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Abstract
Under the assumption that the adjusted Brill-Noether number 𝜌̃ is at least −𝑔, we prove that the Brill-Noether loci
in M𝑔,𝑛 of pointed curves carrying pencils with prescribed ramification at the marked points have a component of
the expected codimension with pointed curves having Brill-Noether varieties of pencils of the minimal dimension.
As an application, the map from the Hurwitz scheme to M𝑔 is dominant if 𝑛 + 𝜌̃ ≥ 0 and generically finite
otherwise, settling a variation of a classical problem of Zariski.

In the second part of the paper, we study the analogous loci of curves in Severi varieties on 𝐾3 surfaces, proving
existence of curves with nongeneral behaviour from the point of view of Brill-Noether theory. This extends previous
results of Ciliberto and the first-named author to the ramified case. We apply these results to study correspondences
and cycles on 𝐾3 surfaces in relation to Beauville-Voisin points and constant cycle curves.
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2 A. L. Knutsen and S. Torelli

1. Introduction

The theory of linear series on projective curves with prescribed ramification has been intensively studied
since the appearance in the eighties of the groundbreaking results of Eisenbud and Harris [13] see, for
example, [6, 7, 8, 15, 16, 17, 18, 19, 26, 34, 35, 37, 38]. There is an adjusted Brill-Noether number 𝜌̃
(see (2.3)) generalizing the classical Brill-Noether number 𝜌(𝑔, 𝑟, 𝑑), which in addition to 𝑔, 𝑟, 𝑑 also
depends on the ramification profile. In [13, Thm. 4.5 and its Rmk.] it is proved that a general pointed
genus g curve carries a 𝑔𝑟𝑑 with prescribed ramifications at the marked points only if 𝜌̃ ≥ 0. In contrast to
the unramified case, the condition becomes sufficient provided that an intersection number of Schubert
classes is nonzero, and, if so, the Brill-Noether loci have dimension 𝜌̃. For pencils the conditions hold
true by Osserman’s results [35, Thms. 2.4 and 2.6].

For negative 𝜌̃, comparatively little is known about the loci of curves in the moduli space of n-
pointed curves M𝑔,𝑛 carrying linear series with prescribed ramification, for instance their dimensions,
and the dimension of the Brill-Noether varieties of the general members, even in the case of pencils.
By contrast, in the classical case without ramification with 𝜌 < 0, it is known that the locus of curves
in M𝑔 carrying a 𝑔1

𝑑 is irreducible of codimension −𝜌 and that its general element carries finitely
many 𝑔1

𝑑s.
The first main result of this paper generalizes the classical results on Brill-Noether theory of pen-

cils to the case of prescribed ramification, under the condition 𝜌̃ ≥ −𝑔. In Theorem 2.1, we prove
that the moduli space of n-pointed curves with a 𝑔1

𝑘 with prescribed ramification has codimension
min{0,−𝜌̃} in M𝑔,𝑛, and that its general member carries a max{0, 𝜌̃}-dimensional family of such pen-
cils. When 𝜌̃ ≥ 0, our result provides an alternative proof of the aforementioned existence results of
Eisenbud-Harris [13, Thm. 4.5 and its Rmk.] and Osserman [35, Thms. 2.4 and 2.6], not relying on
Schubert calculus. Most importantly, our result establishes the case of negative adjusted Brill-Noether
number 𝜌̃.

As a significant application, under the condition 𝜌̃ ≥ −𝑔, in Theorem 2.3 we prove that the natural
forgetful map from the Hurwitz space of covers with prescribed ramifications to M𝑔 is dominant
precisely when 𝑛 + 𝜌̃ ≥ 0. This answers a variation of the classical conjecture of Zariski [41] expecting
the map from the Hurwitz space with prescribed monodromies to M𝑔 to be dominant as soon as the
dimension of the target is smaller and the covers are noncomposed. Such a variation has already been
intensively studied in the past years and partial results can be found in some of the above mentioned
papers.

To prove the above results, we use degenerations to nodal rational curves, performed in §3. A refined
version of this degeneration, performed in §4-5, allows us to exhibit curves having the desired properties
as normalizations of nodal curves on 𝐾3 surfaces. In fact, in Theorem 2.6 we find loci of nodal curves on
𝐾3 surfaces whose normalizations carry a family of pencils with desired prescribed ramification of the
expected dimension. We believe this result is of independent interest. For smooth curves, this extends
to the ramified case Lazarsfeld’s famous result stating that smooth curves on general K3 surfaces are
Brill-Noether general. For nodal curves, this extends the results without ramification in [12] providing
non-Brill-Noether general behavior.

The last results of the paper, proved in §6, concern correspondences and cycles on K3 surfaces, and
their relation to tautological points in M𝑔,2. Indeed, as an application of Theorem 2.6, we solve in
full generality the problem of nonemptiness of components in the fibre over 0 of the difference map
𝑋 × 𝑋 → 𝐶𝐻0 (𝑋) studied by Mumford [33], obtained as n-torsion points in the Jacobian of curves
in X, for a very general K3 surface X (see Theorem 2.8). We furthermore analyze these components
with respect to Beauville-Voisin points and constant cycle curves (see Corollary 2.11). In view of
Pandharipande and Schmitt’s result [36] relating Beauville-Voisin points and tautological points, we
construct cycles in M𝑔,2 with a dense set of tautological points (see Corollary 2.12).

In the next section we will present the main results of this paper more precisely, and explain all
necessary notation.
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2. Setting and main results of the paper

In this section we will introduce notation and present the main results of the paper. We will divide the
presentation in three parts:
◦ results concerning Brill-Noether theory of pencils with prescribed ramification on pointed curves

(§2.1),
◦ results concerning Brill-Noether theory of pencils with prescribed ramification on normalizations of

pointed nodal curves on 𝐾3 surfaces (§2.2),
◦ applications to cycles on 𝐾3 surfaces and tautological points in the moduli space of 2-pointed curves

(§2.3).
Throughout the paper, 𝑔, 𝑘, 𝑛, 𝑒1, . . . , 𝑒𝑛 will be integers satisfying

𝑔 ≥ 1, 𝑘 ≥ 2, 2 ≤ 𝑒𝑖 ≤ 𝑘 for all 𝑖 ∈ {1, . . . , 𝑛}, (2.1)

and we define

e := (𝑒1, . . . , 𝑒𝑛) and 𝑒 :=
∑
𝑒𝑖 . (2.2)

2.1. Moduli spaces of pointed curves with prescribed ramification

Let M𝑔,𝑛 denote the moduli space of smooth n-pointed genus g curves. For (𝐶, 𝑥1, . . . , 𝑥𝑛) ∈ M𝑔,𝑛

and e = (𝑒1, . . . , 𝑒𝑛) we let

𝐺1
𝑘 (𝐶, (𝑥1, 𝑒1), . . . , (𝑥𝑛, 𝑒𝑛))

be the variety parametrizing 𝑔1
𝑘s on C with ramification order 𝑒𝑖 at 𝑥𝑖 . Note that

𝑒 ≤ 2(𝑘 − 1 + 𝑔) + 𝑛

(recall (2.2)) by Riemann-Hurwitz. In the classical (unramified) setting, 𝐺1
𝑘 (𝐶) denotes the variety

parametrizing 𝑔1
𝑘s on C. For a general curve C, a necessary and sufficient condition for 𝐺1

𝑘 (𝐶) ≠ ∅ is
𝜌(𝑔, 1, 𝑘) ≥ 0, where 𝜌 is the Brill-Noether number.

Let M𝑔,𝑘,e ⊂ M𝑔,𝑛 be the locus of n-pointed curves (𝐶, 𝑥1, . . . , 𝑥𝑛) such that
𝐺1
𝑘 (𝐶, (𝑥1, 𝑒1), . . . , (𝑥𝑛, 𝑒𝑛)) ≠ ∅. A necessary and sufficient condition for such nonemptiness on a

general n-pointed curve is that 𝜌̃ = 𝜌̃(𝑔, 1, 𝑘; 𝑒1, . . . , 𝑒𝑛) ≥ 0, where

𝜌̃ = 𝜌̃(𝑔, 1, 𝑘; 𝑒1, . . . , 𝑒𝑛) := 𝜌(𝑔, 1, 𝑘) −
𝑛∑
𝑖=1

(𝑒𝑖 − 1) = 2𝑘 − 2 − 𝑔 − 𝑒 + 𝑛 (2.3)

is the adjusted Brill-Noether number. In other words, M𝑔,𝑘,e = M𝑔,𝑛 if and only if 𝜌̃ =
𝜌̃(𝑔, 1, 𝑘; 𝑒1, . . . , 𝑒𝑛) ≥ 0. In contrast to the classical case (with no ramification), the ‘if statement’
relies on the computation of a nonzero intersection number of Schubert classes in the Chow ring of the
Grassmannian G(𝑑 − 2, 𝑑) provided by Ossermann, cf., [23, Thm. 5.42] and [35, Thms. 2.4 and 2.6].

We denote by G1
𝑔,𝑘,e the variety parametrizing pairs ((𝐶, 𝑥1, . . . , 𝑥𝑛), 𝔤) such that (𝐶, 𝑥1, . . . , 𝑥𝑛) ∈

M𝑔,𝑘,e and 𝔤 ∈ 𝐺1
𝑘 (𝐶, (𝑥1, 𝑒1), . . . , (𝑥𝑛, 𝑒𝑛)) and by

𝜅𝑔,𝑘,e : G1
𝑔,𝑘,e −→ M𝑔,𝑘,e (2.4)

the forgetful map, with fibre over (𝐶, 𝑥1, . . . , 𝑥𝑛) being 𝐺1
𝑘 (𝐶, (𝑥1, 𝑒1), . . . , (𝑥𝑛, 𝑒𝑛)). This is related to

the Hurwitz moduli space

H𝑔,𝑘,e := H𝑔,𝑘 (𝑒1, . . . , 𝑒𝑛, 2𝑟 )

https://doi.org/10.1017/fms.2025.10164 Published online by Cambridge University Press

https://doi.org/10.1017/fms.2025.10164


4 A. L. Knutsen and S. Torelli

parametrizing degree k covers 𝑋 → P1 with X a smooth projective curve of genus g with points of
ramification 𝑒𝑖 over n ordered points of the target, and simple ramification over 𝑟 := 2(𝑘 − 1+ 𝑔) + 𝑛− 𝑒
ordered points of the target completing the ramification profile1, cf., for example, [24, 1, 31, 15]. We
have a natural finite2 forgetful map dominating each component3

𝜆𝑔,𝑘,e : H𝑔,𝑘,e −→ G1
𝑔,𝑘,e. (2.5)

By Riemann’s Existence Theorem4 (cf., e.g., [30, III, Cor. 4.10]),

H𝑔,𝑘,e and G1
𝑔,𝑘,e are equidimensional of dimension (3𝑔 − 3 + 𝑛) + 𝜌̃, if nonempty. (2.6)

This, along with the classical result [13, Thm. 4.5] of Eisenbud and Harris when 𝜌̃ ≥ 0, implies that all
components of 𝐺1

𝑘 (𝐶, (𝑥1, 𝑒1), . . . , (𝑥𝑛, 𝑒𝑛)) have dimension at least max{0, 𝜌̃}, and if equality holds
for some (𝐶, 𝑥1, . . . , 𝑥𝑛), then M𝑔,𝑘,e has a component of codimension

max{0,−𝜌̃}

in M𝑔,𝑛. We call this the expected codimension of M𝑔,𝑘,e. One of the main results of this paper proves
the existence of a component of the expected codimension under the additional condition 𝜌̃ ≥ −𝑔:

Theorem 2.1. In the setting (2.1)-(2.2), assume that 𝜌̃(𝑔, 1, 𝑘; e) ≥ −𝑔. Then M𝑔,𝑘,e has a component
of the expected codimension max{0,−𝜌̃} in M𝑔,𝑛 whose general member (𝐶, 𝑥1, . . . , 𝑥𝑛) satisfies

dim𝐺1
𝑘 (𝐶, (𝑥1, 𝑒1), . . . , (𝑥𝑛, 𝑒𝑛)) = max{0, 𝜌̃}.

Remark 2.2. Since the general member in any component of G1
𝑔,𝑘,e is base point free, has simple

ramification elsewhere and all ramification points lie in distinct fibres, the same properties are true for
the general member in any component of 𝐺1

𝑘 (𝐶, (𝑥1, 𝑒1), . . . , (𝑥𝑛, 𝑒𝑛)) as in the theorem.

As a consequence, we also solve the classical problem regarding the dominance or generic finiteness
of the forgetful map from the Hurwitz scheme H𝑔,𝑘,e to M𝑔:

H𝑔,𝑘,e
𝜆𝑔,𝑘,e �� G1

𝑔,𝑘,e
𝜅𝑔,𝑘,e �� M𝑔,𝑘,e

𝜙𝑔,𝑘,e �� M𝑔

(where 𝜆𝑔,𝑘,e and 𝜅𝑔,𝑘,e are as in (2.5) and (2.4), respectively, and 𝜙𝑔,𝑘,e is the forgetful map). Since
dimH𝑔,𝑘,e = dimG1

𝑔,𝑘,e = dimM𝑔 + (𝑛 + 𝜌̃) one may expect, as best case scenario, this map to be
dominant if 𝑛+ 𝜌̃ ≥ 0 and generically finite (on some component) if 𝑛+ 𝜌̃ < 0, so that, in the latter case,

1Recall that two covers 𝑓 : 𝑋 → P1 and 𝑓 ′ : 𝑋 ′ → P1 are isomorphic if there exists a commutative diagram

𝑋
	 ��

𝑓

��

𝑋 ′

𝑓 ′

��
P1 	 �� P1

respecting all the markings.
2Noninjectivity is due to the possible presence of automorphisms of pointed curves not descending to the base P1 of the 𝑔1

𝑘 .
3The image of 𝜆𝑔,𝑘,e is the open dense sublocus of G1

𝑔,𝑘,e consisting of pairs
(
(𝑋, 𝑃1 , . . . , 𝑃𝑛) , 𝔤

)
such that 𝑃1 , . . . , 𝑃𝑛 lie

in distinct members of 𝔤 and the ramification is otherwise simple and in 2(𝑘 − 1 + 𝑔) + 𝑛 − 𝑒 other members of 𝔤. The density
follows from a generalization of the theory of Harris and Mumford on admissible covers [24] (see also [15, 1, 5]).

4Indeed, the dimension of each component of H𝑔,𝑘,e equals the number of marked points, plus the number of free branch
points minus dim 𝐴𝑢𝑡P1, which equals

𝑛 +

(
2𝑔 − 2 + 2𝑘 −

𝑛∑
𝑖=1

(𝑒𝑖 − 1)

)
− 3 = 𝑛 + (2𝑔 − 2 + 2𝑘 − 𝑒 + 𝑛) − 3

= 2𝑔 − 5 + 2𝑘 + 2𝑛 − 𝑒 = 3𝑔 − 3 + 𝑛 + 𝜌.
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the codimension of its image is −(𝑛 + 𝜌̃). We prove that, under the assumption 𝜌̃ ≥ −𝑔, this best case
scenario actually happens:
Theorem 2.3. In the setting (2.1)-(2.2), assume that 𝜌̃(𝑔, 1, 𝑘; e) ≥ −𝑔. Then the forgetful mapH𝑔,𝑘,e →
M𝑔 is dominant if 𝑛 + 𝜌̃ ≥ 0 and generically finite on at least one component if 𝑛 + 𝜌̃ < 0.

Both Theorems 2.1 and 2.3 will be proved in §3.

2.2. Gonality loci on 𝐾3 surfaces

Let (𝑆, 𝐻) be a primitively polarized complex 𝐾3 surface of genus 𝑝 ≥ 2. Let 𝑉|𝐻 |, 𝛿 ⊆ |𝐻 | be the
Severi variety of curves with 0 ≤ 𝛿 ≤ 𝑝 nodes, which is known to be nonempty of dimension 𝑔 := 𝑝− 𝛿,
if (𝑆, 𝐻) is general in moduli. It has recently been proved in [4] that 𝑉|𝐻 |, 𝛿 is irreducible for general
(𝑆, 𝐻) whenever 𝑔 ≥ 4 and connected whenever 𝑔 ∈ {1, 2, 3}, but we will not make use of this.

For 𝐶 ∈ 𝑉|𝐻 |, 𝛿 , denote by 𝜈 : 𝐶𝜈 → 𝐶 its normalization map. Then 𝐶𝜈 has genus g. We have a
moduli map

𝑚𝑔 : 𝑉|𝐻 |, 𝛿 −→ M𝑔

mapping [𝐶] to [𝐶𝜈]. We let M1
𝑔,𝑘 denote the locus of curves carrying a 𝑔1

𝑘 , which is known to be
irreducible of codimension max{0, 𝜌(𝑔, 1, 𝑘)}. We set

𝑉 𝑘|𝐻 |, 𝛿 := 𝑚−1
𝑔 (M1

𝑔,𝑘 ),

that is,𝑉 𝑘
|𝐻 |, 𝛿

⊆ 𝑉|𝐻 |, 𝛿 is the subvariety of curves whose normalizations carry a 𝑔1
𝑘 . If (𝑆, 𝐻) is general,

then every smooth curve in |𝐻 | is Brill-Noether general by Lazarsfeld’s famous result [28, Lem. 1.1],
whence 𝑉 𝑘

|𝐻 |,0 ≠ ∅ if and only if 𝜌(𝑝, 1, 𝑘) ≥ 0, that is, 𝑝 ≤ 2𝑘 − 2; in fact 𝑉 𝑘
|𝐻 |,0 = 𝑉|𝐻 |,0 when

𝑝 ≤ 2𝑘 − 2. In [12, Thm. 0.1] a complete description is given in the case 𝛿 > 0: if (𝑆, 𝐻) is general,
then 𝑉 𝑘

|𝐻 |, 𝛿
≠ ∅ if and only if

𝜌(𝑝, 𝛼, 𝑘𝛼 + 𝛿) ≥ 0,where 𝛼 :=
⌊ 𝑝 − 𝛿

2(𝑘 − 1)

⌋
, (2.7)

equivalently

𝛿 ≥ 𝛼
(
𝑝 − 𝛿 − (𝑘 − 1) (𝛼 + 1)

)
.

In particular, this provides, quite surprisingly, the existence of curves in |𝐻 | whose normalizations carry
pencils with negative Brill-Noether number, in contrast to the smooth case. More precisely, it is proved
that𝑉 𝑘

|𝐻 |, 𝛿
is equidimensional of dimension min{2(𝑘−1), 𝑔} under this condition [27, Rem. 5.6], and has

an irreducible component whose general element is an irreducible curve C such that𝐺1
𝑘 (𝐶

𝜈) is again as
‘nice’ as possible, that is, dim𝐺1

𝑘 (𝐶
𝜈) = max{0, 𝜌(𝑔, 1, 𝑘)}, and when 𝜌(𝑔, 1, 𝑘) ≤ 0 (resp. 𝜌 > 0), any

(resp. the general) 𝑔1
𝑘 on𝐶𝜈 has simple ramification and all nodes of C are non-neutral with respect to it5.

We will study the loci of pointed curves in 𝑉 𝑘
|𝐻 |, 𝛿

with prescribed ramification:

Definition 2.4. We define 𝑉|𝐻 |, 𝛿,𝑛 to be the (𝑔 + 𝑛)-dimensional scheme parametrizing pointed curves
(𝐶, 𝑥1, . . . , 𝑥𝑛) such that 𝐶 ∈ 𝑉|𝐻 |, 𝛿 and 𝑥1, . . . , 𝑥𝑛 are distinct points different from the nodes of C.

Recalling (2.1)-(2.2), we define

𝑉 𝑘|𝐻 |, 𝛿,e = 𝑉
𝑘
|𝐻 |, 𝛿,𝑒1 ,...,𝑒𝑛

⊆ 𝑉|𝐻 |, 𝛿,𝑛

to be the sublocus of 𝑉|𝐻 |, 𝛿,𝑛 such that 𝐺1
𝑘 (𝐶

𝜈 , (𝑥1, 𝑒1), . . . , (𝑥𝑛, 𝑒𝑛)) ≠ ∅.

5A node on a curve is non-neutral with respect to a 𝑔1
𝑘 on the normalization of the curve if the two preimages of the nodes do

not lie in the same member of the 𝑔1
𝑘 , equivalently, if the 𝑔1

𝑘 does not descend to the 1-nodal curve obtained by identifying the
two points.
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In the definition we identify 𝑥𝑖 ∈ 𝐶 with 𝜈−1(𝑥𝑖) ∈ 𝐶
𝜈 . Note that we have a moduli map

𝑚𝑔,𝑛 : 𝑉|𝐻 |, 𝛿,𝑛 −→ M𝑔,𝑛, (2.8)

mapping (𝐶, 𝑥1, . . . , 𝑥𝑛) to (𝐶𝜈 , 𝑥1, . . . , 𝑥𝑛), and we then see that

𝑉 𝑘|𝐻 |, 𝛿,e = 𝑚
−1
𝑔,𝑛 (M𝑔,𝑘,e).

By (2.8) and what we said in the previous subsection, the expected codimension of 𝑉 𝑘
|𝐻 |, 𝛿,e in 𝑉|𝐻 |, 𝛿,𝑛

is max{0,−𝜌̃}.
A necessary condition for the nonemptiness of 𝑉 𝑘

|𝐻 |, 𝛿,e is the nonemptiness of 𝑉 𝑘
|𝐻 |, 𝛿

, which as
recalled above requires (2.7) to hold. Under the assumption 𝜌̃ ≥ −𝑔, we will prove that the latter is also
a sufficient condition. More precisely, we will prove the following version of Theorems 2.1 and 2.3 on
𝐾3 surfaces. Since the properties in Remark 2.2 are not automatic in this case, we will make use of the
following:

Notation 2.5. A 𝑔1
𝑘 on a marked curve satisfies (★) if it is base point free, has simple ramification

outside the marked points, and all ramification points lie in distinct fibres.

Theorem 2.6. Let (𝑆, 𝐻) be a general primitively polarized 𝐾3 surface of genus 𝑝 ≥ 2, let 0 ≤ 𝛿 < 𝑝
and set 𝑔 = 𝑝 − 𝛿. In the setting (2.1)-(2.2), assume that 𝜌̃(𝑔, 1, 𝑘; e) ≥ −𝑔 holds.

Then𝑉 𝑘
|𝐻 |, 𝛿,e ≠ ∅ if and only if (2.7) holds, and whenever nonempty, it has an irreducible component

𝑉 𝑘,★
|𝐻 |, 𝛿,e of the expected codimension max{0,−𝜌̃} in 𝑉|𝐻 |, 𝛿,𝑛. More precisely, the following hold:

(i) If 𝜌̃ ≥ 0, then 𝑉 𝑘,★
|𝐻 |, 𝛿,e is a component of 𝑉|𝐻 |, 𝛿,𝑛, and for a general (𝐶, 𝑥1, . . . , 𝑥𝑛) ∈ 𝑉

𝑘,★
|𝐻 |, 𝛿,e the

variety 𝐺1
𝑘 (𝐶

𝜈 , (𝑥1, 𝑒1), . . . , (𝑥𝑛, 𝑒𝑛)) has dimension 𝜌̃, and the general member in any component
satisfies (★) and all nodes of C are non-neutral with respect to it;

(ii) If 𝜌̃ < 0, then for a general (𝐶, 𝑥1, . . . , 𝑥𝑛) ∈ 𝑉
𝑘,★
|𝐻 |, 𝛿,e the variety 𝐺1

𝑘 (𝐶
𝜈 , (𝑥1, 𝑒1), . . . , (𝑥𝑛, 𝑒𝑛)) is

finite, and each member satisfies (★) and all nodes of C are non-neutral with respect to it. Moreover,
(ii-a) if 𝑛 + 𝜌̃ ≥ 0, then the forgetful map 𝑉 𝑘,★

|𝐻 |, 𝛿,e → 𝑉|𝐻 |, 𝛿 is dominant onto a component, and
(ii-b) if 𝑛 + 𝜌̃ < 0, then the forgetful map is generically finite.

Theorem 2.6 will be proved in §5.
The special case of𝑉 𝑘

|𝐻 |, 𝛿,𝑘,𝑘
, that is, of curves carrying pencils with two points of total ramification,

will find a special application in the study of cycles on 𝐾3 surfaces, as we will explain in the next
subsection. In this case, 𝑛 = 2 and 𝑒1 = 𝑒2 = 𝑘 , and one checks that the condition 𝜌̃ ≥ −𝑔 is
automatically satisfied; we will actually prove that 𝑉 𝑘

|𝐻 |, 𝛿,𝑘,𝑘
is equidimensional of dimension 2, cf.

(2.9) and Theorem 2.8 below.

2.3. Cycles of torsion differences of points on curves on 𝐾3 surfaces, Beauville-Voisin points and
tautological points in M𝑔,2

Let (𝑆, 𝐻) be a primitively polarized complex 𝐾3 surface of genus 𝑝 ≥ 2 and 0 ≤ 𝛿 ≤ 𝑝. As above, for
any irreducible curve 𝐶 ∈ |𝐻 |, we denote by 𝐶𝜈 its normalization and 𝜈 : 𝐶𝜈 → 𝐶 its normalization
map.

The next definition generalizes [39, Def. 3.1 and 3.4] to the case of nodal curves:

Definition 2.7. Fix an integer 𝑘 ≥ 1. We define the loci

𝑍 ′◦
𝑘, 𝛿 (𝑆, 𝐻) :=

{
(𝐶, 𝑝, 𝑞) ∈ 𝑉|𝐻 |, 𝛿,2 | 𝑘 · [𝑝 − 𝑞] = 0 ∈ 𝐽𝑎𝑐(𝐶𝜈)

}
⊂ 𝑉|𝐻 |, 𝛿,2

and 𝑍◦𝑘, 𝛿 (𝑆, 𝐻) its image in 𝑆 × 𝑆 by the forgetful map. We denote their closures by 𝑍 ′
𝑘, 𝛿 (𝑆, 𝐻) and

𝑍𝑘, 𝛿 (𝑆, 𝐻).
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With this notation, the cases studied in [39, Def. 3.1 and 3.4] are 𝑍 ′
𝑘,0 (𝑆, 𝐻) and 𝑍𝑘,0(𝑆, 𝐻).

It is immediate to see that

𝑍 ′◦
𝑘, 𝛿 (𝑆, 𝐻) = 𝑉

𝑘
|𝐻 |, 𝛿,𝑘,𝑘 . (2.9)

Since one may check that the condition 𝜌̃ ≥ −𝑔 is satisfied in this case, Theorem 2.6 yields that
𝑍 ′
𝑘, 𝛿 (𝑆, 𝐻) has a component of dimension 2 whenever (2.7) is satisfied, and is otherwise empty. We

can improve this result to give equidimensionality and show that the dimension does not drop when
forgetting the curves:

Theorem 2.8. Let (𝑆, 𝐻) be a general primitively polarized K3 surface of genus 𝑝 ≥ 2. Let 0 ≤ 𝛿 < 𝑝
and 𝑘 ≥ 2. Then 𝑍 ′

𝑘, 𝛿 (𝑆, 𝐻) and 𝑍𝑘, 𝛿 (𝑆, 𝐻) are equidimensional of dimension 2 whenever (2.7) is
satisfied, and are otherwise empty.

If 𝛿 = 0, this says that 𝑍 ′
𝑘,0 (𝑆, 𝐻) and 𝑍𝑘,0(𝑆, 𝐻) are nonempty with a 2-dimensional component for

𝑝 ≤ 2(𝑘 − 1) and are otherwise empty, which proves Conjecture [39, Conj. 1]. On the other hand, for
any 𝑘 ≥ 2 there is a 𝛿0 (𝑝, 𝑘) ≥ 0 computed by (2.7) such that for any 𝛿0 (𝑝, 𝑘) ≤ 𝛿 < 𝑝, the varieties
𝑍 ′
𝑘, 𝛿 (𝑆, 𝐻) and 𝑍𝑘, 𝛿 (𝑆, 𝐻) are nonempty (and 2-dimensional). In other words, one can decrease k by

adding nodes, as depicted in the following example for low genus p:

Example 2.9. If 𝑝 = 3, Theorem 2.8 says that 𝑍 ′
𝑘,0 (𝑆, 𝐻) is nonempty if and only if 𝑘 ≥ 3 and that

𝑍 ′
2,1 (𝑆, 𝐻) and 𝑍 ′

2,2 (𝑆, 𝐻) are nonempty, since one computes 𝛿0 (3, 2) = 1 from (2.7).
If 𝑝 = 4, Theorem 2.8 says that 𝑍 ′

𝑘,0 (𝑆, 𝐻) is nonempty if and only if 𝑘 ≥ 3 and that 𝑍 ′
2,1 (𝑆, 𝐻),

𝑍 ′
2,2 (𝑆, 𝐻) and 𝑍 ′

2,3 (𝑆, 𝐻) are nonempty, since one again computes 𝛿0(4, 2) = 1 from (2.7).
If 𝑝 = 5, Theorem 2.8 says that 𝑍 ′

𝑘,0(𝑆, 𝐻) is nonempty if and only if 𝑘 ≥ 4. One computes
𝛿0 (5, 3) = 1 from (2.7), so the theorem says that 𝑍 ′

3, 𝛿 (𝑆, 𝐻) is nonempty for all 𝛿 ∈ {1, 2, 3, 4}. Similarly,
one computes 𝛿0 (5, 2) = 2, so the theorem says that 𝑍 ′

2, 𝛿 (𝑆, 𝐻) is nonempty for all 𝛿 ∈ {2, 3, 4}, while
𝑍 ′

2,1 (𝑆, 𝐻) = ∅.

We next relate the loci 𝑍𝑘, 𝛿 (𝑆, 𝐻) ⊂ 𝑆 × 𝑆 provided by Theorem 2.8 to the theory of Beauville-
Voisin points and constant cycle curves. Recall that, by a classical result of Mumford [33], the Chow
group 𝐶𝐻0 (𝑆) of 0-cycles on S is huge. Nonetheless, it contains a distinguished class 𝑐𝑆 of degree 1,
called the Beauville-Voisin class, which is defined as the class of a point on a rational curve (cf. [3,
Thm. 1]). A Beauville-Voisin point (BV-point in short) 𝑝 ∈ 𝑆 is a point with class 𝑐𝑆 . By [29, Thm.
1.2] BV-points are dense in S and the set is expected to be a union of curves. A curve whose points all
define the class 𝑐𝑆 is called constant cycle curve (cf. [25, Def. 3.1] and [40]). By [25, Thm. 11.1] and
[9, Introd.], constant cycle curves are dense.

In [39] 2-cycles Z such that 𝑍∗ preserves BV-points and constant cycle curves are introduced, a notion
we rephrase as:

Definition 2.10. Let S be a 𝐾3 surface. A 2-cycle 𝑍 ⊂ 𝑆 × 𝑆 is said to preserve BV-points (respectively,
constant cycle curves) if

(i) there is a lifting 𝑍∗ : 𝑍𝑖 (𝑆) → 𝑍𝑖 (𝑆) to the group 𝑍𝑖 (𝑆) of i-cycles of the natural morphism
𝑍∗ : 𝐶𝐻𝑖 (𝑆) → 𝐶𝐻𝑖 (𝑆), defined on irreducible subvarieties 𝑊 ⊂ 𝑆 as 𝑍∗𝑊 = 𝑝2∗𝑝

∗
1𝑊 , where

𝑝1, 𝑝2 : 𝑍 → 𝑆 are the two projections;
(ii) for any BV-point 𝑝 ∈ 𝑆 (resp., constant cycle curve 𝑌 ⊂ 𝑆), each point (resp. integral curve) in the

support of the 0-cycle 𝑍∗𝑝 (resp., in the 1-cycle 𝑍∗𝑌 ) is a BV-point (resp. a constant cycle curve).

In [39] it is shown that 𝑍𝑘,0 (𝑆, 𝐻)∗ preserves constant cycle curves. We can now extend this study to
𝛿 > 0. Indeed, as a consequence of Theorem 2.8, we obtain:

Corollary 2.11. In the setting of Theorem 2.8, assume that (2.7) is satisfied. Then 𝑍𝑘, 𝛿 (𝑆, 𝐻)∗ preserves
BV-points and constant cycle curves (cf. Definition 2.10).

Moreover, the points (𝑝, 𝑞) ∈ 𝑍𝑘, 𝛿 (𝑆, 𝐻) defining the class (𝑐𝑆 , 𝑐𝑆) are dense in every component.
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The latter property in the corollary allows us to give an application to tautological points in M𝑔,2,
in view of [36, Thm. 1.5] relating them to BV-points on curves on 𝐾3 surfaces. Recall that, by [22,
Thm. 1.1], the degree-0 tautological group 𝑅0(M𝑔,𝑛) ⊆ 𝐶𝐻0 (M𝑔,𝑛) is always isomorphic to Q, even
though 𝐶𝐻0(M𝑔,𝑛) is expected to be huge except for finitely many (𝑔, 𝑛) (cf. [36, Spec. 1.1]). This
setting is similar to the one on K3 surfaces. In [36, Thm. 1.5] it is proved that (𝐶, 𝑥1, .., 𝑥𝑛) ∈ M𝑔,𝑛

is tautological if C is a smooth curve of genus g sitting in a K3 surface S, 𝑥𝑖 ∈ 𝐶 is a BV-point for
1 ≤ 𝑖 ≤ 𝑛 and 𝑛 ≤ 𝑔. As an application of this relation and Corollary 2.11 we obtain:

Corollary 2.12. In the setting of Theorem 2.8, assume that 𝜌(𝑔, 1, 𝑘) ≥ 0. Then the set of tautological
points in 𝑚𝑔,2 (𝑍 ′◦

𝑘,0 (𝑆, 𝐻)) = 𝑚𝑔,2(𝑉 𝑘|𝐻 |,0,𝑘,𝑘 ) ⊂ M𝑔,2 (cf. (2.8)) is dense in every component, for
𝑔 ≥ 2.

Theorem 2.8 and Corollaries 2.11 and 2.12 will be proved in §6.

3. Proofs of Theorems 2.1 and 2.3

Let M𝑔,𝑛 be the Deligne-Mumford compactification of M𝑔,𝑛. We denote by M𝑔,𝑘,e ⊂ M𝑔,𝑛 the
compactification of M𝑔,𝑘,e in M𝑔,𝑛.

Let H𝑔,𝑘,e be the (Deligne-Mumford) compactification of the Hurwitz space H𝑔,𝑘,e, which is given
by a generalization of the classical theory of admissible covers, see, for example, [24, 15, 1, 5]. We
denote by

𝜇𝑔,𝑘,e : H𝑔,𝑘,e −→ M𝑔,𝑘,e (3.1)

the forgetful map sending the domain of a cover to its stable reduction, which is an extension of 𝜇𝑔,𝑘,e :=
𝜅𝑔,𝑘,e ◦ 𝜆𝑔,𝑘,e (cf. (2.4) and (2.5)). We recall that by the theory of admissible covers, (𝑋, 𝑃1, . . . , 𝑃𝑛)

with X irreducible lies in M𝑔,𝑘,e if and only if the normalization 𝜈 : 𝑋𝜈 → 𝑋 has the property that 𝑋𝜈
carries a 𝑔1

𝑘 in 𝐺1
𝑘 (𝑋

𝜈 , (𝑃1, 𝑒1), . . . , (𝑃𝑛, 𝑒𝑛)) such that each pair of points on 𝑋𝜈 lying above a node
of X lies in the same fibre of the 𝑔1

𝑘 . In other words, the morphism 𝑋𝜈 → P1 defined by the 𝑔1
𝑘 factors

through the normalization 𝑋𝜈 → 𝑋 → P1. We call such a 𝑔1
𝑘 on 𝑋𝜈 a descending 𝑔1

𝑘 and denote by
𝐺1
𝑘 (𝑋, (𝑃1, 𝑒1), . . . , (𝑃𝑛, 𝑒𝑛)) the locus of such descending 𝑔1

𝑘s. Then the theory of admissible covers
yields

dim 𝜇−1
𝑔,𝑘,e((𝑋, 𝑃1, . . . , 𝑃𝑛)) = dim𝐺1

𝑘 (𝑋, (𝑃1, 𝑒1), . . . , (𝑃𝑛, 𝑒𝑛)) (on each component). (3.2)

To prove Theorem 2.1 we will find an n-pointed g-nodal rational curve (𝑋, 𝑃1, . . . , 𝑃𝑛) in M𝑔,𝑘,e
such that 𝐺1

𝑘 (𝑋, (𝑃1, 𝑒1), . . . , (𝑃𝑛, 𝑒𝑛)) has dimension max{0, 𝜌̃}.
To construct 𝑔1

𝑘s on P1s descending to nodal models, we will work on Sym2 (P1). As customary,
we identify Sym2 (P1) with P2, in such a way that the diagonal Δ is a conic and each coordinate curve
{𝑥 + 𝑦 | 𝑦 ∈ P1} is the tangent line ℓ𝑥 to Δ at 2𝑥.

Consider Q = P1 × P1 with the two projections 𝜋𝑖 : Q → P1, 𝑖 = 1, 2 and the line bundle
OQ(𝑘, 𝑘) := 𝜋∗1 (OP1 (𝑘)) ⊗ 𝜋∗2 (OP1 (𝑘)), for any 𝑘 ∈ Z+. Then 𝐻0(OQ (𝑘, 𝑘)) = 𝐻0(P1,OP1 (𝑘))⊗2.
The two subspaces Sym2 (𝐻0(P1,OP1 (𝑘))) and ∧2𝐻0 (P1,OP1 (𝑘)) are invariant (resp. anti-invariant)
under the natural involution that exchanges the coordinates. Hence they are pull-backs of sections of
line bundles on Sym2(P1), say O+

𝑘 and O−
𝑘 , respectively. For instance, one has

𝐻0(Sym2 (P1),O−
𝑘 ) � ∧2𝐻0 (P1,OP1 (𝑘)) � 𝐻0(P2,OP2 (𝑘 − 1)). (3.3)

Let 𝔤 be any 𝑔1
𝑘 on P1. Then it can be identified with a point of the Grassmannian G(1, 𝑘) ⊂

P(∧2𝐻0 (P1,OP1 (𝑘))), which by (3.3) can again be identified with the degree 𝑘 − 1 curve in P2

𝐶𝔤 = {𝑊 ∈ Sym2(P1) | 𝔤(−𝑊) ≥ 0}.
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Definition 3.1. We denote the family of curves {𝐶𝔤}𝔤∈𝐺1
𝑘
(P1) by F𝑘 .

Note that F𝑘 is irreducible of dimension 2(𝑘 − 1) = dim(G(1, 𝑘)).

Lemma 3.2. The curve 𝐶𝔤 is reduced if and only if 𝔤 does not have multiple base points.

Proof. If 𝑃 ∈ P1 is a base point of multiplicity 𝑛 ≥ 2 of 𝔤, then 𝐶𝔤 contains the line ℓ𝑃 := {𝑃 +𝑄 | 𝑄 ∈

P1} ⊂ Sym2(P1) as a component, and the residual curve is 𝐶𝔤(−𝑛𝑃) . As the latter has degree 𝑘 − 1 − 𝑛,
the line ℓ𝑃 has multiplicity n, whence 𝐶𝔤 is not reduced.

If 𝔤 does not have multiple base points, then its general member consists of k distinct points. Then𝐶𝔤
intersects the line ℓ𝑃 in 𝑘 − 1 distinct points. As 𝐶𝔤 has degree 𝑘 − 1, this shows that it is reduced. �

We will need the following:

Lemma 3.3. If 𝑒1, . . . , 𝑒𝑛, 𝑘 are integers such that 2 ≤ 𝑒𝑖 ≤ 𝑘 , 𝑘 ≥ 2 and 𝜌̃(0, 1, 𝑘; e) ≥ 0, then
𝐺1
𝑘 (P

1, (𝑃1, 𝑒1), . . . , (𝑃𝑛, 𝑒𝑛)) ≠ ∅ for any distinct points 𝑃1, . . . , 𝑃𝑛 ∈ P1. Moreover, every component
has dimension at least 𝜌̃(0, 1, 𝑘; e) and equality holds if 𝑃1, . . . , 𝑃𝑛 are general.

Proof. By the classical result [13, Thm. 4.5] of Eisenbud and Harris, it suffices to prove nonemptiness.
Moreover, it suffices to prove it in the case 𝜌̃(0, 1, 𝑘; e) = 0, that is, 𝑒 =

∑
𝑒𝑖 = 2(𝑘 − 1) + 𝑛, by adding

further simple ramification points if necessary to complete the ramification profile. The latter has been
proved by Osserman [35, Thms. 2.4]. We provide a proof independent of Schubert calculus.

By Riemann’s Existence Theorem (cf., e.g., [30, III, Cor. 4.10]) it suffices to prove that there are cycles
𝜎1, . . . , 𝜎𝑛 ∈ Sym(𝑘) of orders 𝑒1, . . . , 𝑒𝑛 generating a transitive subgroup and such that𝜎1 · · ·𝜎𝑛 = id𝑘
(the identity in Sym(𝑘)). We will do this by proving the following claim by induction on k:

Claim 3.4. There exist cycles 𝜎1, . . . , 𝜎𝑛 ∈ Sym(𝑘) of orders 𝑒1, . . . , 𝑒𝑛 such that

(i) 𝜎1 · · ·𝜎𝑛 = id𝑘 ,
(ii) the subgroup generated by 𝜎1, . . . , 𝜎𝑛 is transitive,

(iii) for all 𝑖 ∈ {1, . . . , 𝑛 − 1}, 𝜎𝑖 and 𝜎𝑖+1 are not disjoint.

Proof of claim. We first treat the case 𝑒1 = · · · = 𝑒𝑛 = 2, in which case 𝑛 = 2𝑘 − 2. Then

𝜎𝑗 = ( 𝑗 𝑗 + 1), 𝜎𝑘−1+ 𝑗 = 𝜎𝑘− 𝑗 for 𝑗 ∈ {1, . . . , 𝑘 − 1}

will do.
We then prove the claim by induction on k. In the case 𝑘 = 2, we only have the case 𝑒1 = 𝑒2 = 2,

which falls into the case treated above.
Assume now that 𝑘 > 2. We may also assume that max{𝑒 𝑗 } ≥ 3, and we note that at most one 𝑒𝑖

equals k. To ease notation we will assume that max{𝑒 𝑗 } = 𝑒1, since the other cases are treated similarly.
Note that 𝑛 ≥ 2. We set

𝑒′𝑖 =

{
𝑒𝑖 − 1, for 𝑖 = 1, 2,
𝑒𝑖 , for 𝑖 > 2.

We have
∑
(𝑒′𝑖 − 1) = 2(𝑘 − 2) and 𝑒′𝑖 ≤ 𝑘 − 1 for all i. If also 𝑒2 ≥ 3, then all 𝑒′𝑖 ≥ 2, and we may

apply the induction hypothesis to find 𝜎′
1, . . . , 𝜎

′
𝑛 ∈ Sym(𝑘 − 1) of orders 𝑒′1, . . . , 𝑒

′
𝑛 such that

(i)’ 𝜎′
1 · · ·𝜎

′
𝑛 = id𝑘−1,

(ii)’ the subgroup generated by 𝜎′
1, . . . , 𝜎

′
𝑛 is transitive,

(iii)’ for all 𝑖 ∈ {1, . . . , 𝑛 − 1}, 𝜎′
𝑖 and 𝜎′

𝑖+1 are not disjoint.

Since 𝜎′
1 and 𝜎′

2 are not disjoint, there is one integer, say 𝑥 ∈ {1, . . . , 𝑘 − 1}, appearing in them both.
We may write

𝜎′
1 = (𝑥 𝑎1 · · · 𝑎𝑠) and 𝜎′

2 = (𝑏1 · · · 𝑏𝑡 𝑥).
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Set

𝜎1 := (𝑥 𝑎1 · · · 𝑎𝑠 𝑘) and 𝜎2 := (𝑘 𝑏1 · · · 𝑏𝑡 𝑥).

Then, viewing 𝜎′
1 and 𝜎′

2 as elements of Sym(𝑘), one may check that

𝜎1𝜎2 = 𝜎′
1𝜎

′
2. (3.4)

Set now 𝜎𝑗 := 𝜎′
𝑗 for all 𝑗 ∈ {3, . . . , 𝑛} and view them as elements of Sym(𝑘). Then, because of

(i)’-(iii)’ and (3.4), the cycles 𝜎1, . . . , 𝜎𝑛 ∈ Sym(𝑘) satisfy (i)-(iii) in the claim.
Assume now that 𝑒2 = 2, so that 𝑒′2 = 1. We remark that 𝑛 > 2; indeed, if 𝑛 = 2, then 𝑒1 = 𝑒 − 𝑒2 =

[2(𝑘 − 1) + 2] − 2 = 2𝑘 − 2, which is incompatible with 𝑒1 ≤ 𝑘 and 𝑘 > 2. We have 2 ≤ 𝑒′𝑖 ≤ 𝑘 − 1
for all 𝑖 ≠ 2. Then we apply the induction hypothesis to find 𝜎′

1, 𝜎
′
3, . . . , 𝜎

′
𝑛 ∈ Sym(𝑘 − 1) of orders

𝑒′1, 𝑒
′
3 . . . , 𝑒

′
𝑛 such that

(i)” 𝜎′
1𝜎

′
3 · · ·𝜎

′
𝑛 = id𝑘−1,

(ii)” the subgroup generated by 𝜎′
1, 𝜎

′
3, . . . , 𝜎

′
𝑛 is transitive,

(iii)” 𝜎′
1 and 𝜎′

3 are not disjoint, and for all 𝑖 ∈ {3, . . . , 𝑛 − 1}, 𝜎′
𝑖 and 𝜎′

𝑖+1 are not disjoint.

Since 𝜎′
1 and 𝜎′

3 are not disjoint, there is one integer, say 𝑥 ∈ {1, . . . , 𝑘 − 1}, appearing in them both.
We may write

𝜎′
1 = (𝑥 𝑎1 · · · 𝑎𝑠).

Set

𝜎1 := (𝑥 𝑎1 · · · 𝑎𝑠 𝑘) and 𝜎2 := (𝑘 𝑥).

Then, viewing 𝜎′
1 as element of Sym(𝑘), one may check that

𝜎1𝜎2 = 𝜎′
1. (3.5)

Set now 𝜎𝑗 := 𝜎′
𝑗 for all 𝑗 ∈ {3, . . . , 𝑛} and view them as elements of Sym(𝑘). Then, because of

(i)”-(iii)” and (3.5), the cycles 𝜎1, . . . , 𝜎𝑛 ∈ Sym(𝑘) satisfy (i)-(iii) in the claim. �

Having proved the claim, the lemma follows. �

Proof of Theorem 2.1. Since 𝜌̃(0, 1, 𝑘; e) = 𝜌̃(𝑔, 1, 𝑘; e)+𝑔, our assumption 𝜌̃(𝑔, 1, 𝑘; e) ≥ −𝑔, together
with Lemma 3.3, yields that the locus 𝐺1

𝑘 (P
1, (𝑃1, 𝑒1), . . . , (𝑃𝑛, 𝑒𝑛)) is nonempty and equidimensional

of dimension 𝜌̃(𝑔, 1, 𝑘; e) + 𝑔 for general 𝑃1, . . . , 𝑃𝑛 ∈ P1. This defines a subfamily F𝑘, (𝑃1 ,... ,𝑃𝑛) ,e of
F𝑘 (cf. Definition 3.1) of dimension

dimF𝑘, (𝑃1 ,... ,𝑃𝑛) ,e = 𝜌̃(𝑔, 1, 𝑘; e) + 𝑔. (3.6)

The case 𝜌̃(𝑔, 1, 𝑘; e) ≥ 0. For a general set of g points {𝜉𝑖 = 𝑦𝑖 + 𝑧𝑖}1≤𝑖≤𝑔 in Sym2 (P1) the family
of curves in F𝑘, (𝑃1 ,... ,𝑃𝑛) ,e passing through 𝜉1, . . . , 𝜉𝑔 has dimension 𝜌̃(𝑔, 1, 𝑘; e) by (3.6). This family
yields the variety 𝐺1

𝑘 (𝑋, (𝑃1, 𝑒1), . . . , (𝑃𝑛, 𝑒𝑛)) on the g-nodal curve X obtained by identifying the g
pairs (𝑦𝑖 , 𝑧𝑖) of points on P1. Thus, we have proved that 𝐺1

𝑘 (𝑋, (𝑃1, 𝑒1), . . . , (𝑃𝑛, 𝑒𝑛)) has dimension
𝜌̃(𝑔, 1, 𝑘; e).

The case 𝜌̃(𝑔, 1, 𝑘; e) < 0. Set 𝑔′ := 𝜌̃(𝑔, 1, 𝑘; e) + 𝑔 < 𝑔. For a general set of 𝑔′ points {𝜉𝑖 =
𝑦𝑖 + 𝑧𝑖}1≤𝑖≤𝑔′ in Sym2(P1) the family of curves in F𝑘, (𝑃1 ,...,𝑃𝑛) ,e passing through 𝜉1, . . . , 𝜉𝑔′ has
dimension 0 by (3.6). Choose any set of distinct 𝑔−𝑔′ points {𝜉𝑖 = 𝑦𝑖 + 𝑧𝑖}𝑔′+1≤𝑖≤𝑔 on any of the finitely
many curves in F𝑘, (𝑃1 ,...,𝑃𝑛) ,e so obtained. Then, on the g-nodal curve X obtained by identifying the g
pairs (𝑦𝑖 , 𝑧𝑖) of points on P1, the variety 𝐺1

𝑘 (𝑋, (𝑃1, 𝑒1), . . . , (𝑃𝑛, 𝑒𝑛)) is 0-dimensional.
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Theorem 2.1 now follows by semicontinuity, in view of (3.2), (2.5) and what we explained right
after (2.6). �

Proof of Theorem 2.3. To prove the theorem we will prove that the general fibres of H𝑔,𝑘,e → M𝑔

have dimension max{0, 𝑛 + 𝜌̃(𝑔, 1, 𝑘; e)} on some component. We will prove this by degeneration to a
g-nodal rational curve in M𝑔 as in the previous proof.

With the notation therein, we set F𝑘,e to be the variety parametrizing(
𝐶𝔤, 𝑃1, . . . , 𝑃𝑛

)
such that 𝐶𝔤 ∈ F𝑘, (𝑃1 ,... ,𝑃𝑛) ,e

for varying distinct general 𝑃1, . . . , 𝑃𝑛. Then F𝑘,e is equidimensional of dimension

dimF𝑘,e = 𝜌̃(𝑔, 1, 𝑘; e) + 𝑔 + 𝑛. (3.7)

The case 𝑛 + 𝜌̃(𝑔, 1, 𝑘; e) ≥ 0. The same argument as in the previous proof starting with F𝑘,e shows
that for a general set of g points in Sym2 (P1), the family of curves in F𝑘,e passing through these points
has dimension 𝜌̃(𝑔, 1, 𝑘; e) + 𝑛 ≥ 0 by (3.7). This produces, as in the previous proof, a g-nodal rational
curve X having a ( 𝜌̃(𝑔, 1, 𝑘; e)+𝑛)-dimensional family of 𝑔1

𝑘s with the given ramification order at some n
points. Recalling (3.2), this proves that the fibre over X of H𝑔,𝑘,e → M𝑔 has dimension 𝑛+ 𝜌̃(𝑔, 1, 𝑘; e).
The theorem follows by semicontinuity.

The case 𝑛 + 𝜌̃(𝑔, 1, 𝑘; e) < 0. Set 𝑔′ := 𝜌̃(𝑔, 1, 𝑘; e) + 𝑔 + 𝑛 < 𝑔. Then, for a general set of 𝑔′ points
in Sym2(P1), the family of curves in F𝑘,e passing through these points is zero-dimensional by (3.7).
Then, on the g-nodal curve X obtained by identifying the 𝑔′ pairs of points on P1 corresponding to the
𝑔′ points in Sym2(P1), plus an arbitrary set of 𝑔 − 𝑔′ points, we have obtained a finite family of 𝑔1

𝑘s
with the given ramification order at some n points. Recalling (3.2), this proves that the fibre over X of
H𝑔,𝑘,e → M𝑔 has dimension 0. The theorem follows by semicontinuity. �

4. Building on the construction and results in [12]

To prove Theorem 2.6, we will use a degeneration argument developed in [12].
Let 𝑝 ≥ 3. We denote by K𝑝 the moduli space of primitively polarized 𝐾3 surfaces of genus p, which

is irreducible of dimension 19. The following result is central in our investigation:

Theorem 4.1. If (𝑆, 𝐻) is a general primitive 𝐾3 surface of genus p, then 𝑉 𝑘
|𝐻 |, 𝛿

≠ ∅ if and only if (2.7)
is satisfied. When nonempty, 𝑉 𝑘

|𝐻 |, 𝛿
is equidimensional of dimension min{2(𝑘 − 1), 𝑔}.

The nonemptiness part of the theorem is [12, Thm. 0.1], whereas the assertion about equidimen-
sionality follows from [27, Rem. 5.6]. In this section we review and build on the proof of the assertion
concerning nonemptiness in order to approach the refined ramified version in §5. The general strategy
consists in degenerating the polarized K3 surface (𝑆, 𝐻) to a pair (𝑆0, 𝐻0) (§4.1) so that the Severi va-
riety 𝑉|𝐻 |, 𝛿 degenerates to a locus containing an irreducible component 𝑉 (𝛼1, . . . , 𝛼𝑝) (cf. Definition
4.2), whose curves all contain a special component isomorphic to P1 with a collection of pairs of dis-
tinguished points (§4.2). The computation of the dimension of 𝑉 𝑘

|𝐻 |, 𝛿
reduces in this way to computing

the dimension of families of 𝑔1
𝑘s on P1 satisfying certain compatibility conditions. More precisely, each

pair of distinguished points must belong to a divisor of the given 𝑔1
𝑘 . Such a computation is obtained by

intersecting appropriate curves in P2 (§4.3).

4.1. Limit K3 surface

We describe now the degeneration of (𝑆, 𝐻) ∈ K𝑝 to a pair (𝑆0, 𝐻0) (cf. [12, §4]).
Let E be a smooth elliptic curve with two distinct general line bundles 𝐿1, 𝐿2 ∈ Pic2(𝐸). Consider

the embedding of 𝐸 ⊂ P2𝑝−1 as a smooth elliptic normal curve of degree 2𝑝 given by 𝐿⊗𝑝
2 . Let 𝑅1 and
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𝑅2 be the rational normal scrolls of degree 2𝑝 − 2 in P2𝑝−1 defined by 𝐿1 and 𝐿2, respectively, that is,
𝑅𝑖 is the union of lines spanned by the divisors of |𝐿𝑖 |. Then
◦ 𝑅1 � P1 × P1 and 𝑅2 � F2,
◦ 𝑅1 ∩ 𝑅2 = 𝐸 transversally,
◦ E is anticanonical on each 𝑅𝑖 .
Set 𝑅 := 𝑅1 ∪ 𝑅2.

We will denote by 𝑓 : P1×P1 → P1 the projection to P1 defined by the pencil |𝐿1 |. Let 𝔰𝑖 and 𝔣𝑖 denote
the classes of the nonpositive section and fibre, respectively, of 𝑅𝑖 , for 1 ≤ 𝑖 ≤ 2. Thus, the members of
|𝔣1 | are the fibres of f. Then O𝑅1 (1) � O𝑅1 (𝔰1 + (𝑝 − 1)𝔣1) and O𝑅2 (1) � O𝑅2 (𝔰2 + 𝑝𝔣2). The section 𝔰2
does not intersect E, hence lies in the smooth locus of R. In particular, 𝔰2 is a Cartier divisor on R, so that

𝐻0 := O𝑅 (1) ⊗ O𝑅 (−𝔰2) (4.1)

is also Cartier, with 𝐻2
0 = 2𝑝 − 2 and 𝔰2 · 𝐻0 = 𝑝. By [12, Lem. 4.1] the pair (𝑆0 := 𝑅, 𝐻0) can be flatly

deformed to a member of K𝑝 . More precisely, there is a flat family 𝜋 : X → D, where D is the disc,
such that the special fibre 𝜋−1 (0) 	 𝑅 and the fibres 𝑆𝑡 := 𝜋−1 (𝑡) for 𝑡 ≠ 0 are smooth 𝐾3 surfaces,
and a line bundle H on X such that H|𝑆0 = 𝐻0 and, setting 𝐻𝑡 := H|𝑆𝑡 also for 𝑡 ≠ 0, we have that
(𝑆𝑡 , 𝐻𝑡 ) ∈ K𝑝 is general.

Note that the total space X has 16 double points on E in the central fibre, and is otherwise smooth.
One may perform a small resolution of the singularities of X , obtaining a new family with unchanged
fibres for 𝑡 ≠ 0, but whose new central fibre is a birational modification of R. Precisely one can make
sure that the new central fibre is 𝑅1 ∪ 𝑅2, where 𝑅2 is the blow-up of 𝑅2 at the 16 singular points of
X , and 𝑅1 and 𝑅2 meet transversally along 𝐸 ⊂ 𝑅1 and its strict transform on 𝑅2. Since we can make
sure that the interesting curves we work with on R will lie off the singular points of X , we can choose
to work with X without caring about the singularities.

4.2. Limit Severi varieties

We now describe limit curves of 𝑉|𝐻𝑡 |, 𝛿 , following [12, §6].
Let m be a positive integer satisfying𝑚 ≤ 𝑝. A chain of length 2𝑚−1 is a sum of 2𝑚−1 distinct lines

𝑓2,1 + 𝑓1,1 + 𝑓2,2 + 𝑓1,2 + · · · + 𝑓2,𝑚−1 + 𝑓1,𝑚−1 + 𝑓2,𝑚, 𝑓𝑖, 𝑗 ∈ |𝔣𝑖 |,

where 𝑓1, 𝑗 intersects only 𝑓2, 𝑗 and 𝑓2, 𝑗+1, for 𝑗 = 1, . . . , 𝑚 − 1. The chain intersects E in 2𝑚 points,
consisting of m divisors of |𝐿2 |, and 2𝑚 − 2 of them lie on the intersections between two lines, whereas
the remaining two are on 𝑓2,1 and 𝑓2,𝑚 and will be denoted by a and b, respectively. This pair of points
will be called the distinguished pair of points of the chain. Figure 1 shows a chain of length 9 and its
distinguished pair of points. If the chain is contained in a member C of |𝐻0 |, and we denote by Γ the
section of the ruling on 𝑅1 contained in C, the distinguished points are 𝑎 = Γ ∩ 𝑓2,1 and 𝑏 = Γ ∩ 𝑓2,𝑚.
Denoting the restriction of f to E still by f (so that 𝑓 : 𝐸 → Γ � P1 is the morphism determined by the
linear series |𝐿1 |), we note that 𝑎 + 𝑏 ∈ 𝑓∗(|𝑚𝐿2 − (𝑚 − 1)𝐿1 |).

We denote by C𝑚 the family of chains of length 2𝑚 − 1, which is a locally closed subvariety of a
Hilbert scheme of curves on R. In [12, Lem. 4.2] it is proved that the map

C𝑚 −→ |𝑚𝐿2 − (𝑚 − 1)𝐿1 | (4.2)

sending a chain of length 2𝑚 − 1 to its pair of distinguished points on E is birational and injective.
Definition 4.2. For each tuple (𝛼1, . . . , 𝛼𝑝) of nonnegative integers satisfying

𝑝 =
𝑝∑
𝑗=1
𝑗𝛼 𝑗 (4.3)
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Γ

𝑓2,5

𝑓2,4

𝑓2,3

𝑓2,2

𝑓2,1

𝑓1,4

𝑓1,3

𝑓1,2

𝑓1,1

𝑏

𝑎

Figure 1. A chain of length 9 contained in a member of |𝐻0 |.

one defines 𝑉 (𝛼1, . . . , 𝛼𝑝) to be the locally closed subset of reduced curves in |𝐻0 | not passing through
the singular locus of X and containing exactly 𝛼 𝑗 chains of length 2 𝑗 − 1, for 𝑗 = 1, . . . , 𝑝.

By (4.2) we have a morphism

𝜈 : 𝑉 (𝛼1, . . . , 𝛼𝑝) ��
𝑝∏
𝑗=1

Sym𝛼𝑗 | 𝑗 𝐿2 − ( 𝑗 − 1)𝐿1 |, (4.4)

which is proved to be bijective in [12, Proof of Prop. 5.2]. Indeed, its inverse is given in the following
way: the coordinates of any member of the target uniquely define a chain, and the intersection between
the union of the lines in |𝔣2 | of these chains and E is an effective divisor lying in | (

∑
𝑗𝛼 𝑗 )𝐿2 | = |𝑝𝐿2 | =

|O𝐸 (1) |, by (4.3). This can be extended to a unique hyperplane section of R, which necessarily contains
𝔰2, so it gives a curve in 𝑉 (𝛼1, . . . , 𝛼𝑝). As the dimension of the target in (4.4) is

𝑔 :=
𝑝∑
𝑗=1
𝛼 𝑗 , (4.5)

we see that 𝑉 (𝛼1, . . . , 𝛼𝑝) is g-dimensional.
Any curve C in 𝑉 (𝛼1, . . . , 𝛼𝑝) is nodal, and we denote as above by Γ the section of the ruling on 𝑅1

contained in C (i.e., C is the union of Γ and of chains). We will call Γ the sectional component of C.
The curve C has

𝛿 = 𝛿(𝛼1, . . . , 𝛼𝑝) :=
𝑝∑
𝑗=1

( 𝑗 − 1)𝛼 𝑗 (4.6)

nodes lying off E, which we call the marked nodes of C, and they all lie on its sectional component Γ.
In Figure 1 they are marked with circles. We note that (4.3), (4.5) and (4.6) yield

𝑔 = 𝑝 − 𝛿. (4.7)

It is proved in [12, Prop. 5.2] that 𝑉 (𝛼1, . . . , 𝛼𝑝) is a component of the flat limit of 𝑉|𝐻𝑡 |, 𝛿 .

4.3. Limit Severi varieties of curves whose normalization carry a 𝑔1
𝑘

We now describe limit curves of 𝑉 𝑘
|𝐻𝑡 |, 𝛿

and compute the dimension of the component they define,
following [12, §6].
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𝐶𝐶𝐶 ′

Figure 2. The partial normalization 𝐶 of C and its stable model 𝐶 ′, around a chain.

As in Figure 2, we denote by 𝐶 the partial normalization of C at its 𝛿 marked nodes and by 𝐶 ′ the
stable model of 𝐶, obtained by contracting all chains of C. We already noted that the distinguished pair
of points of each chain contained in C lies on Γ. There are g such pairs. Thus, 𝐶 ′ is equivalently the
g-nodal curve obtained by identifying each distinguished pair of points on Γ, as shown in Figure 2. We
note that the natural map Γ → 𝐶 ′ is the normalization, and that a degree k cover Γ → P1 factors through
𝐶 ′ if and only if all distinguished pairs of points lie in the same fibres of Γ → P1. This motivates the
following definition.
Definition 4.3. Let 𝐶 ∈ 𝑉 (𝛼1, . . . , 𝛼𝑝). We say that a 𝑔1

𝑘 on the sectional component Γ of C is a
descending 𝑔1

𝑘 if all distinguished pairs of points of each chain contained in C belong to divisors of
the 𝑔1

𝑘 .
We denote by 𝐺1

𝑘 (𝐶
′) the variety of all descending 𝑔1

𝑘s on Γ and by G𝑘 (𝛼1, . . . , 𝛼𝑝) the variety
parametrizing pairs (𝐶, 𝔤) such that 𝐶 ∈ 𝑉 (𝛼1, . . . , 𝛼𝑝) and 𝔤 ∈ 𝐺1

𝑘 (𝐶
′).

We denote by 𝑉 𝑘 (𝛼1, . . . , 𝛼𝑝) the image of the forgetful map

𝜎 : G𝑘 (𝛼1, . . . , 𝛼𝑝) −→ 𝑉 (𝛼1, . . . , 𝛼𝑝)

(which has fibres 𝐺1
𝑘 (𝐶

′)).

By what we said prior to the definition, C lies in 𝑉 𝑘 (𝛼1, . . . , 𝛼𝑝) if and only if 𝐶 ′ lies in M1
𝑔,𝑘 (see

[12, Lem. 5.3]).
In [12, Prop. 6.5 and Cor. 6.6] the following is proved:

Proposition 4.4. If (4.3) and

𝛼 𝑗 ≤ 2(𝑘 − 1) for all 𝑗 (4.8)

hold, the variety 𝑉 𝑘 (𝛼1, . . . , 𝛼𝑝) is nonempty and irreducible of dimension min{2(𝑘 − 1), 𝑔}, and is
contained in the limit of 𝑉 𝑘

|𝐻𝑡 |, 𝛿
as t tends to 0.

It is also proved in [12] that there are (𝛼1, . . . , 𝛼𝑝) satisfying conditions (4.3) and (4.8) whenever
(2.7) is satisfied (cf. [12, Prop. 7.1]).

To prove Proposition 4.4, the variety 𝑉 𝑘 (𝛼1, . . . , 𝛼𝑝) is explicitly constructed in the following way.
Let 𝑓 : 𝐸 → P1 be the morphism determined by |𝐿1 | and 𝑓 (2) : Sym2(𝐸) → Sym2 (P1) the induced
map. We identify Sym2(P1) with P2 as in the previous section. We denote by 𝔠 𝑗 , for 1 ≤ 𝑗 ≤ 𝑛, the
image via 𝑓 (2) of the smooth rational curves in Sym2(𝐸) defined by the pencils | 𝑗 𝐿2 − ( 𝑗 − 1)𝐿1 |.
These are distinct conics, each intersecting the diagonal Δ in four distinct points corresponding to the
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ramification points of the pencils. Recall from the previous section that to each 𝔤 ∈ 𝐺1
𝑘 (P

1) we associate
the degree 𝑘 − 1 curve in P2 = Sym2(P1) given by 𝐶𝔤 = {𝑊 ∈ Sym2(P1) | 𝔤(−𝑊) ≥ 0} and that we
denote the family of such curves by F𝑘 (cf. Definition 3.1).

We state here a stronger version of [12, Lem. 6.3], as we will need it later to prove our main results:

Lemma 4.5. Fix a reduced curve𝐶𝔤 in F𝑘 . Then, for general 𝐿2 ∈ Pic2 (𝐸), the curve𝐶𝔤 intersects each
𝔠 𝑗 transversally in 2(𝑘 − 1) distinct points. Moreover, varying 𝐶𝔤 in F𝑘 , none of these points is fixed.

Proof. The fibres of the Albanese (summation) map alb : Sym2(𝐸) → 𝐸 are the one-dimensional
family of 𝑔1

2s on E, and each curve 𝔠 𝑗 is the image of one such fibre. Varying 𝐿2 ∈ Pic2(𝐸) the fibres
sent to 𝔠 𝑗 cover all fibres of alb, so that 𝔠 𝑗 becomes the image of a general fibre. Each pair of fibres
of a moves in a base point free linear system, whence ( 𝑓 (2) )−1𝐶𝔤 has transversal intersection with the
general fibre of alb and the intersection occurs outside of the ramification locus of 𝑓 (2) . This proves that
also the intersection 𝐶𝔤 ∩ 𝔠 𝑗 is transversal.

The case 𝐿2 = 𝐿1 yields 𝔠 𝑗 = Δ for all j. Varying 𝔤, none of the points in 𝐶𝔤 ∩Δ is fixed, proving the
last assertion also for general 𝐿2. �

By (4.8) we can pick 𝛼 𝑗 of the intersection points 𝐶𝔤 ∩ 𝔠 𝑗 . Each of these 𝛼 𝑗 intersection points
gives rise to a chain of length 2 𝑗 − 1 with distinguished pair given by the 2-cycle corresponding to
the point itself (recall (4.2)) and the one-to-one correspondence (4.4) yields the existence of curves in
𝑉 (𝛼1, . . . , 𝛼𝑝) containing all the above chains, which lie in 𝑉 𝑘 (𝛼1, . . . , 𝛼𝑝) by construction. In other
words, we have natural surjective maps

G𝑘 (𝛼1, . . . , 𝛼𝑝)
𝜎𝑘 ��

𝛾𝑘

��

𝑉 𝑘 (𝛼1, . . . , 𝛼𝑝)

F𝑘 ,

(4.9)

where 𝜎𝑘 is the forgetful map and 𝛾𝑘 is finite. The fibre of 𝛾𝑘 over a curve 𝐶𝔤 is given by all the choices
of 𝛼 𝑗 of the intersection points in each 𝐶𝔤 ∩ 𝔠 𝑗 .

When 𝑔 =
∑
𝛼𝑖 > 2(𝑘 − 1), this is used in [12] to prove that 𝑉 𝑘 (𝛼1, . . . , 𝛼𝑝) is irreducible (and

nonempty) of dimension 2(𝑘 − 1) and that its general element corresponds to finitely many of the
curves 𝐶𝔤. When 𝑔 ≤ 2(𝑘 − 1), one has 𝑉 𝑘 (𝛼1, . . . , 𝛼𝑝) = 𝑉 (𝛼1, . . . , 𝛼𝑝) and its general element
corresponds to a family of dimension 2(𝑘 − 1) −

∑
𝛼 𝑗 = 2(𝑘 − 1) − 𝑔 = 𝜌(𝑔, 1, 𝑘) of the curves

𝐶𝔤. This also shows that the generic fibre dimension of 𝜎𝑘 is max{0, 𝜌(𝑔, 1, 𝑘)}, in other words that
dim𝐺1

𝑘 (𝐶
′) = max{0, 𝜌(𝑔, 1, 𝑘)} for general C in 𝑉 𝑘 (𝛼1, . . . , 𝛼𝑝).

We will also make use of the following observation, implicitly used in [12, Proof of Cor. 6.6(iv)]:

Lemma 4.6. If 𝔤 is base point free, then any corresponding curve in 𝑉 𝑘 (𝛼1, . . . , 𝛼𝑝) has the property
that the stable model of a partial normalization of C at fewer than its 𝛿 marked nodes does not lie in
M1

𝑔,𝑘 .

Proof. Such a partial normalization would need to have at least one more component other than Γ,
intersecting Γ in three points. For the stable model of such a curve to lie in M1

𝑔,𝑘 , the pencil 𝔤 on Γ

would need to have base points, since it would have to induce a map from Γ to P1 of degree < 𝑘 . �

Under conditions (4.3) and (4.8) we thus have a relative scheme 𝜋𝛿 : V𝛿 → D of dimension
dimV𝛿 = 𝑔 + 1 such that the fibre over 𝑡 ≠ 0 is a component of 𝑉|𝐻𝑡 |, 𝛿 (of dimension 𝑔 := 𝑝 − 𝛿)
and a subscheme V 𝑘𝛿 ⊂ V𝛿 such that the fibre over 𝑡 ≠ 0 is a component of 𝑉 𝑘

|𝐻𝑡 |, 𝛿
of dimension

min{2(𝑘 −1), 𝑔} and the special fibre contains a dense open subset of𝑉 𝑘 (𝛼1, . . . , 𝛼𝑝). By construction,
the map from V 𝑘𝛿 sending a curve to the stable model of its normalization at the 𝛿 marked nodes lands
in M1

𝑔,𝑘 , the compactification of M1
𝑔,𝑘 in the Deligne-Mumford compactification M𝑔 of M𝑔; in other
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words, we have moduli maps

V 𝑘𝛿

��

⊂ V𝛿

𝜎𝛿

��
M1

𝑔,𝑘 ⊂ M𝑔 .

(4.10)

5. Proof of Theorem 2.6

The theorem is trivial in the case 𝑝 = 2, so we will assume that 𝑝 ≥ 3.
We will prove Theorem 2.6 by degeneration, following the structure of the proof of Theorem 4.1

as reviewed in §4. We will use the same degeneration of the K3 surface (𝑆, 𝐻) to (𝑆0, 𝐻0), and of the
Severi variety 𝑉|𝐻 |, 𝛿 to a locus containing an irreducible component 𝑉 (𝛼1, . . . , 𝛼𝑝). We will introduce
a pointed version 𝑉𝑛 (𝛼1, . . . , 𝛼𝑝) of 𝑉 (𝛼1, . . . , 𝛼𝑝), in order to cut out subloci 𝑉 𝑘𝑛,e (𝛼1, . . . , 𝛼𝑝) by
imposing fixed ramification at the marked points. We will study these subloci by reducing the problem
to the study of 𝑔1

𝑘s on P1 with prescribed ramification and with the same compatibility conditions as in
§4, that is, distinguished pairs of points must belong to a divisor of the 𝑔1

𝑘 .
Recall (4.10). Denoting by V𝛿,𝑛 the locus of n-pointed curves (𝐶, 𝑥1, . . . , 𝑥𝑛), with [𝐶] ∈ V𝛿 , where

the marked points are disjoint from the nodes of the curves, we have dimV𝛿,𝑛 = 𝑔 + 𝑛 + 1 and a relative
scheme

𝜋𝛿,𝑛 : V𝛿,𝑛 −→ D

and moduli map

𝜎𝛿,𝑛 : V𝛿,𝑛 −→ M𝑔,𝑛.

We define V 𝑘𝛿,e := 𝜎−1
𝛿,𝑛 (M𝑔,𝑘,e).

To prove the first assertion in Theorem 2.6, we would like to prove that V 𝑘𝛿,e ∩ 𝜋−1
𝛿,𝑛 (𝑡) is nonempty

and has a component of the expected codimension for general t. Since M𝑔,𝑘,e has a component of the
expected codimension by Theorem 2.1, it suffices to prove that V 𝑘𝛿,e ∩ 𝜋−1

𝛿,𝑛 (0) is nonempty and has a
component of the expected codimension. We will find such a component in Proposition 5.2 below.

Definition 5.1. We define 𝑉𝑛 (𝛼1, . . . , 𝛼𝑝) to be the variety parametrizing (𝐶, 𝑥1, . . . , 𝑥𝑛) such that
𝐶 ∈ 𝑉 (𝛼1, . . . , 𝛼𝑝) and 𝑥1, . . . , 𝑥𝑛 are distinct points on the sectional component Γ of C different from
the nodes of C.

We denote by 𝐺1
𝑘 (𝐶

′, (𝑥1, 𝑒1), . . . , (𝑥𝑛, 𝑒𝑛)) the variety parametrizing 𝔤 ∈ 𝐺1
𝑘 (𝐶

′) (i.e., 𝔤 is a
descending 𝑔1

𝑘 on Γ) with ramification of order 𝑒𝑖 ≥ 2 at each 𝑥𝑖 .
We define G𝑘𝑛,e (𝛼1, . . . , 𝛼𝑝) to be the variety parametrizing pairs

(
(𝐶, 𝑥1, . . . , 𝑥𝑛), 𝔤

)
such that

(𝐶, 𝑥1, . . . , 𝑥𝑛) ∈ 𝑉𝑛,e (𝛼1, . . . , 𝛼𝑝) and 𝔤 ∈ 𝐺1
𝑘 (𝐶

′, (𝑥1, 𝑒1), . . . , (𝑥𝑛, 𝑒𝑛)).
We define 𝑉 𝑘𝑛,e(𝛼1, . . . , 𝛼𝑝) to be the image of the forgetful map

𝜎𝑘,𝑛,e : G𝑘𝑛,e (𝛼1, . . . , 𝛼𝑝) → 𝑉𝑛 (𝛼1, . . . , 𝛼𝑝),

which has fibres 𝐺1
𝑘 (𝐶

′, (𝑥1, 𝑒1), . . . , (𝑥𝑛, 𝑒𝑛)).

Proposition 5.2. Assume that (4.3) and (4.8) hold, as well as 𝜌̃(𝑔, 1, 𝑘; e) ≥ −𝑔. Then𝑉 𝑘𝑛,e (𝛼1, . . . , 𝛼𝑝)
is equidimensional of codimension max{0,−𝜌̃}.
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More precisely,

(i) if 𝜌̃ ≥ 0, then 𝑉 𝑘𝑛,e(𝛼1, . . . , 𝛼𝑝) = 𝑉𝑛 (𝛼1, . . . , 𝛼𝑝) and for the general element (𝐶, 𝑥1, . . . , 𝑥𝑛) ∈

𝑉𝑛 (𝛼1, . . . , 𝛼𝑝) the variety𝐺1
𝑘 (𝐶

′, (𝑥1, 𝑒1), . . . , (𝑥𝑛, 𝑒𝑛)) has dimension 𝜌̃ and the general member
in any component satisfies (★) (cf. Notation 2.5);

(ii) if 𝜌̃ < 0, then 𝑉 𝑘𝑛,e (𝛼1, . . . , 𝛼𝑝) is a proper subvariety of 𝑉𝑛 (𝛼1, . . . , 𝛼𝑝) of dimension
𝑔 + 𝑛 + 𝜌̃, and for general (𝐶, 𝑥1, . . . , 𝑥𝑛) in any component of 𝑉 𝑘𝑛,e(𝛼1, . . . , 𝛼𝑝) the variety
𝐺1
𝑘 (𝐶

′, (𝑥1, 𝑒1), . . . , (𝑥𝑛, 𝑒𝑛)) is 0-dimensional and any member satisfies (★); moreover,
(ii-a) if 𝑛 + 𝜌̃ ≥ 0, then 𝑉 𝑘𝑛,e(𝛼1, . . . , 𝛼𝑝) dominates 𝑉 (𝛼1, . . . , 𝛼𝑝) via the forgetful map, and
(ii-b) if 𝑛 + 𝜌̃ < 0, then the forgetful map is generically finite.

Proof. We follow the lines of the proofs of Theorems 2.1 and 2.3. In particular, we let F𝑘, (𝑃1 ,...,𝑃𝑛) ,e
and F𝑘,e be the subfamilies of F𝑘 as defined therein. In those proofs, we considered the subfamilies of
curves passing through sets of general points 𝜉𝑖 in Sym2(P1). Now we will need those points to lie in
𝔠1 ∪ · · · ∪ 𝔠𝑝 .

We recall that the assumption 𝜌̃ ≥ −𝑔 along with Lemma 3.3 yields that the locus
𝐺1
𝑘 (P

1, (𝑃1, 𝑒1), . . . , (𝑃𝑛, 𝑒𝑛)) is nonempty and equidimensional of dimension 𝜌̃ + 𝑔 for general
𝑃1, . . . , 𝑃𝑛 ∈ P1. We also need to remark that the general member in any component of the variety
𝐺1
𝑘 (P

1, (𝑃1, 𝑒1), . . . , (𝑃𝑛, 𝑒𝑛)) satisfies (★) (cf. Notation 2.5 and Remark 2.2). In particular, the general
member in any component of F𝑘, (𝑃1 ,...,𝑃𝑛) ,e and F𝑘,e corresponds to a 𝑔1

𝑘 satisfying (★).
Since none of the curves 𝔠 𝑗 is contained in a 𝐶𝔤 by Lemmas 3.2 and 4.5, passing through any set of

general points on 𝔠1 ∪ · · · ∪ 𝔠𝑝 imposes independent conditions on the families F𝑘, (𝑃1 ,...,𝑃𝑛) ,e and F𝑘,e
and the general members in each component of the resulting families intersect each 𝔠 𝑗 transversally in
2(𝑘 − 1) distinct points.

We have surjective maps that are the marked versions of the ones in (4.9):

G𝑘𝑛,e (𝛼1, . . . , 𝛼𝑝)
𝜎𝑘,𝑛,e ��

𝛾𝑘,𝑛,e

��

𝑉 𝑘𝑛,e (𝛼1, . . . , 𝛼𝑝)

F𝑘,e,

(5.1)

where, again, 𝜎𝑘,𝑛,e is the forgetful map (forgetting the 𝑔1
𝑘 ) and 𝛾𝑘,𝑛,e is finite.

The case 𝜌̃ ≥ 0. For a general set of 𝛼 𝑗 points on each 𝔠 𝑗 , the family of curves in F𝑘, (𝑃1 ,...,𝑃𝑛) ,e
passing through these points has dimension

dimF𝑘, (𝑃1 ,...,𝑃𝑛) ,e −
∑
𝛼 𝑗

(3.6)
= 𝜌̃ + 𝑔 −

∑
𝛼 𝑗

(4.7)
= 𝜌̃

and the general member in any component corresponds to a 𝑔1
𝑘 satisfying (★). This family produces, by

the bijection (4.4), the same curve C in 𝑉 (𝛼1, . . . , 𝛼𝑝), which lies in 𝑉 𝑘𝑛,e (𝛼1, . . . , 𝛼𝑝), with the marked
points of ramification being 𝑃1, . . . , 𝑃𝑛 ∈ Γ ⊂ 𝐶. This means that the fibre dimension of 𝜎𝑘,𝑛,e is 𝜌̃.
The total family of pointed curves produced is therefore of dimension

dimF𝑘,e − 𝜌̃
(3.7)
= 𝜌̃ + 𝑔 + 𝑛 − 𝜌̃ = 𝑔 + 𝑛,

whence it covers all of 𝑉𝑛 (𝛼1, . . . , 𝛼𝑝). This proves (i).
The case 𝜌̃ < 0. For any p-tuple of nonnegative integers (𝛼′1, . . . , 𝛼

′
𝑝) such that 𝛼′𝑖 ≤ 𝛼𝑖 for all i and∑

𝛼′𝑖 = 𝜌̃+𝑔, and any general choice of𝛼′𝑗 points on each 𝔠 𝑗 , the family of curves inF𝑘, (𝑃1 ,...,𝑃𝑛) ,e passing
through these points is zero-dimensional by (3.6), and the curves correspond to 𝑔1

𝑘s satisfying (★).
Hence, as above, this finite family produces, by the bijection (4.4), the same curve C in 𝑉 (𝛼1, . . . , 𝛼𝑝),
which lies in 𝑉 𝑘𝑛,e (𝛼1, . . . , 𝛼𝑝), having finitely many 𝑔1

𝑘s with the marked points of ramification being
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𝑃1, . . . , 𝑃𝑛 ∈ Γ ⊂ 𝐶. This means that 𝜎𝑘,𝑛,e is generically finite. Varying 𝑃1, . . . , 𝑃𝑛, the total family
of pointed curves produced is now

dimF𝑘,e
(3.7)
= 𝜌̃ + 𝑔 + 𝑛,

and equals 𝑉 𝑘𝑛,e(𝛼1, . . . , 𝛼𝑝). This proves the first assertion in (ii).
The subcase 𝑛 + 𝜌̃ ≥ 0. The same argument starting with F𝑘,e shows that for a general set of 𝛼 𝑗

points on each 𝔠 𝑗 , the family of curves in F𝑘,e passing through these points has dimension

dimF𝑘,e −
∑
𝛼 𝑗

(3.7)
= 𝜌̃ + 𝑔 + 𝑛 −

∑
𝛼 𝑗

(4.7)
= 𝜌̃ + 𝑛 ≥ 0.

Hence, as above, we get a family of curves in 𝑉 𝑘𝑛,e (𝛼1, . . . , 𝛼𝑝), having a ( 𝜌̃ + 𝑛)-dimensional family of
𝑔1
𝑘s with the given ramification order at some (varying) points. The total family of (unpointed) curves

produced is therefore

dimF𝑘,e − ( 𝜌̃ + 𝑛)
(3.7)
= 𝜌̃ + 𝑔 + 𝑛 − ( 𝜌̃ + 𝑛) = 𝑔,

and lies in 𝑉 (𝛼1, . . . , 𝛼𝑝), so it has to cover the whole of it. This finishes the proof of case (ii-a).
The subcase 𝑛 + 𝜌̃ < 0. The same argument starting with F𝑘,e shows that we get a family of

curves in𝑉 𝑘𝑛,e (𝛼1, . . . , 𝛼𝑝), having finitely many 𝑔1
𝑘s with the given ramification order at some (varying)

points. Thus, the forgetful map 𝑉 𝑘𝑛,e (𝛼1, . . . , 𝛼𝑝) → 𝑉 (𝛼1, . . . , 𝛼𝑝) is generically finite. Its image lies
in 𝑉 𝑘 (𝛼1, . . . , 𝛼𝑝). �

Proof of Theorem 2.6. As mentioned above, we may assume 𝑝 ≥ 3. First of all we note that since
𝑉 𝑘
|𝐻 |, 𝛿

= ∅ if (2.7) is not satisfied, we also have that 𝑉 𝑘
|𝐻 |, 𝛿,e = ∅ if (2.7) is not satisfied.

Now assume that the condition (2.7) holds. Proposition 5.2 implies that 𝑉 𝑘𝑛,e (𝛼1, . . . , 𝛼𝑝) ⊂ 𝑉
𝑘
𝛿,e ∩

𝜋−1
𝛿,𝑛 (0) has a component of the expected dimension, for some 𝛼𝑖 fulfilling (4.3) and (4.8). Such 𝛼𝑖s exist

whenever (2.7) is satisfied, as shown in [12]. The theorem now follows by semicontinuity and Proposition
5.2. To be more precise, one uses Lemma 4.6 to show non-neutrality of the nodes. Moreover, to prove
the assertion about simple ramification, note that the limit ramification points of a general pencil are the
ones of 𝔤 on the sectional component Γ plus the ones tending to the nodes of𝐶. The former ramification
is simple by Proposition 5.2 and the latter is simple because, in the admissible cover setting, each node
is replaced by a P1 joining the two branches and mapping 2 : 1 to a P1, hence the ramification is simple
there. �

6. Proofs of Theorem 2.8 and of Corollaries 2.11 and 2.12

Let (𝑆, 𝐻) be a primitively polarized 𝐾3 surface of genus p and 0 ≤ 𝛿 < 𝑝. Let 𝐶𝐻0 (𝑆) be the Chow
group of 0-cycles on S. We note that

for any (𝑝, 𝑞) ∈ 𝑍𝑘, 𝛿 (𝑆, 𝐻), the points 𝑝 and 𝑞 are rationally equivalent on 𝑆; (6.1)

the dimension of every component of 𝑍𝑘, 𝛿 (𝑆, 𝐻) is at most two. (6.2)

Indeed, for any (𝑝, 𝑞) ∈ 𝑍◦𝑘, 𝛿 (𝑆, 𝐻) the image of 𝑘 [𝑝 − 𝑞] = 0 ∈ 𝐽𝑎𝑐(𝐶𝜈) via the map 𝐽𝑎𝑐(𝐶𝜈) →
𝐶𝐻0 (𝑆) must be 0. As𝐶𝐻0 (𝑆) is torsion free, we conclude that [𝑝−𝑞] = 0 ∈ 𝐶𝐻0(𝑆). By specialization,
it also holds for all (𝑝, 𝑞) ∈ 𝑍𝑘, 𝛿 (𝑆, 𝐻), proving (6.1). Consequently, 𝑍𝑘, 𝛿 (𝑆, 𝐻) is a subvariety of
the fibre over 0 of the difference map 𝑆 × 𝑆 → 𝐶𝐻0 (𝑆). Now (6.2) follows from Mumford’s proof of
the bound on the fibre dimension [33], which says that the fibre is a countable union of varieties of
dimension at most two.
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Lemma 6.1. All components of 𝑍 ′
𝑘, 𝛿 (𝑆, 𝐻) = 𝑉

𝑘
|𝐻 |, 𝛿,𝑘,𝑘

have dimension at least 2.

Proof. Set e = (𝑘, 𝑘). The forgetful morphism 𝜅𝑔,𝑘,e from (2.4) is bijective since the fibre over any
(𝐶, 𝑝, 𝑞) is the unique 𝑔1

𝑘 generated by 𝑘 𝑝 and 𝑘𝑞. It follows by (2.6) that M𝑔,𝑘,e is equidimensional of
codimension −𝜌̃(𝑔, 1, 𝑘; 𝑘, 𝑘) = 𝑔 in M𝑔,2. Via the moduli map (2.8) we conclude that all components
of 𝑉 𝑘

|𝐻 |, 𝛿,e have codimension at most g in 𝑉 𝑘
|𝐻 |, 𝛿,2. �

Lemma 6.2. The forgetful map 𝑍 ′◦
𝑘, 𝛿 (𝑆, 𝐻) → 𝑍◦𝑘, 𝛿 (𝑆, 𝐻) is finite.

Proof. Assume the map is not finite. Then there would exist 𝑝, 𝑞 ∈ 𝑆 and a one dimensional family of
curves {(𝐶𝑡 , 𝑝, 𝑞)} ∈ 𝑉 𝑘|𝐻 |, 𝛿,e with total ramification at the same points 𝑝, 𝑞. Via the incidence variety
in 𝑍 × Sym𝑘 (𝑆), this yields a one dimensional family of rational curves in Sym𝑘 (𝑆) all containing the
points 𝑘 𝑝 and 𝑘𝑞. By bend-and-break the closure of this family contains a reducible member. Pulling
back via the incidence variety, this produces a reducible curve in the limit of the family {𝐶𝑡 } on S (see,
e.g., the proofs of [20, Lem. 2.1 and Prop. 4.3]). This is not possible for a general (𝑆, 𝐻) ∈ K𝑝 . �

Proof of Theorem 2.8. We note that the condition 𝜌̃ ≥ −𝑔 is automatically satisfied when 𝑛 = 2 and
𝑒1 = 𝑒2 = 𝑘 , whence Theorem 2.6 shows that 𝑉 𝑘

|𝐻 |, 𝛿,𝑘,𝑘
= 𝑍 ′

𝑘, 𝛿 (𝑆, 𝐻) is nonempty if and only if (2.7)
is satisfied. Lemmas 6.1 and 6.2 together with (6.2) show that both 𝑍 ′

𝑘, 𝛿 (𝑆, 𝐻) and 𝑍𝑘, 𝛿 (𝑆, 𝐻) have
dimension 2 when nonempty. �

Proof of Corollary 2.11. Since 𝑍𝑘, 𝛿 (𝑆, 𝐻) is equidimensional of dimension 2 in 𝑆 × 𝑆, on each of its
components either one of the projections is dominant or both projections map to curves. Hence, the
assumptions of [39, Lem. 2.1] are satisfied and therefore 𝑍𝑘, 𝛿 (𝑆, 𝐻)∗ admits a lifting to 𝑍1 (𝑆). One can
proceed analogously to check that the same holds for 𝑍0 (𝑆). The properties (i) and (ii) in Definition
2.10 are now direct consequences of (6.1).

We finally prove the last assertion. If one of the projections to S is dominant, we conclude by (6.1).
Otherwise, both projections map to curves, say to 𝐶1 and 𝐶2, respectively. For any 𝑥 ∈ 𝐶1, the fibre
𝑝−1

1 (𝑥) is a curve, mapping birationally to 𝐶2 via 𝑝2. By (6.1), any point 𝑦 ∈ 𝐶2 is rationally equivalent
to x. As𝐶2 intersects any rational curve in |𝐻 |, all points y have class 𝑐𝑆 , whence also x has class 𝑐𝑆 . �

Proof of Corollary 2.12. As every component of 𝑍𝑘,0 (𝑆, 𝐻) contains a dense set of points (𝑝, 𝑞) defin-
ing the class (𝑐𝑆 , 𝑐𝑆) by Corollary 2.11, the same holds for the marked points of (𝐶, 𝑝, 𝑞) in every
component of 𝑍 ′

𝑘,0(𝑆, 𝐻). As 2 ≤ 𝑔, by [36, Thm. 1.5] this constructs a dense set of tautological points
(𝐶, 𝑝, 𝑞) in the image of 𝑚𝑔,2 as wanted. �

Corollary 2.12 constructs subvarieties of dimension≤ 2 ofM𝑔,2 containing a dense set of tautological
points. One can find higher-dimensional cycles by considering the relative cycles obtained by moving the
polarized K3 surface (𝑆, 𝐻) in K𝑝 and considering the universal pointed Severi variety V𝑝, 𝛿,𝑛 → K𝑝 .
Let 𝑀𝑝, 𝛿,𝑛 : V𝑝, 𝛿,𝑛 → M𝑔,𝑛 be the map fibrewise defined as 𝑚𝑔,𝑛 (cf. (2.8)). Let Z ′

𝑘, 𝛿 ⊂ V𝑝, 𝛿,𝑛 be
the cycle defined fibrewise as 𝑍 ′

𝑘, 𝛿 (𝑆, 𝐻). From Corollary 2.12 we conclude that the set of tautological
points in 𝑀𝑝,0,2 (Z ′

𝑘,0) is dense. Moreover, we remark that this cycle has dimension exactly 21 for
𝑝 = 𝑔 = 11 or 𝑔 ≥ 13. To explain this latter fact, denote by V𝑝, 𝛿 → K𝑝 the universal (unpointed) Severi
variety, with fibre over (𝑆, 𝐻) being 𝑉|𝐻 |, 𝛿 , and by 𝑀𝑝, 𝛿 : V𝑝, 𝛿 → M𝑔 the map sending an element
(𝑆, 𝐻, 𝐶) ∈ V𝑝, 𝛿 to the class of 𝐶𝜈 . Then we have a commutative diagram

V𝑝, 𝛿,𝑛
𝑀𝑝,𝛿,𝑛 ��

��

M𝑔,𝑛

��
V𝑝, 𝛿

𝑀𝑝,𝛿 �� M𝑔,𝑛,

with the vertical maps being the finite maps forgetting the points. When 𝛿 = 0, the kernel of the
differential of 𝑀𝑝,0 at a point (𝑆, 𝐻, 𝐶) is 𝐻1 (T𝑆 (−𝐶)) = 𝐻1(T𝑆 (−𝐻)) (cf. [2]), which is independent
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of the curve 𝐶 ∈ 𝑉|𝐻 |,0 for fixed (𝑆, 𝐻) ∈ K𝑝 . As 𝑀𝑝,0 is known to be generically finite for 𝑝 = 11 and
𝑝 ≥ 13, it follows that 𝐻1 (T𝑆 (−𝐻)) = 0 for general (𝑆, 𝐻). Thus, the differential of 𝑀𝑝, 𝛿 is injective
at any point (𝑆, 𝐶) ∈ 𝑉|𝐻 |,0 for general (𝑆, 𝐻), whence 𝑀𝑝, 𝛿 is finite at these points. In particular, the
map 𝑀𝑝,0,2 restricted to Z ′

𝑘,0 is generically finite.
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