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Abstract. We show that the deficiency indices of magnetic Schrodinger operators
with several local singularities can be computed in terms of the deficiency indices
of operators carrying just one singularity each. We discuss some applications to
physically relevant operators.
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1. Introduction and Main Result

Schrodinger operators with singular magnetic fields are ubiquitous in physical mod-
els describing condensed matter systems and related phenomena. Just to mention a
few: the Aharonov—Bohm and Aharonov—Casher effects [2,3], the mechanism of Fes-
hbach resonances [11] and its applications to cold atom systems, the emergence of
anyonic quasi-particles excitation of a 2D electron gas in the fractional quantum Hall
regime [30]. It is known that singularities of the magnetic field might be responsible
for the possible occurrence of non-trivial deficiency spaces and the related emer-
gence of different self-adjoint realizations of the associated Schrodinger operators,
see [1,13,14,17,21,33] and references therein. In this note we address this precise
question for a generic magnetic Schrodinger operator with isolated singularities.
We are here mainly inspired by a previous work [10], also related to previous
investigations in [12,34,39] and [4, Chpt. 2.5] (see also [6,26,28,32] for similar studies
in the case of Dirac operators), concerning Schrodinger operators with electrostatic
singular potentials: taking into account a potential with (countably) many local
singularities, e.g. V(x) ~ >, v; é(z — ;) + W(z), for some regular W, it is proven
in [10, Thm. 2.5] that the deficiency indices of the Schrodinger operator —A + V
equal the sum of the deficiency indices of the operators “—A + v; é(x — x;)”. In
connection with von Neumann or Krein’s theory, this result provides some useful
information to know a priori the existence and the number of self-adjoint extensions
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of the original operator, even when the deficiency spaces of the latter are not directly
accessible. In [24] such criterion is exploited to obtain the deficiency indices for the
Schrodinger Hamiltonian associated to a quantum particle on a two-dimensional
torus punctured by a finite number of Aharonov-Bohm fluxes. The result of [10]
was later reconsidered in [22], where a more abstract formulation is provided. We
further mention [20] (see also [35]), examining a specific family of scalar potentials
with several inverse-square local singularities.

Let us now specify the setting that we aim to study in more detail: we consider
a magnetic Schrodinger operator in L?(R?) (d > 1) of the form

(—iV + A)?
where

AZZ]-A]‘—FAQ, AoGLfOOC(Rd),

and the A;’s are singular in non-intersecting regions Z; of co-dimension > 1. The
idea is that the A ;’s are locally singular vector potentials with a regular behaviour at
infinity, while Ay may diverge there but is locally regular. Our main result is stated
in Theorem 1.1 and proves that the deficiency indices of the full Hamiltonian can
be obtained by summing up the deficiency indices of the locally singular operators
(—iV + A;)? and, possibly, of (—iV + Ag)?. The proof relies on the use of a local
partition of unity to relate the deficiency spaces of the full operator to those of
the locally singular ones. This strategy shares some similarities with other works
[8,15,31,38], on top of [10].

1.1. Main Results

As anticipated, our purpose is to study the deficiency indices of a magnetic
Schrodinger operator with several isolated singularities and to express them in terms
of those of much simpler operators with magnetic fields comprising only one sin-
gularity at a time. Heuristically, the idea is that each singularity contributes to
the deficiency spaces adding a subspace with a certain dimension—the deficiency
index of the Schrodinger operator with that singularity alone—and therefore the
deficiency indices of the whole operator are obtained by summing up the dimension
of each local deficiency space. We are going to discuss some examples to which our
results apply at the end of this section, but we anticipate that a paradigmatic case
satisfying our assumptions is given by singular magnetic Aharonov-Bohm fluxes
sitting at different points in R2.

We are then interested in characterizing the behaviour of the magnetic
Schrédinger operator

H=(—iV+A)?

where A contains (countably many) local singularities supported in non-intersecting
compact sets Z;, j € J, of zero Lebesgue measure in d > 1 dimensions. Concerning
A and such singular sets we make the assumptions below.

Assumption 1. The family of compact sets {Eﬂ'}je ; and the vector potential A
satisfy the following properties:

(H1) J C N (countably-many singular sets);
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(H2) 5, C R? is a compact subset of zero Lebesgue measure for any j € J and we

set
== Uj 155
(H3) there exists r > 0 such that
dist{Z;,ZE;:} > r, for all j # j' € J; (1.1)
(H4) A € L (RN\F;RY) is a real-valued vector potential such that V - A €

Ioc (Rd\ )

The goal is to investigate the relation between H and the Schrodinger operators
H; containing just one singularity supported on =; and which are understandably

much easier to deal with. Let us then consider the symmetric realization of H with
domain 2(H) := C*(R?\ Z) and its closure

H:=H. (1.2)
We further refer to the adjoint operator H* with domain
P(H*) = {$ e L*(R?) | (=iV + A)*y € L*(RY)} . (1.3)
In particular, we shall be concerned with the deficiency indices
n(H) := dim[ ker(H*F i)] .

Theorem 1.1. (Deficiency indices for magnetic Schrodinger operators) Let (H1)—
(H4) in Assumption 1 hold. Let also { A } ey Ao be a family of real-valued magnetic
potentials such that A; € LS (RN\E;;RY), V- A; € L (RAE;), for any j € J,
Ay € L (RGRY), V- A0 € L (RY) and

loc loc
A—Ag—Y e Aj € L*RLRY),
V- (A—AU—ZjEJV-Aj) e L®(RY). (1.4)

Let Hj := (—iV + A;)? with domain 2(H;) := C®°(RAZ;) and H; be its closure
(with 2o = @). Let also ny(H;) := dlm[ker(H*$ i)] be the associated deficiency
indices. Then,

ne(H) = ni(Ho) + 3 e s n+(Hj) .- (1.5)

Remark 1.2. (Behaviour at infinity) Since we made no assumption on the behaviour
of A at infinity, we have to take into account the possible presence of singularities
there by extracting the deficiency indices of the operator Hy = (—iV + Ag)?, where
Ay is a regular magnetic potential which possibly has an unbounded support and
may diverge at infinity. In typical examples, like a magnetic field which is uniform
outside of a compact set, the deficiency indices ny(Hj) are actually zero.

Remark 1.3. (Real-valuedness of A) In the above Theorem 1.1 we assumed that A
is real-valued in order to ensure that the original operator H admits at least one
self-adjoint extension — namely, the Friedrichs’ one — thanks to its positivity (see,
e.g., [36, §13.3]).



M. Correggi, D. Fermi

Remark 1.4. (Infinite deficiency indices) The identity (1.5) makes evident that H
has infinite deficiency indices if and only if at least one of the following two conditions
is satisfied:

(i) there exists at least one j € JU{0} such that H; has infinite deficiency indices;
(ii) J has infinite cardinality and the series on the r.h.s. of (1.5) is divergent.

Theorem 1.1 applies only to singular magnetic perturbations of the Laplacian,
but, combining it with [10, Thm. 2.5], one can deduce the general result reported
hereafter.

Corollary 1.5. (Deficiency indices for generic perturbations) Let the assumptions of
Theorem 1.1 hold and let V € L% _(RU\Z) be a real-valued electrostatic potential
bounded from below. Let also {Aj}jeJ ,Ag be a family of magnetic potentials as in
Theorem 1.1 and {V;}jes, Vo be a family of electrostatic potentials bounded from
below such that V; € L% _(RNE;), for any j € J, Vo € LE (RY) and

loc loc
V—Vo— X, Vy € LA(RY).
Consider the Schrodinger operators
Hy = (—iV+A)? +V, Hy ;= (—iV+A;)*+V;,

given by the closure of the symmetric realizations on C°(RN\EZ) and C°(RN\E;)
(with 2o := @), respectively. Let also ny(Hy) and ny(Hy, ;) be the associated defi-
ciency indices. Then,

ny(Hy) =ny(Hyo) + 350, ne(Hyyj) -

Remark 1.6. (Real-valuedness and lower-boundedness of V) As in Remark 1.3, the
hypothesis that V is real and bounded from below is made to guarantee that Hy
has self-adjoint extensions, due to the fact that it is bounded from below.

1.2. Physical Examples

We now discuss some physical models satisfying our assumptions and the related
consequences of our main result. Consider then a charged spinless quantum particle
moving in presence of many parallel straight cylindrical solenoids. In particular,
let us focus on a low-energy regime where the wave-length of the particle is much
larger than the solenoids diameter and, at the same time, much smaller than their
length. With this physical setting in mind, we henceforth refer to the idealized
configuration involving solenoids of zero diameter and infinite length. Accordingly,
by exploiting the invariance under translations along the axial direction and an
obvious factorization, we can reduce the analysis to a 2D problem.

More precisely, let J C N be the (finite or at most countably infinite) set of
indices labeling the solenoids and let {x;};c; C R? be the set of points identifying
their positions. We assume that

Jinf  |x;—x| =7, for some fixed r > 0. (1.6)
Jj#j'ed
The dynamics of the particle is described by the Schrédinger operator in R? given
by .
H=(-iV+A?, — AX) =30 520, (1.7)
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where, for each j € J, a; € R\Z is a parameter related to the magnetic flux across
the j-th solenoid and we have introduced the notation xt = (—xa, 1) for any
x = (21, 72) € R?. We understand H to be initially defined as a symmetric operator
on the graph closure of C° (R*\{x;};cs).

To make connection with the analysis outlined in Sect. 1.1, it is natural to fix
=; = {x;} for j € J and to observe that all the conditions in Assumption 1 are
indeed satisfied. Furthermore, a family of magnetic potentials as in the statement
of Theorem 1.1 is given by
Ceoxg) for j € J. (1.8)

We denote with H; the associated single-flux Aharonov-Bohm operators (which are
the closures of the symmetric realizations of)

Hj = (—iV + Aj)*.
Recalling that o; € R\ Z for all j € J, each of the latter operators has finite
deficiency indices [1,16]

ny(Hj) =2, forall jeJ.

Keep also in mind that the free Laplacian Hy = —A on C2°(R?) has zero deficiency
indices.
Taking the above arguments into account, from Theorem 1.1 we deduce

ne(H) =), ne(Hy) =2[J]|, (1.9)
understanding that H has infinite deficiency indices if J has countably infinite car-
dinality. This means that H admits exactly 2|.J| self-adjoint extensions, by standard

von Neumann theory. In the case where J is finite, the same conclusion was derived
in [14] by means of resolvent techniques.

Remark 1.7. (Magnetic traps) Assuming that the number of singularities is finite
(|J] < o0), the above result could be generalized to the case where, on top of the
Aharonov-Bohm fluxes, a real-valued regular potential S € Lf° (R%*R?) is also
present (compare with the results in [13,21]), possibly describing a magnetic trap-
ping. In this configuration, the reference operator becomes Hy = (—iV + S)? on
C2>°(R?), instead of the free Laplacian. Notice that the deficiency indices n4 (Hy)
may not vanish, depending on the behaviour of S at infinity. Considering this, (1.9)
generalizes to
ni(H) = ni<H0) + 2|J‘

Requiring J to have finite cardinality is here crucial in order to avoid the simultane-
ous occurrence of singularities =; accumulating at infinity with a divergent magnetic
perturbation S. For models of this kind it would be impossible in general to apply
our main result, or any straightforward variation thereof, given that there would be
no decoupling of the deficiency indices of Hy and H; for all j € J.

Remark 1.8. (Point interactions) Assume that some of the solenoids have integer
magnetic fluxes o; € Z. Let Y C J be the set of labels associated to such solenoids.
As before we have ny(H;) = 2 for any j € J \ Y. On the opposite, for any j €
Y the symmetric operator H; is unitarily equivalent to the Laplacian defined on
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C*(R?\{x,}) and it therefore admits as self-adjoint extensions any one of the usual
Hamiltonians with a delta-type interaction concentrated at a point. Accordingly, we
have ny(H;) =1 for any j € Y. In this case, Theorem 1.1 gives

ne(H) =32 e py na(Hj) + 22 ey na(Hy) = 2[J\ Y[+ [Y].

Remark 1.9. (Singular electrostatic interactions) A further generalization concerns
a model involving repulsive electrostatic interactions, with singularities centered on
top of the Aharonov-Bohm flux points. More precisely, let us fix o; € R\Z, ¢; € R,
pj = 0 for j € J and consider the Hamiltonian operator

Hy = (—iV+A?+V,
X—X; + j J
A(X) = ZjEJ Qaj ﬁ ) V(X):Zj€J<|xzx]'| + |x—pxjv\2) :

We are then let to consider the family of operators Hy ; = (—iV + A; )2 +Vi, 1€ d,
where A; is defined in (1.8) and

q; bj
Vi(x) = .
(%) \x—xj\+\x—xj\2

By decomposition in angular harmonics one infers that the radial operator related
to H; and associated to the ¢;-th harmonic (¢; € Z) is unitarily equivalent to

& (e e —1/4 g

h; = —
J dr? r2 r

on C*(Ry).
Building on classical results for such kinds of operators [9,10,17-19], we deduce that

N Ui (G +ay)? +py € ]0,1),
n(hj) = {0 otherwise.

It is remarkable that the deficiency indices do not depend on ¢;. Let us indicate
with |«;]| the integer part of a. Then, setting
Jo = {jeJ | max{(a;—|o])% (a;—aj] = 1)} +p; < 1},
Jy = {jEJ‘ mln{(a] Lajj) (o= — 1)2} +p; <1,
max{(a;—[a;])? (a;—[a;] =1)°} +p; > 1},
Y =J\(J2UJy),

we obtain
2 ifjedy,
ni(HV,j) =<1 ifj S Jl,
0ifjeY.
Then, by Theorem 1.5, we deduce that
ni(Hy) =2[Js| + [ 1]
In particular, for purely Coulomb interactions with non-integer magnetic fluxes
(p; =0, a; € R\Z, for all j € J) one readily checks that J = J; (J1 =Y = @), so
that the above relation reduces to

ny (H) = 2|J].
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2. Proofs

2.1. Basic Assumptions and Definitions

For notational convenience, in the sequel we set Jy = JU{0}, understanding =y = &.
Let us then refer to the family of vector potentials {A;};cj, introduced in the
statement of Theorem 1.1. We remark that the hypothesis (H3) in Assumption
1 and the condition (1.4) in Theorem 1.1 ensure that the sum >, ; A; is well-
defined as an element of L _(R¥\Z;R?), also when J is a countable infinite set.
On the other hand, hypotheses (H2) and (H3) ensure that Z is closed and has zero
Lebesgue measure. The same assumptions further yield the following result, which
we report from [10, Lemma 2.1] and relies on the existence of partitions of unity
[23, Corollary 1.4.11].

Lemma 2.1. Assume hypotheses (H1)-(H3). Then, there exist three families
{piticsos{niticto, {7 }ties, € C¥(RY) of cut-off functions fulfilling the following
conditions:
(i) 0%p;, 0%n;,0%; € L>=(RY) for all multi-indices o with 0 < |a| < 2 and for all
J € Jo;
(7i) the supports of functions in the same family are pairwise disjoints;
(iit) =; C supp (p;) C supp (n;) C supp (7;) and

pj|5j =1 njysupp (pi) — L ﬁ7|supp(nj) =1 Jor all j € Jo ;
iv) there exists 0 < § < r/2 such that dist{supp (1 — n;),supp (p;)} = 0 for all
Jj € Jo.

We use the first partition of unity to define out of the A;’s a new family of
vector potentials with pairwise disjoint supports and set

Bj =Py AJ s for allj < JO . (21)

Furthermore we introduce a new family of operators:
2
K= (—iv+2jejo Bj) , Kj = (—iV+B;)? foralljeJy,

regarded as the closures of the corresponding formal expressions restricted to smooth
functions with supports away from = and Z;, respectively. The idea behind the intro-
duction of the two other partitions {n;},c.z,, {7j}je, is to have partition functions
equal to 1 in the support of the magnetic potentials B; and decaying to zero in a
slightly larger region around Z; (see the forthcoming Lemmas 2.3, 2.4, 2.6, as well
as Remark 2.5).

We notice that, since the vector potentials (B;),;c s, are real-valued, the opera-
tors K and K, j € Jy, are certainly non-negative. As a consequence, they all admit
self-adjoint extensions in L?(R?) (see once more [36, §13.3]) and, accordingly,

e (K) =0 (K),  ne(K) =n_(K). (2.2
Lemma 2.2. ny (H) = ny(K) and ny(H;) = ny(K;), for all j € Jy.

Proof. We show that, for any choice of cut-off functions {p;};cs, as in Lemma 2.1,
the closed symmetric operator K is an infinitesimally Kato-small perturbation of H.
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Similar arguments can be employed to prove that K is an infinitesimal perturbation
of Hj, for all j € Jy. The thesis ultimately follows by a variant of the Kato-Rellich
theorem, see e.g. [5, Cor. 2], [7, Thm. 9, p. 100], and [27, Eq. (1.1) and related
references].

To prove our claim, let us first point out that, upon setting

S - A Z]EJO

a straightforward computation gives
H=K+28. (—iV + e Bj) —i(V-S) + 2.

Notice that for any ¢ € C2°(R%\Z) and for all £ > 0, usmg the Cauchy-Schwarz
inequality together with the basic relation vJuv < eu + - v, we get

| (=19 + e Bi) 0, = VEIETD) < e K¢l + & 142

Let us further remark that the hypotheses in (1.4) and the features of p; stated
in Lemma 2.1 ensure that S and V - S are indeed uniformly bounded everywhere.
Then, by standard density considerations we obtain, for any ¢ € Z(K),

2
I = K)lly < 2¢ Sl 1K, + (218l + 1V -8l + ISIZ.) 191, -
which, in view of the arbitrariness of € > 0, ultimately yields the thesis. O

On account of Lemma 2.2, in the following we study K in place of H. Accord-
ingly, we often refer to the adjoint operators K* and K, j € Jy, with domains
respectively given by

D(K*) = {Ye L*RY) | (- iV + ZJGJ B,)%) € LA(RY)}, (2.3)
2(K;) = {peL*(RY) | (—iV +B;)*y € L*(RY)}. (2.4)
Lemma 2.3. Assume hypotheses (H1)-(H4) and let {n;}jc, be a family of cut-off

functions as in Lemma 2.1. Then, for all j € Jy, the following implications hold
true:

YeDK]) = e Z(K;)ND(K");
YeEDKY) = neI(K)ND(K").
Moreover, for ¢ € Z(K;) or+ € Z(K*),
K*(nj) = K; (i) = nj(=iV+B;)*¢ — 2(Viy)- (V) + (=Any)e. (2.7

Proof. As a foreplay, we show that Z(K;) C C HE . (R¥\supp By) for any j € Jp.
To this avail, let ¢ € Z(K) and notice that the very definition (2.4) of Z(K7)
yields &;(—iV +B;)?y = ;(—Ay) € L*(R?) for any ¢; € C°(R%\supp B;), whence
Ay € LE (R%\supp B;). From here we deduce ¢ € HZ_(R%\supp B;) by standard
elliptic regularity, see e.g. [29, p. 125, Thm. 3.2]. It can be proved in a similar manner
that 2(K*) C H (R?\ Ujes, suppBj).

Now, let us fix j € Jy and take ¢ € Z(K7). Let also 1; € C*(R%) be the

associated cut-off function as in Lemma 2.1 and notice that njlsuppB‘ = 1, since
J
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supp B; C suppp; (see (2.1)). Then, n;v» € L*(R?) and, by direct inspection, we
infer

. 2 .

(=iV + Y pes, Br)” (1) = (—iV + B;)*(n;1)

= (—An;)¥ +2(=iVn;) - (=iVY) +1;(—iV + B;)?y € L*(RY), (2.8)
where we have taken into account that n;, An; € L>®(R%), Vn; € L= (R4 R?) with
supp (Vn;) € R\ supp By, together with ¢ € HZ_(R?\ suppB;) and (—iV +

B,)*p € L*(R?).
By the same token it can be inferred that, for any ¢ € Z(K*) and n; as before,

there holds

(—iV +B)2(19) = (—iV + Ypes Br)” ()
= (A +2(=iVn;) - (—iV + Yy Br) ¥

. 2

+1; (—iV + >4y, Be) ¥ € L*(RY). (2.9)

The thesis ultimately follows, recalling once more the definitions (2.3) and (2.4) of
P(K*) and Z(K;). O

Lemma 2.4. Assume hypotheses (H1)-(H4) and let {n;}jcs, be a family of cut-off
functions as in Lemma 2.1. Then, for all j € Jy, the following implications hold
true:

veDK;) = mveI(K;)ND(K); (2.10)
YePK) = neDEK;)NDK). (2.11)

Moreover, for ¢ € 2(K;) or ) € P(K),
K(njv) = K;j(nje) = n;(=iV+B;)*0 = 2(Viy)-(VY) + (=An)y. (2.12)

Remark 2.5. (Partition {7;},cs,) Note that under the conditions of Lemma 2.1,
the result of Lemma 2.4 immediately applies also to the family of cut-off functions
{7 }jes,- We are going to exploit this fact in the proof of Lemma 1.1.

Proof. We discuss the proof of (2.10) as an example. Similar arguments can be
employed to derive (2.11). Let us firstly recall that the domain Z(K;) is by definition
the closure in the graph-norm topology of the dense set C2°(R9\ HJ). So,

LQ(Rd LQ(Rd)

V?/)G-@( ) El{¢n}n€N C Coo(Rd\_‘]) s.t. wn ¢7 ]@Z)n Kﬂb .

n—-4o0o
Since n; € L*°(R?), it follows immediately that n;1, — n;4 in L2(R9). On the
other side, we have

Kj(mjn) = (=An;)thn + 2(=iVn;) - (=iV + Bj) vy + 0 K, . (2.13)

Notice that (—An;), — (—An;)¢ and n; K, — n; K in L?(R?). Let us now
examine the second term on the r.h.s. of (2.13). We remark that ¢ € Z(K;) C
P(K}) C Hp (R™\suppBj) (see the proof of Lemma 2.3) and Vn; € C®(R%\

supp Bj; R?). Taking this into account, we infer (—iVn;) - (—iV + B;)y = (Vn;) -
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(V) € L?(R?). Moreover, for any given ¢ € C2°(R¥\supp B;), an integration by
parts and elementary estimates yield

I€(=iV + B,) (W — ¥)|3
- / A% (1o — )" (—iVE2) - (—iV + By) (6 — ¥)

d
+ [ ax € a=0)" (7 + By~ )
<2 V€l 1on = ¥lly €(=3V + By) (¢ — ),
+ 115 len = wlly [[(=39 +B;)* (W —¥)],-
Since v, — 9 and Kj1b,, — K;1 in L2(R?) for n — +o0, from here we deduce that
Ve>0 IN>0 st (1-2[[VElloo) E(=iV+By)(¥n—)ll, < €Il , V>N,
which implies £(—iV +B;) (¢, —1) — 0 in L2(R4,R%) for all £ € C°(R%\supp B;).
This, in turn, suffices to infer that (—iVn;) - (—=iV + B;)¢,, — (=iVn;) - (—=iV +
B,)y € L*(R4,R?%). Summing up, the above arguments entail K;(n;1,) — K;(n;v)
in L%(R?), ultimately proving that ;1 € 2(K;).
Let us finally return to (2.13) and notice that, exploiting again basic features
of B, and n;, we get K(n;v,) = K;(njv,). Since we have just proved that the
sequence K;(n;1y,) is convergent in L2(RY) for n — +oo and given that K is a

closed operator by definition, we readily obtain that n;¢ € Z(K) thus concluding
the proof. O

Lemma 2.6. Assume hypotheses (H1)-(H4) and let {n;};c, be a family of cut-off
functions as in Lemma 2.1. Then, for all j € Jy, the following implications hold
true:

1#69([{]*) — (1—7]3')#)6@(}(]‘); (2.14)
be DK = (1 - zjeJonj> b e IK). (2.15)

Proof. We prove (2.14). The implication in (2.15) can be derived by similar con-
siderations. Let ¢ € Z(K7) and set &; := 1 —n; € CZ(R\suppB;). By (2.5)
we readily infer {;¢) € Z(K7). Furthermore, noting that supp §; C RY\supp B, by
(2.7) we deduce K7 (£;4) = —A(&1p) € L*(R?), which in turn implies &1 € H?(RY)
by elliptic regularity.

Next, we proceed to construct a sequence of smooth approximants converging to
¢;4 in the graph-norm topology induced by K. To this purpose, let ¢, Z € C2°(R?)
be such that

(>0, ((x)=0, forlx|>1, / dx ¢(x) =1,
Rd

1 f <1
or | , sup [|0%Z||oo <M, for some finite M >0,
0 for |x[>2 oglal<2

Z >0, Z(x):{

and set, for n € N,

Cn(x) := n?¢(nx), Zn(x) == Z(x/n), Fin = Cn % (Zn&s0).
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It can be checked that f;, € C°(R¥\supp B;), for any n large enough, and that

fin — & in H3(R?) as n — +oo. In particular, we have &4 € H3(R? \ supp B;)

and

L*(R)
Kjfj,n = _Afj,n "t oo —A(@w) :

Since K is closed, the above arguments suffice to infer that &;¢ € Z(K;) and

K;(&9) = —AgY) m

We are now in the position to prove our main result.

Proof of Theorem 1.1. We systematically refer to the families of cut-off functions
{pjtieto {nj}ics, and {7;},es, introduced in Lemma 2.1. In view of Lemma 2.2,
we henceforth consider the operators K and Kj, j € Jo, in place of H and Hj,
respectively, and proceed to employ the auxiliary Lemmas 2.3,2.4,2.6 without further
concern. Recalling the basic identities reported in (2.2), we introduce the shorthand
notations
n=mny(K), n; =ny(K;), forjedy.

We remark that, for any given n € NU{oo}, there certainly exists a set {‘bg}l<z<2n
of elements in Z(K*) which are linearly independent modulo Z(K), namely,

Yt b P € D(K), for some {br},cqy 4 CC = b=0, VI<I<2n.
(2.16)
Similarly, for any fixed j € Jy and for any given n; € N U {oo}, there exists a
set {W . }1 <t;<om, of elements in Z(K7;) which are linearly independent modulo
Z(K;), namely,
2n7
Zéj =1 bj,fj \Ijj,fj € -@(KJ) )
for some {b;, y C C << bj,=0, VI</;<2n;.

(2.17)

j j ooy
J}Z e{1,....2n

We proceed to discuss in separate steps two complementary inequalities, ultimately
implying

=3 e M (2.18)
whence the thesis (1.5).

i) Proving that n < 3, ; n;. Let {(I)e}KK% C 2(K*) be any family fulfilling
(2.16). Lemma 2.3 implies

ni®e € 2(K;)NZ(K"), for all jeJpand 1 <4< 2n.
Assume that

Z?Zl ben;®e € Z(Kj), for some {be}ycqy o,y CC. (2.19)

This requirement and Lemma 2.4 (see also Remark 2.5) entail 2321 by Py =
7; (Z?Zl by 17]-<I>g> € Z(K) and, given that the supports of the cut-off functions
n; are disjoint,
2n
Yiedo 2ot=1 ben;®e € I(K). (2.20)
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On the other hand, by Lemma 2.6, we get

(1 - Ejejonj> O, € 9(K). (2.21)

Summing up, (2.20) and (2.21) give

2n 2n 2n
Dot bemi®e =30 e 50 D0ty bem®e+ 3207 b <1 - Zjngnj> P € Z(K).

Due to (2.16), the above condition can be fulfilled only if b, = 0 for all 1 < ¢ < 2n.
This means that {1;®s}1<r<2n C Z(K) are linearly independent modulo Z(Kj).
As a consequence, there exist {ij )
such that

: }Zje{l,...,2n} not identically zero and ¢; € Z(K;)

2n;
The above arguments ultimately prove that
2n <23, dim [D(K})/D(K;)] =23 5.m5 -
ii) Proving that n>3_,  ; n;. For any fixed j € Jo, let {W;, }1<ej<2nj CY(K3) be
some given set fulfilling the condition (2.17). By Lemma 2.3, we readily infer that
niVie, € 2(K;)NP(K”), for all j € Jy and 1 < ¢; < 2n;.

Assume now that

27’Lj
D jego 2at;21b50,m V50, € D(K),  for some {bj, }zje{l oy CC (222)

-----

Since the supports of the cut-off functions {n;} jc s, are disjoint, this condition entails

0 >ty b, Vi, € D(K), for all j € J,
which, by Lemma 2.4, implies in turn
05 3621 bt Vi, = <77j Yo big, ‘I’j,ﬁj> € 7(Kj). (2.23)
On the other hand, Lemma 2.6 yields
(U= 1) 02y by, e, € D). (2.24)

Summing up, (2.23) and (2.24) give

which, on account of condition (2.17), can be fulfilled if and only if b; ., = 0 for all

1 < 4; < 2ny. In view of (2.22), this shows that {n;¥; }jeJo,lgsznj is a set of

elements in Z(K*) which are linearly independent modulo Z(K). In particular, it
follows that

2n = dim [2(K*)/2(K)] = 23 ies -



Deficiency Indices for Singular Magnetic Schrédinger Operators

Acknowledgements

This work has been supported by MUR grant Dipartimento di Eccellenza 2023-
2027 of Dipartimento di Matematica, Politecnico di Milano. MC acknowledges the
support of PNRR Italia Domani and Next Generation Eu through the ICSC Na-
tional Research Centre for High Performance Computing, Big Data and Quantum
Computing. DF acknowledges the support INAAM-GNFM Progetto Giovani 2020
“Emergent Features in Quantum Bosonic Theories and Semiclassical Analysis”.

Funding Information Open access funding provided by Politecnico di Milano within
the CRUI-CARE Agreement.

Data availability No data was produced for the present article.

Open Access. This article is licensed under a Creative Commons Attribution 4.0 International
License, which permits use, sharing, adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original author(s) and the source, provide
a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless
indicated otherwise in a credit line to the material. If material is not included in the article’s Creative
Commons licence and your intended use is not permitted by statutory regulation or exceeds the
permitted use, you will need to obtain permission directly from the copyright holder. To view a
copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional
claims in published maps and institutional affiliations.

References
[1] Adami, R., Teta, A.: On the Aharonov-Bohm Hamiltonian. Lett. Math. Phys. 43, 43-54
(1998)

[2] Aharonov, Y., Bohm, D.: Significance of electromagnetic potentials in the quantum
theory. Phys. Rev. 115, 485-491 (1959)

[3] Aharonov, Y., Casher, A.: Ground state of a spin-1/2 charged particle in a two-
dimensional magnetic field. Phys. Rev. A 19, 2461-2462 (1979)

[4] Amrein, W.O.: Non-relativistic Quantum Dynamics. D. Reidel Publishing Company
(1981)

[5] Behncke, H., Focke, H.: Stability of deficiency indices. Proc. R. Soc. Edinb. A 78, 119
127 (1977)

[6] Behncke, H.: Spectral properties of the Dirac equation with anomalous magnetic mo-
ment. J. Math. Phys. 26, 2556-2559 (1985)

[7] Birman, M.S., Solomjak, M.Z.: Spectral Theory of Self-adjoint Operators in Hilbert
Space. D. Reidel Publishing Company, Dordrecht (1987)

[8] Brezis, H.: “Localized” self-adjointness of Schrédinger operators. J. Oper. Theory 1,
287290 (1979)

[9] Bruneau, L., Dereziriski, J., Georgescu, V.: Homogeneous Schrédinger operators on half-
line. Ann. H. Poincaré 12, 547-590 (2011)


http://creativecommons.org/licenses/by/4.0/

M. Correggi, D. Fermi

[10] Bulla, W., Gesztesy, F.: Deficiency indices and singular boundary conditions in quantum
mechanics. J. Math. Phys. 26, 2520-2528 (1985)

[11] Chin, C., Grimm, R.: Feshbach resonances in ultracold gases. Rev. Mod. Phys. 82,
1225-1286 (2010)

[12] Combescure, I., Ginibre, J.: Scattering and local absorption for the Schrédinger opera-
tor. J. Funct. Anal. 29, 54-73 (1978)

[13] Correggi, M., Fermi, D.: Magnetic perturbations of anyonic and Aharonov-Bohm
Schrodinger operators. J. Math. Phys. 62, 032101 (2021)

[14] Correggi, M., Fermi, D.: Schrédinger operators with multiple Aharonov-Bohm fluxes,
arXiv:2306.08910 [math-ph] (2023)

[15] Cycon, H.L.: A theorem on “localized” self-adjointness of Schrédinger operators with
L}, . potentials Int. J. Math. Math. Sci. 5, 545-552 (1982)

[16] Dabrowski, L., ét’oviéek, P.: Aharonov-Bohm effect with d-type interaction, J. Math.
Phys. 39, 47-62 (1998)

[17] Derezitiski, J., Faupin, J.: Perturbed Bessel operators. Boundary conditions and closed
realizations. J. Funct. Anal. 284, 109728 (2023)

[18] Derezitiski, J., Faupin, J., Nguyen, Q.N., Richard, S.: On radial Schrédinger operators
with a Coulomb potential: general boundary conditions. Adv. Oper. Theory 5, 1132—
1192 (2020)

[19] Derezitiski, J., Richard, S.: On Schrodinger operators with inverse square potentials on
the half-line. Ann. H. Poincaré 18, 869-928 (2017)

[20] Felli, V., Marchini, E.M., Terracini, S.: On Schrédinger operators with multipolar
inverse-square potentials. J. Funct. Anal. 250, 265-316 (2007)

[21] Fermi, D.: Quadratic forms for Aharonov-Bohm Hamiltonians in Quantum Mathematics
I, M. Correggi, M. Falconi (Eds.), Springer INdAAM Series (SINDAMS, vol. 57), Springer
Singapore (2024)

[22] Gesztesy, F., Mitrea, M., Nenciu, I., Teschl, G.: Decoupling of deficiency indices and
applications to Schrodinger-type operators with possibly strongly singular potentials.
Adv. Math. 301, 1022-1061 (2016)

[23] Hormander, L.: The Analysis of Linear Partial Differential Operators I. Distribution
Theory and Fourier Analysis. Springer, Berlin (2003)

[24] Twai, T., Yabu, Y.: Aharonov-Bohm quantum systems on a punctured 2-torus. J. Phys.
A Math. Gen. 39, 739-777 (2006)

[25] Kalf, H.: Gauss’s theorem and self-adjointness of Schrédinger operators. Ark. Mat. 18,
19 (1980)

[26] Karnarski, B.: Generalized operators with several singularities. J. Oper. Theory 13(1),
171-188 (1985)

[27] Kissin, E.: Stability of the deficiency indices of symmetric operators under self-adjoint
perturbations. Proc. Edinb. Math. Soc. 46, 383-394 (2003)

[28] Klaus, M.: Dirac operators with several Coulomb singularities. Helv. Phys. Acta 53,
463-482 (1980)

[29] Lions, J.L., Magenes, E.: Non-homogeneous Boundary Value Problems and Applica-
tions, vol. I. Springer-Verlag, Berlin (1972)

[30] Lundholm, D.: Properties of 2D anyon gas, preprint arXiv:2303.09544 [math-ph]


http://arxiv.org/abs/2306.08910
http://arxiv.org/abs/2303.09544

Deficiency Indices for Singular Magnetic Schrédinger Operators

[31] Morgan, J.D., IT1.: Schrédinger operators whose potentials have separated singularities.
J. Oper. Theor. 1, 109-115 (1979)

[32] Nenciu, G.: Distinguished self-adjoint extension for Dirac operator with potential dom-
inated by multicenter Coulomb. Helv. Phys. Acta 50, 1-3 (1977)

[33] Pankrashkin, K., Richard, S.: Spectral and scattering theory for the Aharonov-Bohm
operators. Rev. Math. Phys. 23, 53-81 (2011)

[34] Pearson, D.B.: General theory of potential scattering with absorption at local singular-
ities. Helv. Phys. Acta 48, 639-653 (1975)

[35] Piepenbrink, J., Rejto, P.: Some singular Schrédinger operators with deficiency indices
(n?,n?). Duke Math. J. 41, 593-605 (1974)

[36] Schmiidgen, K.: Unbounded Self-adjoint Operators on Hilbert Space. Springer, Dor-
drecht (2012)

[37] Schwartz, L.: Théorie des distributions. Hermann, Paris (1978)

[38] Simader, C.G.: Essential self-adjointness of Schrodinger operators bounded from below.
Math. Z. 159, 47-50 (1978)

[39] Svendsen, E.C.: The effect of submanifolds upon essential self-adjointness and deficiency
indices. J. Math. Anal. Appl. 80, 551-565 (1981)

Michele Correggi and Davide Fermi

Dipartimento di Matematica, Politecnico di Milano

P.zza Leonardo da Vinci, 32

20133 Milan

Italy

e-mail: michele.correggi@gmail.com

URL: https://sites.google.com/view/michele-correggi

Davide Fermi
e-mail: davide.fermi@polimi.it
URL: https://fermidavide.com

Davide Fermi

Istituto Nazionale di Fisica Nucleare, Sezione di Milano
Milan

Ttaly

Received: November 16, 2023.
Accepted: December 5, 2023.



	Deficiency Indices for Singular Magnetic Schrödinger Operators
	Abstract
	1. Introduction and Main Result
	1.1. Main Results
	1.2. Physical Examples

	2. Proofs
	2.1. Basic Assumptions and Definitions

	Acknowledgements
	References


