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ABSTRACT

The renewed interest in supersonic turbomachinery research was driven by its potential applications in emerging fields. However, the design
of supersonic inlet cascades faces significant challenges due to the inherent limitations of supersonic flows. While several studies have been
published on the unstarting of supersonic intakes, there exists a major knowledge gap in the unstarting of supersonic blade rows. This paper
presents the research on a novel unstarting mechanism for supersonic inlet cascades induced by the formation of a collective shock. Tailored
simulations were carried out to study the coalescence of the leading-edge bow shock waves and to investigate the stability and the hysteresis
of this phenomenon. Then, a reduced order model was developed and verified to estimate the limit induced by this additional unstarting
mechanism. Since the accuracy of the unstarting condition relies heavily on the predicted bow shock shape, novel strategies were proposed to
improve the estimate of the asymptotic slope of the bow shock and to account for large incidence angles. Furthermore, the well-known
Kantrowitz criterion for the self-starting of a supersonic channel was reviewed and adapted to supersonic blade rows by considering both
weak and strong oblique shock waves in the calculation of the maximum contract ratio. Then, it was demonstrated the importance of
accounting for shock-induced boundary layer separation in the starting process of a supersonic machine. Finally, computational fluid dynam-
ics simulations reveal the high sensitivity of the self-starting limit to the cascade solidity and profile shape.

VC 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0160706

I. INTRODUCTION

Supersonic turbines are typically light and compact machines
that provide large specific work outputs at the expense of lower effi-
ciencies compared to their subsonic counterpart.1 Thanks to their
characteristics, their application spans over a variety of fields: power
production, aircraft engines, rocket engines, and marine propulsion.

The earliest instances of supersonic turbomachinery can be
traced back to steam turbines,2 in which the high-pressure super-
sonic impulse stage reduced the thermal burden on the subsequent
stages by lowering the total inlet temperatures.3–7 From the second
half of the twentieth century, supersonic turbines have become the
standard solution to power rocket fuel pumps because of their
large work-to-weight ratio;8–10 furthermore, the design of the low-
pressure stages of steam turbines also required supersonic profiles
at the tip section.11,12

Over the past decade, there has been a renewed focus on super-
sonic turbomachinery research, driven by the demand for its applica-
tion in two emerging areas: rotating detonation engines (RDEs) and
organic Rankine cycles (ORCs).

In an RDE, the combustion process is carried out by a detonation
wave that rotates in an annular channel (other geometries are also viable)
and burns the fresh mixture.13 The pressure gain generated by the
detonation wave provides several benefits, including reduced fuel con-
sumption,14,15 higher total pressure16 (up to 15%), and increased thermal
and plant efficiency17 (up to 14% more than traditional solutions for
intermediate pressure ratios18). The rotating detonation combustor
(RDC) delivers a supersonic and highly fluctuating flow, which renders
the adoption of a supersonic inlet turbine particularly suited for this
application. Design and optimization of a supersonic inlet turbine for
RDEs have been presented in the works by Paniagua et al.19–21 and
Mushtaq et al.22,23 Supersonic turbine interaction with the RDC has
been investigated numerically by Sousa et al.,24 Braun et al.,25 Shen
et al.,26 and Su et al.27 and experimentally by Bach et al.28 The develop-
ment of an aerodynamically efficient supersonic inlet turbine becomes
even more complex due to the cooling demands necessary to withstand
the extremely high flow temperatures from the rotating detonation com-
bustor. To address this challenge, Lozano and Paniagua29 suggested
implementing leading-edge cooling injection to alleviate thermal loading;
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concurrently, ongoing investigations are exploring the use of C/SiC com-
posites for their potential in moderating the cooling requirements for
pressure gain combustion systems.30 Moreover, an insightful study by
Stathopoulos31 quantified the impact of turbine cooling on the efficiency
of a Humphrey cycle with pressure gain combustion.

On the other hand, organic Rankine cycles represent an efficient
way to extract power from energy sources characterized by low-to-
medium temperature levels.32 Because of the high expansion ratio and
low speed of sound (organic fluids), ORC turbines typically consist of
only a few supersonic or transonic blade rows.33 Bufi and Cinnella34

developed a preliminary design methodology for dense-gas supersonic
axial turbines, while Colonna et al.35 and Romei et al.36 studied the
real-gas effects in the nozzle of a supersonic cascade.

Designing a supersonic turbine requires careful consideration of the
additional complexities introduced by supersonic flows. The primary
concern is limiting shock losses, which account for the majority of the
entropy production in these machines.22,37 However, achieving high-
efficiency operating conditions is challenging due to the characteristic
constraints of supersonic flows; if the axial Mach number is subsonic, the
mass flow is restricted by the unique incidence relation between the inlet
Mach number and the inlet flow angle.38 Furthermore, adequate safety
margins should be included to prevent unstarting in design as well as in
off-design conditions. Lichtfuss and Starken39 provided a comprehensive
report of the challenges posed by supersonic turbomachinery with in-
depth description of the various supersonic flow regimes encountered at
the inlet and outlet of supersonic cascades.

The starting of a supersonic channel is the process of accelerating
a flow from subsonic to supersonic conditions.40 A channel is consid-
ered self-starting when it is able to ingest the shock structures gener-
ated during the starting process without any geometry variation. Once
the channel is started, weak oblique shock structures and a supersonic
flow are observed from inlet to outlet; in contrast, an unstarted chan-
nel is identified by strong shock structures at the inlet section, which
result in a transition to a subsonic flow. Kantrowitz and Donaldson41

presented the pioneering work of this field introducing the concept of
unstarting and calculating the maximum contraction ratio for a started
supersonic diffuser. Since then, a considerable amount of literature has
been published on the unstart of supersonic/hypersonic inlets and sev-
eral unstaring mechanisms have been identified: Unstarting can be
triggered by the contraction ratio, backpressure, fuel addition, heat
release, andMach number.42

Meanwhile, there still exists a critical gap in the study of unstarting
phenomena in supersonic cascades. While Kantrowitz attempted to
address this gap by applying his one-dimensional and inviscid theory
developed for supersonic diffusers to supersonic cascades,43 he acknowl-
edged that his hypothesis was “more than a speculation and much more
work will have to be done before the starting mechanism is fully under-
stood.” However, no new research has been published on the subject in
the last seventy years, and the Kantrowitz theory continues to be the
accepted method for evaluating starting in supersonic cascades.19,22,34

Considering the renewed interest in supersonic turbines for their poten-
tial application in RDEs and ORCs, further research is urgently needed
to improve our understanding of the complex flow dynamics occurring
during the starting and unstarting of supersonic cascades. Furthermore,
accurate identification of the unstarting limit will be particularly benefi-
cial for supersonic inlet turbines, since these machines exhibit their
highest efficiency close to the Kantrowitz limit.23

The structure of this work is as follows: Section II describes the
fundamental methodologies applied throughout the study; in particu-
lar, Sec. II B contains all the details of the computational flow model
with the grid independence analysis and the solver validation for
supersonic applications. Section III presents a novel unstarting phe-
nomenon for supersonic inlet cascades induced by the formation of a
collective shock. The unstarting mechanism is described in Sec. IIIA 1,
while the stability and hysteresis of collective shocks inside the inlet
channel are investigated in Sec. IIIA 2. Furthermore, a reduced order
model (ROM) to predict the formation of the collective shock is devel-
oped (Sec. III B). Given that the accuracy of the predicted unstarting
condition heavily relies on the shape of the bow shock waves, Secs.
III B 1 and III B 2 propose novel strategies to improve the estimate of
the final slope of the bow shock and to account for large incidence
angles. Then, the unstarting limit curves predicted by the model are
verified against accurate computational fluid dynamics (CFD) simula-
tions (Sec. III B 3). Finally, Sec. IV extends Kantrowitz’s original theory
to supersonic cascades and examines the effect of the shock-induced
boundary layer separation on the calculation of the self-starting Mach
number.

II. RESEARCH METHODS
A. Method of characteristics for supersonic profile
generation

The vortex-flow method, an implicit method of characteristics
(MOC) developed by Goldman and Vanco,44 was employed for the
generation of the supersonic profiles. In this methodology, a super-
sonic uniform flow at the inlet is converted into a free vortex-flow (the
product of the velocity and the radius of curvature of the streamline is
constant) by the inlet transition arcs; then, the vortex-flow is turned by
the circular arcs and finally, the outlet transition arcs re-transform it
back into a uniform flow. This design strategy was preferred over other
solutions available in the literature39 since it guarantees a smooth
velocity distribution with the highest loading at mid-chord.

The resulting profile from the vortex-flow method has zero thick-
ness at the leading and trailing edges. Hence, the pressure surface and
the suction surface are shifted by a reasonable thickness value and
closed with ellipses; a high semi-axis ratio was selected for the ellipses
because they have been proven to be more efficient in supersonic
cascades.23

The performance of a supersonic profile is highly dependent on
two dimensionless ratios: the chord over pitch ratio c/g (solidity) and
the leading-edge thickness over pitch ratio th/g [Figs. 1(a) and 1(b)].
Typically, these values are selected to achieve maximum efficiency,
while satisfying mechanical constraints and cooling requirements.
However, the objective of this study is not to design the most efficient
supersonic turbine for a specific application, but rather to investigate
unstarting phenomena. Therefore, the dimensionless ratios, the stream
tube channel height ratio, and the flow quantities were carefully
selected to isolate Kantrowitz unstarting from collective shock
unstarting.

B. Computational flow model

1. Numerical methods and boundary conditions

Quasi-3D computational fluid dynamic (CFD) simulations were
performed to describe the flow behavior in the blade-to-blade plane.
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Computations were carried out on ANSYS CFX (Release 21.1),45

which is implemented as an element-based finite volume method with
a pressure-based implicit coupled solver. The advection terms were
discretized by the total variation diminishing (TVD) high-resolution
algorithm;46 the scheme employs a nonlinear recipe for the blending
factor45 based on the boundedness principles of Barth and Jespersen.47

The transient terms were discretized by a second-order backward
Euler scheme.

Viscous calculations were required by the possibility of boundary
layer separation at large incidence angles and by the shock-wave/
boundary-layer interaction. Turbulence closure for the Reynolds-
averaged Navier–Stokes (RANS) equations was achieved through the
k-omega shear stress transport (SST) model, while yþ was maintained
below 1 for proper boundary layer resolution [Figs. 1(c) and 1(d)]. At
the current stage of the problem analysis, the impact of turbulence
intensity (TI¼ 5%) and eddy viscosity ratio (lt=l¼ 10) was deemed
to be of secondary importance.

Static pressure, temperature, and velocity were all assigned at the
supersonic inlet. Adiabatic and no-slip conditions were selected for the

blade walls, while adiabatic and free-slip conditions were prescribed
for the hub and shroud walls. The outlet was defined as supersonic,
and periodic conditions were applied on the lateral boundaries to
properly simulate a single blade channel. The working fluid is air,
modeled as a perfect gas. Finally, calculations were considered at con-
vergence when the residuals were below 5� 10�6 at each time step or
the last step in a steady-state simulation.

2. Domain definition and mesh generation

The domain for the quasi-3D simulation was modeled as a peri-
odic annular stream tube with a small thickness in the radial direction
and placed at a large radius to minimize curvature and radial equilib-
rium effects. The inlet is located a chord upstream of the leading edge,
while the outlet is situated half-chord downstream of the trailing edge
[Fig. 1(a)].

Ansys TurboGrid (Release 21.1)48 was utilized to produce a high
orthogonality and low skewness block-structured mesh composed of
hexahedral cells. To ensure grid independence, meshes of different

FIG. 1. (a) Overview of the computational domain with boundary conditions. The HOH topology of the mesh is displayed through a very coarse mesh (40k). (b) and (c) Details
of the 400k-cell mesh around the leading edge and in the boundary layer. (d) Velocity profile extracted along the line displayed in c for the 400k-cell mesh. (e) Grid conver-
gence analysis on the mass-flow averaged entropy production from inlet to outlet. (f) Static pressure distribution along the tangential direction extracted on the outlet plane.
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sizes were examined, and the converging trend for mass-flow averaged
entropy production is presented in Fig. 1(e). Grid independence was
quantitatively evaluated with the grid convergence index (GCI) meth-
odology by Celik et al.:49 The GCI from medium to refined mesh
(200k, 400k, and 800k) calculated on the entropy production is 0.07%.
Furthermore, Fig. 1(f) reveals a negligible difference in the static pres-
sure distribution (extracted on the outlet section) between the 400k
mesh and the 1200k one. Based on these results, the 400k-cell mesh
was selected for all the simulations.

3. Solver validation

ANSYS CFX solver was validated for supersonic applications
against four test cases. Each test case involved proper domain defini-
tion, assignment of correct boundary conditions, and a grid indepen-
dence analysis. Although a detailed discussion of each problem is
omitted for the sake of brevity and lack of novelty, the results are pre-
sented to fulfill the purpose of solver validation.

In the Sod shock tube problem,50 the rupture of a diaphragm
produces a shock wave, a contact surface, and an expansion wave
propagating in the domain at different speeds. Figure 2 showcases
solver proficiency in predicting strength, position, and speed of all
three features.

The second test case is the inviscid supersonic wedge, which cre-
ates an oblique shock in a supersonic flow. Eight different conditions
were tested (two wedge angles h at four inlet Mach numbers) and the
solver precisely estimated the slope of the oblique shock waves (Fig. 3).

The shock-wave/boundary layer interaction problem, investi-
gated experimentally by Settles and Dodson51,53 on a 2D compression
corner, combines turbulence, compressibility, and viscous-inviscid

interaction phenomena. 8� and 16� corner ramp angles were simu-
lated, and CFX reproduces accurately the starting point of pressure
increase, the maximum pressure after the shock, and the overall trend
of the pressure on the wall (Fig. 4).

Finally, at the Laboratory of Compressible fluid dynamics for
Renewable Energy Applications (CREA Lab) at Politecnico di Milano,
a total pressure probe was inserted in the Test Rig for Organic Vapors
(TROVA).52 The N2 flow, accelerated up to Mach 1.7 through a

FIG. 2. Comparison between the analytical and ANSYS CFX solution at t¼ 0.001 s
for the Sod shock.

FIG. 3. Comparison between ANSYS CFX and the analytical solution for the invis-
cid supersonic wedge problem.

FIG. 4. Comparison between the experimental data51 and ANSYS CFX for the
compression corner problem at 8� and 16� ramp angles.
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converging–diverging nozzle, impinged on the probe tip and generated
a bow shock wave. The bow shock shape post-processed from the
CFD simulation (in the foreground) presents excellent agreement with
the Schlieren image of the experimental activity (in the background)
(Fig. 5).

Each of the above test cases was carefully selected because all
these features of supersonic flows will play a crucial role in the study of
unstarting phenomena in supersonic turbines.

III. COLLECTIVE SHOCK UNSTARTING
A. Description of the unstarting mechanism

1. The formation of a collective shock

The problem of proximal bodies in supersonic flows is encoun-
tered in many applications,55 such as launch vehicle stage separation,
binary asteroid systems entering the planetary atmosphere, or a dust
cloud.54 A collective bow shock is formed ahead of two binary bodies
when the distance between their centers is reduced and the two sepa-
rate bow shock waves merge. Boiko observed this phenomenon experi-
mentally in shock tube tests54 and identified three distinct stages of the
transition (Fig. 6): In the first stage (a), each body generates a separate
bow shock wave with a regular intersection; as the distance between
the bodies is decreased or the Mach number reduced (b), the intersec-
tion generates a Mach phenomenon, which is recognized by its typical
structure composed of a normal shock between the two triple points;56

and finally (c), a collective bow shock wave is generated for low distan-
ces or low Mach numbers.

The leading edge of a supersonic profile generates a bow shock;
hence, supersonic turbines resemble the problem of proximal bodies
in supersonic flows. If the geometry of the machine is fixed (pitch and
leading edge) and the inlet Mach number is progressively reduced, the
bow-shock waves widen and gradually transform from a regular inter-
section to a collective shock wave.

However, there is a relevant difference between the two cases:
The collective shock wave formed in a supersonic turbine is confined

by the channel walls with further consequences related to the starting/
unstarting dynamics. Moreover, the periodicity of a turbine blade row
can be interpreted as an infinite number of bodies, which explains
the absence of the oblique portion of the bow-shock wave and why the
collective shock of a supersonic turbine is straight and normal to the
channel axis (Fig. 7).

Considering the orientation of the flow, which is not necessarily
aligned with the channel axis, the collective shock wave can be classi-
fied as either a weak or strong oblique shock wave in function of the
inlet Mach number and the wave angle b (Fig. 8). The formation of a
collective shock for a large inlet flow angle a occurs at high inlet Mach
numbers. In these conditions, the combination of a small wave angle b
with a large Mach number is consistent with a weak solution of the
oblique shock wave [Fig. 8(a)]. On the contrary, for smaller flow angles
a, the two bow shock waves merge at lower inlet Mach numbers. The
collective shock generated in these conditions behaves as a strong obli-
que shock wave, a solution that is compatible with large wave angles b
and small Mach numbers [Fig. 8(b)]. As known from the classical the-
ory of aerodynamics,57 the flow is turned by an angle h across an obli-
que shock wave and it is, respectively, supersonic or subsonic for a
weak or strong solution (except for a small region near hmax).

FIG. 5. Comparison between the experimental activity at the CREA lab52 and
ANSYS CFX for the bow shock shape prediction. The schlieren image is displayed
in background, while the bow shock extracted from CFD is shown in foreground
(the top half is transparent for the comparison). Adapted from Conti et al., Exp.
Fluids 63, 117 (2022). Copyright 2022 Author(s), licensed under a Creative
Common Attribution (CC BY) license.

FIG. 6. (a) Schlieren photographs of the types of bow shock interference ahead of
a transverse system of spheres (From Boiko54). Reproduced with permission from
Laurence et al., Fluid Dyn. 39, 330–338 (2004). Copyright 2004 Springer Nature.

FIG. 7. In the binary sphere problem (a), the collective shock has a bow-shape,
whereas in the case of a supersonic turbine (b), the shock wave is straight and
orthogonal to the channel axis (infinite spheres due to periodical conditions).
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The mechanism behind the formation of a collective shock has
been thus far outlined through several sketches. However, to confirm
this theory, it is necessary to perform an unsteady CFD simulation on
a representative case. The geometry adopted for this purpose has an
inlet geometric angle of 25� and an outlet geometric angle of 12.5�

(half of the inlet geometric angle), with a blade height ratio of 1.2 and
a pitch to leading-edge thickness ratio of 42. These specific values
were selected to avoid Kantrowitz unstarting in all tested conditions.
The inlet Mach number was gradually reduced from 1.70 to 1.375.
(The corresponding axial inlet Mach numbers are 1.54 and 1.25.) The
length of each step (Dt¼ 0.025 s) is five times the time taken by the
left running characteristic (Vz–C) to travel from the inlet to outlet of
the domain [Fig. 9(a)]. It is relevant to underline that this article
describes the formation of a collective shock in a supersonic turbine
only from a quasi-steady perspective, which means that the inlet con-
ditions are varied slowly enough (or sufficient time is provided after

each variation) to achieve a quasi-steady behavior; the effect of
unsteady inlet conditions with variable frequency, amplitude, and
mean value on collective shock generation was investigated by
Mushtaq and Gaetani in a dedicated work.58

Starting from an inlet Mach number of 1.7, the leading edges
generate two distinct bow shock waves with a regular intersection [Fig.
9(b)]. As the inlet Mach number is progressively reduced, the bow
shock waves widen and open up. At a certain condition, the bow shock
waves partially merge at the intersection point, producing the charac-
teristic structure of a Mach phenomenon56 [Fig. 9(c)]. Further reduc-
tion of the inlet Mach number increases the area of merger between
the bow shock waves, causing one of the legs of the Mach reflection to
disappear. This leads to the formation of a new structure, namely, a
lambda shock [Fig. 9(d)]. Finally, as the inlet Mach number is further
decreased, the two bow shock waves merge completely, resulting in
the formation of a collective shock with the same characteristics
described previously [Fig. 9(e)]: The collective shock is straight and
normal to the channel axis; in addition, the collective shock is a strong
oblique shock wave, which is consistent with the low inlet geometric
angle of the blade. Since the Mach number behind the strong shock is
subsonic but close to unity in this case, the leading-edge contraction is
sufficient for the transition to supersonic Mach numbers.

The intersection between the bow shock waves is the necessary
condition for the formation of a collective shock, but for certain condi-
tions (high inlet geometric angles and low inlet Mach numbers), the
bow shock waves are so wide that there is no intersection between
them (Fig. 10). This observation suggests the existence of an upper
limit for the generation of a collective shock; employing the assump-
tion that detached waves are asymptotic to the free-stream Mach lines
at large distances from the leading edge,59 this upper limit can be esti-
mated through Eq. (1). By re-arranging the system of equations in an
alternative form [Eq. (2)], we can further deduce that the formation of
a collective shock and the unique incidence problem are mutually
exclusive since they, respectively, require supersonic and subsonic axial
Mach numbers. This point also sheds light on why collective shocks
have been overlooked in supersonic turbines: In mainstream applica-
tions, such as ORC systems and rocket engine turbopumps, the axial
Mach numbers at the inlet of the supersonic blade rows are subsonic;
on the contrary, recent developments in the field of rotating detona-
tion engines foresee the possibility of a supersonic axial Mach number
at the inlet of the first high-pressure stage,19,60

sin l ¼ 1=Min

l < p=2� ðbg þ iÞ ¼ p=2� ain;

�
(1)

Min cosðainÞ ¼ Min�axial > 1: (2)

2. Stability and hysteresis of a collective shock

Section IIIA 1 describes the process of the formation of a collec-
tive shock, but the unstarting of the supersonic channel is still not
ensured, and it is determined by the stability of a collective shock out-
side the blade-to-blade channel. Downstream of the weak or strong
collective shock, the axial Mach number becomes subsonic, enabling
acoustic waves and pressure disturbances to travel upstream and
impact the shock interface. These disturbances displace the shock
wave, and its ability to return to its original position depends on its
stability.

FIG. 8. Collective shock as a weak oblique shock wave for high inlet Mach number
and high flow angle (a) and as a strong oblique shock wave for low inlet Mach num-
ber and low flow angle (b).
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The displacement z0s of a plane shock wave inside a supersonic
channel due to the pressure disturbance p0 was determined by Culick
and Rogers61 assuming a quasi-steady behavior of the shock and isen-
tropic flow conditions [Eq. (3)]. If the pressure disturbance is nonzero
for a finite span of time, the displacement will decay to zero if s is posi-
tive (stable shock) and will grow indefinitely if s is negative (unstable
shock),

z0s ¼
D
s
e�t=s

ðt
0
et0=sp0ðt0Þdt0

s ¼ 1
�Cin

1
A
dA
dz

� ��1
2ðcþ 1Þ �Min

ðc� 1Þ 1þ c2 þ 1
c� 1

� �
�M2

in

:

8>>>>>>><
>>>>>>>:

(3)

Since the sign of s is determined by the cross-sectional area varia-
tion (dA/dz), the stability of the collective shock is influenced by the
characteristics of the inlet channel, which spans from the inlet bound-
ary to the leading edge of the blade. If the inlet channel is converging
[Fig. 11(a)], the collective shock becomes unstable (negative s) and it
marches upstream: This behavior is ultimately responsible for the
unstarting of the supersonic channel. The straight inlet channel [Fig.
11(b)] represents a limit case: The shock is neutrally stable and has no
preferred position.61 During the formation of a collective shock, the
bow shock waves coalesce, and the merged shock is ejected from the
blade-to-blade channel; this consideration implies that the collective
shock is already moving: The neutrally stable behavior will not be able
to stabilize it, and the shock will continue to march upstream. Finally,
in the diverging channel [Fig. 11(c)], the collective shock stabilizes

(positive s) in front of the supersonic blade row. While the formation
of the collective shock can adversely affect the aerodynamic perfor-
mance of the supersonic turbine, the unstarting of the supersonic
channel with the unstarting shock marching upstream is deeply con-
cerning since it can impact the overall gas turbine operation.

The analysis of shock stability is further complicated by the
boundary layer on the hub and shroud walls. Although the effect of
boundary layer growth can be accounted for [Fig. 11(d)], boundary
layer separation induced by the collective shock may lead to instability

FIG. 9. Sequence of shock structures as the inlet Mach number is gradually reduced (a): there are a regular intersection (b), a Mach reflection (c), a lambda shock (d), and
finally a collective shock (e). The inlet flow angle is always aligned to the profile inlet geometric angle.

FIG. 10. High inlet geometric angles and low inlet Mach numbers prevent the for-
mation of a collective shock, since there is no intersection between the bow shock
waves.
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[Fig. 11(e)]. In fact, a diverging channel is a necessary but not sufficient
condition for a stable collective shock, and the isentropic assumption
used in Eq. (3) is no longer valid. Given that a detailed study of the sta-
bility of plane shocks in supersonic channels is beyond the scope of
this article, readers can refer to the works of Burgers,62 Kantrowitz,63

Hurrell,64 and Culick61 for more in-depth analysis.
Once again, the theoretical considerations presented above were

confirmed by CFD simulations. Specifically, simulations were con-
ducted on a straight and a diverging inlet channel, while the blade
geometry is the same as Sec. IIIA 1.

In the straight channel simulation, the inlet Mach number was
kept constant after the collective shock formation [Fig. 12(a)]. As pre-
dicted by the theory, the collective shock travels upstream and unstarts
the supersonic channel [Figs. 12(b) and 12(c)]; the simulation is
stopped when the shock reaches the inlet boundary.

The diverging case was chosen with a channel height ratio of 1.05
for two distinct reasons. First, since the simulations are quasi-3D with
inviscid conditions on the hub and shroud walls, a positive s is suffi-
cient for the stability of the collective shock. Second, the formation of
the collective shock for the considered geometry occurs at relatively
low Mach numbers at the leading edge. Therefore, taking into account
the flow acceleration in the diverging duct, even lower Mach numbers

must be assigned at the inlet, and the minimum limit is set by the sonic
condition.

The trend of the inlet Mach number was specifically conceived to
assess if the collective shock is stable in a diverging channel and
whether its formation exhibits a hysteretic behavior. To accomplish
this, the inlet Mach number was systematically varied in three stages:
gradual decrease, stability analysis with a constant value, and gradual
increase in the inlet Mach number to investigate a potential hysteresis
[Fig. 13(a)]. Additionally, shock motion was tracked by placing moni-
tor points at intervals of 1mm in the axial direction along the mid-
pitch line; at each instant, the position of the shock corresponds to the
coordinate with the maximum density gradient.65

The initial part of the simulation (not shown in Fig. 13) produces
the same shock structures described in detail in Sec. IIIA 1 and dis-
played in Fig. 9. At point c, a reduction in the inlet Mach number
results in the formation of the collective shock. In the next steps, fur-
ther reductions or increments of the Mach number shift the shock fur-
ther or closer to the leading edge. The stability of the collective shock
in a diverging channel is demonstrated by these variations because
after each step the collective shock moves and finds a new equilibrium
position; this point is extremely evident, especially in the prolonged
step at the lowest inlet Mach number [Fig. 13(d)], where the collective

FIG. 11. Stability analysis of a collective shock inside a supersonic channel: (a) unstable shock in a converging duct, (b) neutrally stable shock in a straight channel, (c) stable
shock in a diverging duct, (d) area contraction due to boundary layer growth, and (e) shock wave instability due to boundary layer separation caused by the collective shock.

FIG. 12. Collective shock unstarting in a straight inlet channel. (a) the prescribed inlet Mach number trend and (b) and (c) the corresponding shock wave position.
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shock is stationary for a relatively large amount of time. Furthermore,
it is noteworthy that the response time of the collective shock to inlet
condition variation is longer compared to the time required for the
bow-shock waves to reach the new equilibrium position. This observa-
tion led to the adoption of a longer step in this simulation (Dt¼ 0.09 s)
compared to the previous one [Figs. 9(a) and 13(a)].

The formation and disappearance of a collective shock occur at
the same inlet Mach number; this characteristic is highlighted by Fig.
13(b), which is identical along the decreasing and the increasing ramp.
Therefore, the starting and unstarting of a supersonic inlet turbine due
to collective shocks can be characterized by a single curve. However,
there is an asymmetry in the motion of the collective shock during the
reduction and the following increase in the inlet Mach number. This
behavior can be attributed to the residual effect of the right branch of
the bow shock wave, which is detached during the formation of the
collective shock [Fig. 13(b)]. This branch does not immediately vanish
and affects the motion of the shock waves [Fig. 13(c)]. When the inlet
Mach number is increased again, the right branch gradually re-gains
strength, but the intensity and the position of the residual shock are
different for the same inlet Mach number [Figs. 13(c) and 13(e)].
Nonetheless, this feature is temporary and of limited practical interest,
while the most relevant outcome of this analysis is that the detachment
of the right branch of the bow shock wave with collective shock forma-
tion and its reattachment with collective shock disappearance
coincide.

B. A reduced order model to predict the formation
of a collective shock

The formation of a collective shock can result in the unstarting of
a supersonic turbine, which can have severe consequences (Sec. IIIA).

Avoiding this additional unstarting mechanism represents a prerequi-
site for the correct operation of these machines, and it should be
accounted for already in the preliminary design stages. However, dur-
ing this early stage, the amount of data available is limited, and a CFD-
based approach would be computationally impractical to investigate a
large design space in search of optimal operating conditions and tur-
bine geometry.

To predict the formation of a collective shock with limited data, a
model based on a simple criterion is necessary. The selected criterion
is as follows: The formation of a collective shock will occur when the
axial coordinate of the intersection point between the bow shock waves
is located on the line that connects the leading edges of the blade row.
This straightforward criterion will prove to be quite effective (Sec.
III B 3), but it requires an accurate prediction of the bow shock wave
generated by the leading edge.

Moeckel developed an approximate method to predict the loca-
tion of detached shock waves ahead of two-dimensional and axially
symmetric bodies by applying the continuity relation on the sonic
line.59 To approximate the problem to an equivalent one-dimensional
form, the following assumptions are made: (I) The form of the
detached wave from the axis to its sonic point S is represented by a
hyperbola asymptotic to the free stream Mach lines (Fig. 14); (II) the
line tangent to the body in the sonic point SB has an inclination equal
to the detachment angle; and (III) the sonic line (S-SB) is straight and
inclined at an angle that depends only on the free stream Mach num-
ber. Considering these hypotheses, this methodology struggles with
extremely blunt bodies and fails in the vicinity of sonic conditions.

Although Moeckel originally intended his methodology to be
applied only to the portion of the shock between the foremost point
and the sonic one, Love66 later suggested that it could provide

FIG. 13. Stability and hysteresis of a collective shock in a diverging channel. (a) The prescribed inlet Mach number trend and the associated shock wave position. (Negative
values on the y axis correspond to a position upstream of the leading edge.) The asymmetry in shock motion is examined through the shock structures shown in (b), (c), (d),
and (e).
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satisfactory results for certain nose shapes even at distances well
beyond the sonic point. However, as shown in Fig. 15(a), a miscalcula-
tion on the slope of the bow shock wave can significantly impact the
determination of the intersection point between the bow shock waves,
especially in cases where large pitch to leading edge thickness ratios
are needed to minimize shock losses. Furthermore, Moeckel’s model
accounts for asymmetrical bow shocks resulting from incidence angles
at the leading edge, but as depicted in Fig. 15(b), its prediction for large
incidence angles deviates significantly from the actual shock structure.

1. Asymptotic slope of a bow shock wave

The bow shock wave predicted by Moeckel’s model is asymptotic
to the free stream Mach line at large distances from the leading edge.
This description is valid only for extremely weak shock waves with
infinitesimal flow deflection, i.e., for a bow shock wave that behaves as
a Mach wave. However, a bow shock, in the general case, has a finite
strength and induces flow deflection. To address this inconsistency
and to determine the asymptotic slope of the hyperbolic curve, it is
proposed an analogy between a bow shock and an oblique shock gen-
erated by a sharp corner (Fig. 16).

To solve the analogy, it is crucial to establish a relationship
between the corner angle h and the bow shock wave. Once this con-
nection is determined, the closed analytical solution of the inviscid
corner problem can be used to calculate the asymptotic slope of the
bow shock. In a corner problem, when we increase the inlet Mach
number while keeping the corner angle h fixed, the slope of the oblique
shock progressively decreases. This same behavior is observed in bow
shock waves, although the decrease in slope is slower compared to the
corner problem. To understand this characteristic, it is important to
consider that, as the inlet Mach number increases, the distance
between the leading edge and the foremost point of the shock, denoted
as X0 in Fig. 16, decreases; as a result, from the perspective of an

observer situated at X0, the angles described by the lines connecting X0

to each point of the leading edge become larger. To incorporate this
property of bow shock waves into the analogy, when the inlet Mach
number is increased, the corresponding corner angle h will not remain
constant even if the leading-edge geometry remains fixed. Equation
(4) proposes a correlation to close the analogy, where /s is the local
inclination of the bow shock in the sonic point relative to an axis
aligned to the leading edge, and k is an empirical parameter that
depends on the specific heat ratio (with the hypothesis of perfect gas
behavior) and the leading-edge shape,

h ¼
p
2
� /sðM; cÞ
kðc; shapeÞ : (4)

The calibration of the constant k [Eq. (4)] necessitates a CFD
simulation that considers the specific heat ratio and leading-edge
shape relevant to each application. However, the computational cost
of conducting a single simulation with a simple geometry is quite lim-
ited, enabling the practical application of the proposed correlation.

To validate the model, a series of CFD simulations were per-
formed on an isolated profile consisting of two straight lines separated
by the thickness value and closed by various leading-edge shapes. In
Fig. 17, the results for an elliptic leading edge with a semiaxis ratio of
3.2 (a typical value for supersonic profiles23) and a specific heat ratio

FIG. 14. Comparison between the bow shock shape predicted by Moeckel’s original
model and its improved version for the final slope. The bottom right corner features
a zoomed-in view of the leading-edge area, displaying the sonic point on the body
(SB), the sonic point on the shock (S), and the straight sonic line, as assumed by
Moeckel’s model.59

FIG. 15. Comparison between the bow shock shape extracted from CFD simula-
tions (density gradient in background) and the shape predicted by Moeckel’s model
(solid line in foreground): (a) M¼ 1.92, bg�in¼45�, i¼ 0� and (b) M¼ 2.2,
bg�in¼15�, i¼ 25�.

FIG. 16. Analogy between the bow shock generated by the leading-edge and the
oblique shock generated by a sharp corner.
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of 1.4 are depicted. The asymptotic slope of the bow shock (b CFD)
is extracted through image postprocessing techniques, and then,
oblique shock relations57 are applied to calculate the corresponding
h (h CFD). The discrepancy between h predicted by the model and
the one derived from CFD simulations is below 0.5� across the entire
Mach range; in addition, the proposed correlation accurately repro-
duces the trend observed in the CFD simulations, demonstrating its
effectiveness. The asymptotic slope angle b predicted by the model

closely aligns with the numerical results, representing a considerable
improvement over the Mach angle employed in Moeckel’s original
methodology.

Additional simulations were conducted to examine the perfor-
mance of the correlation on three different leading-edge shapes: a
highly eccentric ellipse with a semiaxis ratio of 7, a circle (a/b¼ 1),
and a square shape (Fig. 18). The correlation demonstrates excellent
performance for highly eccentric geometries [Fig. 18(a)], with minimal
differences and accurate prediction of trends. In the case of a circular
leading edge [Fig. 18(b)], the results are still satisfactory in terms of
shock angle b, although the correlation is less accurate for Mach num-
bers below 2. However, for the square shape [Fig. 18(c)], the trend pre-
dicted by the correlation does not align with the numerical results.
This discrepancy arises due to the inherent limitation of the correla-
tion, which becomes less accurate as the leading-edge bluntness
increases. This limitation is inherited through the sonic angle /s from
Moeckel’s model itself, which, as stated by the author himself, exhibits
the highest accuracy for “bodies only slightly blunter than the wedge
or cone.” Despite this limitation, the shock angle b predicted by the
model consistently represents a substantial improvement over the
Mach angle, even in the case of a square leading edge.

The impact of the specific heat ratio was also investigated [Figs.
17 and 18(d)], revealing that lower specific heat ratios correspond to
smaller h angles; nonetheless, the correlation accurately captures these
variations.

Furthermore, it is relevant to notice that the leading-edge shape
significantly affects the constant k; for instance, the value of k varies
from 7.2 for the highly eccentric ellipse to 3.4 for the square shape.

FIG. 17. Comparison between the corner angle h and the asymptotic shock slope
b predicted by the model (solid lines) and the numerical values extracted from CFD
simulations (dotted lines), where each circle corresponds to a CFD simulation. The
leading-edge shape is an ellipse with a semiaxis ratio of 3.2, and the specific heat
ratio is 1.4.

FIG. 18. Comparison for various leading-edge shapes (a)–(c) and specific heat-ratios (d) between the corner angle h and the asymptotic shock slope b predicted by the model
(solid lines) and the numerical values extracted from CFD simulations (dotted lines), where each circle corresponds to a CFD simulation.
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Conversely, the influence of the specific heat ratio is relatively modest,
ranging from 5.98 to 5.91 for a variation of c from 1.4 to 1.2. The lim-
ited impact of the specific heat ratio can be explained by examining
Eq. (4): While the leading-edge shape is solely represented by the con-
stant k, a variation in the specific heat ratio also alters the angle /s at
the sonic point, thereby mitigating its effect on k. In conclusion, Fig.
19 illustrates a comparison between the original methodology of
Moeckel and the improved version for the asymptotic slope of the bow
shock wave. The improved version demonstrates a clear enhancement
in accuracy, which will be beneficial for the calculation of the unstart-
ing limit curves caused by the formation of a collective shock.

2. Model correction for large incidence angles

The incidence angle at the leading edge produces an asymmetri-
cal bow shock wave, and Moeckel’s model accounts for this effect by
shifting the position of the sonic point on the body; this technique pro-
vides acceptable results for limited incidence angles, but, as displayed
in Fig. 15, the predicted shapes are unsatisfactory for large incidence
angles (above 10�).

From a physical perspective, the flow observes an increased
leading-edge thickness at large incidence angles. This is because the
flow encounters obstruction not only from the conventional leading-
edge thickness (segment AG in Fig. 20) but also from a portion of the
pressure side (or suction side) for positive (negative) incidence; this
additional contribution increases the overall thickness (segment GF).

Equation (5) presents a correlation that provides an estimation of
the effective leading-edge thickness observed by the flow. The develop-
ment of this correlation involved two steps: First, it was calculated the
segment GF responsible for the increase in thickness, and then, the
two contributions (AG and GF) were projected toward the normal
direction of the flow. It is relevant to notice that in the calculation of
GF, only the top half pitch was considered because the influence of the
lower half is limited since most of the flow is likely to turn before
reaching the upper blade. The specific choice of considering half pitch,
instead of smaller or larger values, was primarily motivated by the
good agreement observed with the results,

thcorr ¼ AH þHI ¼ AG cosðiÞ þ GF sinðiÞ
¼ AG cosðiÞ þ AD sin2ðiÞ
¼ AG cosðiÞ þ AB cosðbg þ iÞ sin2ðiÞ

¼ th cosðiÞ þ g
2
cosðbg þ iÞ sin2ðiÞ: (5)

Figure 21 illustrates the trend of the corrected thickness for three
different inlet geometric angles. When the incidence angle is zero, the
corrected thickness is naturally equal to the leading-edge thickness. At
small incidence angles, the effect of incidence is limited, which
explains why Moeckel’s model continues to perform well within this
range. However, for large incidence angles, the “observed” thickness
experiences significant growth, with the corrected thickness reaching
values nearly three times larger than the leading-edge metallic thick-
ness. Moreover, an increase in the inlet geometric angle diminishes the
impact of the incidence angle. This observation aligns with the physi-
cal understanding of the problem: As the inlet geometric angle
increases, the portion of the profile observed by the flow (segment GF)
becomes smaller. This observation will be further supported by the
results presented in Sec. III B 3.

FIG. 19. Comparison between the original methodology of Moeckel and the
improved version for the asymptotic slope of the bow shock wave. The leading-
edge shape is an ellipse with a semiaxis ratio of 3.2, the specific heat ratio is 1.4,
and the inlet Mach number is 1.8.

FIG. 20. The sketch displays the projections that are behind the development of
the leading-edge thickness correction [Eq. (5)].

FIG. 21. Trend of the corrected thickness with incidence angle for three different
inlet geometric angles.

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 35, 106101 (2023); doi: 10.1063/5.0160706 35, 106101-12

VC Author(s) 2023

 01 February 2024 17:34:16

pubs.aip.org/aip/phf


Finally, Fig. 22 showcases the bow shock wave generated using
the updated model incorporating both the leading-edge thickness and
final slope corrections. The enhancement over the baseline is remark-
able, particularly for large incidence angles. Additionally, it is notewor-
thy the increased distance between the leading edge and the bow
shock wave at large incidence angles, providing further confirmation
that the thickness observed by the flow is indeed greater.

3. Collective shock unstarting curves and model
verification

The unstarting limit of the collective shock is influenced by sev-
eral factors [Eq. (2)],

unstart ¼ unstartðMin; bg�in; i; g=th; shape; cÞ: (6)

Among these variables, the first four exert a dominant influence
on the unstarting value, while the impact of the latter two is of second-
ary importance (Fig. 23 and Sec. III B 1). Hence, the leading-edge
shape and the specific heat ratio were kept constant throughout the
verification process; specifically, an elliptic leading edge with a semi-
axis ratio of 3.2 and a specific heat ratio of 1.4 were selected.

CFD simulations are necessary to verify the unstarting curves
predicted by the model. However, considering the number of parame-
ters and the large number of evaluations required, performing time-
accurate CFD simulations would be prohibitively expensive and
unnecessary. As emphasized in the preceding section, this study
focuses on collective shock unstarting from a quasi-steady standpoint,
rendering time accuracy superfluous. Therefore, a procedure based on
consecutive steady-state simulations was devised, whereby only one
parameter is altered while keeping all others constant.

To illustrate the process, let us consider calculating the unstarting
Mach number for a specific geometry and flow angle. The initial Mach
number is sufficiently high to ensure that the supersonic profile is in a
started operating mode; as demonstrated in Sec. IIIA 2, beginning

from a started or an unstarted condition does not affect the results
since the phenomenon is not hysteretic with respect to the inlet condi-
tions. Since the choice of the inlet channel is arbitrary, it was selected a
straight duct, because for this geometry, the formation of the collective
shock can be clearly identified by the shock moving upstream. After
each steady-state simulation, the inlet Mach number is reduced by
DM, while employing the solution of the previous simulation to initial-
ize the subsequent one. The iterative procedure continues until a col-
lective shock is generated ahead of the blade row and begins
propagating upstream in the time-marching steady-state solver. The
DM for the inlet Mach number is 0.025, and the Di for the incidence
angle is 2�; in the authors’ opinion, these values represented an accept-
able compromise between accuracy and simulation time.

The results of the procedure based on steady-state simulation
were preliminarily compared to time-accurate unsteady simulations
with a stepwise trend for the inlet conditions. The cascade geometry
employed for the verification of the procedure is the same as Sec.
IIIA 1. As demonstrated by the results reported in Table I, the differ-
ence in the unstarting values between the two approaches falls within
DM (or Di), confirming that the approach can be reliably employed
for the determination of the unstarting limits while optimizing compu-
tational resources.

Figure 24 provides a comparison of the unstarting limit curves,
illustrating the relationship between the inlet Mach number and the
inlet geometric angle for two different leading-edge thickness to pitch
ratios. The trends observed indicate that higher inlet Mach numbers
allow for larger inlet geometric angles, while an increase in the
leading-edge thickness reduces the available design space.

To understand these trends, it is important to remember that a
collective shock is generated from the coalescence of the bow-shock
waves, which for our simple criterion happens when their intersection
is placed at the leading-edge axial coordinate. Higher inlet Mach num-
bers reduce the asymptotic slope of the bow shock, pushing the inter-
section point further downstream and minimizing the risk of
unstarting. Conversely, an increase in the inlet geometric angle is detri-
mental: It does not affect the shape of the bow-shock waves, but it
shifts the position of the intersection point closer to one of the leading
edges and consequently closer to the leading-edge line [Figs. 24(a) and

FIG. 22. Comparison between the original methodology of Moeckel and the
improved version incorporating the thickness observed by the flow. The inlet Mach
number is 2.2, the inlet geometric angle is 15�, and the incidence angle is 25�.

FIG. 23. Sensitivity of the unstarting limit induced by collective shock formation to
variations of the ellipse semi-axis ratio, specific heat ratio, and pitch to leading-
edge thickness ratio.
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24(b)]. Furthermore, a higher leading-edge thickness to pitch ratio
amplifies the influence of the subsonic region of the bow shock. This
feature affects the space required to reach the asymptotic slope (hyper-
bolic shape), brings forward the intersection between bow shock
waves, and ultimately facilitates collective shock unstarting.

The unstarting curves generated by the model exhibit excellent
agreement with the CFD results. This can be attributed to the model’s
ability to accurately identify the condition for bow shock merger and the
improved prediction of bow shock wave shape through the correction of
the asymptotic slope. However, it should be noted that the model slightly
overestimates the unstarting condition at large inlet geometric angles.
This discrepancy arises because small inaccuracies in the bow shock
wave at high inlet geometric angles have a more pronounced impact on
the precise location of the intersection point [Fig. 24(b)].

Figure 25 displays the effect of the incidence angle on the unstart-
ing limit for three values of the inlet geometric angle (0�, 15�, and
30�). When the flow encounters a profile at a non-zero incidence
angle, it generates an asymmetrical bow shock wave at the leading
edge of the blade. As the incidence angle increases, one branch of the
shock wave moves upstream more rapidly, promoting the formation
of a collective shock [Figs. 25(a) and 25(b)]. However, this phenome-
non can be alleviated by having less inclined bow shock waves, which
require higher inlet Mach numbers.

The influence of the incidence angle becomes less pronounced at
higher inlet geometric angles, which aligns with the trend observed in

Eq. (5) (Fig. 21). It is noteworthy that the difference between the unstart-
ing curves with and without incidence angle is significant at a 0� inlet
geometric angle, but considerably smaller at a 30� inlet geometric angle.

The unstarting curves generated by the model closely match the
results obtained from CFD simulations. The agreement is excellent for
the 0� inlet geometric angle, but the model underestimates the unstart-
ing values for non-zero inlet geometric angles. This discrepancy can be
attributed to the thickness correction, particularly in relation to the
length of pitch considered in the calculation of segment GF (Fig. 20).
Introducing an additional variable to account for the variation of pitch
based on the inlet geometric angle could improve the accuracy, but it
would also complicate the model and make its practical application
more challenging. Moreover, it is important to note that the model’s
underestimation falls on the conservative side in terms of unstarting,
reducing the criticality of this issue.

In conclusion, the reduced order model captures accurately the
variations of the primary four variables and the agreement with the
CFD results is within 0.05 for the Mach number and 3� for the inci-
dence angle. Moreover, the model’s simplicity enhances its practical
value as it can be readily incorporated into a mean-line code for the
preliminary design of supersonic blade rows.

IV. KANTROWITZ UNSTARTING
A. Description of the unstarting mechanism
and extension of the classical theory

A supersonic diffuser is typically characterized by a converging–-
diverging shape. The starting of this geometry leads to the formation
of a normal shock in the converging section, which is expelled from
the diffuser for stability reasons61 (see Sec. IIIA 2). To establish a
supersonic flow and swallow the normal shock, a significant increase
in the inlet Mach number becomes necessary. Kantrowitz and
Donaldson41 discovered an analytical relationship [Eq. (7)] that deter-
mines the minimum inlet Mach number required to self-start a dif-
fuser with a contraction ratio of A=A�,

TABLE I. Comparison between the unstarting limits found, respectively, by the pro-
cedure based on consecutive steady-state simulations and the unsteady simulation
with a stepwise trend of the inlet conditions.

Steady-state
simulations

Unsteady
simulation

Munstart (-) (DM¼ 0.025) 1.37 1.36
iunstart (�) (Di¼ 2�) 16.0 16.0

FIG. 24. Unstarting limits induced by collective shock formation as a function of the inlet Mach number, inlet geometric angle, and leading-edge thickness to pitch ratio. The
red brighter lines represent CFD results, while the blue darker lines indicate the predictions of the reduced order model. The green and red triangles correspond, respectively,
to started and unstarted turbine operation. (The green triangles are displayed only for the highest leading-edge thickness to pitch ratio case.) The yellow-filled area represents
the range between the last started condition and the unstarted condition for the CFD simulations. Frames (a) and (b) illustrate the shock structures for a low and high inlet geo-
metric angle, accompanied by the model-predicted bow shock shape displayed as a dashed line.
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Equation (7) was derived under the assumption of quasi-one-
dimensional flow, and it considers that the normal shock is swallowed
when the post-shock flow reaches sonic conditions in the throat. Once
the diffuser is started, the inlet Mach number can be reduced, and
unstarting will occur only if sonic conditions are reached in the throat
by the free stream flow. This hysteretic behavior of the Kantrowitz
limit defines three regions (Fig. 26): the self-started region, the
unstarted region, and a region exhibiting dual behavior where the dif-
fuser can either start or unstart depending on the initial conditions.

The starting of a supersonic intake is of extreme importance for a
successful operation of a supersonic aircraft. To enhance our compre-
hension of this process, significant research efforts have been dedicated
to verify experimentally the Kantrowitz criterion. Moreover, additional
theories proposed by Veillard et al.67 and Flock and G€ulhan68 have
expanded upon the original methodology. However, when it comes to
applying these findings to supersonic blade rows, the research efforts
have been relatively limited and, since the time of Kantrowitz him-
self,43 the original limit has persisted in the design of supersonic blade
rows.

The original theory, while valuable, relies on assumptions that
may not be as applicable in turbomachinery applications. First, the
theory assumes that the shock in the unstarted configuration is always

a normal shock. However, as explained in Sec. IIIA 1 concerning the
collective shock, this holds only when the flow is completely axial. In
all other cases, despite appearing normal to the channel axis due to the
periodicity of a blade row, the unstarting shock takes the form of an
oblique shock wave (Fig. 8). The unstarting shocks generated by the
two unstarting mechanisms are different: The collective shock results
from the merger of the bow shock waves, whereas Kantrowitz’s
unstarting shock appears when sonic conditions are reached in the
converging section of a duct (before the throat). Additionally, it is also
important to note that this discussion does not include the effect of the
incidence angle (the inlet geometric angle and the inlet flow angle
coincide).

FIG. 25. Unstarting limits induced by collective shock formation as a function of the inlet Mach number, inlet geometric angle, and the incidence angle. The red brighter lines
represent CFD results, while the blue darker lines indicate the predictions of the reduced order model. The green and red triangles correspond, respectively, to started and
unstarted turbine operation. (The green triangles are displayed only for the case with an inlet geometric angle of 15�.) The yellow-filled area represents the range between the
last started condition and the unstarted condition for the CFD simulations. Frames (a) and (b) illustrate the shock structures for a low and high incidence angle.

FIG. 26. Contraction ratio A=A� allowed by the Kantrowitz limit at varying inlet
Mach number. The hysteresis between the starting and unstarting condition is
highlighted by upward and downward arrows, respectively.
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The behavior of the unstarting shock is influenced by the inlet
Mach number and the inlet flow angle. Depending on these factors,
the unstarting shock can manifest as a weak or strong oblique shock
wave. In the case of a strong oblique shock wave, the Mach number
downstream of the shock becomes subsonic. As the flow progresses
through the converging blade-to-blade channel, it undergoes accelera-
tion. If sonic conditions are achieved in the throat, the strong oblique
shock is effectively swallowed by the turbine, resulting in a supersonic
flow from the inlet to the outlet.

On the contrary, the case of a weak oblique shock presents a
more distinct behavior. Downstream of a weak oblique shock, the
Mach number remains supersonic (except for a small region near
hmax). If the inlet Mach number is not sufficiently high to start the
blade row, leading to the formation of a weak oblique shock, the lower
but still supersonic Mach number downstream of the weak oblique
shock is certainly insufficient for the starting. Hence, the weak oblique
shock alone fails to provide a consistent representation of the flow; to
fully describe this scenario, it becomes necessary to introduce a second
set of shock waves. From the authors’ perspective, these additional
shock waves manifest as normal shock waves positioned at the
entrance of the blade-to-blade channel. This explanation finds support
in the shock structures observed during the quasi-steady initiation of a
supersonic blade row under weak oblique shock conditions (Fig. 27).

Figure 28 displays the procedure implemented for the calculation
of the maximum contraction ratio A=A�, which is defined as the ratio
between the inlet area and the throat area. The logic behind the three
cases is the following: A supersonic flow with an inlet Mach number
Min and an inlet flow angle ain are assigned at the inlet; then, the flow
undergoes a transition from supersonic to subsonic due to the pres-
ence of shock waves produced during the starting process; finally, the
subsonic flow is isentropically accelerated within the converging
blade-to-blade channel until sonic conditions are attained in the
throat. In essence, the underlying principle is very similar to the origi-
nal Kantrowitz theory, with the distinction that normal shock waves
were substituted by a more consistent shock selection.

These procedures were utilized to conduct a comprehensive para-
metric analysis, and the results are illustrated in Fig. 29. The figure
demonstrates that the proposed methodology expands upon the origi-
nal Kantrowitz theory, with the Kantrowitz theory exclusively corre-
sponding to the axis representing a zero-inlet flow angle. For each

inlet flow angle, the minimum inlet Mach number corresponds to the
weakest oblique shock wave, namely, the Mach wave. If smaller inlet
Mach numbers are assigned in comparison with this condition, only a
left-running oblique shock wave (increasing the relative Mach num-
ber) would yield a physically consistent solution. However, a detailed
investigation of these cases falls beyond the scope of this study.

FIG. 27. Complex shock structure system ahead of the supersonic blade row for
the weak oblique shock starting. From the flow perspective, the first set of shocks
are weak oblique shock waves, while the second ones are normal shocks. It is
noteworthy that the normal shocks induce boundary layer separation on the pres-
sure side.

FIG. 28. Procedures implemented for the calculation of the maximum contraction
ratio A=A� given the inlet Mach number and the inlet flow angle. The original
Kantrowitz methodology is extended to account weak and strong oblique shock
waves positioned at the inlet of the supersonic blade row.

FIG. 29. Maximum contraction ratio A=A� as a function of the inlet Mach number
and the inlet flow angle calculated with the modified Kantrowitz methodology. The
dash dotted line represents the Mach wave, the dotted line distinguishes supersonic
flow from subsonic flow downstream the oblique shock, and the dashed line corre-
sponds to the maximum flow turning induced by the shock.
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It is noteworthy that there is a continuum of results between the
weak and strong oblique shock cases, with the interface between the
two represented by a dotted line denoting the sonic condition (M¼ 1)
downstream of the shock. In both the strong and weak oblique shock
cases, a higher inlet Mach number corresponds to a greater maximum
contraction ratio that satisfies the self-starting condition of a super-
sonic blade row.

In the weak oblique shock case, the contraction ratios at increas-
ing inlet flow angles do not exhibit a monotonic behavior. In fact, a
region characterized by the highest maximum contraction ratios
emerges. (Notice that Fig. 29 plots the reciprocal of the maximum con-
traction ratio; hence, the highest contraction ratios correspond to the
darkest colors.) To explain this behavior, it is essential to consider that
the total contraction ratio is a combination of two factors for an obli-
que shock: the turning induced by the oblique shock and the area con-
traction required to achieve sonic conditions in the throat.68 As the
inlet flow angle increases, the oblique shock turning diminishes due to
the smaller shock angle (Fig. 29); simultaneously, the contraction ratio
to reach sonic conditions enlarges because the Mach number behind
the normal shock decreases. (The normal shock is stronger due to the
higher Mach number behind the oblique shock.) Consequently, in this
region, a favorable compromise is reached between the two factors,
leading to the maximization of the contraction ratio.

B. The effect of boundary-layer separation
on the self-starting Mach number

The contraction ratios calculated above provide a necessary
condition for the self-starting of a supersonic turbine, but they do not
guarantee it. These ratios determine whether the shock structures
preceding the blade row will start advancing in the blade-to-blade
channel. However, the aerodynamics of a supersonic cascade is consid-
erably more complex than that of a conventional supersonic intake. In
particular, the process of shock swallowing is highly critical for a
supersonic blade due to the adverse pressure gradient created on the
suction side as the shock begins to progress through the blade-to-blade
channel. If the boundary layer separates because of this adverse pres-
sure gradient, the effective area decreases, and the flow experiences
deceleration. In cases where the separation is significant, the flow
becomes choked, causing the shock wave to be expelled back to the
inlet of the blade row instead of advancing downstream.

Two unsteady simulations were carried out to highlight the influ-
ence of shock-induced boundary layer separation during the starting
process. In each simulation, the initial condition was subsonic with an
inlet Mach number of 0.1. Subsequently, the Mach number was
increased with a single step to 2.5 and 3.4, respectively (impulsive
starting). The geometry selected for the analysis has an inlet geometric
angle of �35� and an outlet geometric angle of �56.4�; the starting
condition for this geometry (corresponding to the weak oblique shock
case) demands a minimum inlet Mach number of 2 for the shock
swallowing. As the simulations were time accurate, residual conver-
gence was ensured at each time step (see Sec. II for more details).

Figure 30 displays five instants of the successful starting of a
supersonic blade row when the inlet Mach number was raised to
Mach 3.4. When the inlet conditions are changed with a step, three
phenomena are produced, which are explained as follows:69

(i) The fastest one is the right running characteristic, which travels
downstream with a velocity of Vzþ C (sum of the bulk velocity
and speed of sound) and modifies temperature and pressure.

(ii) The second one is the entropy front, which travels with the
bulk velocity of the fluid Vz.

(iii) The third one is the shock front, which travels with the
velocity of the shock.

The shock front can be right or left traveling, and depending on
the case, it can be faster or slower than the entropy front. In our case,
the shock front was left traveling (in the relative frame of reference)
and it was marching downstream in the absolute frame of reference
with a speed of Vz – W, where W is the velocity of the flow seen by
the moving shock. Each of these fronts can be clearly identified in
Fig. 30(a).

As the shock front enters the blade-to-blade channel, the pres-
ence of strong adverse pressure gradients leads to boundary layer sepa-
ration on both the pressure and suction sides [Fig. 30(b)].
Nonetheless, these separations remain confined, enabling the contin-
ued downstream progression of the shock wave [Figs. 30(c) and
30(d)]. Ultimately, the shock wave is released at the outlet, resulting in
complete supersonic flow from the inlet to the outlet.

Furthermore, this simulation serves as evidence of the coarse-
ness of the original Kantrowitz method, for which self-starting of
this geometry was only attainable when the inlet Mach number
exceeded 3.9.

In contrast, Fig. 31 presents the unsuccessful starting of the same
blade row when the inlet Mach number was elevated to Mach 2.5.
Since the inlet Mach number is above 2 (starting Mach number for the
modified Kantrowitz), the shock enters inside the blade channel [Fig.
31(b)]. However, due to a combination of increased boundary layer
separation and a lower inlet Mach number, flow choking occurs,
resulting in a reversal of the shock motion [Figs. 31(c) and 31(d)].
Ultimately, the shock exits the blade channel and positions itself ahead
of the row [Fig. 31(e)]. This second simulation demonstrates the
importance of profile aerodynamics and boundary layer separation in
the starting of a supersonic blade row.

The severity of boundary layer separation is strongly linked to
the loading condition on the blade, which depends mainly on two fac-
tors: the solidity (c/g) and the profile shape. To study the influence of
these two factors, four geometries (Table II) were considered with
three distinct values for the solidity and two different profile shapes;
unlike the “standard” geometry displayed in Fig. 31, the “impulse”
shape is characterized by inlet and outlet geometric angles with oppo-
site signs, resulting in a central region of the profile with zero inlet
flow angle. If in the calculation of the area contraction Ain=A� only the
flow angles and the channel heights are accounted for (a common
practice), the startingMach numberMstart for all four geometries is 3.9
for the original Kantrowitz method and 2 for the modified one.
However, especially for the high-solidity cases, it is necessary to deter-
mine the throat area A� more accurately. For this purpose, first, it is
calculated the true geometric throat at the outlet of the blade row and
then the area reduction due to the displacement thickness is estimated
through the correlations proposed by Stratford and Beavers for com-
pressible turbulent boundary layers.70

Furthermore, a completely automatized procedure was developed
to calculate the corresponding starting limit with CFD simulations.
The starting Mach number was found through a binary search

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 35, 106101 (2023); doi: 10.1063/5.0160706 35, 106101-17

VC Author(s) 2023

 01 February 2024 17:34:16

pubs.aip.org/aip/phf


algorithm.71 The search interval is halved at each iteration with one
end satisfying the starting condition and the other not; the procedure
is completed when the interval length is below 0.05 Mach. Since sev-
eral time-accurate unsteady simulations are needed for each geometry,
the calculation of each limit is computationally very expensive.

A detailed description of the procedure is omitted for the sake of brev-
ity, as it does not constitute novelty. The relationship between the
startingMach number and solidity does not exhibit a monotonic trend
due to the interplay of two opposing factors; as the solidity is
increased, the size of the boundary layer separation reduces because of

FIG. 31. Five instants extracted from the starting process of a supersonic blade
with an inlet geometric angle of �35� and an outlet geometric angle of �56.4�.
The inlet Mach number is raised with a single step from Mach 0.1 to 2.5. (The cor-
responding axial Mach numbers are 0.08 and 2.05.)

FIG. 30. Five instants extracted from the starting process of a supersonic blade
with an inlet geometric angle of �35� and an outlet geometric angle of �56.4�.
The inlet Mach number is raised with a single step from Mach 0.1 to 3.4. (The cor-
responding axial Mach numbers are 0.08 and 2.79.)
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the lower loading on each blade, but at the same time, smaller boundary
layers can have a larger relative weight in a smaller channel.
Theoretically, it can be developed a procedure to determine the optimum
solidity that minimizes the starting Mach number; however, the opti-
mum solidity value is typically calculated to minimize losses in the started
condition, which represents the majority of the machine’s operating time.

Furthermore, the impulse shape demonstrates a lower starting
Mach number compared to the standard shape at the same solidity.
This difference can be attributed to the way the normal area changes
from the inlet to the outlet. In the impulse shape, the geometric angle
decreases, and the normal area increases in the first half of the blade.
This increase in the normal area compensates for the reduction in area
due to boundary layer separation, which ultimately facilitates the start-
ing process.

The modified Kantrowitz criterion proposed in this study enhan-
ces the modeling of the phenomenon by identifying the correct shock
structures generated ahead of a supersonic blade row, but it does not
account for the intricate flow topology when the shock enters the
blade-to-blade channel, leading to optimistic results. Conversely, the
original Kantrowitz significantly overestimates the starting condition:
The starting Mach number for all tested geometries was considerably
lower than Mach 3.9 provided by the original methodology. While this
conservative criterion has worked fine in the field of supersonic turbo-
machinery, it poses limitations for supersonic inlet turbines, which
exhibit their highest efficiency close to the Kantrowitz starting limit;23

an excessively conservative criterion eliminates the most efficient
machines that do not actually suffer from starting issues.
Unfortunately, addressing the inclusion of shock-induced boundary
layer separation within a simple yet accurate model remains unre-
solved at the current stage.

To complete this section, Table III presents a comprehensive com-
parison between collective shock unstarting and Kantrowitz unstarting.

V. CONCLUSIONS

Avoiding unstarting phenomena is a necessary requirement for
an efficient and safe operation of a supersonic inlet cascade. Although
numerous publications exist on the starting of supersonic intakes,
there is a significant gap in the understanding of these phenomena for
supersonic blade rows. This paper aimed at bridging this knowledge
gap by thoroughly investigating and modeling two distinct unstarting
mechanisms observed in supersonic machines.

A novel unstarting mechanism was identified for supersonic cas-
cades. Low inlet Mach numbers, high inlet geometric angles, and high
incidence angles promote the coalescence of the leading-edge bow
shock waves with the formation of a collective shock. The stability of
this shock structure depends on the properties of the inlet channel: If
the inlet channel is unstable, the collective shock propagates upstream
and unstarts the supersonic channel. Furthermore, the phenomenon
does not exhibit any hysteretic behavior since the formation and the
disappearance of a collective shock occur at the same inlet Mach num-
ber. The characteristics of this additional unstarting mechanism were
initially examined through detailed theoretical considerations and sub-
sequently verified by CFD simulations.

A reduced order model was developed to predict the formation
of a collective shock with limited data. The model accuracy was
enhanced by re-evaluating Moeckel’s methodology for predicting bow
shock waves. To determine the asymptotic slope of the hyperbolic
curve, an analogy was drawn between a bow shock and an oblique
shock generated by a sharp corner. Additionally, a simple correlation
was proposed to account for the increased thickness observed by the
flow at large incidence angles. Model capabilities were verified against
an extensive campaign of CFD simulations considering various inlet
Mach numbers, inlet geometric angles, and incidence angles. The
excellent agreement between model predictions and CFD results and
the simplicity of the model itself enhance its practical value for the pre-
liminary design of supersonic blade rows.

Moreover, the well-known Kantrowitz criterion for the self-
starting of supersonic channels was reviewed and adjusted for its
application to supersonic cascades. In the newly proposed formulation,
shock structures consistent with the inlet conditions (weak or strong
oblique shock waves) were considered in the calculation of the maxi-
mum contraction ratio. While the original Kantrowitz limit is exces-
sively conservative, the modified criterion leads to optimistic results; in
addition, both methods fail to account for the complex flow topology
when the shock enters the blade channel. Finally, the effect of the blade
solidity and the profile shape on the starting Mach number were

TABLE III. Comprehensive comparison between collective shock unstarting and Kantrowitz unstarting.

Collective shock unstarting Kantrowitz unstarting

Unstarting mechanism Leading-edge bow shock wave coalescence
generates a collective shock; if the inlet channel
is unstable, the collective shock unstarts the

supersonic channel.

During the starting of a supersonic blade row, a nor-
mal or an oblique shock wave appears at the entrance

of the blade row if sonic conditions are reached
before the throat in the converging channel.

Hysteretic behavior No Yes
Variables Min, bin, i, g/th, c, leading edge shape Min, ain, blade aerodynamics
Simple and accurate model
to predict the limit condition

Yes No

TABLE II. Geometries employed to evaluate the effect of the solidity and the profile
shape on the starting Mach number.

Profile shape
bg�in/
bg�out

Solidity
(c/g)

Mstart modified
Kantrowitz

Mstart

CFD

“Standard” �35�/�56.4� 1.88 1.99 3.4
“Standard” �35�/�56.4� 3.76 2.22 2.73
“Standard” �35�/�56.4� 7.52 2.50 3.06
“Impulse” �35�/56.4� 7.52 2.14 2.61
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studied, emphasizing the impact of shock-induced boundary layer sep-
aration on the starting process.

ACKNOWLEDGMENTS

The authors would like to thank Camilla Conti for providing
us with the experimental data for the solver validation.

AUTHOR DECLARATIONS
Conflict of Interest

The authors have no conflicts to disclose.

Author Contributions

Noraiz Mushtaq: Conceptualization (equal); Data curation (equal);
Formal analysis (lead); Methodology (equal); Software (lead);
Validation (lead); Visualization (lead); Writing – original draft (lead);
Writing – review & editing (equal). Paolo Gaetani: Conceptualization
(equal); Data curation (equal); Methodology (equal); Project adminis-
tration (lead); Supervision (lead); Writing – review & editing (equal).

DATA AVAILABILITY

The data that support the findings of this study are available
from the corresponding author upon reasonable request.

NOMENCLATURE

a ellipse semi-major axis (m)
ax axial
A area (m2)
b ellipse semi-minor axis (m)
c chord (m)

corr corrected
C speed of sound (ms�1)
g blade pitch (m) or geometric
i incidence angle (deg)

in inlet
k model calibration constant (-)
M Mach number (-)
n normal

out outlet
p pressure (Pa)
t time (s)

th thickness (m)
V velocity (ms�1)
W velocity of the flow seen by the shock (ms�1)
X0 foremost point of the shock (m)
z axial direction
z0s shock position fluctuation (m)
a flow angle (deg)
b wave angle or profile geometric angle (deg)
c specific heat ratio (-)
h corner angle (deg)
l Mach angle (deg)
s time constant [Eq. (3)] (-)

/s local inclination of the bow shock in the sonic point [Eq.
(4)] (deg)

ðÞ Average value
ðÞ0 Fluctuation
ðÞ� Throat

CFD computational fluid dynamics
MOC method of characteristics
ORC organic Rankine cycle

RANS Reynolds averaged Navier–Stokes
RDC rotating detonation combustor
RDE rotating detonation engine
ROM reduced order model
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