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In this paper, we develop the theory of quasi-invariant (respectively, strongly quasi-
invariant) states under the action of a group G of normal x-automorphisms of a x-algebra
(or von Neumann algebra) A. We prove that these states are naturally associated to
left-G-1-cocycles. If G is compact, the structure of strongly G-quasi-invariant states is
determined. For any G-strongly quasi-invariant state ¢, we construct a unitary repre-
sentation associated to the triple (A, G, ). We prove, under some conditions, that any
quantum Markov chain with commuting, invertible and Hermitian conditional density
amplitudes on a countable tensor product of type I factors is strongly quasi-invariant
with respect to the natural action of the group S of local permutations and we give
the explicit form of the associated cocycle. This provides a family of nontrivial examples
of strongly quasi-invariant states for locally compact groups obtained as inductive limit
of an increasing sequence of compact groups.

Keywords: Quasi-invariant states; group of s-automorphisms.

1. Introduction

Given a faithful state on *-algebra A and a group G of x-automorphisms of A, we
say that ¢ is G-invariant if

v(g(a)) = ¢pla), YgeG, ac A (1.1)
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This class of states is of paramount importance in many branches of mathematics
and physics and it has been studied in different contexts (cf25 @8 and references
therein). However, invariant states are rare, both in classical and in quantum prob-
ability. Moreover, in classical probability, there is a much wider class of states,
namely those associated to quasi-invariant measures. In particular, given a measur-
able space (S, B) and a group G acting on S by measurable transformations

seS—gseS, gegd,
a measure u on (S, B) is said to be G-quasi-invariant if
pog~u, VgeG,

where ~ is meant in the sense of mutually absolute continuity of the two measures. It
is worth noticing that quasi-invariant measures constitute the natural environment
for the theory of dynamical systems and ergodic theory, but until recently, there
was no quantum analogue of the quasi-invariant measures.

In this paper, we develop the theory of quasi-invariant states. In particular,
we extend definition (1) as follows: we assume that for every g € G there exists
xg € A such that

v(g(a)) = p(z4a), (1.2)

and we call G-quasi-invariant a state satisfying (I.2)). Moreover, if in addition x, =
xy for every g € G, the state ¢ is said to be G-strongly quasi-invariant. In this case,
we prove that the Radon-Nikodym derivatives x,’s are invertible positive operators
and satisfy the normalized left-G-1-cocycle property

Lgagr = Lgy (gl_l(xm))a Te = 1.

Moreover, we show that the x-algebra generated by the Radon—Nikodym derivatives
x4’s is commutative. We further study the case of a compact group G of normal
x-automorphisms of a von Neumann algebra A. In particular, we give the structure
of a normal G-strongly quasi-invariant state ¢, when G is a compact group, and we
prove that it has the following form:

pla) = cpg(ng,la), Vae A, (1.3)

for some bounded invertible positive operator kg in the centralizer of ¢ whose
structure is explicitly given (see Theorem [l). Conversely, if ¢ is a G-invariant
state and k¢ is an invertible positive operator in the centralizer of ¢, then the state
, defined by the right-hand side of (L3J), is a G-quasi-invariant state with cocycle

zy = kag '(kg'), VYgeQG. (1.4)

We study the inductive limit associated to a group G which is the union of an
increasing sequence of compact groups. For any G-strongly quasi-invariant state ¢,
the unitary representation of the group G is also given. Moreover, we give some
examples and we investigate the structure of a So-quasi-invariant state ¢, where

2450014-2



Infin. Dimens. Anal. Quantum. Probab. Relat. Top. Downloaded from www.worldscientific.com
by POLITECNICO DI MILANO on 10/14/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

Quasi-invariant states

S = Uxn—; Sn is the group of local permutations on an infinite tensor product of
a von Neumann algebra (Sy is the group of permutations on {1,2,..., N}).

2. Quasi-Invariant States Under a Group of *-Automorphisms

In the following, A will denote a *-algebra, ¢ a faithful state on A and G C Aut(.A)
a group of *-automorphisms of A.

Proposition 1. Suppose that, for any g € G, there exists a x4 € A such that

©(g(a)) = p(zga), Vae A (2.1)

Then x4 is unique and the map g € G — x4 € A is a normalized multiplicative left
G-1-cocycle, i.e. it satisfies the identities

T =1, (2.2)
Tgogs = o101 (T40), Yg2,01 €G. (2.3)
In particular, each x4 is invertible and its inverse is
a7l = g (o, ) (& 2y = glay ). (2.4)
Proof. Suppose that for any g € G, there exist x4, y, € A such that

v(g(a)) = p(zga) = p(yga), Vae A

Therefore, for all a € A, ¢((zg — yg)a) = 0. Since ¢ is faithful, then by taking
a= (xg —yg)* it follows that x4 = y,.
Now note that

p(a) = p(e(a)) = p(rca), Vae A
Since ¢ is faithful, 22) follows. Now for any go,91 € G, one has
©(9291(a) = ¢(2g,9,0) = (24, (91(a))) = @(91(g1 " (24,)a)
= ¢(zg, (gl_l(a:gQ)a)) = @((xglgl_l(xgz))a)-
This is equivalent to
0 = @(2g,g,0) — p(zy, (91_1(3”92))@)
= ¢((Tgogq, — Tgy (91_1(5592)))“)~
Since a is arbitrary, one can choose a = (%g,q, — 4, (97 ' (24,)))*. This gives
0=¢(|(zgg, — zg (gfl(xgz)))*|2).
Since ¢ is faithful, @3) follows. Taking g; := g7 ' in &3], one finds, using z, = 1
l=2z.=u1x (gfl(ngl))-
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This implies that x4, is invertible and its inverse is
~1 -1
Lo, =91 (‘Tgl_l)’

since gy is arbitrary, the first identity in ([24]) follows. Multiplying both sides of it
by g1, one obtains

gilrg,) =@ 0,
which is equivalent to the second identity in (Z4]). O
The following result is known. We include a simple proof of it for completeness.

Lemma 1. If A is a C*-algebra, g is a x-automorphism of A and if

where x and y are positive self-adjoint, invertible in A. Then
' =g(y®), VseQ. (2.5)

Proof.

L=glyy™ ) =9y)gly )
Therefore, g(y) is invertible and

gy) =gy =2 (2.6)
Thus

For n € N one has

Therefore
zn = g(yi), VneN.
Consequently
2% = (@) = gly™)" = g(y™),
and, because of ([Z6]), z° = g(y°) for all s € Q. O

Corollary 1. Under the assumptions of Lemmalll if x4 = xy, then for any s € Q

Tt = g_l(x;,l). (2.7)

Proof. From Proposition[l] z, is invertible. Moreover, by Lemma [] which will be

proved later, z, is positive. Now by using (Z4) and by replacing in ZH) g by g~ !,z

by x;l and y by x,-1, one finds

which is ([27]). m|
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Definition 1. If the pair (G, ) satisfies condition (21 of Proposition [l the state
v is called (G, z)-quasi-invariant, or G-quasi-invariant with cocycle .
Lemma 2. If ¢ is (G, x)-quasi-invariant, then for all g € G
acA a>0= p(xga) >0, 1=¢p(xy), (2.8)
p(rga) = plazy,), Yac A (2.9)
Proof. If a € A, a > 0 and g € G, one has 0 < ¢(g(a)) = ¢(xya) and this proves
the inequality in ([Z8)). The equality follows from
L=p(1) =¢(g(1)) = ezg), Vgeq.
Moreover, one has
plg(a”)) = plzga”), VacA
On the other hand

p(g(a®)) = ¢((9(a))) = ¢(g(a)) = p(z4a) = p((z4a)") = p(a*zy).
It follows that

p(rga”) = p(a*zy), Vac A,

and, since a € A is arbitrary, this is equivalent to (29). O

Remark 1. Recall that the centralizer of ¢, hereinafter denoted Centrz(yp), is
characterized by the property

¢ € Centrz(p) < p(ac) = p(ca), Vae A (2.10)

Lemma 3. If ¢ is (G, x)-quasi-invariant, for any g € G, the following are equiva-
lent:

(1) =4 is a Hermitian element of A.
(ii) x4 is in the centralizer of ¢.

Proof. (i) = (ii) If z, = =}, (ii) follows from ([2.3).
(ii) = (i) If z4 is in the centralizer of ¢, then the same is true for z. Therefore,
[23) implies that for all a € A

N ar=(zg—z,)"

plega) = plary) = p(rga) & ((zg — x4)a) =0 (g —gl?) =0,

and (i) follows because ¢ is faithful. O

Definition 2. A (G,z)-quasi-invariant state ¢ is called (G,z)-strongly quasi-
nvariant if, for any g € G, x4 is Hermitian.

Remark 2. From Lemma [ it is worth noticing that in the classical setting any
quasi-invariant state is strongly quasi-invariant.
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Lemma 4. If ¢ is (G, x)-strongly quasi-invariant, x satisfies
g, (97 (2g,)) = (97 (2g,))2g,,  Vg2,01 € G, (2.11)
which is equivalent to
Tgo gy, = TgiTgps V92,91 € G. (2.12)
Moreover, for all g € G, x4 is an invertible positive operator.

Proof. From the cocycle identity (Z3) and the Hermitianity of the x4, one has,
for all go,g1 € G

Lg1 (gfl(a?gQ)) = Tgogn = xzzgl = (9;1(3592))3@1’

which is (ZI0). ZII) is equivalent to

(07 (@) = 2507 (22)) B (97 (@02))01  (201) = 07 (20) (97 (2g3))

~ gfl(xgzxgl) = gfl(xg1xgz)
S XLgaTgy = Lg;Tygy,s

which is (ZI2]).

Note that z, = zj; = x4+ — x4 —, With x4 4 are positive such x4 yx, - = 0.

Therefore, choosing in (Z9) a = x4, one finds

0 < p(rgzg,-) = (T4 — Tg,—)Tg,—)

= ¢l ) 0=p2_)e0=1,_.

[

Thus x4 = Ty

x4+ > 0 and by Proposition[I] z, is invertible. O

Let C be the x-algebra generated by the z, (¢ € G). It follows from Lemma
that C C Centrz(y) and C is abelian by Lemma [

Lemma 5. If ¢ is (G, x)-strongly quasi-invariant, then for all g € G and a € A

w(g(x)a) = @(ag(xga:xg;l)), YV € Centrz(p). (2.13)
In particular, for oll g € G
g(C) = C C Centrz(p), VgeG. (2.14)

Proof. In the above notations, one has
p(9(x)a) = p(g(zg~" (a))) = p(z429"(a)) = (g~ ' (a)zy)
= p(9™ ag(zy7))) = p(z4-1a9(24)g(x)) = plag(zy)g(z)zy-1)
plag(zg)g(x)g(z,h)) = plag(zgzz,t)),
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which is (ZI3). Now if 2 € C C Centrz(p) and if g € G, one has zyzx, ! = x. This
proves the inclusion in (ZI4]). The identity in (ZI4]) follows from
e3) - _
Tgogr = Tgi 1(5592) A xg11x9291 = g1(wg,) & g1(zy,) €C,

because g; and x4, are arbitrary and g; is invertible. O

2.1. The case A = B(H)

In the above notations, consider A = B(H), where H is a finite-dimensional Hilbert
space.

Proposition 2. If o() = Te(W-) is a faithful state on A and if G is a group
acting on A, then ¢ is G-quasi-invariant. Moreover, ¢ is G-strongly quasi-invariant
iff gW =YW = W=Lg(W) for every g € G.

Proof. As any automorphism of B(H) is inner, for g € G, there exists a unitary
Uy such that
gla) =UgalUy, Vac A
Now we have
v(g(a)) = Tt (WU,yaU,) = Tr(U;WUya) = Tr(Wzg4a),
where 2, = WU;WU, = W~'g~"(W). Moreover, ¢ is G-strongly quasi-
invariant iff z; = z7, that is, W’lU;WUg = U;W*IUQW, which is equivalent
to g WY)W = W-1g(W). O
2.2. Quasi-invariant states with trivial cocycles
Lemma 6. For any operator k € A invertible in A, the map
g€ G a,=rg (K1), (2.15)
is a normalized left multiplicative G-1-cocycle.
Proof. Condition ([Z2) follows from
Te = ke =1.
Condition (23] follows from
Tgagr = K(9201) " (571) = kg tgy () = kg (R (Rgy H(RT))
= rgy (k7191 (kg ' (57Y) = 2,07 (240), V92,91 € G 0

Definition 3. Let G be a group of x-automorphisms of A. A multiplicative left
G-1-cocycle of the form ([ZTH) is called trivial.

Theorem 1. Let G be a group of x-automorphisms of A and let kK € A be
an invertible operator with inverse in A. Then for any G-invariant state g,
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the state
o(+) = pa(k-), (2.16)
is (G, x)-quasi-invariant with cocycle
zy =k 197 (k), VgeG. (2.17)

© 1is strongly (G, x)-quasi-invariant with cocycle ZIT) iff
k=k", kg(k)=g(k)k, Vgea. (2.18)

Proof. The first statement follows from the fact that, if o, ¢ and k! are as in
the statement, then for any a € A and g € G, one has

p(g(a)) = pa(rg(a) = va(glg™ (K)al) = ve(lg™ (k)a])
= pa(rr g™ (w)a)) = (v~ g7 (K)a) = p(zga).
The first identity in ([ZI8) follows by taking adjoints of both sides of (ZIf) as in

the proof of Lemma [Bl Given the validity of the first identity, the right-hand side
of 2I7) is Hermitian iff, for all g € G

KT R) = (g R = g (R

Lis arbitrary, this is equivalent to the second identity in I8). O

and, since g~

3. Examples of Quasi-Invariant States Under Permutations

In this section, we construct examples of quasi-invariant states on infinite tensor
products of copies of a type I factor with the natural action given by the permutation
group on N* = {1,2,...}. We show that, in this framework, examples of nontrivial
cocycles naturally arise.

Let B := B(H) for some finite-dimensional Hilbert space H. Below the symbol
“®” will always refer to the minimal C*-tensor product. Denote

A=Q)B, (3.1)
N

the tensor product of countably many copies of B (Qy. B is the inductive limit
of @ _, B) and let j, be the natural embedding of B onto the nth factor of A
(we also use the notation j,(B) =: A, = B ® Qy.\ () 18). With these notations,
introducing the local algebras

ANy o= \/ A, := algebra generated by the j,(B) = A, : n € [M, N],
ne[M,N)]
(3.2)
(M < N € N) whose elements are called local elements, one has
A= Apn- (3.3)
NeN*

2450014-8
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Denote by Sy the permutation group on {1,..., N}. Define Soo = Uy cn- SN+ Soo
has a natural action on A by *-automorphisms given by g o j, := jsn Where we use
the same symbol for the actions of S, on N* and on A. With this identification,
Sso 18 called the group of local permutations on A. Recall that, for each g € Su,
the support of g is defined by

Ay :=supp(g) := {n € N* : gn # n} = supp(¢ ).

Denoting
Sy :={g € Sw : supp(g) C [1, N},
one has
S = | 8w (3.4)
NeN~

In the literature, Soo-invariant states (or weights) are also called exchangeable and
we will we use both terms in what follows.

3.1. Product states

In this section, we use the symbolic expressions Try- and [, o« jn(Wh) (see for-
mula (36)). It is known that there is no general way to give a meaning to Try-
as a (non-identically infinite) weight on A or to [, cy« jn(Wy) as an element of a
closure of A in some representation. However, the combined expression

Try- <H jn(Wn)~>, (3.5)
neN*

is well defined even at algebraic level by the left-hand side of ([3.8]) and intuitively

highlights the formal analogy with (ZI8]) in which Try+ plays the role of the state

¢c and [, e+ Jn(Wy) the role of .

In Sec. B2 we will see that this formal analogy can also be used for Markov
states on A. In both cases, the continuous classical analogues of ([33]) are widely
used in quantum field theory (Feynman integral) and they also appear in the theory
of quantum flows. Furthermore, once correctly defined by (B:6]), the expression (B3]
can be used to obtain simplified proofs of several results. This statement is illus-
trated in the proofs of Proposition [3] and Theorem [3l

Proposition 3. Any product state on A

o= ¢n= Q) Tr(W, ) =: Try- <H (W) ) (3.6)

neN* neN* neN*

with W, invertible for each n € N* and satisfying the condition
VneN, de, >0: W, > c,, (3.7)

2450014-9
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18 Soo-quasi-invariant with cocycle

Lg = H Jn(Wn_l) 97! H Jn(Wa H jn(Wn_lwgfln)a Vg € S,
neh, neh, nehg

(3.8)

and it is Seo-strongly quasi-invariant iff the W,, mutually commute.

Proof. Let g € Soo with support Ay. Note that g(Ay) = A4. Therefore, for any
n € Ay and a € A one has

90(9( = Try- < H Jn n )

neN*

)

o ()
(T )

:TYN*< 1T now. II jo-rnW0) | @

neAL neh,

= TI'N*

= Try=« < H jn n ]n H jg_ln(Wn) a

neN* neh, neh,

= H Jn(W, ) H Jg=1n(Wh) | a | = (z4a).

nehy nehy

Condition (B7) guarantees that x4 is bounded and the definition of A4 that z4 is
Hermitian. Therefore, ¢ is Soo-quasi-invariant with cocycle given by (B.5). O

Remark. (1) Note that condition (7)) is very strong. In fact, if W,, = >y w, Py,
is the spectral decomposition of W,,, due to the inequality

L=Te(Wy) = Y waTr(Py) > > wy,

neN neN

condition ([B7) can be satisfied only if the spectrum of W, has finite cardinality.

2450014-10
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(2) Note that the cocycle x, is nontrivial because it has the following form:

Tg = H jn(W7:1)971 H Jn(Wh) | =: "59971 (/‘5;1) ., VgeSs, (3.9)

nehg nehy

so ([ZI0) is not satisfied because k4 depends on g. The only way to make it
formally independent on ¢ is to use the identity

IT snw hg™ <H jn(Wn>> = [T V) T1 dorom (W)

xg =
neN* neN* neN* neN*
o . 1y - o . 1N -
= H ]n(Wn )Jg*l(n)(Wn) = H Jn(Wn )Jg*l(n)(Wn)a
neN* nehg

which is formally of the form ZIF) with & := [], oy« jn (W, !). But this is only
a formal expression because, in general, there is no reasonable representation m
of A in the bounded operators on some Hilbert space H such that expressions
like [T, ene Jn (W) or TT,en+ jn(Wr) can be interpreted as operators in the
closure of 7(A) for some topology on B(H).

The above discussion suggests the following definition.

Definition 4. Let A, (Aj n))nven- and So be as above. An S.-cocycle
T Seo — A is called locally trivial if, denoting for N € N*

8[1’]\[] ={g€ 8« :9[1,N]=[1,N]},
there exists 1 n) € Aj1,n), With inverse in A nj such that, for each g € Spp n
Ty = ﬁ[l,N]gfl(n[_l}N]). (3.10)

Theorem 2. Let ¢ := Q. Tr(Wy ) be an arbitrary product state on A and let
Wy € B be a density operator bounded away from zero. Denote

P = ®¢0 = ®TFN* Weo )5 (3.11)
N~ N~

the exchangeable state on A defined by Woo and (Hy, my, U) the cyclic representa-
tion of 1. Then
(i) The state ¢ on m,(A) obtained by restriction on wy(A) of the state
a€my(A)" — (T,al), aecmy(A)”’, (3.12)

is exchangeable, for the action of Ss on A defined by gmy(-) == my(g(+))
(9 € Sxo).

2450014-11
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(ii) ¢ is Seo-quasi-invariant with cocycle

zgi= | [[ nVZ W) g7 [ T dnW'Wa) | € An,,  (3.13)

nehg nehy

and it is Seo-strongly quasi-invariant iff all W and W,,’s commute.
(i) The weak limit

li ! =: X, .

"L_1>I_"r_loo Ty H Je(W W) Xy.00 (3.14)
ke[l,n]

exists in the strongly finite sense on the norm-dense subspace |J,cn. Ty X

(Apan)” - ¥ C Hy and satisfies

o(a) = P(Xy.oomy(a)), VYac A (3.15)
Moreover, Xy o > 0 if all W, and the W), commute.
(iv) If the sequence (Hszljk(W;Jka))NeN* is norm bounded, the weak limit

BId) exists on Hyp.
(v) Define, for I Cgp N*

wr o= | [an(Wx W) (3.16)
kel
If the series
> IWSwi 1], (3.17)
k=1
converges, then the sequence (xp ny) is Cauchy in norm.

Proof. (i) follows from the fact that v is exchangeable by construction and, for
any g € Soo and a € A, one has

blgmy(a)) = d(my(ga) = (¥, 7y (9a)¥) = P(ga) = Y(a) = P(my(a)).

(ii) Note that the map I Cg, N* +— =z, defined by @BI0), is a multiplicative
functional, i.e. INJ =0 = 2707 = x1x5 = 2 27
For any N € N*, g € Sy and ap; n] € Ap, w1, one has

N N
w(g(a))Trpy, N <ij(Wk ) Trp N <H k(W H W' Wig( )))

k=1

= (e n9(@) “E wlgT (2p,n)9(a) = ol (@ a)a)
= Y(zp,mag 9 (@p,N)a) = @(x[},lmg_l(xu,zv])a)-

Since a and N are arbitrary, this proves that ¢ is Soo-quasi-invariant with cocycle
given by @EI3). If W, commutes with all the W,’s, BI3) implies that z, is
Hermitian, i.e. ¢ is Syo-strongly quasi-invariant.

2450014-12
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To prove (iii) note that, if aj1 s, bj1,a0) € Ty (A)” (one can always suppose that
M is the same for both), then for any M < N € N*, one has

N
<a[1 M) W,y <H]k(Ww1Wk)> b[LJw] . \I/>

M N
oo (L) (1 s o

k=M+1

<\I/,7T¢ < H ]k W Wk ) 1 M]m[, <H ]k 1Wk >b[1,M] : \I/>

k=M+1

(o (L) <)

M
X <\I/aaF1,M]7T¢ <ij(W001Wk)> b[l,M] : \I/>, (3.18)

k=1

where in the last two equalities, we have used the fact that, for local algebras
localized on disjoint sets, both their commutativity and the factorizability of the
state (¥, - ¥)

|W( A) are preserved under weak closures. So one has

M
<‘If,7fw < H k(W2 Wh) ) : > <‘I’7ar1,M]7Tw <ij(Wo<>1Wk)> b, ‘I/>
k=M+1 k=1

N M
=1 ( H jk(Woolwk)> <\I/,af1,M]7r¢ <ij(WOOIWk)> b, ‘I’>

k=M+1 k=1

ZTTN*< IT s H Ju(W, 1Wk>
1

k=M+1 k=M+

M
X <‘I/7a>[k1,M]7T1/) <ij(Wooka)> by, my - ‘I’>

k=1

M
= <‘I’va[*1,M]7Tw <ij(Wo_01Wk)> bra,a) - \I/> ;

k=1

because the Wy’s are density operators and Try« is factorizable in the given local-
ization. This proves that the limit (3I4) exists in the strongly finite sense on
7y (Aj,a)” - ¥ and, since M € N* is arbitrary, (i) follows.

(iv) follows from the fact that weak convergence of a norm bounded sequence
of operators on a dense subspace of a Hilbert space implies weak convergence on
the whole space.
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To prove (v), we consider

M
lz11,87 — 2l H W, 1Wk — H W Wi,
k=1 k=1
M N
[Twawel|| T wa'we -1 (3.19)
k=1 k=M+1

Now we use the following identity, valid on any multiplicative semi-group S with
distinguished element 1: for any M < N € N* and any sequence (ah)fyz Mo in S,

one has
N N h—1
H ap — 1= Z H a; | (an —1), (3.20)
h=M h=M \j=M

with the convention that HM 1 @; = 1. The identity 320) is proved by induction.

It clearly holds for M = N. Supposing that it holds for N — 1 > M, one has

Hah—l— HaJaN—l —&—Haj—l

j=M J=
‘ ' N_1 N—-1 h—1
1ndu:ct10n H aj(aN _ 1) + Z H a; (Cbh - 1)
=M h=M \j=M
N h—1
— Z H a; | (an —1).
h=M \j=M

Therefore, by induction, [B20) holds for any N € N. Using (B:20), one obtains

||$[1,N] - $[1,M]||

M N

< TIwewall|| TT we'wi-1
k=1 k=M+1
M N k—1

= ITIwawall|| S | TT we'ws | (we'wi - 1)
k=1 k=M+1 \j=M+1
M N k—1

<(ITw='we| > I we'w, | (we'wi - 1)
k=1 k=M+1 j=M+1
M N k—1

< TIwe'well >0 || TT wa'ws | W wi =1
k=1 k=M+1 ||j=M+1
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M k-1 N
< W' Wi | sup Wi'w; [W'Wi — 1|
1};[1 ~ k2 M+2 j:lJ:I[-i-l = k:%f:-i-l -
M k-1 N
STl (s T Iwswl] S s
k=1 k2M+2, g k=M1

(3.21)

By assumption, the series (BI7) converges. Hence, due to the inequality
W tWe|| — 1] < [|[W Wy — 1]|, condition ([FI7) implies that

oo

D MWL Wall = 1] < +oc, (3.22)

k=1
and, since by assumption ||W'Wy| # 0 for each k € N*, it is known that con-
dition (3:22) is necessary and sufficient for the existence of a number P > 0 such
that

M
li o =P 2
Mggookl:[lHWoo Wil (3.23)

Let us prove that, if condition [BI7) is satisfied, for M large enough, the sup in the
right-hand side of (B2ZI]) can be bounded by a number independent of N. (B23)
implies that, for any fixed M and N > M + 1

N N _
- [l WS Wil as N— 400 P
H ||W001Wk|| = i{ ! 1 B i ) > 0. (324)
k=M+1 [Tzt [Wos Wi [Ti=1 [Wee Wil
It is convenient to introduce the notations
M N
Pyy = [TIWS Wil Parwy = [T W Wl
k=1 k=M+1

From ([323)), we know that, for any € € (0, 1) there exists M, such that, for M > M.,
and for any N > M + 1

N —1
|P — Py <, Z W!'We —1]| < e (2||P|| (5 + i)) . (3.25)

P—¢
k=M+1
Similarly, (3:24)) implies that there exists Nas . such that, for N > Ny .

P
P, - — .
‘ (M,N] P ’ <e
Therefore
P P P
P <|Pum-—|t——<et——o
Fosm| ‘ (M.N] Py ’ Py P — (P — Pyy)
On the other hand, since

P —(P—=Py) 2 P—|(P—Pyj)| > P —e,
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one has

P
sup |Po,ny| < €+ 5—. (3.26)
M>M.,N>N¢ —€

So that M > M, and N > M + 2

m M k—1
lzp,ny — 2l < HHW;kaH sup H W Wil
Pl K>M+2 5 0
N
x> W W 1|
k=M+1
2, P N (s
SR (et ) X IR -1 S e
“ & wim
i.e. the sequence (30[1,N}) is Cauchy in norm. O

Remark. The identity (BI0) is the first example of a decomposition of the
form (BJ) for a locally compact but non-compact group.

3.2. Markov Chains with commuting conditional density
amplitudes

Recall that, for any exchangeable state 1) on A, all local sub-algebras of A =
&X),,en+ B are -expected. For I € N*, the sub-algebra of A localized in I is denoted
Aj. In this section we fix an exchangeable state ¢ on A, we denote Ef the (unique)
Umegaki conditional expectation from A onto A; satisfying

o E}Z’ =1 (A5 Y-expected).

Recall that, in the notation @.2), for n € N*, jp, n41] = Jn ® jni1, one has
Jinn+1](B ® B) = A, n41) and that an E}b—conditionally density amplitude (CDA)
localized in Ay, ,,41] is an operator K, , 41 € B ® B satisfying

E?Jn} (j[n,nJrl] (K:;,nJrlK","l-‘rl)) = E;f] (j[n,nJrl] (K:;,nJrlK","l-‘rl)) =1a,, (3-27)

and that the family (jpn n41](Knnt1))nen< of CDA is called commutative if the
C*-algebra generated by it is commutative. With this notation, for any g € S, and
any a,b € B, one has

_ Jign.gmt1y(@®b), if g(n+1) > gn,
9J[n,n+1] (a ® b) =9 ) )
Jg(n+1)(@) @ Jgn(b), if gn > g(n +1).
Remark 3. In the following proposition we use the formal language introduced in
the remark after Proposition[3l More explicitly, extending to infinite sets the notion
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of right-product

—

K[l,n] = HHG[I,N]j[n’7L+1] (Kn,n+1)
= Ji2 (K1,2)d(2,3 (K2,3) -+ v, v 1) (KN N 41)s (3.28)

(and similarly for left-product ], 1 ) one obtains products like

Ky~ := HnEN*j[n’n+1] (Kn,7z+1)
= J,2)(K1,2)d12,3) (K2.3) - dpnng 1) (K)o (3.29)

which are formal expressions whose precise meaning is given by the general theory
of quantum Markov chains (see for examplé! for more details). On the other hand,
the use of these formal expressions clearly indicates that, dealing with quantum
Markov chains, and without the assumption that the CDAs are commutative, the
natural cocycles have the form ¢(g(a)) = ¢(y;ay,) and not p(g(a)) = ¢(rga),
so that the natural notion of quasi-invariant state is more general than the one
discussed in the present paper. This more general notion will be discussed in a
paper in preparation.

Theorem 3. In the above notations, given a sequence K, n41 € B® B of invert-
ible CDAs and an exchangeable state v on A, the state ¢ on A defined, in the

notation ([B29), by
cp(a) = 1/1 <<Hn€N*j[n,n+l](K;;,n+1)> a <Hn€N*j[n,n+l] (Kn,nJrl))) 3 (330)

is well defined and satisfies, VN € N*, Vg € Sy, such that A, C [1,N] and
Vae A[l,N]

©(9(a)) = (U1, n):90Y[1,N]59) (3.31)

where

Y[, N]g = <Hne[1, o g (4 ) (K7L7n+1)>

— ~1
X <Hn€[1’N]j[n,n+1] (Kn,n+1)> S A[l,N]- (3.32)

In particular, if all the K, 41 are in the centralizer of 1, then ¢ is a S -strongly
quasi-invariant state with cocycle

Lg = |(y[K1,N];g|2

— -1 — 2
— <Hn€[1’N]j[n,n+l](K;:,n+1)> <Hn€[1’N]j[g—ln’g—1(n+1)] (K’:”’H’l))
(3.33)
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If the Ky 41 are in the centralizer of ¢ and mutually commute, then VN € N¥,
Vg € Sx, such that Ay C [1, N], the cocycle B33) takes the following form:

H j[n,nJrl](lKn,'rH-l|2)_1)j[g*1n,g*1(n+1)](|Kn,n+1|2)7 Vg € Se
n€[l,N]

(3.34)

Proof. The first statement follows from the commutativity of local algebras local-
ized on disjoint sets of N* and from ([B.27). In fact, if g € Seo, N € N* and a € Ay nj
one can always suppose that A, C [1, N]. Under this condition, one has

v(a) =D () <<ﬁn€N*j[n,n+1] (K:L,n+1)> a (ﬁneN*j[n,n-i-l] (Kn,n+1)>>
=1 <<ﬁn6[1,N]Cj[n’n+1] (K;;,nJrl)) <ﬁne[1 ] Tt (K n+1)> a
X <ﬁn6[17N]j[n,n+1](Kn,'rl-‘rl)) <ﬁne[1’N]cj[n,n+1](Kn,n-i-l)))
= <<ﬁne[1,N]j["’"“] (K:L,7L+1)> a <ﬁn€[1’N]J’[n’n+1] (Kn,n+1)>> :

(3.35)

So the right-hand side of [B30) is well defined on all local elements of A. With the
same notations, and using the fact that gA, = Ay C [1, N], (B3] follows from

QD(Q(GJ)) @ ¢ <<Hn€N*j[n,n+1]( n,n+1 > < neN- Jn n+1]( n n+1)>>

= (9 ((ﬁnEN*g_l(ﬂn 1] (B )
X a <ﬁneN*g_1(j[n,n+1 nn+1 )))
=1 (( nGN*][ “1n,g=1(n+1)] K, n+1 )

= w <<Hn6[17N]Cj[n’n+1] (K;,n+1)>
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x (ﬁne[LN]j[gln,gl(nH)] (K:L,7L+1)> a
x <ﬁn€ 1 N] tn,g= 1 (n+1)] (Kn,n+1)>

x <ﬁn€[17N]cj["ﬂl+1](Kn7n+1)>>
<ﬁn€[17N]j[g‘1m9‘l(n+1)] (K:L,7L+1)>
xa <ﬁne[17N]j[g‘1n,g—1(n+1)] (KnynJrl)))

=9 <<Hn€[1’N]j[n,n+l] (K:L,an))

(3.36)

— —1
8 <Hne 1 N]j["’”ﬂ]( n n+1)>
) <H"€[17N]j[g_1"’g_l(”H)] (K:L,n-‘rl)) ’
’ <H"€[17N1j[g‘1"’9‘1<n+1>}(Kn,n+1)>
— —1
8 <Hn6[1 N]j[n’”+1] (Kn,7z+1)>

x (Hne[w]j[n,nm (Kn,n+1)>> , (3.37)

using (332), (B37) becomes

vl9(a)) =¥ <<Hne 1 N]j[" nt1] (K:L’TL‘*‘l)) Y1, N]: WYL N g

X <Hn€[1’N]j[n,n+1] (Kn,nJrl)))
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= ’L/) <<Hn€N*j[n,n+1](K:L,7L+1)> y[kl,N];ga’y[l,N];g
X <Hn€N*j[TL,7L+1] (Kn’n+1)>>

= (p(yfkl,N];ga/y[l,N];g)a
which, given (832), is (B31). B33) and (B34 are simple consequences of ([B31)).

O

Remark. Theorem Bl in particular (333) and (B34]), gives another example of
locally trivial, in the sense of Definition @l but in general nontrivial cocycle for the
action of S, on A.

4. Unitary Representations Associated to Strongly
Quasi-Invariant States

Let G C Aut(A) be a group of x-automorphisms of A. In the following the cyclic
representation of {A, ¢} shall be denoted {H,, 7, ®}.

Theorem 4. If ¢ is (G, x)-strongly quasi-invariant, there exists a unique unitary
representation U of G on 'H, characterized by the property

Uym(a)® = m(g(a)x)3)®, Va e A, (4.1)

/2 .
where xg/,l is the square root of x,—1. Moreover

ug(w(a)) = Urn(a)Uy = w(g~"(a)), Vg€, YacA (4.2)

Proof. In the above notations, for any a,b € A and g € G, one has

(Uym(@)®, Uy (0)®) B (n(g(a)a)/?)®, (g(b)a’/%)®)

(@, 7(z) 3 g(a b)) @)

ez, g(a b)z, )
©(g (a b)zy-1)
lg(a*b g~ (zy1))
Plga* by~ (g-1))
= pla*bg ™ (zg-1)zy)

D o(a'b) = (r(@)®, 7(b)%).

=
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Thus U, is isometric. Now if g, ¢’ € G, then
UyUgyr(a)® = Ugﬁ(g’(a)x;//fl)(b
= (gly' ()% ) %)@
= (g9 (a)g(x)% )z, )®
= wlgg (a)g(x}/% )z,/3)®

D 199 (@)glzy1) a0

BLLEID - 40/ (a) (g(2g-1 )70—1 )12 D

W(ggl(a)(nglg(xg’*l ))1/2)61)

(g9 (a)z)/% 1)@

=
&3

1/2
w(gg () () - )®
=Uygm(a)d.
In particular, putting first ¢/ = ¢~' and then ¢ = ¢/~!, one finds UgUg—1r =

Ug-1Uy = U, =1, so that

U;; = Ug—l. (4.3)
Thus U is a unitary representation.
Finally, for a,b € A and g € G, one has

Urm(a)Uyn(b)® = Uy-im(a- g(b) - x/3)®

g gt
= (g [ag(b)z, 3] - 2}/ 2)®

= (g (@b [g7 (w; 1)y *e,
and, by (7)) with s = 1/2, the right-hand side of [@4]) is equal to
(g~ (a)b)® = (g~ (a))m (D)@,
which implies (£2) by the cyclicity of ®. O

5. Structure of Strongly Quasi-Invariant States

In this section, we assume that A is a von Neumann algebra acting on a Hilbert
space ‘H, G is a group of normal *-automorphisms of A such that the action g — 7,
on A is strongly continuous, ¢ is a normal faithful G-strongly quasi-invariant on .4
and the map g € G — z, is strongly continuous. Moreover, the commutative C*-
algebra generated by the z, will be denoted by C. In the following if no confusion
can arise 7, will be simply denoted by g.
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5.1. The case of compact G

In this section, we assume that G is a compact group of normal *-automorphisms
of Aut(A) with normalized Haar measure dg.

Lemma 7. If G is a compact group and the map g € G +— x4 is strongly continuous,
then {z4}geq is uniformly bounded. In particular, there exists 0 < S1 < Sa such
that

Spec(zg) C [S1,52]. (5.1)
Proof. Since G is compact and for all £ € H, g — =z, is continuous, then
Sup,eqllrgéll < oo. Therefore, by Banach—Steinhaus theorem, {z, }4e¢ is uniformly

bounded. Finally, (51)) follows from the fact that for all g € G, x4 is an invertible
positive operator. O

Theorem 5. In the above assumptions, the element
K= / zgdg € C C Centrz(p) C A. (5.2)
G
K is an invertible operator with bounded inverse (hence k= belongs to C).

Proof. Note that the C*-algebra C is abelian and contains the identity of A (14 =
x). Therefore, by Gelfand theorem (see [0, Sec. 1.1.9]) C can be identified to the
algebra

Cc(S) := {continuous complex-valued functions on a compact space S}. (5.3)

Since S is compact, in this identification, the z,4, being positive and invertible,
become strictly positive functions on a compact set. Using the functional realization

of the algebra C, we realize the x;s as continuous strictly positive functions on the

compact Hausdorff space S. Then each function s € S — x4(s) is bounded away
from zero and from Lemma [7]

/@(s)z/xg(s)dg>0, VseS,
G

is continuous and bounded away from zero. Hence £~ is bounded, strictly positive
and x~! belongs to C. O

Theorem 6. Define

Eq = / gdg. (5.4)
G
Then
(i) For any g € G, Eq satisfies the following identity:
gFEc = Ec = Egg. (5.5)
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In particular
Range(Eq) = Fix(G) :={a € A: g(a) = a,Yg € G}, (5.6)

and Ec(A) is a W*-sub-algebra of A.
(ii) E¢ is a faithful Umegaki conditional expectation from A onto Ec(A) = Fix(G).

Proof. For cach a € A

A (el - ([ g(a)dg)* [ stards = [ gta)is = Beta).

Therefore, E;(A) is a *-sub-space of A. This proves (i).
Left-invariance of the Haar measure implies that, for each a € A and g € G

gEg(a) = /G gh(a)dh = /G gh(a)d(gh) = /G ¢(a)dg' = Eg(a).

This proves the first identity in (&.3]). Similarly, right-invariance of the Haar measure
of G implies that, for each a € A and g € G

Ea(g(a)) = /G hg(a)dh = /G hg(a)dhg = /G 9'(a)dg’ = Eg(a),

which is the second identity in (BB)). The first identity in (B3 implies that
Range(Eg) C Fix(G). The converse inclusion is clear because, if a € Fix(G),
then

a= / g(a)dg = Eg(a),
G

E¢(A) = Fix(G) which is a W*-sub-algebra of .A. This proves (i).

To prove (ii) note that E¢ is a completely positive, identity preserving, s-map
from A to A being a convex combination of automorphisms.

Moreover, for any a € A, one has

F2(a) = /G dgg(Ec(a)) B2 /G dgEg(a) = Eg(a),

due to the normalization of the Haar measure of G. So E¢g is a completely positive
norm-1 projector on A and, by Tomijama’s theorem? FEg(A) is a Umegaki con-
ditional expectation from A to Eg(A). Finally, if a is an element of A such that
E¢(a*a) =0, then

0= @(Eg(axa)) =¢p(ka*a) = p(k'/?a*ar'’?).

Since  is invertible and ¢ is faithful, it follows that a = 0. O

The structure of strongly quasi-invariant faithful normal states with respect to
compact groups is described by the following theorem.
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Theorem 7. Let G be a compact group of normal x-automorphisms of A and let
p be a G-strongly quasi-invariant faithful normal state on A. Denote x : g € G —
zy € A the (strongly continuous, Hermitian) left-G-1-cocycle associated to ¢ and
let k be as in Theorem Bl namely

K= / xgdg. (5.7)
G
Then ¢ can be written in the following form:
¢la) = (po Bg)(k™a) = pa(k'a), VaeA (5.8)

In particular, oG is a faithful G-invariant state and

Ty =rg (k7). (5.9)

Moreover
Ec(k™1) =1, (5.10)
K=k, kg Mk TH =g 'k, Vgeaq. (5.11)

Conversely, let G and A be as in the statement of the theorem. Then for any Kk € A,
invertible with inverse in A and for any G-invariant faithful normal state oG on
A, the state

o(+) =pa(k!),
is a G-quasi-invariant faithful normal state on A with cocycle given by (B9). If k
also satisfies (IT), then o(-) is also G-strongly quasi-invariant.

Proof. If ¢ is a (G, z )-strongly quasi-invariant state, define pg := ¢ o Eg. ¢¢
is clearly a state and is faithful because ¢ and FEq are faithful. It is G-invariant
because of ([.3). From Theorem [B] one knows that  is an invertible element of A
with inverse in A. Moreover, for any a € A, one has

pa(nta) = p(Ea(kta)) = /G dgplg(s~'a)) = /G dgp(agra)

= p(rr""a) = ¢(a),
which is (B.8]). In particular

o(z90) = p(9(a)) = pa(ng(a)) = palg(x)a)
= pc(k 'kg(k™Na) = p(kg(k)a),

and (B9) follows because ¢ is faithful. ¢ is also faithful because, if 0 # a is a
positive element in A4 such that ¢g(a) = 0, then

0 < p(a/?) B o (571aV/?) < pa(n)pala) =0,
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against the assumption that ¢ is faithful. Since the Haar measure on a unimodular
group (in particular on a compact group) is invariant by inversion, one gets

Eq(k™1) :/ g(k~1)dg &3 / /sflxg_ldg = nfl/ ry1dg = Kk lk =1,
G G G

which is (510).

Conversely, that is (G, z)-quasi-invariant (strongly (G, z)-quasi-invariant) with
cocycle (B9) is known from Theorem [Il Faithfulness and normality follow from
arguments similar to those used in the first part of the proof. O

Remark. If the algebra of fixed points of the action of G on A is nontrivial, the
decomposition [E8), i.e. ¢ = pg(k~1-), is not unique. In fact, in this case, there
exists a positive invertible fixed point k& which is not a multiple of the identity and
such that pg(k-) is an invariant state on A. In this case

p=pa(r™') = palk(rk)™t-).

We have seen, in Sec. Bl that non-uniqueness of the decomposition (5.8 can still
take place when the fixed point algebra of the action of G is trivial, but its dual
action has a convex set of invariant states of cardinality > 1.

5.2. Inductive limits of compact groups

In this section, (Gn)nen will be an increasing sequence of compact sub-groups of
a group G of normal *-automorphisms of a von Neumann algebra A such that

G:= ] Gn. (5.12)

NeN

and, for N € N, we denote dyg is the Haar measure on G and
Eay = / gdng- (5.13)
GN

Proposition 4. The family (Eqy)nen is a projective family of conditional
expectations, i.e.

EGN+1EGN :EGN+1; VN eN. (5.14)

Proof. Since Gy C Gn41, one has

Range(Eq, . ,) = Fix(Gn4+1) C Fix(Gn) = Range(Eq, ). (5.15)
Therefore, projectivity is equivalent to (5.14]). Moreover
EGN+1EGN = EGN+1/ ngg = ngEGN+1g
Gn GnN
ED)
= ngEGN+1 = EGN+1' O
GnN
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Lemma 8. Suppose that a state ¢ on A is G-quasi-invariant and denote, for each
g€ G, g€ G x4 the G-cocycle and
Ny :=min{N € N: g€ Gy}. (5.16)
Then for each N € N, ¢ is Gn-quasi-invariant with cocycle
g €GN Ty, (5.17)
satisfying
Ty =TGy,g, V9 EGN. (5.18)
In particular, ¢ is G-strongly quasi-invariant if and only if it is Gy -strongly quasi-

invariant for each N € N.

Proof. Since any g € G belongs to some Gy, N, is well defined by (&I6]). Since,
for each N € N, Gy C G, it is clear that, if ¢ is G-quasi-invariant, it is also G -
quasi-invariant. To prove that (BI8) holds note that, for any N € N such that
g€ Gy

p(zga) = ¢(g(a)) = p(rayga).
The faithfulness of ¢ then implies that v, = xg .4 for any N € N such that g € G .
Thus in particular (EI8) holds.

Conversely, suppose that ¢ is G y-quasi-invariant for each N € N and note that,

since any g € G belongs to some Gp,. Then one has, for any N > N,

p(zan,9a) = ¢(9(a)) = p(z4a).
The faithfulness of ¢ then implies that, defining x, by the right-hand side of (5.IJ),
one has

¢(g(a)) = p(z4a), Ygeaq,

i.e. that ¢ is G-quasi-invariant with cocycle ¢ € G — z4. This proves the first
statement of the lemma. Given this and (EI8), the second statement is clear. O

Proposition 5. In the notations of Sec. [l the family (ug)gec of *-automorphisms
of w(A) defined by [E2) extends uniquely to a representation of G into the normal
(or equivalently strongly continuous) x-automorphisms of w(A)", still denoted with
the same symbol. Denoting for each N € N

Ec, ::/ ugdng, (5.19)
GnN

the family (Eq, ) is a projective family of normal Umegaki conditional expectations.
Moreover, for each N € N and with Eq, defined by (&I3), one has

Ecy(m(a)) =7(Egy(a)), Vac A (5.20)
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Each Eg, can be extended by continuity to a Umegaki conditional expectation,
denoted with the same symbol Eq, , onto the weak closure of

Fix(u(Gy)) := weak closure of Fix(u(Gx)) C 7(A)". (5.21)

The family (Egy)nen is a projective decreasing family of normal Umegaki condi-
tional expectations.

Proof. Each Eg, is a normal map because each u, (g € Gy) is normal and this
property is preserved under integration over a compact set. By normality, it can be
extended by continuity to 7(A)”. (E20) holds because

Ecy(m(a)) = ; day gug(m(a)) = ; A, 9U; (m(a))U, = ; day (n(97"a))

= /GN dgy(m(ga)) = (/GN dGNga> = m(Eay(a)).

Therefore, Eg, is a Umegaki conditional expectation from 7(A) onto Fix(Gy).
This implies that its extension is a Umegaki conditional expectation from 7(.A)"”
onto Fix(u(Gn)). Since (Eg, )nen is a projective decreasing family, the same is
true for (Egy)nen- m|
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