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Abstract 8 

The shear strength of reinforced concrete (RC) elements can be improved by applying externally bonded 9 

(EB) fiber-reinforced cementitious matrix (FRCM) composites. FRCM composites are generally U-10 

wrapped around the cross-section of RC beams and completely wrapped around the cross-section of RC 11 

columns. When the U-wrapped layout is employed, composite debonding usually occurs before the 12 

tensile strength of the composite can be attained. However, depending on the specific FRCM adopted, 13 

different failure modes can be observed. Although the use of FRCM composites to strengthen existing 14 

RC members is gaining popularity, limited work has been done to formulate a reliable design procedure 15 

for FRCM shear strengthening of RC members. In this paper, a model is proposed to compute the shear 16 

strength contribution of FRCM composite U-wrapped around RC members. The model, which is an 17 

extension of the model used for fiber-reinforced polymer (FRP) shear strengthened beams, is based on 18 

mechanical considerations, does not contain empirical coefficients, and can be applied to any FRCM 19 

composite provided that its bond behavior and tensile strength are identified. The model is validated by 20 

comparing the analytical predictions with the experimental results of RC beams strengthened in shear 21 
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with PBO and carbon FRCM composites found in the literature. Finally, an example of the evaluation of 22 

the shear capacity associated with the FRCM reinforcement is provided to illustrate the use of the model.  23 

 24 

Introduction  25 

Inorganic-matrix composites represent a promising alternative to organic-matrix composites for 26 

strengthening existing reinforced concrete (RC) and masonry structures. Within the broad category of 27 

inorganic-matrix composite materials, fiber-reinforced cementitious matrix (FRCM) composites have 28 

been gaining popularity in recent years as externally-bonded (EB) strengthening of RC structural 29 

elements. FRCM composites are typically comprised of high-strength open-mesh fiber textiles embedded 30 

within a cementitious matrix that is responsible for the stress-transfer between the fibers and the 31 

substrate. FRCM composites might be preferred to well-known fiber-reinforced polymer (FRP) 32 

composites in certain applications because they have good chemical and physical compatibility with the 33 

substrate and allow its transpiration, do not suffer from exposure to sunlight, and do not produce toxic 34 

smoke in the case of fire (ACI 549.4R 2013).  35 

Experimental research has proven that FRCM composites may be used as EB reinforcement to enhance 36 

the bending (Täljsten et al. 2007, Hashemi and Al-Mahaidi 2012, Babaeidarabad et al. 2014, Sneed et al. 37 

2016), shear (Tetta et al. 2015, Ombres 2015, Escrig et al. 2015, Loreto et al. 2015, Tzoura and 38 

Triantafillou 2016, Gonzalez-Libreros et al. 2017), and torsional (Alabdulhady and Sneed 2018) strength 39 

of RC beams and columns and to improve the behavior of RC elements mainly subjected to axial loads 40 

(Di Ludovico et al. 2010, Thermou et al. 2015, Sneed et al. 2017). Although FRCM composites have 41 

been employed to strengthen real concrete and masonry structures (D’Ambrisi et al. 2015), limited work 42 

has been carried out to provide design procedures for these materials. Different authors have proposed 43 

analytical models to compute the flexural strength of RC beams (Bencardino et al. 2018), masonry walls 44 

(D’Antino et al. 2018), and masonry arches (Alecci et al. 2016, Alecci et al. 2017) strengthened with EB 45 



3 

 

FRCM. Currently the only available design guideline is the American ACI 549.4R (2013), in which the 46 

provisions are based on mechanical characterization of the FRCM composite by means of tensile tests 47 

using the clevis-grip method (AC434 2013). 48 

For the case of EB FRP composites, the shear strength of strengthened RC elements, Vu, is generally 49 

computed by adding the contribution provided by the composite material, Vf, to the shear strength of the 50 

unstrengthened element, Vun (ACI 440.2R 2017, CNR-DT 200 2004, CNR-DT 200 R1 2013) as shown 51 

in Eq. (1): 52 

 u un fV V V    (1) 53 

Vf is generally computed according to the Mörsch truss (Khalifa et al. 1998): 54 

  2 σ cot θ cotβ sinβ
f

f fe f fe

f

w
V n t d

i
    (2) 55 

where n is the number of layers of composite reinforcement applied on each side of the beam, tf is the 56 

equivalent thickness of each layer of fibers, dfe is the composite shear reinforcement effective depth as 57 

defined by the specific guideline considered, wf is the width of each composite strip, if is the center-to-58 

center spacing between the composite strips measured orthogonally to the beam longitudinal axis,  and 59 

 are the inclination angles of the compressed strut and of the fibers with respect to the beam longitudinal 60 

axis, and fe is the design tensile strength (i.e. the effective stress) of the composite shear reinforcement. 61 

Eq. (2) assumes that failure occurs due to a main diagonal crack, whose inclination coincides with the 62 

inclination  of the compressed strut, and that the composite on both sides of the beam provides the same 63 

contribution to the shear strength.  64 

According to Eq. (1), the shear strength Vu is attained when Vun and Vf simultaneously reach their 65 

respective maximum values. However, experimental observations and analytical works have shown that 66 

the presence of EB shear reinforcement may affect the contribution of the internal steel reinforcement, 67 

sometimes leading to a limited increase of Vu with respect to Vun (Pellegrino and Modena 2002, Ali et al. 68 
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2006, Grande et al. 2009, Chen et al. 2013, Gonzalez-Libreros et al. 2017). This aspect is not discussed 69 

in this paper, where Eq. (1) is assumed to be valid (TR 55 2012, CNR-DT 200 R1 2013, ACI 440.2R 70 

2017). 71 

The effective stressfe is the average tensile stress in the composite bridging a shear crack and depends 72 

mainly on the layout of the EB reinforcement and on the shear stress transfer mechanism at the FRP-73 

concrete interface (Triantafillou 1998, Sas et al. 2009, Foraboschi 2012). In particular, according to CNR-74 

DT 200 R1 (2013), fe is computed on the basis of the bond capacity, defined as the maximum force 75 

transferable at the reinforcement-substrate interface, and the effective bond length leff of the 76 

reinforcement, defined as the minimum bonded length needed to attain the bond capacity. 77 

ACI 549.4R (2013) follows a similar approach for FRCM composites, but the effective stress fe is 78 

computed by multiplying the design tensile strain - obtained by clevis-grip tensile tests and enforcing an 79 

upper bound limit of 0.004 - by the tensile modulus of elasticity of the cracked FRCM composite 80 

measured in the second stage of the clevis-grip test (ACI 549.4R 2013, AC434 2013, D’Antino et al. 81 

2018). Employing the elastic modulus provided by ACI 549.4R (2013), Ombres (2015) applied the 82 

design approach proposed by the Italian CNR-DT 200 (2004) for FRP shear strengthening to compute 83 

the effective stress fe and the shear strength contribution Vf of FRCM strengthened beams. Similarly, 84 

the design model proposed by Chen and Teng (2003) for FRP shear strengthening was recalibrated by 85 

Tetta et al. (2018) to best fit the experimental data in a database comprising FRCM shear strengthened 86 

beams. It should be noted that both the CNR-DT 200 (2004) and Chen and Teng (2003) models consider 87 

that the composite tensile stress varies along the shear crack depending also on the composite bonded 88 

length.  89 

The effective stress fe depends on the bond properties of the composite material. Since the FRCM-90 

concrete bond properties can be quantitatively and qualitatively different from the FRP-concrete bond 91 
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properties, the formulations used for the evaluation of fe for FRP composites may not be applicable for 92 

FRCM composites. Therefore, formulations that take into account the bond behavior of the specific 93 

FRCM composite adopted are needed to use the design approach based on the effective stress fe of EB 94 

FRCM. 95 

In this paper, an analytical model to compute the shear strength contribution of an EB FRCM composite 96 

to an RC element, Vf, is provided. The model is an extension of that commonly employed for FRP shear 97 

strengthened beams (TR 55 2012, CNR-DT 200 R1 2013, ACI 440.2R 2017) and is applied to the U-98 

wrapped layout. The model, which is based on mechanical considerations and does not contain empirical 99 

coefficients, accounts for the bond behavior and failure mode of the specific FRCM considered. 100 

Therefore, it can be applied to any FRCM composite provided that its bond behavior, i.e. its bond 101 

capacity and effective bond length, is clearly identified. Because the shear strength contribution of an EB 102 

composite is related to the bond between the composite and substrate, especially for U-wrapped 103 

configurations (Gonzalez-Libreros et al. 2017), this paper discusses the FRCM bond behavior and the 104 

relationship between the peak load and bonded length, which form the basis for the model presented. The 105 

proposed model is validated with test results reported in the literature, and an example of the evaluation 106 

of the shear capacity associated with the FRCM reinforcement is provided (see the Appendix). 107 

 108 

Background on the evaluation of the effective stress fe for the U-wrap configuration 109 

According to Eq. (2), the contribution of the EB composite Vf to the shear strength of RC beams depends 110 

on the inclination  of the compressed strut, the composite layout, and the effective stress fe. The force 111 

Ff in the composite material (Fig. 1) is computed considering a main diagonal crack with the crack tip 112 

located at the centroid of the flexural compression zone, which is commonly accepted for truss models. 113 

Indeed, this assumption is necessary to model the member as a truss structure and is useful to simplify 114 
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the evaluation of the effective stress. Only the composite crossing the main diagonal crack is assumed to 115 

contribute to the beam shear capacity. 116 

Fig. 1a shows the tensile stress in some fibers of the EB composite. These fibers have different bonded 117 

lengths and are associated with different crack openings of the main diagonal crack, which entails for 118 

different fiber tensile stresses. This is because the stress  of the fiber at the abscissa  depends on the 119 

interfacial slip s at the loaded end of the composite (i.e. at the shear crack) and on the available bonded 120 

length ℓ=ℓ(). Thus, the stress σ(ξ) σ( , )s , where s and ℓ are functions of , can be evaluated 121 

based on the load response of a bond test with bonded length ℓ (Fig. 1). In general (CNR-DT 200 R1 122 

2013), the crack opening w() is assumed to be linear (Fig. 2). Therefore  ξ αξw  , where  is the crack 123 

opening angle. This particular crack shape was found to provide conservative results in the case of EB 124 

FRP shear strengthening (Chen and Teng 2003, Chen et al. 2013). Non-linear crack shapes, which 125 

account for the actual stress field in the beam, may be adopted but would lead to a more complex 126 

formulation of fe.  127 

When debonding of the composite material governs the shear strength, the force Ff is (Monti and Liotta 128 

2007):  129 

 
1

0

ξ

ξα
2 max σ( , ) dξf fF n t s      (3) 130 

where 131 

  
sin θ

ξ ξ
sinβ

   (4) 132 

is the bonded length of the fiber along the crack at the abscissa , and cr1-0 is the length of the main 133 

diagonal crack crossed by the fibers (Fig. 2.) 134 

Under the assumption of a linear crack, in Eq. (3) the slip s of the fiber at the abscissa  depends on the 135 

crack opening angle (Fig. 2): 136 
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    
1

α,ξ α ξ sin θ β
2

s s       (5) 137 

The evaluation of Ff by means of Eq. (3) requires the knowledge of the load responses σ( )s  (Fig. 1b) 138 

associated with the bonded lengths ℓ in the range    0 0 1 1ξ sinθ sinβ ξ ξ ξ sinθ sinβ    , or 139 

alternatively, the knowledge of the cohesive material law (CML) of the composite material employed, 140 

since it allows the analytical computation of σ( )s  for different ℓ (Focacci et al. 2017). According to 141 

Monti and Liotta (2007), the maximum value of the integral in Eq. (3) with respect to  corresponds to 142 

the simultaneous attainment of the peak stresses 
*σ ( )  of the load responses associated with the bonded 143 

lengths ℓ in the range    0 1ξ ξ  . In this case, the evaluation of Ff requires only the knowledge of 144 

the relationship between the peak stress * and the bonded length ℓ, 
*σ ( ) , named the *- ℓ curve or 145 

capacity response (Fig. 1c) in this paper: 146 

  
1

0

ξ
*

ξ
2 σ ( ξ ) dξf fF n t      (6) 147 

This result may not be strictly applicable for all FRCM composites, which may show load and capacity 148 

responses different from those observed for FRP composites. Furthermore, assuming that failure occurs 149 

when the composite fibers attain their peak stress simultaneously may not accurately describe the 150 

debonding process, which is a dynamic phenomenon often triggered by the debonding of a small portion 151 

of the composite strip. However, the assumption that the maximum value of the integral in Eq. (3) is 152 

equal to the integral in Eq. (6) allows for a simple solution of the problem and is commonly employed 153 

for shear strength models of FRP strengthened beams. Therefore, it is adopted in this paper as a first 154 

attempt to provide a simple formulation that can be used for design purposes. According to Chen and 155 

Teng (2003), Monti and Liotta (2007), and CNR-DT 200 R1 (2013), fe is the average stress in the 156 

composite bridging the shear crack at shear failure: 157 
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 

 
1

0

ξ
*

ξ
1 0 1 0

σ σ ( ξ ) dξ
2 ξ ξ ξ ξ

f f

fe

F n t
 

     (7) 158 

Therefore, the estimation of fe requires the knowledge of the capacity response of the specific composite 159 

employed.  160 

Experimental results indicated that the load response and capacity response depend on the number of 161 

fiber layers n. Increasing n does not lead to a linearly proportional increase of the stresses in the load and 162 

capacity responses because the number of layers affects the mechanical properties of the material and 163 

may lead to different failure modes (D’Ambrisi et al. 2012). Therefore, σ( )s  and 
*σ ( )  curves should 164 

be obtained experimentally for each number of layers considered in order to apply Eqs. (3), (6), and (7).   165 

Although extensive work has been done to investigate the bond behavior of FRP composites applied to 166 

different substrates (see e.g. Chen and Teng 2001, Dai et al. 2006, Carloni and Subramaniam 2010, 2012, 167 

Carrara and Ferretti 2013), the results obtained could not be applied to the case of FRCM composites 168 

due to important differences in their bond behaviors (Bencardino et al. 2018). For this reason, analytical 169 

models formulated for FRP shear strengthening of RC members should be applied accounting for the 170 

different bond behavior observed for FRCM composites.  171 

According to the Mörsch truss, only the longitudinal fibers in the composite, i.e. the fibers wrapped 172 

around the cross-section, provide a contribution to Ff. If bidirectional fiber sheets are employed, the 173 

transversal fibers could contrast the opening of the shear crack, especially if the composite is continuous 174 

along the member length. The contribution of the transversal fibers is usually neglected (CNR-DT 200 175 

R1 2013, ACI 440.2R 2017). 176 

As noted in the “Introduction” section, Eq. (1) is based on the simultaneous attainment of Vun and Vf. 177 

Although this assumption needs further verification, it appears reasonable in the case of FRCM 178 

composites that are characterized by high values of the debonding slip sf (Thermou et al. 2015, D’Ambrisi 179 
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et al. 2012, D’Ambrisi et al. 2015, Carabba et al. 2017), which in turn entails for a crack opening 180 

sufficient to yield the transversal steel reinforcement.    181 

 182 

FRCM bond behavior  183 

Since failure of FRCM strengthened elements generally occurs due to composite debonding, numerous 184 

studies have been carried out to investigate the bond behavior of different FRCM composites using 185 

direct-shear test set-ups. The experimental observations showed that debonding of FRCM composites 186 

may occur at different interfaces, namely A) at the matrix-fiber interface with slippage of the fibers 187 

(D’Antino et al. 2014), B) at the matrix-fiber interface with damage of the matrix (Carabba et al. 2017), 188 

C) at the matrix-substrate interface without damage of the substrate (Babaeidarabad et al. 2014), and D) 189 

at the matrix-substrate interface with detachment of a thin layer of the substrate (Raoof et al. 2016). When 190 

a single layer of fibers is employed, debonding generally occurs due to failure mode (A), which can also 191 

be followed by tensile rupture of the fibers (Napoli and Realfonzo 2015). Results of single-lap direct-192 

shear tests of polyparaphenylene benzobisoxazole (PBO) FRCM-concrete joints were employed in 193 

(D’Antino et al. 2014) to identify an idealized load response for FRCM-concrete joints and to identify 194 

the interface CML, i.e. the interfacial shear stress-slip relationship (s). According to the fracture 195 

mechanics approach adopted in (D’Antino et al. 2014), the load response for any bonded length and the 196 

capacity response (Fig. 1) can be obtained by the solution of the differential equation given in Eq. (8) 197 

that governs the bond problem (Focacci et al. 2017):  198 

  
2

2
τ

f

f f

pd s
s

dy E A
   (8) 199 

where y is the coordinate along the bonded length, pf is the contact perimeter of the debonding interface, 200 

Ef is the elastic modulus of the fibers, and Af=wf ∙tf is the cross-sectional area of the fibers. Procedures on 201 
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how to identify the FRCM-substrate CML can be found in (D’Ambrisi et al. 2012, D’Antino et al. 2014, 202 

Focacci et al. 2017). 203 

Eq. (8) can be used for any FRCM composite provided that the CML and pf are clearly identified 204 

(D’Antino et al. 2018). Fig. 3a and Fig. 3b show the debonding interfaces and corresponding contact 205 

perimeter of a portion of composite-substrate joints with infinitesimal length dy in the case of matrix-206 

fiber debonding (failure mode A) and cohesive debonding within the substrate (failure mode D), 207 

respectively. In the former case, since n=1 for one layer of fiber, the contact perimeter pf can be assumed 208 

equal to two times the width of the fiber strip wf with the fibers considered as evenly distributed. In the 209 

case of cohesive debonding within the substrate, the contact perimeter is equal to wf.  210 

For some FRCM composites, debonding of the fibers within the embedding matrix resulted in 211 

friction/interlocking at the matrix-fiber interface. The presence of friction is responsible for a residual 212 

constant interfacial shear stress f for slip s higher than a certain slip sf (Fig. 3c). Within a fracture 213 

mechanics framework, the debonding stress deb, which is the stress at the onset of debonding, can be 214 

obtained as (Focacci et al. 2017): 215 

 σ 2
f

deb f F

f

p
E G

A
   (9) 216 

where 217 

 
0

τ( )

fs

FG s ds    (10) 218 

It should be noted that, if (s) is a cohesive material law, GF should not include any contribution of 219 

friction. However, if a macro-fracture model is adopted to obtain the (s) relation from experimental 220 

tests, the contribution of friction cannot be separated from the bond contribution (D’Antino et al. 2014). 221 

Therefore: 222 
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c

F F fG G G    (11) 223 

where 
c

FG  and Gf are the energy contributions provided by bond and friction only, respectively. In this 224 

paper, the friction shear stress is assumed to increase linearly from s=0 to s=sf and is equal to f for s≥sf 225 

(see hatched region in Fig. 3c). This assumption represents a first and simple attempt to account for the 226 

contribution of friction during the debonding process, which could not be measured experimentally. 227 

Under this assumption, the work per unit surface done by the friction shear stress from s=0 to s=sf is: 228 

 
τ

2

f f

f

s
G


   (12) 229 

and the stress b provided by bond only at the onset of debonding is: 230 

   2
2 τ

σ σ
f f f f f f

b F f deb

f f

E p E p s
G G

A A
      (13) 231 

The presence of friction affects the FRCM-concrete joint load and capacity responses, which were 232 

introduced in Fig. 1. To illustrate the bond behavior of a composite with and without friction, two 233 

different CMLs, named (i) and (ii), respectively, are depicted in Fig. 3c, and the corresponding idealized 234 

load responses are shown in Fig. 3d. CMLs (i) and (ii) are assumed to have the same slip at the onset of 235 

debonding sf, although the resulting effective bond length and load carrying capacity are different. 236 

Fig. 3d shows the load responses associated with CML (i) in the case of bonded length ℓ longer and less 237 

than the composite effective bond length leff,i, where i indicates that it is associated with CML (i). The 238 

idealized load response associated with CML (ii) and bonded length longer than the corresponding 239 

effective bond length leff,ii , associated with CML (ii), is also provided in Fig. 3d.  240 

According to the idealized load responses (Fig. 3d), if the bonded length is equal to or longer than the 241 

effective bond length, increasing the loaded end slip leads to an increase of the applied load, and the load 242 

carrying capacity deb can be attained. For the composite with friction (CML (i) in Fig. 3c) and ℓ>leff,i, 243 

further increase of the loaded end slip results in a linear increase of the applied stress up to the peak stress 244 
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*. After the peak stress * is attained, the applied stress decreases until reaching a constant value f due 245 

to friction only. The presence of the snap-back phenomenon shown in Fig. 3d for the bonded lengths 246 

longer than the effective bond length is due to the elastic energy release of the unbonded fibers 247 

consequent to the decrease of the applied load. Further discussion on this phenomenon can be found in 248 

Carrara and Ferretti (2013) and Barbieri et al. (2016) for the case of FRP-concrete joints and in D’Antino 249 

et al. (2018) for the case of FRCM-concrete joints.  250 

For the composite without friction, i.e. f=0 (see CML (ii) in Fig. 3c), and ℓ>leff,ii, the load remains 251 

constant and equal to deb after the onset of debonding (i.e. *=deb), and no residual stress is observed 252 

at the completion of the test (i.e. f=0). In both cases, with and without friction, if the bonded length is 253 

less than the effective bond length, the load carrying capacity cannot be reached, and failure occurs with 254 

*<deb. For the composite with friction and ℓ<leff,i, a residual stress is observed at the end of the test, 255 

whereas for the composite without friction, f=0 at the end of the test. 256 

Fig. 3e shows the capacity responses constructed from CMLs (i) and (ii) within the fracture mechanics 257 

framework adopted in (D’Antino et al. 2014). From Fig. 3e it is clear that the presence of friction is 258 

responsible for an increase of the peak stress * for bonded lengths longer than leff,i, whereas a constant 259 

peak stress *=deb is observed when ℓ>leff,ii and f =0. The friction stress f can be computed from the 260 

residual stress f as f =f ∙Af/(pf ∙ℓ). Therefore, the slope of the *-ℓ curve when f ≠0 is equal to m: 261 

 
τf f

f

p
m

A
   (14) 262 

Assuming various shapes of the CML, which were obtained by an inverse calibration method applied to 263 

the results of direct-shear tests of PBO FRCM-concrete joints, different *-ℓ curves were presented by 264 

Focacci et al. (2017). The adoption of different CML functions allowed for investigating the effect of 265 

their shapes on the results obtained. Selected CMLs and the resulting *-ℓ curves are plotted in Fig. 4a 266 
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and Fig. 4b, respectively, whereas the key parameters of the corresponding CMLs are reported in Table 267 

1. The effective bond length of the PBO FRCM composite considered was estimated to be leff=260 mm, 268 

with a corresponding debonding stress deb=1908 MPa. The mechanical characteristics of the PBO 269 

FRCM constituents are listed in Table 2. Further details on how the CMLs were calibrated and employed 270 

to solve the bond problem differential equation can be found in (Focacci et al. 2017).  271 

 272 

Peak stress *– bonded length ℓ analytical solutions  273 

As discussed in the “Background on the evaluation of the effective stress fe for the U-wrap 274 

configuration” section, the evaluation of fe needs the knowledge of the capacity response. If the CML 275 

and pf are identified (Focacci et al. 2017), the *(ℓ) function can be constructed solving the differential 276 

equation given in Eq. (8). However, it should be noted that Eq. (8) may fail to capture the behavior for 277 

short bonded lengths, which showed different failure modes than those observed for long bonded lengths 278 

(D’Antino et al. 2014). Alternatively, an approximated *(ℓ) function can be employed.  279 

In this paper, two new functions are proposed to obtain a well-approximated capacity response without 280 

knowing the CML and solving Eq. (8). Advantages and limitations of each function are presented within 281 

this section. The parameters controlling the shape of the proposed functions can be adjusted to represent 282 

the bond behavior of different FRP and FRCM composites. 283 

The first function represents an exponential trend of the peak stress:  284 

      * * 1
σ σ σ

1 eff

b

e deb eff b l

e
m l m

e

 

 


     


 (15) 285 

where b is a parameter that controls the shape of the *-ℓ curve for low values of the bonded length.  286 

The second function represents a cubic-linear trend of the peak stress: 287 
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    

   

 

3 2

3 2* *

3

2σ 2 3σ
for

σ σ

σ for

eff deb eff eff deb eff

eff

eff eff

eff deb eff

c l m l c l m l
c l

l l

m l l

        
    

  


  

 (16) 288 

where c is a parameter that controls the shape of the *-ℓ curve for ℓ≤ leff. 289 

Both functions given in Eqs. (15) and (16) pass through the point (deb, leff), and their derivatives at that 290 

point are continuous. Furthermore, they are based on the assumption that the friction shear stress f 291 

remains constant for any slip s larger than sf, which entails for a linear increase of the *-ℓ curve for 292 

bonded lengths longer than leff.  293 

Eq. (15) can be employed only in the case of f≠0, whereas Eq. (16) can be employed for any value of f.  294 

If f=0, and consequently m=0, Eq. (16) becomes a piecewise function that represents a parabolic-295 

rectangular trend of the peak stress:  296 
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  (17) 297 

Eq. (17) has also been used to describe the *-ℓ curve for FRP (Monti and Liotta 2007) and is the basis 298 

of the EB FRP shear design model of the Italian CNR-DT 200 R1 (2013). 299 

In Eqs. (15)-(17) subscripts “e”, “3”, and “2” are used to indicate that the peak stress is computed 300 

assuming an exponential (Eq. (15)), cubic-linear (Eq (16)), and parabolic-rectangular (Eq. (17)) shape of 301 

the *-ℓ relationship, respectively.  302 

The function given in Eq. (15) is particularly convenient when bond test results for different bonded 303 

lengths are available because it can be used to fit the experimental outcomes without distinguishing 304 

between ℓ≤leff and ℓ>leff. Eq. (16) is convenient when the values of deb and f are known. If results from 305 

bond tests with different bonded lengths are available, both the parameters b and c can be obtained by 306 

best fitting the experimental results with the proposed functions. Alternatively, these parameters can be 307 
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determined as a function of the friction shear stress f, the debonding stress deb, and the effective bond 308 

length leff.  309 

The ratio between the integrals from ℓ=0 to ℓ=leff of Eqs. (15) and (16) and the integral for the same 310 

limits of integration of Eq. (17) is due to the presence of friction: 311 
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where  is a multiplier related to friction. In this paper,  is estimated as the ratio between the debonding 314 

stress deb and the bond stress b: 315 
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Substituting Eqs. (9) and (13) into Eq. (20),  can be obtained as: 317 
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Substituting Eq. (21) into Eq. (18) provides Eq. (22), which can be solved numerically to obtain 319 

parameter b:  320 
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Substituting Eq. (21) into Eq. (19), the parameter c can be obtained: 322 
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  (23) 323 

The *-ℓ curves determined by Eqs. (15) and (16) with f≠0, and by Eq. (17) with f=0, where b and c 324 

were obtained by Eqs. (22) and (23) for the case of PBO FRCM-concrete joints reported in (D’Antino et 325 
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al. 2014, Carloni et al. 2015), respectively, are depicted in Fig. 4b and compared with the experimental 326 

results and the analytical capacity responses associated with the CMLs calibrated in (Focacci et al. 2017).  327 

Both functions given in Eqs. (15) and (16) describe the experimental *-ℓ behavior and reproduce the 328 

analytical responses obtained by solving the differential equation in Eq. (8) with good accuracy. It should 329 

be noted that the results shown in Fig. 4b were obtained by bond tests with the slip and applied load 330 

parallel to the fiber direction. In FRCM shear strengthened beams, the direction of the fibers is generally 331 

not perpendicular to the crack axis, which entails for a slip with components perpendicular and parallel 332 

to the longitudinal fiber. This effect is not accounted for in this work due to the lack of the experimental 333 

investigations on the effect of fiber-load misalignment. 334 

Finally, the maximum value of the peak stress provided by Eqs. (15) and (16) should be limited to the 335 

tensile strength of the fibers f, which defines the terminal point on the *-ℓ curve. The bonded length 336 

needed to attain f, named the maximum bond length lmax, is provided by Eqs. (24) and (25) for the 337 

exponential and cubic-linear functions, respectively: 338 
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Since Eq. (24) does not allow a closed-form solution, Eq. (25) could be employed to obtain a reasonable 341 

approximation of the maximum bond length associated to Eq. (15). In the case of Eq. (17), a maximum 342 

bonded length is not defined since the absence of friction does not allow for an increase of the fiber 343 

tensile stress after the onset of debonding. 344 

 345 
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Analytical model for U-wrapped configuration 346 

Shear failure is assumed to occur due to a single main diagonal shear crack, and the shear strength is 347 

obtained according to the Mörsch truss (TR 55 2012, CNR-DT 200 R1 2013, ACI 440.2R 2017) with the 348 

contribution of the EB reinforcement computed as discussed in the “Background on the evaluation of the 349 

effective stress fe for the U-wrap configuration” section. The shear strength provided by the FRCM 350 

composite is then computed by Eq. (2), where the effective stress fe is evaluated with Eq. (7) with *(ℓ) 351 

given by Eq. (15) or (16) when the bond phenomenon includes friction and given by Eq. (17) when it 352 

does not. Therefore, the proposed model applies when debonding of the composite governs the shear 353 

strength. However, for FRCM composites with f≠0, the model also takes into account the possible tensile 354 

failure of the fibers after the onset of debonding.  355 

As shown in Fig. 5, only the EB reinforcement located between the crack tip and the centroid of the 356 

internal flexural tension reinforcement is considered. This simplification leads to conservative results 357 

because the contribution of the composite above the crack tip and below the flexural tension 358 

reinforcement is neglected.  359 

When the FRCM composite is U-wrapped around the member web, the available bonded length varies 360 

with the coordinate  along the crack axis according to Eq. (4). According to the previous assumptions, 361 

Eq. (4) is valid for  in the range 0 ξ sinθz   if the EB reinforcement is extended at least up to 362 

the centroid of the compressive force (as shown in Fig. 5) and in the range   sinθ ξ sinθf fz d d    363 

if the EB reinforcement is not extended up to the flexural compression zone of the beam, where z is the 364 

inner lever arm, i.e. the distance between the centroids of the flexural compression zone and flexural 365 

tension reinforcement, and df   (Fig. 5).  366 
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Assuming that the fibers of the tensile composite truss simultaneously attain the peak of the load response 367 

associated with their respective available bonded lengths, Eqs. (15) and (16) can be employed for the 368 

computation of fe. Eq. (7) with the  *σ  function given by Eq. (15) provides the effective stress:  369 
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is the effective stress associated with the attainment of the tensile strength of the fibers according to Eq. 373 

(15). 374 

If Eq. (16) is employed for the  *σ  relation, Eq. (7) provides the effective stress: 375 
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(28) 377 

where 378 

 
 2 2

3,

σ σ 6σ
σ

σ σ 2 12

f deb deb eff

max eff

eff f deb

l c mm
l

ml m

   
  

   
 (29) 379 

is the effective stress associated with the attainment of the tensile strength of the fibers according to Eq. 380 

(16). 381 

In Eqs. (26) and (28) Lmax= min{z,df}/sin( is the maximum available bonded length (Fig. 5).   382 
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If f=0, Eq. (16) becomes the parabolic-rectangular function of Eq. (17), and the FRCM effective stress 383 

is:  384 
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  (30) 385 

Since Eq. (30) implicitly assumes that the debonding stress is lower than the fiber tensile strength and 386 

the absence of friction does not allow for an increase of the fiber tensile stress after the onset of 387 

debonding, fiber tensile failure could not occur. In Eqs. (26)-(30), the crack is assumed to have a length 388 

cr=1-0=min{z,df}/sin( (Fig. 5).  389 

 390 

Validation of the model  391 

In this section, the accuracy of the model is assessed by comparing experimental and analytical results 392 

of RC beams strengthened in shear with FRCM composites in terms of Vf. Since the model requires the 393 

knowledge of the FRCM bond behavior, i.e. the capacity response or the cohesive material law, it could 394 

be validated considering only those beams strengthened with FRCM composites for which *(ℓ) or (s) 395 

was provided. Therefore, all available beams strengthened with U-wrapped PBO FRCM composite and 396 

some beams strengthened with carbon FRCM composite were considered for the model validation. 397 

Although additional experimental tests on FRCM strengthened RC beams are available in the literature, 398 

they could not be considered because the bond behavior of the specific composite employed was not 399 

available. 400 

Four beams strengthened with U-wrapped PBO FRCM composite (Ombres 2015, Escrig et al. 2015) and 401 

two beams strengthened with U-wrapped carbon FRCM composite (Gonzalez-Libreros et al. 2017) were 402 

collected from the literature. All beams had a rectangular cross-section, included longitudinal and 403 
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transversal internal steel reinforcement, and were strengthened with one layer of either discrete FRCM 404 

strips (1 beam) or a continuous FRCM sheet (5 beams) that extended up to the compression edge, which 405 

provides d=df. The PBO fibers were in the form of an unbalanced open-mesh textile, with a weight of 406 

70.2 g/m2 and 17.8 g/m2 in the longitudinal and transversal directions of the textile, respectively. The 407 

debonding stress, effective bond length, and friction shear stress of the PBO FRCM composite are 408 

deb=1908 MPa, leff=260 mm, f=0.03 MPa, respectively (see the “Peak stress *– bonded length ℓ 409 

analytical solutions” section). The balanced carbon textile, with an overall area weight of 170.0 g/m2, 410 

had deb=1080 MPa and f=0.01 MPa (Carozzi et al. 2017). The effective bond length of the carbon 411 

textile was assumed equal to leff=300 mm based on the results of a round robin test campaign carried out 412 

by the Rilem Technical Committee 250-CSM (Composites for the sustainable strengthening of masonry) 413 

(De Santis et al. 2017). All beams failed due to debonding of the composite at the matrix-fiber interface. 414 

The beam and composite characteristics, including the geometry, material properties, and experimental 415 

results, are summarized in Table 3. 416 

Table 3 reports the shear strength contribution provided by the FRCM composite obtained 417 

experimentally, Vf,exp, computed as the difference between the shear strength of the strengthened beam 418 

and that of the corresponding unstrengthened beam in accordance with Eq. (1). In addition, the angle  419 

of the main shear crack with respect to the beam longitudinal axis, which was reported or measured using 420 

photographs or sketches provided in the corresponding reference, is provided in Table 3.  421 

Values of the FRCM effective stress obtained by the exponential (fe,e) and cubic-linear (fe,3) shapes of 422 

the *-ℓ curve and assuming z=0.9d are reported in Table 4 for the beams considered. Values of the 423 

parameters b, c, and m were determined with Eqs. (22), (23), and (14), respectively. For comparison, the 424 

contribution of friction was neglected by setting f equal to 0, and the resulting effective stress fe,2 is 425 

included in Table 4. The results show that close values were obtained for fe,e and fe,3 (difference less 426 
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than 0.45% and 7.05% for PBO and carbon fibers, respectively), which confirms that the functions in 427 

Eqs. (15) and (16) provide approximately the same results. Values of fe,2 are approximately 10% lower 428 

than the corresponding values of fe,3 and fe,e for both PBO and carbon fibers, which indicates that the 429 

contribution of friction to the effective stress is relatively small for the composites considered.  430 

The crack length considered cr and the crack length at which deb is attained aeff-0 (see Fig. 5) are 431 

also reported in Table 4. For all beams, cr<a, which indicates that the composite could not attain its 432 

load carrying capacity deb at any fiber along the shear crack. This circumstance is not common for FRP 433 

composites, for which the effective bond length is on the order of 100-200 mm, but could be common 434 

for FRCM composites, which have been reported to have effective bond lengths between 150 mm and 435 

300 mm (D’Antino et al. 2014, Askouni and Papanicolaou 2017, Santandrea et al. 2017). Table 4 also 436 

reports the crack length needed to attain the fiber tensile strength f (see Table 3) denoted 437 

max=lmax,3·sin()/sin(), where lmax,3 was computed by Eq. (25). The values of max obtained show that it 438 

would be difficult to obtain tensile failure of the fibers for the PBO FRCM composite considered unless 439 

the beam cross-section is particularly deep and/or the angle  is small.    440 

Using the values of the effective stress obtained, Eq. (2) was employed to compute the FRCM 441 

contribution to the shear strength Vf, setting dfe=min{0.9d,df}. The results obtained with the different 442 

functions, reported in Table 4, show that the model provides a reasonably accurate estimation of the 443 

experimental composite shear strength. To measure the model accuracy, percentage ratios rx,y between 444 

the experimental and analytical values were computed for the different functions and are included in 445 

Table 4:  446 
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Positive values of rexp,y indicate that the analytical model underestimates the experimental result, whereas 448 

negative values indicate an overestimation of Vf,exp. The results obtained show that the model 449 

overestimates the experimental shear strength contribution for four beams, while slightly underestimated 450 

results were obtained for the remaining two beams. As noted previously, results for the cubic-linear and 451 

exponential functions are quite similar. The best accuracy was obtained with the exponential function in 452 

the case of beam TRB1 (rexp,e=1.1%), whereas the largest difference was observed with the same function 453 

for beam TRA2 (rexp,e=-30.7%). The discrepancy observed between some experimental and analytical 454 

results could be attributed to different parameters, e.g. the scatter of the experimental results and the 455 

assumption of simultaneous attainment of the maximum values of all shear resisting contributions in the 456 

beam. Furthermore, the angle adopted is an average inclination of the main shear crack, while its 457 

direction usually varies along its path. It should be noted that assuming =45°, as usually adopted for 458 

design of composite shear strengthening (TR 55 2012, ACI 440.2R 2017, ACI 549.4R 2013), will provide 459 

more conservative results than those obtained with the values of reported for the beams considered. 460 

Values of r3,2 and re,2 indicate that the contribution of friction ranges between 1.9-10.2% of the analytical 461 

shear strength. 462 

The authors are currently working to assess the accuracy of the model with respect to RC beams 463 

strengthened with different FRCM composites. In particular, further work is needed to validate the model 464 

accuracy when the bonded length is sufficient to fully develop the FRCM load carrying capacity and the 465 

presence of friction results in an increase of the fiber tensile stress after the onset of debonding. This 466 

process will allow also to verify if a limit on the fiber strain, analogous to that provided by ACI 549.4R 467 

(2013) as noted in the “Introduction” section, should be enforced.    468 

 469 
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Conclusions  470 

An analytical model to compute the shear strength of RC members U-wrapped with FRCM composites 471 

was presented in this paper. The model, which is an extension of the model used for FRP shear 472 

strengthened beams, is based on the Mörsch truss and accounts for the non-uniform composite tensile 473 

stress distribution along the shear crack. Two functions were put forward to describe the relation between 474 

the peak stress provided by FRCM bond tests and the associated bonded length, namely an exponential 475 

function and a piecewise cubic-linear function. Both proposed functions take into account the (possible) 476 

presence of a friction stress observed in FRCM bond tests. The two functions were used to describe the 477 

composite tensile stress distribution along the shear crack and to compute the composite effective stress. 478 

The exponential function can be adopted only for FRCM composites that show a friction contribution 479 

and is convenient when results of bond tests with different bonded length are available. The cubic-linear 480 

function can be applied to FRCM composites with or without the presence of friction, and its use is 481 

convenient when the debonding stress and friction shear stress are known. Furthermore, for the case 482 

without friction, the cubic-linear function reduces to the equation used in the model of the Italian CNR-483 

DT 200 R1 (2013) for EB FRP composites. The comparison between the proposed model and the 484 

experimental results of beams strengthened in shear with PBO and carbon FRCM composites showed 485 

good accuracy of the model. Further comparison with a broad range of FRCM strengthened RC beams 486 

will provide further indications on the accuracy of the model.  487 

 488 

Appendix - Example of design of RC beam shear strengthened with an EB U-wrapped carbon 489 

FRCM 490 

This example shows the calculation of the shear strength contribution of a 1-layer carbon FRCM 491 

composite U-wrapped around an RC beam cross-section. The beam has a T-shaped cross-section and 492 

contains internal longitudinal reinforcement in the flexural tension zone and transverse shear 493 
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reinforcement (stirrups). The carbon FRCM is U-wrapped continuously along the entire length of the 494 

beam and extends up to the height of the web with the longitudinal fibers oriented orthogonal to the beam 495 

longitudinal axis. The carbon FRCM composite is comprised of a balanced open-mesh textile with a 496 

center-to-center spacing of 10 mm, embedded within a cementitious matrix. Bond tests showed that 497 

failure of carbon FRCM-concrete joints occurs due to debonding at the matrix-fiber interface, with the 498 

presence of interfacial friction. The shear strength provided by the EB carbon FRCM is computed as 499 

follows:  500 

RC beam properties 501 

Cross-section flange width B=500 mm. 502 

Cross-section web width bw=250 mm.  503 

Cross-section height h=500 mm. 504 

Cross-section web height hw=400 mm. 505 

Distance between the extreme compression surface and the centroid of the flexural tension reinforcement 506 

d=470 mm.  507 

Flexural tension reinforcement area (4 bars with diameter =16 mm) As=804 mm2.  508 

Transverse reinforcement area (closed stirrups with diameter =8 mm, spaced at 250 mm) Aw=100 mm2. 509 

FRCM properties 510 

Textile weight per unit area including both longitudinal and transversal directions of fiber sheet =220 511 

g/m2. 512 

Equivalent fiber thickness per direction tf=0.060 mm. 513 

Fiber tensile strength f=1800 MPa.  514 

Fiber elastic modulus Ef=220 GPa. 515 

Debonding stress deb=1100 MPa.  516 

Effective bond length leff=250 mm.  517 



25 

 

Friction stress (considering the fiber as evenly distributed) f=0.025 MPa.  518 

Slip at the onset of debonding sf=1.20 mm.  519 

Angle of the longitudinal fibers with respect to the beam longitudinal axis =90°. 520 

Shear strength of the U-wrapped carbon FRCM 521 

The cubic-linear function provided in Eq. (16) is adopted. Since the FRCM composite showed the 522 

presence of friction, the first step is the determination of the parameters m (Eq. (14)) and c (Eq. (23)), 523 

obtained considering a continuous FRCM strip of width wf=1000 mm with evenly distributed fibers:   524 
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The maximum bonded length lmax is obtained by Eq. (25): 529 
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Since the maximum available bonded length, namely Lmax=min{z=0.9d,df=hw}/sin()=400 mm, is longer 531 

than the effective bond length but less than lmax, debonding of the composite will occur before FRCM 532 

rupture, and Eq. (28) for leff<Lmax<lmax,3 is employed to compute the composite effective stress:  533 
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Assuming (conservatively) a crack inclination angle equal to =45°, the contribution of the carbon 535 

FRCM to the RC beam shear strength is:  536 
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    (38) 537 

where dfe=min{0.9d,df}=400 mm, and wf/if=1 since the composite is continuous along the beam length.  538 
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Figure captions 676 

Fig. 1. (a) Tensile force in the composite material crossing the main diagonal crack. (b) Load response 677 

associated with a certain composite bonded length ℓ. (c) Peak load – composite bonded length relation, 678 

named capacity response in this paper. 679 

Fig. 2. Scheme for the evaluation of the stress in the fibers. 680 

Fig. 3. a) Matrix-fiber debonding interface. b) Cohesive debonding interface within the substrate. c) 681 

Cohesive material law (i) and (ii). d) Idealized load (stress) responses for FRCM composites with 682 

different bonded lengths with and without friction. e) Capacity responses for FRCM composites with and 683 

without friction.  684 

Fig. 4. a) Different CMLs calibrated for PBO FRCM-concrete joints (Focacci et al. 2017). b) Comparison 685 

between analytical *-ℓ curves and experimental results.  686 

Fig. 5. Stress distribution in EB FRCM strips along the main diagonal shear crack. 687 
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Table 1. Parameters of the calibrated CMLs 688 

CML  m [MPa] sm [mm] f [MPa] sf [mm] GF [N/mm] 

0_CML_-sp 0.39 0.17 0.03 1.57 0.24 

1_CML-PL-τ3 0.30 0.01 0.03 1.11 0.18 

2_CML-PL 0.29 0.19 0.01 3.21 0.24 

3_CML-PL-τ3 0.28 0.22 0.03 →∞ - 

689 
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Table 2. Mechanical properties of the PBO FRCM constituents 690 

   fcm [MPa] f [MPa] Ef [GPa] 

Matrix 28.4 3.5* - 

PBO fiber - 3014 206 

fcm=average cylindrical compressive strength; f=tensile strength; *determined by splitting tensile tests.691 
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Table 3. RC beams strengthened in shear with U-wrapped PBO FRCM 692 

Ref Name 

Geometry Concrete and Steel  PBO FRCM Results 

bw 

[mm] 

d 

[mm] 

hw 

[mm] 

a/d 

fcm 

[MPa] 

As 

[mm2] 

Asw 

[mm2] 

ss 

[mm] 

Ef 

[GPa] 

t 

[MPa] 

if 

[mm] 

wf 

[mm] 



[°] 

tf 

[mm] 

Vf,exp 

[kN] 



[°]

Ombres 

2015 

TRA2 150 225 250 3.00 30.8 628 101 292 206 3014 260 150 90 0.046 9.85 42.5 

TRB1 150 225 250 2.78 45.0 942 101 210 206 3014 1 1 90 0.046 33.83 34.0 

Escrig et 

al. 2015 

V-PMX750-01 300 254 300 2.76 34.1 603 101 500 206 3014 1 1 90 0.046 25.36 42.0 

V-PMX750-02 300 254 300 2.76 34.1 603 101 500 206 3014 1 1 90 0.046 32.70 40.0 

Gonzalez-

Libreros et 

al. 2017 

S1-FRCM-F3-UN 150 250 300 3.00 23.3 2124 101 300 240 2500† 1 1 90 0.047 27.2 25.0 

S2-FRCM-F3-UN 150 250 300 3.00 24.7 2124 101 200 240 2500† 1 1 90 0.047 24.3 23.0 

Note: bw=beam web width; d=beam effective depth; hw=beam web height; a=shear span; fcm=average cylindrical 693 

compressive strength of concrete; As=area of tensile longitudinal steel reinforcement; Asw=area of transverse steel 694 

reinforcement; ss=center-to-center transverse steel reinforcement spacing; Ef=fiber elastic modulus; t=fiber tensile 695 

strength; if=center-to-center FRCM strip spacing measured along the beam longitudinal axis; wf=width of the FRCM strip 696 

perpendicular to the fiber direction;  angle of the longitudinal fibers with respect to the beam longitudinal axis; 697 

tf=equivalent fiber thickness; Vf,exp=shear strength contribution provided by the FRCM; =angle of main shear crack angle 698 

with respect to the beam longitudinal axis; †Provided by the manufacturer. 699 
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Table 4. Results and assessment of the shear strength analytical model  700 

Ref  Name 

Results Analytical model Assessment 

Vf,exp 

[kN] 



[°]

cr 

[mm]

a 

[mm]

max 

[mm]

fe,e 

[MPa]

fe,3 

[MPa] 

fe,2 

[MPa]

Vf,e 

[kN] 

Vf,3 

[kN] 

Vf,2 

[kN] 

rexp,e 

[%] 

rexp,3 

[%] 

rexp,2 

[%] 

re,2 

[%] 

r3,2 

[%] 

Ombres 

2015 

TRA2 9.85 42.5 300 385 1640 1212 1207 1100 14.22 14.15 12.91 -30.7 -30.4 -23.7 10.2 9.7 

TRB1 33.83 34.0 362 465 1981 1212 1207 1100 33.48 33.33 30.39 1.1 1.5 11.3 10.2 9.7 

Escrig et 

al. 2015 

V-PMX750-01 25.36 42.0 342 389 1656 1281 1279 1186 29.92 29.88 27.70 -15.2 -15.1 -8.4 8.0 7.9 

V-PMX750-02 32.70 40.0 356 404 1724 1281 1279 1186 32.10 32.07 29.72 1.9 2.0 10.0 8.0 7.9 

Gonzalez

-Libreros 

et al. 2017 

S1-FRCM-F3-

UN 

27.2 25.0 532 615 7373 619 662 607 28.07 30.04 27.55 -3.1 -9.4 -1.3 1.9 9.0 

S2-FRCM-F3-

UN 

24.3 23.0 576 665 7975 619 662 607 30.83 33.00 30.26 -21.2 -26.4 -19.7 1.9 9.0 

 701 
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