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 A B S T R A C T

This work concerns a detailed review of data analysis methods used for remotely sensed images of large areas 
of the Earth and of other solid astronomical objects. Focus is on the problem of inferring the materials that 
cover the surfaces captured by hyper-spectral images and estimating their abundances and spatial distributions 
within the region. Different hyper-spectral unmixing methods are reported as well as compared. The most 
important public data-sets in this setting, which are vastly used in the testing and validation of the former, 
are also systematically explored. Typically, a pixel-wise constrained regression is used assuming linear mixing. 
Yet, more recent methodologies go beyond such assumption and are thus analysed. Data-based testing of 
assumptions and uncertainty quantification are found to be scarce in the literature. Open problems are 
spotlighted and concrete recommendations for future research are provided.
1. Introduction

Remotely sensed images can be an important source of information 
about vast geographical regions. The interest in them is driven by the 
large amount of information they store and by their continuous pro-
duction by airborne and space-borne cameras and sensors. There exist 
multiple kinds of such images, depending on the considered spectral 
bands, the spectral and spatial resolutions and the size of covered area. 
In particular, hyper-spectral images feature a spectrum at each pixel. 
Each spectrum provides the radiation of the subregion captured by 
its pixel at multiple narrow wavelength ranges. Typically, hundreds of 
contiguous ranges in a limited spectral region are considered.

This review focuses on the problem of identifying the minerals that 
cover the surfaces present in such hyper-spectral images. It also consid-
ers the problem of estimating their abundances and spatial distributions 
within the region. The two problems are collectively denoted the hyper-
spectral unmixing problem and have been popular research topics in 
the last two decades. Particular attention is devoted to the mineralog-
ical applications, where minerals and their spatial distributions are 
inferred in arid regions with surfacing rocks, both on Earth and other 
astronomical objects, due to their similarity.

The first objective of this review is to systematically explore and 
evaluate the advancements of hyper-spectral unmixing methods and to 
perform a selection of the most successful ones. The second objective 
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is to gather the most important public data-sets in this setting, since 
these are those for which the statistical analyses are developed and/or 
tested to prove their reliability in quality of ideal scenarios where both 
the materials and their spatial distributions are known.

Besides providing an updated review including the latest pertinent 
contributions such as the use of neural networks, this manuscript elab-
orates on the open problems in the literature, exposes the criticalities to 
address and provides recommendations for future research directions.

The text is organised as follows: the following section supplies 
the basic concepts regarding hyper-spectral images, the definition and 
mathematical formulation of the hyper-spectral mixing problem, as 
well as the main mixing models. Other relevant review articles are also 
described. In Section 3 the main model, i.e., the linear mixing model, is 
reviewed, providing the necessary mathematical framework; as well as 
the most popular algorithms that deal with end member extraction and 
identification. Section 4 deals with other methodologies which have 
been developed more recently and that provide useful alternatives for 
such classical approach, namely sparse unmixing and nonlinear mixing, 
the latter of which comprising as an interesting example nonlinear 
networks. Next, Section 5 overviews the best-known datasets for the 
hyper-spectral unmixing problem, which involves spectral libraries and 
hyper-spectral cubes as the two types of dataset. Relevant and possible 
further directions of research in the unmixing field and in the analysis 
of Hyper-spectral cubes are suggested in Section 6.
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Abbreviations

HSI Hyper-spectral Imaging
HU Hyper-spectral Unmixing

2. The unmixing problem

2.1. Fundamentals of spectroscopy and hyper-spectral imagery

A key element of hyper-spectral images are of course the spectra. 
The spectrum is the radiation emitted by an object and measured 
by a sensor at many contiguous narrow ranges in a given spectral 
region (Shaw and Burke, 2003). The field studying spectra is referred to 
as spectroscopy. In this work, the considered wavelengths range from 
0.3 μm to 2.5 μm, thus comprising the visible, near-infrared, shortwave 
infrared regions (Bioucas-Dias et al., 2012).

The upcoming definitions from Shaw and Burke (2003) better 
specify the concept of radiation, mentioned above. Foremost, the 
reflectance is the fraction of incident light that is reflected by a 
surface, while the reflectivity is the reflectance spectrum, namely 
the reflectance as a function of the wavelength. There exist multiple 
definitions of spectra, like bidirectional or hemispherical or directional, 
depending on how reflectance is computed (Broadwater and Banerjee, 
2010).

Next, radiance is the power of the light impinging on a surface 
per unit surface area and unit solid angle of the observation, while 
spectral radiance is the radiance normalised per unit wavelength. It 
is usually measured in W/m2∕μm∕steradian. Finally, single scattering 
albedo (SSA) is the ‘‘fraction of incoming photons scattered by a par-
ticle, divided by the total fraction of photons affected by that particle 
(either due to scattering or absorption)’’ (Heylen et al., 2014). In the 
setting of this review, mostly reflectance spectra or spectral radiance 
are considered.

Panchromatic (or greyscale) images feature just one band per pixel, 
while RGB images feature three bands per pixel. Hyper-spectral images 
(HSIs) extend the above including even hundreds of bands, each cor-
responding to a narrow wavelength range (Shaw and Burke, 2003). 
The images considered in this work are captured on either airborne 
or space-borne hyper-spectral imaging sensors (Ghamisi et al., 2017), 
and a summary of the main case studies is provided in Section 5.2. 
HSIs are usually represented as data cubes, with two spatial dimensions 
and several spectral dimensions, viz. one for each measured wave-
length (Bioucas-Dias et al., 2012). In particular, each pixel is associated 
to a reflectance spectrum or a radiance spectrum captured in the cor-
responding area, and each plane stores the reflectance or the radiance 
captured at a given wavelength in the entire region. Reflectance data 
which characterise a material are more suitable for material identi-
fication than radiance data, that instead depend on the illumination 
conditions (Shaw and Burke, 2003). Unfortunately, converting radiance 
into reflectance is not easy, even if the illumination conditions are 
known, since it is not trivial to compensate with atmospheric effects. 
An example of a solution for the latter is the model-based atmospheric 
correction program called ATREM (Gao et al., 1993).

2.2. The Hyper-spectral Unmixing (HU) problem

Each pixel of a HSI may cover a region that includes more than 
one pure material, due to the limited spatial resolution of the hyper-
spectral camera or the strong mixing of materials. In this scenario, 
hyper-spectral unmixing (HU) extracts a set of spectral signatures, 
known as end members, and the corresponding fractional abundances 
from the HSI (Bioucas-Dias et al., 2012). Each end member should 
ideally be the spectrum of a pure material included in the image, 
though the concept of pure material is task-dependent. The fractional 
2 
abundance of an end member at a given pixel is associated to the 
portion of ground cover of the corresponding material within that pixel. 
Supposing that a HSI in atmospherically corrected reflectance units is 
available, the typical approach to HU consists of: (1) estimating the 
number of end members in the HSI using unsupervised approaches; (2) 
extracting the spectral signatures of the pure materials from the HSI in 
the end member extraction step; (3) estimating the abundance maps, 
that report the fractional abundances of each end member at each 
pixel, in the abundance estimation step. Actually, this general approach 
admits many variants. For instance, the end members and their number 
may be a priori known, or a library with hundreds of spectral signatures 
may be employed, in this case promoting sparsity in the abundances at 
the abundance estimation step (Iordache et al., 2011). Moreover, some 
methods simultaneously estimate the end member signatures and the 
abundance maps (Miao and Qi, 2007). In case of high spatial resolution 
of the HSI and absence of mixing at particle level, hyper-spectral image 
classification can be employed, which associates only one material to 
each pixel (Bioucas-Dias et al., 2013).

2.3. Mixing models

As described in Bioucas-Dias et al. (2012), mixing within a pixel 
may be linear (additive) or nonlinear (beyond additive), depending 
on the nature of the interaction between the light and the materials, 
and this distinction further affects the interpretation of the fractional 
abundances. Mixing is linear if the pure materials are segregated in 
macroscopically distinct regions. It is the poor spatial resolution of the 
instrument that causes the light to mix within the sensor after imping-
ing on just one material. In this scenario, the fractional abundances 
represent the fractional areas of the materials within each pixel, and the 
pixel spectra are regarded as linear combinations of the end member 
spectra, with the abundances as weights, as detailed in Section 3.1. 
Mixing is nonlinear when light interacts with multiple materials before 
reaching the sensor, and can be further specified as either multilayered 
or intimate. Multilayered mixing occurs instead when light is reflected 
on multiple surfaces of different pure materials before reaching the 
sensor. Usually, reflections on more than two materials yield minor 
effects, so they are neglected, leading to the bilinear model. Intimate 
mixing occurs when pure materials are mixed at microscopic (i.e. parti-
cle) level. The most effective method to deal with the latter scenario is 
based on Hapke model (Hapke, 1981; Heylen et al., 2014; Heylen and 
Scheunders, 2015). The method converts the reflectance spectra into 
SSA spectra, also relying on simplified formulas, and expresses the pixel 
SSAs as linear combinations of the SSAs of the pure materials. In this 
scenario, the fractional abundances represent the mean cross-sectional 
areas of the pure materials.

2.4. Constraints on unmixing solutions

Many HU algorithms enforce some constraints on the end mem-
ber signatures or on the fractional abundances (Bioucas-Dias et al., 
2012). First, the extracted end members must be nonnegative. Second,
abundance non-negativity constraint states that the abundances must 
be nonnegative. Finally, the abundance sum constraint states that the 
abundances of each pixel must sum to one. The vector of the abun-
dances at a given pixel is called composition if these are enforced. 
In this case, HU provides compositional surface maps, that associate a 
composition to each pixel. Actually, while the first two constraints are 
usually accepted, abundance sum constraint (3.1) is more criticised, 
because some materials in the scene might not have been kept into 
account (Bioucas-Dias et al., 2012) or because the end member sig-
natures may be variable (Bioucas-Dias et al., 2013), as explained in 
Section 4.3. Thus, (3.1) is often discarded, and HU yields estimates of 
the compositional maps in which this constraint is not fully satisfied.
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Fig. 1. Workflow for solving the HU problem: classical methodology.

2.5. Main references on hyper-spectral unmixing

Many reviews have been published in the last two decades con-
cerning HSI processing, with a particular focus on HU. This article 
aims to provide an updated contribution, along the lines of two key 
publications: Keshava and Mustard (2002) and Bioucas-Dias et al. 
(2012). Keshava and Mustard (2002) deal with dimensional reduction 
for HSIs, end member extraction, abundance estimation and distinction 
between linear and nonlinear mixing models. Bioucas-Dias et al. (2012) 
updates and expands (Keshava and Mustard, 2002) with a focus on the 
linear mixing model, introduced in Section 3.1: a taxonomy of linear 
unmixing methods for end member extraction and an introduction to 
sparse unmixing are provided. In the present work, novel methods, 
including sparse unmixing, nonlinear mixings, statistical modelling, 
neural networks (cfr. Sections 4 and 3.4.2) are included, and pub-
licly accessible and vastly utilised data-sets are surveyed. Concerning 
nonlinear models, two relevant reviews with a background in signal 
processing (viz. Heylen et al. (2014) and Dobigeon et al. (2013)), 
have been published. In particular, Heylen et al. (2014) illustrates 
nonlinear mixtures like bilinear and intimate ones, the Hapke model for 
unmixing intimate mixtures, and unmixing methods based on neural 
networks, kernel methods and support vector machines. Also, mani-
fold learning techniques and piecewise linear methods are considered. 
Finally, Bioucas-Dias et al. (2013) provides a broader picture of hyper-
spectral remote sensing, as it deals with unmixing and classification, 
but also with target detection, physical parameter retrieval and fast 
computing. Ghamisi et al. (2017) further updates (Bioucas-Dias et al., 
2013).

3. Classical methodologies

In this Section, the methods that have been utilised the most since 
the beginning of the HU field are outlined. Firstly, the mathematical 
models that represent the abundance of several minerals in the pixels of 
the Hyper-spectral cubes are explained (Sections 3.1 and 3.2). Whereas 
these could be known a priori, that is seldom the case, and hence the 
estimation of the number of end members and their extraction are also 
part of solving the HU problem, and are outlined in Sections 3.3 and
3.4. The overall workflow is summarised in Fig.  1.
3 
3.1. Linear mixing model

The linear mixing model is the most popular mixing model in the lit-
erature, especially for areal mixtures. Mathematically, it is constructed 
in a setting of linear combinations of vectors constrained to be positive 
and summing to one, namely the convex geometry. The following are 
some basic notions on said subject, based on Ambikapathi et al. (2011), 
Chan et al. (2009, 2011) and Bioucas-Dias et al. (2012). Consider a set 
of 𝑝 vectors {𝐯𝑘}𝑝𝑘=1 in R𝐵 . Their convex hull is defined as 

conv{𝐯1,… , 𝐯𝑝} =

{ 𝑝
∑

𝑘=1
𝜃𝑘𝐯𝑘 s.t.

𝑝
∑

𝑘=1
𝜃𝑘 = 1, 𝜃𝑘 ≥ 0 ∀𝑘

}

. (1)

A vertex of conv{𝐯1,… , 𝐯𝑝} is an extremal point of the hull. The 
conv{𝐯1,… , 𝐯𝑝} is denoted (𝑝 − 1)-simplex if {𝐯𝑘}𝑝𝑘=1 are affinely inde-
pendent, namely if {𝐯𝑘 − 𝐯1}

𝑝
𝑘=2 are linearly independent. In this case, 

its vertices coincide with {𝐯𝑘}𝑝𝑘=1.
Finally, the affine hull of {𝐯𝑘}𝑝𝑘=1 is defined as 

aff{𝐯1,… , 𝐯𝑝} =

{ 𝑝
∑

𝑘=1
𝜃𝑘𝐯𝑘 s.t.

𝑝
∑

𝑘=1
𝜃𝑘 = 1

}

. (2)

An HSI with 𝑛 pixels and 𝐵 spectral bands can be represented as 
𝐘 = [𝑦𝑖𝑗 ]𝑖,𝑗 = [𝐲1,… , 𝐲𝑛] in R𝐵,𝑛, where 𝑦𝑖𝑗 is the spectrum at band 
𝑖 of pixel 𝑗 and, thus, 𝐲𝑗 is the spectrum vector at pixel 𝑗. The linear 
mixing model (LMM) approximates each pixel spectrum 𝐲𝑗 with a linear 
combination of end member spectra, with the corresponding fractional 
abundances as weights (Bioucas-Dias et al., 2012): 

𝑦𝑖𝑗 =
𝑝
∑

𝑘=1
𝑚𝑖𝑘𝑥𝑘𝑗 +𝑤𝑖𝑗 , 𝑖 = 1,… , 𝐵 𝑗 = 1,… , 𝑛 (3)

where 𝑝 is the number of end members in the scene, 𝑚𝑖𝑘 is the spectrum 
at band 𝑖 of end member 𝑘, 𝑥𝑘𝑗 is the fractional abundance of end 
member 𝑘 at pixel 𝑗 and 𝑤𝑖𝑗 is an additive noise or modelling error at 
band 𝑖 of pixel 𝑗. Denoting by 𝐦𝑘 = [𝑚1𝑘,… , 𝑚𝐵𝑘]𝑇  the spectrum of end 
member 𝑘, 𝐌 = [𝐦1,… ,𝐦𝑝] the mixing matrix, 𝐰𝑗 = [𝑤1𝑗 ,… , 𝑤𝐵𝑗 ]𝑇  the 
noise spectrum at pixel 𝑗, and 𝐱𝑗 = [𝑥1𝑗 ,… , 𝑥𝑝𝑗 ]𝑇  the abundance vector 
at pixel 𝑗, Eq. (3) can be cast in vector form 
𝐲𝑗 = 𝐌𝐱𝑗 + 𝐰𝑗 , 𝑗 = 1,… , 𝑛. (4)

Thus, given a data matrix 𝐘, end member extraction estimates the 
mixing matrix 𝐌 (including the number of end members 𝑝), while 
abundance estimation retrieves the abundance vector 𝐱𝑗 for each pixel 
𝑗, relying on Eq. (3). Employing matrices 𝐗 = [𝐱1,… , 𝐱𝑛] and 𝐖 =
[𝐰1,… ,𝐰𝑛], that gather the abundance vectors and the noise vectors 
for all pixels respectively, Eq. (3) can also be cast in matrix form as 
𝐘 = 𝐌𝐗 +𝐖. (5)

Using the above notation, abundance non-negativity constraint and 
abundance sum constraint assumptions (see Sub Section 2.3) are re-
spectively cast as:
𝑥𝑘𝑗 ≥ 0, 𝑘 = 1,… , 𝑝, 𝑗 = 1,… , 𝑛

𝑝
∑

𝑘=1
𝑥𝑘𝑗 = 1, 𝑗 = 1,… , 𝑛.

Enforcing both, all the abundance vectors {𝐱𝑗}𝑛𝑗=1 lay in a (𝑝 − 1)-
simplex. Moreover, if the columns of 𝐌 are affinely independent, their 
convex hull is a (𝑝 − 1)-simplex in R𝐵 . Most algorithms based on 
LMM perform end member extraction by retrieving the vertices of such 
simplex.

Once the matrix 𝐌 has been extracted, a typical approach to retrieve 
the abundances 𝐱𝑗 at each pixel 𝑗 is to compute the least squares (LS) 
solution 
min
𝐱𝑗

‖𝐲𝑗 −𝐌𝐱𝑗‖2 (6)

where ‖ ⋅‖𝑞 is the 𝑞-norm in R𝐵 (Iordache et al., 2011). Imposing (3.1) 
on (6) yields the nonnegative constrained least squares (CLS) solution, 
while imposing both (3.1) and (3.1) yields the fully constrained least 
squares (FCLS) solution (Iordache et al., 2011).
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3.1.1. Bilinear models
As mentioned in Section 2.3, mixing is bilinear when light is as-

sumed to interact with two materials before reaching the sensor (Heylen
et al., 2014). The resulting interaction between the respective mate-
rials, with spectra 𝐦𝑘 and 𝐦ℎ, is modelled through a new spectrum 
𝐦𝑘 ⊙ 𝐦ℎ, consisting of the bandwise product of 𝐦𝑘 and 𝐦ℎ. As the 
bandwise product of the reflectances of more than two end member 
spectra yields very small reflectances, higher-order interactions are 
usually negligible. With the notation introduced in Section 2.3 and 
dropping the pixel index 𝑗 for simplicity, bilinear models express each 
pixel spectrum 𝐲 as 

𝐲 =
𝑝
∑

𝑘=1
𝑥𝑘𝐦𝑘 +

𝑝
∑

𝑘=1

𝑝
∑

ℎ=1
𝑥𝑘ℎ𝐦𝑘 ⊙𝐦ℎ + 𝐰 (7)

where {𝑥𝑘}𝑝𝑘=1 represent the abundances of the pure materials in a 
given pixel, while the properties and the interpretation of {𝑥𝑘ℎ}𝑘,ℎ
are model-dependent. The most relevant differences among the models 
are whether the abundance non-negativity and sum constraints are 
imposed only to {𝑥𝑘}𝑝𝑘=1 or to all the parameters and whether the 
self-interaction terms {𝑥𝑘𝑘}𝑝𝑘=1 are non-zero. The major drawbacks of 
bilinear models are the small magnitude of the interaction spectra, 
that may be confused with spectra caused by shadows, and the huge 
increase of the number of parameters to be estimated, that may cause
overfitting. The most relevant bilinear model is called generalised bilinear 
model (Halimi et al., 2011). It sets 𝑥𝑘ℎ = 𝛾𝑘ℎ𝑥𝑘𝑥ℎ, with {𝑥𝑘}𝑝𝑘=1
satisfying (3.1) and (3.1) conditions, while 𝛾𝑘ℎ = 0 if 𝑘 ≥ ℎ and 𝛾𝑘ℎ ∈
[0, 1] otherwise. Parameters are inferred using hierarchical Bayesian 
methods, featuring MCMC techniques.

3.2. Multilinear model

The multilinear model (Heylen and Scheunders, 2015) extends the 
bilinear model, introducing infinite interactions. This allows to cope 
with different mixing schemata, including linear and intimate ones, 
and in particular with mineral mixtures, where multiple reflections are 
more likely to happen. With respect to classic LMM, it introduces just 
one additional parameter 𝑃 , resulting in a simple model without risk 
of overfitting. Light is modelled as a ray that moves along different 
material particles as a Markov chain. 𝑃  represents the probability of 
interacting with a new particle, while each abundance 𝑥𝑗 is propor-
tional to the probability of hitting a particle of material 𝑗. Referring to 
the notation of Section 3.1, dropping the pixel index 𝑗 for simplicity, 
and neglecting the noise, the pixel reflectance 𝐲 is the sum over every 
existing path, that results to be 

𝐲 =
(1 − 𝑃 )

∑𝑝
𝑘=1 𝑥𝑘𝐰𝑘

1 − 𝑃
∑𝑝

𝑘=1 𝑥𝑘𝐰𝑘
(8)

where {𝐰𝑘}
𝑝
𝑘=1 are the SSA spectra of the end members, supposed 

known, and the division is performed component-wise. Actually, in 
remote sensing applications, small values of 𝑃  can be assumed, and 𝐰𝑘
can be replaced with the corresponding reflectance 𝐦𝑘. The quantities 
𝐱 and 𝑃  for each pixel are simultaneously retrieved minimising the 
reconstruction error of the pixel spectrum 𝐲

(𝐱̂, 𝑃 ) = argmin
𝐱,𝑃

‖

‖

‖

‖

‖

𝐲 −
(1 − 𝑃 )

∑𝑝
𝑘=1 𝑥𝑘𝐦𝑘

1 − 𝑃
∑𝑝

𝑘=1 𝑥𝑘𝐦𝑘

‖

‖

‖

‖

‖

2

2

(9)

enforcing non-negativity and sum constraints ((3.1) and (3.1)) for 𝐱
and 𝑃 < 1. The value of 𝑃  provides the level of nonlinearity at each 
pixel and the model is physically meaningful if 𝑃 ∈ [0, 1), being 𝑃  a 
probability. Actually, also negative values of 𝑃  can be accepted, as they 
are associated to an increase in the pixel reflectance with respect to the 
one obtained with LMM.
4 
3.3. Estimation of the number of end members

Most end member extraction methods require the number of end 
members 𝑝 to be a priori known. If 𝑝 is not known, it can be estimated 
through suitable techniques, that are roughly divided in three classes 
in Tao et al. (2021).

The first class consists of information theory-based algorithms, that 
employ criteria such as Akaike’s Information Criterion, Bayesian Infor-
mation Criterion and Minimum Description Length for model selection. 
Some of these methods may overestimate 𝑝 on real data (Chang and Du, 
2004). A second, small class consists of geometry characterisation algo-
rithms. In particular, at each iteration, the algorithms proposed by Am-
bikapathi et al. (2012) estimate a new end member spectrum using a 
greedy end member extraction algorithm, until a convex or affine hull 
with maximum volume is achieved, respectively. The third and most 
relevant class includes the eigenvalue thresholding methods, in which 
the estimate of 𝑝 depends on the result of an eigen-analysis of the pixel 
spectra. The most representative methods in this class are principal 
component analysis, noise-whitened Harsanyi–Farrand–Chang (Chang 
and Du, 2004), eigenvalue likelihood maximisation (Luo et al., 2012) 
and hyper-spectral signal subspace by minimum error (Bioucas-Dias 
and Nascimento, 2008).

Another very popular approach for estimating 𝑝 is HySime (Bioucas-
Dias and Nascimento, 2008), which belongs to the eigenvalue thresh-
olding methods and does not depend on any parameter. For related 
approaches, see Chang and Du (2004) and Luo et al. (2012). First, 
the noise is estimated from the data, which is used to approximate 
the signal and compute the signal and the noise sample correlation 
matrices. Next, a subspace spanned by 𝑝 eigenvectors of the sample 
signal correlation matrix is retrieved. This is done minimising the mean 
squared error (MSE) between the estimated signals and the projections 
in the subspace of the corresponding noisy spectra. Minimisation is 
performed with respect to 𝑝, yielding the chosen subset eigenvectors.

3.4. End member extraction with pure-pixel algorithms

Under the linear mixing model, the other key aspect is the availabil-
ity of end members that are to be (convexly) combined. Usually, these 
must be obtained from data. A diffuse approach is the one taken in 
geometrical pure-pixel algorithms. These are based on the pure-pixel hy-
pothesis (Bioucas-Dias et al., 2012): for each material in the scene, there 
exists at least one pixel containing that material only. These algorithms 
retrieve the data simplex selecting its vertices among the available pixel 
spectra. They are computationally light, but the pure-pixel hypothesis 
is strong, and may not hold in case of low spatial resolution or intimate 
mixtures. The most employed end member extraction algorithm based 
on pure-pixel hypothesis – and more in general on LMM – is vertex 
component analysis (VCA) (Nascimento and Dias, 2005b), unfolded 
later in this subsection.

Some pure-pixel methods are based on Winter’s belief, according to 
which the simplex having the pure pixel spectra as vertices has the 
highest volume with respect to any other combination of pixels. The 
most representative method of this class is N-FINDR (Winter, 1999), 
that progressively grows a simplex within the data cloud. A drawback 
of N-FINDR is that it is randomly initialised (Chang et al., 2006). Some 
methods are based on N-FINDR. For instance, the simplex growing algo-
rithm (SGA) (Chang et al., 2006) finds first the 2-simplex with maximum 
volume and at each step it adds an end member that maximises the 
q-simplex volume. Differently from N-FINDR, SGA is greedy, so it is 
computationally lighter. Finally, alternating volume maximisation (Chan 
et al., 2011) performs the simplex volume maximisation by changing 
just one end member per iteration. Notice that the actual volume of a 
(𝑝 − 1)-simplex in R𝐵 is null, so that the volumes mentioned above are 
meant as quantities computed through specific procedures, an instance 
of which is detailed in Section 3.4.2. There exist other successful pure-
pixel methods, that are not inspired by VCA or N-FINDR. The most 
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relevant is pixel purity index (PPI) (Boardman et al., 1995), included 
also in Environment for Visualizing Images (ENVI) software (Berman 
et al., 2004). All pixel spectra are projected into a huge number of 
random vectors, and the pixels whose spectra are extremal in most 
projections are selected as the purest.

3.4.1. VCA algorithm
VCA (Nascimento and Dias, 2005b) exploits the identification of 

the end members with the vertices of a (𝑝 − 1)-simplex and it searches 
for such vertices in the set of pixel spectra, relying on the pure-pixel 
hypothesis. Its performance is comparable to the one of N-FINDR, but 
it has a much lower computational complexity.

VCA is based on an extension of LMM Eq. (4)
𝐲𝑗 = 𝐌(𝛾𝑗𝐱𝑗 ) + 𝐰𝑗 , 𝑗 = 1,… , 𝑛. (10)

where 𝛾𝑗 ∈ [0,∞) is a scaling factor accounting for variable illumination. 
Thus, neglecting the noise, the pixel spectra belong to the convex cone 

𝑝 =

{ 𝑝
∑

𝑘=1
𝛾𝜃𝑘𝐦𝑘 s.t.

𝑝
∑

𝑘=1
𝜃𝑘 = 1, 𝜃𝑘 ≥ 0 ∀𝑘, 𝛾 ≥ 0

}

. (11)

The first step of VCA is dimensional reduction, that projects the data 
into the (𝑝−1)-dimensional affine subspace containing the (𝑝−1)-simplex 
with the end members as vertices. PCA or singular value decomposition
(SVD) are performed, depending on the estimated signal-to-noise ratio
of the data. After projection, at each iteration, the data are projected 
into a direction orthogonal to the already detected end members, and 
the extremal pixel spectrum is associated to a new end member. The 
idea underlying VCA is similar to the one of orthogonal subspace 
projection detection method (Harsanyi and Chang, 1994). It detects 
a target end member within a pixel by projecting the pixel spectrum 
first into an orthogonal subspace to some discarded spectra and then 
into the target end member. OSP requires all the spectra to be a 
priori known. Finally, some methods are derived from VCA, notably 
successive volume maximisation (Chan et al., 2011).

3.4.2. Geometrical minimum-volume algorithms
Geometrical Minimum-volume methods look for the simplex with 

minimum volume containing the pixel spectra (Bioucas-Dias et al., 
2012). To yield good estimates of the simplex, these methods need the 
presence of at least (𝑝−1) pixel spectra for each simplex facet (Iordache 
et al., 2011). However, they do not require the pure-pixel assumption, 
as the extracted end member spectra may not belong to the set of pixel 
spectra. A notable drawback is their higher computational burden with 
respect to the pure-pixel methods.

According to Bioucas-Dias et al. (2012), the volume mentioned 
above is obtained by projecting the pixel spectra in a 𝑝-dimensional 
subspace , determined through dimensional reduction techniques. 
Being 𝐏 the matrix with an orthonormal basis of  as columns, LMM 
holds in subspace  in the form: 
𝐲 = 𝐌𝐱 + 𝐰 (12)

where 𝐲 = 𝐏𝑇
𝐲, 𝐌 = 𝐏𝑇

𝐌, 𝐰 = 𝐏𝑇
𝐰 are the projections into the 

signal subspace of pixel spectrum, mixing matrix and noise spectrum 
respectively. Assuming that the columns of 𝐌 are affinely indepen-
dent, their convex hull is a (𝑝 − 1)-simplex as in the original space. 
A non-zero volume in R𝑝 can be achieved extending the simplex to 
the origin, though some alternatives are available. The most employed 
method in the minimum-volume class is the minimum volume constrained 
nonnegative matrix factorisation (Miao and Qi, 2007). It simultaneously 
determines the fractional abundances {𝐱𝑗}𝑛𝑗=1 and the end member 
spectra 𝐌 in the original spectral space by solving an optimisation 
problem which involves a two-terms objective function. The first term 
is the reconstruction error of the pixel spectra through the LMM (4), 
while the second is related to the volume of the simplex of the end 
member spectra. The method is computationally demanding, as it 
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exploits all the pixels in the image. A popular variant is 𝐿1∕2-NMF (Qian 
et al., 2011), that also solves a nonnegative matrix factorisation problem, 
where a sparsity enforcing term is used in place of the simplex volume 
term. 𝐿1∕2-NMF has been broadly studied in the HU field in the last 
decade, and many models with different constraints and regularisation 
terms have been introduced (Yao et al., 2019).

Another relevant minimum-volume method is simplex identification 
via split augmented Lagrangian (Bioucas-Dias, 2009), which achieves 
robustness with respect to noise employing soft positivity constraints 
on the abundances. Finally, a very similar algorithm is, minimum volume 
simplex analysis (Li et al., 2015).

3.4.3. Statistical algorithms
If the pure-pixel assumption is not satisfied and there are not at least 

(𝑝 − 1) pixel spectra per simplex facet, both pure-pixel and minimum-
volume methods fail. Statistical methods can cope with highly mixed 
scenarios, despite being more computationally intensive (Bioucas-Dias 
et al., 2012). Most statistical methods are Bayesian, where a prior 
distribution is assigned to the mixing matrix 𝐌 and to the fractional 
abundances 𝐗, a likelihood is assigned to the data matrix 𝐘, and the 
posterior distribution is computed using the Bayes formula. Suitable 
priors allow enforcing the non-negativity of spectra and abundances 
and other prior knowledge on the problem. The most representative 
among the Bayesian methods is Dobigeon et al. (2009), which works 
in a projected subspace . It employs a hierarchical Bayesian model, 
where conjugate priors are used for end members and abundances 
parameters, while non-informative priors are assigned to the hyper-
parameters of the parameters priors. The posterior is approximated 
through Markov-Chain Monte Carlo (MCMC) techniques, in particu-
lar a Gibbs sampler, and the posterior means of the parameters are 
estimated. Bayesian methods have been employed also for piecewise 
linear mixing models (Bioucas-Dias et al., 2012): assuming that different 
regions of the HSI include different sets of pure materials, these models 
retrieve a simplex for each of these regions. A notable example is
piecewise convex end member detection (Zare and Gader, 2010).

3.4.4. End member extraction: alternative algorithms
Whereas most HU methods treat HSIs as a collection of pixel spectra 

without exploiting any spatial information, a few methods consider 
such information, and they can be divided in two classes (Xu et al., 
2018). The first includes algorithms that are specifically designed to 
consider spatial information. The most notable example is the automatic 
morphological end member extraction (Plaza et al., 2002), which allows 
for both end member extraction and pixel-purity evaluation using 
mathematical morphology operators. Another notable method is spatial 
spectral end member extraction (Rogge et al., 2007). The second class 
includes pre-processing methods, that are applied before any other end 
member extraction technique to account for the spatial information. 
They usually select the most suitable pixels to be fed to such end mem-
ber extraction technique. For instance, spatial preprocessing (Zortea 
and Plaza, 2009) assumes that spectrally homogeneous areas are more 
likely to include useful pixel spectra for end member extraction. Thus, 
a pixel similarity metric is introduced, which promotes the search of 
end members in such areas.

3.4.5. Classical methodologies: comparative summary
An important question arises: which classical workflow should be 

chosen? For such purpose, two comparative and summarising tables 
are displayed below. Regarding the type of mixing, possibilities are 
linear, bilinear or multilinear. The advantage of the first is, apart from 
its interpretability, that constrained or fully constrained least squares 
methods are employed for a quick (computationally) model fitting, 
without the risk for over-fitting. Were interactions to be taken into 
account, one could either choose which ones to model in the bilinear 
schema, or else allow for potentially infinitely with the multilinear. 
One the one hand, the first would require careful prior elicitation, as 
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Table 1
Classical methodology comparison.
 Mixing Fitting Computational burden Model complexity 
 Linear CLS or FCLS Low Low  
 Bilinear Bayesian MCMC Low to mild Mild  
 Multilinear Error reconstruction Very high High  

Table 2
Endbember extraction comparison.
 End member selection Comp. burden Models spatial dependence 
 VCA Low No  
 Geometric min-volume High No  
 Statistical Model-dependent Yes  
 Alternative models Mild to high Yes  

model fitting is performed through bayesian methods such as MCMC, 
yet allowing at the same time the possibility to mitigate over-fitting 
with such chosen priors. The multilinear model is definitely more 
flexible, yet at the expense of heavy computational burden in solving 
the reconstruction error (9), and potentially leading to models which 
do not generalise well due to over-specification. See Table  1 for such 
comparison.

The other modelling choice are the end member selectors. VCA and 
Geometric Min-Volume algorithms, as seen above, are inspired directly 
on the linear mixing assumption, which makes them natural candidates 
in such setting. The choice of one over the other will naturally be case-
specific. Yet, statistical algorithms as well as alternative end member 
selectors exist: should they be used? If the mixing schema goes beyond 
the linear one, their consideration is direct, and what is more they 
may take into account the spatial dependence between contiguous 
pixels, leading to better solutions to the HU problem. See Table  2 for a 
summary of this comparison.

4. Alternative methodologies

4.1. Sparse unmixing

Sparse unmixing, described in Iordache et al. (2011) and Bioucas-
Dias et al. (2012), provides an alternative workflow to the classical 
one detailed in Section 2.2. It assumes that the pixel spectra are a 
linear combination of a few spectra from a large spectral library, namely 
a database of spectra, and it selects the ones that best approximate 
each pixel spectrum through LMM Eq. (4). It is denoted sparse because 
the number of end members in a scene is usually quite small, so that 
only few optimal spectra need to be selected from the library. The 
main benefit of sparse unmixing is that the end member extraction 
step is replaced by the use of a spectral library, so that only the 
abundance estimation step needs to be performed. A major drawback 
is that spectra from libraries and from HSIs are usually acquired in 
different conditions, thus some preprocessing on the pixel spectra often 
needs to be performed. Another drawback is that some spectra from 
libraries are usually similar. In particular, libraries show a very high
mutual coherence, namely the maximal cosine of the angle between 
any two spectral vectors from the library (Iordache et al., 2012). This 
complicates the search of sparse solutions for the abundance estimation 
problem.

Referring to the notation of the previous section, let 𝐌 include 𝑢
spectra with 𝐵 bands from a library, where usually 𝐵 < 𝑢. Neglect-
ing at first abundance non-negativity/sum constraints (cfr. (3.1) and 
(3.1)), the problem of approximating a pixel spectrum 𝐲𝑗 employing a 
minimum number of end members is 

min ‖𝐱𝑗‖0 s.t. ‖𝐲𝑗 −𝐌𝐱𝑗‖2 ≤ 𝛿 (13)

𝐱𝑗

6 
where ‖⋅‖0 is the number of non-zero elements, and 𝛿 > 0 is a threshold 
on the approximation error. Being (13) NP-hard, it is usually replaced 
with 
min
𝐱𝑗

‖𝐱𝑗‖1 s.t. ‖𝐲𝑗 −𝐌𝐱𝑗‖2 ≤ 𝛿. (14)

It can be shown that an equivalent formulation of (14) is 

min
𝐱𝑗

1
2
‖𝐲𝑗 −𝐌𝐱𝑗‖22 + 𝜆‖𝐱𝑗‖1 (15)

where 𝜆 > 0 is a Lagrange multiplier. Enforcing also the non-negativity 
constraints, problem ((14), (15)) is denoted constrained sparse regres-
sion (Bioucas-Dias and Figueiredo, 2010; Iordache et al., 2011; Bioucas-
Dias et al., 2012) or constrained basis pursuit denoising. The abundance 
sum constraint (3.1) is usually not enforced, because this would imply 
‖𝐱𝑗‖1 = 1, thus yielding an equivalent objective function for FCLS 
problem.

Sparse unmixing by splitting and augmented Lagrangian (SUnSAL) 
algorithm, detailed in Bioucas-Dias and Figueiredo (2010), solves prob-
lem (15) for 𝜆 ≥ 0. It is based on the alternating direction method of 
multipliers, that performs variable splitting and solves a constrained 
problem through the augmented Lagrangian method. Minor modifica-
tions to the algorithm allow enforcing both abundance non-negativity 
(3.1) and abundance sum (3.1) constraints, so that SUnSAL is able to 
solve many important problems: constrained least squares (CLS) is solved 
setting 𝜆 = 0 and enforcing (3.1); fully constrained least squares (FCLS) is 
solved additionally enforcing (3.1). Constrained basis pursuit denoising is 
solved by choosing a positive 𝜆 and enforcing (3.1). The complexity per 
iteration is (𝑢2), so it heavily depends on the cardinality of the spectral 
library. As each pixel is processed independently, parallel computing
techniques can also be employed to speed up the unmixing (Iordache 
et al., 2011).

4.1.1. Improvements on SUnSAL
Two very successful improvements on SUnSAL algorithm have been 

proposed, each coping with some weaknesses of the method, in particu-
lar with the high mutual coherence of the spectral libraries. The first is
sparse unmixing via variable splitting augmented Lagrangian and total varia-
tion, that accounts for the spatial information of the HSI (Iordache et al., 
2012). In particular, it introduces the total variation regularisation term 
in the objective function, which promotes spatial homogeneity, so that 
the abundance of each end member varies regularly in nearby pixels. 
With the notation introduced in the previous section, let ‖ ⋅ ‖𝐹  denote 
the Frobenius norm, 𝜆 and 𝜆𝑇𝑉  be two nonnegative parameters and 𝜖
be the set of {𝑖, 𝑗} indices of two horizontally or vertically neighbouring 
pixels. Moreover, let
TV(𝐗) =

∑

{𝑖,𝑗}∈𝜖
‖𝐱𝑖 − 𝐱𝑗‖1

be the TV regularisation term. Then the following optimisation problem 
is solved:

min
𝐗

1
2
‖𝐘 −𝐌𝐗‖2𝐹 + 𝜆

𝑛
∑

𝑖=1
‖𝐱𝑖‖1 + 𝜆𝑇𝑉 TV(𝐗) s.t. 𝑥𝑘𝑗 ≥ 0 ∀𝑘, 𝑗.

Notice that constraint (3.1) is not enforced, and that setting 𝜆𝑇𝑉 = 0
yields the same objective function of (15), as optimisation can be per-
formed pixel-wise. It is again based on the alternating direction method 
of multipliers method.

The second improvement is collaborative SUnSAL (Iordache et al., 
2013a). It assumes that all the pixels are occupied by a small number of 
end members, equal for all pixels. Consequently, it limits the number of 
end members that are active in at least one pixel, which coincides with 
the number of non-zero rows of the abundance matrix 𝐗. Let 𝐱𝑘 be the 
𝑘th row of matrix 𝐗. Then the optimisation problem called constrained 
collaborative sparse regression is solved: 

min ‖𝐘 −𝐌𝐗‖2𝐹 + 𝜆
𝑝
∑

‖𝐱𝑘‖2 s.t. 𝑥𝑘𝑗 ≥ 0 ∀𝑘, 𝑗. (16)

𝐗 𝑘=1
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Fig. 2. Workflow for solving the HU problem: sparse unmixing.

this method again employs alternating direction method of multipliers
method and, differently from SUnSAL, it cannot perform pixelwise 
optimisation, due to the second summand in (16). Moreover, it employs 
only one parameter, thus easing the parameter tuning.

A successful improvement of the latter is the so-called MUSIC-CSR
method, that suitably prunes the spectral library before performing 
collaborative sparse unmixing (Iordache et al., 2013b). As a result, 
the library mutual coherence is decreased and the unmixing process 
is speeded up.

In Fig.  2, the methodology with sparse unmixing is summarised. Dif-
ferently from the classical one cfr. Fig.  1, the end members are known, 
yet the pre-processing step is required, as well as the constrained 
basis pursuit denoising. In this setting, the mixing models reviewed in 
Section 3 are not applicable anymore, so the spectral gathering phase 
is carried out differently, as explained next.

4.2. Nonlinear mixing models

Nonlinear unmixing methods, mentioned in Section 2.3, are not as 
popular as the linear ones (Bioucas-Dias et al., 2012), but they can 
prove effective in case LMM does not hold. They can be divided 
in data-driven techniques, that work directly on the data cloud, and
physics-based techniques, that model the interaction of the light with 
the ground (Heylen et al., 2014). Data-driven unmixing methods in-
clude neural networks (NNs), kernel methods and support vector machines
(SVMs), while physics-based methods usually retrieve the abundances 
under specific mixing models, notably bilinear or intimate ones. Focus-
ing on physics-based methods, they usually require the end member 
signatures to be known a priori. Moreover, they are usually designed 
just for one mixing model, either bilinear or intimate, thus some prior 
knowledge of the region to be unmixed is required (Bioucas-Dias et al., 
2012). end member extraction in the nonlinear framework is rarely 
performed, for instance in Heylen et al. (2010) that exploits manifold 
learning.

4.2.1. Intimate mixtures and the Hapke model
The reader may recall intimate mixtures, introduced in Section 2.3, 

which happen when light interacts with particles of different materi-
als several times (Heylen et al., 2014). Such interaction depends on 
the SSAs (single scattering albedos) of the particles, cfr. Section 2.1. 
Though many models describe the light behaviour on particulate sur-
faces, like Shkuratov model (Shkuratov et al., 1999), the most relevant is 
7 
Hapke model (Hapke, 1981), which provides a relation between bidirec-
tional reflectance 𝐲 and SSA 𝐰. In particular, under further assumptions 
like the isotropy of particles scattering and the particles’ sphericity, such 
relation is well approximated by 

𝑦𝑖 =
𝑤𝑖

(1 + 2𝜇
√

1 −𝑤𝑖)(1 + 2𝜇0
√

1 −𝑤𝑖)
(17)

where 𝑦𝑖, 𝑤𝑖 are the components of 𝐲 and 𝐰 respectively, and 𝜇, 𝜇0
are the cosines of the angles that the outgoing and incoming radiations 
form with the normal to the surface respectively. Notably, relation (17) 
is invertible. As the SSAs depend only on the first particle hit by light, 
the SSAs {𝐰𝑘}

𝑝
𝑘=1 of materials mix linearly in intimate mixtures (Heylen 

et al., 2014). Namely, the measured SSA 𝐰 at a given pixel is

𝐰 =
𝑝
∑

𝑘=1
𝑥𝑘𝐰𝑘

where 𝑥𝑘 is the fractional abundance of material 𝑘 at that pixel. Conse-
quently, a strategy to unmix intimate mixtures is to convert reflectances 
into SSAs and then perform abundance estimation using the LMM in the 
SSAs.

4.2.2. Kernelised linear methods
Some nonlinear abundance estimation methods employ kernel func-

tions to generalise LMM. One notable example is the kernel fully con-
strained least squares (KFCLS) method (Broadwater and Banerjee, 2009; 
Broadwater et al., 2007; Broadwater and Banerjee, 2010, 2011), in 
which the scalar products in the LS objective function (6) are replaced 
with suitable kernel functions 𝐾(⋅, ⋅), after applying bi-linearity. Con-
sequently, with the above-introduced notation and dropping the pixel 
index 𝑗 for simplicity, the obtained optimisation problem is 

𝐱̂ = argmin
𝐱

1
2
(𝐾(𝐲, 𝐲) − 2

𝑝
∑

𝑘=1
𝑥𝑘𝐾(𝐲,𝐦𝑘) +

𝑝
∑

𝑘=1

𝑝
∑

ℎ=1
𝑥𝑘𝑥ℎ𝐾(𝐦𝑘,𝐦ℎ)). (18)

Abundance non-negativity is usually enforced, while some modifica-
tions on (18) are required for the sum constraints (3.1). Apart from the 
classical scalar product and the radial basis function, two interesting 
kernels are proposed, each including some physical knowledge in the 
unmixing process. The first is 𝐾 (1)(𝐲1, 𝐲2) = 𝛷(𝐲1)𝑇𝛷(𝐲2), a scalar 
product after a mapping 𝛷(⋅) into the SSA spectrum. 𝐾 (1) is suitable 
for unmixing intimate mixtures, as SSAs mix linearly in this scenario. 
The second kernel is 
𝐾 (2)

𝛾 (𝐲1, 𝐲2) = (1 − 𝑒−𝛾𝐲1 )𝑇 (1 − 𝑒−𝛾𝐲2 ) (19)

where the exponential and the sum are performed component-wise. 
𝐾 (2)

𝛾  is suitable for linear unmixing for 𝛾 small, while it is similar to 𝐾 (1)

for 𝛾 large. 𝛾 is chosen for each pixel minimising the objective function 
in (18) jointly with respect to 𝛾 and 𝐱. Thus, 𝐾 (2)

𝛾  allows to unmix both 
linear and intimate mixtures, and the value of 𝛾 at each pixel suggests 
the kind of mixing at that pixel. A major drawback of this approach 
is that, despite applying a nonlinear distortion to each end member, it 
does not keep into account the possible nonlinear interactions between 
them (Chen et al., 2012).

4.3. Advances in hyper-spectral unmixing

The most recent directions of research in the hyper-spectral unmix-
ing field are (i) end member variability, and (ii) unmixing with neural 
networks. These two lines are here overviewed.

Spectral variability is the effect for which different measured spectra 
of the same material may differ (Hong et al., 2018). This effect, which 
may impact negatively on the result of LMM, is usually due to differ-
ences in illumination, atmospheric effects and material variability. A 
complete review article on spectral variability is available (Borsoi et al., 
2021). An unmixing method keeping spectral variability into account 
is extended linear mixing model, that introduces a scaling factor for each 
end member spectrum at each pixel (Drumetz et al., 2016). The most 
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popular abundance estimation method that considers spectral variabil-
ity is augmented linear mixing model  (Hong et al., 2018). It models 
different sources of spectral variability, including scaling factors. The 
additional sources are modelled through a set of 𝓁 variability spectra, 
called spectral variability dictionary. The model is: 
𝐘 = 𝐌𝐗𝐒 + 𝐄𝐁 +𝐖 (20)

where 𝐒 is a diagonal matrix containing the scaling factors of each pixel, 
𝐄 = [𝐞1,… , 𝐞𝓁] is the spectral variability dictionary and 𝐁 = [𝐛1,… ,𝐛𝑛]
contains the coefficients of the variability spectra in each pixel. The 
mixing matrix 𝐌 is supposed known, while the remaining matrices are 
retrieved minimising 

min
𝐗,𝐁,𝐒,𝐄

1
2
‖𝐘−𝐌𝐗𝐒−𝐄𝐁‖2𝐹 +𝛷(𝐗)+𝛹 (𝐁)+𝛤 (𝐄) s.t. 𝐗 ≥ 0,𝐒 ≥ 0 (21)

where the inequalities are meant component-wise. 𝛷, 𝛹 , 𝛤  summands 
enforce prior knowledge in the unknowns’ estimation. In particular, 𝛷
promotes sparsity in the abundances and 𝛤  pushes {𝐞𝑗}𝓁𝑗=1 to be distin-
guishable from the employed end member spectra and orthogonal.

Another recent direction of research is the use of Neural Networks 
(NN) in HU. Two architectures have been mostly inspected up to now. 
The most relevant one is the autoencoder, a NN that allows to learn 
a compressed representation of the input in unsupervised way. It is 
composed by an encoder, that yields such representation, followed by 
a decoder, that reconstructs the original input. These architectures are 
usually employed both for end member extraction and abundance esti-
mation. For instance, Palsson et al. (2018) employs just one layer with 
linear activation function for the decoder part, so that the abundances 
are identified with the compressed representation, while the end mem-
ber spectra are identified with the weights of the decoder, according 
to the LMM. A successful instance of autoencoder-based architecture 
is DAEN, that estimates end members and abundances respecting the 
abundance non-negativity and sum constraints (Su et al., 2019). A less 
employed architecture is the convolutional neural network (CNN). An 
example is Zhang et al. (2018), that performs abundance estimation. 
First, the features are extracted through a CNN, then they are fed to 
a multilayer perceptron and, finally, the outputs of the last layer are 
scaled to obtain fractional abundances.

4.4. Open problems in hyper-spectral unmixing

It can be evinced from what has been discussed so far, both in 
classical and alternative methodologies, that the key components in 
models which address the HU problem are the following:

• Assumptions on how the minerals are mixed
• Choices on the number, type and minerals themselves; whether 
they are given or estimated from data.

In our view, difficult and open problems that are to solve typically 
lie in one of these two components. These include:

• Model diagnostics and testability of model assumptions. As 
it has been shown throughout this article, models are usually 
applied by checking whether their suppositions are reasonable 
in a given context. However, in the literature of Hyper-spectral 
unmixing, a gap to fill would be to develop either tests that 
from the available data quantify the probability of fulfilling them. 
To our knowledge, only in the case of statistical models it is 
indirectly satisfied through hypothesis testing, cfr. Cressie (2015).

• Uncertainty quantification Whereas also present implicitly in 
Bayesian models, such element is crucial after having fit a model. 
In Iordache et al. (2011), for instance, the goodness of the model 
is demonstrated through simulations and a qualitative check with 
a known hypercube. Yet when satellites are sent to space, celestial 
bodies are observed for the first time, and models will be applied 
insofar as scientists will be able to trust them.
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• Bridging remote sensing and Hyper-spectral unmixing. As 
seen in Section 4.3, a plethora of algorithms and methods are 
rapidly growing in the closely related field of remote sensing. 
The applications are usually different and the objective is not 
necessarily to unmix minerals, yet they always work with a hyper-
spectral cube. We deem tapping into the more general remote 
sensing field as a challenge that is to be completed.

• Transfer learning Neural networks are nowadays ubiquitous in 
science, yet they require large amounts of data. What about the 
HU problem, where only a (hyper-spectral) image of a single 
celestial body is observed? Spatial statistics has usually dealt with 
such case, like in Cressie (2015), yet a clear methodology of 
training models putting together many images of different planets 
appears to us as an important challenge which could be fruitful.

5. Datasets review

5.1. Spectral libraries

As mentioned several times in the previous Section 2, sometimes 
end members are not to be estimated as reference spectra are provided. 
A set of available reference spectra, usually measured under similar 
conditions, is called a spectral library. Many scientific institutions pro-
vide spectral libraries. Many libraries include spectra of minerals and 
rocks, and some are entirely devoted to them. These are particularly 
suitable for mineralogical applications, which are the main focus of this 
work. Currently, the most relevant spectral libraries are United States 
Geological Survey (USGS) and ASTER/ECOSTRESS (Xie et al., 2022). 
Table  3 gathers the main features of the libraries reviewed in this work.

USGS Spectral Library supports the United States Geological Survey 
(USGS) in its research (Kokaly et al., 2017). It is used to interpret 
spectra from laboratory, field, airborne, orbital instruments, with appli-
cations to remote identification and mapping of materials. It contains 
reflectance spectra of many materials, including minerals, rocks, soils, 
liquids, water, vegetation. Such spectra are measured both through lab-
oratory, field and airborne spectrometers. Its spectra are adapted to the 
spectral characteristics of AVIRIS as computed by NASA in 1997, when 
Cuprite image was acquired (cfr. Section 5.2). Consequently, its band 
wavelengths, provided in μm, almost coincide with the ones of said im-
age. Spectra are grouped into thematic folders called chapters (Kokaly 
et al., 2017), of which only ChapterM contains spectra of minerals, 
mostly in the spectral range from 0.4 μm to 2.5 μm. A sample of spectra 
from such set are plotted in Fig.  3. In some cases, measurements of the 
same mineral sample with different spectrometers are available. Chap-
terS contains spectra of soils, rocks and mineral mixtures. Moreover, 
each spectrum has an associated degree of reliability.

The ECOSTRESS spectral library O comes from the contribution of 
three institutions: Johns Hopkins University, Jet Propulsion Laboratory
(JPL) and USGS. Originally called ASTER library (Baldridge et al., 
2009), it has become the ECOSTRESS library (Meerdink et al., 2019) 
with the inclusion of spectra of vegetation. It includes bidirectional 
and hemispherical reflectance spectra of a wide range of materials, 
including minerals, rocks, meteorites, lunar and terrestrial soils. Also 
water, snow, ice and vegetation are included. The library supports 
ASTER and ECOSTRESS researches, in the field of remote sensing.

The ASU spectral library (Christensen et al., 2000) is provided by 
the Christensen Research Group at Arizona State University. It contains 
emission spectra of many minerals, rocks, soils, regoliths and mete-
orites. Such spectra are meant to be compared with spectra measured 
through planetary spacecrafts or airborne instruments, with a focus 
on the ones of Martian surface materials, measured by the Thermal 
Emission Spectrometer (TES) on Mars.

Another key library is the Berlin emissivity database (BED) (Ma-
turilli et al., 2008), which contains emission spectra of many minerals, 
including many Martian analogues, and also volcanic and lunar high-
land soils. Its strength is that spectra of each sample are measured for 



A.G. Zapiola et al. Applied Computing and Geosciences 28 (2025) 100297 
Table 3
Main features of the most relevant spectral libraries.
 N◦ Name N◦ of samples Spectral bands (wavelengths)  
 01 USGS Spectral Library Version 7 >2400 (samples) 0.2-200 μm (ultraviolet - far infrared) 
 02 ECOSTRESS (ASTER) spectral library >3400 (samples) 0.35-15.4 μm  
 03 ASU spectral library >150 (samples) 5-45 μm (thermal infrared)  
 04 Berlin emissivity database (BED) >20 (minerals) 7-22 μm (thermal infrared)  
 05 PTAL project >100 (samples) 0.99-3.6 μm (near-infrared)  
 06 NMC spectral library >590 (samples) VIS-NIR-SWIR  
 07 PDS Geosciences Node spectral library >11 000 (samples) UV–Visible-NIR-MIR-FIR  
Fig. 3. Plot of 10 randomly chosen spectra from Chapter M of the USGS 
spectral library.

four different particle sizes: <25, 25–63, 63–125 and 125–250 μm. This 
makes BED more suitable for planetary exploration than ASU, which 
instead features too large grain sizes (700-1100 μm).

The Planetary Terrestrial Analogues Library (PTAL) (Loizeau et al., 
2020) contains many spectra of Earth rock samples, comprising Martian 
analogues. It can be applied for remote sensing, with a focus on Mars 
surface, as the measured samples were chosen while considering the 
current geological knowledge of Mars.

Another relevant example is the NMC spectral library (Percival 
et al., 2018) includes samples from the National Mineral Reference 
Collection (NMC) of the Geological Survey of Canada. It contains 
reflectance spectra of many minerals, with a particular focus on pure 
clay minerals. Many different spectral samples of the same mineral are 
included, thus providing an idea of the variability of the spectra of a 
given mineral.

Furthermore, NASA’s PDS spectral library (NASA Planetary Data Sys-
tem, 2024) contains spectra from different institutions, the most rel-
evant of which is the Reflectance Experiment Laboratory. It stores 
spectra of many materials, notably lunar and Mars meteorites, returned 
lunar samples and terrestrial samples.

5.2. Hyper-spectral cubes

Hyper-spectral cubes are the main dataset in the HU mixing prob-
lem. As stated above (cfr. Section 2), they are an image whose pixels 
contain (ideally) measured reflectance at different wavelengths. In most 
papers on HU, the proposed algorithms are tested both on synthetic 
data and on real hyper-spectral cubes. Some of the latter are quite 
recurrent, in particular concerning the search of minerals and rocks 
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in arid regions. These are usually similar also to the observed ones in 
celestial bodies, so in practice HU algorithms are designed for both. 
Naturally, working with Earthly hypercubes has the advantage of being 
able to check whether the unmixing algorithm works, whereas direct 
exploration would be required for celestial bodies.

5.2.1. AVIRIS imagery
The Airborne Visible/Infrared Imaging Spectrometer (AVIRIS), de-

veloped at the JPL, is an optical sensor that captures calibrated radiance 
images in 224 spectral bands. Wavelengths ranges span from 400 nm 
to 2500 nm, with a separation between central bands of around 10 nm. 
Cubes are acquired mostly in the United States, and some of them are 
provided also in atmospheric-corrected reflectance (Zortea and Plaza, 
2009). Most HU algorithms are tested on AVIRIS imagery.

In particular, AVIRIS Cuprite file cube represents a standard case 
study in HU, being the most analysed HSI in the field. It has been 
acquired in June 1997 on Cuprite mining area, Nevada (USA). Each pixel 
covers an area of approximately 20 m × 20 m (Rogge et al., 2007). 
This HSI is particularly suitable for testing HU methods because Cuprite 
region features a wide variety of minerals, and is mineralogically well 
known (Swayze et al., 1992). The image (using the absorbance at only 
three wavelengths) is displayed in Fig.  4. Moreover, advanced spectro-
scopic analyses of the region employing expert knowledge have been 
performed by USGS, resulting in mineral maps that can be qualitatively 
compared with the results of this work (Swayze et al., 2014; Clark et al., 
2003).

Other AVIRIS data include the following. AVIRIS Moffett Field (Do-
bigeon et al., 2009) covers Moffett Field, California (USA), featur-
ing both rocky and urban areas. Captured in 1997, it is employed 
for unmixing with both linear and nonlinear methods. AVIRIS Indian 
Pines (Nascimento and Dias, 2005a) covers Indian Pine Test Site, 
Indiana (USA), consisting in a mixture of agricultural and forest ground. 
It has been captured in 1992, and it has a ground pixel resolution 
of 17 m. It has been applied in few papers dealing with classical 
unmixing methods. AVIRIS Lunar Crater Volcanic Field (Heinz et al., 
2001) covers an area in Northern Nye County, Nevada (USA). Lastly,
AVIRIS Oatman (Berman et al., 2004) covers the semiarid Oatman area 
in Arizona (USA). It features many exposed minerals, that are present 
in different proportions, and different brightness conditions.

5.2.2. Mars imagery
Many HSIs of Mars surface are available, captured by the Compact 

Reconnaissance Imaging Spectrometer for Mars (CRISM) and by the 
spectrometers of the Observatoire pour la Minéralogie, l’Eau, les Glaces 
et l’Activité (OMEGA).

CRISM is meant to map the entire Mars surface (Murchie et al., 
2007). It is on board of the Mars Reconnaissance Orbiter (MRO) 
spacecraft, launched by NASA in 2005. Images acquired in targeted 
mode feature a spatial resolution of up to 18 m per pixel and a spectral 
resolution of 6.5 nm per channel, with channels ranging from 362 
to 3920 nm (Ceamanos et al., 2011). Moreover, a spectral library 
of Martian analogues is available online for comparison with CRISM 
imagery.

A typically used CRISM image is the one named frt000042aa, ac-
quired in July 2009. It covers the Mars Russell mega dune, which 
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Fig. 4. Visualisation of the AVIRIS Cuprite hyper cube downscaled to three (red, green, blue) colours. Downscaling was implemented with MATLAB Image 
Processing Toolbox Hyperspectral Imaging Library (MathWorks Image Processing Team, 2024).  (For interpretation of the references to colour in this figure 
legend, the reader is referred to the web version of this article.)
has been carefully studied. Moreover, high spatial resolution images 
of the region have been acquired through HiRISE camera, and they 
have been used to build a reliable ground truth to test the unmixing 
methods (Ceamanos et al., 2011).

OMEGA is on the Mars Express (MEX) orbiter of ESA, launched in 
2003 (Bibring et al., 2004; Liu et al., 2018). It features 352 contiguous 
bands in the range 0.38-5.1 μm and a spatial resolution of less than 350 
m per pixel.

An instance of OMEGA image is ORB0041 image, covering Mars 
south polar cap. This area has been carefully studied, concluding that 
3 main chemical species are present (H2O ice, CO2 ice and mineral dust) 
and that intimate mixtures dominate the area.

5.2.3. Further datasets
There are other well-renowned datasets which despite being used 

also in some unmixing papers, are probably more suitable for pixel-wise 
classification techniques, mostly due to their high spatial resolution. 
Moreover, they cover urban areas, so they are not suitable case studies 
for mineral research. Among these, we mention Urban (Zhu et al., 
2014) that was acquired in October 1995 by HYDICE and covers 
the area of Copperas Cove, Texas (USA). It is oftentimes employed 
in HU papers, also in most recent ones dealing with NNs and NMF, 
despite its high spatial resolution (2 m per pixel). Finally, CASI Hous-
ton, acquired in June 2012 by CASI imager, covers the University of 
Houston campus with 2.5 m of spatial resolution, while ROSIS Pavia, 
acquired by ROSIS-03 airborne instrument, covers the University of 
Pavia campus (Ghamisi et al., 2017). Both are rarely employed in 
unmixing papers.
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6. Discussion and further outlooks

In this work we have provided an updated literature review about 
hyper-spectral unmixing. We started with the problem definition, i.e.
stating what a mixing model is and characterising it by its constraints. 
Next, we reviewed the classical workflow: linear mixing is assumed, 
and using end members – which in turn can be estimated in several 
ways – fractional abundances at each pixel are estimated. We also 
covered alternative methodologies, namely sparse unmixing, nonlinear 
mixing and the utilisation of other techniques such as statistical models 
and neural networks. Such section was followed by a survey of the most 
important datasets in this setting, which are the hyper-spectral cubes 
themselves and the spectral libraries, which are not strictly necessary 
but provide a reference of the end members to look for, instead of 
extracting them from the data.

6.1. Summary

We deem relevant to share the following remarks:

• Hyper-spectral unmixing is a problem which is pertinent to differ-
ent researchers and is in that an interdisciplinary problem. Phys-
ical, statistical, information-theoretic, geological models, among 
others, are employed. Efficient and effective algorithms have been 
devised and others are being proposed for their computation. 
Therefore, a correct approach to solve this problem must be a 
global one which considers contributions from all the fields that 
address it.

• A key assumption in the classical methodology (see Section 2) 
is the linear-mixing, which is guaranteed in the case of areal 
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mixtures. Whereas it is convenient for its simplicity and inter-
pretability, in the literature it has been verified that such model 
does not necessarily reflect the actual phenomenon. Hence, a step 
further in the direction of nonlinear mixing should be encouraged, 
although we recognise the challenge since most of the literature 
focuses on linear mixing.

• We noticed that a significant number of end member extraction 
algorithms work with the pure-pixel hypothesis. We saw in Sec-
tion 3.4.4 procedures which do not have such assumption, and 
in particular (Plaza et al., 2002) use classic image processing for 
both end member extraction and pure pixel evaluation. Meth-
ods that explicitly evaluate the pure-pixel assumption should be 
explored further. This may also include, e.g., specific statistical 
testing on the pure-pixel hypothesis.

6.2. Recommendations for future research

The open problems we have identified were (cfr. Section 4.4): 
model diagnostics and testability of model assumptions, uncertainty 
quantification, bridging further the HU literature with the broader 
remote sensing literature, and transfer learning.

• The uncertainty in the outputs of the models and/or algorithms 
applied to hyper-spectral cubes is seldom shown. Yet, this is 
valuable information to evaluate the goodness of a model in the 
absence of a ground truth, which is generally missing, apart from 
the Cuprite and other very specific cases. While (parametric) sta-
tistical models such as linear mixing fitted with (fully) constrained 
least squares tend to provide estimates of the variance of the 
parameters’ estimates, the literature has been poor in terms of 
uncertainty quantification. We see this as a broad yet almost 
unexplored research field. A solution could be adapting (White 
et al., 2022)’s work, who work with a similar data set. At each 
pixel, they observe a reflectance curve. Through Bayesian models 
for both these functions and their spatial dependence, they pro-
vide an estimate for their distribution, as well as the uncertainty 
quantification in the fitted parameters. Simulating from the fitted 
model could yield data to combine with an end member selection 
method, having as a by-product the uncertainty estimate of the 
Monte Carlo method.

• As a last remark, and knowing that hyper-spectral unmixing is 
indeed an interdisciplinary problem, the intersection of spatial 
statistics, image processing and computer vision should be further 
investigated. For example, neural networks have been used for 
this problem (see Section 4.2). Combining NNs and statistics, has 
been recently done, in Zammit-Mangion et al. (2024), who obtain 
uncertainty estimates besides (abundance) predictions. Ideally, 
a library of Hyper-spectral cubes could be created, and deep 
(Bayesian) Neural Networks could be trained on them. Then, the 
pipeline upon receiving a new hypercube of a new celestial body, 
for example, would just require fine-tuning the learnt network to 
the latest cube. As such, the integration of these fields, in the view 
of the authors, has clear potential for an improved modelling and 
estimation framework in the context of this work.
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