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Abstract

Under the assumption that the adjusted Brill-Noether number p is at least —g, we prove that the Brill-Noether loci
in Mg 5, of pointed curves carrying pencils with prescribed ramification at the marked points have a component of
the expected codimension with pointed curves having Brill-Noether varieties of pencils of the minimal dimension.
As an application, the map from the Hurwitz scheme to My is dominant if n + p > 0 and generically finite

otherwise, settling a variation of a classical problem of Zariski.

In the second part of the paper, we study the analogous loci of curves in Severi varieties on K3 surfaces, proving
existence of curves with nongeneral behaviour from the point of view of Brill-Noether theory. This extends previous
results of Ciliberto and the first-named author to the ramified case. We apply these results to study correspondences

and cycles on K3 surfaces in relation to Beauville-Voisin points and constant cycle curves.
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2 A. L. Knutsen and S. Torelli

1. Introduction

The theory of linear series on projective curves with prescribed ramification has been intensively studied
since the appearance in the eighties of the groundbreaking results of Eisenbud and Harris [13] see, for
example, [6, 7, 8, 15, 16, 17, 18, 19, 26, 34, 35, 37, 38]. There is an adjusted Brill-Noether number p
(see (2.3)) generalizing the classical Brill-Noether number p(g, r, d), which in addition to g, r, d also
depends on the ramification profile. In [13, Thm. 4.5 and its Rmk.] it is proved that a general pointed
genus g curve carries a g/, with prescribed ramifications at the marked points only if o > 0. In contrast to
the unramified case, the condition becomes sufficient provided that an intersection number of Schubert
classes is nonzero, and, if so, the Brill-Noether loci have dimension p. For pencils the conditions hold
true by Osserman’s results [35, Thms. 2.4 and 2.6].

For negative p, comparatively little is known about the loci of curves in the moduli space of n-
pointed curves M, ,, carrying linear series with prescribed ramification, for instance their dimensions,
and the dimension of the Brill-Noether varieties of the general members, even in the case of pencils.
By contrast, in the classical case without ramification with p < 0, it is known that the locus of curves
in M, carrying a ggi is irreducible of codimension —p and that its general element carries finitely
many gls.

The first main result of this paper generalizes the classical results on Brill-Noether theory of pen-
cils to the case of prescribed ramification, under the condition p > —g. In Theorem 2.1, we prove
that the moduli space of n-pointed curves with a g,1< with prescribed ramification has codimension
min{0, —p} in M, ,, and that its general member carries a max{0, p}-dimensional family of such pen-
cils. When p > 0, our result provides an alternative proof of the aforementioned existence results of
Eisenbud-Harris [13, Thm. 4.5 and its Rmk.] and Osserman [35, Thms. 2.4 and 2.6], not relying on
Schubert calculus. Most importantly, our result establishes the case of negative adjusted Brill-Noether
number p.

As a significant application, under the condition p > —g, in Theorem 2.3 we prove that the natural
forgetful map from the Hurwitz space of covers with prescribed ramifications to M, is dominant
precisely when n + p > 0. This answers a variation of the classical conjecture of Zariski [41] expecting
the map from the Hurwitz space with prescribed monodromies to M, to be dominant as soon as the
dimension of the target is smaller and the covers are noncomposed. Such a variation has already been
intensively studied in the past years and partial results can be found in some of the above mentioned
papers.

To prove the above results, we use degenerations to nodal rational curves, performed in §3. A refined
version of this degeneration, performed in §4-5, allows us to exhibit curves having the desired properties
as normalizations of nodal curves on K3 surfaces. In fact, in Theorem 2.6 we find loci of nodal curves on
K3 surfaces whose normalizations carry a family of pencils with desired prescribed ramification of the
expected dimension. We believe this result is of independent interest. For smooth curves, this extends
to the ramified case Lazarsfeld’s famous result stating that smooth curves on general K3 surfaces are
Brill-Noether general. For nodal curves, this extends the results without ramification in [12] providing
non-Brill-Noether general behavior.

The last results of the paper, proved in §6, concern correspondences and cycles on K3 surfaces, and
their relation to tautological points in M, ». Indeed, as an application of Theorem 2.6, we solve in
full generality the problem of nonemptiness of components in the fibre over 0 of the difference map
X X X — CHy(X) studied by Mumford [33], obtained as n-torsion points in the Jacobian of curves
in X, for a very general K3 surface X (see Theorem 2.8). We furthermore analyze these components
with respect to Beauville-Voisin points and constant cycle curves (see Corollary 2.11). In view of
Pandharipande and Schmitt’s result [36] relating Beauville-Voisin points and tautological points, we
construct cycles in M, » with a dense set of tautological points (see Corollary 2.12).

In the next section we will present the main results of this paper more precisely, and explain all
necessary notation.
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2. Setting and main results of the paper

In this section we will introduce notation and present the main results of the paper. We will divide the
presentation in three parts:

o results concerning Brill-Noether theory of pencils with prescribed ramification on pointed curves
(§2.1),

o results concerning Brill-Noether theory of pencils with prescribed ramification on normalizations of
pointed nodal curves on K3 surfaces (§2.2),

o applications to cycles on K3 surfaces and tautological points in the moduli space of 2-pointed curves

(82.3).
Throughout the paper, g, k,n, eq, ..., e, will be integers satisfying
g>1, k=2 2<e; <k forall i e{l,...,n}, 2.1
and we define
e:=(er,...,en) and e:= Zei. (2.2)

2.1. Moduli spaces of pointed curves with prescribed ramification

Let M, ,, denote the moduli space of smooth n-pointed genus g curves. For (C,x1,...,x,) € Mg,
ande = (eq,...,e,) welet

G]l{(c» (XI, el)a cees (Xn, En))
be the variety parametrizing g }{s on C with ramification order e; at x;. Note that
e<2(k-1+g)+n

(recall (2.2)) by Riemann-Hurwitz. In the classical (unramified) setting, G}c(C ) denotes the variety
parametrizing g ,‘(s on C. For a general curve C, a necessary and sufficient condition for G,‘((C ) # 0is
p(g, 1, k) > 0, where p is the Brill-Noether number.

Let Mgre C Mg, be the locus of n-pointed curves (C,xi,...,x,) such that

G}((C, (x1,€1),-..,(xn,en)) # 0. A necessary and sufficient condition for such nonemptiness on a
general n-pointed curve is that p = p(g, 1, k; eq,...,e,) = 0, where
n
p=pg kel ....en) =p(g 1, k) —Z(ei —1)=2k-2-g—e+n 2.3)

i=1

is the adjusted Brill-Noether number. In other words, Mg e = Mg, if and only if p =
p(g,1,k;eq,...,e,) = 0. In contrast to the classical case (with no ramification), the ‘if statement’
relies on the computation of a nonzero intersection number of Schubert classes in the Chow ring of the
Grassmannian G(d — 2, d) provided by Ossermann, cf., [23, Thm. 5.42] and [35, Thms. 2.4 and 2.6].
We denote by g‘é’k’e the variety parametrizing pairs ((C, xi, ...,X,), ) such that (C,x1,...,x,) €

Mg ieandg € GL(C, (x1,e1),..., (xn, €n)) and by
Ke ke Gy pe— Mgke (2.4)

the forgetful map, with fibre over (C, x1, ..., x,) being G,lc(C, (x1,€1),...,(xu,ey)). This is related to
the Hurwitz moduli space

Hg,k,e = ’Hg,k(el, ey €p, 2r)
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parametrizing degree k covers X — P! with X a smooth projective curve of genus g with points of
ramification e; over n ordered points of the target, and simple ramification over r :=2(k—1+g)+n—e
ordered points of the target completing the ramification profile!, cf., for example, [24, 1, 31, 15]. We
have a natural finite? forgetful map dominating each component?

Ag ke Heke— Gy per 2.5)
By Riemann’s Existence Theorem* (cf., e.g., [30, III, Cor. 4.10]),
Hg ke and G gl’ ke areequidimensional of dimension (3g —3+n) + p, if nonempty. (2.6)

This, along with the classical result [13, Thm. 4.5] of Eisenbud and Harris when p > 0, implies that all

components of G ,‘{(C ,(x1,€1),..., (xn,e,)) have dimension at least max{0, p}, and if equality holds
for some (C, x1, . ..,x,), then Mg i ¢ has a component of codimension
max{0, —p}

in M, _,. We call this the expected codimension of Mg i .. One of the main results of this paper proves
the existence of a component of the expected codimension under the additional condition p > —g:

Theorem 2.1. In the setting (2.1)-(2.2), assume that p(g, 1, k;e) > —g. Then Mg i ¢ has a component
of the expected codimension max{0, —p} in Mg , whose general member (C,x1, .. .,x,) satisfies

dim G} (C, (x1,€1),.. ., (Xn, €4)) = max{0, p}.

Remark 2.2. Since the general member in any component of G! e is base point free, has simple
ramification elsewhere and all ramification points lie in distinct fibres, the same properties are true for
the general member in any component of G}((C , (x1,e1),...,(xn,ey)) as in the theorem.

As a consequence, we also solve the classical problem regarding the dominance or generic finiteness
of the forgetful map from the Hurwitz scheme H, i o to M,:

Kg.k.e Pg.ke

Mg ke — M,

/lg k.e
ke ol
Hg,k,e gg,k,e

(where Ag i e and kg 1 e are as in (2.5) and (2.4), respectively, and ¢g e is the forgetful map). Since
dimHg e = dim g;’k,e = dim Mg + (n + p) one may expect, as best case scenario, this map to be
dominant if n+ p > 0 and generically finite (on some component) if n+ p < 0, so that, in the latter case,

1Recall that two covers f : X — P! and £’ : X’ — P! are isomorphic if there exists a commutative diagram

X —>Xx

1T

pl —= > pl
respecting all the markings.
2Noninjectivity is due to the possible presence of automorphisms of pointed curves not descending to the base P! of the g}(.
3The image of Ag i e is the open dense sublocus of g;: «_e COnsisting of pairs ((X, Pi,...,Pn), g) such that Py, ..., P, lie

in distinct members of g and the ramification is otherwise simple and in 2(k — 1 + g) + n — e other members of g. The density
follows from a generalization of the theory of Harris and Mumford on admissible covers [24] (see also [15, 1, 5]).
“Indeed, the dimension of each component of Hg e equals the number of marked points, plus the number of free branch

points minus dim AutP!, which equals
n
n+ 2g—2+2k—Z(ei —1)) —3=n+(g-2+2k-e+n) -3
i=1

=2¢g-5+2k+2n-e=3g-3+n+p.
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the codimension of its image is —(n + p). We prove that, under the assumption p > —g, this best case
scenario actually happens:

Theorem 2.3. In the setting (2.1)-(2.2), assume that p(g, 1, k; €) > —g. Then the forgetful map Hg e —
My is dominant if n + p > 0 and generically finite on at least one component if n+p < 0.

Both Theorems 2.1 and 2.3 will be proved in §3.

2.2. Gonality loci on K3 surfaces

Let (S, H) be a primitively polarized complex K3 surface of genus p > 2. Let V|| s € |H| be the
Severi variety of curves with 0 < § < p nodes, which is known to be nonempty of dimension g := p -9,
if (S, H) is general in moduli. It has recently been proved in [4] that V|g s is irreducible for general
(S, H) whenever g > 4 and connected whenever g € {1, 2, 3}, but we will not make use of this.

For C € V|, 5, denote by v : C¥ — C its normalization map. Then C” has genus g. We have a
moduli map

mg . V‘H|,5 — Mg

mapping [C] to [C”]. We let /\/l] denote the locus of curves carrying a gk, which is known to be
irreducible of codimension max{O p( g, 1,k)}. We set

lew _m-l(M1 )

that is, V| H.s S C V|m),s is the subvariety of curves whose normalizations carry a g o I (S, H) is general,
then every smooth curve in |H| is Brill-Noether general by Lazarsfeld’s famous result [28, Lem. 1.1],
whence VH| o # 0 if and only if p(p,1,k) > 0, that is, p < 2k — 2; in fact V|H| o = Vim0 when
p <2k —2.In[12, Thm. 0.1] a complete description is given in the case § > 0: if (S, H) is general,
then V| Hls * 0 if and only if

p—96 J

p(p,CU, ka+6) > O,Where a = \‘2(](—_1) N

2.7)

equivalently
§>a(p-6-(k-1)(a+1)).

In particular, this provides, quite surprisingly, the existence of curves in | H| whose normalizations carry

pencils with negative Brill-Noether number, in contrast to the smooth case. More precisely, it is proved

that V| HI.5 is equidimensional of dimension min{2(k—1), g} under this condition [27, Rem. 5.6], and has

an irreducible component whose general element is an irreducible curve C such that G}c (C”) is again as

‘nice’ as possible, that is, dim G,lc (C”) =max{0, p(g, 1,k)}, and when p(g, 1, k) < 0 (resp. p > 0), any

(resp. the general) g! « on C” has simple ramification and all nodes of C are non-neutral with respect to it°.
We will study the loci of pointed curves in VX, with prescribed ramification:

|H1,6
Definition 2.4. We define V|y | 5., to be the (g + n)-dimensional scheme parametrizing pointed curves
(C,x1,...,x,) such that C € V|| s and xy, . .., x, are distinct points different from the nodes of C.
Recalling (2.1)-(2.2), we define
V\H| 5e—V|H\ S.e1s..., g ViH|,5.n

to be the sublocus of V|g | s, such that G,1< (CY, (x1,e1)y...,(xn,en)) 0.

5A node on a curve is non-neutral with respect to a g}\, on the normalization of the curve if the two preimages of the nodes do

not lie in the same member of the g}\,, equivalently, if the g}{ does not descend to the 1-nodal curve obtained by identifying the
two points.
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In the definition we identify x; € C with v~ (x;) € C”. Note that we have a moduli map
Mg n: ViH|, 6,0 — Mg n, (2.8)
mapping (C, xy,...,x,) to (CV,x1,...,x,), and we then see that

k -1
VIHI,é,e =My (Mg,k,e)-

By (2.8) and what we said in the previous subsection, the expected codimension of V{L Lo inVig|,s.n

is max{0, —p}.

A necessary condition for the nonemptiness of VX k

H|.6.e is the nonemptiness of V|H\,5’

recalled above requires (2.7) to hold. Under the assumption p > —g, we will prove that the latter is also
a sufficient condition. More precisely, we will prove the following version of Theorems 2.1 and 2.3 on
K3 surfaces. Since the properties in Remark 2.2 are not automatic in this case, we will make use of the
following:

which as

Notation 2.5. A g}( on a marked curve satisfies (%) if it is base point free, has simple ramification
outside the marked points, and all ramification points lie in distinct fibres.

Theorem 2.6. Let (S, H) be a general primitively polarized K3 surface of genus p > 2, let0 < § < p
and set g = p — 8. In the setting (2.1)-(2.2), assume that p(g, 1, k; e) > —g holds.

Then Vll;“ s.e = Oifandonlyif (2.7) holds, and whenever nonempty, it has an irreducible component

V";_}T s.e Of the expected codimension max{0, —p} in Vig|, s n. More precisely, the following hold:

(i) If p = 0, then vkx  isa component of V\y | 5,0, and for a general (C,x1,...,x,) € VEX  the

|H|,5,e |H|,6,e
variety G}{ (C”, (x1,€1), ..., (xn, en)) has dimension p, and the general member in any component
satisfies (%) and all nodes of C are non-neutral with respect to it;
(ii) If p < O, then for a general (C,x1,...,x,) € V{;—}T,&,e the variety G}((C", (x1,€1)s-- .5 (xp,€p)) is
finite, and each member satisfies (%) and all nodes of C are non-neutral with respect to it. Moreover,
(ii-a) if n+ p > 0, then the forgetful map V(;}T, se ViH|,s s dominant onto a component, and
(ii-b) if n+ p < 0, then the forgetful map is generically finite.

Theorem 2.6 will be proved in §5.
The special case of V";{ LS.k that is, of curves carrying pencils with two points of total ramification,
will find a special application in the study of cycles on K3 surfaces, as we will explain in the next
subsection. In this case, n = 2 and e¢; = e, = k, and one checks that the condition p > —g is
automatically satisfied; we will actually prove that VX is equidimensional of dimension 2, cf.

|H|,8,k,k
(2.9) and Theorem 2.8 below.

2.3. Cycles of torsion differences of points on curves on K3 surfaces, Beauville-Voisin points and
tautological points in Mg >

Let (S, H) be a primitively polarized complex K3 surface of genus p > 2and 0 < § < p. As above, for
any irreducible curve C € |H|, we denote by C" its normalization and v : C¥ — C its normalization
map.

The next definition generalizes [39, Def. 3.1 and 3.4] to the case of nodal curves:

Definition 2.7. Fix an integer £k > 1. We define the loci

7P s(S,H) = {(C.p.q) € Vinjs2 | k-[p—ql =0€Jac(C)} C Vin|.62

and Z; (S, H) its image in § X S by the forgetful map. We denote their closures by Z; (S, H) and
Zy,5(S, H).
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With this notation, the cases studied in [39, Def. 3.1 and 3.4] are Z; (S, H) and Zy o(S, H).
It is immediate to see that

70 k
ZP (S H) = Vi, o 2.9)

Since one may check that the condition p > —g is satisfied in this case, Theorem 2.6 yields that
Z,'c’ (S, H) has a component of dimension 2 whenever (2.7) is satisfied, and is otherwise empty. We
can improve this result to give equidimensionality and show that the dimension does not drop when
forgetting the curves:

Theorem 2.8. Let (S, H) be a general primitively polarized K3 surface of genus p > 2. Let 0 < 6 < p
and k > 2. Then Z; (S, H) and Zy (S, H) are equidimensional of dimension 2 whenever (2.7) is
satisfied, and are otherwise empty.

If 6 = 0, this says that Z 1,<,0(S ,H) and Zy (S, H) are nonempty with a 2-dimensional component for
p < 2(k — 1) and are otherwise empty, which proves Conjecture [39, Conj. 1]. On the other hand, for
any k > 2 there is a do(p, k) > 0 computed by (2.7) such that for any §o(p, k) < 6 < p, the varieties
Z,’(’ s(S, H) and Zy (S, H) are nonempty (and 2-dimensional). In other words, one can decrease k by
adding nodes, as depicted in the following example for low genus p:

Example 2.9. If p = 3, Theorem 2.8 says that Z; (S, H) is nonempty if and only if ¥ > 3 and that
Zz’,1 (S,H) and Zé,Z(S, H) are nonempty, since one computes dg(3,2) = 1 from (2.7).

If p = 4, Theorem 2.8 says that Z,’C’O(S, H) is nonempty if and only if ¥ > 3 and that Zé’l(S, H),
Z£’2(S, H) and Zéy3 (S, H) are nonempty, since one again computes 6o(4,2) = 1 from (2.7).

If p = 5, Theorem 2.8 says that Z]L,O(S, H) is nonempty if and only if £ > 4. One computes
60(5,3) = 1from (2.7), so the theorem says that Zg’é(S, H) is nonempty forall § € {1, 2, 3, 4}. Similarly,
one computes 6o(5, 2) = 2, so the theorem says that Z) (S, H) is nonempty for all 6 € {2, 3,4}, while
Z;,(S,H) =0.

We next relate the loci Zy s(S, H) € S x S provided by Theorem 2.8 to the theory of Beauville-
Voisin points and constant cycle curves. Recall that, by a classical result of Mumford [33], the Chow
group CHy(S) of O-cycles on S is huge. Nonetheless, it contains a distinguished class cg of degree 1,
called the Beauville-Voisin class, which is defined as the class of a point on a rational curve (cf. [3,
Thm. 1]). A Beauville-Voisin point (BV-point in short) p € S is a point with class cg. By [29, Thm.
1.2] BV-points are dense in S and the set is expected to be a union of curves. A curve whose points all
define the class cg is called constant cycle curve (cf. [25, Def. 3.1] and [40]). By [25, Thm. 11.1] and
[9, Introd.], constant cycle curves are dense.

In [39] 2-cycles Z such that Z, preserves BV-points and constant cycle curves are introduced, a notion
we rephrase as:

Definition 2.10. Let S be a K3 surface. A 2-cycle Z c § X S is said to preserve BV-points (respectively,
constant cycle curves) if

(i) there is a lifting Z, : Z;(S) — Z;(S) to the group Z;(S) of i-cycles of the natural morphism
Z. : CH;(S) — CH;(S), defined on irreducible subvarieties W C S as Z.W = p,,piW, where
P1, P2+ Z — S are the two projections;

(ii) for any BV-point p € S (resp., constant cycle curve Y C S), each point (resp. integral curve) in the
support of the 0-cycle Z..p (resp., in the 1-cycle Z.Y) is a BV-point (resp. a constant cycle curve).

In [39] it is shown that Z (S, H). preserves constant cycle curves. We can now extend this study to
0 > 0. Indeed, as a consequence of Theorem 2.8, we obtain:

Corollary 2.11. In the setting of Theorem 2.8, assume that (2.7) is satisfied. Then Zy 5(S, H). preserves
BV-points and constant cycle curves (cf. Definition 2.10).
Moreover, the points (p, q) € Zy,s(S, H) defining the class (cs, cs) are dense in every component.
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The latter property in the corollary allows us to give an application to tautological points in Mg »,
in view of [36, Thm. 1.5] relating them to BV-points on curves on K3 surfaces. Recall that, by [22,
Thm. 1.1], the degree-0 tautological group Ro(Myg ) € CHo(My ) is always isomorphic to Q, even
though CHO(M_g,n) is expected to be huge except for finitely many (g, n) (cf. [36, Spec. 1.1]). This

setting is similar to the one on K3 surfaces. In [36, Thm. 1.5] it is proved that (C,x, ..,x,) € Mg,
is tautological if C is a smooth curve of genus g sitting in a K3 surface S, x; € C is a BV-point for
1 <i<nandn < g. As an application of this relation and Corollary 2.11 we obtain:

Corollary 2.12. In the setting of Theorem 2.8, assume that p(g, 1, k) > 0. Then the set of tautological
points in mg2(Z;° (S, H)) = mg,z(V|kH| oxx) © Mg (cf (2.8)) is dense in every component, for
g=2.

Theorem 2.8 and Corollaries 2.11 and 2.12 will be proved in §6.

3. Proofs of Theorems 2.1 and 2.3

Let M, , be the Deligne-Mumford compactification of M,_,. We denote by Mg ;e C Mg, the
compactification of M t ¢ in Mg ..

Let Hg ke be the (Deligne-Mumford) compactification of the Hurwitz space H x e, which is given
by a generalization of the classical theory of admissible covers, see, for example, [24, 15, 1, 5]. We
denote by

Hg ke Heke— M ke 3.1

the forgetful map sending the domain of a cover to its stable reduction, which is an extension of g i e :=
Kg ke © Adg ke (cf. (2.4) and (2.5)). We recall that by the theory of admissible covers, (X, P1,...,P,)
with X irreducible lies in Mg x ¢ if and only if the normalization v : X” — X has the property that X”
carries a g,‘( in G}((X", (Pi,e1),...,(Py,ey,)) such that each pair of points on X” lying above a node
of X lies in the same fibre of the g ,1< In other words, the morphism X* — P! defined by the g}{ factors
through the normalization X” — X — P'. We call such a g; on X" a descending g, and denote by
G,l((dX, (P1,e1),...,(Py,ey)) the locus of such descending g}(s. Then the theory of admissible covers
yields

dimﬁ(;lk,e((X, Pi,...,P,)) =dim G,l((X, (Py,e1),...,(Py,ey)) (oneach component). (3.2)

To prove Theorem 2.1 we will find an n-pointed g-nodal rational curve (X, Pi,...,P,) in Mg i e
such that G}((X, (P1,e1),...,(Py,ey)) has dimension max{0, p}.

To construct g}(s on P's descending to nodal models, we will work on Sym?(P'). As customary,
we identify Sym?(P') with P2, in such a way that the diagonal A is a conic and each coordinate curve
{x+y |y € P'} is the tangent line £, to A at 2x.

Consider Q = P' x P! with the two projections 7; : Q — P', i = 1,2 and the line bundle
Oq(k, k) = 77(Opi(k)) ® 75(Op1 (k)), for any k € Z*. Then H(Og(k, k)) = H*(P!, Opi (k))®%.
The two subspaces Sym?(H?(P!, Ozi(k))) and A2H(P', Opi (k)) are invariant (resp. anti-invariant)
under the natural involution that exchanges the coordinates. Hence they are pull-backs of sections of
line bundles on Sym?(P'), say O; and O, , respectively. For instance, one has

H(Sym*(P'), O;) = A*HY(P', Opi (k) = H° (P, Opa (k - 1)). (3.3)

Let g be any g}( on P!. Then it can be identified with a point of the Grassmannian G(1,k) C
P(A2HO(P!, Opi (k))), which by (3.3) can again be identified with the degree k — 1 curve in P2

Cy = {W € Sym*(P') | g(-W) > 0}.
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Definition 3.1. We denote the family of curves {Cg}yci 1 (B by Fk.
Note that F} is irreducible of dimension 2(k — 1) = dim(G(1, k)).
Lemma 3.2. The curve Cy is reduced if and only if g does not have multiple base points.

Proof. If P € P! is a base point of multiplicity n > 2 of g, then C, contains the line {p ;= {P+Q | Q €
P'} c Sym?(P') as a component, and the residual curve is Cy(—np)- As the latter has degree k — 1 —n,
the line £p has multiplicity n, whence Cj is not reduced.

If g does not have multiple base points, then its general member consists of k distinct points. Then C
intersects the line £p in k — 1 distinct points. As Cy has degree k — 1, this shows that it is reduced. O

We will need the following:

Lemma 3.3. If ey, ..., ey, k are integers such that 2 < e; < k, k > 2 and p(0,1,k;e) > 0, then
G}((Pl, (Py,e1),..., (Iin, en)) # 0 for any distinct points P, . . ., P,, € P'. Moreover, every component
has dimension at least p(0, 1, k; ) and equality holds if Py, ..., P, are general.

Proof. By the classical result [13, Thm. 4.5] of Eisenbud and Harris, it suffices to prove nonemptiness.
Moreover, it suffices to prove it in the case p(0, 1, k; e) = 0, that is, e = ), ¢; = 2(k — 1) + n, by adding
further simple ramification points if necessary to complete the ramification profile. The latter has been
proved by Osserman [35, Thms. 2.4]. We provide a proof independent of Schubert calculus.

By Riemann’s Existence Theorem (cf., e.g., [30, III, Cor. 4.10]) it suffices to prove that there are cycles
ol,...,0, € Sym(k)oforders ey, . . ., e, generating a transitive subgroup and such that oy - - - 0, = idy
(the identity in Sym(k)). We will do this by proving the following claim by induction on &:

Claim 3.4. There exist cycles o, ..., 0, € Sym(k) of orders ey, . .., e, such that

@) oo = idg,

(ii) the subgroup generated by o7, . .., 0, is transitive,
(iii) foralli € {1,...,n— 1}, o; and 0y are not disjoint.
Proof of claim. We first treat the case e; = - - - = e;,, = 2, in which case n = 2k — 2. Then

a-j:(j j+1), Ok-14j = Ok—j for jed{l,...,k-1}

will do.

We then prove the claim by induction on k. In the case k = 2, we only have the case ¢; = e; = 2,
which falls into the case treated above.

Assume now that k > 2. We may also assume that max{e;} > 3, and we note that at most one e;
equals k. To ease notation we will assume that max{e;} = ey, since the other cases are treated similarly.
Note that n > 2. We set

e =

e;—1, fori=1,2,
e, for i > 2.

We have >'(e; — 1) = 2(k —2) and e; < k — 1 for all i. If also e, > 3, then all e¢; > 2, and we may

apply the induction hypothesis to find o, ..., 0, € Sym(k — 1) of orders ¢/, . .., e, such that
(i) oo, =idg-1,
(ii)” the subgroup generated by o/, ..., o, is transitive,
(iii)” foralli € {1,...,n— 1}, o and o/, are not disjoint.
Since o and o, are not disjoint, there is one integer, say x € {1,...,k — 1}, appearing in them both.

We may write

o= ay---as) and oy = (by---b; x).
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Set
op:=(x ay;---ag k) and oo :=(k by---b; x).
Then, viewing o{ and o7} as elements of Sym(k), one may check that
o109 = 00y, (3.4)

Set now o = o for all j € {3,...,n} and view them as elements of Sym(k). Then, because of
(1)’-(iii)” and (3.4), the cycles o7, . .., 03, € Sym(k) satisfy (i)-(iii) in the claim.

Assume now that e, = 2, so that eé = 1. We remark that n > 2; indeed, if n = 2, thene; = e —ep =
[2(k — 1) +2] — 2 = 2k — 2, which is incompatible with e; < k and k > 2. We have 2 < ¢] < k - 1
for all i # 2. Then we apply the induction hypothesis to find 0'1’ s 0'3’ ,...,0, € Sym(k — 1) of orders
ei, eg ..., e, such that

) ooy o, =idg-1,

ii)” the subgroup generated by o/, 0%, ..., o is transitive,
group g Yy 01,03 n
(iii)” 0'1’ and 0'3’ are not disjoint, and for all i € {3,...,n~ 1}, o/ and o-l.'+] are not disjoint.
Since o and o7} are not disjoint, there is one integer, say x € {1,...,k — 1}, appearing in them both.

We may write
o= (x a---ay).
Set
op:=(x ay;---ag k) and o, := (k x).

Then, viewing o{ as element of Sym(k), one may check that

oo = 07. 3.5)

Set now o = 0'j’. for all j € {3,...,n} and view them as elements of Sym(k). Then, because of
(1)7-(iii)” and (3.5), the cycles oy, . . ., 0, € Sym(k) satisfy (i)-(iii) in the claim. O
Having proved the claim, the lemma follows. O

Proof of Theorem 2.1. Since p(0,1, k;e) = p(g, 1, k;e)+g,ourassumption p(g, 1, k; e) > —g, together
with Lemma 3.3, yields that the locus G}( (P!, (Py,e1),...,(Py,e,)) is nonempty and equidimensional
of dimension p(g, 1, k; e) + g for general Py,...,P, € P!. This defines a subfamily Fi (p,,... p,),e Of
Fi (cf. Definition 3.1) of dimension

dim Fi (p,,....p,).e = P(g 1, k;e) +g. (3.6)

The case p(g, 1, k;e) > 0. For a general set of g points {&; = y; + Zi }1<i<g in Sym?(P") the family
of curves in Fy (p,,...,p,).e Passing through &1, . . ., &, has dimension p(g, 1, k; e) by (3.6). This family
yields the variety G,L(X ,(P1,e1),...,(Py,e,)) on the g-nodal curve X obtained by identifying the g
pairs (y;, z;) of points on P!, Thus, we have proved that G}((X, (P1,e1),...,(Py,e,)) has dimension
pg. 1, k;e).

The case p(g,1,k;e) < 0. Set g’ := p(g,1,k;e) + g < g. For a general set of g’ points {&; =
Vi + Ziti<i<g in Sym?(P') the family of curves in Fik,(Pi,....Py) e Passing through &;,...,&, has
dimension 0 by (3.6). Choose any set of distinct g — g’ points {&; = y; +Zz; }¢'+1<i<g On any of the finitely
many curves in Fi (p,,....p,),e S0 obtained. Then, on the g-nodal curve X obtained by identifying the g
pairs (y;, z;) of points on P!, the variety G}( (X, (Py,e1),...,(Py,ey)) is 0-dimensional.
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Theorem 2.1 now follows by semicontinuity, in view of (3.2), (2.5) and what we explained right
after (2.6). ]

Proof of Theorem 2.3. To prove the theorem we will prove that the general fibres of Hg e — M,
have dimension max{0,n + p(g, 1, k; €)} on some component. We will prove this by degeneration to a
g-nodal rational curve in /\T;, as in the previous proof.

With the notation therein, we set F . to be the variety parametrizing

(Cg, Py,..., Pn) such that Cg € Fk,(Pl,... ,P,).e
for varying distinct general Py, ..., P,. Then Fi . is equidimensional of dimension
dim Fr e = p(g, 1, k;€) + g +n. 3.7

The case n+ p(g, 1, k;e) > 0. The same argument as in the previous proof starting with F . shows
that for a general set of g points in Sym?(P'), the family of curves in F_, passing through these points
has dimension p(g, 1, k; e) +n > 0 by (3.7). This produces, as in the previous proof, a g-nodal rational
curve X having a (p(g, 1, k; €)+n)-dimensional family of g }( s with the given ramification order at some n
points. Recalling (3.2), this proves that the fibre over X of Hg x ¢ — ./\/l_g has dimension n+p(g, 1, k; e).
The theorem follows by semicontinuity.

The case n+ p(g, 1,k;e) <0.Set g’ := p(g, 1, k;e) +g+n < g. Then, for a general set of g’ points
in Sym?(P'), the family of curves in Fy . passing through these points is zero-dimensional by (3.7).
Then, on the g-nodal curve X obtained by identifying the g’ pairs of points on P! corresponding to the
g’ points in Sym?(P'), plus an arbitrary set of g — g’ points, we have obtained a finite family of g}(s
with the given ramification order at some n points. Recalling (3.2), this proves that the fibre over X of
He ke = M has dimension 0. The theorem follows by semicontinuity. O

4. Building on the construction and results in [12]

To prove Theorem 2.6, we will use a degeneration argument developed in [12].
Let p > 3. We denote by K}, the moduli space of primitively polarized K3 surfaces of genus p, which
is irreducible of dimension 19. The following result is central in our investigation:

Theorem 4.1. If (S, H) is a general primitive K3 surface of genus p, then Vll;ﬂ s # 0ifandonly if (2.7)
k

is satisfied. When nonempty, V| H.6 is equidimensional of dimension min{2(k — 1), g}.

The nonemptiness part of the theorem is [12, Thm. 0.1], whereas the assertion about equidimen-
sionality follows from [27, Rem. 5.6]. In this section we review and build on the proof of the assertion
concerning nonemptiness in order to approach the refined ramified version in §5. The general strategy
consists in degenerating the polarized K3 surface (S, H) to a pair (So, Ho) (§4.1) so that the Severi va-
riety V|p|,s degenerates to a locus containing an irreducible component V(a1, ..., a)) (cf. Definition
4.2), whose curves all contain a special component isomorphic to P! with a collection of pairs of dis-

tinguished points (§4.2). The computation of the dimension of Vll;” 5 reduces in this way to computing
the dimension of families of g}( s on P! satisfying certain compatibility conditions. More precisely, each
pair of distinguished points must belong to a divisor of the given g}c. Such a computation is obtained by

intersecting appropriate curves in P? (§4.3).

4.1. Limit K3 surface

We describe now the degeneration of (S, H) € K, to a pair (So, Ho) (cf. [12, §4]).
Let E be a smooth elliptic curve with two distinct general line bundles L, L, € Pic?(E). Consider
the embedding of E ¢ P>P~! as a smooth elliptic normal curve of degree 2p given by Lf P Let R and
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R, be the rational normal scrolls of degree 2p — 2 in P?P~! defined by L, and L,, respectively, that is,
R; is the union of lines spanned by the divisors of |L;|. Then

o Ry =P'xPland Ry = F,,
o Ry N R, = E transversally,
o E is anticanonical on each R;.

Set R := R; URy.

We will denote by f : P! xP! — P! the projection to P! defined by the pencil |L,|. Lets; and f; denote
the classes of the nonpositive section and fibre, respectively, of R;, for 1 < i < 2. Thus, the members of
|f1| are the fibres of f. Then Og, (1) = Og, (s1 + (p — 1)1) and Og, (1) = Og, (s> + pf2). The section s,
does not intersect E, hence lies in the smooth locus of R. In particular, s; is a Cartier divisor on R, so that

Hy := Or(1) ® Og(-52) “4.1)

is also Cartier, with H2 2p—2ands; - Hy = p.By[12, Lem. 4.1] the pair (Sy := R, Hp) can be flatly
deformed to a member of K,,. More precisely, there is a flat family 7 : X — D, where D is the disc,
such that the special fibre ﬂ’l (0) =~ R and the fibres S; := 77! (¢) for t # 0 are smooth K3 surfaces,
and a line bundle H on & such that H|s, = Ho and, setting H, := H|s, also for ¢ # 0, we have that
(S:, H;) € Kp, is general.

Note that the total space X" has 16 double points on E in the central fibre, and is otherwise smooth.
One may perform a small resolution of the singularities of X, obtaining a new family with unchanged
fibres for ¢ # 0, but whose new central fibre is a birational modification of R. Precisely one can make
sure that the new central fibre is Ry U R,, where R, is the blow-up of R, at the 16 singular points of
X, and R; and Rz meet transversally along £ C R; and its strict transform on Rz Since we can make
sure that the interesting curves we work with on R will lie off the singular points of X, we can choose
to work with X without caring about the singularities.

4.2. Limit Severi varieties

We now describe limit curves of V|g, | s, following [12, §6].
Let m be a positive integer satisfying m < p. A chain of length 2m —1 is a sum of 2m — 1 distinct lines

L+ fii+ o+ fio+ o+ fomt + fium-t + foms fij € [Tl

where fi ; intersects only f> ; and f> j41, for j = 1,...,m — 1. The chain intersects E in 2m points,
consisting of m divisors of |L;|, and 2m — 2 of them lie on the intersections between two lines, whereas
the remaining two are on f> | and f5 ,, and will be denoted by a and b, respectively. This pair of points
will be called the distinguished pair of points of the chain. Figure 1 shows a chain of length 9 and its
distinguished pair of points. If the chain is contained in a member C of |Hy|, and we denote by I" the
section of the ruling on R; contained in C, the distinguished pointsarea =I'N fo;and b ="' N fo .
Denoting the restriction of f to E still by f (so that f : E — I = P! is the morphism determined by the
linear series |L1|), we note that a + b € f.(|mLy — (m — 1)Ly]).

We denote by C,, the family of chains of length 2m — 1, which is a locally closed subvariety of a
Hilbert scheme of curves on R. In [12, Lem. 4.2] it is proved that the map

Cm e |mL2 - (m - 1)L1| (42)

sending a chain of length 2m — 1 to its pair of distinguished points on E is birational and injective.

Definition 4.2. For each tuple (a1, ..., a,) of nonnegative integers satisfying
p
= > je; (4.3)
j=1
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Figure 1. A chain of length 9 contained in a member of |Hy|.

one defines V (a1, ..., ap) to be the locally closed subset of reduced curves in |Hy| not passing through
the singular locus of X" and containing exactly @; chains of length 2j — 1, for j = 1,..., p.

By (4.2) we have a morphism

p

V:V(al,...,ap)HnSym"f ljLy — (j — 1)L4], 4.4)
J=1

which is proved to be bijective in [12, Proof of Prop. 5.2]. Indeed, its inverse is given in the following

way: the coordinates of any member of the target uniquely define a chain, and the intersection between

the union of the lines in |f,| of these chains and E is an effective divisor lying in | (X} ja;)L2| = |pLa| =

|Og(1)], by (4.3). This can be extended to a unique hyperplane section of R, which necessarily contains

$7, so it gives a curve in V(a1, . .., @}). As the dimension of the target in (4.4) is
p
gi= > a, 4.5)
j=1
we see that V(ai, ..., ap) is g-dimensional.
Any curve Cin V(a1, ..., ap) is nodal, and we denote as above by I the section of the ruling on R;

contained in C (i.e., C is the union of I' and of chains). We will call I" the sectional component of C.
The curve C has

P
§=6(ar,....ap) = > (j - Da; (4.6)
j=1

nodes lying off E, which we call the marked nodes of C, and they all lie on its sectional component I".
In Figure | they are marked with circles. We note that (4.3), (4.5) and (4.6) yield

g=p-9. 4.7)

It is proved in [12, Prop. 5.2] that V (a1, . .., ap) is a component of the flat limit of Vg, 5.

4.3. Limit Severi varieties of curves whose normalization carry a g}{

We now describe limit curves of VII;-IrI s and compute the dimension of the component they define,
following [12, §6].
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™
aQ

C/

Figure 2. The partial normalization c of C and its stable model C’, around a chain.

As in Figure 2, we denote by C the partial normalization of C at its § marked nodes and by C’ the
stable model of C, obtained by contracting all chains of C. We already noted that the distinguished pair
of points of each chain contained in C lies on I'. There are g such pairs. Thus, C” is equivalently the
g-nodal curve obtained by identifying each distinguished pair of points on I', as shown in Figure 2. We
note that the natural map I" — C” is the normalization, and that a degree k cover I' — P! factors through
C’ if and only if all distinguished pairs of points lie in the same fibres of I' — P'. This motivates the
following definition.

Definition 4.3. Let C € V(ay,...,a,). We say that a g}{ on the sectional component I" of C is a
descending g}( if all distinguished pairs of points of each chain contained in C belong to divisors of
the g}(.

We denote by G, (C’) the variety of all descending g;s on I" and by G¥(a1,...,a}) the variety
parametrizing pairs (C, g) such that C € V(ay,...,a,) and g € G, (C").
We denote by V¥ (ay, .. .,a,) the image of the forgetful map

o gk(al,u-,a'p) — V(ay,...,ap)
(which has fibres G (C”)).

By what we said prior to the definition, C lies in VE(ay,..., @p) if and only if C’ lies in Mé . (see
[12, Lem. 5.3]).
In [12, Prop. 6.5 and Cor. 6.6] the following is proved:

Proposition 4.4. If (4.3) and

aj <2(k=1) forall j (4.8)
hold, the variety V¥(ay, . .., ap) is nonempty and irreducible of dimension min{2(k — 1), g}, and is
contained in the limit of VlkHrl 5 asttends to 0.

It is also proved in [12] that there are («,...,ap) satisfying conditions (4.3) and (4.8) whenever
(2.7) is satisfied (cf. [12, Prop. 7.1]).
To prove Proposition 4.4, the variety V¥ (a, . . ., @p) is explicitly constructed in the following way.

Let f : E — P' be the morphism determined by |L;| and f® : Sym?(E) — Sym?(P') the induced
map. We identify Sym?(P') with P2 as in the previous section. We denote by ¢ j.for 1 < j < n, the
image via f® of the smooth rational curves in Sym?(E) defined by the pencils |jL, — (j — 1)L;].
These are distinct conics, each intersecting the diagonal A in four distinct points corresponding to the
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ramification points of the pencils. Recall from the previous section that to each g € G ]1( (P') we associate
the degree k — 1 curve in P> = Sym?(P') given by Cy={W e Sym?(P") | ¢(-W) > 0} and that we
denote the family of such curves by F (cf. Definition 3.1).

We state here a stronger version of [12, Lem. 6.3], as we will need it later to prove our main results:

Lemma 4.5. Fix a reduced curve Cq in Fy. Then, for general L, € Pic?(E), the curve C, intersects each
¢; transversally in 2(k — 1) distinct points. Moreover, varying Cy in F, none of these points is fixed.

Proof. The fibres of the Albanese (summation) map alb : Sym?(E) — E are the one-dimensional
family of gés on E, and each curve ¢; is the image of one such fibre. Varying L, € Pic?(E) the fibres
sent to ¢; cover all fibres of alb, so that ¢; becomes the image of a general fibre. Each pair of fibres
of a moves in a base point free linear system, whence ( f (2))’1Cg has transversal intersection with the
general fibre of alb and the intersection occurs outside of the ramification locus of f(?. This proves that
also the intersection Cyq N ¢; is transversal.

The case L, = Ly yields ¢; = A for all j. Varying g, none of the points in Cq N A is fixed, proving the
last assertion also for general L,. O

By (4.8) we can pick a; of the intersection points Cyq N ¢;. Each of these «; intersection points
gives rise to a chain of length 2j — 1 with distinguished pair given by the 2-cycle corresponding to
the point itself (recall (4.2)) and the one-to-one correspondence (4.4) yields the existence of curves in
V(ai,...,ap) containing all the above chains, which lie in vk (a1,...,ap) by construction. In other
words, we have natural surjective maps

G, ... ap) —=VE(ay, ..., ap) (4.9)

g

Fs

where o is the forgetful map and y is finite. The fibre of y; over a curve Cj is given by all the choices
of a; of the intersection points in each Cy N ¢;.

When g = Y a; > 2(k — 1), this is used in [12] to prove that V¥ (ay, .. ., ap) is irreducible (and
nonempty) of dimension 2(k — 1) and that its general element corresponds to finitely many of the
curves Cq. When g < 2(k — 1), one has V¥(ay,.. .,ap) = V(ai,...,ap) and its general element
corresponds to a family of dimension 2(k — 1) — Y, a; = 2(k —= 1) — g = p(g, 1, k) of the curves
C,. This also shows that the generic fibre dimension of o is max{0, p(g, 1, k)}, in other words that
dim G}((C’) = max{0, p(g, 1, k)} for general C in V¥ (a, ... ,p).

We will also make use of the following observation, implicitly used in [12, Proof of Cor. 6.6(iv)]:

Lemma 4.6. If g is base point free, then any corresponding curve in V¥(ay, . . ., ap) has the property

that the stable model of a partial normalization of C at fewer than its 6 marked nodes does not lie in
1

/\/lg’ K

Proof. Such a partial normalization would need to have at least one more component other than T,

intersecting I in three points. For the stable model of such a curve to lie in M}g «» the pencil g on I"

would need to have base points, since it would have to induce a map from I to P! of degree < k. O

Under conditions (4.3) and (4.8) we thus have a relative scheme 75 : Vs — D of dimension
dimVs = g + 1 such that the fibre over # # 0 is a component of V|g,| s (of dimension g := p — 0)

and a subscheme V’g C Vs such that the fibre over ¢+ # 0 is a component of Vll;{ L6 of dimension
tls

min{2(k — 1), g} and the special fibre contains a dense open subset of V¥ (q, ..., a p). By construction,
the map from V'g sending a curve to the stable model of its normalization at the § marked nodes lands

in /\/l; «» the compactification of M}g « in the Deligne-Mumford compactification M, of M,; in other
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words, we have moduli maps

Pk c Vs (4.10)
M., c Mg

5. Proof of Theorem 2.6

The theorem is trivial in the case p = 2, so we will assume that p > 3.

We will prove Theorem 2.6 by degeneration, following the structure of the proof of Theorem 4.1
as reviewed in §4. We will use the same degeneration of the K3 surface (S, H) to (So, Hp), and of the
Severi variety V|g |, s to a locus containing an irreducible component V(ay, . .., @,). We will introduce
a pointed version V,(a1,...,ap) of V(a1,...,ap), in order to cut out subloci V,’f’e(aq, ...,ap) by
imposing fixed ramification at the marked points. We will study these subloci by reducing the problem
to the study of g}{s on P! with prescribed ramification and with the same compatibility conditions as in
§4, that is, distinguished pairs of points must belong to a divisor of the g}(.

Recall (4.10). Denoting by Vs ,, the locus of n-pointed curves (C, x1, ..., x,), with [C] € Vs, where
the marked points are disjoint from the nodes of the curves, we have dim Vs ,, = g + n+ 1 and a relative
scheme

Msn:Von—D
and moduli map
Ts.n : V(S,n — ./\/lg,n.

We define V’g’e =05l (Mg re)

To prove the first assertion in Theorem 2.6, we would like to prove that V’g’ e N ng}n(t) is nonempty
and has a component of the expected codimension for general . Since Mg 1 ¢ has a component of the
expected codimension by Theorem 2.1, it suffices to prove that V’g’ e N ngf”(O) is nonempty and has a
component of the expected codimension. We will find such a component in Proposition 5.2 below.

Definition 5.1. We define V,,(a1,...,ap) to be the variety parametrizing (C,xi,...,x,) such that
CeV(ai,...,ap)and xy,...,x, are distinct points on the sectional component I" of C different from
the nodes of C.

We denote by G, (C’, (x1,e1),...,(x, e,)) the variety parametrizing g € G,(C’) (i.e., g is a
descending g }( on I') with ramification of order e¢; > 2 at each x;.

We define g,’f’e(al, ...,@p) to be the variety parametrizing pairs ((C,xl, . ,xn),g) such that
(C,.X], e ,xn) € Vn,e(al’ e 30'19) and g € G]IC(C,9 (.XI, 61), R (Xn, en))
We define V,’Ze(al, ..., ap) to be the image of the forgetful map
Thome : One(@l,..oap) = Valar,...,ap),

which has fibres G, (C’, (x1,€1),.. ., (Xn, €n)).

Proposition 5.2. Assume that (4.3) and (4.8) hold, as well as p(g, 1, k; ) > —g. Then V,]f,e(a] e p)
is equidimensional of codimension max{0, —p}.
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More precisely,

(i) if p = 0, then V,’f’e(al, c.oap) = Vyl(ay,...,ap) and for the general element (C,x1,...,Xx,) €
Vilai, ..., ap) the variety GIIC(C’, (x1,€1), .., (xn, en)) has dimension p and the general member
in any component satisfies (x) (cf. Notation 2.5);

(i) if p < O, then V,’f,e(al, ...,ap) is a proper subvariety of V,(ai,...,ap) of dimension
g +n+ p, and for general (C,x1,...,x,) in any component of V,'f,e(al, ...,Qp) the variety
G}( (C’, (x1,€1),. .., (xn,en)) is O-dimensional and any member satisfies (x); moreover,
(ii-a) ifn+p = 0, then V,’f’e(al, ..., ap) dominates V(ai, ..., ap) via the forgetful map, and

(ii-b) if n+ p < 0, then the forgetful map is generically finite.

Proof. We follow the lines of the proofs of Theorems 2.1 and 2.3. In particular, we let Fx (p,,....P,).e
and F . be the subfamilies of F} as defined therein. In those proofs, we considered the subfamilies of
curves passing through sets of general points & in Sym?(P"). Now we will need those points to lie in

qU-Uc,.

We recall that the assumption p > -—g along with Lemma 3.3 yields that the locus
G}((Pl,(Pl,el), ..., (Ppn,ey)) is nonempty and equidimensional of dimension p + g for general
Pi,...,P, € P'. We also need to remark that the general member in any component of the variety

G, (P, (P1,e1),...,(Py, ey)) satisfies () (cf. Notation 2.5 and Remark 2.2). In particular, the general
member in any component of Fx (p,.... p,),e and Fi  corresponds to a g}( satisfying (%).

Since none of the curves ¢; is contained in a Cy by Lemmas 3.2 and 4.5, passing through any set of
general points on ¢; U - - - U ¢,, imposes independent conditions on the families Fx (p,,....p,),e and Fi e
and the general members in each component of the resulting families intersect each ¢; transversally in
2(k — 1) distinct points.

We have surjective maps that are the marked versions of the ones in (4.9):

k Ok,n,e k
gn’e(al,...,ap) *>Vn’e(oz1,...,a,,) 5.1
Yk,n,cl
]:k,e,

where, again, o n e is the forgetful map (forgetting the g}c) and y n. e is finite.
The case p > 0. For a general set of @; points on each ¢;, the family of curves in Fy (p,,.. p,).e
passing through these points has dimension

. (3.6) ~ .7 ~
dim i (p,,..., pn),e—Zaj = p+g—Zaj = p

and the general member in any component corresponds to a g ,1( satisfying (%). This family produces, by
the bijection (4.4), the same curve Cin V (a1, . .., @p), which lies in V,f’e(aq, ..., ap), with the marked
points of ramification being Pi,...,P, € I' c C. This means that the fibre dimension of o e is p.
The total family of pointed curves produced is therefore of dimension

~ 3.7 ~ ~
dim Fy e — p ( =)p+g+n—p=g+n,
whence it covers all of V,, (a1, ..., ap). This proves (i).
The case p < 0. For any p-tuple of nonnegative integers (a}, ..., a,,) such that a; < a; forall i and

2 @] = p+g,and any general choice of a/;. points on each ¢, the family of curvesin Fi (p, ... p,),e passing

through these points is zero-dimensional by (3.6), and the curves correspond to g,Ls satisfying (x).
Hence, as above, this finite family produces, by the bijection (4.4), the same curve C in V(a1, ..., ap),
which lies in V,’f’e(ozl ,...,Qp), having finitely many g}(s with the marked points of ramification being
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Py,...,P, €I C C. This means that oy ;. is generically finite. Varying Py, ..., Py, the total family
of pointed curves produced is now

3.7 -
dim Fp e e )p+g+n,

and equals V,’f’e(m, ..., @p). This proves the first assertion in (ii).
The subcase n + p > 0. The same argument starting with 7y . shows that for a general set of a;
points on each ¢;, the family of curves in Fj . passing through these points has dimension

3.7) - 4.7 —
dim]:k,e—Zaj(=)p+g+n—2aj(=)p+n20.

Hence, as above, we get a family of curves in V,’,"e(oz], ...,@p), having a (p + n)-dimensional family of
g,Ls with the given ramification order at some (varying) points. The total family of (unpointed) curves
produced is therefore

dim Fee—~ (@+n) = Gagen—Gm =g
and lies in V(ay, ..., a,,), so it has to cover the whole of it. This finishes the proof of case (ii-a).

The subcase n + p < 0. The same argument starting with Fj . shows that we get a family of
curves in V,’f’e(aq, ..., ap), having finitely many g,](s with the given ramification order at some (varying)
points. Thus, the forgetful map V,’f’e(a'], ...,ap) = V(ai,...,ap) is generically finite. Its image lies
inVk(ay,...,ap). o

Proof of Theorem 2.6. As mentioned above, we may assume p > 3. First of all we note that since

V"jﬂ s = 0if (2.7) is not satisfied, we also have that V"jﬂ s.e = 0if (2.7) is not satisfied.

Now assume that the condition (2.7) holds. Proposition 5.2 implies that V,’f,e(al, ..oap) C V[’;’ e N
ﬂ(}}n (0) has a component of the expected dimension, for some «; fulfilling (4.3) and (4.8). Such @;s exist
whenever (2.7) is satisfied, as shown in [ 12]. The theorem now follows by semicontinuity and Proposition
5.2. To be more precise, one uses Lemma 4.6 to show non-neutrality of the nodes. Moreover, to prove
the assertion about simple ramification, note that the limit ramification points of a general pencil are the
ones of g on the sectional component I' plus the ones tending to the nodes of C. The former ramification
is simple by Proposition 5.2 and the latter is simple because, in the admissible cover setting, each node
is replaced by a P! joining the two branches and mapping 2 : 1 to a P!, hence the ramification is simple
there. O

6. Proofs of Theorem 2.8 and of Corollaries 2.11 and 2.12

Let (S, H) be a primitively polarized K3 surface of genus p and 0 < 6 < p. Let CHy(S) be the Chow
group of O-cycles on S. We note that

for any (p, q) € Zk,s(S, H), the points p and g are rationally equivalent on S; 6.1)

the dimension of every component of Z; s(S, H) is at most two. (6.2)

Indeed, for any (p, q) € Z,‘Z’é(S, H) the image of k[p — q] = 0 € Jac(C") via the map Jac(C”) —
CHy(S) mustbe 0. As CHy(S) is torsion free, we conclude that [p—g] = 0 € CHy(S). By specialization,
it also holds for all (p,q) € Zi 5(S, H), proving (6.1). Consequently, Zx s(S, H) is a subvariety of
the fibre over 0 of the difference map S X S — CHy(S). Now (6.2) follows from Mumford’s proof of
the bound on the fibre dimension [33], which says that the fibre is a countable union of varieties of
dimension at most two.
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Lemma 6.1. All components of Z; <(S,H) =V, have dimension at least 2.

k
|H|,6,k,k

Proof. Set e = (k, k). The forgetful morphism «, i . from (2.4) is bijective since the fibre over any
(C, p, q) is the unique g ,‘( generated by kp and kq. It follows by (2.6) that M, i . is equidimensional of
codimension —p(g, 1, k; k, k) = g in Mg ». Via the moduli map (2.8) we conclude that all components

k . . . k
of V|H L6.e have codimension at most g in V|H|,5,2' m]

Lemma 6.2. The forgetful map Z]’:(S(S, H) — Z,‘;’&(S, H) is finite.

Proof. Assume the map is not finite. Then there would exist p, g € S and a one dimensional family of

curves {(Cy, p,q)} € VII;JI s With total ramification at the same points p, . Via the incidence variety

in Z x Sym (S), this yields a one dimensional family of rational curves in Sym* (S) all containing the
points kp and kg. By bend-and-break the closure of this family contains a reducible member. Pulling
back via the incidence variety, this produces a reducible curve in the limit of the family {C;} on S (see,
e.g., the proofs of [20, Lem. 2.1 and Prop. 4.3]). This is not possible for a general (S, H) € KCp,. O

Proof of Theorem 2.8. We note that the condition p > —g is automatically satisfied when n = 2 and
e1 = ey = k, whence Theorem 2.6 shows that V|kH| sk = Zi s(S, H) is nonempty if and only if (2.7)
is satisfied. Lemmas 6.1 and 6.2 together with (6.2) show that both Z; (S, H) and Zy s(S, H) have

dimension 2 when nonempty. O

Proof of Corollary 2.11. Since Zx (S, H) is equidimensional of dimension 2 in § X S, on each of its
components either one of the projections is dominant or both projections map to curves. Hence, the
assumptions of [39, Lem. 2.1] are satisfied and therefore Zy_s(S, H). admits a lifting to Z; (S). One can
proceed analogously to check that the same holds for Zy(S). The properties (i) and (ii) in Definition
2.10 are now direct consequences of (6.1).

We finally prove the last assertion. If one of the projections to S is dominant, we conclude by (6.1).
Otherwise, both projections map to curves, say to C; and C,, respectively. For any x € Cj, the fibre
p;l (x) is a curve, mapping birationally to C; via p;. By (6.1), any point y € C; is rationally equivalent
to x. As C; intersects any rational curve in |H|, all points y have class cg, whence also x has class cg. O

Proof of Corollary 2.12. As every component of Zy (S, H) contains a dense set of points (p, g) defin-
ing the class (cgs,cs) by Corollary 2.11, the same holds for the marked points of (C, p, g) in every
component of Z’r (S, H). As 2 < g, by [36, Thm. 1.5] this constructs a dense set of tautological points
(C, p, q) in the image of m, > as wanted. O

Corollary 2.12 constructs subvarieties of dimension < 2 of M, > containing a dense set of tautological
points. One can find higher-dimensional cycles by considering the relative cycles obtained by moving the
polarized K3 surface (S, H) in C, and considering the universal pointed Severi variety V) 5.» — Kp.
Let Mp 5.0 0 Vp,5,n — Mg, be the map fibrewise defined as myg ,, (cf. (2.8)). Let le,a C Vp,s,n be
the cycle defined fibrewise as Z’¢_s(S, H). From Corollary 2.12 we conclude that the set of tautological
points in M ,,,0,2(212’0) is dense. Moreover, we remark that this cycle has dimension exactly 21 for
p =g = 11org > 13. To explain this latter fact, denote by V), s — C), the universal (unpointed) Severi
variety, with fibre over (S, H) being V|g | s, and by M, 5 : Vp, 5 — M, the map sending an element
(S,H,C) € Vp s to the class of C”. Then we have a commutative diagram

Mp,é,n
Vp,é,n - Mg,n

]

with the vertical maps being the finite maps forgetting the points. When § = 0, the kernel of the
differential of M, ¢ at a point (S, H, C) is H' (Ts(~C)) = H' (Ts(~H)) (cf. [2]), which is independent

https://doi.org/10.1017/fms.2025.10164 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.10164

20 A. L. Knutsen and S. Torelli

of the curve C € V|| o for fixed (S, H) € K. As M, o is known to be generically finite for p = 11 and
p > 13, it follows that H'(Ts(—H)) = 0 for general (S, H). Thus, the differential of M, 5 is injective
at any point (S, C) € V|g o for general (S, H), whence M, s is finite at these points. In particular, the
map M, o> restricted to Z,Q’U is generically finite.
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