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Ergodic results for the stochastic nonlinear Schrodinger equation
with large damping

ZDZISLAW BRZEZNIAK, BENEDETTA FERRARIO AND MARGHERITA ZANELLA

Abstract. We study a nonlinear Schrodinger equation with a linear damping, i.e. a zero-order dissipation,
and an additive noise. Working in RY with d < 3, we prove the uniqueness of the invariant measure when
the damping coefficient is sufficiently large.

1. Introduction

The nonlinear Schrodinger equation occurs as a basic model in many areas of
physics: hydrodynamics, plasma physics, optics, molecular biology, chemical reaction,
etc. It describes the propagation of waves in media with both nonlinear and dispersive
responses.

In this article, we investigate the long-time behaviour of the following stochastic
nonlinear Schrodinger equation

du(t) + [i Au) + iolu(®)*u@) + ru@)] dr = AW (1) (LD
u(0) = uo, '
The unknown is u : RY — C. We consider o > 0, > Oand a € {—1, 1}; fora = 1
this is called the focusing equation and for « = —1 this is the defocusing one. In the
r.h.s., there is a stochastic forcing term, which is white in time and coloured in space.

Imposing some condition on the power, i.e. on ¢, many results are known about
existence and uniqueness of solutions, in different spatial domains and with different
noises; see [1-3,8,11,13,14]. Basically these results are obtained without damping,
i.e. A = 0, but can be easily extended to the case with A > 0.

When there is no damping and no forcing term (i.e. A = 0 and ® = 0), the
Schrodinger equation is conservative. However, with a noise and a damping term, we
expect that the energy injected by the noise is dissipated by the damping term; because
of this balance it is meaningful to look for stationary solutions or invariant measures.
Ekren et al. [16] and Kim [22] provide the existence of invariant measures of the
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Eq. (1.1) for any damping coefficient A > 0; see also the more general setting of [7]
for the two-dimensional case in a different spatial domain and with multiplicative noise
and the book [20] for the numerical analysis approach. Notice that the damping Au is
weaker than the dissipation given by a Laplacian —A Au; for this reason we say that
Au is a zero-order dissipation. This implies that the results of existence or uniqueness
of invariant measures for the damped Schrodinger equation are less easy than for the
stochastic parabolic equations (see, for example, [12]). A similar issue appears in the
stochastic damped 2D Euler equations, for which the existence of invariant measures
has been recently proven in [5]; there again the difficulty comes from the absence of
a strong dissipation, given by the Laplacian in the Navier—Stokes equations.

Let us point out that the existence of invariant measures depends on the damping
term as well as on the forcing term. On the other hand, without the damping term
it is well known that the stochastic Schrodinger equation has a different long-time
behaviour; in [19] it is proved that stochastic solutions may scatter at large time in the
subcritical or defocusing case.

The question of the uniqueness of invariant measures is quite challenging for the
SPDE’s with a zero-order dissipation. Debussche and Odasso [15] proved the unique-
ness of the invariant measure for the cubic focusing Schrodinger equation (1.1), i.e.
o = a = 1, when the spatial domain is a bounded interval; however, no uniqueness
results are known for larger dimension. For the one-dimensional stochastic damped
periodic KdV equation, there is a recent result by Glatt-Holtz et al. [17]. However, for
nonlinear SPDE’s of parabolic type, i.e. with a stronger dissipation term, the unique-
ness issue has been solved in many cases; see, for example, the book [12] by Da Prato
and Zabczyk, and the many examples in the paper [18] by Glatt-Holtz, Mattingly and
Richards, dealing with the coupling technique. Let us point out that the coupling tech-
nique allows for the uniqueness result without restriction on the damping parameter A
but all the examples solved so far are set in a bounded spatial domain and not in R?.

The aim of our paper is to investigate the uniqueness of the invariant measures for
Eq. (1.1) in RY in dimension d < 3, with some restrictions on the nonlinearity when
d = 3. However, our technique fails for larger dimension. Notice that also the results
for the attractor in the deterministic setting are known for d < 3 (see [23]). Our main
result is Theorem 5.1; it provides a sufficient condition to get the uniqueness of the
invariant measure. This condition (5.1) involves A and the intensity of the noise; to
optimize it, in Sects. 2.2 and 3 we perform a detailed analysis on how the solution
depends on the damping parameter A.

As far as the contents of this paper are concerned, in Sect. 2 we introduce the
mathematical setting and refine known moments estimates on the solution; in Sect. 3
by means of the Strichartz estimates we prove a regularity result on the solutions for
d =2 and d = 3; this will allow to prove in Sect. 4 that the support of any invariant
measure is contained in V N L (RY) and some estimates of the moments are given.
Finally, Sect. 5 presents the uniqueness result. The four appendices contain auxiliary
results.
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2. Assumptions and basic results

Forp > 1, L? (Rd) is the classical Lebesgue space of complex-valued functions,
and the inner product in the real Hilbert space L?(RR¢) is denoted by

WJO=/ u(y)v(y)dy.
]Rd

We consider the Laplace operator A as a linear operator in L?(R%); so
Ay = —A, Al=1—A

are nonnegative linear operators and {e'’ A0}, r is a unitary groupin L2(R?). Moreover,
for s > 0 we consider the power operator Ai/ % in L2(RY) with domain H® = {u €
L*(RY) - ||Ai/2M||L2(Rd) < 00}. Our two main spaces are H := L>(R?) and V :=
H'(R?). We set H*(R?) for the dual space of H*(R?) and denote again by (-, -) the
duality bracket.

We define the generalized Sobolev spaces H* 7 (R?) with norm given by ||u|| H-p (R
= ||AA{/ 2u|| Lr(rd)- We recall the Sobolev embedding theorem, see, for example, [4,
Theorem 6.5.1]:if 1 < g < p < oo with

then the following inclusion holds

H"(R?) c H*P(RY)
and there exists a constant C such that [[u|l gs.p gy < Cllullyrggay for all u €
H"(RY).

Remark 2.1. For d = 1, the space V is a subset of L°(R) and is a multiplicative
algebra. This simplifies the analysis of the Schrodinger equation (1.1). However, for
d > 2 the analysis is more involved.

We write the nonlinearity as
Fo () := alu|*u. 2.1

Lemma C.1 provides a priori estimates on it.

As far as the stochastic term is concerned, we consider a real Hilbert space U with
an orthonormal basis {e;}jcn and a complete probability space (€2, F, P). Let W be
a U-canonical cylindrical Wiener process adapted to a filtration I satisfying the usual
conditions. We can write it as a series

W)=Y Wjte;.

J=1
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with {W;}; a sequence of i.i.d. real Wiener processes (see, for example, [12]). Hence,

OW(1) = Z W (1) de; (2.2)
j=1

for a given linear operator & : U — V.
Now, we rewrite the Schrodinger equation (1.1) in the abstract form as

du(t) + [—iAou(t) + i Fo(u(t)) + Au(t)] dt = ©dW(z)

2.3
u(0) = ug 3

We work under the following assumptions on the noise and the nonlinearity. The
initial data uq is assumed to be in V.

Assumption 2.2. (on the noise) We assume that ® : U — V is a Hilbert—-Schmidt
operator, i.e.

~ 1/2
1Pl sy = [ D IPejlly | < oo. (2.4)
j=1

This means that

o0 o o
1/2
1DI2, cwevy = D IA 2 @ejl3 = D 0|3+ > IVOe; |3 < 0
j=1 j=1 j=1

and it implies that the series (2.2) converges in V.
In order to compare our setting with the more general one of our previous paper [7]
in the two-dimensional setting, we point out that  is also a Hilbert—Schmidt operator

1/2
from U to H (and we denote | ®|| 15w 1) = (ZjeN ||<Dej||%1) ) and, for d = 2,
a y-radonifying operator from U to L” (R?) for any finite p.

Assumption 2.3. (on the nonlinearity (2.1))

e If o = 1 (focusing), let 0 < o < %.

. 0<o0 < 4%, ford>3
e If o = —1 (defocusing), let
o >0, ford <2

We recall the continuous embeddings
H'(R?) c LP(R*) Vpe[2, 00)
H'®R) cLP@®RY)  Vpel2, 75]ford >3

Hence, for o chosen as in Assumption 2.3 there is the continuous embedding

H'(RY) c L>727(RY). 2.5)
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Moreover, if od < 2(o + 1), the following Gagliardo—Nirenberg inequality holds

od ad

1—
leell 220 ay < Cllaell o )™ IV o - 2.6)

In particular, this holds for the values of o specified in Assumption 2.3. In the focusing
case, thanks to the Young inequality for any € > O there exists C¢ > 0 such that

2420 245775
112525, gty < €NV g0+ Celluly s @.7)

Above we denoted by C a generic positive constant which might vary from one line
to the other, except G which is the particular constant in the next inequality (2.13)
coming from the Gagliardo—Nirenberg inequality. Moreover, we shall use this notation:
if a, b > 0 satisfy the inequality a < C4b with a constant C4 > 0 depending on the
expression A, we write a <4 b; for a generic constant we put no subscript. If we have
a<abandb <y a,wewrite a >4 b.

We recall the classical invariant quantities for the deterministic unforced Schrédinger
equation (A = 0, ® = 0), the mass and the energy (see [9]):

M) = [lull%, (2.8)

1
H(w) = S Vullf; - 2(1 30 1o I oy (2.9)

They are both well defined on V, thanks to (2.5).

Remark 2.4. In the defocusing case « = —1, we have
Hu) > %nwn,%, >0 YueV (2.10)
and
H(u) < —||u||v + Coalul i Vuev. (2.11)

In the focusing case o = 1, the energy has no positive sign, but we can modify it by
adding a term and recover the sign property. We introduce the modified energy

40

- 1 1
Hw) = 31Vuly = 5= 13 gy + Gluly ™7 @12)

where G is the constant appearing in the following particular form of (2.7)

40

1
3o I @y = g5 IVl + Gl Iy = (2.13)

Even if G depends on o and d, for short we shall write simply G. Moreover, by
Assumption 2.3 we have that 2 — o > 0 in the focusing case.
Therefore,

- 240 2
H(u) > 3 Vully =0 VYuelV. (2.14)
o
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Moreover, from the definition (2.12) and the continuous embedding (2.5) we get

4o

N 1 24572
H(u) < Euuu% + Coallully™ + Gllully, ™ VueV. (2.15)

Next in Sect. 2.1 we recall the known results on solutions and invariant measures;
then in Sect. 2.2 we provide the improved estimates for the mass and the energy.

2.1. Basic results

We recall from [14] the basic results on the solutions; for any ug € V there exists
a unique global solution u = {u(t; uo)};>0, which is a continuous V-valued process.
Here, uniqueness is meant as pathwise uniqueness. Actually, their result is given
without damping but one can easily pass from A = 0 to any A > 0. Let us state the
result from De Bouard and Debussche [14].

Theorem 2.5. Under Assumptions 2.2 and 2.3, for every ug € V there exists a unique
V-valued and continuous solution of (2.3). This is a Markov process in V. Moreover,
for any finite T > 0 and integer m > 1 there exist positive constants C1 and C;
(depending on T, m and ||ug||v ) such that

E sup [M@u@)"] < C

0<t<T

and

]E|: sup H(u(t)):| < (.

0<t<T

We notice that the last estimate can be generalized to consider any power m > 1 of
the energy in the defocusing case as well as for the modified energy in the focusing
case, namely

E[ sup [H(u(z))]m:| <00 (2.16)
0<t<T
and
E|: sup [’I'N((u(t))]m:| < 0. (2.17)
0<r<T
This provides
E|: sup ||u(t)||"",:| < 00. (2.18)
0<t<T

These estimates are in [16].
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As soon as a unique solution in V' is defined, we can introduce the Markov semi-
group. Let us denote by u(¢; x) the solution evaluated at time ¢ > 0, with initial value
x € V. We define

Py f(x) = E[f (u(z; x))] (2.19)

for any Borelian and bounded function f : V — R.
A probability measure p on the Borelian subsets of V is said to be an invariant
measure for (2.3) when

f P fdu =f fdu Ve>0,feByV). (2.20)
|4 |4

We recall Theorem 3.4 from [16] on existence of invariant measures.

Theorem 2.6. Under Assumptions 2.2 and 2.3, there exists an invariant measure
supportedin'V.

2.2. Mean estimates

In this section, we revise some bounds for ¢ € [0, c0) on the moments of the mass,
the energy and the modified energy, in order to see how these quantities depend on the
damping coefficient A. This improves the results by [16, Lemma 5.1]. Actually, their
Lemma 5.1 has to be modified in the focusing case (see Proposition 2.8).

This is the result for the mass M (u) = |ju ||%].

Proposition 2.7. Let ug € V. Then under Assumptions 2.2 and 2.3, for every m > 1
there exists a positive constant C (depending on m) such that

E [M@®)"] < e ™ M(uo)" + CII T 0> ™" @21
foranyt > 0.

Proof. Let us start by proving the estimate (2.21) for m = 1. We apply the It6 formula
to M(u(t)) (see [16, Theorem 3.2])

dM (D) + 2.Mu®)dr = @12, . gydr + 2Refu(t), DAW (1)).

Taking the expected value and using the fact that the stochastic integral is a martingale
by Theorem 2.5, we obtain, for any ¢ > 0,

d
§ EIM@(®)] = ~22E M) + [,

Solving this ODE, we obtain
t
E[M@u@)] = e M(uo) + 19117 .11 / e 179 ds
0

_ 1
= e Mwo) + S 1P g0, 1)
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which proves (2.21) for m = 1.
For m > 2, we apply the 1t6 formula to M (u(z))™

t
M@u@)" = Mup)™ — 2A,m\/ M(u(s)™ ds
0
t
+2m/ M@u(s))™ "Re(u(s), @AW (s))
0
t
@I, 0, /0 Mu(s)" " ds

t o0
+2(m — l)m/ Mu(s))"2 Z[Re(u(s), dej)Pds.  (2.22)
0 s
With the Young inequality, we get

m|| 7wy M@™ ™ +20m — DmM @)™ > "[Re(u, de;)]?
j=1

<mQ@m = DI .y M@)" ™!
< eamM@)" + Cem| PN ' ™"

for any € > 0. Hence,

t
Mu@)" < M) — 2 — e)km/ M(u(s))™ ds
0

t
+c€,m||q>||§’gs(U;H)xl—mt+2m/ M@u(s)" "Re(u(s), PAW(s)). (2.23)
0

By Theorem 2.5, we know that the stochastic integral in (2.23) is a martingale, so
taking the expected value on both sides of (2.23) we obtain
E[M@u@)™] < M(uo)"
t
-2 - e)xmfo EIM u(5))"1ds + | @177 1. gy Cenh' 1.

Choosing € = 1, by means of Gronwall inequality we get

t
ELM@()"] < e M) + 1B 1y Co1 " fo eI ds

_ Cun, _
< e Mwo)" + 1N oy — A"

for any ¢ > 0.
If 1 <m < 2, then we use the Holder inequality and the estimate for m = 2:

ELM@u)™] = (ELM@@)?)

m

) 1 .
< (e 2 M (u)? + Z”q)”iHS(U;H))” 2)

< e_mMM(MO)’” + C||(D||%’;S(U;H))‘_m
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Notice that the estimates on the mass do not depend on «, whereas this happens
in the next result concerning the energy H(u) given in (2.9) and the modified energy
‘H(u) given in (2.12). We introduce the functions

2 242 -
$1(0, 2, ®) = @I}, vy + 191372, 170 (224)
and
24557 (42355 1 o (jyp2etl) b 20
$2(d, 0o, A, D) = ¢1 + ”(D”LHS(U;V) AT 2oH 2-0d’ 4 HCDHLHs(U;H))L 2-od.,

(2.25)

Both mappings A — ¢; (o, A, ®) are strictly decreasing. The estimates for the energy
in the defocusing case will depend on ¢1, and the estimates for the modified energy
in the focusing case will depend on ¢;.

This is the result on the power moments of H(«) and H(u).

Proposition 2.8. Let ug € V. Under Assumptions 2.2 and 2.3, we have the following
estimates:

(i) When o = —1, for every m > 1 there exists a positive constant C = C(d, o, m)
such that
E[Hu@)™] < e "™ H(up)™ + Co'r~" (2.26)
foranyt > 0.
(ii) When oo = 1, for every m > 1 there exist positive constants a = a(d, o),

Ci=C(,o,m)and Cy = C(d, o, m) such that
B[R ()™ < e 5% H(ug)™
FC1e ML 4+ Mug)" SHEDY DI oy + Cogya ™" (2.27)
foranyt > 0.

Proof. The 1t6 formula for H (u(¢)) is (see Theorem 3.2 in [16])

_ o 2042
dH(u(t)) + 2AH (u(t))dt = aka 1 (O} 2052 gay A

o
1
= D Re(Au(t) +alu@®)P7u(r), @e;)dW; (1) + IV ULy .1y dt
j=1

—%|||u(r>|“d>||iHs<U;H)dr — a0 Y (lu()]*? 72, [Re(u(r) Pej)]*)dr.
j=1
(2.28)

We notice that the stochastic integral is a martingale, because its quadratic variation has
finite mean thanks to the moment estimates (2.16)—(2.18). (Computations are similar
to those in the next estimate (2.34).)
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Below we repeatedly use the Holder and Young inequalities. In particular,
A™IB < eAA™ + CAT"B™, m > 1 (2.29)
and
A" 2B < e A" + CA'"FBE, m>2 (2.30)

for any positive A, B, X, €.
o In the defocusing case « = —1, we neglect the first term in the r.h.s. in (2.28), i.e.

dH () + 20 H(u@))dr < — Z Re(Au(r) — |u(@®)|* u(r), de;)dW; (1)
j=1
1 1 >
+[§ IVOUL s sy + 5 MO @l vy + 0 D lu@2, [Re(ﬁ(r)d>e_,~>]2>]dt.
j=1

2.31)

Moreover, thanks to Assumption 2.3 we use Holder and Young inequalities to get

1 > _ _
SNl @I gy +0 (2, [Re@(t) e ) 1)
j=1

A

o

1 oo oo
2 2 2 2
= S 20g2 o D NP zmaqaty + O M7 22 > e Pl o ey
j=1 Jj=1

1420 >
< Nl sz ey D 1Pej I aria g,
j=1
1420
< Il CI @ g wrvy bY 25)
A 242 242 -
< 5y 1350 ey + CIRNLT v A
< WH@) + CIIT2, ) 7 (2.32)

Now, we insert this estimate in (2.31) and take the mathematical expectation to get rid
of the stochastic integral

d 1 _
3 EH@®) + 2EH@®) < J1PI7 vy + HEH@O) + CIOILLE )27
ie.

d 1 2 2420 —0

3 EH@®) + AEH@®) < SNy, + CIPILL )2 ™7

By Gronwall lemma, we get

_ 1 _ o
EH@(®) < e Huo) + S 17 gsw:v)2 ™" + CIPIL )2~
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for any ¢ > 0. This proves (2.26) form = 1.
For higher powers m > 2, by means of Itd formula we get

dH ()™ = mH @)™ ' dH(u(r))
m(m — 1)

5 Hu@))" 2 Z[Re(Au(z‘) — (1> u(r), ®e;)dr. (2.33)

j=1

We estimate the latter term using the Holder and the Young inequality:

1
3 Z[Re(Au — u*u, @e;)]?
J
< Y [Re(Au, ®e;)* + Y [Re(|ul* u, de;)]*
J J
< IVullg Y IV el + |||u|2"u||2 Z 1D 117 2420 oy

J

2 2 2Qo+1
< IVul} 1912 vy + cnu||L2f2a@;d)||d>||LHs(U;V>

4(1 — —
< 0HW? + Coo (1913 gy + 19172 2) 27 234)

for any € > 0. Inserting in (2.33) and using the Young inequality (2.30), we get

dH ()™ < mH )™ dHu())
1 - oo m/2 —n
+§mkH(u(t))mdt+C(||d>||‘ItHS(U;V)+||<I)||1(H;(_[b);v))» 2 ) A g
(2.35)

We estimate H(u (1))~ 'dH (u(t)) using (2.31), (2.32), and the Young inequality
(2.29). Then, we take the mathematical expectation in (2.35) and obtain

d
EE[H(u(t))m] +mAE[H(u(t))"]

2(1 —o\"._
< Coum (191 vy + 1PIL e 2 77) A7 (2.36)

By Gronwall lemma, we get (2.26).

For 1 < m < 2, we proceed by means of the Holder inequality as before, using the
estimate for m = 2.
o In the focusing case @ = 1, we neglect the last two terms in the r.h.s. in (2.28) and
get

242
@I AN

dH(u(t)) + 20 Hu())dr < A 12420 (Rd)

- ZRe(Au(t) + (@) u(r), dej)dW; (1) + E||v<1>||§HS(U;1L,)dz. (2.37)
j=1
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We write the 1td6 formula for the modified energy ﬂ(u) = Hwu) +GM (u)H'ZE%.

Proceeding as in (2.23) for the power m = 1 + 23‘; 7 of the mass, we have

dH () + 20 H (u(r))dt

g 2042
S )\’O' + 1 ||M(t)||L20+2(Rd)dt

20 4o |4 20
)\‘ 1 — +2—(rd
+ (e( +2—ad> 2_Gd>GM(u(t)) dr

24,2 2 1 2
Lus:mt T A+ S IV ULy dt

+Ce|| Pl

— > "Re(Au() + [u(®)*7u(t), de;)dW; (1)
j

+2(1+

) GM(u(s))ZE%Re(u(t), OAW(1)). (2.38)
2—od

Since (1 — ﬁ) < 0 by Assumption 2.3, for € small enough we get (1 4 23‘(7”1) +

20 (1 — ﬁ) < 0; hence,

o 2042 20 _ 4o 1+%
0’—}—1||u||L20+2(Rd)+<E<1+2—0d> T —od GM(u) " -od

20 5 20 2 1+.20
< \Y 1 20 (1 — GM 2-od
213 4+G” u”H+(€( +2—ad)+ U( Z—Ud)) (w)

4o -~
Vul? < ——Hw).
l ||H2—] Gy (u)

=<

4+0
Then,
- 2—0 -~
dH@u(t)) + 2——AH(u(t))dt
240

2+217(:rd 20 1

_ 2
< (C||<I>||LHS(U;H)A 7-0d + §||V<I>IILHS<U;H>)df

— > Re(Au(t) + [u®) 7 u(t), de;)dW; (1)
j

2(1
+<+2

2 o
d d) GMu(s)) =57 Re(u(r), AW (1)),  (2.39)
Notice that the condition o < % implies that o < 2. So considering the mathematical
expectation, we obtain

d_ - 2- N
CRAWG) + 22 =Z3EA W)
dr 240 (2.40)
2+2iﬁ 722<7d 1 2 ’
Las @iy TSIV my:

= Cll®|

By means of the Gronwall lemma, we get

~ _n2—0 ~ 2+ i(:r _ 20 _
EHu(t)) < e > H(ug) + C <||‘I’||LH§(UfIH)A ol qu)”%HS(U;H)) A
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This proves (2.27) for m = 1.
For m > 2, we have by It6 formula

(m —1)

AHW@)"™ < mHA@@)"  dHw@) + = 3 Hu ()™ 22r(t) dt, (2.41)

where we have estimated the quadratic variation of the stochastic integral in (2.38) so
to get

r(t) = Y [Re(Au(t) + |u(t)*7u(t), be;)* +4G>(1 + 23‘;d)2M(u(t))z%
j=1

> [Re(u(r), Pej)1*.

j=1
Keeping in mind the previous estimate (2.34), we get

220 +1
r() SIVUOIG 1PN g wsvy + 11O 1% 1P g 1)

2 Ao
+4G7 (14 5225) M@ 757 1013, .1y

Now to estimate the first term in the r.h.s., we use (2.14), i.e. ||Vu(t)||%1 < 4ﬂ(u),
and for the second term by means of (2.7), we get

€ 20+1

20+1 20
2y < ZIVull™™ + Ceg M) 751 o)

L2”+2(R‘1) — 4
~ 20+1 20+1 20
< eH@) T + Ce g M(u) o1 1550
for any € > 0. Thus, we estimate the latter term in (2.41) as follows

~ ~ ~ 1
Hw@)" @) S H@@)" @I yw:vy + H@)" TN vy
~ 20+1 20
+ @) M @) 7 D 02y

v -2 14522 2
+ H@@)" > M@)o N vy
and by Young inequality

y - 2m(1 -
= R R + CIOI T oy 2 ™" + IRy » T

20+1 20 \m m
2 (14 ,2) 8 -2
+ CM(u(t)) o+ 2=0d’2 ”q)”THS(U;V))‘ 2

N

40 _ym _
+ CM@) DD A

In (2.41), we insert this estimate and the previous estimate (2.39) for dﬂ(u(t)), in-
tegrate in time, and take the mathematical expectation to get rid of the stochastic
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integrals; hence, for € small enough we obtain

Ry + m 2T AR R ()"
E u(t)) m2+—a (u(1))

l—m

2041 20 _ym
< CE[M(u(t) 1 =D 20|17 oyyh' 72

40

+ CE[M(M(I))(HLM)%]”q)”’ZHs(U;H))\F%

_ 2m(1 _
+ IR vy " + CIDI g Ty 2 "+

2t e\
+C<”‘D”%HS<U;V)+”q’”LHszw?H))‘ 2‘”’) .

We use Gronwall lemma and bearing in mind the estimates (2.21) for the mass we get
an inequality for E[H (u(¢))™]. Computing the time integrals appearing there, with
some elementary calculations we get

~ 2—0o ~
E[Hu(®)"] < e "%  H(ug)" + Co5r™"
20+1 200 \m m
+ CefmaMIM(uo)ﬁ(l—i-m)i ”(DHTHS(U;V))\'ii
1 20 m
+ Ce "M M(uo)" T T o h T2

for any r > 0, where

a1(d.o) =min (352, 1251 + 2227,
(2= 1 2
a>(d, o) = min (2+_g’ 5+ 27?7(1) .
Since 2;111 (1+ 23‘; d)% < %4—%, we bound the sum of the two terms with different

powers of M (up) by putting in evidence only the largest power. Therefore, we obtain
(2.27).
For 1 < m < 2, we proceed as in the previous case. O

Merging the results for the mass and the energy, we obtain the result for the V-norm.
Indeed, [[ull? = [[Vul3 + llu|% and

2 _ o 2042
1Vl = 2H0) + = I35

For = —1, we trivially get
lully < 2H(u) + Mu).
For @ = 1, we have from (2.14)
8+ 20 -~
2 1T M(u).
lully < 1o (1) + M(u)

Now, we bear in mind the functions ¢| and ¢ givenin (2.24) and (2.25), respectively.
This is the result for the moments of the V-norm.
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Corollary 2.9. Letug € V. Under Assumptions 2.2 and 2.3, for everym > 1 we have
the following estimates:

(i) Whena = —1
Elu@)[7"1 S e M [H(uo)" + Muo)"1 + [¢1 + 197 g0 )" 2"
(2.42)
foranyt > 0;
(ii) When a = 1, there is a positive constant a = a(d, o) such that
2—0o ~
Elllu()17" S ™5 H(ug)" + e~ M(uo)"
— 14 20 _m _
+e mam[l +M(uo)m(2+27gd)]”q>||TH5(U;V))\' 2 + [¢2 + ”q)”%Hs(U;H)]m)‘ m
(2.43)
foranyt > Q0.

The constants providing the above estimates (<) depend on m, o and d but not on A.

3. Regularity results for the solution

For the solution of Eq. (2.3), we know that u € C([0, +00); V) ass.ifug € V.
Now, we look for the L% (R?)-space regularity of the paths. When d = 1, this follows
directly from the Sobolev embedding H'(R) c L*°(R). But such an embedding does
nothold ford > 1. However, ford = 2 ord = 3 one can obtain the L (R)-regularity
by means of the deterministic and stochastic Strichartz estimates of Appendix A.

Let ¢; and ¢, be the functions appearing in Proposition 2.8.

Proposition 3.1. Ler d = 2 or d = 3. In addition to Assumptions 2.2 and 2.3, we

suppose that o < # when d = 3.
Given any finite T > 0 and uqg € V, the solution of Eq. (2.3) is in L?* (2; L*° (0, T’;
L®(R?Y)). Moreover, there exists a positive constant C = C (o, d, T) such that

20
E”M ”LZo (O’T;LOO(RII))

20+1), —
S C (”Lt()”%/(r + w(uO)G(ZOJrl) +¢§'( o+ ))‘4 o(2o+1) + ”q)”%{;S(U’V)) .

3.1
where
H + M , =1
Vg = | L0 e (3.2)
Hug) + M@ug) + M(up) "29d +1, a=
and
2 - _
¢3(d, oA, CD) — ¢1(U, A, @) + “q)“LHSZ(U;H)’ a=—1 (33)
$a2(d, o, A, D) + ”CD”LHs(U;V)’ a=1

so A= ¢3(d, o, ), ) is a strictly decreasing function.
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Proof. First let us consider d = 2. We repeatedly use the embedding H9(R?) C
L®(R?) valid for any ¢ > 2. So our target is to prove the estimate for the
L2 (2 L*(0, T; H"9(R?)))-norm of u for some q > 2.

We introduce the operator A := —iAg + A. It generates the semigroup e A =
eMeifot 1> ).
Let us fix 7 > 0. We write Eq. (2.3) in the mild form (see [14])
t t
iu(t) =ie Muyg +/ e MNTOE (u(s)) ds + i/ e MNP AW (s)
0 0
=:11(t) + L(1) + I3(1) (3.4

and estimate

EHII ”10-20(0’7‘;[.11,(1(]1{2))7 i = l» 27 3

for some g > 2.
For the estimate of 1], we set

% ifo >1
g=1°1" (35)
3o 1f0<O'§1

Notice that ¢ > 2. Now, before using the homogeneous Strichartz inequality (A.1)

—M since e™* < 1. First, assuming o > 1 we work with the

admissible Strichartz pair (20, %) and get

we neglect the term e

Il L = e A 2
L% (0,T;H " o=T(R?)) L% (0,T;Lo=T (R?))
iAp- 4 1/2
< | et Al/ uo 20
L27(0,T;L7-T (R?))

1/2
<A w0l 22y = lluolly

For smaller values, i.e. 0 < o < 1, we choose 6 = g >2> 080 % = % and
1111l |25 Sl |26 < lluollv
L20(0,T;H "5-1 (R2)) L25(0,T;H 5-1(R2))

by the previous computations.
For the estimate of I, we use the Strichartz inequality (A.2) and then the estimate
from Lemma C.1 on the nonlinearity. We use the notation y’ for the conjugate exponent

of y € (1,00),i.e. 5+ = 1.First, consider o > 1; the pair (20, ;2%) is admissible.
Then,
1/2
I o =||A/"T o
VN o o 2 gy = VAT 20 oy 251
1/2
< IA/°F, by (A.2
S AT Fa@Oll 4 004 gy, DY (A2)
= ||F,
I “(M)HL%(O,T;HL%(RZ))
< lull®%, by (C.1) and (C.2)

4
~ L3 o 1y
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For 0 < o0 < 1, we proceed in a similar way; considering the admissible Strichartz
pair 2+o0,2 + g), we have

12l S Ll

4 4
L20(0,T; H"2* 7 (R2)) L2+9(0,T; H 25 (R2))

1/2
=14, 1]
1/2
S A2 Fe@ll o o gy DY (A2)

= || Fy ()] LY (0,T; H'"' (R2))

4
L¥o(0,T;L* o (R2))

where (7, y) is an admissible Strichartz pair. According to (C.1), we choose

2 1
, O0<o <3
(1,2) 57 = {j‘“a X 2 (3.6)
3 3=0=1
Hence,
1 1
, — O<o < 5
/ 2r 1—0" 2
=2 = (3.7)
e {‘3—‘, l<o<1

In this way by means of the estimate (C.2) of the polynomial nonlinearity

142, .
”FOl(u)”Hl,r’(RZ) 5 ||M||V+ a, we obtain

||12||L2“ (O,T;HI'Q"'%(RZ)) ~ Ly’(20+1)(O,T;V).

Summing up, we have shown that for any o > 0 there exists ¢ > 2 and y’ such
that

T =
/2 +1 Y
E||12||i%a(0T.H1.q(Rz)>sE(/ (11}, > ’dr) : (3.8)
I 0

Bearing in mind Corollary 2.9, we get the second and third terms in the r.h.s. of (3.1).
The details are given in Appendix 5.1.

It remains to estimate the term /3. We choose ¢ as in (3.5). Using the stochastic
Strichartz estimate (A.3), we get foro > 1

1/2
E| I3 e =EIAPRI
L%9(0,T;H "o-T(R?)) L29(0,T;Lo-T (R?))
1/2 2 12 2
SIAT RISy = 12N v)-

For smaller values of o, we proceed as before for /.

Now, consider d = 3. The additional assumption on o appears because of the
stronger conditions on the parameters given later on.

For g > 1, we have H?7(R3) ¢ L (R3) when g > 3. So for each I; in (3.4)
we look for an estimate in the norm L2° (0, T; H?-4(R?)) for some parameters with
0q > 3.
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We estimate 11 for any 0 < o < 2. When 0 < o < 1, we consider the admissible
Strichartz pair (2, 6). By means of the homogeneous Strichartz estimate (A.1), we
proceed as before

||11||L2a(o,T;H1,6(R3)) ~ ||11||L2(O T;H.0(R3))

Y 12
= He A gl Ao Al/ ug

L2(0,T;LO(RY))

< ‘ lA() 141/2

L2(0,T;LO(R%))

12
S A uoll 2wy = lluollv-

When o > 1, we work with the admissible Strichartz pair (20,

35 %) and get

12 _
W o 158 ) S A woll 23y = lluollv:

since 366—‘12 > 3 for 1 < o < 2, we obtain the L°°(R3)-n0rm estimate.

The estimate for I; is more involved, and we postpone it to Appendix 5.2, where
condition (D.1) leads to the upper bound o < 1++m.
It remains to estimate the term /3. For any o > 0, we use the Hélder inequality

and the stochastic Strichartz estimate (A.3) for the admissible pair (2 + ”2 , f;‘gz)
therefore,
2 2
E||5)% v STEIBIY
L20(0,T;H ~ 4+30% (R3)) LT (0,T;H T 4307 (R3))
SIS w:v)-
O

Notice that the restriction o0 < 1+f on the power of the nonlinearity affects only
the defocusing case, since by Assumptlon 2.3 in the focusing case we already require
the stronger bound o < % when d = 3.

We conclude this section by remarking that there is no similar result for d > 4.

Remark 3.2. For larger dimension, there is no result similar to those in this section.
Indeed, if one looks for u € L2 (0, T; H“9(R%)) C L* (0, T; L*®(R?)), it is nec-
essary that

qg>d

in order to have H4(R?) ¢ L (R?). Already the estimate for /1 does not hold under
this assumption. Indeed, the homogeneous Strichartz estimate (A.1) provides

I € C(0, TT; H' R N L* 0, T; H"9(RY))

if
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Since % < 4 for d > 4, the latter condition g < % and the condition g > d are

incompatible for d > 4.
Let us notice that also in the deterministic setting the results on the attractors are
known for d < 3, see [23].

4. The support of the invariant measures

From Theorem 2.6 we know that there exist invariant measures supported on V.
Now, we show some more properties on these invariant measures. In dimensiond = 2
and d = 3, thanks to the regularity results of Sect. 3 we provide an estimate for the
moments in the V and L% (R?)-norm.

Set

2
2
&2+ 1PN .y fora=1

The function ¢4 = @a(d, o, A, D) is strictly decreasing w.r.t. A.

Proposition 4.1. Let d < 3 and Assumptions 2.2 and 2.3 hold.
Let p be an invariant measure for Eq. (2.3), given by Theorem 2.6. Then, for any finite
m > 1 we have

‘/|MH€"dM(X)fE¢Tl_m~ 4.1
Moreover, supposing in addition that o < %ﬁ when d = 3, we have

/ Ix17%dp(x) < ¢s(d. o, 1, @), (4.2)
where ) +— ¢5(d, o, A, ©) is a smooth decreasing function.

Proof. As far as (4.1) is concerned, we define the bounded mapping W, on V as

2 .
lxly”, ifllxlly <k

k2m otherwise

Wi (x) = :

for k € N.
By the invariance of 1 and the boundedness of W, we have

/ W dp :/ PV du Vs > 0. “4.3)
\%4 \%4
So

P (x) = E[Wi (u(s; x))] < Elluls; x) |12
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Moreover, from Corollary 2.9 we get an estimate for E|ju(s; x) ||2m, and letting s —
00 the exponential terms in the r.h.s. of (2.42) and (2.43) vanish so we get

limsup PyWi(x) < ¢g'A™"™"  Vx e V.

§—+00

By Fatou lemma, we have that the same holds for the integral, that is

lim sup/ PoWp(x)du(x) < ¢y'a™™.
1%

§—>—+00

From (4.3), we get
| wean < opam
\%4

as well. Since W converges pointwise and monotonically from below to || - 127, the
monotone convergence theorem yields (4.1).

As far as (4.2) is concerned, for d = 1 this is a consequence of estimate (4.1),
because of the Sobolev embedding H L(R) ¢ L*°(R). However, ford > 1 we consider

the estimate (3.1) for T = 1 and set ¥(u) = ||u||i‘;(Rd); this defines a mapping

UV — R U {+o0}. Its approximation ¥ : V — R, given by

. 1l3% gay> i lutll oo ey < K
\I/k(u)z{ L>®(RY) (RY)

k%, otherwise

defines a bounded mapping Wy : V — R, for any k € N.

It obviously holds
~ 1 ~
/\I/kdu:/ (/ \Ifkd,u> ds.
v 0 v

By the invariance of u and the boundedness of ‘ilk, it also holds
/ Uy du =f P,Updu Vs > 0.
1% 1%

Thus, by Fubini—Tonelli theorem, since Uy (u) = ||u||i‘c’,o & N k¥ < ||u||i‘<’>O (®dy> W€
get

1 1
/@m:/ /Ps\flkd,udssz E[‘i’k(u(s;x))] ds dpu(x)
\%4 0 \%4 Vv JO
1
< f E f (52 312 g s )
\% 0

20+1), —
< C/ (”X”%/U + 1//(X)6(20+1) +¢§7( o+ ))\’ o(2o+1) + ”cD”%‘(;{S(U’V)) d/L(X)
\%
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where we used (3.1) from Proposition 3.1 for 7 = 1.

The integral f v ||x||%,"du(x) can be estimated by means of (4.1). The same holds
for the integral of the second term, by bearing in mind the expression (3.2) of ¥ and
the bounds (2.11), (2.15); let us denote by ¢y = ¢y (d, 0, A, P) the new function
estimating f|, Y (x)° 2t Dd(x).

Therefore, we have proved that

[ = o500, 0)
1%
where ¢5 is proportional to

— 2 1), —

This holds for any k. Since Uy converges pointwise and monotonically from below to
U, the monotone convergence theorem yields the same bound for f v Ix]] i‘; (®RY) du(x).
This proves (4.2).

5. Uniqueness of the invariant measure for sufficiently large damping

We will prove that if the damping coefficient A is sufficiently large, then the invariant
measure is unique.

Theorem 5.1. Let d < 3. In addition to Assumptions 2.2 and 2.3, we suppose that
o< %ﬁ when d = 3.
If

A > 2¢5(d, o, h, D) 5.1)

where @5 is the function appearing in Proposition 4.1, then for Eq. (2.3) there exists
a unique invariant measure supported in V.

Proof. The existence of an invariant measure comes from Theorem 2.6. Now, we
prove the uniqueness by means of a reductio ad absurdum. Let us suppose that there
exists more than one invariant measure. In particular, there exist two different ergodic
invariant measures w1 and uo. For both of them, Proposition 4.1 holds. Fix either
i = 1ori =2 and consider any f € L'(y;). Then, by the Birkhoff ergodic theorem
(see, for example, [10]) for pu;-a.e. x; € V we have

. 1
lim -
t——400 t

t
ff(u(s§xi))dS=/fdMi P—a.s. (5.2)
0 \%4

Here, u(z; x) is the solution at time ¢, with initial value u(0) = x € V.
Now, fix two initial data x; and x, belonging, respectively, to the support of the
measure 1 and po. We have

1 t
/fdm—/ fdus= lim —f LF (s x0)) — f(uls: x2))] ds
14 14 f=+o0t Jo
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P-a.s.. Taking any arbitrary f in the set Gy defined in (B.2), we get

'/Vfdm—/vfduz

If we prove that

1 13
<L lim —/ lle(s; x1) — u(s; x2) || pds.
t—>+4o00 t Jo

Iim u(t; x1) —u(t; x)||lg =0 P—a.s., 5.3)
t—+00

/Vfdm—/vfduz=0

S0 ;1 = o thanks to Lemma B.1. So let us focus on the limit (5.3).
With a short notation, we write u;(t) = u(t; x;). Then, consider the difference
w = uy — uy fulfilling

then we conclude that

él—tw(t) —iAgw(t) +iFy(ui1(t)) —iFu(ua(®)) +2w() =0
w(0) =x; —x2

)
1d 2 2 20 20
——llw®lly w(t) |z < uj ui(t) — |uz uz(H)]w y.
2dz“ Ol +rMw®ly = , a1 177 ur (@) — |u2(07 u2 () ]w (@) |d
R
Using the elementary estimate
it P ur = a2 ual < Collur P + lua > 1wy — ual,
we bound the nonlinear term in the r.h.s. as
/Rd e 27wy = Jua 7 ualwl dy < Tt 7% gay + lu2ll3% ga) w72 g,
Therefore,

d
IO + 20 w@lF <2 (||u1(r>||i‘;(Rd) + ||uz<t)||i%0(Rd)) w113
Gronwall inequality gives

_ t 20 20
IO, < N e 220 (1O g O g )

that is

=2t =1 fo (I 2%, g Hlua®1P%, g )d:
||w(t)||%1 < Ilxy _sz%_Ie t[ t./()(”ul(Y)HLOO(Rd) Huz(v)l\Lm(Rd)) s]. 5.4)

This is a pathwise estimate.
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We know from Proposition 4.1 that f(x) = ||x ||i‘iO ®%) elL! (u); therefore, (5.2)
becomes

: 1 ! 2 2
hm ?'/0 ”u(S;Xi)”LZO(Rd)dS = ‘/‘\/ ”-x”LZO(]Rd) d//L,(.X) S ¢5()")

t——+00

P-a.s., for either i = 1 or i = 2. Therefore, if

A > 2¢s5(2),
the exponential term in the r.h.s. of (5.4) vanishes as t — +o0. This proves (5.3) and
concludes the proof. 0
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A Strichartz estimates

In this section, we recall the deterministic and stochastic Strichartz estimates on
RY.
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Definition A.1. We say that a pair (p, r) is admissible if
d
—t— =5 and (p.r)# (2, 00)

and

2§r§% ford >3
2<r<oo ford =2

2<r<o0 ford =1

If (p, r) is an admissible pair, then 2 < p < oo.

Given 1 <y < oo, we denote by y’ its conjugate exponent, i.e. % + % =1.
Lemma A.1. Let (p, r) be an admissible pair of exponents. Then, the following prop-
erties hold

(i) For every ¢ € L2(RY), the function t — €'"40¢ belongs to LP (R; L" (R7) N

C(R; L2(Rd)). Furthermore, there exists a constant C such that

le" ol p@.r @iy < Clloll 2@y, VYo € LARY). (A.1)

(ii) Let I be an interval of R and 0 € J = 1. If (y, p) is an admissible pair
and f € LV (I; LP (RY)), then the function t +— G (1) = [, /"= f(s)ds
belongs to L4(I; L™ (RY))NC (J; L*(R?)). Furthermore, there exists a constant
C, independent of 1, such that

1G 1ozt < CUFlLy gons @y VF € L7 (LY ®RD).  (A2)
Proof. See [9, Proposition 2.3.3]. O

Lemma A.3. (stochastic Strichartz estimate) Let (p, r) be an admissible pair. Then,
forany a € (1,00) and T < oo there exists a constant C such that

/ 4 e 7AW (9)dW (s)
0

< ClV 20,7 Lygs (U, L2 (RY)))
La(Q,LP(0,T;L" (RY)))

(A.3)
forany W € L*(0, T; Lus(U, L>(R%))).
Proof. See [21, Proposition 2]. O
B Determining sets
The set
g = fer(V):supM < 00 (B.1)

uF#v lu —vllv
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is a determining set for measures on V (see, for example, [6, Theorem 1.2]). This
means that given two probability measures ;11 and @2 on V we have

/fdltl=/fdltz Vfeg = w1 =p.
|4 |4

Following Remark 2.2 in [18], we can consider as a determining set for measures on
V the set

Go = {f e Cy(V): supM < oo} (B.2)

u#v ”u - UHH

involving the weaker H-norm instead of the V-norm. So Gy C G;. Let us show that
Go is a determining set for measures on V as well.

Lemma B.1. Let ;11 and wo be two invariant measures. If
[ raw=[ ran vrea
1% 1%

then y = y.

Proof. We show the proof since we work in R, whereas [18] deals with a bounded
domain.

Set Py x to be the element whose Fourier transformis 1j¢| <y F (x); hence, | Py x|y <
V1 + N2|x| z. Now, we show that any function f € G can be approximated by a
function fy € G by setting fx(x) = f(Pyx). Indeed,

|fv () = fn()] < LIIPyx — Pyylly < LV 1+ N2|lx =yl

By assumption, we know that

/VfN duy =/Vf1v dus.

Taking the limit as N — 400, by the bounded convergence theorem we get the same
identity for f € G;. Hence, i1 = us. O

C Estimate of the nonlinearity

We consider F(u) = |u|*“u.

Lemma C.1. Letd = 2. Foranyo > 0, if p € (1, 2) is defined as

2 1
=, O0<o <5
p:{ZG—H . 2 (Cl)
025
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then
IF@ @ S lulylgs, VYue H'®). (C2)

Letd = 3. For any o € (0, %], we have

IFGON 1 ) S I, Vi€ IR (€3)
and for any o € [1, %] we have
IFGON2ng s, S Nl Y € H'®), (C4)

Proof. We start with the case d = 2. To estimate the H L.P_norm of F, itis enough to
deal with || F || ;pray and [[0 F'|| 1 pra). We compute

AF (u) = o |u|** =% (@du + udit) u + [u|?*du,  for an arbitrary u € V, (C.5)

and thus, [0 F (u)| <o |u|?”|u|.
‘We have

IF Gl oy = Nl 3T g (C.6)
and the Holder inequality, for 1 < p < 2, gives
AF (u < lu)* du
10 F )l Lpgdy < Ilul IIL%(W)II 22 e

< ul*y, luly (€7
L2-p (Rd)

We recall the Sobolev embedding
H'(R?) c L"(R?) for any 2 <r < o0.
Therefore, if

2< Qo+ 1Dp
5 < 40p’
=32-,

then both the r.h.s. of (C.6) and (C.7) can be estimated by a quantity involving the
H'(R?)-norm. The two latter inequalities are the same as

2
20 +1

D=

so one easily sees that the choice (C.1) allows to fulfil the two required estimates, i.e.
IF @)l ey S Nl ™+ and 19 F @)l Lpgay < lull3” . This proves (C.2).
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For d = 3, first we show that for any o € (0, %]

IF@lgrr@s) S lulylg, — Yue H'®) (C8)

with p = 5,05 € [1,2).

To this end, we notice that the r.h.s. of (C.6) and (C.7) is estimated by a quantity
involving the H!'(R3)-norm if H'(R3) ¢ L?°+DP(R3) and H'(R3) c L = (R3).
Recalling the Sobolev embedding

H'(R? c L"(R?) forany 2 < r <6,

we get the conditions

2 6
2 < (2 Dp <6 ivalent t <p< C9
<Qo+1p< <equ1vaen 02U+1_p_20+1> (C.9)
4 2 6
2<% ¢ equivalent to <p= (C.10)

Notice that (C.10) is stronger than (C.9); moreover, (C.10) has a solution p € [1, 2)
only if o € (0, 3]. Choosing

p €[1,2), (C.11)

:20+3

we fulfil all the requirements and so we have proved (C.3).
Now for 1 < o < 2thereis the continuous embedding H Lo (R € H* O ¢ (R3).
Hence, from (C.3) we get (C.4). O

D Computations in the proof of Proposition 3.1
5.1. From (3.8) to (3.1)

From (3.8), we proceed as follows. We distinguish different values of the parameter

o.

o0 € (0, 1): we have y’ = L, so Zy—" =20(l1-0) < 3and y'Q0 + 1) =

% < 2. With the Holder inequality twice

20

T ) T ) =
E(/ ||u(r>||5‘2"*“dr) s(ﬂa/ ||u<r)||€(2”+”dr)y
0 0
1

20
y/
T ) % /202+
St <E/ w1y dt)
0

14
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We conclude by means of the estimate of Corollary 2.9 for m = 1; for instance, in
case (i)

T oQo+1)
(E /0 lu(o)lI3 dt)
r co+1)
Sdo (/0 [9%[[7’(("0) + M(uo)l + (g1 + |I¢|I%HS(U;H)])»’1] dt)

1 — e,)LT o(20+1)
Sd.o (T[H(uo) + M(uo)l + Tl¢1 + II<I>IIiHS<U;H>M‘>

St (TTHwo) + Mol + TIg1 + 1013 g 7.1y I

Sdo.r [Huo) + Muo)” 0 + ¢ + @7, . )17 T2 COHD

1)0(20+1)

AT
where we used 1 S— <T.

°0 € [4 2) wehavey’ = 1 so =20(1-0) < 2andy 2o+1) = 2"“ > 2.

With the Holder 1nequa11ty

T o] 27” T . 27“
E(f Ilu(r)ll@“’“dr) E(E/ ||u<t>||5“’“dt)
0 0

and then we conclude by means of the estimate of Corollary 2.9 for 2m = y’' (20 + 1);
for instance, in case (ii)

T 20
’ J’/
(E f a0 dt)
0

T, L , ro, /
Sod (/ ¢TIV ETM 41 H (up) T G0+ —i—/ e~ T QOFDM g1 M(ug) T 20D
0 0

T ’ ’
pa 1, 2 2041
+/ e*%(20‘+1)6l}uldt[l +M(u0)72 (20+1)(2+27‘7d)]”q)”LZH(S([;]+ )K——(20+1)
0

’ , 2
+ Tl + ||q)||%HS(U;H)]VT(QU+1)A—VT(20+1)) y
v { 1 20
50 T ([H(uo) +M(u0)]0(2<7+1) +1 +M(uo)]2"(2”+1)(§+m)
20 (20+1) 20+1 ) 2541)+ — (ot
+IRIZTSGTA 7O 4 (g + P g ) 172277 D)

where we used fT e Ptdr = # < T forany b > 0.

o0 €[4, 3): we have y/ _;‘,sozy—":%a<1andy’(2a+1)=‘3-‘(2o+1)z§.

So we proceed as in the previous case.

7 > % we have y' = ‘31, S0 =- 2” >landy' Qo +1) > —S.With the Holder inequality

T 2% ( )20
’ Y Y
E </O lu(ey )}, 2o+ dt) <r E/ ()l dr

and then we conclude by means of the estimate of Corollary 2.9 for 2m = 20 (20 +1).
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5.2. Estimate of I, whend = 3

We distinguish two ranges of values for o.
eFor0 < o < 1 wehave L2(0, T; LO(R?)) € L2°(0, T; L°(R?)). So we consider
the admissible Strichartz pair (2, 6) and get for any admissible Strichartz pair (y, r)
120l 20 0. 7: 16 w3y ST 1120l 2200, 7 16 (R3))
1/2
=142l 20.7: 5@
1/2
SIAY Fa@ll o 710 @y DY (A2)
5 | Fo (u) ”LV/(O,T;H”,(R3))
4r'

The parameters are such that y’ = 77—~ From Definition A.1, we have the condition
2 <r < 6, equivalent to g < r’ < 2. Choosing

, 6
r'= ,
3420

we have r’ € [g, 2)when0 <o < landy' = % € (1, 2]; thus, we can use (C.3)
to estimate the nonlinearity Fy (#). Summing up, we have
20+1
1211 20 0,7: Loom3y) S M2l p20 0,7: 1SR S ||u||L222%1

Hence,
T 2 o(2-o0)
575 (20+1)
EI202% o 7 ooy S E < fo ()12 dr)

T 92041 0(2-0)
S (E/ ()}, dt)
0

by Holder inequality since 0 (2 — o) < 1.

From here, bearing in mind Corollary 2.9 we conclude as in the previous subsection
and we obtain the second and third terms in the r.h.s. of (3.1).

e For o > 1, we use the admissible Strichartz pair (20, 3(?%2) SO

0/2
2] ooy o = 1477D] o

L% (0,T; H" 30-2 (R3)) L% (0,T;L30-2 (R3))
<A Fy(u
S AT Fo( )Ile(O’T;Lg(R%)
< |IF,
~ I a(u)||L2(0,T;H6'%(R3))

where we used (A.2) with y/ = 2 and p’ = g, corresponding to the admissible

Strichartz pair (y, p) with y = 2 and p = 6. Notice that g is the minimal allowed
value for p’ when d = 3.
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Now, assuming 1 < o < % we use the estimate (C.4) with 8 = 2 — 0. Summing

up, we obtain

< 20+1
”IZHLZU(O,T;HZ_J 32‘12 (R3)) ~ ”u||L2(2”+1)(0,T;H1(R3))'
When
60
2—0)—— > 3, D.1
C-0 (D.1)

60
we have H> % %02 (R3) ¢ L (R3). This gives the condition o < 1+Z/ﬁ. Hence,

20+1
||12||L2“((),T;L°°(R3)) S./ ||u||L2(20'+l)(()’T;V)'

Since o > 1, we conclude with the Holder inequality that

(e
2Q2o+1
Bl B2013% o 7 poemiy) S E (fo ()32 Pd )
T 202 1
<rE f 1277 Vs
0

Finally, we obtain the second and third term of (3.1) by means of Corollary 2.9 as
before.
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