(0),
∫

f(x)Vp(
1
x

) dx = lim
ε→0

∫

|x|≥ε

f(x)
x

dx = PP

∫
f(x)

x
dx,

∫
f(x)

1
x + i0

dx = lim
ε→0

∫
f(x)

1
x + iε

dx

for all function f : R→ R, provided that the integrals on the right are well defined
and that the limits exist. Note that

ωR

(
ϕAW (fn)ϕAW (eisωfn)

)
= 〈ΩR, ϕAW (fn)ϕAW (eisωfn)ΩR〉
= 〈(1 + ρ)1/2 ⊕ ρ̄1/2f̄n, eisω(1 + ρ)1/2 ⊕ eisωρ̄1/2f̄n〉
=

∫

Rd

eisω(1 + ρ(k))|fn(k)|2dk

+
∫

Rd

e−isωρ(k)|fn(k)|2dk

= ωR(ϕAW (eisωfn)ϕAW (fn)).

This implies that
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∫ ∞

0

e−isωnj ωR

(
ϕAW (fn)ϕAW (eisωfn)

)
ds

=
∫ ∞

0

∫

Rd

eis(ω−ωnj
)(ρ(k) + 1)|fn(k)|2 dkds

+
∫ ∞

0

∫

Rd

e−is(ω+ωnj
)ρ(k)|fn(k)|2 dkds.

According to the assumption of the above theorem, one has

∫ ∞

0

e−isωnj ωR

(
ϕAW (fn)ϕAW (eisωfn)

)
ds

= lim
ε→0+

∫ ∞

0

∫

Rd

eis(ω−ωnj
+iε)(ρ(k) + 1)|fn(k)|2 dkds

+ lim
ε→0+

∫ ∞

0

∫

Rd

e−is(ω+ωnj
−iε) ρ(k) |fn(k)|2 dkds.

Note that for all ε > 0, the functions

(s, k) 7→ eis(ω−ωnj
+iε)(ρ(k) + 1)|fn(k)|2

(s, k) 7→ e−is(ω+ωnj
−iε) ρ(k) |fn(k)|2

are integrable on [0,∞)× Rd. Then, by Fubini Theorem, one obtains

∫ ∞

0

e−isωnj ωR

(
ϕAW (fn)ϕAW (eisωfn)

)
ds

= lim
ε→0+

∫

Rd

i

ω − ωnj + iε
(ρ(k) + 1)|fn(k)|2 dk

+ lim
ε→0+

∫

Rd

−i

ω + ωnj − iε
ρ(k) |fn(k)|2 dk.

It is worthwhile to note that the test functions fn are Schwartz functions. There-
fore, we apply formula (3.14) to get

∫ ∞

0

e−isωnj ωR(ϕAW (fn)ϕAW (eisωfn)) ds

= Re(fn, fn)+−ωnj
+ iIm(fn, fn)+−ωnj

− iIm(fn, fn)−ωnj

=
∫ ∞

0

eisωnj ωR(ϕAW (eisωfn)ϕAW (fn)) ds.
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In the same way, we prove that
∫ ∞

0

e−isωnj ωR(ϕAW (eisωfn)ϕAW (fn)) ds

= Re(fn, fn)−−ωnj
+ iIm(fn, fn)−−ωnj

− iIm(fn, fn)+ωnj

=
∫ ∞

0

eisωnj ωR(ϕAW (fn)ϕAW (eisωfn)) ds,

∫ ∞

0

eisωnj ωR(ϕAW (eisωfn)ϕAW (fn)) ds

= Re(fn, fn)+−ωnj
− iIm(fn, fn)+−ωnj

+ iIm(fn, fn)−ωnj

=
∫ ∞

0

e−isωnj ωR(ϕAW (fn)ϕAW (eisωfn)) ds,

∫ ∞

0

eisωnj ωR(ϕAW (fn)ϕAW (eisωfn)) ds

= Re(fn, fn)−−ωnj
+ iIm(fn, fn)+ωnj

− iIm(fn, fn)−−ωnj

=
∫ ∞

0

e−isωnj ωR(ϕAW (eisωfn)ϕAW (fn)) ds.

Therefore, for all X ∈ B(K), one obtains

Ln(X) = iK]
n(X)

=
k∑

j=1

i
(
Im(fn, fn)+−ωnj

− Im(fn, fn)−ωnj

)
[v∗nj

vnj , X]

+i
(
Im(fn, fn)−−ωnj

− Im(fn, fn)+ωnj

)
[vnj v

∗
nj

, X]

+Re(fn, fn)+−ωnj

[
2v∗nj

Xvnj − {v∗nj
vnj , X}]

+Re(fn, fn)−−ωnj

[
2vnj Xv∗nj

− {vnj v
∗
nj

, X}].

Note that K] =
∑N

n=1 K]
n. This implies that L = i

∑N
n=1 K]

n =
∑N

n=1 Ln. This
ends the proof. ¤

4. Markovian Properties of the Quantum Master Equation Associated
to the Pauli-Fierz System

In this section, we study the Markovian properties of the master equation as-
sociated to the Pauli-Fierz system. We show that the quantum detailed balance
condition is satisfied with respect to the thermodynamical equilibrium state ρs.
Moreover, we prove the property of return to equilibrium.
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4.1. Quantum master equation. Let ρ be a density matrix in B(HS). Then,
the master equation associated to the Pauli-Fierz system is given by

dρ(t)
dt

=
N∑

n=1

k∑

j=1

−i
(
Im(fn, fn)+−ωn,j

− Im(fn, fn)−ωn,j

)
[v∗n,jvn,j , ρ(t)]

−i
(
Im(fn, fn)−−ωn,j

− Im(fn, fn)+ωn,j

)
[vn,jv

∗
n,j , ρ(t)]

+Re(fn, fn)+−ωn,j

[
2vn,jρ(t)v∗n,j − {ρ(t), v∗n,jvn,j}

]

+Re(fn, fn)−−ωn,j

[
2v∗n,jρ(t)vn,j − {ρ(t), vn,jv

∗
n,j}

]
.

Recall that HS is a finite dimensional Hilbert space and H0 is a self-adjoint
operator on HS . Let c be a positive real such that the spectrum of H0, σ(H0) ⊂
[−c, c]. Note that

e−βx1[−c, c](x) =
∫

R
eitx

( ∫

R
e−itse−βs1[−c, c](s)ds

)
dt.

Then, by using spectral Theorem, one has 1[−c, c](H0) = I. Moreover, by func-
tional calculus, one gets

e−βH0 =
∫

R
eitH0

( ∫

R
e−itse−βs1[−c, c](s)ds

)
dt.

Identity (3.3) implies that

e−βH0vn,j = eβωn,j vn,je
−βK , e−βH0v∗n,j = e−βωn,j v∗n,je

−βH0 ,

for all n = 1, . . . , N ; j = 1, . . . , k. This gives

e−βH0v∗n,jvn,j = v∗n,jvn,je
−βH0 , e−βH0vn,jv

∗
n,j = vn,jv

∗
n,je

−βH0 ,

vn,je
−βH0v∗n,j = e−βωn,j vn,jv

∗
n,je

−βH0 , v∗n,je
−βH0vn,j = eβωn,j v∗n,jvn,je

−βH0 ,

for all n = 1, . . . , N ; j = 1, . . . , k. Hence, the thermodynamical equilibrium state
ρs at inverse temperature β of the small system satisfies

[v∗n,jvn,j , ρs] = [vn,jv
∗
n,j , ρs] = 0, ∀n = 1, . . . , N ; j = 1, . . . , k. (4.1)

Because Re(fn, fn)+−ωn,j
e−βωn,j = Re(fn, fn)−−ωn,j

, one obtains

Re(fn, fn)+−ωn,j
[2vn,jρsv

∗
n,j − {ρs, v∗n,jvn,j}]

+Re(fn, fn)−−ωn,j
[2v∗n,jρsvn,j − {ρs, vn,jv

∗
n,j}]

= Re(fn, fn)+−ωn,j
[2e−βωn,j vn,jv

∗
n,jρs − 2v∗n,jvn,jρs]

+Re(fn, fn)−−ωn,j
[2eβωn,j v∗n,jvn,jρs − 2vn,jv

∗
n,jρs]

= 2
(
Re(fn, fn)+−ωn,j

e−βωn,j − Re(fn, fn)−−ωn,j

)
vn,jv

∗
n,jρs

+2
(
eβωn,j Re(fn, fn)−−ωn,j

− Re(fn, fn)+−ωn,j

)
v∗n,jvn,jρs = 0

This proves that ρs is a stationary state.
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4.2. Quantum detailed balance condition. One of the first definition of quan-
tum detailed balance is stated in [11] and others characterizations are given in [1]
[10]. The connection of the quantum detailed balance with the KMS condition is
investigated in [11] and with the Markov dilations is studied in [10]. The definition
given below is taken from [1].

Definition 4.1. Let Θ be the generator of a quantum Markovian semigroup on
B(H), where H is an Hilbert space, written as

Θ = −i [H, .] + Θ0,

with H is a self adjoint operator on H. We say that Θ satisfies quantum detailed
balance condition with respect to a faithful stationary state ρ if

i) [H, ρ] = 0,
ii) 〈Θ0(A), B〉ρ = 〈A, Θ0(B)〉ρ, for all A, B ∈ D(Θ0),

where 〈A, B〉ρ = Tr(ρA∗B).

Now, we prove the following.

Theorem 4.2. The quantum Markovian semigroup Tt = etL associated to the
Pauli-Fierz system satisfies quantum detailed balance condition with respect to the
thermodynamical equilibrium state ρs of the small system.

Proof. Note that it is proved in the previous subsection that the faithful ther-
modynamical faithful state ρs of the small system is a stationary state for the
quantum Markovian semigroup associated to the Pauli-Fierz system.

Put

H1 =
N∑

n=1

k∑

j=1

(
Im(fn, fn)+−ωn,j

− Im(fn, fn)−ωn,j

)
v∗n,jvn,j

+
(
Im(fn, fn)−−ωn,j

− Im(fn, fn)+ωn,j

)
vn,jv

∗
n,j ,

LD
ω (X) =

N∑
n=1

k∑

j=1

Re(fn, fn)+−ωn,j

[
2v∗n,jXvn,j − {vn,jv

∗
n,j , X}]

+Re(fn, fn)−−ωn,j

[
2v∗n,jXvn,j − {vn,jv

∗
n,j , X}].

Hence, from relation (4.1), it is clear that [H, ρs] = 0. Moreover, it is easy to show
that LD

ω is a self-adjoint operator for the scalar product 〈, 〉ρs . ¤

4.3. Return to equilibrium. In the Markovian approach of open systems, it
is of interest to know whether for a given Lindblad generator L there exists a
independent time final destination state ρ(∞). This may be a stationary state,
that is a state satisfying L∗(ρ) = 0, or a Gibbs state...

A quantum Markovian semigroup Tt is called relaxing iff

w∗ − lim
t→∞

ρ(t) = ρ(∞),

where ρ(t) = T ∗t (ρ) for a given density matrix ρ. This raises questions concerning
existence and particular properties of ρ(∞) related to L∗ or to the initial condition
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ρ(0). The most widely used situation is the following

w∗ − lim
t→∞

ρ(t) = ρ(∞), ∀ρ(0). (4.2)

In this case, we say that the quantum Markovian semigroup Tt has the properties
of return to equilibrium.

A sufficient condition, which ensures that (4.2) is attained, is an immediately
consequence of a Fagnola-Rebolledo result (cf. [9]).

Theorem 4.3. Suppose that H is a finite dimensional Hilbert space. Let T be a
quantum Markovian semigroup on B(H), which has a stationary faithful state and
with generator has the form (2.1). If

{Lk, L∗k, H, k ≥ 1}′ = {Lk, L∗k, k ≥ 1}′,
then T has the property of return to equilibrium.

Now, we prove the following.

Theorem 4.4. Suppose that Re(fn, fn)±−ωn,j
> 0 and Im(fn, fn)±±ωn,j

are given
by real numbers, for all j = 1, . . . , k; n = 1, . . . , N . Then, for all 0 < β < ∞,
the quantum Markovian semigroup of the Pauli-Fierz system has the property of
return to equilibrium.

Proof. Put

H1 =
N∑

n=1

k∑

j=1

[(
Im(fn, fn)−ωn,j

− Im(fn, fn)+−ωn,j

)
v∗n,jvn,j

+
(
Im(fn, fn)−−ωn,j

− Im(fn, fn)+ωn,j

)
vn,jv

∗
n,j

]
,

Ln,j,1 = (2Re(fn, fn)+−ωn,j
)1/2vn,j , (4.3)

Ln,j,2 = (2Re(fn, fn)−−ωn,j
)1/2v∗n,j ,

G0 = −1
2

N∑
n=1

k∑

j=1

(L∗n,j,1Ln,j,1 + L∗n,j,2Ln,j,2)− iH1.

It is straightforward to show that

{vm,j′ , v∗m,j′ , vn,jv
∗
n,j , v∗n,jvn,j ; 1 ≤ m,n,≤ N, 1 ≤ j, j′ ≤ k}′

= {vm,j′ , v∗m,j′ ; 1 ≤ m ≤ N, 1 ≤ j′ ≤ k}′.
This implies that

{Ln,j,p, L∗n,j,p; p = 1, 2, 1 ≤ n ≤ N, 1 ≤ j ≤ k}′
= {H1, Ln,j,p, L∗n,j,p; p = 1, 2, 1 ≤ n ≤ N, 1 ≤ j = 1 ≤ k}′.

Because the thermodynamical equilibrium state ρs is a faithful stationary state
for the quantum Markovian semigroup associated to the Pauli-Fierz system, then
by Theorem 4.3, one can conclude. ¤
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5. Quantum Langevin Equation Associated to the Pauli-Fierz System

In this section we recall the main results on the Hudson-Parthasarathy equa-
tion (or quantum Langevin equation). Moreover, we give the quantum Langevin
equation associated to the Pauli-Fierz system.

Let Z be a separable Hilbert space for which we fix an orthonormal basis
{zk, k ≥ 1}. We denote by Γs(L2(R+,Z), the symmetric Fock space constructed
over the Hilbert space L2(R+,Z), which describes a boson exterior system. It
is worthwhile to note that the space L2(R+,Z) is identified to the Hilbert space
L2(R+)⊗ Z. Let H0 be the Hilbert space describing a quantum system, which is
called initial space. Then, the combined system is described by the Hilbert space
H0 ⊗ Γs(L2(R+,Z)).

Consider the system operators H, Rk and Skl, k, l ≥ 1, which are bounded
operators in H0. Moreover, we assume that these operators satisfy

H = H∗,
∑

j

S∗jkSjl =
∑

j

SkjS
∗
lj = δkl (5.1)

and the sum
∑

k R∗kRk converges strongly to a bounded operator.
Now, for any f ∈ L2(R+,Z), we define its exponential vector by

e(f) =
∑

n≥0

f⊗n

√
n!

.

The basic quantum noises A+
i (t), Ai(t), Λij(t) are the operators

Ai(t) = a(1(0,t) ⊗ zi),

A+
i (t) = a∗(1(0,t) ⊗ zi),

Λij(t) = Λ(π(0,t) ⊗ |zi〉〈zj |),
where i, j ≥ 1, 1(0,t) is the indicator function over (0, t), while π(0,t) is the multi-
plication operator by 1(0,t) in L2(R+). With the notation fk(t) = 〈zk, f(t)〉, the
quantum noises satisfy

Ai(t)e(f) =
∫ t

0

fi(s)ds e(f),

〈e(g), A+
i (t)e(f)〉 =

∫ t

0

gi(s)ds 〈e(g), e(f)〉,

〈e(g), Λj
i (t)e(f)〉 =

∫ t

0

gi(s)fj(s)ds 〈e(g), e(f)〉,

where A0(t) = tI and h0(s) = 1 for all h ∈ L2(R+,Z).
The Hudson-Parthasarathy equation can be viewed as a stochastic generaliza-

tion of the Schrodinger equation



dUt =
{ ∑

k RkdA+
k (t) +

∑
kl(Skl − δkl)dΛkl(t)

−∑
kl R

∗
kSkldAl(t) + Gdt

}
Ut

U0 = I,
(5.2)

where G = −iH − 1
2

∑
k R∗kRk.

For the proof of the following theorem, we refer the interested reader to [14].
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Theorem 5.1. Suppose that the system operators H, Rk, Skl satisfy (5.1). Then,
there exists a unique strongly continuous unitary adapted process Ut, which is
solution of equation (5.2).

For more physical point of view, these equations describe the evolution of quan-
tum systems affected by a source of noise. Moreover, it is well known that any
Hudson Parthasarathy equation, where the system operator satisfy (5.1), deletes
a quantum Markovian semigroup in the following sense

〈Ω, Ut(X ⊗ I)U∗
t Ω〉 = etL(X),

where Ω is the vacuum vector of the Fock space L2(R+,Z) and

L(X) = i[H, X] +
1
2

∑

k

(
2R∗kXRk −R∗kRkX −XR∗kRk

)
,

for all X ∈ B(H0).
From the above, the quantum Langevin equation associated to the Pauli-Fierz

system is given by
{

dUt =
{ ∑2

p=1

∑N
n=1

∑k
j=1 Ln,j,pdA+

n,j,p(t)− L∗n,j,pdAn,j,p(t) + G0dt
}
Ut

U0 = I,
(5.3)

where the operators G0, Ln,j,p are defined by relation (4.3).
Following Attal-Pautrat (cf. [2]), the equation (5.3) can be obtained by a re-

peated quantum interaction Hamiltonian. The reservoir is modeled by an infinite
chain of identical copies H = CN+1 ⊗ Ck+1 ⊗ C3 for which we fix an orthonor-
mal basis B = {en,j,p; 0 ≤ n ≤ N, 0 ≤ j ≤ k, 0 ≤ p ≤ 2}, where the vacuum
state is Ω = e0,0,0. Then, an orthonormal basis of B(H) is given by the family
{am,i,q

n,j,p ; 0 ≤, m, n ≤ N, 0 ≤ i, j ≤ k, 0 ≤ p, q ≤ 2} such that

am,i,q
n,j,p em′,i′,q′ = δ(m,i,q),(m′,i′,q′)en,j,p.

The during time interaction of the small system HS and a copy H is denoted by
h and the unitary evolution is defined on HS ⊗H by U = e−ihH , where

H = H1 ⊗ I + I ⊗HR +
1√
h

2∑
p=1

N∑
n=1

k∑

j=1

[
Vn,j,p ⊗ a0,0,0

n,j,p + V ∗
n,j,p ⊗ an,j,p

0,0,0

]
,

with HR is the Hamiltonian of a copy H such that HRΩ = 0, Vn,j,p = iLn,j,p,
where Ln,j,p and H1 are given by (4.3).

The unitary evolution of the small system HS in interaction with the l-th copy
Hl of H, in the reservoir chain, is the operator Ul which acts as U on HS ⊗ Hl

and as the identity on the other copies. Then, the discrete evolution equation
associated to this model is defined on HS ⊗

⊗
N∗ H by

{
ul+1 = Ul+1 ul

u0 = I.
(5.4)

Now, our aim is to compute the coefficients Um,i,q
n,j,p ;0 ≤ m,n ≤ N,

0 ≤ i, j ≤ k, 0 ≤ p, q ≤ 2 of the matrix representation of U is the basis B. One
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has

U0,0,0
0,0,0 = 〈Ω, UΩ〉 = I − ihH1 − 1

2
h

2∑
p=1

N∑
n=1

k∑

j=1

V ∗
n,j,pVn,j,p + o(h),

U0,0,0
n,j,p = 〈en,j,p, UΩ〉 = −i

√
hVn,j,p + o(h), n, j, p ≥ 1,

Un,j,p
0,0,0 = 〈Ω, Uen,j,p〉 = −i

√
hV ∗

n,j,p + o(h), n, j, p ≥ 1,

Um,i,q
n,j,p = 〈en,j,p, Uem,i,q〉 = δ(m,i,q),(n,j,p)I + O(h).

Therefore, Theorem 17 pp. 32 in [2] implies that the solution u[t/h] of the discrete
evolution equation (5.4) converges strongly to the solution Ut of the stochastic
differential equation (5.3), where we use the notation A+

n,j,p(t) = a0,0,0
n,j,p(t) and

An,j,p(t) = an,j,p
0,0,0(t).
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