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A B S T R A C T   

Vanadium cross-over is a critical issue in Vanadium Redox Flow Battery consisting in a complex interplay of 
different mechanisms of which a complete comprehension has not been reached yet. Due to the complexity of the 
involved phenomena, several models have been developed in literature to investigate vanadium cross-over. 
However, the conventional approaches for model calibration present a limited set of experiments for the vali-
dation preventing a complete understanding of cross-over phenomena. In this work a new and comprehensive 
approach is proposed. It is based on charge-discharge cycles with fixed exchanged capacity, able to isolate the 
capacity loss induced by cross-over fluxes, and on the measure of the self-discharge of the single electrolyte 
solutions by exploiting through-plate reference electrodes. Moreover, a 1D physically-based model of the 
operation of the battery is developed and calibrated on the data of electrolyte imbalance during charge-discharge 
cycles at three different current densities to obtain model parameters able to accurately describe the involved 
physics in different operating conditions. The model is then exploited to investigate the main vanadium transport 
mechanisms through the membrane and to evaluate the influence of the current density on the vanadium cross- 
over fluxes, net vanadium transport and self-discharge rate of the electrolyte.   

1. Introduction 

The rapid growth of the penetration of energy from renewable 
sources in the energy markets due to specific energy policies aimed at 
the reduction of carbon emissions requires efficient and cost-effective 
energy storage systems [1–4]. The growth of energy storage capacity 
requirement for load-shifting, peak shaving and grid stability applica-
tions is predicted to be met with electrochemical energy storage, in 
particular with batteries [5]. As a matter of fact, the global installed 
capacity of batteries grew by 60 % in 2021 from 10 GW to 16 GW and it 
is predicted to grow up to 680 GW by 2030 in the Net Zero Emissions 
scenario [5]. In this context, lithium-ion batteries are the leading tech-
nology, however safety issues, rising prices and uncertainties in the 
supply of raw materials highlight the need for alternative technologies 
[5–7]. 

High efficiency, decoupled energy and power, long cycle life, high 
flexibility and low response time make Vanadium Redox Flow Battery 
(VRFB) a promising technology for stationary energy storage. Indeed, 
the market size for flow batteries has been forecasted to be the 11.5 % of 
the emerging global battery market in 2030 with a value around 2 

billion USD, increasing by +300 % with respect to the size in 2021 (~0.5 
billion USD) [8]. However different technical issues hinder the 
competitiveness, among which vanadium cross-over is one of the most 
important. Cross-over is the undesired permeation of vanadium species 
from one side of the battery to the other due to the employment of not- 
ideally selective ionic separators [9,10]. Although vanadium cross-over 
is completely reversible by electrolyte remixing [11], it causes the self- 
discharge of both electrolytes according to the reactions (1.1)–(1.4) 
[12], leading to battery capacity reduction during the operation and 
electrolyte solutions imbalance, negatively affecting the performance of 
the battery [9,10]. 

VO+
2 + 2V2+ + 4H+→3V3+ + 2H2O (1.1)  

VO2+ +V2+ + 2H+→2V3+ +H2O (1.2)  

V3+ +VO+
2 →2VO2+ (1.3)  

V2+ + 2VO+
2 + 2H+→3VO2+ +H2O (1.4) 

Perfluorosulfonic acid (PFSA) membranes are widely used in VRFB 
due to good conductivity and excellent chemical and mechanical 
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properties in the acidic environment of a VRFB. However, PFSA mem-
branes are not ideally selective and vanadium ions can permeate 
through, thus battery manufacturer are forced to employ thick mem-
branes (>50 μm) to mitigate cross-over fluxes, leading to high voltage 
losses through the membrane [13] and high capital costs (20 %–40 % of 
system capital costs) [14–16]. 

Given the high impact of the membrane on battery performance and 
cost, a large share of the VRFB related research focuses on the devel-
opment of innovative separators as alternative to PFSA membranes 
[17,18]. A complete comprehension of cross-over phenomena and 
transport mechanisms is thus necessary to support the development of 
innovative separators and operating strategies for cross-over mitigation. 
In order to achieve that, the study of cross-over phenomena must be 
supported by a modelling analysis aimed at the evaluation of cross-over 
fluxes in a VRFB. The scientific literature presents several models 
describing the operation of a VRFB including vanadium transport 
through the membrane [10,12,19–36]. However, despite the involved 
phenomena and the governing equations are consolidated, different 
interpretations are present in the different studies because the definition 
of the model parameters deeply depends on the adopted validation 
process [37,38]. Oh et al. reported that diffusion and migration are the 
main mechanisms, while convection can be neglected since the velocity 
in the membrane is close to zero due to its low hydraulic permeability 
[19,30,31]. Gandomi et al. showed that diffusion is the predominant 
mechanism for cross-over fluxes at low current densities, but increasing 
the current density migration and diffusion contribute almost equally 
[25]. On the other hand, the works of Knehr et al. showed that con-
vection and diffusions are the dominant mechanisms, while migration 

has a smaller influence [12,32,33]. Instead, Darling et al. showed that 
migration plays a significant role in the vanadium transport through the 
membrane at high current densities and thus it cannot be neglected [28]. 
Lei et al. also highlighted the influence of the Donnan effect, fixed 
charges concentration and selective ion adsorption on vanadium cross- 
over fluxes [10,35]. 

The different interpretations provided in literature are consequences 
of differences in the studies in the experimental hardware and operative 
conditions, which lead to uncertainties and differences on model pa-
rameters: for example the values of the vanadium ion diffusivities 
through the membrane can differ between the different studies even by 
one order of magnitude [25,37]. The uncertainties related to the model 
parameters are also due to the fact that in literature the calibration 
process of the models is usually conducted on a limited number of 
experimental data. 

In particular, the models proposed in literature are validated and 
calibrated either on the overall capacity depletion of the battery during 
charge-discharge cycles with cut-off voltages [12,20,24,29,33] or only 
on the voltage of the first cycle neglecting battery self-discharge and 
capacity loss, often taking values for the diffusivities through the 
membrane from literature [10,19,21–23,26,27,30,31,34–36]. However, 
diffusivities values taken from literature commonly come from diffusion 
tests [21,25,39–41] which are straightforward tests to study the 
behaviour of a separator towards diffusion [42], but neglect migration 
which may be one the key transport mechanisms for vanadium cross- 
over: only Luo et al. [21] and Gandomi et al. [25] considered migra-
tion in their analysis of diffusion tests, although in ad-hoc designed 
experimental set-ups different from the real application. 

Nomenclature 

Cap Capacity [C]
C Concentration [mol m− 3] 
j Current density [A m− 2] 
D Diffusivity [m− 2 s− 1]

Vsol Electrolyte solutions volume [m− 3] 
F Faraday’s constant [C mol− 1] 
df Fibre diameter [m]

Ageo Geometric area [m2] 
K Kinetic constant [m s− 1] 
hch Mass transport coefficient in the distributor channel 

[m s− 1]

N Molar flux [mol m− 2 s− 1] 
rp Pore radius [m] 
Vp Porous volume [m3kg− 1] 
ϕ Potential [V] 
RR Reaction Rate [mol m− 3s− 1] 
a Specific area [m− 1] 
SoC State of Charge [− ] 
SA Surface Area [m2kg− 1] 
T Temperature [K] 
l Thickness [m]

Δt Time step [s]
R Universal gas constant [J mol− 1K− 1] 
z Valence [− ] 
ΔV Voltage [V] 
iv Volumetric current density [A m− 3]

Q̇ Volumetric flow rate [m3s− 1]

Greek symbols 
α Charge transfer coefficient [− ] 
η Overpotential [V] 

ϵ Porosity [− ] 
σ Conductivity [S m− 1]

Superscripts 
b Relative to the bulk electrolyte 
s Relative to the electrode surface 
pos Relative to the positive electrode 
neg Relative to the negative electrode 
el Relative to the electrode domain 
m Relative to the membrane domain 
mem Relative to the membrane domain 
eff Effective 
L Relative to the left boundary of the domain 
R Relative to the right boundary of the domain 
ch Relative to the distributor channel 
ch, el Relative to the channel-electrode interface 
in Relative to the inlet 
out Relative to the outlet 

Subscript 
i Relative to the species i 
l Relative to the electrolytic phase 
s Relative to the solid phase 
cx Relative to cross-over 
pos Relative to the positive electrode/electrolyte 
neg Relative to the negative electrode/electrolyte 
M Relative to the fixed charges in the membrane 
V2+ Relative to the V2+ species 
V3+ Relative to the V3+ species 
VO2+ Relative to the VO2+ species 
VO+

2 Relative to the VO+
2 species 

H+ Relative to the H+ species 
HSO−

4 Relative to the HSO−
4 species 

r Relative to the iteration r  
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As regards the calibration of diffusivities through the membrane on 
the capacity depletion of the battery during charge-discharge cycles 
with cut-off voltages, it introduces uncertainties on the resulting values 
as it does not take into account the self-discharge and imbalance of the 
single electrolytes. Moreover, the capacity loss during this type of cycles 
does not only depend on vanadium cross-over, but also on electrode 
degradation [43–45]. Therefore, the duration of each cycle is influenced 
both by vanadium cross-over and by electrode degradation: this in-
troduces further uncertainties in the calibration of model parameters 
due to the complexity in isolating the two different phenomena. 
Furthermore, in the literature the calibration of different model pa-
rameters is usually conducted considering only one operating condition: 
just a limited works [22,27,30] validated their models on the voltage of 
a charge-discharge cycle at different operating current densities or on 
the results of a polarization curve. However, the capacity depletion of 
the battery or the electrolytes imbalance at different operating condi-
tions were not considered. This induces in parameters that are not able 
to describe cross-over phenomena at different operating conditions, 
increasing the uncertainties related to the modelling analysis. 

This work proposes a new approach for the calibration of models 
describing vanadium cross-over in VRFB, that is based on the utilization 
of charge-discharge cycles with fixed exchanged capacity and through- 
plate reference electrodes measurements. As described in Cecchetti 
et al. [45], imposing equal charged and discharged capacity at each 
cycle with constant current density allows to isolate the effects of cross- 
over from electrodes degradation on the evolution of the State of Charge 
(SoC) of the battery and of the two electrolytes, as the duration of each 
charge and discharge hemicycle is independent from the over-potential 
of the battery in this type of charge-discharge cycles. In this way, in 
absence of cross-over the SoC of the two electrolytes would be the same 
and constant after each charge and discharge. Otherwise, a decay of the 
Open Circuit Voltage (OCV) and of the Open Circuit Potentials (OCP) of 
the electrolytes, related to the SoC, can be observed in case of vanadium 
cross-over. The OCP of the two electrolytes is measured in-situ through 
the innovative system of through-plate reference electrodes firstly 
introduced in VRFB by the authors in Cecchetti et al. [45]. Moreover, 
this type of cycles facilitates the modelling analysis as the exchanged 
capacity is constant and it does not depend on the performance of the 
battery, therefore the impact of uncertainties of the model parameters 
related to the electrochemistry and mass transport inside the electrodes 
on the cross-over fluxes is limited. 

In particular, a 1D physically-based model of the operation of a VRFB 
single cell is presented to support the analysis of cross-over fluxes of 
vanadium species through the ion exchange membrane of the battery. 
The Nernst-Planck equation is used to describe the flux of the species 
through the electrodes and the membrane to consider both migrative 
and diffusive fluxes. The model is calibrated on the results of charge- 
discharge cycles at three different current densities with fixed charged 
and discharged capacity presented in Section 4.1 by fitting kinetic and 
mass transport electrode parameters on the voltage of the battery, while 
the membrane parameters on the self-discharge and imbalance of the 
two vanadium electrolytes. This approach allows to obtain a more ac-
curate calibration of the model with respect to fitting on the overall 
capacity depletion of the battery as it is done in literature. Furthermore, 
calibrating the model parameters on cycles at three different current 
densities allows to acquire model parameters that can effectively 
describe the migrative flux and the involved physics at different oper-
ating conditions. 

It is worth mentioning that, although in this work a VRFB employing 
a Cation Exchange Membrane (CEM) is considered, the proposed 
approach can be easily applied to redox flow batteries with Anion Ex-
change Membranes (AEM). Indeed, the operation of the through-plate 
reference electrodes is not influenced by membrane typology and thus 
the self-discharge of the two electrolytes can be evaluated in both CEM 
and AEM systems. Moreover, also the physical-based model can be 
extended to describe the operation of batteries with AEM by modifying 

the governing equations to consider the different transported ionic 
charges. 

2. Experimental 

2.1. Experimental set-up 

Fig. 1 reports a schematic representation of the experimental set-up 
employed in this work. The cell active area was 25 cm2 with interdigi-
tated distributor flow field at both positive and negative side of the cell. 
Both positive and negative electrodes were Sigracet® 39AA compressed 
to 230 μm (nominal thickness 290 μm) by exploiting glass-PTFE gaskets 
[46]. The membrane was Nafion™ N212 (50 μm thickness), used as 
received without any treatment. 

The electrolyte solutions were prepared by dissolving vanadium (IV) 
sulfate oxide hydrate to obtain 1 M of vanadium ions in 5 M of sulphuric 
acid and by following to the procedure illustrated by Aaron al. [47]. 

Each test was performed with pristine electrodes, membrane and 
electrolyte solutions. 

The electrolyte solutions were pressurized with nitrogen to avoid air 
intake and processed with a peristaltic pump (Watson-Marlow 323Du 
with a 314Dw 4 roller head pump). 

Two through-plate hydrogen reference electrodes were applied at 
the cell, one for each side close to the inlet main channel inside the cell 
active area. As described in the authors previous works [45,48,49], this 
typology of reference electrodes consists in a Nafion™ tubing passing 
through the cell hardware acting as a salt bridge between the electrolyte 
in the electrode and a Gaskatel HydroFlex® reversible hydrogen elec-
trode (RHE) immersed in 5 M sulphuric acid. This reference electrodes 
set-up allows to directly measure the OCP of the two electrodes to es-
timate the SoC of the two electrolyte solutions during the operation of 
the battery by exploiting the experimental SoC-OCP relationships 
derived in Cecchetti et al. [45]. 

Charge-discharge cycles and Electrochemical Impedance Spectros-
copy (EIS) were performed with a high-precision high-speed source- 
measure unit (SMU) module PXIe-4139 equipped on a NI PXIe− 1075 
chassis by National Instruments. 

2.2. Experimental tests 

Charge and discharge cycles with fixed exchanged capacity with no 
cut-off voltages were performed at three different current densities: 10 
mA cm− 2, 40 mA cm− 2 and 100 mA cm− 2. The exchanged capacity was 
1875C for each charge and discharge, corresponding to a ΔSoC~40 % 
considering the total ideal capacity of the electrolyte solutions whose 
volume was 50 ml.1 For each current density new electrolyte solutions 
were prepared and charged up until the OCV of the cell was 1.419 V, 
corresponding to a starting battery SoC of 40 %. After each charge and 
each discharge, the OCV and the OCP of the two half-cells were 
measured for 90 s to monitor the evolution of the battery self-discharge 
due to vanadium cross-over.2 

An EIS was performed on the cell to measure the High Frequency 
Resistance (HFR) in OCV condition at 1.419 V with a sinusoidal current 
oscillation with 50 mA semi-amplitude at 50 frequencies ranging from 
100 kHz to 1 Hz. 

During all tests the volumetric flow rate of the electrolyte solutions 
was 40 ml min− 1. 

1 The value of the exchanged capacity was chosen to limit the SoC of the 
electrolytes after charge to prevent the evolution reaction of hydrogen at the 
negative side of the battery.  

2 The difference between the measure OCV of the battery and the OCV 
evaluated as the difference of the OCP of the positive electrode and OCP of the 
negative electrode was always lower than 5 mV during all tests. 
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3. Model 

3.1. Model assumptions and domains 

The model describes the operation of a single cell VRFB during 
charge-discharge cycles at fixed exchanged capacity as series of sta-
tionary states. This hypothesis is justified by the fact that the cycling 
operations described with this model are at constant current with 
transients only at the beginning of each charge and each discharge 
which end within a time (~30 s) lower than the time step of the model 
iteration. The dimension of the model is 1D and it solves the variables in 
the direction along the coordinate x, which is the through-battery co-
ordinate, as the model scheme in Fig. 2 shows. The domains described by 
the model are the positive and negative electrodes and the membrane. 
The modelled VRFB has a zero-gap architecture, meaning that the 
electrolyte is not directly injected through the electrode, but it is fed and 
withdrawn through a distributor. The mass transport inside the 
distributor channels is dealt with the boundary conditions. The 1D 

geometry was chosen to reduce the computational time, which is a 
critical resource in the modelling of long cycling operation. The 
assumption of 1D geometry is justified by the fact that the stoichiometry 
of the tests in Section 4.1 is in the range between 15.2 and 152,3 leading 
thus to negligible concentration gradients along the direction of the 
channel. In literature several works adopted a reduced dimension in the 
modelling analysis of a VRFB [10,27,29,50–52]. In particular, Sharma 
et al. [53] identified the conditions for which it is possible to reduce the 
model dimension in the simulation of VRFB cell. In [53], the authors 
defined the nondimensional number Λ, which describes the relative 
change in the species concentration in the electrodes with respect to the 
total species concentration. In case of Λ≪1 it is possible to describe the 
VRFB cell with a dimension lower than 2D. In the operative conditions of 
the present work Λ varies between 3.5 × 10− 3 and 3.5× 10− 2, which is a 
range of values that satisfies the conditions set by Sharma et al. [53]. 
More details for the calculation of Λ are provided in the Supplementary 
Materials. Also the work of Boettcher et al. [29] highlighted that 
reducing the dimension of the problem only introduces an error around 

Fig. 1. Schematic representation of the experimental set-up (not to scale).  

3 Evaluated at 10 mA cm− 2, 40 mA cm− 2 and 100 mA cm− 2 considering 50 % 
SoC and 40 ml min− 1 volumetric flow rate. 
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1 % on the capacity decay with respect to a 2D problem. Moreover, the 
ionic current in the membrane flows in the through-membrane direc-
tion, allowing to neglect gradients of the variables in the other directions 
[10]. 

The followings are the other hypothesis of the model:  

• incompressible electrolyte solutions [10,12,34];  
• isothermal system at a constant temperature of 298 K [10,12,51];  
• uniformly mixed electrolytes in the external tanks [10,12,51]; 
• isotropic mass and charge transfer properties of electrodes, mem-

brane and electrolyte [10,12];  
• dilute solutions assumption for species transport [10,12];  
• neglected hydrogen evolution reaction (HER) and oxygen evolution 

reaction (OER) [10,12]4;  
• water transport through the membrane is neglected [10,22,26,34] 

Moreover, the sulphuric acid employed in the electrolyte solutions is 
assumed to be fully dissociated in H+ and HSO−

4 , while the second step of 
dissociation is neglected with a null concentration of SO2−

4 all over the 
domains. This assumption is legitimized by the fact that the equilibrium 
constant for the second step of dissociation is very low and thus, given 
the high concentration of protons in the electrolytes employed in this 
work (5 M), the presence of SO2−

4 is very unlikely. 
As regards the assumption of neglected water transport, it derived 

from the fact that no significant volume change in the solutions was 
observed in the experimental tests reported in this work. This is conse-
quence of the fact that the employed electrolytes had sulphuric acid 
concentration of 5 M, which allows to minimize the water transport 

through the separator [54–56]. 
The model describes the mass transport and electrochemistry in the 

positive and negative electrodes, as well as the species transport through 
the membrane. 

The model, which is a multipoint boundary value problem, solves 
numerically the system of governing differential equations in the 
MATLAB™ environment through the bvp5c built-in function, whose al-
gorithm is a finite difference code implementing the four-stage Lobatto 
IIIa formula [57]. The species described in the model are the four va-
nadium species, V2+, V3+, VO2+ and VO+

2 , H+ and HSO−
4 ; while the 

variables solved by the models are:  

• Cb
i , concentration of the species in the bulk electrolyte;  

• Ni, molar flux of the species;  
• ϕl, liquid potential in the electrolytic phase;  
• ϕs, electric potential in the solid phase;  
• jl, ionic current density;  
• js, electronic current density. 

The model receives as input the inlet concentration of the involved 
species and the operating current density jVRFB of the VRFB and provides 
as output the distribution of the variables in the domains, the voltage of 
the battery, the potential of the electrodes, the potential losses through 
and the value of the cross-over fluxes. The input current density is taken 
positive during the charging of the battery. 

In the following subsections the governing equations for each 
component are described. 

3.1.1. Positive electrode 
The molar balance of the species V2+, V3+, VO2+, VO+

2 and H+ are 
defined by the following equations: 

∇ • NV2+
̅̅→

= − 2RRcx,1 − RRcx,2 − RRcx,4 (3.1)  

∇ • NV3+
̅̅→

= 3RRcx,1 + 2RRcx,2 − RRcx,3 (3.2)  

∇ • NVO2+
̅̅̅→

= −
iv,pos

F
− RRcx,2 + 2RRcx,3 + 3RRcx,4 (3.3)  

∇ • NVO+
2

̅̅→
=

iv,pos

F
− RRcx,1 − RRcx,3 − 2RRcx,4 (3.4)  

∇ • NH+

̅̅→
= 2

iv,pos

F
− 4RRcx,1 − 2RRcx,2 − 2RRcx,4 (3.5) 

The terms on the right-hand side of these equations are the sources 
terms for the different species, considering both redox reactions of the 
VO2+/VO+

2 couple and the redox reactions described by Eqs. (1.1)–(1.4), 
whose reaction rates are indicated as RRcx,k, which are modelled ac-
cording to the following power laws: 

RRcx,1 = Kcx,1

(
Cb

V2+

C0

)2(Cb
VO+

2

C0

)

(3.6)  

RRcx,2 = Kcx,2

(
Cb

V2+

C0

)(
Cb

VO2+

C0

)

(3.7)  

RRcx,3 = Kcx,3

(
Cb

VO+
2

C0

)(
Cb

V3+

C0

)

(3.8)  

RRcx,4 = Kcx,4

(
Cb

VO+
2

C0

)2(
Cb

V2+

C0

)

(3.9)  

where Kcx,k is the kinetic constant of the k-cross-over reaction and C0 is 
the reference concentration equal to 1000 mol m− 3. As reported in 
Table 2, the values for the Kcx,k were assumed to be 1 × 106 mol m− 3s− 1 

Fig. 2. Scheme of the domains described in the model (not to scale).  

4 This assumption was further supported by the measurement of the potential 
of the electrodes in-operando with the RHE, which confirmed that the operation 
of the battery occurred in safe potential windows (Figure S1 of the Supple-
mentary Materials). 
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to ensure that all cross-over reactions occur inside the electrode 
domains. 

iv,pos in Eqs. (3.1)–(3.5) is the volumetric current density of the re-
action of the redox couple VO2+/VO+

2 and is computed via Butler- 
Volmer equation: 

iv,pos = aFKpos

(
Cs

VO2+eαpos
F

RTηpos − Cs
VO+

2
e(αpos − 1) F

RTηpos

)
(3.10)  

with a specific area, Kpos kinetic constant of the reaction, ηpos = ϕs − ϕl −

Epos
0′ formal over-potential5 of the reaction, Epos

0′ formal equilibrium po-
tential [51,58], αpos charge transfer coefficient, Cs

VO2+ and Cs
VO+

2 
con-

centrations at the electrode surface computed from the bulk ones as 
[50]: 

Cs
VO2+ = Cb

VO2+ −
iv,pos

aFDel
VO2+

rp

(3.11)  

Cs
VO+

2
= Cb

VO+
2
+

iv,pos
aFDel

VO+
2

rp

(3.12)  

where Del
i is the diffusivity of the i-species in the electrolyte, while rp is 

the radius of the electrode pores. 
The molar flux of each species is modelled with the Nernst-Planck 

equation: 

Ni
→

= − Del,eff
i ∇Cb

i

̅̅→
−

ziF
RT

Del,eff
i Cb

i ∇ϕl
̅̅→ (3.13)  

from which the partial differential equation for the bulk concentrations 
of the vanadium species and protons can be obtained: 

∇Cb
i

̅̅→
= −

Ni
→

Del.eff
i

−
ziCb

i F
RT

∇ϕl
̅̅→ (3.14)  

where zi is the valence of the i-species, while Del,eff
i is the effective 

diffusivity in the electrode, which considers the porosity ϵ of the elec-
trode according to the Bruggemann correlation [12]: 

Del,eff
i = Del

i ϵ1.5 (3.15) 

It is worth to mention that according to the Eq. (3.13) of the molar 
flux and to Eqs. (3.11) and (3.12) for the mass transport in the pores, 
convection inside the electrodes is neglected because of the impossibility 
of defining a velocity field for a 1D geometry. The influence of the 
volumetric flow rate of the electrolyte solutions is thus dealt with the 
boundary conditions. 

Eq. (3.14) applies only for vanadium species and protons, while for 
the molar flux and bulk concentration of HSO−

4 the electroneutrality is 
considered: 
∑

i
ziCb

i = 0→Cb
HSO−

4
= −

1
zHSO−

4

∑

i∕=HSO−
4

ziCb
i (3.16)  

jl
→

=
∑

i
ziFNi

→→NHSO−
4

̅̅̅→
=

1
zHSO−

4

⎛

⎝ jl
→

F
−
∑

i∕=HSO−
4

ziNi
→

⎞

⎠ (3.17) 

Eq. (3.18) is the differential equation required by the MATLAB™ 
solver bvp5c for the electrolytic potential ϕl, which is derived by 
multiplying Eq. (3.14) for each species by zi/Del,eff

i and making the sum 
[50]: 

∇ϕl
̅̅→

= −
RT
F

∑
i

ziNi
→

Del,eff
i∑

i
z2

i Cb
i

(3.18) 

As regards the solid potential ϕs, the Ohm’s law is used to describe 
the relationship with the electronic current density js: 

∇ϕs
̅̅→

= −
js
→

σs
(3.19)  

with σs electric conductivity in the electrode. The last governing equa-
tions for the positive electrodes are the partial differential equations for 
jl and js: 

∇ • jl
→

= iv,pos (3.20)  

∇ • js
→

= − iv,pos (3.21)  

3.1.2. Negative electrode 
The governing equations for the negative electrodes are the same of 

the positive electrode with some modification due to the different re-
action involved. The molar balance of the species V2+, V3+, VO2+, VO+

2 
and H+are defined in the negative electrode by the following equations: 

∇ • NV2+
̅̅→

= −
iv,neg

F
− 2RRcx,1 − RRcx,2 − RRcx,4 (3.22)  

∇ • NV3+
̅̅→

=
iv,neg

F
+ 3RRcx,1 + 2RRcx,2 − RRcx,3 (3.23)  

∇ • NVO2+
̅̅̅→

= − RRcx,2 + 2RRcx,3 + 3RRcx,4 (3.24)  

∇ • NVO+
2

̅̅→
= − RRcx,1 − RRcx,3 − 2RRcx,4 (3.25)  

∇ • NH+

̅̅→
= − 4RRcx,1 − 2RRcx,2 − 2RRcx,4 (3.26)  

with iv,neg volumetric current density of the redox reactions of the 
V2+/V3+ couple, computed with Butler-Volmer equation: 

iv,neg = aFKneg

(
Cs

V2+ eαneg
F

RTηneg − Cs
V3+ e(αneg − 1) F

RTηneg

)
(3.27) 

The concentration at the electrode surface can be calculated as: 

Cs
V2+ = Cb

V2+ −
iv,neg

aFDel
V2+

rp

(3.28)  

Cs
V3+ = Cb

V3+ +
iv,neg

aFDel
V3+

rp

(3.29) 

The transport of the species is modelled via Nernst-Planck equation 
and therefore Eq. (3.14) applies also for the negative electrode and 
consequently also Eq. (3.18) for the gradient of the electrolytic potential. 
HSO−

4 is dealt considering the electroneutrality, Eqs. (3.16) and (3.17), 
while the Ohm’s law describes the gradient of ϕs. The variation of the 
ionic and electronic current densities is determined by the volumetric 
current density of the redox reaction: 

∇ • jl
→

= iv,neg (3.30)  

∇ • js
→

= − iv,neg (3.31)  

3.1.3. Membrane 
The membranes employed in this work are CEM and thus the amount 

of HSO−
4 able to permeate into the membrane is limited due to the 

presence of negatively charged sulfonic groups. Therefore, the concen-
tration and the flux of HSO−

4 are assumed to be null. No reaction takes 5 Overpotential calculated with respect to the formal equilibrium potential. 
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place inside the domain of the membrane and thus the source terms for 
the molar balance of the species are null: 

∇ • Ni
→

= 0 (3.32) 

Moreover, since no reaction is occurring in the membrane the ionic 
current density is constant: 

∇ • jl
→

= 0 (3.33) 

The molar flux for each species is modelled with the Nernst-Planck 
equation and thus the partial differential equation for vanadium spe-
cies and protons is: 

∇Cb
i

̅̅→
= −

Ni

Dm
i
−

ziCb
i F

RT
∇ϕl
̅̅→ (3.34)  

where Dm
i is the diffusivity in Nafion™. Since the hydraulic permeability 

of the membrane is low, the convection through the membrane is 
neglected [31]. 

The gradient of the electrolytic potential in the membrane is calcu-
lated with the same equation of the electrodes: 

∇ϕl
̅̅→

= −
RT
F

∑
i
ziNi
→

Dm
i∑

i
z2

i Cb
i

(3.35) 

Finally, in the membrane there is no solid phase and therefore ϕs and 
js are not defined. However, bvp5c solves all variables in all domains, 
therefore ϕs and js are set equal to 0 in the membrane through boundary 
conditions and the following partial differential equations for the solid 
phase variables: 

∇ϕs
̅̅→

= 0 (3.36)  

∇ • js
→

= 0 (3.37)  

3.1.4. Boundary conditions 
The model defined by the governing equation listed previously is 

composed by 14 differential equations for 3 domains, therefore it re-
quires 42 boundary conditions for the numerical resolution. 

The continuity of the permeable species (vanadium species and 
protons) through the membrane must be guaranteed to respect the 
molar balance: 

Npos,R
i = Nmem,L

i (3.38)  

Nmem,R
i = Nneg,L

i (3.39)  

where pos, mem and neg refer to the positive electrode, membrane and 
negative electrode respectively, while R and L indicate the right or left 
boundary of the domain with respect the scheme of Fig. 2. Moreover, the 
ionic current density through the membrane must be equal to the 
operating current density of the battery jVRFB and it must be continuous 
at the interfaces of the domains: 

jpos,R
l = jVRFB (3.40)  

jmem,L
l = jpos,R

l (3.41)  

jmem,R
l = jneg,L

l (3.42) 

As regards the electronic current density is set equal to the operating 
current density at the positive electrode left boundary and at the nega-
tive electrode right boundary, accordingly to the flow of electrons 
through the external circuit, while at the membrane interface is set to 
0 for electric insultation: 

jpos,L
s = jVRFB (3.43)  

jneg,R
s = jVRFB (3.44)  

jpos,R
s = jmem,L

s = 0 (3.45)  

jmem,R
s = jneg,L

s = 0 (3.46) 

At the interfaces between the electrodes and the distribution chan-
nels the boundary conditions must provide the information regarding 
the inlet concentrations and volumetric flow rate of the electrolyte so-
lutions. Moreover, following the approach proposed by Zago and 
Casalegno [50] the flux at the channel-electrode interface is equal to a 
convective flux between the bulk concentration of the channel and at the 
interface: 

Nch− el
i = hch,i

(
Cch

i − Cch,el
i
)

(3.47)  

with hch,i is the convective mass transport coefficient at the channel for i- 
species, while Cch

i is the bulk concentration in the channel that is eval-
uated as the average between the inlet and outlet concentration: 

Cch
i =

Cin
i + Cout

i

2
(3.48) 

However, Cout
i is not known a priori since it depends on the flux of the 

species through the membrane and thus must be obtained by a molar 
balance on the distribution channel, which is modelled as a simple 
straight channel: 

Cout
i = Cin

i −
Nel− ch

i Ageo

Q̇
(3.49)  

where Ageo is the geometrical area of the electrode and Q̇ is the volu-
metric flow rate. After substituting Eqs. (3.49) and (3.48) in Eq. (3.47) 
and simple mathematical steps, the boundary condition for the 
electrode-channel interface is obtained: 

Nch− el
i =

hch,i

1 +
hch,iAgeo

2Q̇

(
Cin

i − Cch− el
i

)
(3.50)  

which can be rewritten in terms of the model variables for both positive 
and negative electrode-channel interfaces for the vanadium species and 
protons: 

Npos,L
i =

hch,i

1 +
hch,iAgeo

2Q̇

(
Cpos,in

i − Cpos,L
i
)

(3.51)  

Nneg,R
i =

hch,i

1 +
hch,iAgeo

2Q̇

(
Cneg,R

i − Cneg,in
i

)
(3.52) 

The convective mass transport coefficient can be obtained by the 
following correlation [50]: 

hch,i = 7
Del

i

df
Re0.4 (3.53)  

with df average diameter of electrode fibres (8 μm [50]) and Re Reynolds 
number, equal to 0.044 computed assuming a velocity of 0.005 m s− 1 

inside the porous electrode at 40 ml min− 1 according to the CFD analysis 
for an interdigitated flow field of Messaggi et al. [59]. 

At the interfaces between the electrodes and the membrane a 
discontinuity in the concentration of the species is presents due to the 
presence of the fixed charges in the membrane, thus in order to respect 
the electroneutrality the concentration of vanadium ions and protons 
have a step discontinuity at the interfaces. This phenomenon is known as 
Donnan effect and, due to the conservation of the electrochemical po-
tential, it has consequently a discontinuity of the electrolytic potential, 
known as Donnan potential, as well: 
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ϕpos,R
l − ϕmem,L

l =
RT

zH+ F
ln

Cmem,L
H+

Cpos,R
H+

(3.54)  

ϕmem,R
l − ϕneg,L

l =
RT

zH+F
ln

Cneg,L
H+

Cmem,R
H+

(3.55) 

Since the equations of the potential discontinuity are valid for each 
species, it is possible to express the discontinuity of the species as a 
function of the one of the H+: 

Cmem,L
i = Cpos,R

i

(
Cmem,L

H+

Cpos,R
H+

)
zi

zH+ (3.56)  

Cmem,R
i = Cneg,L

i

(
Cmem,R

H+

Cneg,L
H+

)
zi

zH+ (3.57) 

Electroneutrality inside the membrane is exploited to obtain the 
value of the proton concentration discontinuity, considering the fixed 
charges and the fact that HSO−

4 is assumed null inside the membrane: 

∑

i∕=HSO−
4

ziCpos,R
i

(
Cmem,L

H+

Cpos,R
H+

)
zi

zH+ + zMCM = 0 (3.58)  

∑

i∕=HSO−
4

ziCmem,R
i

(
Cneg,L

H+

Cmem,R
H+

)
zi

zH+ + zMCM = 0 (3.59)  

with zM and CM valence and concentration of the fixed charges in the 
membrane. 

Finally, the solid phase potential at the negative electrode-channel 
interface is set to 0 as reference potential, while it is set as 0 at the 
membrane: 

ϕneg,R
s = ϕmem,R

s = 0 (3.60) 

The voltage of the battery can be calculated as the difference be-
tween the solid phase potential of the positive and negative electrodes at 
the respective interfaces with the distributor channel: 

ΔV = ϕpos,L
s − ϕneg,R

s (3.61)  

3.2. Model of cycling operation 

The proposed model is built in order to evaluate the cross-over fluxes 
during charge-discharge cycles with fixed exchanged capacity. The 
cycling operation of the battery is simulated with a succession of sta-
tionary states solved with the equations described in the previous sub-
section with input the charging or discharging current density and the 
inlet concentration at instant r calculated from a molar balance at the 
electrolyte tank at the previous iteration r-1: 

Cpos,in
i,r = Cpos,in

i,r− 1 −
Npos,R

i,r− 1 Ageo

Vsol
Δt (3.62)  

Cneg,in
i,r = Cneg,in

i,r− 1 +
Nneg,L

i,r− 1 Ageo

Vsol
Δt (3.63)  

with Δt time step of simulation and Vsol volume of the electrolyte solu-
tion, assumed constant coherently with the experimental observations, 
as explained in Section 3.1. 

Once the inlet concentrations are defined, it possible to calculate the 
SoC of the positive and negative electrolyte at each iteration: 

SoCpos
r =

Cpos
VO+

2 ,r

Cpos
VO+

2 ,r + Cpos
VO2+ ,r

(3.64)  

SoCneg
r =

Cneg
V2+ ,r

Cneg
V2+ ,r + Cneg

V3+ ,r
(3.65) 

Moreover, it is possible to calculate the total capacity of the two 
electrolyte solutions at iteration r from the total capacity at the previous 
iteration r-1 considering the moles of vanadium permeating through 
membrane: 

Cappos
tot,r = Cappos

tot,r− 1 +
(⃒
⃒Nm

V2+

⃒
⃒+
⃒
⃒Nm

V3+

⃒
⃒ −
⃒
⃒Nm

VO2+

⃒
⃒ −

⃒
⃒
⃒Nm

VO+
2

⃒
⃒
⃒

)
FAgeoΔt (3.66)  

Capneg
tot,r = Capneg

tot,r− 1 +
(⃒
⃒Nm

VO2+

⃒
⃒+

⃒
⃒
⃒Nm

VO+
2

⃒
⃒
⃒ −
⃒
⃒Nm

V2+

⃒
⃒ −
⃒
⃒Nm

V3+

⃒
⃒
)

FAgeoΔt (3.67)  

where Nm
i is the molar flux through the membrane, which is constant 

through the membrane. As it can be seen from Eqs. (3.66) and (3.67), the 
total capacity of one side decreases as the module of the flux of its 
species increases and increases as the flux of the species from the other 
side increases. The capacity of the two electrolyte solutions can be 
calculated as: 

Cappos
r = Cappos

tot,rSoCpos
r (3.68)  

Capneg
r = Capneg

tot,rSoCneg
r (3.69)  

Cappos
r and Capneg

r accounts for the capacity stored in the charged species 
of both electrolytes at instant r and thus it can be also written with 
respect the value of the previous iteration r-1 by adding the capacity 
charged or discharged during the operation and the self-discharge due to 
cross-over: 

Cappos
r = Cappos

r− 1 +

(
jVRFB

F
−

⃒
⃒
⃒Nm

VO+
2

⃒
⃒
⃒ − 2

⃒
⃒Nm

V2+

⃒
⃒ −
⃒
⃒Nm

V3+

⃒
⃒

)

FAgeoΔt (3.70)  

Capneg
r = Capneg

r− 1 +

(
jVRFB

F
−
⃒
⃒Nm

V2+

⃒
⃒ − 2

⃒
⃒
⃒Nm

VO+
2

⃒
⃒
⃒ −
⃒
⃒Nm

VO2+

⃒
⃒

)

FAgeoΔt (3.71) 

The term jVRFB
F takes into account the faradaic charge and discharge of 

the battery, the second term in the parentheses is the loss of capacity due 
to charged species permeating to the other side of cell, while the third 
and fourth represents the self-discharge due to cross-over of vanadium 
species from the other side. Combining equations from Eqs. (3.66) to 
(3.71), it is possible to obtain an alternative expression for the SoCs: 

SoCpos
r =

Cappos
r

Cappos
tot,r

=
Cappos

r− 1 +
(

jVRFB
F −

⃒
⃒
⃒Nm

VO+
2

⃒
⃒
⃒ − 2

⃒
⃒Nm

V2+

⃒
⃒ −
⃒
⃒Nm

V3+

⃒
⃒
)

FAgeoΔt

Cappos
tot,r− 1 +

(⃒
⃒Nm

V2+

⃒
⃒+
⃒
⃒Nm

V3+

⃒
⃒ −
⃒
⃒Nm

VO2+

⃒
⃒ −

⃒
⃒
⃒Nm

VO+
2

⃒
⃒
⃒

)
FAgeoΔt

(3.72)  

SoCneg
r =

Capneg
r

Capneg
tot,r

=
Capneg

r− 1 +
(

jVRFB
F −

⃒
⃒Nm

V2+

⃒
⃒ − 2

⃒
⃒
⃒Nm

VO+
2

⃒
⃒
⃒ −
⃒
⃒Nm

VO2+

⃒
⃒
)

FAgeoΔt

Capneg
tot,r− 1 +

(⃒
⃒Nm

VO2+

⃒
⃒+

⃒
⃒
⃒Nm

VO+
2

⃒
⃒
⃒ −
⃒
⃒Nm

V2+

⃒
⃒ −
⃒
⃒Nm

V3+

⃒
⃒
)

FAgeoΔt

(3.73) 

Eqs. (3.72) and (3.73) show the complexity of the effect of cross-over 
phenomena on the SoC of the battery and of the electrolyte solutions. For 
example, since the flux of VO+

2 , the charged species of the positive 
electrolyte, is at both numerator and denominator of Eq. (3.72), its 
permeation through the membrane causes at the same time a reduction 
of the charged species at the positive electrolyte and a reduction of the 
total capacity, which have opposed effects on the SoC of the positive 
electrolyte. Moreover, the fluxes of V2+ and V3+ have a detrimental in-
fluence on the SoC by both reducing the numerator through cross-over 
reactions and increasing the denominator by increasing the amount of 
vanadium in the electrolyte. 

This complexity proves that it is not possible to have an accurate 
analysis of the cross-over phenomena by just looking at the experimental 
data, but it requires a proper modelling analysis. For the model to be 
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able to accurately reproduce the physics of vanadium cross-over, a 
proper calibration on the experimental data must be achieved. 

4. Results and discussion 

4.1. Charge-discharge cycles with fixed exchanged capacity 

Fig. 3 reports the OCV of the battery and the OCP of the two elec-
trolyte solutions after each charge and discharge and their correspond-
ing SoC, evaluated exploiting the experimental relationship derived in 
Cecchetti et al. [45]. As Fig. 3A shows, comparing at the same number of 
cycles, the lowest self-discharge of the battery occurred in the case of 
current density 100 mA cm− 2, while at 10 mA cm− 2 the highest self- 
discharge was observed. The large self-discharge in the case of 10 mA 
cm− 2 led to a first OCV after charge significantly lower (~11 mV) than 
the other cases, corresponding to a loss of SoC of nearly 3.5 %. There-
fore, at 100 mA cm− 2 the battery was able to perform more cycles and 
thus it allowed to exchange a larger overall capacity. However, the time 
of a single cycle was not the same in the three cases due to the different 
applied current: for example, a cycle for the 10 mA cm− 2 case lasted 10 
times longer than the 100 mA cm− 2. Therefore, it is also worth 
comparing the self-discharge after the same cycling time: at the end of 
each test the SoC of battery was similar in the three cases, with differ-
ences in the range of 1 % SoC. Therefore, the experimental results may 
suggest that the self-discharge rate due to cross-over does not depend 
significantly on the applied current density comparing the test at the 
same time. However, solid conclusions can be drawn only with a 
modelling analysis due the complex interplay of involved phenomena, 
as it will be proposed in Section 4.3. 

As regards the self-discharge of the single electrolyte solutions, 
shown in Fig. 3B and C, comparing at the same number of cycles, the SoC 
of the two electrolytes decreased more slowly when the current density 
increased. However, similarly to the evolution of the OCV, at the end of 
the test the difference in the SoCs were lower than 5 % for both positive 
and negative electrolyte. At each current density the positive electrolyte 
suffered a faster self-discharge than the negative electrolyte as at the end 
of the charge of last cycle the SoC of the negative electrolyte was be-
tween 70 % and 74 %, while for the positive electrolyte it was between 
60 % and 65 %. Moreover, the variation between the beginning and the 
end of test in the SoC of the two electrolytes (Fig. 3B and C) presented no 
significant differences among the three current densities. This confirms 
the absence of side reactions, which would have led to a significantly 
larger self-discharge in the case of 100 mA cm− 2. Fig. S1 of the Sup-
plementary Materials reports the potentials of the positive and negative 
electrodes measured with the RHE, which showed that the operation 
occurred in safe potential windows. 

To provide a solid interpretation of these experimental data, a 
modelling analysis is proposed in the following section. 

4.2. Model calibration 

The voltage of the first cycle and the self-discharge of the positive 
and negative electrolytes during the charge-discharge cycles at three 
different current densities were used to calibrate the model presented in 
Section 3. Calibrating the data at different current densities allows to 
obtain parameters able to describe electrochemistry and the mass 
transport in different operating conditions. In particular, the fitted pa-
rameters were Kpos and Kneg, kinetic constants of the positive and 
negative electrode reactions, Del

i , diffusivities of the involved species in 
the electrolyte, and Dm

i , diffusivities in the membrane. The remaining 
parameters were either assumed or taken from literature, as indicated in 
Tables 1 and 2. In order to improve the accuracy of the calibrated pa-
rameters, each parameter was fitted on the data more sensitive to the 
considered parameter accordingly to a preliminary sensitivity analysis. 
In particular, Kpos, Kneg and Del

i , being responsible of the performance of 

the battery, were calibrated with the voltages of the first cycle of the 
three different current densities, when the effect of cross-over phe-
nomena on performance is more limited. Dm

H+ was calibrated in order to 
have a potential loss through the separator coherent with the value of 
the HFR from the EIS (250.7 mΩ cm2, Figs. S2 and S3 of the Supple-
mentary Materials). Dm

i of V2+and V3+ on the self-discharge of the pos-
itive electrolyte, while Dm

i of VO2+and VO+
2 on the self-discharge of the 

negative electrolyte. Fitting the membrane diffusivities on the self- 
discharge of each electrolyte solutions allows to consider the effect of 
each vanadium species on the self-discharge and thus to obtain a more 
accurate calibration of these parameters with respect to fitting on the 
overall capacity decay of the battery, as usually done in literature 
[12,20,24,29,33]. The model calibration was conducted iteratively to 
consider the interaction between the different model parameters. In 
particular, Dm

H+ was firstly calibrated on the potential loss through the 
membrane accordingly to the value of the HFR. Then Kpos, Kneg and Del

i 
were tuned on the voltages of the first cycle at the three different current 
densities by reducing the root mean square error (RMSE) between model 
simulations and experimental data. After that, Dm

V2+ ,Dm
V3+ ,

Dm
VO2+ and Dm

VO+
2 

were adjusted to minimize the RMSE on the self- 

discharge of the two electrolytes at the three different current den-
sities. Since all the calibrated parameters simultaneously influence with 
a different intensity the potential loss through the membrane, the volt-
ages of the first cycle and the self-discharge of the two electrolytes, the 
described calibration procedure was repeated iteratively. The first 
calibration steps were performed manually by changing one parameter 
at a time in order to carefully monitor the evolution of the different 
physical quantities and then a Particle Swarm Optimization (PSO) al-
gorithm [60] was adopted for a finer tuning of the parameters. The 
iterative calibration process is time consuming, but it allows to reduce 
the uncertainties of the model parameters, improving the accuracy of 
the model predictions. 

Fig. 4 reports the comparison between the experimental data of the 
voltage of the first cycles at the three different current densities and the 
calculated with the model. As it can be seen from the figure, the model is 
able to reproduce with good accuracy the voltage of the first cycle at all 
current densities with a RMSE equal to 3.87 mV at 10 mA cm− 2, 5.43 mV 
at 40 mA cm− 2 and 5.42 mV at 100 mA cm− 2. 

Table 1 reports the value of model parameters. The kinetic constants 
of the positive and negative reactions Kpos and Kneg are very variable in 
the literature due to the different electrodes employed by the different 
works, which present different activities, and also different cell archi-
tecture [61]. However, the resulting values are coherent with the ones 
reported in previous works. For example, Kneg is in the same order of 
magnitude of the one proposed by Knehr et al. (7× 10− 8 m s− 1) [12]. As 
regards Kpos, it is higher than Kneg coherently with the results of Cecchetti 
et al. [49], in which it was proved that the negative reaction is more 
kinetically limited by the positive one in the case of 39AA carbon paper 
electrodes. Lei et al., He et al. and You et al. [10,62,63] also reported a 
kinetic constant higher for the positive reaction. Another factor that 
contributes to the variability of the value of the kinetic constant is the 
specific area: the carbon felts used in [10,12,22,62,63] have large pores, 
resulting in a relatively low specific area with values in the range 1×

104 − 3.5× 104 m− 1, while 39AA has smaller pores, but the carbon 
flakes on the fibres offers an higher surface area with a resulting specific 
area of 3.75× 105 m− 1, one order of magnitude higher than the carbon 
felt. The value of the specific area has been calculated from the value of 
the specific porous volume Vp and surface area SA measured via Mercury 
Intrusion Porosimetry in Cecchetti et al. [49]: 

a =
SA
Vp

(4.1) 

The electrolyte diffusivities in the electrode fitted in this work are 
higher than the ones presented in literature [10,12,22,62,63]: 
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considering that the proposed model is 1D and it does not solve the 
complex fluid-dynamics in the channels and in the porous electrodes, 
higher values of diffusivities can be considered acceptable [50]. 

Fig. 5 shows the self-discharge for both electrolytes at the three 
different current densities, comparing the experimental data and the 
calculated SoC. As it can be seen, the model is able to reproduce the 
trend of the self-discharge of both electrolytes at all current densities 
with a maximum RMSE on the SoC of 2.6 % after charge at 40 mA cm− 2 

for the positive electrolyte, and a RMSE of 4.9 % after discharge at 10 
mA cm− 2 for the positive electrolyte as reported in Table S2 of the 
Supplementary Materials. 

The parameters relative to the species transport in the membrane and 
the cross-over reactions are reported in Table 2. The fitted proton 
diffusivity through Nafion™ is coherent with literature, where values 
between 3.35 × 10− 9 m2 s− 1 and 3.5 × 10− 10 m2 s− 1 are proposed 

[10,12,22]. The diffusivities through the membrane of the negative 
electrolyte are higher than the ones of the positive electrolyte. This is 
coherent with the results of the charge-discharge cycles reported in 
Fig. 3, where the self-discharge of the positive electrolyte was higher 
compared to negative electrolyte. Table 3 compares the value of the 
diffusivities in the membrane for the vanadium species with the values 
found in literature [12,21,25,41]. As it can be seen, there is variability in 
the proposed diffusivities and discrepancy on which is the species with 
the highest diffusivities. However, the resulting values are in the range 
of the value presented in literature, with the exception of the diffusivity 
of V2+ which is slightly higher than the value proposed by Luo et al. 
[21], but in the same order of magnitude. 

A sensitivity analysis on the calibrated parameters was conducted to 
assess the confidence of the fitted parameters. The sensitivity analysis 
showed that most of the calibrated parameters have a confidence bound 

Fig. 3. A)Battery OCV (left axis) and corresponding SoC (right axis) evolution during charge-discharge cycles with fixed exchanged capacity at different current 
densities. B) Positive electrolyte and C) negative electrolyte OCP measured by RHE and corresponding SoC during charge-discharge cycles with fixed ex-
change capacity. 
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of ±5% or ±10%. The results of the sensitivity analysis are reported the 
Supplementary Materials (Figs. S4 and S5). 

After model calibration it is possible to exploit the developed model 
to investigate the influence of the operating current density on the va-
nadium cross-over phenomena. In particular, it was studied how the flux 
of the vanadium species through the membrane changes according to 
the current. 

4.3. Cross-over fluxes analysis 

Fig. 6A,C,E reports the values of the average molar fluxes, calculated 
as integral averages, during charge, discharge and on the whole duration 
of the test, respectively.6 During charge, Fig. 6A, the average flux of the 
species of the positive electrolyte VO2+ and VO+

2 increases with the 
current density, while for the negative electrolyte species, V2+ and V3+, 
it decreases. In discharge, Fig. 6C, the behaviour is the opposite with an 
increasing flux for the negative electrolyte species and decreasing for the 
positive ones. This behaviour is coherent with the direction of the 
electrolytic potential gradient, whose absolute value increases with the 
current density. Indeed, during charge the electrolytic potential in the 
membrane decreases towards the negative electrode along the x-axis 
accordingly to Fig. 2. This favours the flux of species of the positive 
electrolyte and inhibits the flux of negative electrolyte species accord-
ingly to the Nernst-Planck Eq. (3.13). Instead, in discharge the gradient 
has the opposite direction and thus the flux of VO2+ and VO+

2 is 
inhibited, while the flux of V2+ and V3+ is enhanced. As regards the 
average on the whole test, Fig. 6E, the flux of each species increases with 
the current and it is always higher for the negative species at the 
investigated operating current density. This implies a net vanadium 
transport from the negative electrolyte the positive electrolyte, which 
decreases by 19 % with increasing current from 6.35 × 10− 6 mol m− 2 s− 1 

Table 1 
Assumed, fitted or taken from literature model parameters regarding the elec-
trochemistry and mass transport inside the electrodes.  

Parameter Value Ref. 

Temperature T 298 K – 
Cell area Ageo 25× 10− 4 m2 – 
39AA compressed porous 

volume 
Vp 3.2×

10− 6 m3g− 1 
[49] 

39AA surface area SA 1.2 m2g− 1 [49] 
Specific area a 3.75× 105 m− 1 SA/Vp 

Electrode thickness lel 220× 10− 6 m [49] 
Pores radius rp 50× 10− 6 m [49] 
Electrode porosity ϵ 0.9 [50] 
Electrode electric conductivity σS 1000 S m− 1 [50] 
Formal equilibrium potential 

V2+/V3+
Eneg

0′
− 0.332 V Fitted on the data 

of [45] 
Formal equilibrium potential 

VO2+/VO+
2 

Epos
0′

1.121 V Fitted on the data 
of [45] 

Negative charge transfer 
coefficient 

αneg 0.5 Assumed 

Positive charge transfer 
coefficient 

αpos 0.5 Assumed 

Negative kinetic constant Kneg 6.69×

10− 8 m s− 1 
Fitted on cell 
voltage 

Positive kinetic constant Kpos 1.76×

10− 6 m s− 1 
Fitted on cell 
voltage 

Electrolyte diffusivity V2+ Del
V2+

2.02×

10− 9 m2 s− 1 
Fitted on cell 
voltage 

Electrolyte diffusivity V3+ Del
V3+

2.73×

10− 9 m2 s− 1 
Fitted on cell 
voltage 

Electrolyte diffusivity VO2+ Del
VO2+

2.32×

10− 9 m2 s− 1 
Fitted on cell 
voltage 

Electrolyte diffusivity VO+
2 Del

VO+
2 

1.66×

10− 9 m2 s− 1 
Fitted on cell 
voltage 

Electrolyte diffusivity H+ Del
H+

9.25×

10− 9 m2 s− 1 
Fitted on cell 
voltage 

Electrolyte diffusivity HSO−
4 Del

HSO−
4 

1.38×

10− 9 m2 s− 1 
Fitted on cell 
voltage  

Table 2 
Assumed, fitted or taken from literature model parameters regarding the species 
transport through the membrane and the cross-over reactions.  

Parameter Value Ref. 

Cross-over reaction rate 
constant 

Kcx,k 1×

106 mol m− 3s− 1 
assumed 

Membrane thickness lm 50× 10− 6 m – 
Membrane diffusivity 

V2+
Dm

V2+ 1.30×

10− 11 m2 s− 1 
fitted on positive 
electrolyte self-discharge 

Membrane diffusivity 
V3+

Dm
V3+ 1.25×

10− 11 m2 s− 1 
fitted on positive 
electrolyte self-discharge 

Membrane diffusivity 
VO2+

Dm
VO2+ 3.81×

10− 12 m2 s− 1 
fitted on negative 
electrolyte self-discharge 

Membrane diffusivity 
VO+

2 

Dm
VO+

2 
3.10×

10− 12 m2 s− 1 
fitted on negative 
electrolyte self-discharge 

Membrane diffusivity 
H+

Dm
H+ 5.83×

10− 10 m2 s− 1 
fitted on membrane 
potential loss 

Membrane fixed charges 
concentration 

CM 1280 mol m− 3 [22] 

Membrane fixed charges 
valence 

zM -1 [22]  

Fig. 4. Experimental and calculated first cycle voltage A) 10 mA cm− 2 B) 40 
mA cm− 2C) 100 mA cm− 2. 

6 The average fluxes are all reported as positive to facilitate the comparison 
and the analysis, thus in Figure 6 a positive value does not refer to the direction 
of the flux. The average fluxes of the positive electrolyte species are always 
directed towards the negative electrolyte, while the ones of the negative elec-
trolyte species towards the positive electrolyte. 
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at 10 mA cm− 2 to 5.12 × 10− 6 mol m− 2 s− 1 at 100 mA cm− 2. Therefore, 
operating at higher current density helps in reducing the net vanadium 
transport from the negative to the positive electrolyte. 

According to the cross-over reactions reported in Eqs. (1.1)–(1.4), 
the effect on electrolytes self-discharge is different for each species, 
therefore the analysis must be extended also to the cross-over reactions 
rate. Fig. 6B,D,F reports the average cross-over reactions rate for the two 
electrolytes at the different operating conditions quantified as the 

parasitic current density associated to the cross-over reactions, calcu-
lated from the average fluxes as: 

jpos
CX = (2NV2+ +NV3+ )F (4.2)  

jneg
CX =

(
2NVO+

2
+NVO2+

)
F (4.3) 

Considering the trend of the cross-over reactions rate with the 
operating current density during charge (Fig. 6B), it can be observed 
that it increases for the negative electrolyte accordingly to Eq. (4.3) as 
the cross-over fluxes from the positive electrolyte increases with the 
current density, as shown in Fig. 6A. Similarly, it decreases for the 
positive electrolyte due to the reduction of the fluxes from the negative 
half-cell accordingly to Fig. 6A. As regards the discharge (Fig. 6D), the 
cross-over reactions rate for the positive electrolyte increases with the 
operating current density due to the larger fluxes from the negative 
electrolyte (Fig. 6C), while it decreases for the negative electrolyte. 
Therefore, the trends of the cross-over reactions rate of the positive and 
negative electrolytes resemble the trends of the of the average molar 
fluxes during charge and discharge. However, considering the average 
on the whole test, the trend of the positive electrolyte cross-over re-
actions rate deviates from the behaviour of the other cases. Indeed, the 
cross-over parasitic current density for the positive electrolyte in Fig. 6F 

Fig. 5. Experimental vs calculated SoC at three different current densities: A, C, E) Positive electrolyte B, D, F) Negative electrolyte. A, B) 10 mA cm− 2, C, D) 40 mA 
cm− 2 E, F) 100 mA cm− 2. 

Table 3 
Comparison of the calibrated diffusivities in the membrane with the values re-
ported in literature.  

Ref. Dm
V2+

[
m2s− 1] Dm

V3+

[
m2s− 1] Dm

VO2+

[
m2s− 1] Dm

VO+
2

[
m2s− 1]

This work 13.00×

10− 12 
12.50×

10− 12 
3.81× 10− 12 3.10× 10− 12 

Knehr et al. 
[12] 

3.13× 10− 12 5.93× 10− 12 5.00× 10− 12 1.17× 10− 12 

Luo et al. [21] 9.44× 10− 12 14.50×

10− 12 
4.45× 10− 12 2.40× 10− 12 

Gandomi 
et al. [25] 

3.39× 10− 12 1.87× 10− 12 2.84× 10− 12 2.32× 10− 12 

Sun et al. [41] 8.77× 10− 12 3.22× 10− 12 6.83× 10− 12 5.90× 10− 12  
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decreases (0.29 mA cm− 2 at 10 mA cm− 2 to 0.23 mA cm− 2 at 100 mA 
cm− 2) despite increased fluxes from the negative electrolyte (Fig. 6E). 
This unexpected behaviour is due to the fact that at increasing operating 
current density the share of V3+on the overall flux increases from 22 % at 
10 mA cm− 2 to 65 % at 100 mA cm− 2 (Fig. 6E). Thus, considering that 
V3+ is the less harmful species for the positive electrolyte, the rate of the 
cross-over current at the positive electrolyte decreases. As regards the 
average self-discharge rate of the negative electrolyte on the whole test, 
since the flux of VO+

2 is the most predominant flux from the positive 
electrolyte at each current density (Fig. 6E) the cross-over parasitic 
current density for the negative electrolyte increases (0.17 mA cm− 2 at 
10 mA cm− 2 to 0.22 mA cm− 2 at 100 mA cm− 2, Fig. 6F) along with 
increased fluxes of the positive electrolyte (Fig. 6E). 

The highlighted behaviours of the cross-over fluxes and cross-over 
reactions rate of the electrolytes show thus that a higher flux of vana-
dium cross-over not always leads to a higher self-discharge of the elec-
trolytes due to the different complex mechanisms that interplay in cross- 
over phenomena. Fig. 6F shows also that at the investigated operating 
conditions the self-discharge of the positive electrolyte is always higher 

than the one of the negative electrolyte, coherently with the measure-
ments of the self-discharge of the electrolyte with the RHE reported in 
Fig. 3B and C. 

As stated previously, operating at higher current density allows to 
reduce the net vanadium transport between the two electrolytes. 
Moreover, increasing the current density permits to mitigate the self- 
discharge of the positive electrolyte, which has the highest cross-over 
parasitic current density at each current density, alleviating thus the 
most critical self-discharge. Indeed, the results reported in Fig. 3 showed 
a lower SoC loss per cycle at 100 mA cm− 2, allowing the battery to 
operate for a larger number of cycles. Increasing the current density 
beyond 100 mA cm− 2 could have triggered side reactions due to the 
larger over-potentials reached with the employed electrodes. For this 
reason, the analysis reported in this work is limited to operating current 
densities up to 100 mA cm− 2. 

Fig. 7 compares the migrative and diffusive average fluxes at the 
three different current densities during charge and discharge. Since the 
concentration gradient and potential gradient are not constant in the 
membrane, the fluxes reported are an average on the thickness of the 

Fig. 6. Average cross-over fluxes of the vanadium species A) during charge, C) during discharge and E) cycle average. Average electrolyte solutions cross-over 
reactions rate B) during charge, D) during discharge and F) cycle average. 
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membrane. A positive value represents a flux directed from the positive 
electrolyte to the negative electrolyte, while a negative value the 
opposite direction. As it can be seen in Fig. 7, during charge the 
migrative flux is always directed towards the negative electrolyte, while 
during discharge is towards the positive electrolyte. Moreover, the 
migrative fluxes increase with the increasing current density, accord-
ingly to the electrolytic potential gradient through the membrane. As 
regards the diffusive flux, the direction is always towards the opposite 
electrolyte independently from the current. However, the flux of the 
charged species, V2+ and VO+

2 , increases during charge and decrease 
during discharge, while for discharge species, V3+ and VO2+, the trend is 
the opposite. This is due to the fact that during charge the concentration 
of the charged species at the membrane-electrode interface is higher 
than the one of the discharged species, while during discharge the dis-
charged species present the higher concentrations at the interface 
(Fig. S6 of the Supplementary Materials). 

After evaluating the intensity of the diffusive and migrative fluxes, it 
is possible to analyse which is the dominating transport mechanism for 
cross-over fluxes in the considered operating conditions. Fig. 8 reports 
the ratio between the diffusive flux and the total flux for the different 
vanadium species. This ratio is calculated during charge for the positive 
electrolyte species and during discharge of the negative electrolyte 
species, i.e. when diffusive and migrative fluxes have the same direction. 

At lower current densities diffusion is the dominant transport mecha-
nism as its contribution to the overall flux is around 95 % for all species, 
except for VO2+ which is around 90 %. Increasing the current leads to a 
reduction of the contribution of diffusion as the migrative flux increases 
and thus diffusion and migration contribute equally to the cross-over 
with a contribution between 40 % and 66 %. 

The proposed modelling analysis showed the intrinsic complexity of 
the cross-over phenomena and the influence of the current density and 
migrative flux on cross-over fluxes. In particular, both diffusive and 
migrative fluxes must be considered in the evaluation of cross-over 
losses in VRFB during the design of separators and during the defini-
tion of operating strategies for the mitigation of battery self-discharge 
and electrolyte imbalance. 

5. Conclusions 

In this work a new and comprehensive approach for the investigation 
of cross-over fluxes in VRFB is proposed. This approach is based on the 
calibration of a 1D physically-based model of the operation of a VRFB on 
the self-discharge of the singles electrolytes measured via through-plate 
RHE at different operating conditions during charge-discharge cycles 
with fixed exchange capacity. The model was calibrated on the results of 
test on three different current densities, obtaining parameters able to 

Fig. 7. Migrative and diffusive flux through the membrane for the different species at different operating conditions: A, B) 10 mA cm− 2, C, D) 40 mA cm− 2 E, F) 100 
mA cm− 2. A,C,E) During charge and B,D,F) during discharge. 
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successfully describe the electrochemistry, the mass transport, the va-
nadium transport through the membrane and the self-discharge of the 
electrolyte solutions at different operating conditions. This approach 
allows to define model parameters with reduced uncertainty compared, 
increasing the reliability of model predictions. 

The main conclusions of the work are the following:  

• Comparing at the same number of cycle, a higher operating current 
density allows to reduce the self-discharge of the battery and the 
electrolyte imbalance due to vanadium cross-over. 

At each current density the positive electrolyte suffers a faster self- 
discharge than the negative electrolyte due to the higher value of the 
diffusivities in the membrane for the vanadium ions V2+ and V3+.  

• According to the modelling analysis, the net vanadium transport is 
towards the positive electrolyte and it decreases as the operating 
current density increases, reducing by 19 % from 10 mA cm− 2 to 100 
mA cm− 2.  

• Increasing the operating current density, the cross-over reactions 
rate of the negative electrolyte increases, while it decreases for the 
positive electrolyte despite increasing fluxes from the negative 
electrolyte. This is consequence of the fact that the different vana-
dium species have different effect of the self-discharge of the elec-
trolytes, in particular this behaviour is due to a change in the 
composition of the net flux, as the flux of V3+, the least harmful 
species for the positive electrolyte, becomes more dominant at 
higher current densities. 

• According to the modelling analysis of the cross-over fluxes, a cur-
rent density of 100 mA cm− 2 may be the best operating conditions 
among the investigated ones as it allows to reduce the net transport 
of vanadium ions between the two electrolyte and it helps in miti-
gating the self-discharge of the positive electrolyte, which resulted to 
be the one most affected by cross-over losses.  

• At low current density diffusion is the main mechanism for vanadium 
transport through the membrane, while at higher current density 
diffusion and migration contribute almost equally to the vanadium 
fluxes. 
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