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MARKOVIAN PROPERTIES OF THE PAULI-FIERZ MODEL

AMEUR DHAHRI*

ABSTRACT. The Hamiltonian approach of the Pauli-Fierz model is studied
by Derezinski and Jaksic (cf. [7]). In this paper, we give the Markovian
description of this model. Using the weak coupling limit, we derive the quan-
tum Markovian semigroup of the Pauli-Fierz system from its Hamiltonian
description. Also, we give the explicit form of the associated Lindblad gener-
ator. As a consequence, we study the properties of the associated quantum
master equation: Quantum detailed balance condition and return to equilib-
rium. Finally, we give the associated quantum Langevin equation which can
be obtained by a repeated quantum interaction Hamiltonian.

1. Introduction

This paper is aimed at studying a particular open quantum system known as the
Pauli-Fierz model. The approach is based on the theory of quantum Markovian
semigroups. Indeed, the Pauli-Fierz model describes the dynamics of a small
system, where the observables are bounded operators (matrices) defined on a finite
dimensional Hilbert space Hg, submitted to perturbations originated in a free
Bose gas which represents the environment. This model can be considered as
a generalization of the spin-boson system in the following sense: the degree of
freedom of the small system is given by an arbitrary integer.

To describe the dynamics of the environment (also called reservoir), linear oper-
ators on another Hilbert space Hpr are used. Furthermore, to consider the system-
reservoir interaction a coupling is needed. To properly define that coupling, one
needs to consider the tensor product Hg ® Hpg as the total Hilbert space.

This is the standard setting used by a number of authors (cf. [7] [12]) to analyze
open systems as a closed system on the wider space Hg ® Hpg.

The Markov approach uses to describe the system-reservoir evolution by con-
sidering a reduced dynamics on the algebra of observables (operators defined on
Hs). Such a reduced dynamics can be obtained, for instance, by performing a
weak coupling limit yielding to a semigroup of completely positive maps acting on
the algebra B(Hgs) of all endomorphisms of Hg. This semigroup is characterized
via its infinitesimal generator £ bearing the name of Lindblad generator (cf. [1]
[13]).
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In section 2, we describe some properties of quantum Markovian semigroup and
quantum master equation. The Hamiltonian description, the weak coupling limit
and the Lindblad generator of the Pauli-Fierz system are treated in section 3. In
section 4, we study the Markovian properties of the quantum master equation. We
prove that the faithful thermodynamical equilibrium state of the small system is
a stationary state. Moreover, the quantum detailed balance condition is checked.
Also, we prove the property of approach to equilibrium for the Pauli-Fierz system
at a positive temperature 1. The quantum Langevin equation for the Pauli-Fierz
system is studied in section 5.

2. Quantum Markovian Semigroup and Quantum Master Equation

Throughout the paper we consider a Hilbert space Hg (resp. Hg) to describe
the small system (resp. the environment).

The Markovian approach consists on omitting what happens in the environment
and to concentrate only on the effective dynamics of the small system. If at time
t = 0 the initial state of the small system is supposed to be given by a density
matrix pg, then the mathematical model for the evolution of the states (of the small
system) is described by a completely positive map T}*, which is trace preserving
and ensures that p, = T;*(po) is also a state. Moreover, this model is one for which
the likelihood of a given future state, at any moment, depends only on its present
state, and not on any past state. The dual of T}, denoted 7}, is a one parameter
semigroup of completely positive normal maps from B(Hgs) to B(Hs), which is
continuous for the o-weak topology (w*-topology) and satisfying T;(I) = I, for all
t > 0. The semigroup T; is called quantum Markovian semigroup (cf. [1]), which
satisfies

TH(pTi(X)) = TH(T} () X),
for all X € B(Hg) and all density matrix p.

In quantum mechanics, many properties of physical models follow from the
explicit form of the generator of T;. In particular, if 7} is a uniformly continuous
quantum Markovian semigroup, that is

lim 173 = To]| = .
then its generator is given by

1
L(X) =ilH, X+ 5> (ZLZXLk ~LiLX — XL;Lk), (2.1)
k

for all X € B(Hg) such that H = H* and ), L; Ly, is strongly convergent (cf. [1]
[13]). The operator L is called a Lindblad generator (or Lindbladian).

The predual £* of L is usually used for deriving the so-called quantum master
equation in a Lindblad form

%Pt =L (p1), (2.2)

where p, = T;*(p), t > 0 and p is a given state.

The equation (2.2) not only governs the time evolutions of the diagonal ele-
ments of the density matrix, but also of variables containing information about
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the decoherence between the states of the system (non-diagonal elements of the
density matrix).

It is worth noticing that, in physics, many master equations for the reduced
dynamics of a small system in interaction with an exterior system, should be
derived from the underlying Hamiltonian dynamics for the total system using the
weak coupling limit technique (cf. [4] [5] [8]).

3. Markovian Dynamics of the Pauli-Fierz Model

In this section, after having given a short description of the Pauli-Fierz system
(cf. [6] [7]), for more details), we give a rigorous proof for the weak coupling limit.
Moreover, we compute the explicit form of the associated Lindblad generator.

3.1. The model. The Pauli-Fierz system consists of a small system in interaction
with a reservoir modeled by free bose gas.

The small system is described by a finite dimensional Hilbert space Hg. Its
energy is described by an Hamiltonian Hy defined on Hg. Moreover, the thermo-
dynamical equilibrium state at inverse temperature ( is the Gibbs state

e—BHo
Ps = 7’1\1'(6_5}10).
The reservoir is described by the symmetric Fock space T';(L?(R9)), d > 2.
Moreover, if we denote by w(k) = |k|, k € R? the energy of a single boson, then
the Hamiltonian of the reservoir is given by the differential second quantization

of w, dl'(w) which acts on T's(L?(R%)). The observables are the Weyl operators
W(f), f € L*(R%), where

W() = exp (s (alh) +a" (1),

where a(f) and a*(f) are the usual annihilation and creation operators.
The equilibrium state of the reservoir at inverse temperature 3 is the quasi-free
state wr defined by

wrW () =exp [~ LD L[y 2ok an]. (3.)
R
where p(k) is related to w(k) by Planck radiation law
1

p(k) = eBw(k) _ 1

and f satisfying (1 +w™/2)f € L?(R%). The free Hamiltonian of Pauli-Fierz is
the self-adjoint operator defined on Hg ® D(dI'(w)) by

Hp, = Hy® I + 1 ®dl(w),

and the full Hamiltonian of the Pauli-Fierz system is

H)\—H()—"dr an®a fn +Qn®a’ (f’ﬂ))’
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where (f,,),, is an orthonormal family of Schwartz functions on R? and ¢, € B(Hs).
Because f,, are Schwartz functions, one has

w2f, e LARY), n=1,...,N.

It follows from [7] that D(Hy,) is a core for Hy. Moreover, Hy is a self-adjoint
operator on D(Hy;).
Let
D={f e L*R")|w'/2f € L*(R")}
be the domain of the quadratic form p'/2. Then, the Araki-Woods representation
of the pair (L?(R?), p) is the triple (I's(L*(R?) & L2(R9)), 7, 1, Qr) (cf. [3] [7]),
where

e, 1:9— W,i(9), g €D, with W, (g) =W((1+p)*/%ga p'/?%g),
e Qr is the vacuum vector of I'y(L?(R%) @ L2(R4)).
Therefore, one gets

wr(W(f)) = (Qr, Wi (/)R)) = (Qr, W((1+p)' /2 f & " [)R),
for all f € D. In the following, if there is no confusion, we denote (g, Ay ... 4,QR)
by wr(4; ... Ay).
Let

Lir= dF(w S5 —LD)
be the Liouvillean of the reservoir, which satisfies Lrdr = 0. Then, the free
semi-Liouvillean of Pauli-Fierz is given by

L™ = Ho + Lp
and the full semi-Liouvillean is the operator
L™ = Hy + Lg + Apaw (q),

where

N
1 * = e * = r
paw(q) = 7 > (qn Qa* (1+p) V20 @2 ) + ¢ @a((1+p) /2 @pl/zfn))-
n=1
Now, consider the left Araki-Woods algebra M, ; generated by {W, i(g), g €
D}. Recall that f,, are Schwartz functions. Then, it is clear that (1+w)(1+p)'/2 €
L?(R%). Hence, from [7], the map

Tf\(A) _ eitLiemiAefitLiemi
defines a W*-dynamics on M, = B(Hg) ® M, ;.

3.2. Weak coupling limit of the Pauli-Fierz system. The weak coupling
limit is one of the main asymptotic techniques in quantum theory of open systems.
We replace the Hamiltonian interaction H; between a small system and an exterior
system by AH; and consider the limit A — 0. In order to obtain a non-vanishing
influence of the exterior system on the small system, we have to rescale time as
7 = A2t. This means that the perturbations of the small system due to the exterior
system have a long time ¢t = 7/A2. In this limit, we obtain a new dynamics
describing the irreversible evolution of the small system affected by the exterior
system.
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3.2.1. Abstract theory of the weak coupling limit. Set ) a Banach space and X its
dual, i.e: X = Y*. Let P be a projection on X and e**% a one parameter group of
isometries on X which commutes with P. Put EF = Pdy. It is clear that E is the
generator of one parameter group of isometries on RanP. Consider a perturbation
Q of §y such that D(Q) D D(dp).

Now, we introduce the following assumptions:

(1) P is a w*-continuous projection on X with norm equal to one,

(2) €% a one parameter group of w*-continuous isometries (Cg-group) on X,

(3) For |A] < Ao, i0x = idp + ¢AQ is the generator of a one parameter C§-
semigroup of contractions.

Consider now the operator
A2
Kn(t) = z/ ¢~is(E+APQP) p(yis(1-P)I(1-P) ) p g
0

For the proof of the following theorem we refer the interested reader to [5].
Theorem 3.1. Suppose that assumptions (1), (2) and (3) hold true. Assume that
the following hypotheses are satisfied:

(4) P is a finite range projection and PQP = 0,

(5) For allt; > 0, there exists a constant ¢ such that

sup sup [ Ka(t)] < c.
IA|<10<t<t;

(6) There exists an operator K defined on RanP such that
)1\1210 K\t)=K

for all 0 < t < 0.
Put

1 (T . )
f_— o - itE —itE
K* = ee%pE 1(E)K1.(FE) —Tll_{réc T/o e Ke "™ dt.

Then, one has
i) etE" s g semigroup of contractions,
i) For allt; >0,

. ) 2 ; 2 . #
lim sup |e LE/A” peit(Go+AQ)/A" p _ pitK I =o0.
A—0 0<t<tq

3.2.2. Application to the Pauli-Fierz system. Consider the Hilbert space B(Hg)
equipped by the scalar product (A, B) = Tr(A*B).
Lemma 3.2. If ¢, € B(Hg), then there exist operators v, ; € B(Hg) such that

l
qn = E Upj, With e”H‘)vnyje_”HO :e”“’"ﬂ'vn’j.

Jj=1
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Proof. Note that [Hy, .] is a self-adjoint operator on B(Hg). Then, there exists an
orthonormal basis {A1,..., A;} of B(Hs) such that

[Ho, Aj] = w;Aj, Vj=1,...,1

But, g, belongs to B(Hg). This implies that

l
qn = E an,jAj-
j=1

. I
Put v, ; = @, ;A;. This yields that ¢, = ijl Un,j, Where [Hy, vy j] = wn jUn j,
that is
itHg ,—itHg __ itwn,j .
e oy, e = "y, ;.

n7

O

As a consequence of the above lemma, we have ¢ = Z;zl v, with [Ho, v}, ;] =
~Wn,jVUn,j- This also gives [Ho, vy ; + vy, ;] = 0. Hence, any self-adjoint operator

Gn € B(Hg) takes the form

k

Gn = Z(U”J +vy,5), with e'tHoy,, sem 1o — gitwniy 5 =1,k (3.2)
j=1

In the following, we suppose that the operators ¢,, n = 1,..., N, are self-

adjoint operators, which have the decomposition (3.2). Moreover, we assume that
they satisfy

it H —itH,
it O/U'n,,je it 0

e = e“ﬁ“’"*jvn’j, wn,j >0, (3.3)

where wy, j # wy, j» for all j # j'. Therefore, the full semi-Liouvillean of Pauli-Fierz
becomes

N
Liemi =Hy+ L+ )\Z qn & @AW(fn)»

n=1
where paw (fr) is the Araki-Woods field associated to f,

paw(fn) = % (@ (14 )2 fu ® 02 f0) + a((1+ ) 2 f @ 52 ).

Consider the following assumptions:

<fn7 eitwfm> = 6nm <fn7€itwfm>, (34)
<fna eitwpfm> = 5nm<fna eitwpfm>~ (35)

The assumptions (3.4) and (3.5) are satisfied for the functions
fu(z) =Y, m,, (2)gn(Jz|) where the Y], ,,,, are the spherical harmonics and I,, # [,
or my, # m, for all n # r.

Now, our aim is to use the abstract theory given in subsection 3.2.1 for proving
the weak coupling limit of the Pauli-Fierz system.
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Put
N N
Vo= > aa®paw(fn) =D Ve, Vi = an @ paw(fn),
n=1 n=1
N
Q = [V,.]=> 0", Q" =V,
n=1
0 = [Lgemi, J, o0n = [Lie"”', J =080 + 2,
P(B@C) = wR(C)B®1FS(L2(Rd)€BW)’ VB@CEMP

297

It is clear that RanP is a finite dimensional subspace of M, with norm equal
to one. Also, to check that hypotheses (1), (2), (3) and (4) of Theorem 3.1 are
satisfied. Particularly, we have PQP = 0. Moreover, the operator E is given by

E = PSy = 6oP = [Hy, .]P.
Set Py =1 — P. Then, the operator K(t) is written as
A2 )
Ky(t) =i / e BB Py, Jers P APy 1P ds.
0

Put » »
Ut)\ — eltpl[L')\‘ ”,.]P‘l7 Ut — 6’LtP1[Lb‘ ”,.]Pl'

This yields that

A%t
Ki(t) = z/ e BEPV, UMV, .|Pds.
0
Actually, we prove the following.

Lemma 3.3. We have

A%t )
Kx(t) =i / e PEPV, | P RV [P ds 40 (IA)PRy(A1),
0

p>1

where

R,(t) = / e ME PV, U (PLQ1P1) ... (P1Q,Py)[V, . |Pdt, ... dt,
0<t,<---<to<t

with Q; = U_,[V, .JUs, forall j=1,...,p.
Proof. We have
U} = U + i) /t Ui_ PV, .|PU ds.
Therefore, the operator U_,U} satisf?es the following equation
U_ U} =T+i) /t(U_sPl [V, JPLU)(U_U) ds.
Note that the operator U commuotes with P;. Hence, one gets

t
U_Up = I—l—z'/\/ (PLU_[V, . JUP)(U_,U) ds.
0
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This yields that the series iteration of U_,U} is given by

U_ U} =1+ Z(M)p/ (PLQ1Py) ... (PLQ,Py)dty, ... dt.

1 0<t, <<ty <t

This proves that

U)=U, + Z(i)\)p/ Uy (PLQ1P)) ... (PLQ,Py)dt, ... dt.

p>1 0<t, <---<t1<t

Then, after substituting (3.7) in (3.6), one obtains

A2 )
K\(t) = i / e BEP[Y, Jes UL Ry 1P ds
0
+¢Z(M)p/ eTME PV, U, (PLQLPy)
o1 0<ty<---<to<A—2t

. (PLQuP)[V, P dt, ... dto.

This ends the proof.

The explicit form of R,(t) can be simplified.

Lemma 3.4. We have
N

Ry(t) = Z/ Plgno @ paw (e f), | Py
= Josty<stost
v Pl [QTL,p ® (PAW(eiitpwfn)a ]Pl [qn,p+1 ® SDAW(eiithrlwfn), ]Pdtp A
where t,1 =0 and g, ; = e~ tiflog, eititlo,

Proof. Recall that PU_;, = P. This implies that
R,(t) = / e EPQ.(PQLPY). .. (PiQpP1)Qpy1 Pdt, . .. diy.
0<t,<---<to<t

Moreover, one has
e—ithP _ Pe—itQ[Ho,.] _ Pe—ito[HO,.]e—ito[LR,.]_
This yields that
e"EpQp, = Pe~itolHol[y, JeitolHolitolLr.] p
Pe—itolHo] g=itolLy Iy, JeitolHo] gitolLn.] p

N
= Y Plgno® paw(e " fn), | P1.

n=1

Now, by using the fact that

dto,

Utj — eitj[HU,.]eitj[LR,.]Pl + P and e_ithR(PAW(fn)eithR — (PAW(e_itjwfn)>
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it is easy to show that

Rp(t) = Z / [in,O & @AW(eiitowfnl)a ]Pl

=1 0<t,<---<to<t

Py [qu,p-‘rl ® @Aw(eiit’”lwfm\,), .]Pdtp ...dtg

Finally, the result of the above lemma follows immediately from identities (3.4),
(3.5) and the explicit form of the projection P. |

As a consequence of the above lemma, one has K (t) = ZnNzl Ky, (t), where

A2 )
Kan(t) = Z/ e "B PV, Je PR, 1P ds +0 Y (IAP Ry (A1),
0

p>1

Rp,n(t) = / P[Qn,o ® ‘PAW(e_itowfn)a -]Pl
0<t, < <to<t

Pilgnp @ 0aw (€7 fn), P [gnpi1 @ paw (e f), Pty . . dtg

Theorem 3.5. Suppose that the following hypothesis is satisfied:

sup/ (14 t°)|hn(t)]dt < o0,
0

n

for some 0 < ¢ < 1. Then, the hypotheses of Theorem 3.1 hold true. Moreover,
the operator K* is given by

1 [T ,
K% = lim —/ P KemE
T Jo
where

N o)
K=Y K, with K, = Z/O e B PV, ] Y, P ds.

n=1
Proof. Firstly, note that it is easy to show that hypotheses (1) — (5) of Theorem

3.1 are satisfied. Moreover, in order to investigate the hypothesis (6) of Theorem
3.1, it suffices to prove that

lim K (1) = K, 0< ¢ < oc. (3.8)

But, the proof of the identity (3.8) is similar as the one of Theorem 3.8 in [8]. O
3.2.3. Lindblad generator of the Pauli-Fierz system. In this subsection, our pur-

pose is to prove that the operator £ = iK* takes the form (2.1).
Let us start by proving the following lemma.
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Lemma 3.6. For all X € B(Hgs), one has

k
ethoqne—thOXez(t—s)Ho qne—z(t—s)Ho — E : elt(wn’j+w"’jl)€_zsw"vj/Un’jX’Un’j/
jaj/%/l
J#J

k k
—it(wWn,j+w, 1) 15w, i1, % * it(Wn,j—w, 1) ,i8W,, 1 . *
+ g e n,3’) e %n,j vnijvmj,Jr e n,3’' ) e %n.; vn,]vaj,
dj'=1
J#3
k

Jij'=1
J#]
k
it(w,, i1 —Wn,j) ,—iSW,, /% . iSWn, j ) *
+ E e\ Wn.gt T Wndle n.J vn’ijn,J/—l—E e i, j Xy
Jii'=1 j=1
J#i’
k
—1S8Wn,j %
+ E e "Iv, i XUn g,
Jj=1
k
XethOqne—ltHoei(t—s)Hoqne—z(t—s)Ho — § 62t(w7l’j+w"L>j/)e_lsw"’j/X’Un,jvn,j/
j,_j’:_ll
J#3
k k
+ E e_Zt(‘”"*j+”"vf’)els‘”">J"Xv;jv;jl—|— § ezt(wn’j_w"’j/)ezsw"’j/X’Un’j’l};’j/
drj'=1 Jij'=1
#J J#i
k k
it(w,, ;1 —Wn,j) ,—isw, s * . 1SWn, j ok
Y et iy Xy oY € Xy v
j'=1 =1
it
k
—18Wn j * )
—I—E e Xy, iUn,j,
j=1
k
ez(tfs)ngnefz(tfs)HoXethoqneftho _ E e’bt(wn,jJFWn,j’)e*an,j vn,jXUn,j’
Jij'=1
J#]
k k
+ § : 6_1t(w"’j+w’“j/)eww"’j’l};jXU;j/+ § ezt(w"”j_w’“j/)e_ww"’jUij’U:;’j/
=1 37 =1
J#3 J#3
k k
+ Y ety e ienayy Xy, 4y e, X
4’ =1 j=1
Ji#5’
k

1SWn,j 5 % .
+ E e Uy, i XU,
Jj=1
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k
ez(t—s)Hoqne—z(t—s)Hoethoqne—thOX — E ezt(wn,j +wn)j/)e—zswn,j Un,jvn,j’X
j7j/=./1
J#i
k k
Z 7’Lt(w"’j+w”‘j/)elsw"’jU:l,jU:,j/X + E ezt(wn,j 7w”vj/)Bizsw"’jvn,jU:l?j/X
‘=1 di'=1
J#J J#]
k k
t(w, 1 —Wn i) ESWn % —18Wn *
+ E ettn.jr=wni)e "Ivg Un X+ E e "y, o, X
J,d'=1 Jj=1
3#’
k
isw
+ E e vy v, X
Jj=1

Proof. Note that identities (3.2) and (3.3) imply that

ei(t*S)Ho i(t*S)HO

e =3 (b, iy ) (39)

M=

BN
I
—

eitHo n —itHg (eitwn'jvn,j +€_ith‘jUZ’j). (310)

<
3
|
1~

.
Il
N

Therefore, using (3.9) and (3.10), it is straightforward to prove the results in the
above lemma. d

Now, we prove the following.

Theorem 3.7. Suppose that

sup/ ‘/ it ( 1) |fn(k |dk‘+’/ (k)| falk |dkHds<oo
Rd

Then, for all X € B(Hg), one has

N k
= Z Z i(Im(fm fn)J—rwn)j —Im(fn, fn)u_;n]) [v:,jvnij X]
n=1j=1
+Z(Im(fn;fn):wnj 7Im(fn,fn) ) [vnjvny X]
+Re(fnvfn) Wn,j [ v;,ijn,]' - {U;,jvn»]ﬁ X}]

+Re(fn, fn) o, , (200X 05 5 = {vn 05 5, X},
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where
Relfn o), = oy [ 1 BPS) — )
Re(fu )y = gy [, PO =)
i f)e, = PP [ S WP,

k
o fle, = [ S e

B p(k)+1
Im(fmfn)zw = /Rd ROET | £ (K)|? dE,

(fn, fo)s, = PP / WWW%

Proof. Recall that K% = 27]2[21 K!, where
1 [T )
K} = lim — / e"F K, e E L,
0
Then, for all X € B(Hg), the term
eitEe—isEP[Vm .]eis[Lg‘”"i,.] [V, ']Pe—itE(X)
is equal to
eitHog=isHoy cisHoy o—itHo y _ eitHU6—isH0qneisHoe—itHOXeitHoqne—z‘tHo}

7itH0XeitH067iSHD eiSHoefitHo

wrlpaw (f)paw (€ ) = [T g,e n
_XeitHog, oisHog o—itHo eisHo} wr(oaw (€ F)oaw (f2)),
which is equal to
{ei(tfs)Hoqnefi(tfs)HoeitHoqnefitHOX B ei(tfs)Hoqnefi(tfs)HoXeitngnefitHg}
wrlpaw (fo)paw (€5 F)) — [eitHoqne—itHOXei(t—s)Hoqne—i(t—s)Ho

—Xe”Hf)qne‘”HOe“t‘s)H“qne‘“t‘s)H‘J]wR(sDAw(e”“’fn)sko(fn)) (3.11)

Now, from Lemma 3.6, (3.11) and the following identity

T
. 1 ;
lim — [ e™dt=0, veR" (3.12)
T—o0 0
we prove that, for all j # 7/, the terms
* * * * * *
Vp, i X Un jt, vn)ijnJ,, vn’ijnJv, vijUn?j,, Xy jUn 5, Xvn)jvn)j,,

*

*
" .
n,1"?

* * * *
Xy v XU, jUp i1y Un,jUn,j? X, Up Up 50 X, Up iUy 0 X, U iUp 50 X



MARKOVIAN PROPERTIES OF THE PAULI-FIERZ MODEL 303

disappear in the explicit form of K#. This gives

Ki=iy - [/0 e P miwp(@aw (fn)paw (€ fn))ds

j=1

oo
b [ el (e f)paw (f)ds] vn X0y,
0

— {/OOO e miwp(@aw (fn)oaw (€ fr))ds

+/ eiisw"’ij(S@AW(eiswfn)@AW(fn))dS} Uy ;i X Un
0

4 / €53 o (0 aw (€% fo ) aw (f) )] X 07
0

{
+ {/000 e_isw"’ij(SOAW(eiswfn)WAW(fn))ds} Xvp, Vnj
{

n / e—iswn,j WR(SDAW(fn)@AW(eiswfn))dS} vn7jv;jX
0

+{/O eis“”"'wR(sﬂAW(fn)sﬁAW(eiswfn))dS}ﬂZ,j”n,jX- (3.13)

Now, let us introduce the well known formula of Schwartz distribution theory

where

/ F(@)5(z) do

/ F@Vy(=

m)dx
/f(x):ciio du

w %10

— m6(w) + in(%), (3.14)
f(0),

o @ [,

;I_)I% lz|>e L a PP/ z d ,

hm/f

for all function f : R — R, provided that the integrals on the right are well defined
and that the limits exist. Note that

wr(@aw (fa)paw (€ fn))

This implies that

(Qr, e aw (fn) e aw (€ f,)r)
(1+p)1/269,01/2f ezsw(1+p)1/2 @ezsw 1/2f >

y e (1 + p(k))| fu (k) P dk

+ / €% ()| () Pk

wr(eaw (€ frn)oaw (fn))-
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o0

o 5Wn; WR (wAW(fn)@AW(eiswfn))ds

S—

0

N / Oo/ e @) (p(k) + 1) fu (k)|* dkds
0 R4

[ e o ) dis,
0 R4

According to the assumption of the above theorem, one has

/OOO e i wp (paw (fn)paw (€ fr))ds

= lim / / W@ T (k) + 1)| f (k) |2 dkds
0 R4

e—0*t
oo . .
+ lim / / e T T () | () dkds.
e—0t Jo Rd
Note that for all € > 0, the functions

(5, k) = €7 (p(k) + 1)| fo (k)]
(s,k) = €T =) p(k) | £ (k)2

are integrable on [0,00) x R?. Then, by Fubini Theorem, one obtains

/Ooo e riwp (paw (fa)paw (€™ f))ds

i

= 1l — (p(k) + D] fn (k)| dk
Jim | o ) + DI
+lim [ p(k) | fu(R)] dE

e—0t Jrd W+ Wy, — 1€

It is worthwhile to note that the test functions f, are Schwartz functions
fore, we apply formula (3.14) to get

/Ooo e wp(aw (fu)paw (€ f,,)) ds

= Re(fm fn)iw"j + Zlm(fnv fn)iw"j - Zlm(fnv fn);"j

= /0°° e5vn; wR(SOAW (eiswfn)SOAW(fn)) ds.

. There-
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In the same way, we prove that

/0 e—iswnj wR(@AW(eiswfn)gﬁAW(fn)) ds

= Re(fu, fo) "o, + (o, f)y, —idm(fo, fu)Z,

n

= /0 6i5wni wR(SDAW(fn)SDAW(eiSan))dsa

0o
1SWn,

e JWR(QOAW(Eiswfn)‘PAW(fn))ds

S~

=Re(fu, fo) o, —im(fo, f) %y, +ilm(fo, fn)s,

B / e i wp(@aw (fu)paw (€5 f,)) ds,
0

/0 e wp(@aw (fa)paw (€ f,)) ds

= Re(fm fn):wnj + Zlm(fnv fn)j;"j - ZIrn(f’m fn):wnj

= /0 eiiswni wR(@AW(eiswfn)SOAW(fn))ds'

Therefore, for all X € B(K), one obtains

LX) = iKL(X)
k

= Zz(lm(fn7fn)iwnj - Im(fn»fn)u_;nj) [U;jvnw X]
j=1

+Z(Im(fna fn):wnj - Im(fn7 fn)InJ) [Unj ’U’;kL]'7 X}

+Re(fn, fn)fwnj [211:]_ Xy, — {Ufijnj, X}]

+ARe(frs fn) o, [200, X 05, = {00, 07, X}

‘j

Note that K* = ZnN:1 K}. This implies that £ = izgzl Kf = Zgzl L. This
ends the proof. O

4. Markovian Properties of the Quantum Master Equation Associated
to the Pauli-Fierz System

In this section, we study the Markovian properties of the master equation as-
sociated to the Pauli-Fierz system. We show that the quantum detailed balance
condition is satisfied with respect to the thermodynamical equilibrium state ps.
Moreover, we prove the property of return to equilibrium.
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4.1. Quantum master equation. Let p be a density matrix in B(Hg). Then,
the master equation associated to the Pauli-Fierz system is given by

N k
WO S i fo) o, I £, ) [0, 000)]

n=1j=1

*i(lm(fna fn):wn’j - Im(fna fn):gn’j) [rUn,er:,jy p(t)]
+Re(fus fa) Lo, | [200,50()0;, 5 — {p(1), v, j0n 5 }]
+Re(fus fn), , (2000 0n — {p(1), vaj0r 5}

Recall that Hg is a finite dimensional Hilbert space and Hj is a self-adjoint
operator on Hg. Let ¢ be a positive real such that the spectrum of Hy, o(Hyp) C
[—e¢, c]. Note that

e P (@) :/e“‘x(/e_“se_ﬁsl[,c,C](s)ds)dt.
R R

Then, by using spectral Theorem, one has 1;_. »(Ho) = I. Moreover, by func-
tional calculus, one gets

e~ BHo :/eitHU(/e_itse_ﬁsl[,c,c](s)ds)dt.
R R

Identity (3.3) implies that

e PHoy, . — 6’6“’"’jvn,j67’8K, e PHoyx

n,J

— o, Bwn,j*x —BHo
;=e Py e ,

n,j

forallm=1,...,N; 7=1,... k. This gives
—BHg, * ok —BH, —BH * *
e YV, U j = U, iUn j€ o e A Ovn,jvn,j = Un,jUp j

n,J n,J
—BHo,* 675“}"*3"()” v 1}; je*BHo
, L

n,J

6*ﬁHo’

* ,—BHo
n,je ’

BHo

Un,j€ )

— oBWn gy o
Unj =€ Un,jUn,j€

forallm=1,...,N;j=1,..., k. Hence, the thermodynamical equilibrium state
ps at inverse temperature § of the small system satisfies

(U3, jVnjs Ps] = [Vnjvn s ps] =0, Vn=1,... . N; j=1,... k. (4.1)
Because Re(fn, f”)irwn je‘ﬁwn,j = l{e(fn7 fn):wn b one obtains

Re(fo, fn) w200 50505 = {pss 05 j0n.i}]

+Re(fn, fn):ww. [QUZ,j/)sUn,j —{ps> Un,jU:,j}]

= Re(fn, fn)‘_"wm [2eAwn.i Un,jUp iPs — 20y, iUn jPs]
+Re(fns fn) o, [265“)""”);,]-%,]‘05 — 20y, 5V, i Ps]

= Q(Re(fna fn)twnyjeiﬁwn’j - Re(fna fn):wn)j)vn,jv;,jps
—|—2(eﬁwn,iRe(fn,fn):wnyj —Re(fn, fu) 0, )05 Unjps =0

—Wn,j

This proves that ps is a stationary state.
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4.2. Quantum detailed balance condition. One of the first definition of quan-
tum detailed balance is stated in [11] and others characterizations are given in [1]
[10]. The connection of the quantum detailed balance with the KMS condition is
investigated in [11] and with the Markov dilations is studied in [10]. The definition
given below is taken from [1].

Definition 4.1. Let © be the generator of a quantum Markovian semigroup on
B(H), where H is an Hilbert space, written as

O =—i[H,.]+ Oy,

with H is a self adjoint operator on H. We say that © satisfies quantum detailed
balance condition with respect to a faithful stationary state p if
i) [H,p] =0,
11) <@0(A), B>p = <A, @0(3)>p, for all A, B e l)(@())7
where (A, B), = Tr(pA*B).

Now, we prove the following.

Theorem 4.2. The quantum Markovian semigroup Ty = e** associated to the

Pauli-Fierz system satisfies quantum detailed balance condition with respect to the
thermodynamical equilibrium state ps of the small system.

Proof. Note that it is proved in the previous subsection that the faithful ther-
modynamical faithful state ps of the small system is a stationary state for the
quantum Markovian semigroup associated to the Pauli-Fierz system.

Put

WE
M?r‘

H = (Im(fnvfn)tw,hj _Im(fnvfn);,,hj)v;jvmj
n=1j=1
+(Im(fna fn):wmj - Im(fm fn):;n,j)vn,jv;,jv
N k
‘CE(X) = Z ZRe(fnafn)i_wn)j [QU:L,ijn,j - {Un,jvz,jv XH

3
Il
I
-

1j
+Re(fn, f"):wn,j [2v:7ijn7j — {Un,jU:;j, X}}

Hence, from relation (4.1), it is clear that [H, ps] = 0. Moreover, it is easy to show
that £ is a self-adjoint operator for the scalar product (,),.. O

4.3. Return to equilibrium. In the Markovian approach of open systems, it
is of interest to know whether for a given Lindblad generator L there exists a
independent time final destination state p(°®). This may be a stationary state,
that is a state satisfying £*(p) = 0, or a Gibbs state...
A quantum Markovian semigroup 73 is called relaxing iff
w* — lim p(t) = p>),
t—o0

where p(t) = Ty (p) for a given density matrix p. This raises questions concerning
existence and particular properties of p(>) related to £* or to the initial condition
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p(0). The most widely used situation is the following
w* — lim p(t) = p®, Vp(0). (4.2)

t—o0o
In this case, we say that the quantum Markovian semigroup 7; has the properties
of return to equilibrium.

A sufficient condition, which ensures that (4.2) is attained, is an immediately
consequence of a Fagnola-Rebolledo result (cf. [9]).

Theorem 4.3. Suppose that H is a finite dimensional Hilbert space. Let T be a
quantum Markovian semigroup on B(H), which has a stationary faithful state and
with generator has the form (2.1). If

{Lg, Ly, H, k> 1} ={Ly, L}, k> 1},
then T has the property of return to equilibrium.
Now, we prove the following.

Theorem 4.4. Suppose that Re(fn,fn)jfw”j > 0 and Im(fn,fn)iw” , are given
by real numbers, for all j = 1,...,k;n = i,...,N, Then, for all 0<f8< 0,
the quantum Markovian semigroup of the Pauli-Fierz system has the property of
return to equilibrium.

Proof. Put
N k
Hl = ZZ[(Im(fﬂ?fn)wn] _Im(fn7fn)J_rwn)j)v:;jvn,j
n=1 j=1
+(Im(fn7fn):wn,j - Im(fn’fn)c—ui_n,j)v’ﬂJU:L,j )
Lnji = (2Re(fu; f)te, )00, (4.3)
Ln,j72 = (2 Re(fnvfn):wmj)l/zvz,jv
1 N k
Go = D) Z Z(L:L,jJLn,j,l + L:17j12Ln,j,2) — M.
n=1 j=1

It is straightforward to show that

* *

{vm,j’v Um,j’» Un,jUn 5> vz,jvn,j; 1<m,n,<N, 1< jajl < k}l
= {Vm g, Uy s 1<m <N, 1< 5" <k}
This implies that
{Lnjp Ly jpy P=1,2,1<n <N, 1<j <k}
= {Hla Ln,j,p7 L;;,j7p; p = 1)27 1 S n S N) 1 S j = 1 S k}/

Because the thermodynamical equilibrium state p; is a faithful stationary state
for the quantum Markovian semigroup associated to the Pauli-Fierz system, then
by Theorem 4.3, one can conclude. [
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5. Quantum Langevin Equation Associated to the Pauli-Fierz System

In this section we recall the main results on the Hudson-Parthasarathy equa-
tion (or quantum Langevin equation). Moreover, we give the quantum Langevin
equation associated to the Pauli-Fierz system.

Let Z be a separable Hilbert space for which we fix an orthonormal basis
{21, k > 1}. We denote by I'y(L?*(R4, Z), the symmetric Fock space constructed
over the Hilbert space L?(R,, Z), which describes a boson exterior system. It
is worthwhile to note that the space L?(R., Z) is identified to the Hilbert space
L?(R,) ® Z. Let Hy be the Hilbert space describing a quantum system, which is
called initial space. Then, the combined system is described by the Hilbert space
Ho @ Ts(L*(Ry, 2)).

Consider the system operators H, Ry and Sk, k, [ > 1, which are bounded
operators in Hy. Moreover, we assume that these operators satisfy

H=H", ZS;ijl = Zskjsl*j = Ogl (5.1)
J J

and the sum ), R} Ry converges strongly to a bounded operator.
Now, for any f € L?(R,, Z), we define its exponential vector by

Fen
e(f) :go Nk

The basic quantum noises A; (t), A;(t), A;;(t) are the operators
Ai(t) = allow ® ),
Af (@) a* (Lo, ® 2i),
Ay (t) A(m(o,) ® [2) (1),
where i, j > 1, 1 is the indicator function over (0,t), while 7 ;) is the multi-

plication operator by 1(o in L*(R4). With the notation fi(t) = (zk, f(t)), the
quantum noises satisfy

Ai(te(f) /O fi(s)dse(f),

(e(g), AT (De(f)) = /gi(S)dS<6(9)7 (),
0

(e(g), M(B)e(f)) = / 5 (5)F(5)ds {e(g), e(f)),

where Ag(t) = tI and ho(s) =1 for all h € L*(R,, Z).
The Hudson-Parthasarathy equation can be viewed as a stochastic generaliza-
tion of the Schrodinger equation
dU; = { 32 Red A (1) + 303, (Skt — ) dA k(1)
=3 RiSwdA(t) + Gdt}U, (5.2)
Up=1,

where G = —iH — 1 3", R} Ry.
For the proof of the following theorem, we refer the interested reader to [14].
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Theorem 5.1. Suppose that the system operators H, Ry, Sk satisfy (5.1). Then,
there exists a unique strongly continuous unitary adapted process Uy, which is
solution of equation (5.2).

For more physical point of view, these equations describe the evolution of quan-
tum systems affected by a source of noise. Moreover, it is well known that any
Hudson Parthasarathy equation, where the system operator satisfy (5.1), deletes
a quantum Markovian semigroup in the following sense

QU (X @ HUQ) = et (X),

where Q is the vacuum vector of the Fock space L?(R,, Z) and

1
£(X) = ilH, X]+ 5 (2RIX Ry — RiReX — XERy),
k
for all X € B(Hy).
From the above, the quantum Langevin equation associated to the Pauli-Fierz
system is given by

{ dUy = { Z12)=1 22;1 Z§=1 Ln,y PdA+,J p( ) - nJ pdAn J p( ) + GOdt}Ut (53)
Uy =1,

where the operators Gy, Ly, j,, are defined by relation (4.3).

Following Attal-Pautrat (cf. [2]), the equation (5.3) can be obtained by a re-
peated quantum interaction Hamiltonian. The reservoir is modeled by an infinite
chain of identical copies H = CN*! @ CF1 @ C? for which we fix an orthonor-
mal basis B = {e,jp; 0 <n < N,0<j <k 0<p <2}, where the vacuum
state is Q = eg,0,0. Then, an orthonormal basis of B(H) is given by the family

{T}Z§’0<m”<N 0<1i,j<k,0<p,q<2} such that

m 7,, 5
O j,p Em’ i'a" = O(m,iq),(m,i’,q") €n,jip-
The during time interaction of the small system Hg and a copy H is denoted by
h and the unitary evolution is defined on Hg ® H by U = e~*" where

H=H @I +I®Hp+— ZZZ Vi © 0050 + Vi @ i),
p 1n=1j =1
with Hp is the Hamiltonian of a copy H such that HrQ = 0, V, ;, = iLy jp,
where L,, ;, and Hy are given by (4.3).

The unitary evolution of the small system Hg in interaction with the I-th copy
‘H; of H, in the reservoir chain, is the operator U; which acts as U on Hg ® H;
and as the identity on the other copies. Then, the discrete evolution equation
associated to this model is defined on Hg ® @y H by

w41 = Upp1
{ it (5.4)

Now, our aim is to compute the coefficients Um]’]’gq,O <m,n <N,

0<i,j <k, 0<p,q<2of the matrix representation of U is the basis B. One
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has
2 N k&

) 1 §
Usoo = (QUQ)=1I—ihH — 3h SN Vi Ve +olh),

p=1n=1j=1

US:.(;:Z? = <e"»j’p’ UQ> = _i\/EanjJ’ + O(h)7 nvjap 2 ]-7
U(;L,’Ojl’gf = (0, Uenjp) = —z'\/EV;j)p +o(h), n,j,p > 1,
Unip = (enjp Uemiiqg) = O(m.iq),(njpd + O(h).

Therefore, Theorem 17 pp. 32 in [2] implies that the solution uy/p) of the discrete
evolution equation (5.4) converges strongly to the solution U; of the stochastic
differential equation (5.3), where we use the notation AF . (t) = a2%(¢) and

- n,J,p n,J,p
n7 9.
Anjip(t) = agpg(t).
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