gy,
! 11y,
S ",

POLITECNICO
MILANO 1863

2 o
it

2 o
", D
it

RE.PUBLIC@POLIMI

Research Publications at Politecnico di Milano

Post-Print

This is the accepted version of:

G. Zamora-Caballero, R. Vazquez, F. Topputo

Solar Sail Trajectory Optimization for Asteroid Flyby and Rendezvous

Journal of Guidance Control and Dynamics, Vol. 48, N. 10, p. 2257-2271, 2025 (published
online 02/06/2025)

doi:10.2514/1.g008632

The final publication is available at https://doi.org/10.2514/1.9008632

Access to the published version may require subscription.

When citing this work, cite the original published paper.

Permanent link to this version
http://hdl.handle.net/11311/1291706




Solar Sail Trajectory Optimization for Asteroid Flyby and
Rendezvous
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Francesco Topputo*
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Solar System exploration has emerged as a primary focus in the space community, with
deep-space CubeSats standing out as a promising solution for studying asteroids within the
Solar System. This paper specifically addresses missions employing solar sail technology, aiming
to explore the attainable reachability of a miniaturized solar sail departing from Earth. This
is achieved by considering both flyby and rendezvous missions. Drawing inspiration from
previous research using low-thrust propulsion, this work focuses on time-optimal missions,
applying optimal control theory to achieve reasonable transfer times. The formulation relies
on continuous guidance control, employing an indirect method derived from Euler-Lagrange
variational equations and Pontryagin’s Minimum Principle. Results show that the algorithm

is a versatile tool obtaining optimal solutions for missions involving trajectories with multiple

flybys.
Nomenclature

A = Linear dynamics matrix
a, = Solar sail normal acceleration
c = Speed of light
H = Hamiltonian
Hy o, Ho,s = Hessian submatrices
I = Identity matrix
I = Solar irradiance
in = Heliocentric angular momentum unit vector

= Sunlight unit vector
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fProfessor, Aerospace Engineering Department, rvazquezl @us.es
Professor, Department of Aerospace Science and Technology, francesco.topputo@polimi.it, ATAA Senior Member



~ & B8 T >

el

o
Subscripts
a

fb

Unit vector to complete the reference frame
Time-optimal objective functional
Jacobian matrix

Time-optimal cost function

Number of interior point constraints
Solar sail normal unitary vector
Number of points of the mission grid
Number of intermediate flybys

Solar sail pressure

Lagrange polynomial interpolator
Number of interpolation points

Position vector

Time

Set of admissible controls

Control vector

Velocity vector

State

Solar sail cone angle

Solar sail lightness number

Solar sail clock angle

Sun gravitational parameter

State transition matrix

Asteroid ephemeris

Lagrange multipliers or costate variables
Interior constraint associated costate vector

Solar sail areal density

Asteroid

Flyby asteroid



I. Introduction

EEP-SPACE CubeSats offer the potential to enhance and diversify Solar System exploration, as highlighted by [1].

More specifically, they hold promise for the exploration and characterization of the population of asteroids in
orbit around the Solar System. The small size and low cost of deep-space CubeSats make them particularly well-suited
for asteroid exploration, as they can be deployed in larger numbers and provide a cost-effective means of studying
these celestial bodies. Deep-space CubeSats are part of recent missions, including Juventas [2]] and LICIACube [3]].
Another example is Milani [4], a 6U CubeSat that will be released in the Didymos binary asteroid system by ESA’s Hera
spacecraft, with the objectives of studying and characterizing the system’s asteroids. This recent trend demonstrates
that deep-space CubeSats present a lower-cost exploration alternative compared to traditional spacecraft, offering high
science-to-investment ratios [[1} [5]].

Solar sailing is an emerging and promising technology that offers the potential for longer-duration missions, higher
velocity increments [6]], and significant launch window flexibility [7] compared to conventional chemical or electric
propulsion. Solar sailing utilizes large-area reflective films to harness solar radiation pressure (solar photons) for
spacecraft propulsion [6]; see [8] for a comprehensive overview of solar sail technology. The use of solar sailing in
deep-space CubeSat missions has the potential to extend mission durations and enable the exploration of a wider range
of asteroid targets, as the propulsion system does not rely on a finite supply of fuel. Although solar sails have attracted
considerable interest since the early 1990s, a pivotal milestone was reached in May 2010 with the launch of IKAROS
(Interplanetary Kite-craft Accelerated by Radiation Of the Sun) by JAXA (Japanese Aerospace Exploration Agency) [9].
The success of IKAROS and other demonstrations, such as Lightsail-1 [[10] and Lightsail-2 [11]] by the Planetary Society,
DeorbitSail [[12] by the European Commission, Cubesail [13]] by ESA, Sunjammer [14]] by NASA, and InflateSail [15]]
by the University of Surrey, have proven the effectiveness and potential of solar sailing for interplanetary travel [16}[17].

As aresult, various space agencies are actively planning or proposing multiple solar sail-based space exploration
missions to explore and study different asteroids [4]. One of the most notable examples, which serves as a reference
model throughout this article, is NASA’s NEA (near-Earth asteroid) Scout mission. NEA Scout employs an 86 m2
solar sail deployed from a 6U CubeSat [18]. In addition to NEA Scout, numerous missions have been proposed in
this decade, including NASA’s Solar Cruiser for heliophysics [[19] and JAXA’s OKEANOS for Jupiter Trojan asteroid
exploration [20].

While past studies have explored asteroid accessibility using low-thrust electric propulsion [1], there remains room
for further investigation into the analysis of minimum-time missions of asteroids using miniaturized solar sails. This
paper contributes to this area of research by examining the optimal trajectory design for a solar sail, using the NEA Scout
mission as a case study. Our objectives are to develop an indirect optimization framework to analyze the reachability of
asteroids using a miniaturized solar sail, considering both flyby and rendezvous scenarios, and to assess the range of

potential target asteroids accessible to such a probe within practical transfer times.



(21]

The main contributions of this paper, compared to existing works in the literature, are: 1) The development of a
method to address single or multi-body visitation missions using solely an indirect approach formulation, with a detailed
derivation of the control law and necessary conditions for optimality, particularly in the case of control saturation, 2) the
introduction of an analytical formulation of the problem’s Jacobian matrix, to mitigate the dependence on initial guess
parameters and improve the convergence capabilities of the method, and 3) the development of an algorithm capable of
conducting a minimum-time mission analysis from Earth to NEA targets using solar sail-based propulsion, extending
the results of [1], which focused on low-thrust electric propulsion. The algorithm can handle both single and multiple
asteroid visitation missions.

This article considers the ideal reflection assumption of solar radiation pressure (SRP), which has been adopted in
several studies [22]]. This is a simple mathematical model of an geometrically ideal sail. MclInnes [8]] develops the
solar force taking into account the reflectance, absorption and emissivity of the solar sail. Some works as [23]] find
time-optimal solar-sail trajectories making use of the so-called optical force model it is possible to express the total
force exerted due to the solar radiation pressure on the solar sail. These sail optical parameters are function of the sail
geometry. In [21] it is defined the methodology for the analytic description of the force and moment generated by a
solar sail of arbitrary shape and surface optical properties. Additionally, a classical assumption is made regarding the
possible attitude constraints with respect to the solar sail. While this assumption simplifies the analysis, it is important
to acknowledge that attitude operational limits play a critical role in the feasibility of solar sail missions, particularly in
terms of power generation and thermal control [24].

Several specific studies have served as reference points for this work, and their results are reproduced to validate
the model. For instance, [23]] employs a non-ideal solar sail model and calculates time-optimal trajectories using a
specific implementation of a direct pseudo-spectral method, with initial guesses generated via a genetic algorithm.
[25] investigates both ideal and non-ideal scenarios utilizing an indirect approach for three-dimensional problems
encompassing elliptical and non-coplanar orbits. [26] and [22] adopt an indirect optimization approach and address the
issue of incorporating sail attitude constraints with an ideal reflection SRP, alongside practical mission considerations.
[271], [28]], and [6] present a comprehensive perspective, utilizing a non-ideal model, with a detailed development
of the indirect approach and mathematical optimization of the problem. These works provide a unified framework
for optimizing solar-sailing trajectories while incorporating practical mission considerations, including imperfect
SRP reflection and sail attitude constraints, in a coordinate-independent manner. Furthermore, while the majority of
the aforementioned studies concentrate on single-target missions, some works have also addressed the multi-target
rendezvous problem for solar sails. Among these are the work of [29], which makes use of a sequence search by means
of a simplified trajectory model and a set of heuristic rules plus a subsequent optimization phase, and [30]], which

employs a numerical method combining a global optimization algorithm and a nonlinear equation solver to obtain the



optimal solution.

This paper is organized as follows. Section [[|provides a brief introduction to the models used for orbital motion and
solar sail thrust. Optimal control theory applied to the derivation of time-optimal trajectories is developed in Section [ITI}
Following that, Section[[V] addresses the practical implementation, elucidating the algorithm developed and its efficacy
in resolving the significant dependence on the initial guess. Finally, conclusions are drawn from the results obtained in

Section [V1

II. Assumptions and problem statement
The goal of the paper is the analysis of the envelope of asteroids that can be accessed by a miniaturized solar sail
within a reasonable transfer timeframe. Consequently, the most basic scenario is a single rendezvous problem with an
arbitrary asteroid, departing from the Earth. Hence, this involves the selection of both an astrodynamics model and a
solar sail propulsion model, which are outlined in Section|[[IZA] Following this, Section[[L.B]formulates the problem of

finding time-minimal trajectories.

A. Mission assumptions

In terms of astrodynamics modeling, the work is framed within the two-body problem (TBP). Given the low mass of
the majority of asteroids and their negligible influence on the spacecraft motion, the TBP serves as the most intuitive
and straightforward model, offering a sufficiently accurate representation.

For the interplanetary transfer trajectory in deep space, the ideal solar sail is considered under the following
assumptions [31]]: 1) Solar sail is assumed as a flat plate; 2) Solar gravitation and solar radiation pressure are the
only forces acting on the sail, there are no other perturbation forces; 3) The attitude of the solar sail can be changed
instantaneously.

This model represents a geometrically ideal solar sail. The purpose of these assumptions is to simplify the
force analysis, reduce the design to a single parameter, and exclude the need for an attitude control system. The
simplified geometry reduces the complexity of the sail’s dynamics. This mathematical abstraction deviates significantly
from real-world scenarios, where numerous perturbative forces are present. In this article, it is demonstrated that
such perturbations, although negligible, can be readily incorporated into the model without altering the optimization
framework. The solution obtained for the ideal case can be adopted as an initial guess for solving the non-ideal case, a
development which is left for future work. This simplified model serves as a guide in the design of the initial stages of
mission planning, whereas, in more complex implementations, the aforementioned factors influence the solar sail’s
performance.

The solar sail is characterized by its unit vector, n. This normal vector is represented using a local rotating reference

frame in Figure Construction of this local frame utilizes the sunlight vector (i,), the unit vector representing



heliocentric angular momentum (iy,), and a third vector that completes the right-hand system (ig).

Fig. 1 Rotating frame and sail attitude representation with normal vector.

The parameterization of this vector involves two attitude angles: 1) the cone angle a € [0, /2], and 2) the clock
angle ¢ € [-m, «].

It is crucial to emphasize that these two angles are subject to constraints due to the inherent limitation of the solar
sail in generating an acceleration component directed toward the Sun; the normal vector consistently orients away from
the Sun.

This framework yields the following definition of the normal vector with respect to the frame:

cos @
n; c, 0, = |sinasind ()
sin & cos

Concerning the modeling of sail propulsion, a simplified model for the sail is developed, selecting an ideal solar
sail (perfectly reflective) model. Under this assumption, only an acceleration component perpendicular to the sail is
considered [8]. Hence, the influence of the solar sail (total force considering the ideal sail scenario) can be represented
by determining the magnitude of the acceleration component in the direction normal to the surface.

Given the mass per unit area o (areal density), the acceleration per unit area is a = 21 /co. Here, I represents the
constant solar intensity or irradiance, and ¢ denotes the speed of light. The solar radiation pressure exerted over the
surface, assuming a perfectly reflective model, equals 27/c¢ [8]].

Therefore, the definition of the acceleration vector is modelled as follows:

1
ap = — cos’an 2)
co

This acceleration is expressed as a fraction of the local acceleration due to the Sun’s Two-Body Problem, exerted

acceleration u/r>.



a, = /%g(r -n)’n= @(cosa)zn 3)
r r

being r the relative position between the Sun and the spacecraft in the TBP. (8 is the lightness number of the sail,
which describes the acceleration capability of the sail. It represents the dimensionless ratio of the maximum vehicle
acceleration divided by the Sun’s local gravity g = u/r?, where u = GMs and My denotes the mass of the Sun:

ar

P 4)

It is important to note that the lightness number is also independent of distance from the Sun. This independence
arises because both gravity and solar radiation pressure decrease as the inverse square of the distance from the Sun. As
a result, this number determines the feasibility of any given orbit maneuvers for a solar sail [32].

Limitations in the cone angle are introduced to simulate a more realistic behavior:

Umpin < @ < Amax (5)

Indeed, these constraints are justified by the imposition of maximum and minimum limits to ensure sufficient power
generation and thermal control of the vehicle, respectively [6]. A large cone angle may reduce the efficiency of the
solar radiation pressure force, necessitating the upper bound [33]]. Conversely, the lower bound ensures that the vehicle
maintains adequate thermal control. For example, in engineering practices such as the NEA Scout mission, a maximum
solar angle constraint of amx = 40 — 50 deg must be enforced according to [6]. In the model employed in this paper, a
minimum cone angle value of ani, = 0deg is maintained.

Furthermore, the asteroids ephemeris are considered to describe their motion. Employing an interpolation method
inspired by [34], the ephemeris are interpolated to generate the position and velocity of the target asteroid whenever
necessary.

Given the data of an asteroid, if the position and velocity at an epoch ¢ are to be computed, n points close to it
are employed: (r1(11),v1(11)), (r2(12),v2(12)), . . ., (tn(tn), V4 (2,)). The Lagrange interpolating polynomiaf?is the

polynomial of degree < (n — 1) that passes through these n points.

r(1) 3 “ r(tj) r t— 1t

- -t
v(t)| T vty | etk T

6)

Therefore, a sliding Lagrange polynomial method (commonly used in GPS systems) is developed from the real data

*https://mathworld.wolfram.com/LagrangeInterpolatingPolynomial.html (last visited on 15/05/2024)


https://mathworld.wolfram.com/LagrangeInterpolatingPolynomial.html

obtained from the Horizons Web Applicatio As well as NASA’s SPIC kernels to describe the motion of the planets.

B. Statement of the problem
With the assumptions above and, assuming the Sun centered at the Solar System barycenter (SSB), the equations of

motion are:

r=v
X =f(x,u,1) N
r
V=—ps—+ @(cosa)zn
r r
where x := (r, v) is the state made of position and velocity, respectively, f is the vector field and y is the standard

gravitational parameter of the Sun. u(7) is the control law vector and the set of admissible controls is

u=[a,6]"elU U:={(a6): acl0,amaul, 6 €[-n,7]} )

where a,,4x can be as large as 90 deg.
The initial state value Xq is determined by the ephemeris of the Earth on the day of launch. Additionally, the final

condition must adhere to a terminal constraint, which is precisely defined as:

ra(tf)
X(tf) = ‘I’(tf) = )

Va(ty)
the ephemeris of the asteroid at final time ¢ : position r, (¢ ) and velocity v, (¢5).

The problem belongs to the continuous guidance domain where the control action, in this case the solar sail normal
vector, is applied continuously over finite time intervals. By controlling this normal vector, the orientation of the sail
relative to the Sun is altered, resulting in the gain or loss of orbital angular momentum [8]].

The statement of the bounded continuous control problem, for a solar sail transfer and a time-optimal solution, can

be formulated as [35]]:

x =f(x,u,1)

Iy
] = 1dr . = 10
Zlel{/l J /m st X(l()) =Xp (10)

x(ty) =W(ty)

where J is the objective functional.

Thttps://ssd. jpl.nasa.gov/horizons/app.html#/ (last visited on 01/06/2024)
*https://naif.jpl.nasa.gov/naif/spiceconcept.html|last visited on (01/06/2024)
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II1. Methodology
Section [[TT] elucidates and formulates the application of optimal control theory to the derivation of time-optimal
trajectories. The necessary conditions for a time-optimal asteroid interception problem are established in Section [[Il.A]
while Section develops the optimal control law. Additionally, the formulation for a mission involving multiple

bodies is addressed in Section [[ITI.Cl

A. Optimal solar sailing transfer problem

Defining the Hamiltonian [35]] of the system from the cost ({/(¢,x,u) = 1) and the dynamics such that

r-A4,

3

H,x,wd) =l(6xu) + AT f(x,u,0) =1+, -v—p +ﬂv~%(r~n)2n (11)
r

where A = [4,, A,]T € RS is the vector Lagrange multipliers or costate variables. The Euler-Lagrange differential-

algebraic equations (DAEs) are stated as

. OH
x=-7 x(to) =xo X(t5) =¥(ty)
_(9H
ox
12
O_aH (12)
" du

0=H(ty) - A(ty) " W(ty)

This system of DAEs is completed adding the necessary conditions for a free final time with a rendezvous terminal
constraint, given by a scalar condition, denoted as transversality condition.
Taking into account the analytical results from solar sail propulsion and applying the Euler—Lagrange costate

dynamic differential equation:

x=f(x,u,1)
. 2(r-n)r
Ay =— (3%rrT - %13,(3) Ay — Zﬁ—f (r-m)(n-A4,) [n - %]
r r r r
13)
on|" (
- ﬁr—f [a (rrm)2m-A,)r+(r-n)a,)

; Bu [om]"

A, ==, ——|—]| (r-nm)2(n-A,)r+(r-mAd,)
ré | ov

which stands for a system of 12 dimensional ordinary differential equations (ODEs).
Note that, in the position and velocity costate differential equations in |13} there is an additional term:
onl”

PO e m) 2 A) e+ (r-m)dy) (14)
rt | 0x



This concerns the dependency of the defined normal vector on the radial and velocity directions. To the best of the
author’s knowledge, this term is not included in any paper. In the bibliography, references such as [22]], [25l], and [36] do
not appear to explicitly consider these terms. Indeed, when applying the optimal control law (Equation [24)), these terms
vanish from the Euler-Lagrange costate differential equations (T3], as will be demonstrated subsequently (Equation [30).

However, ensuring the correct integration of these differential equations is essential. These expressions become
particularly significant when any of the control input variables reach saturation, as it is discussed in Section [[II.B]
Notably, saturation is not applied to the clock angle, allowing the derivatives to be simplified using the optimal control
law (Equation 22)). Nonetheless, saturation in the cone parameter angle is a common constraint in this solar sail transfer,
as detailed in the Mission Assumptions (Equation[5). Consequently, the optimal control law (Equation [23)) associated
with this control angle cannot be applied due to this restriction.

Concerning equation[I0] fixed conditions for all states are specified at the initial and terminal constraints. Therefore,
following the Euler-Lagrange necessary conditions, no constraint is imposed on these costates. The integration of the

system of DAEs (Equation[I3) needs to satisfy the final constraints of the two-point boundary value problem (TPBVP):

ro(t7) —r(tf) =0 (15a)
Va(ty) = v(tf) =0 (15b)
H(tp) = Atp)TW(tp) = H(tp) = AL (1) valty) — A (1) —mra(q) =0 (15¢)

B. Optimal control law

The Pontryagin’s Minimum Principle [37]] states that: being (x*,u*) an optimal process of the above singular
control problem, there exists a 6-dimensional vector function A which verifies the condition of non-triviality (4(z) # 0
for all ¢ € [to,r]), the states and the costates dynamics , the transversality condition , and the Hamiltonian

minimizing condition:

u" =arg min H(x,A,u) (16)
uel

The optimal control law differs from that corresponding to electrical low-thrust propulsion. In the latter scenario,
the minimal Hamiltonian requires aligning the direction of low-thrust opposite to the velocity Lagrange multiplier 4,,
[38]. However, this approach is not applicable in the case of solar sails due to the inability to continuously align the
solar radiation pressure force along a specific vector, as it cannot consistently point sunward. Moreover, the magnitude

of the solar radiation pressure force depends on the direction it forms with sunlight, as indicated in Equation 3]

10



Minimizing the Hamiltonian function entails the adjustment of the sail’s attitude to minimize (TT). Given that the
control inputs parameterize the solar sail normal vector, the following expression illustrates the Hamiltonian’s reliance

on the control vector:

u*(a*,6%) = arg min (r-n)’A, -n (17)

uelU
As a general nonlinear function takes its minimum at either a local minimum within its domain (which corresponds
to the Euler-Lagrange condition) or at one of the domain’s endpoints, the equation presents two categories of candidate
solutions: local minimum solutions within the domain, and boundary solutions. Hence, it would be necessary to
examine these boundary conditions as well.
Therefore, a classical quadratic optimization problem is set where the optimal control vector u* = (a*, 6*) has to
verify

a—H(t, x*(1),u’ (1), (1)) = 0, az—H(t, X"(1),u" (1), A(r)) = 0Vt € [to,1f] (18)
ou ou?

Describing the orientation of the velocity costate vector in the local rotating frame

A, =4, =4, (cosd'ir +sin@siné @ + sin&cos5ﬁ) = [y, Ay, 1" (19)

where @ € [0, ] is the angle formed by the primer vector and the sunlight:

@ = arccos (E . &) € [0, 7] (20)
r A4

v

and § € [0, 2] determines the azimuthal angle in a plane normal to r:

A

5:atan2(/}v 0) € [0,2x] 1)

v °

similarly to the definition of the control normal vector with respect to the local frame in[T}

Applying Legendre-Clebsch conditions (I8) yields to

5* = arctan2 (—/lvy, —sz) —n+6 22)

which implies that the normal vector (control vector) lies in the plane defined by the sunlight and A, (Figure 2).

The solution of the second order equation H, = 0 leads to

11
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Fig. 2 Normal vector and the velocity costate vector.

tana* = %tan (n/2-@&) + %\/9 (tan (7/2 — @))* + 8 (23)

Applying the generalized Legendre-Clebsch condition to be accomplished for a minimum, the sign must be selected
so that the positive definiteness of the Hessian is achieved. Since, if 6 = 6%, H,s = 0, therefore, in order to guarantee
the positive-definiteness of the Hessian matrix, then H,, > 0. This leads to the conclusion that, regardless of the &
value, the positive sign in (23) is required to satisfy this condition, which is corroborated by [27].

In Figure 3] the Hamiltonian function dependency with angle « is represented for different values of @. As it can be
observed, in case the cone angle is bounded as @ € [0, /2], a* (solution with + sign) is always inside the domain [27]].
The solution of Equation 23] with negative sign stands for the maximum of each curve. The numerical implications of
incorporating constraints on « within the range @ € [0, amax|, suggest that the optimal solution is the constraint which
is closest to a*. The saturated @ = @4y i8S the value that minimises the Hamiltonian. Figure [3|visually demonstrates
the effect of these constraints.

Thus, the solution for the ideal reflection model with restricted cone angle is the following one (24).

%

at = arg min H(a)
u = [a* 6*]T € U, ae{amin,a*’nmax} (24)

0" = arctan2(-4,,, =4,.)

In the case of a non-ideal model, determining the optimal control law requires an approximation based on a first-order
Taylor series expansion around the value obtained for the ideal case [6]. For the ideal case, under the stated assumptions,
the computed optimal value is exact and achievable under the perfect solar radiation pressure assumption. The value
obtained in the ideal sail scenario can serve as an initial estimate for a nonlinear system solver, which determines the
optimal control parameters. However, this development falls outside the scope of the present manuscript.

Once the necessary conditions for optimality have been developed and the analytical results from solar sail propulsion

12
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Fig. 3 Hamiltonian dependency on @ with a maximum cone angle constraint.

have been considered, along with the application of the costate dynamic differential equation, the TPBVP is stated: find
the unknowns (Ao, ¢ ) so that, when integrating the state and costate dynamical model with initial condition X,
verify the terminal condition Equation [T3]

It is crucial to emphasize that the control input vector u := [«, §]7 € U determines the solar sail normal vector n.

Referring to Equation [T} this vector is defined in the International Celestial Reference Frame (ICRF) as

n=cosai, +sinasindliyg +sinacosd iy (25)

where i, 1g, and i, are the local rotating frame basis vectors expressed in the ICRF. This expression explicitly depends
on both the sunlight direction r and the velocity vector v, justifying the dependences of the normal vector appearing in
[13] These expressions gain particular significance when any of the control input variables are saturated. As previously
elucidated, saturation is not applied to the clock angle. Conversely, the event of saturation occurring in the cone
parameter angle is considered and this dependency alters the Euler—Lagrange differential equation and even if it may
have little influence on the computation of the minimum time to reach the asteroid, it does modify the system of ODEs.
In the bibliography, references do not seem to consider these terms, at least explicitly. Indeed, when applying the optimal
control law (24) and only in the non-saturation case, these terms vanish from the Euler—Lagrange costate differential
equations (I3)), as will be demonstrated subsequently.

Firstly, it is intriguing to express the control vector n in terms of the cone angle @ and the angle between the velocity
costate and the sunlight &@. Given that the clock angle § remains unconstrained, by applying 6* = § + x [33],
sin(a + @) ro sin @ &

+ sina (A, e
n(a, ") =cosai, - —— | = —cos @i, | = — — (26)
sin@ \ 4, sin @ r sina A4,

This applicability persists as ¢* is solely dependent on the velocity costate vector, rendering it independent of the

13



state variables. This observation confirms that

[Bn(a/, 5) _ [311(&, 5*)] 27)
ox |55 ox
Hence, the derivatives that have not been explicitly stated in[I3]can be replaced by
on _sin(e+a@) (L ﬁ _ sine [d& TE . cosasina | da Tﬁ
dr  sina r r3 sin(@)2 |dr| r  sin(@)? |[dr]| A, (28)
on
— =0,
oy -~ a3
where
oa 1 r’ Ay Ay
= - 29
or sind[/lvr3r Avr 29)

It is worth noting that, given the definition of the control normal vector in Equation 26} Equation 28] does not exhibit
an explicit dependency on v. Specifically, the control vector is independent of the velocity. In this scenario, the control
law is saturated solely due to the constraint on the control cone angle «. As previously detailed, the clock angle has no
restrictions and therefore always adheres to the optimal control law.

A dependency on v arises only if both control angles are saturated, preventing either from reaching its optimal
value. In this case, the control law given by Equation 22]is no longer valid, and consequently, neither is Equation 26]
which leads to Equation[28] However, this scenario is not physically realistic, as the clock angle is not subject to any
constraints.

Moreover, when the cone angle « is also unconstrained and adheres to the optimal control law, i.e., a* = a*, it can

be verified that

_Bu [a_n '

r4 | or

(r-n(a*,6%)) 2(n(a*,6%) - A,)r+ (r-n(a*,6%))1,) =0 (30)
(a,8)=(a*,6")

Notice the distinction in the nomenclature o* instead of @, as this control input may be subject to saturation,
although it is not constrained in this particular instance. Only under this specific condition of no constraint does a*
equate to a”.

Therefore, in the absence of any constraints imposed on the control inputs, and if they consequently follow the

optimal control law (a, ) = (a*, §*), the Euler-Lagrange equations defining the evolution of the costate vectors are

x =f(x,u,1)

. 2r -

A,:—(3ﬁ5rrT—ﬁ313x3),lv—2ﬁ—f (r-m)(n-A,) [n—w 31)
T r r r

/lv =_/lr
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Regarding the validation of the results and exploiting time-optimal properties, it is a known result from the
Euler-Lagrange necessary conditions for optimal control that in a time-optimal solution for this two-body problem with
solar sail propulsion and saturated control, neither f(x, u, #) nor /(x, u, #) explicitly depend on time [39]. Consequently,
H (1) is a constant, denoted as

H(t)=H (32)

Therefore, the conservation of the Hamiltonian in both scenarios (saturation and nonsaturation) is a well-known
result derived from the Euler-Lagrange necessary conditions for optimal control, which offers valuable validation for
the obtained results. Ensuring it helps not only validate the results but note that confirms that all the Euler-Lagrange

conditions are correctly derived as well as the optimal control law.

C. Interior point constraint: visiting several asteroids

Once the problem of rendezvous with an asteroid, whose motion is determined by its ephemeris, has been thoroughly
addressed, one might consider scenarios involving flyby maneuvers. This spacecraft operation implies passing proximally
to a body, in this case, another asteroid of interest, allowing for its exploration and observation. Given the reachability
of an asteroid ensemble, a new mission can be undertaken: the flyby of an asteroid after encountering several asteroids
for flyby operations. In the context of optimal control theory, performing an intermediate flyby involves imposing a
constraint at an interior point.

For example, a mission aimed at finding a time-optimal trajectory intends to perform a flyby maneuver with a
primary asteroid (rg, v,) while executing a flyby operation with a secondary asteroid (r r) along the trajectory towards
the final destination. Consequently, the problem faced is no longer a contour one but rather a multi-point problem is
established.

An interior point constraint at time #; is defined as follows:

N[t1,x(t)] =0 19 <t; <ty (33)
Here, N(¢;) € R™, and m represents the number of constraints.
Since the spacecraft must perform a flyby at a specific asteroid, the interior constraint N(¢;) (m = 3, position
condition) is

N(t1) crpp(t1) —x(t) =0 (34)

¥ip(t1) = [rpp(t1) vep(t1)] T describes the motion (position and velocity) of the asteroid at which the flyby is intended

to occur.
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There are significant consequences of this interior point constraint. Functions that were expected to remain
continuous are no longer continuous, and the Pontryagin Minimization Principle defines the jump in Equation [35][35]

which establishes some conditions in time #; which must fulfil a process (x*, u*) to be optimal:

ON .
A7) = Ae]) + T OO x(@) = L
(35)
ON
H(tl_) = H([T) —xT 6_1‘1

where ¢ and #] represent the times immediately before and after the interior point constraint.

Here, m new constraints are incorporated, accompanied by m new unknown multipliers (i), whose values are
determined such that the constraints are satisfied at point #;. Note that there is one additional unknown, time #{, which is
free. Therefore, an additional equation is necessary to close the zero-finding problem: the discontinuity or jump in the
Hamiltonian at time 7.

In general, even if the adjoint vector and the Hamiltonian are discontinuous, the state itself does not undergo jumps

due to the inherent nature of its dynamics. Consequently, continuity in position at the flyby point is assured:

r(ty) =r(f]) (36)

As aresult, the zero-finding problem initially formulated for a simple time-optimal rendezvous mission in Equation
now encompasses a single flyby. This entails determining the unknowns (Ao, 7, #1,¢f) such that, when incorporated
into the state and costate dynamics and consistent with the costate discontinuity defined in Equation the
following conditions are fulfilled: the intermediate flyby position constraint at ¢, the terminal constraints (six final
equations for rendezvous at ¢ ¢), the Hamiltonian discontinuity defined in Equation and finally, the transversality

condition. This system of 11 equations is expressed as shown in Equation 37}

ryp(t) —r(t1) =0
ra(ty) —r(ty) =0
Va(ty) =v(ty) =0 (37)
H(t)) = H({t) + 7 (vep(t1) = v(11)) =0
H(ty) = A(ty) " W(t5) =0
In order to partially reduce the problem’s complexity and consequently weaken the dependency on the costate vectors

(initial and those corresponding to the constraints at interior points), a mission involving only flybys is considered. Thus,

in this case, the final rendezvous does not occur, and instead, a final flyby is the chosen maneuver.
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Consequently, the optimal control problem must be adjusted in accordance with this new final condition. While the
dynamic differential equations governing the TPBVP (Equation [3T)) remain unchanged, only the final conditions are
modified. With the removal of the rendezvous condition, the spacecraft does not need to match the asteroid’s velocity at
the final encounter. Therefore, the terminal constraint (I5b)), which imposes a free final velocity, is replaced by new

Euler-Lagrange necessary conditions for optimal control, demanding

A,(ty) =0 (38)

This new final condition is then integrated into the DAEs.

IV. Implementation
Addressing the practical implementation of this theoretical resolution entails numerous challenges. The significant
dependence on the initial guess provided to the solver, which is typical when employing an indirect approach, constitutes
the main challenge encountered and can result in poor solver convergence. Section [V.A] offers a comprehensive
explanation of the integration of various techniques aimed at ensuring an effective resolution method. Furthermore,
Section [ITV.B]delves into the selection of the lightness number parameter and the continuation scheme, both essential for

conducting minimum-time mission analysis from Earth.

A. Indirect approach convergence

The first important issue that arises in the solution of nonlinear problems is scaling. It is known that a poorly scaled
problem can lead to either extremely slow convergence or divergence [38]]. Since in this problem the relative size of
variables is vastly different, units should be transformed into a relatively similar scale. For this purpose, dimensionless
distance, time and velocity units are introduced. These units are selected according to the Sun-Earth two-body problem.

Additionally, this problem exhibits a pronounced dependence of convergence on the initial costate vector. The
solution of the shooting functions is notably sensitive to variations in the initial values, as highlighted by [33]. Both
[33] and [22] employ a normalization method for the initial costates, which is elaborated upon in the literature [36]. In
this case, a costate initialization method is employed to obtain better estimates. This method is based on the idea that in
the neighborhood of the initial time instant, the evolution of the costate vector A(¢) can be approximated by a first-order
Taylor series expansion as presented in [40] and [41] to obtain better estimates.

In order to solve the TPBVP resulting in a dimensionless system of nonlinear equations, the fsolve root-finding
algorithm in MATLAB is employed. During each iteration of the zero-finding problem, the solver utilizes the initial
Lagrange multiplier vector Ay (position and velocity) and the final mission time (¢ ) to seek a root of the system of DAESs,

which includes Equation[T3] Facilitating this process necessitates the determination of the final position and velocity of

17



the target asteroid, for which the ephemeris is calculated using the sliding Lagrange Polynomials function (Equation [6).

The resolution of the nonlinear differential system can be improved in terms of accuracy and computational speed
when adding the analytical Jacobian matrix of the system. For this purpose, it is necessary to compute and integrate
with Equation [3 1| the state transition matrix (STM) ®(Xo, o; ), which is the Jacobian matrix of the flow correspondent

to the dynamics of the problem (scalar 144 ODEs). The variational approach provides the integration of the STM

D(19,1) = A(t) @(19,1)  DP(to,19) =1 (39)
of
where A(t) = [—] .
OX [y
03,3 Iz 03x3 03,3
Oa or
(3ﬁl' rl - %I3x3) +— 033 0313
_ rs r or 9,
AD =13, (567, o, 1 u oa. | @Y
r_5 ( r2 I‘I'T — (/lvl'T + I'T/le3x3 + I'/lz;)) + or 03x3 03x3 (3r—5r I'T — r—313x3) + %
03,3 033 I3z 03,3

whose terms which are not explicitly indicated can be found in the Appendix [VI.A] In this analytical development, it
is fundamental to use the chain rule.

Consequently, the Jacobian matrix of the system J = [j/lro Ja,, Ji,] corresponding to a single rendezvous asteroid

Vo
problem is given by Equation[59]in the Appendix.

When incorporating intermediate flyby constraints, the reliance on the initial guess for the unknowns becomes even
more pronounced. This dependence extends not only to the initial costate vector but also to the intermediate position
costate, which defines the discontinuity in the Euler-Lagrange dynamics, denoted as .

Notice that for each intermediate encounter, four extra unknowns are included in the problem. To mitigate the
dependency on the initial unknown guess and enhance algorithm convergence, it is essential to utilize the analytical
Jacobian matrix of the problem. However, due to the size of such an analytical expression, it is not included in this
paper. Computing this matrix involves obtaining the STM for a problem with interior constraints. Nevertheless, the
discontinuities associated with p intermediate constraints (assuming p flybys) prevent direct computation of the matrix
as before.

In the event of an intermediate flyby at ¢;, as described in [38]], ®(¢;,) maps states along a continuous orbit.
However, if a flyby is to be performed at time ¢;, the STM across such a discontinuity must be determined. Fortunately,
in this scenario, its computation is straightforward. Despite a discontinuity in the position costates, the remainder of the

dynamics remains continuous, and there is no switching function since the intermediate constraint does not depend on
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the state or costate vector. Therefore, the STM between the times immediately before and after the flyby is the identity

matrix.

(17, 17) = ioxn (41)

Equation#T]holds under the assumption that asteroid gravity and other perturbations are neglected. When considering
the influence of the asteroid on the spacecraft’s motion, the dynamics of the problem (Equation[7) are modified. However,
this effect has been neglected due to the nature of NEA considered. Among the asteroids analyzed in the results (Table
|I|), one of the largest is 2009 CV, with a diameter of 47 meters. Given that its distance from the Sun is on the order of 1
AU, the sphere of influence of this asteroid is approximately of the order of 1076 % relative to the minimum distance
between the spacecraft and the Sun along its optimal trajectory, at the optimal departure date indicated in Table[T} This
effect could be easily corrected using a feedback control mechanism, although this is beyond the scope of the present
paper.

Therefore, having p intermediate flybys performed at times ¢; with j = 1, ..., p the composition of the STM gives

D(tg,1) = P(1,, )P(tp-1,1p)..D(t1, 12)P(t0, 1) (42)

where @(¢;,1;41) is integrated with initial conditions ®(t;, ;) = L1212 and x(¢;) computed as the final conditions at th

with the discontinuity applied at the position costate

A(17) = 4,(6}) +7; 43)

Specifically, when incorporating an intermediate flyby to another asteroid into the mission, the optimal control
problem is adjusted by introducing four new unknowns: the flyby time #; and the costate position vector associated with
this interior point constraint, denoted as . The computation of the Jacobian matrix detailed in column matrices [60a
[60B] [60d] and [60¢] (Appendix) corresponding to the Equation System [37]becomes straightforward.

Identical results are obtained numerically (with finite differentiation in order to compute the Jacobian) or providing
the Jacobian of the system (variational approach for STM). Nevertheless, the speed of the solver iteration computation

once provided the Jacobian is noticeably quicker.

B. Lightness number and continuation scheme
The lightness number S exerts substantial influence over the resulting time-optimal trajectory. It is essential to
recognize that this parameter describes the acceleration capability of the sail fundamentally shaping the feasible orbital

maneuvers for a given spacecraft. Consequently, 5 serves as a design parameter highly dependent on the areal density of
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the sail. The primary goal is to maintain alignment with the article in the literature [1]], which computes the reachability
with an envelope of asteroids but using electric low-thrust propulsion. Simultaneously, an additional objective is to
approach a realistic model and a design similar to that of the NEA scout mission, wherein a 6U CubeSat is employed.

In this way, the value of S8, which partially achieves the same propulsion capability as the figures found in the
literature, is 8 = 0.04. This value is significant since, according to [23], a solar-sail lightness number in the range
B = 0.025 — 0.04 corresponds to a 12U spacecraft. The lightness number of the sail employed for the NEA Scout
mission is similar to the result obtained (~ 0.02).

Creating the (ty, TOF) curves involves discretizing the selected launch window spanning 2025 and 2027 (two-year
departure window). The time window is divided into a grid with an initial half-day time step. To efficiently tackle the
numerous time-optimal problems, an agile strategy has been devised, inspired by the methodology implemented in
Topputo et al.’s work [IL]).

The continuation strategy, illustrated in Figure [] is designed to systematically explore and solve the two-year
window. By reducing the computational load and seeking rapid convergence, this approach offers a structured means to

scan the solution space. To initiate the process, the departure time window is discretized with a half-day time step (4).

ti=to+h-i (44)

withi =1, ..., Nj, being N;, the number of points of the mission grid.

Once the time-optimal solution for a given #; = fy is obtained, the subsequent solution for ¢, is sought, where the
initial time increment is set to half a day. This search for the next step utilizes the previous solution, including the costate
vector and final time. If convergence is achieved, the continuation scheme progresses. In the event of non-convergence,

the time step £ is halved to h” = h/2, and a new point on the time-optimal curve is targeted, specifically #; = #; + h’.

TOF

- - Guess TOF

Fail to converge with
-=1 At, so At/2 is tried

Time-optimal

F-----R«

% day| solution curve
L
t;  t;+ At Departure Date (¢,)

Fig.4 Continuation strategy.
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This process continues with successive halving of the time step until convergence is reached. Once obtained, the
departure time for which the solution did not initially converge (#;11) is revisited. If it now converges, the continuation
proceeds with the original time step. Otherwise, the process recommences from the new point 7/, leading to a new
halved time step of i’ = (#;31 — t7) /2. Consequently, the step size progressively diminishes while approaching the new
point on the time grid.

Using this procedure the final departure date is reached obtaining a nonuniform discretization time grid specially at

the time zones where solutions show fairly little convergence.

V. Results
To demonstrate the computational capabilities of this solar sail trajectory optimization tool, several results are
addressed. Firstly, in Section [V.A] the algorithm is validated exploring time-optimal missions to the dwarf planet
Ceres using a maximum cone angle constraint. This section provides a detailed interpretation of the obtained solutions.
Subsequently, the analysis of minimum-time missions from Earth over several years is computed and presented in
tables in Section Finally, Section [V.C|presents the results obtained from finding time-optimal missions that involve

visiting or encountering more than one asteroid, incorporating intermediate flyby maneuvers.

A. Validation: Mission to Ceres

The analysis focuses on a solar sail transfer initiated from Earth, for which ephemeris data provided by the SPICE
toolbox is utilized. The journey commences on January 1, 2027, TDB (Barycentric Dynamical Time). Solar sail
propulsion is employed to gradually increase the spacecraft’s energy until it reaches Ceres in a rendezvous transfer. For
this particular simulation, the lightness number is fixed at 8 = 0.1. Figure 5| (left) illustrates the optimal-time solution in
terms of the minimum-time transfer trajectory obtained for rendezvous with the dwarf planet Ceres, with @,,,x = 40 deg.
Figure [7) (left) depicts the evolution and saturation of the cone angle. The minimum time achieved is ‘2032 NOV 21
02:32:52.8320° (2151 days). Figure[§] (right) illustrates the evolution of the solar sail normal vector, whereas Figure E]
presents the ecliptic plane view and the YZ-plane view of the control vector along the trajectory. Various validations,

including the constancy of the Hamiltonian shown in Figure [7] (right), demonstrate the effectiveness of the algorithm.

B. Analysis of Minimum-Time Missions from Earth

Once this example has been carried out, showing the computational capabilities of this MATLAB tool created from
an indirect variational approach, a study of the reachable targets from Earth is established. As the solar sail propulsion
model is designed and scaled so that the time-optimal mission duration is similar, the asteroid list presented in [[1] can
be used as mission target and a similar table as the one presented in its appendix can be constructed.

Time-optimal transfers are ranked in Table [T} In the table the following columns are detailed: # the position
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Fig. 5 Minimum-time solution for the rendezvous with Ceres dwarf planet, 8 = 0.1: 3D ecliptic view (left) and

normal vector to the sail (right), J2000 frame centered in SSB.

3

?<10 %108

4t 3L
2!
921
> O <

21 ol
-4t “"’ﬁ,.‘ ‘ SRR ‘ ‘ | -3r ‘ ‘ ‘ ‘ ‘

-6 -4 -2 0 2 4 -4 -2 0 2 4

x [km)] %108 y [km] %108

Fig. 6 Minimum-time solution for the rendezvous with Ceres dwarf planet, 3 = 0.1, normal vector to the sail:
XY ecliptic view (left) and YZ ecliptic view (right), J2000 frame centered in SSB.

in the ranking; Name asteroid name; TOF,,;,, minimum transfer time expressed in days; and the Departure Date

(DD/MM/YYYY) correspondent to the time-optimal point in the curve.
In Figure 8] the minimal time of flight (TOF) is plotted against the corresponding optimal departure date, illustrating

the global optimal solution for the entire envelope of considered asteroids for the departure windows under consideration:

2025-2027.

C. Visiting several asteroids
Finally, a comprehensive exploration lies in the investigation of time-optimal missions involving multiple asteroids,

employing the theoretical framework developed in Section [[I.C] However, owing to the substantial computational

demands of such multi-target missions, the results are only presented for scenarios involving three target asteroids along

the trajectory. The selected asteroids are: 2010 UE51, 2009 CV, and 2014 JR24. The analysis scrutinizes the 3! = 6
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Fig. 7 Minimum-time solution, 5 = 0.1 and @,,, = 40 deg: cone angle evolution (left) and Hamiltonian (right).
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Fig. 8 Analysis of minimum-time missions from Earth: 2025-2027 departure window.

possible trajectories to visit all three asteroids along with their respective time-optimal missions.
Regarding the determination of an initial guess, a “semi-random" guess generator is employed. Notably, the

unknowns pertinent to this problem requiring initial estimations are

2o = [Ao, 71, 2, Lppt, tpp, Er]

where 71 and 75 are the position costate and time corresponding to the first flyby, and 7, and 7 5> correspond to the
second flyby operation.

For each possible trajectory, to determine a suitable guess, the two-asteroid problem must be solved for the first two
bodies that the spacecraft encounters. This solution provides an idea about the initial order of the costate vector. For

instance, when solving the first possible trajectory (Table[2) between the three selected asteroids, it is necessary first
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Table 1 Time-optimal Earth-asteroid transfer solution between 2025 and 2027, 5 = 0.04.

# Name TOF Dep. Date | # Name TOF Dep. Date
1 2008 JL24  240.99 05/10/2025 | 18 2016 WQ3  535.79  28/02/2025
2 2000SG344 262.29 31/12/2026 | 19 2010 UE51  558.93  28/02/2025
3 2012 EP10  298.41 12/06/2025 | 20 2014 BA3  569.30 01/11/2025
4 2018 GE 304.03  25/12/2025 | 21 2011 BQ50  599.32 01/01/2025
5 2014 YD 304.18 03/04/2025 | 22 2012BB14  625.73  29/03/2025
6 2008 ST 306.02 24/02/2025 | 23 2016 CF137 626.70 28/01/2025
7 2019 DJ1 306.32  25/05/2025 | 24 2016 TB57  633.65 29/01/2025
8 2015VO142 340.81 12/07/2025 | 25 2009 BD 690.17  29/03/2025
9 2015VU64 371.42 26/11/2025 | 26 2015 XD169 745.85 28/06/2025
10 2017 YW3 37436 22/02/2025 | 27 2017 KJ32 753.1  17/09/2026
11  2014JR24  380.56 26/04/2026 | 28 2019 ED 777.28  31/12/2026
12 2010JR34  388.63 09/10/2025 | 29 2016 EU84  785.88 01/01/2025
13 2012U0VI136 427.15 02/11/2025 | 30 2017 HK1  792.99 31/12/2026
14 2011 MD 427.71  27/03/2025 | 31 2015 KK57  811.23  27/05/2025
15 2008 CM74  456.27 28/03/2025 | 32 2014 LJ 814.41 27/03/2025
16 2001 QJ142 480.76  29/03/2025 | 33 2009 CV 835.98 31/12/2026
17  2017RL2  526.26 28/01/2025

to find the optimal trajectory to visit and flyby 2010 UES51 and 2009 CV. The final minimum-time is ‘2028 JUN 06
05:39:33.8750’ (1252 days) with the intermediate flyby performed at ‘2026 APR 24 13:39:28.6882’ (478 days). This
optimal trajectory is depicted in Figure[9] The unknown encounter times are generated randomly, exploring various
combinations of random flyby times until the DAEs system is solved.

As previously discussed, computing the time-optimal solution for a simple rendezvous problem exhibits rapid
convergence with minimal dependence on the initial guess provided to the solver, thanks to the techniques outlined in
Section [[V.A] However, this immediate approach cannot be directly applied to a multiple-target problem, as the number
of unknown variables increases significantly. Even when providing the analytical Jacobian matrix for the three-body
target transfer, the dependence on the initial guess can, in some cases, lead to excessively long computational times
(ranging from seconds to several hours) to find a locally optimal solution.

To mitigate this issue, after the initial guess is generated, the unknown encounter times are assigned randomly, and a
systematic sweep is performed to explore various encounter time combinations until a valid solution is obtained. By
employing this semi-random initial guess estimator, a MATLAB loop iterates until a solution is found. This approach
effectively reduces the computational time required to determine a time-optimal solution to a level comparable to the
results presented in Part[V.A]or[V.B]

Finally, all possible combinations to construct the trajectory encountering these three NEAs are computed, and

the results are presented in Table[2] The optimal sequence to visit the three asteroids is the one depicted in Figure[T0]
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whose optimal trajectory is described in Table[2]in terms of flyby times.
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Fig. 9 Time-optimal trajectory: Earth-2010 UE51-2009 CV transfer solution, 8 = 0.04, wrt Ecliptic J2000,
centered on SSB.

VI. Conclusions

The primary contribution of this article was based on [1]] wherein an evaluation of the attainable set of target NEAs
was conducted. In this work, time-optimal solar sail-based propulsion optimisation problems were solved. Consequently,
the computation of optimal or minimal trajectories within this envelope requires the application of continuous-time
optimal theory.

Addressing this problem entails numerous challenges, the practical implementation of this theoretical resolution
involves the incorporation of various techniques to ensure an effective resolution method. These techniques include
the complete analytical formulation of the problem’s Jacobian matrix, an initial guess generator and a continuation
strategy. The continuation strategy is designed to systematically explore the departure window when calculating the
reachability from Earth. Assessing the reachability requires addressing thousands of individual asteroid rendezvous
problems, owing to the departure time grid and the multitude of selected asteroids.

In this model, a geometrically and dynamically ideal solar sail has been considered. These assumptions simplify the
resolution of the optimal control law and the overall sail design. Although their relaxation would be necessary for a
more complex, real-world application, the optimization framework remains valid, offering a providing the tools for
preliminary time-optimal mission analysis involving multiple targets.

The most significant achievement lies in demonstrating the algorithm’s effectiveness in uncovering optimal trajectories
and control laws for missions exploring various NEAs using a propulsive solar sail model. The developed algorithm
proves to be a versatile tool capable of generating quantitative outcomes for missions involving trajectories with

multiple flyby encounters. Importantly, such intermediate flybys have not been addressed in solar sail optimal control
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Table 2 Time-optimal Earth, 2009 CV, 2010 UES1, and 2014 JR24 transfer solutions, 8 = 0.04.

Combination Body Event Time (TDB) TOF [days]
Earth Departure 2025 JAN 01 00:00:00.0000° -
1 2010 UE51 Flyby 1 2026 JUN 07 20:02:15.3584° 522.83
2009 CV Flyby 2 2028 JUN 05 21:12:38.3238’ 1.2519e+03
2014 JR24 Flyby 3 2030 JAN 17 23:07:09.6380° 1.8430e+03
Earth Departure 2025 JAN 01 00:00:00.0000° -
’ 2009 CV Flyby 1 2027 MAY 13 04:02:09.0256’ 862.16
2010 UESs1 Flyby 2 2028 DEC 01 02:11:47.9442° 1.4301e+03
2014 JR24 Flyby 3 2032 APR 09 17:56:35.2141° 2.6557e+03
Earth Departure 2025 JAN 01 00:00:00.0000’ -
3 2010 UES1 Flyby 1 2027 AUG 04 18:16:05.1547 945.76
2014 JR24 Flyby 2 2029 MAR 21 03:32:07.6223° 1.5401e+03
2009 CV Flyby 3 2030 JUL 01 21:52:31.0733’ 2.0079e+03
Earth Departure 2025 JAN 01 00:00:00.0000’ -
4 2009 CV Flyby 1 2027 OCT 20 12:11:43.6085° 1.0225e+03
2014 JR24 Flyby 2 2028 SEP 12 20:57:00.5645° 1.3509e+03
2010 UES1 Flyby 3 2029 NOV 09 13:12:29.7546’ 1.7736e+03
Earth Departure 2025 JAN 01 00:00:00.0000’ -
5 2014 JR24 Flyby 1 2026 FEB 07 16:53:02.4394° 402.70
2009 CV Flyby 2 2027 DEC 05 03:44:53.6496’ 1.0682e+03
2010 UESs1 Flyby 3 2029 MAR 22 20:47:49.5225° 1.5419¢+03
Earth Departure 2025 JAN 01 00:00:00.0000° -
6 2014 JR24 Flyby 1 2027 MAR 10 13:23:55.9357 798.56
2010 UES1 Flyby 2 2030 APR 05 18:00:03.3832’ 1.9208e+03
2009 CV Flyby 3 2033 FEB 08 21:05:46.7084’ 2.9609e+03

problems documented in existing literature. Thanks to the various techniques expounded, the algorithm efficiently
determines optimal times for proposed target missions while mitigating the initial high dependence on existing initial

guess parameters.
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Appendix

A. Computation of A(7) matrix
In this appendix, it is explicitly detailed the analytic computation of the different terms appearing in matrix A(t)

(Equation[40). This matrix allows to integrate the state transition matrix whose differential equation is an ODE with time
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varying coefficients (39). In this analytical development, as it is found in the following expressions, it is fundamental to
make use of the chain rule, when deriving the different terms, in order to understand and make simple to work with the

complex expressions obtained.
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B. Computation of Jacobian matrix for rendezvous problem

In this Section of the Appendix the Jacobian matrix for a mission in which a rendezvous is performed at a NEA is
detailed. This matrix:

T =%, T, /]

Details of the various non-explicit derivatives are provided in Appendix [VI.A]
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C. Computation of Jacobian matrix for rendezvous problem with intermediate flyby

In this Section of the Appendix, it is analytically developed the Jacobian matrix for a mission in which a first flyby

operation followed by a final rendezvous are performed at two different NEAs. This matrix:

T = 1Fa, Iy Fx T Fi/]

Details of the various non-explicit derivatives are provided in Appendix [VI.A]
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