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Abstract (limit 250 words) 

 

Frequently observed damage in historic masonry vaults has always given rise to concerns on 

their stability. The effect of present damage on masonry vaults structural response should be 

taken into consideration during structural analysis as it clearly affects its behavior. 

The aim is to propose a method to study the safety of vaults, setting up a finite element 

model with a limited number of discontinuities, based on the consideration of the vault con-

struction and damage observation. 

A case study from Milan cathedral is adopted where damage is documented. A complex 

damage mechanism characterized by sliding of voussoirs and detachment of the rib from the 

web was documented in the 1960s. The results show the possibility to analyze the evolution 

of the observed mechanism and to evaluate numerically its safety in function of the docu-

mented settlements.  

Technical applications of the present work include interpretations of the causes of observed 

damage, estimation of the level of settlements based on observed damage, and numerical eval-

uation of the safety of the current mechanical state. 
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1 Introduction 

Documentation and interpretation of the crack pattern is a common practice in historic build-

ings [1]. In a historic construction, not all the observed cracks are detrimental since several 

structures can also crack in service conditions [2]. Masonry, being a material with little or no 

tensile strength is even more susceptible to cracking. Among structural members, the most 

vulnerable to cracking are masonry vaults, since positioned at the top of the construction, 

where all the induced displacements are magnified as compared to the base (either from soil 

settlements or seismic actions). 

The structural assessment of historic masonry vaults has been carried out employing three 

main approaches: Limit Analysis, Finite Element Method and Discrete Element Method [3]. 

Limit analysis has seen considerable improvement since its first development by Heyman [4]. 

Later versions include applications that take into account structures’ three-dimensional con-

figuration [5], or seismic loading [6]. The sliding resistance and interlocking of blocks have 

been demonstrated to be critical in the structural response [7, 8]. Continuum Finite Element 

Models on the other hand are very common for the analysis of historic structures [9]. Close to 

collapse, diffused cracking and excessively deformations result in convergence problems and 

interruption of the analysis. In this case the discontinuum finite element models (where dis-

continuities are introduced using interface elements)  [3, 10, 11] or discrete element models 

[12] are more suitable, as they can simulate separation of parts, and thus better approximate 

the real failure of masonry structures. 

Considering current technological levels, the analysis of masonry vaults should consider the 

three-dimensional configuration [13]. Structural models of masonry vaults must be created 

staring from point-cloud measurement and should include the main members: tas-de-charge, 

arch, rib, web, crown and rubble-fill [14]. This in aligned with recent research which suggest 

an integrated approach between advanced numerical models, modern survey and detailed ge-

ometry [15]. Part of this is also the structural damage, which could be considered as an input 

in the analysis process. Depending on the type, scale and intensity, structural damage can re-

duce and influence the capacity of masonry members. Moreover, under constant loads and 

continuous actions it can also further develop [16]. Among the most peculiar types of damage 

[17], are the sliding cracks (Figure 1), typically observed in the arches and ribs which are not 

considered in the traditional Heyman models [4]. 

 

  

Figure 1. Reims Cathedral, France: Example of shear sliding indicated with dashed rectangle. 
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The possibility of introducing the observed damage in the structural analysis has found some 

application. Among the most diffused in the current practice is the analysis of collapse mech-

anisms, where the observed crack pattern is used to pre-select a mechanism among all the 

possible ones [18]. The possibility of introducing the observed damage in finite element sim-

ulation is less frequent. The peculiar crack system affecting the Dome Santa Maria del Fiore 

was considered, by updating the FE model with new unilateral contact elements along the 

areas where non-admissible tensile stresses arises [19]. Other applications are noted on rein-

forced concrete structures. Talley et al. [20] studied pre-damaged scaled models of concrete 

column. The capacity of the pre-damaged elements was evaluated experimentally and numer-

ically using the ATENA finite element software. Recently, Blomfors et al. [2] studied a meth-

odology to incorporate pre-existing cracks into finite (FE) analysis for improved structural 

assessments. Two different approaches were investigated: (1) weakening the continuum ele-

ments at the position of a crack and (2) introducing contact elements with weakened properties. 

In this paper the structural response of the vaulting system is studied. The objective is to 

integrate the surveyed damage in the three-dimensional model, with the aim of understanding 

the entirety of the observed damage and estimating possible damage threshold. 

The structural geometry is created based on a parametric model developed in previous re-

search [21]. The here proposed includes only interfaces between structural members, related 

to the vault construction (e.g. web and arch or web and rib) [21] and where important cracks 

are observed. We have adopted a much simpler model than would be required for an all-inclu-

sive model with an elevated number of interfaces that were meant to investigate every possible 

mode of failure [22, 23]. This enables the possibility to deepen the knowledge on the observed 

damage, and to use it as a starting point in the analysis process, and to use it as a starting point 

in the analysis process. 

2 Vaults and case study 

2.1.  Historical notes on ribbed vaults construction 

The role of the ribs in vaults from the structural point of view has always been a source of 

debate among experts in the field of historical structures [24, 25]. Specifically, focusing on 

the rib sliding mechanism, it is important to highlight that the role of the ribs in cross vaults is 

worthy of specific investigation, since the techniques adopted from time to time to solve the 

problem of covering large spans can differ. One way of understanding the construction tech-

nique of a masonry vault, when it is not possible to carry out direct inspections or non-destruc-

tive investigations, is to base it on the observation of the damage present. Great help can also 

be provided by historical archives, which can provide reports, descriptions, drawings and pho-

tos of past interventions [26]. 

With reference to the construction of masonry vaults, the Romanesque builders first con-

structed perimeter arches (head arches) and diagonal ribs and then added webs [27-31]. This 

idea was crucial for the development of Gothic structures and ribs in cross vaults which were 

then employed as permanent frames for building the webs, thereby saving on large heavy 

wooden centering. Porter also wrote that ribbed vaults were easier, or less expensive than oth-

ers to build. This, in fact, was the case for ribbed vaults, which may be constructed with the 

aid of a very light timber centering, whereas a groin or barrel vault requires a heavy centering 

[30]. 
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Regarding ribs geometry, it was found that the elliptical shape was not convenient for the 

meeting of the joints since the key lines remained horizontal. It was necessary to arrive natu-

rally at the pointed arch and then at the raising of the vault key to increase their stability (also 

allowing for larger spans to be covered). Therefore, the semicircular shape was preferred for 

the diagonal arches. This was particularly important in the case of stellar vaults with the load-

bearing ribs, where the sails are simple and as light as possible [27]. This characterized the 

medieval style and particularly the Gothic, with diagonal ribs protruding from the intrados of 

the vault.  

Finally, different solutions can be used to join ribs and webs: webs either embedded in the 

sides of the specially shaped ribs or resting on top, forming a groin vault above (Figure 2). In 

this last case, the vault is continuous and is supported on the ribs, displaying a load carrying 

function: if the rib fails, the web can resume the load bearing capacity. In the former case, the 

rib works as a shear connector and the integrity of the web depends on the rib [32]. 
          

   
a)             b)             c) 

Figure 2. a) Section of the edges (intersection between webs) of a groin vault; b) section of a rib with 
interlocking webs in a stone rib vault with a stem [27]. 

 

2.2.  Case study: A quadripartite vault in Milan Cathedral 

A quadripartite vault in Milan Cathedral, where rib sliding was document in 1965, is adopted 

as a case study for the development of the methodological approach. The damage documented 

in vault 113 of the Cathedral of Milan included a sliding of the rib voussoirs, accompanied by 

97 mm detachment of the rib from the web (Figure 3a, b). The vault is located in the first bay 

of the deambulatory, adjacent to the south transept (Figure 3c). The vault typology is consistent 

with other vaults located in the aisle and in the ambulatory part of the cathedral. The damage 

was repaired in the subsequent years by correcting the rib deformation and replacing the dam-

aged voussoirs [33].  

A recent survey carried out by the authors in the same vault, showed some signs of damage 

in the voussoirs. It was interesting to note the distorted arch in the transversal direction of the 

same vault (Figure 4a). Ferrari da Passano [33] states that in this arch difficult structural con-

solidation works have been carried out, similarly to those for the rib of the same vault. 

The survey was extended further in direction of the apse, focusing on the vault 119, which 

is symmetric to the vault 113 with respect to the cathedral East – West axis, hence in similar 

structural conditions (Figure 3c). Damage was observed again on the transversal arch (Figure 

4b). The upper part of the arch was confined within a steel cage.  
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       a)                         b) 

c) 
Figure 3. Milan Cathedral, circa 1965: a) Sliding mechanisms in the vault 113, b) detail, c) Location 

of the vault object of study.  Courtesy of the Veneranda Fabbrica del Duomo di Milano. 

        

         
Figure 4. a) Distorted arch observed in the vault 113, b) Strengthening observed today in the vault 119, 

symmetrical to vault 113 with respect to the cathedral longitudinal axis. 

 

Observed discontinuities 
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Investigation into the causes of the described damage revealed that the lowering of the water 

table by 25 m in the first half of the 20th century, caused subsidence settlements with redistri-

bution of internal forces, hence heavy damage [33-36]. Traces of past damage can still be 

noted today in the cathedral [37]. The data of the actual monitoring system in the Cathedral of 

Milan since 1965 were studied and is concluded that most of the soil settlements were observed 

before 1965, after the damage was observed in the cathedral. Furthermore, experimental stud-

ies, which have determined elevated levels of stress in the tie rods [38], provide further evi-

dence about settlement of the supports. Finally, detailed studies of Angjeliu et al. [39, 40], 

demonstrate numerically a clear correlation of the effect of settlements on the elevation tension 

force in the iron ties measured by Vasic [38]. 

 

2.3.  Geometry 

The dimensions in plan of the vault are 9.6m x 9.6m (Figure 3c). The pointed arches are 

made of stone voussoirs and the cross-section depth is 0.57 m, while for the rib the cross-

section depth is 0.52 m. The web is made of brick masonry, 0.38m thick.  

With regards to the connection between ribs and webs, no precise indication is given other 

than the drawing reported by Ferrari da Passano [33], with measurements only of the intrados 

(Figure 5). For the extrados, an extract from the archives annals of the Cathedral, seems to 

affirm that the shape of the rib stones does not allow the interlocking with the brick vaults 

[archives annals January 21, 1409] [41]. These indications, together with the photo of the 

damage documented in the 60's by Ferrari da Passano (Figure 3), support the assertion that in 

the Duomo the brick masonry webs are lying above the stone ribs with a smooth extrados, 

without being embedded in the ribs. 
 

  
Figure 5. Cathedral of Milan. Detail of the connection in the vault, a) section of the head arch with 

webs and, b) section of the rib with webs. Courtesy of the Veneranda Fabbrica del Duomo di Milano. 

3 Numerical modelling 

3.1.  Model formulation 

The idea of starting from a damage state as observed in practice is investigated and elaborated 

in this section. To this aim, it is proposed a three-dimensional discontinuum finite element 

model with a limited number of interfaces (Figure 6a). This model represents a model with 

less interfaces compared to a common full discrete model [23]. 
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The here proposed model (with a reduced number of interfaces) includes only interfaces be-

tween structural members and where important cracks are observed. A second model devel-

oped in a previous research [22], which includes a more extensive set of interfaces (Figure 6b) 

is used as a benchmark. Both models use the same complex 3D geometry, that includes all the 

structural parts of historic masonry vaults.  

The hypothesis that the observed sliding and detachment mechanisms (documented in the 

middle of the 20th century) were caused by the soil settlements will be investigated in detail 

(see section 2.2). Therefore, the vault model is analyzed under gravity loading and settlement 

of one of the supports. The loading is considered step by step as the parts are added through a 

staged construction analysis. 

The boundary conditions represent the connection of the vault with adjacent elements 

(walls or vaults). Side restraints 𝛤𝑥 (ux=0) and 𝛤𝑦 (uy=0) are used to confine the model such as 

to simulate the buttressing effect of adjacent walls or vaults (Figure 7). Vertical restraints 𝛤𝑧 

with normal in z-direction (uz=0) simulate the column that supports the vertical reaction force. 

 

 
Figure 6. Contact based numerical models: a) Model with limited number of contacts (proposed in this 
work), b) Model with full number of contacts developed previously in [22, 23] ( printed with permis-
sion from Taylor & Francis). 

 

3.2.  Modelling discontinuities 

Discontinuities are introduced using contact elements, for which the constitutive model de-

scribes a direct relation with the stress vector and the relative displacement vector along the 

interface [10]. The solids feature a plasticity-based model and discretized with C3D8R finite 

element (see section 3.3), while the interfaces with a Column friction model (see section 3.4). 

The vault model is subdivided into members with different mechanical properties, which 

are marked by different colors in Figure 6. Contacts are introduced between the structural 

members (web – rubble fill, web – arch, web – rib, web – web, web – tas-de-charge, and 

rubble-fill – tas-de-charge) and where damage is observed. The position of contact elements 

is reported in Figure 7. The insertion of contact between structural members is facilitated dur-

ing the modelling phase given the fact that the geometry is generated using parametric proce-

dures [21]. Hence, the deformations are concentrated mostly within the interfaces, but the 

blocks can also be deformed. 
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In relation to the present vault, one crack is inserted in the mid rib (Figure 6a, Figure 7) as 

observed (Figure 3b). Furthermore, in arches and ribs, two interface locations are inserted at 

the abutments and at the crown as observed frequently. The considered position of interfaces 

gives the possibility to simulate slipping of the voussoirs, detachment between members, and 

local compression phenomena at the corners of the voussoirs. 

In the case of the models with a limited number of interfaces, the minimum number of con-

tact elements with respect to a complete contact-based model will be defined by the number 

of interfaces required to simulate at least a possible collapse mechanism in each arch/rib. It is 

noted here that these models would also be more computationally affordable, since less con-

tacts are employed. 

  

 
Figure 7. Schematic location of the contact elements: a) Projection in plan of the intrados view, b) 
elevation. 

 

3.3.  Constitutive model for continuum 

The masonry is modelled with the so-called Concrete Damage Plasticity constitutive model 

which is already implemented in the Abaqus software [43]. A detailed description can be found 

in the Abaqus Manual [44]. The model has been used also by other authors for the study of 

masonry structures [45, 46]. In the following we give a brief description of the key features. 

The constitutive model considers plastic strains in tension and in compression with the fol-

lowing relations: 

 

𝜎𝑡 = 𝐸(𝜀𝑡 − 𝜀𝑡,𝑝𝑙) (1) 

𝜎𝑐 = 𝐸(𝜀𝑐 − 𝜀𝑐,𝑝𝑙) (2) 

where: 

𝜎𝑡  (𝜎𝑐) – axial tensile (compressive) stress,  

𝐸 – elastic modulus, 

𝜀𝑡  (𝜀𝑐) – total strain in tension (compression), 

𝜀𝑡,𝑝𝑙  – equivalent plastic strain in tension, 
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𝜀𝑐,𝑝𝑙  – equivalent plastic strain in compression. 

The yield surface is a modified Drucker-Prager surface with a smooth tip and a non-circular 

cross section in the space of the principal stresses. The model is based on a non-associated 

potential plastic flow defined by dilatation angle ψ, and the eccentricity 𝜖. The parameter 

f𝑏0/f𝑐0 , denotes the initial equi-biaxial compressive yield stress to initial uniaxial compressive 

yield stress; 𝜇 is the viscosity parameter used to improve numerical convergency, in the sof-

tening regime; 𝐾𝑐 , is the ratio between the deviatoric stress in uniaxial tension and compres-

sion. The values for the parameter are summarized in Table 3.1. 

 

Table 3.1. Constitutive model properties for masonry 

Parameter ψ   ϵ f𝑏0/f𝑐0  𝐾c 𝜇 

 36o 0.1 1.16 0.667 0.0002 

 

The material model is characterized by the weight, γ, modulus of elasticity, E, Poisson’s ratio 
ϑ and description of the tensile cracking and compressive crushing. The tensile behavior is 

defined as a stress displacement law, with a linear part up to the tensile strength, f𝑡. The sof-

tening is characterized by the fracture energy Gf
I which is used for mesh dependency regulari-

zation. The compressive strength values is defined with fc, and the law to model the compres-

sion part is the one proposed by Lourenco in [11], with the introduction of the fracture energy 

in compression Gfci, The adopted material properties are described in Table 3.2. The mechani-

cal properties, are chosen based on the documented visual quality on site [39, 47] and based 

on some previous mechanical tests carried out in the 1960 – 1980 [33]. 

 

Table 3.2. Material properties 

Structural elements 

γ   
 

[ 
kN

m3
 ] 

E  
 

[
N

mm2
] 

ϑ  
 

[−] 

fc 
 

[
N

mm2
] 

ft 
 

[
N

mm2
] 

Gf
I 

 

[
Nmm

mm2
] 

Gfci 
 

[
Nmm

mm2
] 

Brick masonry 20 2000 0.2 5 0.20 0.012 1.2 

Stone masonry (voussoir) 22 8000 0.2 10 1.00 0.02 1.5 

Fill 16 800 0.2 2 0.15 0.010 0.5 

 

3.4.  Constitutive model for contacts 

The contact elements are positioned at the interface between solids. In the normal direction 

a hard formulation contact is enforced through the direct method, while the tangential behavior 

is analyzed by a Coulomb friction model. The description follows the implementation in 

Abaqus [44]. It assumes that no relative motion occurs if the equivalent frictional stress is less 

than the critical stress: 

 

𝜏𝑒𝑞 = √𝜏1
2 + 𝜏2

2 < 𝜏𝑐𝑟𝑖𝑡 (3) 
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The critical stress is defined as: 

 

𝜏𝑐𝑟𝑖𝑡 = min(𝜇𝑝,  𝜏𝑚𝑎𝑥) (4) 

 

where: 

𝜇 – friction coefficient 

𝑝 – contact pressure 

𝜏𝑚𝑎𝑥 – specified critical value 

 

Slip can occur if 𝜏𝑒𝑞 = 𝜏𝑐𝑟𝑖𝑡. In the current simulations a value of 𝜇 = 0.6 is chosen. 

4 Results 

The contact-based model with a limited number of interfaces is used in this section to investi-

gate the ribbed vault failure up to collapse. The objective is to set the base for a procedure to 

quantify the level of settlements that have taken place and the safety level, based on the ob-

served mechanism. 

 

4.1.  Correlation of observed slip-plane with settlements 

Based on the numerical results a relationship between, the displacement at the observed shear 

slip plane and the vertical settlement of one of the supports is proposed to be used in order to 

investigate the system state as a function of the settlements (Figure 8). 

 
Figure 8. Numerical correlation of slip plane displacement with support settlement. 

 

The graphs are obtained from two different discontinuum finite element models: a) Model 

with limited number of contacts, and b) Model with full number of contacts. In the horizontal 

axis, the vertical displacement at the slip plane is plotted and in the vertical axis the vertical 

displacement at one of the supports is shown. The results show that the displacement fields 
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are quite close between each other (figure 8). Hence, using a lower number of interfaces pro-

vides a suitable accuracy for the object of the study. 

Focusing on the comparison of the collapse kinematics, the FE model with full number of 

contacts shows a similar response compared to the model with fewer contacts. The model with 

less contact elements successfully predicted the observed damage, with sliding of the voussoir 

and detachment of the rib from the web. Therefore we can conclude that in comparison to the 

FE model with full number of contacts, the present model with less contacts is computationally 

more efficient, without a particular reduction of the predictive capabilities (compare Figure 9a 

with Figure 9b). 

During modelling with the present approach beside the successful simulation of the rib 

mechanism, it was also possible to simulate the observed damage in the transversal arch (Fig-

ure 4). This further corroborates the hypothesis of the support of support settlement.  

 

 

Figure 9. Kinematics at collapse simulated with the FE model with: a) present model with  limited 

number of contacts and b) model with full number of contact elements (ri-elaborated after [22]). 

4.2.  Interpretation of the collapse mechanism through the capacity curve 

Referring to the capacity curve plotted in Figure 8, we can define two parts based on the 

structural system response to settlements. 

Part A – B: Small differential settlement in the order of millimeters is enough to cause 

damage to the system. The plastic strains develop mainly in the web. At this point, close to the 

boss a sliding mechanism develops in the connection with the rib. The numerical analysis 

shows the onset of this phenomenon even under self-weight, while differential settlements 

have a marked effect on the further development of voussoir sliding. The damage mechanism 

is associated also with a detachment of the web from the rib. 

The mechanical state in the part A – B can be called a service state, as the progress of this 

mechanism will not lead the structure to collapse. The computations show the sliding mecha-

nism evolves up to a 50mm settlement, when the sliding is blocked as the contact pressure 

increases with progression of settlements (Figure 8). The same trend is confirmed also by the 

model with full number of contacts (Figure 9). In Figure 8, this part is shown by the linear part 

of the graph.  
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Part B – C: The arrest of the sliding mechanism is followed by a new bending mechanism. 

The computations show that the evolution of this mechanism will bring the rib to collapse. In 

the Figure 8, this is shown by the approximately vertical part of the graph.  It shows that the 

sliding mechanisms is in a stable state, and this bending mechanism is governing the behavior 

of the system up to the collapse.  

4.3.  Safety assessment of the observed damage and settlement prediction 

The safety evaluation is based on the correlation between the support settlements and the ob-

served rib – web detachment. If the detachment is known from the visual observations in-situ, 

it is an indicator of the current system state. Therefore, was used to locate the current system 

state on the graph in Figure 8. In the case of the vault analyzed in the Cathedral of Milan, the 

observed displacement of the rib voussoir relative to the web is 97 mm (Figure 3), therefore, 

the estimated level of settlement can be calculated as approximately 30 mm using the devel-

oped graphs (see blue line in Figure 10). The estimated value is a meaningful soil settlement. 

This level of soil settlement or even higher levels were measured during the 1965 survey in 

the Cathedral of Milan by the team led by Ferrari da Passano [33]. 

The first part A – B is a linear branch, and apparently does not present a hazard, while the 

part B – C can bring the system to collapse. Therefore, point B limits the displacement capacity 

of the system in a service state. This can be named as an unstable state of the system. 

 

 𝑑𝑠𝑝_𝑦 = 157 𝑚𝑚  

 

 𝑑𝑠𝑝 = 97 𝑚𝑚  

The system state, with a measured slip plane displacement of 97 mm, is at 62 % (97/157 

mm) to the limit of the displacement capacity. The displacement safety factor SF can be cal-

culated as: 

 SF =
𝑑𝑠𝑝_𝑦

𝑑𝑠𝑝
=

157 𝑚𝑚

97 𝑚𝑚
= 1.62  

  
Figure 10. Safety assessment and settlement prediction through the proposed capacity curve. 
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5 Discussion 

This study addresses the application of the discontinuum finite element analysis to the study 

of damage in vaulted structures. The reader is referred to previous work in [42],  where the 

finite element discontinuum analysis has been validated on a barrel vault scaled model tested 

under differential settlements. The objective of the present work is to address the application 

in large scale problems. In particular, the setup of an efficient modelling strategy was devel-

oped, based on a reduced use of contact elements and an innovative procedure for the safety 

assessment in real applications proposed. Starting from visual observations and records of the 

history of this building, we developed a less extensive model, aimed for the investigation of a 

specific observed failure mode.  

In the present FE model with a limited number of contacts, the new failure modes (beside 

those oriented by the introduced damage) are slightly more difficult to spot because of the 

lower number of interfaces. However, the development of plastic strains in an element can 

successfully be used to spot these phenomena and new interfaces can be introduced at a later 

stage. 

This method could be employed for the investigation of any other specific failure mode and 

be used as a preliminary monitoring system. Furthermore, it is noted that the present developed 

models require less and less computational power than a model with full number of contacts, 

thus becoming more available to the practitioner (simulation time is estimated at 2 hours 

against up to 24 hours for the simulations considering full number of contacts). 

From a methodological point of view, similar relationships to the ones created in Figure 10, 

can be created between other parameters, depending on the visual inspected mechanism in 

situ, e.g., the magnitude of opened cracks at the vault crown line due to settlements. Therefore, 

the numerical model, is used to create relationships between experimental observations and 

certain causes (or inputs of the numerical model) such as settlements, temperature, etc. In 

return, the created relationships can be used to evaluate the state of certain observed phenom-

ena. 

The relative proportions of the elements are obviously relevant. In some cases, the ribs can 

be so slender as to become merely decorative. The phenomena discussed here correspond to 

systems where the relative proportions of rib and vault are such that each element can be con-

sidered to bear a sizeable part of the load. 

According to the construction scheme the structural response can be expected to change, as 

well as the suitable models. Simple “slicing” techniques [4, 48] are based on the assumption 

of portions of the web bearing as arches directly on the ribs. The web detached from the rib 

acts as a shell, thus making these schemes too simple for the analysis of the vault. 

The “no sliding” assumption proposed by Heyman [4] does not correspond to the observa-

tions and mechanisms studied here. Figure 11 describes the classical mechanism analysis of 

the vault rib with sliding included.  In the first part of the figure, a primary mechanism includes 

sliding at a joint near the crown of the arch (A), induced by vertical support settlement (B).  In-

crease of shear resistance in the sliding joint (A) due to higher contact pressure with progres-

sion of settlement causes the sliding to be self-limiting. This induces a secondary mechanism 

that includes support settlement (B), an intrados hinge at the sliding joint (C) and at the support 

(D) and an extrados hinge (E) closer to the crown than to the support.  The existence of these 
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settlement, sliding, and hinge points has been confirmed by the analysis in the foregoing ex-

position. 

The rib mechanism shows a combination of sliding and rotation in a sequence, with the 

sliding taking a leading role initially (Figure 11a). The following flexural mechanism corre-

sponds to a classical three hinge scheme in the rib, accompanying the support vertical settle-

ment (Figure 11b). 

                        
 

       a) 
 
 

 

  b) 
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Figure 11. Classical mechanisms analysis: a) primary mechanism related to sliding, b) secondary mech-
anism with hinging. 

6 Conclusions 

In this paper the structural response of historical masonry integrated with observed damage, 

is investigated through accurate numerical FE models with contacts. Here the study of the 

structural response of the square vaults of Milan cathedral is adopted. The application of the 

detailed three-dimensional models was proved to be essential for the simulation of the com-

plex collapse mechanism of masonry vaulted structures. The increase of sophistication pro-

duces results useful in the correlation between inputs and damage observations. 

The observed damage is successfully integrated in the numerical FE model by introducing 

a limited number of contact elements, but with a marked reduction of the computational time 

compared to the model with the full number of contacts. In this case the introduction of damage 

is essential for orientating the modelling results. 

The clear relationship developed between observed damage mechanism and settlements, 

allowed the creation of a mathematical correlation between the voussoir sliding and settlement 

in one of the supports. A curve, support-settlement and observed voussoir-slip was computed, 

giving rise to a novel procedure in evaluating the practical safety of the collapse of this mech-

anism or in estimating a possible settlement based on the measured slip plane. This strategy is 

general and can be applied similarly to other vaults, or structures. In the present case based on 

the observed 97 mm of sliding, a 30 mm of support settlement can be predicted, that is a range 

of settlements measured in Milan Cathedral. The observed mechanism is judged here to have 

reached 62% of its displacement capacity, hence a safety factor of 1.62. 

Technical applications of this study include interpretations of the causes of observed dam-

age, study of preventive and planned maintenance works such as the replacement of the vous-

soir and numerical evaluation of the safety of the current observed state. 
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