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Abstract 6 

The behaviour of blast loaded structures has been extensively investigated over the past fifty years 7 

through experimental tests. These tests are quite challenging and require dedicated infrastructures 8 

to be efficiently and safely performed, however, the obtained data are useful to develop predictive 9 

approaches. Among them, analytical approaches are capable of efficient and satisfactory 10 

characterisation of blast events and the related effects on structures. In particular, among the 11 

analytical methods two categories can be identified: those methods exploiting fully analytical 12 

relationships, e.g., the Jones’ theory, and those based on model fitting to experimental results, e.g., 13 

the Nurick and Martin’s method. More recently, numerical models have been proposed to define 14 

the response of structures to blast loads: the main numerical methods considered to assess the 15 

structural response to blast loading are the coupled Eulerian-Lagrangian, uncoupled Eulerian-16 

Lagrangian and Analytical-Lagrangian analyses. In this context, this paper aims at establishing a 17 

detailed comparison of the main fully analytical and empirical methods available in the literature, 18 

exploiting consolidated experimental evidence and results from numerical simulations. The focus of 19 

this work is on the estimation of the permanent transverse deflection of a quadrangular, initially flat 20 

plate subjected to blast loading, considering both close-range and far-field explosions. Moreover, a 21 

modelling framework is herein presented, which serves as a fast and reliable predictive tool for 22 

estimating blast load effects on plates. 23 

 24 

Keywords: blast; structure; transverse displacement; models; impulsive loading.  25 

1 Introduction 26 

The behaviour of blast loaded structures has been largely studied in the last fifty years through 27 

experimental tests.  These tests are quite challenging and require dedicated infrastructures to be 28 

efficiently and safely performed. Nevertheless, they have been exploited to establish new analytical 29 



characterisation methods of the blast wave propagation and its interaction with a target structure 30 

(e.g., [1] [2] [3] [4]), leading to the definition of some modelling approaches capable of satisfactorily 31 

characterise explosive events. These modelling approaches can be split into two categories, namely 32 

those characterising the phenomenon exploiting fully analytical methods and those involving 33 

empirical relationships obtained through model fitting to experimental results. More recently, 34 

numerical models and several finite element techniques have been proposed and verified to define 35 

the response of structures to blast loads. Some of these methods were compared by Børvik in the 36 

work in [5], they can be divided into three main categories: coupled Eulerian-Lagrangian, uncoupled 37 

Eulerian-Lagrangian and Analytical-Lagrangian analysis. The former class consists of characterising 38 

the blast wave through the Jones-Wilkins-Lee equation of state (JWL EOS) [6], exploiting Eulerian 39 

elements for the wave propagation, coupled with the evaluation of the response of the impacted 40 

Lagrangian structure, allowing to consider the mutual blast wave-structure interaction. Uncoupled 41 

Eulerian-Lagrangian analyses are less resource-demanding than coupled analyses since they do not 42 

consider the influence of the structural response on the blast wave properties. Finally, the latter 43 

class of approaches characterises the blast wave and its interaction with the impacted target 44 

analytically. The structural response is then determined exerting on the structure the pressure-time 45 

history that arises from some analytical interface models (e.g., [7]). However, the computational 46 

effort required by such numerical analyses is far more expensive than that typical of fully analytical 47 

methods. In fact, in case of complex geometries or large-scale explosions, the former requires up to 48 

days of computations, while the latter provide instantaneous results. Hence, even though numerical 49 

models are potentially more accurate, analytical and empirical approaches may provide results in 50 

less time with a satisfactory level of accuracy, especially if simple structures are considered. In the 51 

following, a literature review of analytical and empirical methods useful to address quadrangular 52 

plates subjected to blast loading is reported. No explicit reference is made to circular plates since 53 

they are not considered in this work. 54 

Among the published fully analytical methods, it is worth citing the one based on the work by Jones 55 

[8]. In this work, a general approximate theoretical procedure for characterising the dynamic 56 

behaviour of arbitrarily shaped ductile metal plates subjected to a rectangular shaped pressure-time 57 

history was reported. The procedure considered the effects of finite deflections on the dynamic 58 

plastic behaviour of plates, retaining in the analysis both membrane forces and geometry change 59 

effects, while assuming a rigid, perfectly plastic material constitutive law. The theoretical work 60 

involved time-independent displacement profiles similar in shape to the respective static collapse 61 

fields. The theoretical predictions were compared to the experimental results reported in [9] and 62 



[10], showing general good agreement with the measured transverse displacement in case no 63 

tearing occurred. The theory was further improved in 1992 by Yu and Chen [11] exploiting a more 64 

accurate description of the effects arising in the transient phase. This improvement was achieved 65 

by introducing a kinematically admissible time-dependent velocity field to trace the transient phase 66 

of the plate motion under dynamic loading. This refined analytical theory led to more accurate 67 

permanent deflection predictions in case of transverse displacements of the same order of 68 

magnitude of, or even greater than, the plate thickness. However, since this refined theory still 69 

neglected (i) the material strain rate sensitivity, (ii) strain-hardening effects, (iii) the influence of 70 

membrane stretching on the geometry and (iv) the shear force effect on the yield criterion, it 71 

provided satisfactory predictions only for deflections 𝛿𝛿 up to 5-10 times the plate thickness t. 72 

However, strain rate sensitivity is quite relevant to the maximum permanent transverse 73 

displacement of a plate, as shown in early works in this field (e.g., [12]). For instance, Perrone and 74 

Bhadra in 1979 developed a method to determine the response of a beam, modelled as an 75 

impulsively loaded string supported mass, while accounting for the material strain rate sensitivity 76 

[13]. Similarly, more recently Jones refined the theory presented in the work in [8] including material 77 

strain rate effects to improve the prediction accuracy of the transverse permanent displacement of 78 

dynamically loaded plates [14]. Later on, Jones compared the theoretical predictions from the 79 

aforementioned refined theory to some experimental results [15]. Moreover, in the same work, the 80 

Perrone and Bhadra’s strain rate theory was extended to plates. This work showed that accounting 81 

for strain rate effects leads to the improvement of the overall accuracy of the permanent transverse 82 

deflection prediction of impulsively loaded plates. To the authors’ best knowledge, no more 83 

advanced thorough theory has been developed yet in this analytical framework. 84 

Within the class of empirical methods, dimensionless numbers have been extensively used to 85 

compare experimental results involving targets of different dimensions. One of the early proposed 86 

numbers was the dimensionless damage number 𝛼𝛼 defined by Johnson [16]. This represented a 87 

general tool to assess the behaviour of metals under impact scenarios. However, it only considered 88 

the impact velocity of the threat, along with the target material density and damage stress. Hence, 89 

the number was modified by Nurick and Martin in the two-part work in [17] [18], expressing the 90 

impact velocity as a function of the impulse imparted to the plate, including the target geometrical 91 

characteristics and the plate loading area to total area ratio, the latter considered in case of circular 92 

geometry only. These improvements led to a new dimensionless number 𝜙𝜙 considering the blast, 93 

the plate material and the plate geometric characteristics. The number was developed to describe 94 

the deflection-thickness ratio of materials different in nature, i.e., steel and aluminium, employing 95 



a simple and unique empirical equation. The equation was presented in the same work for circular 96 

plates and quadrangular plates fully clamped at the edges, subjected to blast loading, based on 97 

previous experimental results. For the sake of completeness, it is worth clarifying that the Nurick’s 98 

number reported above is not the only number that has been proposed in the literature, but it is 99 

herein given a major insight since it is the only number considered in the present work. For instance, 100 

from the aforementioned analytical theory of Jones, a dimensionless number can be extracted, 101 

which allows predicting the permanent deflection-thickness ratio for dynamically loaded structures 102 

[14]. Since the two-part work by Nurick and Martin [17] [18], many analytical, experimental, and 103 

numerical studies of the response of structures to dynamic loading have been published. These 104 

investigations have expanded the existing theories to more types of structures, e.g., different plate 105 

geometries, stiffened and welded structures, sandwich panels, composite materials and monolithic 106 

metal plates with different boundary conditions. The interested reader is referred to the works in 107 

[19, 20, 21, 22, 23, 24, 25, 26] to get a deeper insight into some of these topics. In addition, different 108 

loading conditions have been assessed, including the effects of localised impulsive loading and those 109 

determined by changing the standoff distance. A paper intended as a literature review of the works 110 

published since 1989 was published in 2016 [27] to update the two-part work presented by Nurick 111 

and Martin. An updated version of the empirical formula introduced in [18], aimed at predicting the 112 

deflection-thickness ratio of quadrangular clamped plates on the basis of the Nurick’s number 𝜙𝜙, 113 

was proposed there, showing a good correlation with experimental results. Note, however, that the 114 

vast majority of the experimental results came from lab-scale tests, which involved the generation 115 

of an impulsive loading on the target plate by detonating plastic material near the plate itself. In 116 

particular, in case the standoff distance influence was not of interest, the plastic explosive was 117 

directly attached to the plate. Instead, two alternative techniques were adopted for increasing the 118 

standoff distance, i.e., either a layer of different material was interposed between the explosive and 119 

the plate, or the charge was placed on top of a bridge. It is worth noting that the former method, 120 

i.e., attaching explosive material directly onto the plate surface, certainly produced an impulsive 121 

loading on the target, even though the physical phenomena involved were different, in nature, from 122 

the ones governing the blast wave-structure interaction phenomenon. In this context, very few 123 

experimental studies have been performed which involve the large-scale detonation of explosive 124 

material. The work in [28] presented the results of two test programmes involving quadrangular 125 

mild steel plates subjected to pressure load from exploding charges, considering both compacted 126 

and widespread, i.e., carpet-like, layouts. The empirical predictions obtained applying the 127 

methodology presented in [27] to the tests in the experimental campaign did not always provide 128 



accurate results compared to the experimental measurements. The lack of accuracy was most likely 129 

due to the imperfect terrain and the complex explosive loading arrangement. Moreover, the 130 

impulse imparted to the plate was not measured experimentally, but only estimated employing 131 

consolidated empirical equations. However, in so doing, only the incident impulse, not the effective 132 

one exerted on the target, was considered to determine the Nurick’s number value, which 133 

underestimated the load on the plates. In fact, as soon as a blast wave hits a structure, it is reflected 134 

in the impact event, giving rise to a reflected pressure wave, the combination of which with the 135 

incident wave determines the effective pressure exerted on the target. More recently, Xu et al. in 136 

the work in [29] investigated the behaviour of thin aluminium plates subjected to large-scale 137 

explosions. The dimensionless Nurick’s number expression was modified, according to previous 138 

results reported in the work by Langdon et al. [30], introducing the Specific Energy To Fracture (SETF) 139 

value. The experimental results seemed to agree with the empirical relationship proposed in [18] 140 

for the only plates characterised by Mode I-A deformation, i.e., large permanent deflection with 141 

necking around part of the boundary, without any tearing. However, as already discussed above 142 

regarding the procedure adopted in the work in [28], the Nurick’s number values were obtained 143 

considering the only incident impulse determined by the explosion as the impulse imparted to the 144 

plate. Few works have considered the effective impulse exerted on the impacted plate as the one 145 

driving the deflection of the impacted structure. Among them, the work in [31] compared numerical 146 

and analytical predictions to experimental observations of the permanent transverse displacement 147 

of square plates subjected to blast loading, showing good estimation capability both for hydrocode 148 

analyses in ANSYS® AUTODYN® and for the analytical theory proposed by Jones [15]. Finally, it is 149 

worth mentioning the works in [32, 33], which compared the results obtained using an Analytical-150 

Lagrangian approach, exploiting the CONWEP analytical model to characterise the blast load, to 151 

experimental results. The works showed that the considered methodology provides fast and reliable 152 

results in estimating both the reflected blast pressure and the structural response. Moreover, the 153 

work in [33] also satisfactorily simulated plates undergoing counter-intuitive behaviour (CIB), 154 

providing results in good agreement with experimental observations [34], highlighting that the blast 155 

pressure negative phase plays a fundamental role in such a phenomenon. Another large-scale test 156 

was presented by Børvik et al. in the works in [35] and [36], involving the explosion of the equivalent 157 

of 4000 kg TNT at 120 m standoff distance from an unprotected 20 ft ISO container. The 158 

experimental setup, the blast characteristics measured during the test and the front panel maximum 159 

permanent transverse deflection observed were also presented there. In a subsequent work in [5], 160 

different types of numerical simulations of the event reported in the works [35] and [36] were 161 



presented, which seemed not to provide satisfactory predictions compared to the deflection 162 

measured in the full-scale experimental test. That was mainly due to the particular charge layout 163 

used for producing the blast wave, which determined a scenario not easily characterisable 164 

employing the explosion of an equivalent mass of TNT material. However, introducing the correction 165 

accounting for the measured impulse exerted on the structure, the numerical deflection estimation 166 

shifted towards the measured value, thus providing satisfactory results. However, no comparison 167 

to the Nurick’s empirical equations ([18] [27]) was performed. 168 

In the context outlined above, this paper aims at establishing a detailed comparison of the main 169 

fully analytical and empirical methods available in the literature, exploiting consolidated 170 

experimental evidence and results from numerical simulations. A similar work by Mostofi et al. [37] 171 

already compared analytical and empirical methods available in the literature, but it was limited to 172 

experimental observations only and it did not consider large-scale explosions. The focus of this work 173 

is only on the estimation of the permanent transverse deflection of a quadrangular, initially flat 174 

plate subjected to blast loading. Both close-range and far-field explosions are accounted for in the 175 

following. Moreover, a modelling framework is presented, which serves as a fast and reliable 176 

predictive tool to estimate blast load effects on plates. The framework is composed of two modules: 177 

the first module characterises the blast wave propagation and its interaction with the target 178 

structure analytically, this information is then transferred to the second module, which predicts the 179 

permanent transverse deflection of a quadrangular, initially flat plate.  180 

This paper is organized as follows: Section 2 presents the main consolidated methods for the 181 

characterisation of the permanent transverse deflection of quadrangular, initially flat metal plates 182 

and introduces the modelling framework developed for the same purpose. Section 3 introduces the 183 

numerical simulations performed to build the database for the comparison of the selected methods, 184 

along with the database from experimental campaigns found in the literature. Section 4 reports a 185 

detailed comparison of the aforementioned selected predictive tools, including the software 186 

developed by the authors. Finally, Section 5 gives the conclusions and presents possible future work. 187 

2 Main predictive methods 188 

This Section aims at presenting the main fully analytical and empirical methods for estimating the 189 

permanent transverse deflection of plates in explosive scenarios. Two methods are selected from 190 

the ones present in the literature, namely the method proposed by Jones [15] and the dimensionless 191 

analysis from Nurick and Martin [17] [18] [27]. In particular, the comparison is focused on 192 



quadrangular metal plates subjected to close-range and far-field explosions. Moreover, the 193 

modelling framework developed within this work is introduced in this Section. 194 

2.1 Jones’s theory 195 

Jones proposed in the work in [15] an exhaustive, fully analytical theory for characterising the 196 

permanent transverse deflection of arbitrarily shaped plates subjected to several types of loading, 197 

i.e., low-velocity impact by a solid mass, dynamic pressure pulse and impulsive velocity loading. The 198 

plate material was idealised as a rigid, perfectly plastic material and finite deformation effects, such 199 

as membrane forces and geometry changes, were retained in the analysis. Moreover, the influence 200 

of the material strain rate was taken into account employing the Cowper-Symonds constitutive 201 

equation [12], which provides an estimate of the dynamic flow stress as a function of some material-202 

dependent parameters. 203 

Considering an initially flat rectangular plate of length 2𝐿𝐿 and width 2𝐵𝐵, fully clamped at the edges 204 

and subjected to a uniformly distributed impulsive velocity 𝑉𝑉0, the equation giving the deflection-205 

thickness ratio is [31]: 206 

𝑊𝑊𝑓𝑓

𝐻𝐻
=

(3 − 𝜉𝜉0) ��1 + Γ
𝑛𝑛 − 1�

2{1 + (𝜉𝜉0 − 1)(𝜉𝜉0 − 2)}
(1)

 207 

where 𝑊𝑊𝑓𝑓 is the permanent transverse central deflection, 𝐻𝐻 is the plate thickness, while the 208 

remaining variables are analysed in the following. Defining the plate width to length ratio as 𝛽𝛽 =209 

𝐿𝐿 𝐵𝐵⁄ , it holds: 210 

𝜉𝜉0 = 𝛽𝛽 ��3 + 𝛽𝛽2 − 𝛽𝛽� (2) 211 

Γ = 2𝜌𝜌𝑉𝑉02𝐿𝐿2𝛽𝛽2

3𝑛𝑛𝜎𝜎0𝐻𝐻2 (3 − 2𝜉𝜉0) �1 − 𝜉𝜉0 + 1
2−𝜉𝜉0

� (3)212 

where 𝜌𝜌 and 𝜎𝜎0 are the plate material density and static yield stress, respectively. The strain rate 213 

effects are considered through the coefficient 𝑛𝑛: 214 

n = 1 + �
𝑉𝑉0𝐻𝐻 (3 − 𝜉𝜉0)√Γ

6√2DB2[1 + (𝜉𝜉0 − 1)(𝜉𝜉0 − 2)]

𝑞𝑞
(4) 215 

Equation (4) introduces the Cowper-Simonds coefficients 𝑞𝑞 and 𝐷𝐷. It is herein assumed that these 216 

coefficients are common to all the steel materials considered in this work, i.e., 𝑞𝑞 = 5 and 𝐷𝐷 =217 

40.4 𝑠𝑠−1 from the values used in the work in [15] for mild steel, while they are neglected, i.e., the 218 

strain rate effect is not considered, in case of scenarios involving aluminium. 219 



2.2 Nurick and Martin’s dimensionless number 220 

Unlike Jones, who carried out the relationships presented above through analytical considerations 221 

only, Nurick and Martin developed a fully empirical, experiment-based dimensionless analysis to 222 

deal with plates under blast loading [17]. This analysis provided a dimensionless number capable of 223 

estimating the deflection-thickness ratio of quadrangular or circular, initially flat metal plates, which 224 

was supposed to be valid for any metal material. Focusing on the uniform dynamic loading case, 225 

considering quadrangular plates fully clamped at the edges, the dimensionless number 𝜙𝜙 reads: 226 

𝜙𝜙 =
𝐼𝐼𝐿𝐿𝐿𝐿

2𝐻𝐻2�𝐿𝐿𝐿𝐿𝐿𝐿𝜎𝜎0
(5) 227 

where 𝐼𝐼 identifies the effective specific impulse imparted to the plate. Moreover, an empirical 228 

equation relating the dimensionless number value to the expected deflection-thickness ratio was 229 

also proposed by the authors of the method, based on model fitting to experimental results [27]: 230 

𝛿𝛿
𝑡𝑡

= 0.506𝜙𝜙 − 0.158 (6) 231 

This equation allows predicting the permanent transverse mid-point deflection of blast loaded 232 

quadrangular plates with a probability of 72% within one plate thickness and of 92% within two 233 

plate thicknesses [27]. Note that the Nurick and Martin’s theory implicitly considers strain rate 234 

effects since equation (6) directly comes from experimental observations. However, since the 235 

experimental campaigns were mainly conducted on mild steel plates, an extension to other metal 236 

materials is not straightforward. 237 

2.3 Modelling framework 238 

The methods presented above are quite consolidated. However, to the authors’ best knowledge, no 239 

practical implementation of such approaches has been pursued yet, even though that would allow 240 

providing a reliable preliminary predictive tool to instantaneously estimate the permanent 241 

transverse central deflection of arbitrarily shaped, initially flat metal plates. A possible reason why 242 

such tools have not been developed yet may be that they would require the characterisation of the 243 

impulse imparted by the blast wave to the impacted plate. This information may be provided 244 

exploiting hydrocode analyses or analytical characterisation tools, such as the CONWEP approach 245 

[38]. The former would lead to time- and resource-consuming analyses, hence it would not be 246 

suitable for integration into a framework aimed at providing fast and reliable preliminary 247 

predictions. On the other hand, blast wave analytical characterisation tools may be more suitable 248 

for that purpose. However, they are typically implemented in finite element commercial solutions, 249 



resulting in quicker analyses than hydrocode ones, exploiting the aforementioned Analytical-250 

Lagrangian method, while still requiring greater computational resources than a fully analytical 251 

method. 252 

In this context, a two-module modelling framework with both blast wave properties and permanent 253 

transverse central deflection of arbitrarily shaped, initially flat metal plates prediction capabilities is 254 

proposed. The blast wave characterisation module requires as input values (i) the charge location in 255 

space, (ii) the explosion type, i.e., hemispherical or free-field, (iii) the material the ground is 256 

composed of, if any, and (iv) the target structure material and exposed area properties. The module 257 

characterises the blast wave time history and propagation in space exploiting the modified 258 

Friedlander equation [39], the parameters of which are estimated employing consolidated empirical 259 

models present in the literature [40, 41, 42], while the blast wave-structure interaction phenomena 260 

are accounted for exploiting the theory included in the UFC 3-340-02 [41]. This successfully sets up 261 

a methodology that allows solving some typical issues of the CONWEP method, such as the wrong 262 

reflected pressure prediction in case of oblique impacts or the unsatisfactory blast wave-structure 263 

interaction characterisation. More information about the equations implemented in the blast wave 264 

characterisation module and the module validation analysis can be retrieved in the work in [43]. The 265 

blast wave characteristics and its interaction with the impacted plate are directly transferred to the 266 

deflection prediction module, which implements both the Jones’ theory and the Nurick and Martin’s 267 

dimensionless approach to predict the permanent transverse central deflection of the target plate. 268 

For the sake of clarity, it is recalled that in this work only quadrangular plates are considered. The 269 

software structure is shown in Figure 1. 270 

 271 

Figure 1. Modelling framework structure. 272 

BLAST WAVE CHARACTERISATION MODULE

DEFLECTION MODULE

Outputs
Blast wave proper�es

Blast wave-structureinterac�on

Outputs
Deflec�onpredic�onby Jones’stheory

Deflec�onpredic�onby Nurick and Mar�n’s theory



3 Database 273 

A database including both experimental and numerical results is built to compare the selected 274 

approaches, i.e., the Jones’ theory and the Nurick and Martin’s dimensionless analysis. While 275 

experimental results are taken from the quite ample literature available on the topic, numerical 276 

results are gained employing Analytical-Lagrangian analyses and fully coupled Eulerian-Lagrangian 277 

simulations, i.e., hydrocode simulations. In this Section, the procedure employed for performing 278 

such numerical analyses is presented and the whole database introduced. Numerical simulations 279 

are performed in LS-DYNA® and in ANSYS® AUTODYN®. These software packages implement several 280 

methods to analyse structures subjected to blast loading. In this work, the former software is 281 

exploited to perform Analytical-Lagrangian analyses, while the latter is involved in the Eulerian-282 

Lagrangian simulations. 283 

3.1 Analytical-Lagrangian numerical analysis setup 284 

The analytical characterisation of the blast wave propagation and interaction with the target 285 

structure implemented in LS-DYNA® employs the CONWEP approach [7], a consolidated method 286 

which is based on the Kingery and Bulmash equations, which were obtained via model fitting to a 287 

large number of experimental results [44]. The main variable involved in the equations is the scaled 288 

distance 𝑍𝑍, coming from the scaling law independently formulated by Hopkinson [45] and Cranz 289 

[46], which is defined as: 290 

𝑍𝑍 =
𝑅𝑅

�𝑊𝑊𝑇𝑇𝑇𝑇𝑇𝑇
3

(7) 291 

where 𝑅𝑅 is the distance of the point of interest from the detonation location and 𝑊𝑊𝑇𝑇𝑇𝑇𝑇𝑇 the TNT 292 

equivalent weight of the explosive involved in the detonation. The reader is referred to chapter 3 of 293 

the work in [47] for further information on the TNT equivalent weight topic. It is noteworthy that 294 

CONWEP equations hardly deal with oblique impacts and only provide an approximated value of 295 

the pressure-time history exerted on the target structure, without accounting for the finite 296 

dimensions of the latter [43]. For this reason, only normal impacts are herein assessed employing 297 

this approach, considering the slightly inaccurate blast wave-structure interaction characterisation 298 

a minor issue. Moreover, only free-field and hemispherical explosions, i.e., in air and on-the-ground 299 

explosions, respectively, are simulated, neglecting the blast wave negative phase effects, since they 300 

are not of great importance for the target structure damaging process in the scenarios considered 301 

in this work [41] [40]. 302 



The effective pressure-time history exerted on the impacted plate, as determined via the CONWEP 303 

method, is applied to the plate finite element model. The plates considered in the analyses are all 304 

fully clamped at the edges, the boundary conditions are applied in a simplified way, exploiting a 305 

single point constraint at each node belonging to the plate exposed area edges. The material 306 

constitutive law selected to model steel and aluminium is the modified Johnson-Cook constitutive 307 

law (MJC) shown in equation (8), which allows considering the effects of high strain rate, large plastic 308 

deformation and high temperature typical of the scenarios considered herein [48, 49]. In this 309 

equation, the material constant 𝐴𝐴 represents the elastic limit, 𝐵𝐵 and 𝑛𝑛 describe the plastic behaviour 310 

and hardening, 𝑐𝑐 the strain rate influence, 𝑚𝑚 the temperature influence, while 𝑄𝑄𝑖𝑖 and 𝐶𝐶𝑖𝑖 represent 311 

the Voce hardening parameters. Moreover, 𝜀𝜀𝑒𝑒𝑒𝑒 is the equivalent plastic strain and 𝑇𝑇∗ the 312 

dimensionless temperature. 313 

𝜎𝜎𝑒𝑒𝑒𝑒 = �𝐴𝐴 + 𝐵𝐵𝜀𝜀𝑒𝑒𝑒𝑒𝑛𝑛 + �𝑄𝑄𝑖𝑖

2

𝑖𝑖=1

(1 − 𝑒𝑒−𝐶𝐶𝑖𝑖𝜀𝜀𝑒𝑒𝑒𝑒)� �1 + 𝜀𝜀𝑒̇𝑒𝑒𝑒∗ �
𝑐𝑐(1 − 𝑇𝑇∗𝑚𝑚) (8) 314 

The constitutive law parameters and the physical constants for the materials considered in the 315 

analyses are reported in Table 1 and in Table 2, respectively, where 𝜎𝜎0.2 represents the yield stress, 316 

𝜀𝜀0̇ the reference quasi-static strain rate, 𝑇𝑇𝑟𝑟 the reference temperature and 𝑇𝑇𝑚𝑚 the melting 317 

temperature. Note that for Mild Steel the strain rate influence is accounted for employing the 318 

classical Johnson-Cook relationship, i.e., �1 + 𝑐𝑐 𝑙𝑙𝑙𝑙𝜀𝜀𝑒̇𝑒𝑒𝑒∗ � instead of the term �1 + 𝜀𝜀𝑒̇𝑒𝑒𝑒∗ �
𝑐𝑐
 in equation 319 

(8) [50]. 320 

Material 𝜎𝜎0.2 [𝑀𝑀𝑀𝑀𝑀𝑀] 𝐴𝐴 [𝑀𝑀𝑀𝑀𝑀𝑀] 𝐵𝐵 [𝑀𝑀𝑀𝑀𝑀𝑀] 𝑛𝑛 𝑄𝑄1 [𝑀𝑀𝑀𝑀𝑀𝑀] 𝐶𝐶1 𝑄𝑄2 [𝑀𝑀𝑀𝑀𝑀𝑀] 𝐶𝐶2 𝑐𝑐 𝜀𝜀0̇[𝑠𝑠−1] 𝑇𝑇𝑟𝑟 [𝐾𝐾] 𝑇𝑇𝑚𝑚 [𝐾𝐾] 𝑚𝑚 Ref 

Mild Steel 304.3 304.3 422.0 0.345 0.0 0.0 0.0 0.0 0.0156 1 × 10−4 293 1800 0.87 [51] 
Weldox 500E 605.0 605.0 409.0 0.5 0.0 0.0 0.0 0.0 0.0166 5 × 10−4 293 1800 1.00 [48] 
Weldox 700E 819.0 819.0 308.0 0.64 0.0 0.0 0.0 0.0 0.0098 5 × 10−4 293 1800 1.00 [48] 
Hardox 400 1148.0 1350.0 362.0 1.0 0.0 0.0 0.0 0.0 0.0108 5 × 10−4 293 1800 1.00 [48] 
Docol 600DL 370.0 370.0 0.0 0.0 236.4 39.3 408.1 4.5 0.001 5 × 10−4 293 1800 1.00 [33] 
1050A H14 80.0 80.0 0.0 0.0 49.3 1457.1 5.2 121.5 0.014 5 × 10−4 293 893 1.00 [33] 
1050A H24 65.0 65.0 14.0 0.36 25.0 3324.0 19.0 533.0 0.014 5 × 10−4 293 918 1.00 [52] 

Table 1. MJC constitutive law parameters for the materials. 321 

 322 

Material 𝐸𝐸[𝐺𝐺𝐺𝐺𝐺𝐺] 𝜈𝜈 𝜌𝜌 [𝑘𝑘𝑘𝑘/𝑚𝑚3] 𝛼𝛼 [1/𝐾𝐾] 𝐶𝐶𝑃𝑃[𝐽𝐽/𝑘𝑘𝑘𝑘𝑘𝑘] 𝜒𝜒 Ref 
Mild Steel 203 0.33 7850 1.2 × 10−5 452 0.9 [51] 

Weldox 500E 210 0.33 7850 1.2 × 10−5 452 0.9 [48] 
Weldox 700E 210 0.33 7850 1.2 × 10−5 452 0.9 [48] 
Hardox 400 210 0.33 7850 1.2 × 10−5 452 0.9 [48] 
Docol 600DL 210 0.33 7850 1.2 × 10−5 452 0.9 [33, 34] 
1050A H14 70 0.3 2700 2.3 × 10−5 910 0.9 [33, 34] 
1050A H24 69 0.33 2710 2.3 × 10−5 899 0.9 [32, 52] 

Table 2. Physical constants for the materials. 323 

The plate model is composed of hexahedral solid elements with formulation elform-1, which is an 324 

efficient fully integrated formulation limiting the shear-locking effect intended for elements with a 325 



poor aspect ratio, thus being suitable for the analysis of thin panels subjected to dynamic loading. 326 

Convergence analyses show that the appropriate element dimensions in the plate plane are at least 327 

5.56 mm x 5.56 mm, while a maximum of 1.5 mm is required in the plate thickness. Table 3 reports 328 

the results of some of the analyses conducted for the convergence evaluation, which involve the 329 

detonation of a 1135.2 kg spherical TNT charge at 13.35 m from a 3mm thick Weldox 500E plate 330 

with an exposed area of 500mm x 500mm. This particular combination of stand-off distance and 331 

explosive mass is part of the database considered in this work, which is reported below in Table 10. 332 

All the element dimensions considered in Table 3 guarantee convergence since they provide results 333 

with a negligible error with respect to the immediately larger mesh size tested. 334 

Element type Mesh size [mm] Permanent deflection [mm] Error with respect to the previous size 
Solid elform-1 6.25 x 6.25 x 1 34.8 ~ 
Solid elform-1 6.25 x 6.25 x 0.75 34.8 0% 
Solid elform-1 5.56 x 5.56 x 3 34.7 -0.3% 
Solid elform-1 5.56 x 5.56 x 1.5 34.9 0.6% 
Solid elform-1 5 x 5 x 1.5 34.8 -0.3% 

Table 3. Analytical-Lagrangian convergence analysis results. 335 

Global viscous damping is added to the analyses to stop elastic oscillations that may alter the 336 

detection of the maximum permanent deflection of the central point of the target panel [53]. To 337 

this purpose, the card *DAMPING_GLOBAL is activated, which defines mass-weighted nodal 338 

damping that applies globally to the nodes of deformable bodies and to the mass centre of rigid 339 

bodies according to: 340 

𝐹⃗𝐹𝑑𝑑,𝑖𝑖 = −𝑚𝑚𝑖𝑖𝑣⃗𝑣𝑖𝑖𝐷𝐷𝑠𝑠 (9) 341 

where 𝐹⃗𝐹𝑑𝑑,𝑖𝑖 is the force applied to the i-th node, 𝑚𝑚𝑖𝑖 the mass attributed to it, 𝑣⃗𝑣𝑖𝑖 its velocity and 𝐷𝐷𝑠𝑠 342 

the damping coefficient. A value of 10% of the critical damping 2𝜔𝜔𝑚𝑚𝑚𝑚𝑚𝑚 is typical for 𝐷𝐷𝑠𝑠 [54], which is 343 

defined as: 344 

𝐷𝐷𝑠𝑠 =
2𝜔𝜔𝑚𝑚𝑚𝑚𝑚𝑚

10
=

2 ∙ 2𝜋𝜋𝑓𝑓𝑚𝑚𝑚𝑚𝑚𝑚
10

= 0.4 ∙ 𝜋𝜋𝑓𝑓𝑚𝑚𝑚𝑚𝑚𝑚 (10) 345 

where 𝑓𝑓𝑚𝑚𝑚𝑚𝑚𝑚 is the frequency of the lowest frequency fundamental mode of the structure, which in 346 

this work is determined performing the eigenvalue analysis of the structure itself using the LS-347 

DYNA® implicit solver. The damping forces are activated once the blast load acting on the panel 348 

becomes null, which is needed not to alter the deformation process of the structure when the 349 

pressure exerted on the target has not vanished yet. Finally, in order to recover the central 350 

transverse permanent deflection of the plate, the displacement-time signal of the central front node 351 

of the finite element model is post-processed. The maximum frequency excited by the blast wave 352 



impacting the target (𝑓𝑓𝑐𝑐) is identified as that value of frequency at which the unilateral spectrum 353 

modulus of the effective pressure exerted on the target is reduced to 10% of the maximum 354 

registered pressure: 355 

𝑓𝑓𝑐𝑐 = 𝑓𝑓 | 𝐹𝐹𝐹𝐹𝐹𝐹������𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑓𝑓) = 0.1 ∙ max�𝐹𝐹𝐹𝐹𝐹𝐹������𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝� (11) 356 

where 𝐹𝐹𝐹𝐹𝐹𝐹������𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑓𝑓) identifies the unilateral spectrum modulus of the effective pressure-time 357 

history. The value 𝑓𝑓𝑐𝑐  is set as the cut-off frequency of a Butterworth low-pass filter, which is applied 358 

to cancel out the numerical noise affecting the considered displacement-time curve. The final step 359 

consists of taking the mean value of the panel central point deflection data when the plasticisation 360 

transient is finished, which is needed since damping may not be able to completely eliminate the 361 

lasting elastic oscillations of the panel. This process may be avoided by incrementing the time 362 

duration of the damping forces exerted on the nodes of the structure, but that would significantly 363 

slow down the analysis. The whole post-processing procedure is schematised in Figure 2. 364 

 365 

Figure 2. Plate central node displacement signal post-processing procedure. 366 

3.2 Fully coupled Eulerian-Lagrangian numerical analysis setup 367 

Fully coupled Eulerian-Lagrangian analyses, or hydrocode analyses, are performed within the finite 368 

element ANSYS® AUTODYN® environment. The analyses consist of the simulation of the formation 369 

and propagation of the compression wave inside the high explosive material, which determines a 370 

shock wave that propagates in air, evolves in time and space and eventually hits a surrounding 371 

structure. Lagrangian grids are exploited to model the target structure, while air and TNT are 372 

described through Eulerian grids. The former provide the geometry constraint for the material flow 373 

in the Eulerian grids, which in turn provide a pressure and/or heat boundary to the Lagrangian 374 

domain. AUTODYN® allows using different solvers for the different domains in the simulation. In this 375 

work, the Lagrange solver deals with the plate deformation, while the air domain is set up using the 376 



Euler-Godunov solver, the explosive material is set in the air domain. Moreover, the domains in the 377 

analysis are coupled together in space and time. Within the Euler solver, AUTODYN® adopts a 378 

scheme in which all the variables, e.g., pressure and energy, are cell centred, which facilitates 379 

coupling procedures [55]. The software package includes three types of Euler/Lagrange coupling, 380 

i.e., Rigid, Weak coupling and Fully coupled. The latter is selected in the hydrocode analyses 381 

presented in this work. 382 

In order to lower the time and resources consumption, thanks to the spherical charge layout 383 

considered in this work, symmetry is exploited for characterising the blast wave. In fact, the 384 

phenomena taking place within the sphere are independent of the circular section considered. 385 

Moreover, within each circular section the wave characteristics are independent of the angular 386 

sector considered. Thus, the analysis is initially performed considering a 2D angular sector, which is 387 

further remapped in the 3D space before the blast wave strikes the target structure. 388 

The explosive material behaviour is modelled employing the JWL EOS [6], which is shown in equation 389 

(12), while the material in which the developed blast wave propagates, i.e., air in this work, is 390 

assigned the ideal gas EOS [56] (equation (13)). In the two EOSs, 𝑃𝑃 represents the pressure, 𝑉𝑉 the 391 

inverse of density 𝜌𝜌 and 𝑒𝑒 the material internal energy. More specifically, in the JWL equation 𝜔𝜔 392 

stands for the Grüneisen coefficient, 𝐴𝐴 and 𝐵𝐵 are parameters with pressure units, 𝑅𝑅1 and 𝑅𝑅2 are 393 

dimensionless parameters. In the ideal gas EOS, 𝛾𝛾 represents the adiabatic constant and 𝑝𝑝𝑠𝑠ℎ𝑖𝑖𝑖𝑖𝑖𝑖 the 394 

small initial pressure value defined to give a zero-starting pressure. The default parameters included 395 

in the AUTODYN® database, which are shown in Table 4 and Table 5, are selected for the two 396 

equations of state. Detonation is initiated by positioning the detonation point at the centre of the 397 

sphere describing the explosive material. 398 

𝑃𝑃(𝑉𝑉, 𝑒𝑒) = 𝐴𝐴 �1 −
𝜔𝜔 ∙ 𝑉𝑉0
𝑉𝑉 ∙ 𝑅𝑅1

� ∙ 𝑒𝑒−
𝑉𝑉∙𝑅𝑅1
𝑉𝑉0 + 𝐵𝐵 �1 −

𝜔𝜔 ∙ 𝑉𝑉0
𝑉𝑉 ∙ 𝑅𝑅2

� ∙ 𝑒𝑒−
𝑉𝑉∙𝑅𝑅2
𝑉𝑉0 +

𝜔𝜔
𝑉𝑉

(𝑒𝑒 + ∆𝑒𝑒) (12) 399 

 400 

𝑃𝑃 = (𝛾𝛾 − 1) ∙ 𝜌𝜌 ∙ 𝑒𝑒 − 𝑝𝑝𝑠𝑠ℎ𝑖𝑖𝑖𝑖𝑖𝑖 (13) 401 

 402 

Material 𝐴𝐴 [𝑀𝑀𝑀𝑀𝑀𝑀] 𝐵𝐵 [𝑀𝑀𝑀𝑀𝑀𝑀] 𝑅𝑅1 𝑅𝑅2 𝜔𝜔 𝜌𝜌0[𝑘𝑘𝑘𝑘/𝑚𝑚3] 
TNT 3.7377 ∙ 105 3.7471 ∙ 105 4.15 0.9 0.35 1630 

Table 4. JWL equation of state parameters [57]. 403 

 404 

Material 𝜌𝜌0 [k𝑔𝑔/𝑚𝑚3] 𝛾𝛾 Ref. Temperature [K] 



Air 1.225 1.4 288.2 
Table 5. Ideal gas equation of state parameters [57]. 405 

 406 

The distal boundary of the angular sector filled with TNT and air is assigned the Flow-out boundary 407 

condition, which lets the blast wave go through without any undesired reflection. The angular sector 408 

is meshed with Eulerian cells of regular geometry, the dimension of which is determined through 409 

the convergence analysis described below, which involves the detonation of 1 kg of TNT. The peak 410 

overpressure value is obtained by positioning a virtual pressure gauge at 0.5 m distance from the 411 

detonation point, hence Z = 0.5 m k⁄ g1 3⁄ . 412 

Cell size [mm] Peak overpressure [MPa] Error with respect to the previous size 
5 2.992 ~ 

2.5 3.329 11% 
1 3.134 -6% 

0.25 2.922 -7% 
Table 6. Hydrocode convergence analysis results. 413 

Convergence is assessed by evaluating the error in the peak overpressure value: the cell dimension 414 

which guarantees convergence is considered to be the one that provides the results with an 415 

absolute value error with respect to the immediately larger mesh size tested lower than 10%. The 416 

cell size of 1𝑚𝑚𝑚𝑚 is selected, which implies a computational time of about one hour per convergence 417 

analysis. 418 

The size of the Lagrangian elements exploited for characterising the target structure behaviour meet 419 

the convergence requirement described in Subsection 3.1. Moreover, the adopted dimensions are 420 

also compatible with the requirement that Lagrangian cell size should be at least two times that of 421 

the adjacent Eulerian cells, considering the coupling scheme exploited in the analysis [58]. The 422 

material constitutive law selected in the simulations is the Johnson-Cook constitutive law, 423 

integrated with the Mie–Grüneisen equation of state (shock EOS) [59] to determine the volumetric 424 

response of the material itself. The default parameters for mild steel in the database of ANSYS® 425 

AUTODYN® (Table 7, Table 8) are selected in the analyses. Fully clamped boundary conditions are 426 

set up imposing zero velocity at the plate exposed area edges. 427 

Material 𝐺𝐺 [𝑀𝑀𝑀𝑀𝑀𝑀] 𝐴𝐴 [𝑀𝑀𝑀𝑀𝑀𝑀] 𝐵𝐵 [𝑀𝑀𝑀𝑀𝑀𝑀] 𝐶𝐶 𝑛𝑛 𝑇𝑇𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 [𝐾𝐾] 𝑚𝑚 
Mild steel 8.18 ⋅ 104 350 275 0.022 0.36 1811 1 

Table 7. Mild steel JC constitutive law parameters [57]. 428 

Material Γ 𝐶𝐶1 [𝑚𝑚/𝑠𝑠] 𝑆𝑆1 𝐶𝐶2 [𝑠𝑠/𝑚𝑚] 
Mild steel 2.17 4569 1.49 0 

Table 8. Mild steel Shock EOS parameters [57]. 429 



3.3 Database 430 

In order to compare the selected predictive methods, a database of scenarios available in the 431 

literature is set up. Some of these scenarios are simulated numerically, exploiting Analytical-432 

Lagrangian analyses, while all of them are characterised employing the analytical theories 433 

considered in this work. Moreover, whenever the experimental mid-point permanent deflection is 434 

available, it is compared to the simulation results. Large scale explosions are inspired by the 435 

experimental campaign described in the work in [28], where quadrangular mild steel plates are 436 

subjected to pressure loads determined by exploding charges both in compacted and in carpet-like 437 

form, producing hemispherical detonations. Moreover, these scenarios are numerically extended 438 

by simulating free-field detonations of the same explosive charges, considering quadrangular plates 439 

made of mild steel and ballistic steels, such as Weldox 500E, Weldox 700E and Hardox 400 as test 440 

structures. Mild steel is also used in the works in [5] and in [31], while low carbon steel, i.e., Docol 441 

600DL, is considered in the works in [33, 34]. All of these scenarios are included in the database. 442 

Moreover, some tests on aluminium plates are also evaluated in this work, i.e., the analyses 443 

presented in the works in [32, 33, 34]. The whole database considered in this work is reported in 444 

Table 9, where the letters E, A and N stand for Experimental, Analytical and Numerical (Analytical-445 

Lagrangian), respectively. The analytical and numerical analyses are performed by the authors, 446 

while the experimental results are taken directly from the referenced works. 447 

 448 

Analysis code Materials Explosion type Analyses Reference 
Vastrap - Hemispherical 

(V-H) Mild steel Hemispherical E, A [28] 

Touwsrivier - Hemispherical 
(T-H) Mild steel Hemispherical E, A [28] 

Vastrap - Free-field 
(V-F) 

Mild steel, Weldox 500E, 
Weldox 700E, Hardox 400 Free-Field A, N [28] 

Touwsrivier – Free-field 
(T-F) 

Mild steel, Weldox 500E, 
Weldox 700E, Hardox 400 Free-Field A, N [28] 

Børvik – Hemispherical 
(B-H) Mild steel Hemispherical E, A [5] 

Safari – Free-field 
(Sa-F) Mild steel Free-Field E, A, N [31] 

Spranghers – Free-field 
(Sp-F) 1050A H24 Free-Field E, A, N [32] 

Aune – Free-field 
(A-F-S) Docol 600DL Free-Field E, A, N [33, 34] 

Aune – Free-field 
(A-F-A) 1050A H14 Free-Field E, A, N [33, 34] 

Table 9. Database considered in this work. E: Experimental, A: Analytical, N: Numerical. 449 



The scenarios evaluated in each analysis code reported above are presented in the next table. The 450 

Plate dimensions column presents the plate exposed area and thickness in the form Height x Width 451 

x Thickness, the Amount of explosive column reports the TNT equivalent weight of the actual 452 

explosive considered. Note that, in case of hemispherical explosions (H), the scaled distance value 453 

is computed considering a TNT amount obtained multiplying the one reported in the table by a 454 

factor of 1.8, which aims at considering the effect of the blast wave strengthening due to the ground 455 

reflection. In the last column the radial expansion of the shock front at the plate location (𝑟̅𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝) is 456 

reported, which is determined as the ratio between the Distance of explosion value and the charge 457 

radius value, the latter computed as the radius of a sphere of mass Amount of explosive and density 458 

given in Table 4. This parameter allows identifying close-range explosions, which are characterised 459 

by 1 < 𝑟̅𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 ≤ 10 [60]. 460 

Scenario code  Plate dimensions 
[mm] 

 Amount of explosive 
[kg] 

Distance of explosion 
[m] 

Scaled distance 
[𝑚𝑚/𝑘𝑘𝑔𝑔1/3] 

𝑟̅𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 

V-F1 / V-H1 500x500x3 1119.8 18.0 1.73 / 1.43 32.9 
V-F2 / V-H2 500x500x3 1119.8 22.5 2.17 / 1.78 41.1 
V-F3 / V-H3 500x500x3 1119.8 19.5 1.88 / 1.54 35.6 
V-F4 / V-H4 500x500x3 1135.2 13.35 1.28 / 1.05 24.3 
V-F5 / V-H5 500x500x3 1135.2 12.25 1.17 / 0.97 22.3 
V-F6 / V-H6 500x500x6 1119.8 18.5 1.78 / 1.46 33.8 
T-F1 / T-H1 500x500x6 120.0 10.8 2.19 / 1.80 41.5 
T-F2 / T-H2 500x500x6 190.0 9.3 1.62 / 1.33 30.7 
T-F3 / T-H3 500x500x6 190.0 12.05 2.10 / 1.72 39.8 
T-F4 / T-H4 500x500x6 190.0 14.35 2.50 / 2.20 47.4 

B-H1 2500x6000x2 4000.0 120.0 6.21 143.4 
Sa-F1 180x180x1 0.039 0.2 0.59 11.2 
Sa-F2 180x180x1 0.181 0.25 0.442 8.4 
Sa-F3 180x180x1 0.156 0.2 0.371 7.0 
Sa-F4 180x180x1 0.195 0.2 0.345 6.5 
Sa-F5 180x180x1 0.300 0.25 0.373 7.1 
Sa-F6 180x180x1 0.277 0.2 0.307 5.8 
Sa-F7 180x180x1 0.312 0.2 0.295 5.6 
Sp-F1 300x300x3 0.054 0.25 0.663 12.5 
A-F-S1 300x300X0.8 0.0402 0.125 0.36 6.9 
A-F-S2 300x300X0.8 0.0402 0.250 0.73 13.8 
A-F-A1 300x300X0.8 0.0402 0.375 1.09 20.8 
A-F-A2 300x300X0.8 0.0402 0.500 1.46 27.7 

Table 10. Scenarios considered in the analyses database. 461 

The analytical methods considered in this work to predict the permanent deflection-thickness ratio 462 

of flat quadrangular plates were developed to deal with impulsive loading [15, 17, 18, 27]. The 463 

impulsive nature of the blast loads considered herein is verified, but not reported for the sake of 464 

brevity. It turns out that most of the scenarios presented in Table 10 are safely representable as 465 

impulsive loading, while V-F6, T-H4 and the analyses coded T-F deserve a deeper investigation, in 466 

particular when dealing with the material Hardox 400. However, since all these analyses are similar 467 

to each other and in the work in [27] T-H4 was considered impulsive, given that every other 468 



approximated load history which may be dealt with using analytical theories, e.g., rectangular pulse, 469 

appear not to apply to these load cases, these critical analyses are included in the database. 470 

4 Comparison of the selected methods 471 

4.1 Numerical procedure validation 472 

The results from the analyses conducted in this work are discussed in this Section, after the 473 

validation of the numerical results. The validation procedure is performed for the Analytical-474 

Lagrangian numerical simulations exploiting the scenario coded as Sp-F1 in the database reported 475 

in Table 10, while the scenario Sa-F1 is involved in the Hydrocode simulations validation. The 476 

experimental and the numerical results from the Analytical-Lagrangian and Hydrocode simulations 477 

performed in this work are reported in Table 11. 478 

Analysis 
Mid-point permanent deflection – thickness ratio 

Sa-F1 Sp-F1 

Experimental 11.7 7.3 

Lagrangian ~ 7.1 
Hydrocode 12.4 ~ 
|% error| 5.9% 2.7% 

Table 11. Numerical analyses validation. 479 

Since the percentage errors, which are computed taking the experimental value as the reference 480 

value, are negligible, the numerical results are considered validated. Note that in the Sp-F1 scenario 481 

the same experiment is conducted more than once in the work in [32] leading to the experimental 482 

mid-point permanent deflection-thickness ratio mean value reported in Table 11. 483 

4.2 Results 484 

The results of the analytical and numerical analyses performed are presented herein. Each mid-485 

point permanent deflection-thickness ratio (𝛿𝛿 𝑡𝑡⁄ ) predicted in the analyses is classified according to 486 

the related dimensionless number 𝜙𝜙. This number is computed considering the analytical specific 487 

impulse determined by the framework described in Section 2.3 for the analytical and experimental 488 

results, while the number related to each Analytical-Lagrangian analysis directly comes from the 489 

numerical specific impulse measured at the centre of the plate. 490 

The results from all the experimental, analytical and Analytical-Lagrangian evaluations are reported 491 

in Figure 3. The analytical methods applied are the Jones’ theory and the Nurick and Martin’s 492 

method, respectively described in Subsections 2.1 and 2.2. Note, however, that two predictions per 493 

scenario are presented based on the Jones’ theory acting as lower (LB) and upper bounds (UB) for 494 



an admissible range of deflection-thickness ratio. They are derived from the theory presented in 495 

Subsection 2.1, exploiting two maximum normal stress yield conditions, i.e., adopting the 496 

circumscribing and inscribing square yield conditions, respectively [15]. 497 

 498 

Figure 3. Results from all the experimental, analytical and Analytical-Lagrangian analyses. 499 

As it is visible in this initial comparison, no overall agreement in the prediction of the value 𝛿𝛿 𝑡𝑡⁄  is 500 

obtained. However, considering the smallest dimensionless numbers computed, i.e., from 0 to 12, 501 

as shown in the zoom box in Figure 3, the analytical methods provide satisfactory results compared 502 

to the experimental observations, while the Analytical-Lagrangian simulations underestimate the 503 

predictions. At greater dimensionless number values, i.e., from 𝜙𝜙 = 12 to 𝜙𝜙 = 30, the analytical 504 

and numerical predictions seem to underestimate the 𝛿𝛿 𝑡𝑡⁄  ratio values with respect to the 505 

experimental observations, except for the scenario Sp-F1 at 𝜙𝜙 ≅ 15, for which the Jones’ theory 506 

overestimates the experimental prediction. This might be related to the fact that this scenario 507 

involves an aluminium plate, for which the Cowper-Simonds coefficients are not considered, as 508 

already stated in Section 2.1. Instead, the ratio values are generally overestimated in the range from 509 

𝜙𝜙 = 30 to 𝜙𝜙 = 100, with only few exceptions, which are correctly predicted. This overestimation 510 

may be determined by the fact that all the unsatisfactorily predicted experimental results in the 511 

range come from the scenarios coded as V-H in Table 9, which are the only ones in which a non-512 

compacted charge layout was used. Hence, the dimensionless numbers associated with these 513 

experimental observations may be overestimated, since a carpet-like layout produces a weaker 514 

blast wave than the classical compacted layout [28]. In the work in [28] a different scaling law is 515 

suggested for this particular charge layout, i.e., 𝑍𝑍 = 𝑅𝑅/�𝑊𝑊𝑇𝑇𝑇𝑇𝑇𝑇
4 . The use of this scaling law leads to 516 



the prediction of a lower impulse imparted to the structure and a lower associated dimensionless 517 

number 𝜙𝜙, as it is shown in Figure 4. Note that in the figure the points related to the scenarios V-H 518 

are shifted according to the results obtained exploiting the updated scaled distance value. 519 

 520 

Figure 4. Results from all the experimental, analytical and Analytical-Lagrangian analyses – Carpet-521 
like charge layout correction. 522 

The experimental results presented in Figure 4 form three distinctive subsets, which are clearly 523 

outlined in Figure 5: the curve built employing Analytical-Lagrangian numerical analyses, identified 524 

by purple square markers, may be adopted for describing a subset of experimental results (SUB1), 525 

the curves from the Jones’ theory and the curves built according to the empirical relationship from 526 

Nurick and Martin seem to provide a good estimate of the 𝛿𝛿 𝑡𝑡⁄  value for some other observations 527 

(SUB2), while no method considered in this work seems to be able to predict the points included in 528 

SUB3. 529 



 530 

Figure 5. Identified data subsets. 531 

The scenarios corresponding to the experimental results pertaining to each subset are reported in 532 

Table 12. The experimental observation B-H1 is not considered herein, since it is characterised by a 533 

dimensionless number way greater than the ones involved in all the other experimental campaigns. 534 

SUB1 SUB2 SUB3 
V-H1 T-H1 T-H2 
V-H2 T-H3 T-H4 
V-H3 Sp-F1 Sa-F1 
V-H4 A-F-S2 Sa-F2 
V-H5 A-F-A1 Sa-F3 
V-H6 A-F-A2 Sa-F4 

  Sa-F5 
  Sa-F6 
  Sa-F7 
  A-F-S1 

Table 12. Scenarios within the identified subsets. 535 

It is worth highlighting that most of the scenarios identified in the subset SUB3, which is the one not 536 

predictable by the methods compared in this work, are characterised by small scaled distance 537 

values, i.e., 𝑍𝑍 < 0.6𝑚𝑚/𝑘𝑘𝑔𝑔1/3, and small radial expansion of the shock front at the plate location, 538 

i.e., 𝑟̅𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 < 10. These considerations suggest that (i) the impulse imparted to the structure may be 539 

inaccurately estimated, given the small scaled distance values [43], and that (ii) the underlying 540 

physics in close-range detonations, such as afterburning effect and fireball-interaction [60, 61, 62], 541 

should be taken into account when dealing with these scenarios. However, this is not possible using 542 

the methods involved to build the database, i.e., analytical and Analytical-Lagrangian analyses. Even 543 

though the previous considerations are not strictly valid for the scenario Sa-F1, it is characterised by 544 



a 𝑟̅𝑟 value at the plate location slightly above the close-range limit, i.e., 𝑟̅𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 = 11.2, which allows 545 

assuming close-range phenomena may still be relevant. Instead, the same considerations do not 546 

hold for the two scenarios of the T-H campaign, i.e., T-H2 and T-H4. However, in these scenarios the 547 

dimensionless number value may not be accurate enough as well, since the impulse imparted to the 548 

structure is estimated according to the procedure reported in Section 2.3, which is valid for spherical 549 

charges, while the real charge layout was non-spherical. These may be some possible reasons why 550 

no analytical method and Analytical-Lagrangian numerical method is able to predict the mid-point 551 

permanent deflection in such scenarios. 552 

Differently, the experimental points included in the subset SUB2 can be described with the analytical 553 

methods compared in this work. It is worth noting that the three scenarios belonging to the A-F 554 

campaign and the scenario Sp-F1 are characterised by radial expansion of the shock front values at 555 

the plate location in the range [12.5, 27.7], which classify those configurations as far-field 556 

configurations characterised by limited 𝑟̅𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 values. These scenarios are also satisfactorily 557 

characterised by the Analytical-Lagrangian analyses. The same considerations do not hold for the 558 

two scenarios of the T-H campaign, i.e., T-H1 and T-H3, which may be in this subset by chance. 559 

Interestingly, all the experimental points included in the subset SUB1 are from hemispherical 560 

explosions involving a carpet-like charge layout. The only Analytical-Lagrangian curve seems to be 561 

able to characterise those explosive events, given that the dimensionless number associated with 562 

this particular charge layout is built up considering the modified scaled distance suggested in the 563 

work in [28], i.e., 𝑍𝑍 = 𝑅𝑅/�𝑊𝑊𝑇𝑇𝑇𝑇𝑇𝑇
4 . Note, as a further remark, that the Analytical-Lagrangian 564 

numerical analyses describing the curve on which SUB1 is placed are performed considering free-565 

field explosions only. 566 

Hence, linear regression is performed considering the numerical curve to provide a predictive tool 567 

for explosions similar to the ones included in SUB1. To this purpose, only the results of the scenarios 568 

coded V-F and T-F are retained in the analysis, neglecting the ones related to Sp-F, A-F-S and A-F-A, 569 

which appear not to lie on the same curve. Only the points characterised by dimensionless number 570 

𝜙𝜙 > 10 are considered in the regression since the dispersion of the results below this threshold 571 

does not show an interpretable trend. The equation, which provides an 𝑅𝑅2 value of 0.9881, reads: 572 

𝛿𝛿
𝑡𝑡

= 0.5227 ⋅ 𝜙𝜙 − 7.946 (14) 573 

Thus, free-field explosions may be well approximated with the following bilinear curve: 574 



�

𝛿𝛿
𝑡𝑡

= 0.5227 ⋅ 𝜙𝜙 − 7.946 𝑓𝑓𝑓𝑓𝑟𝑟 𝜙𝜙 ≥ 15.2018

𝛿𝛿
𝑡𝑡

= 0                                   𝑓𝑓𝑓𝑓𝑓𝑓 𝜙𝜙 < 15.2018
(15) 575 

Alternatively, a second-order polynomial may be exploited to provide a predictive equation for the 576 

experimental results in the subset SUB1. The curve fitting procedure, which is performed 577 

considering all the point in the numerical curve except the scenarios Sp-F, A-F-S and A-F-A, outputs 578 

with an 𝑅𝑅2 value of 0.9594 (Figure 6): 579 

𝛿𝛿
𝑡𝑡

= 0.006149 ⋅ 𝜙𝜙2 + 0.05067 ⋅ 𝜙𝜙 (16) 580 

It is worth noting that, differently from the consolidated analytical methods described in this work, 581 

the provided equations allow predicting a null or negligible permanent deflection-thickness value 582 

for a range of small dimensionless numbers 𝜙𝜙. This is judged to be a physically-sound result, since 583 

only completely elastic phenomena may occur in case low impulses are imparted to the plate. The 584 

Analytical-Lagrangian points considered are obtained with different types of steels (see Table 9), 585 

therefore, with a high confidence level, the regression curves proposed in this work may be valid for 586 

the whole steel materials category.  587 

 588 

Figure 6. Regression on Analytical-Lagrangian analyses results with a second-order polynomial. 589 

 590 

It is worth highlighting that the Sp-F1, A-F-S2, A-F-A1 and A-F-A2 points (Figure 6), which have not 591 

been used for regression purposes, seem not to belong to the curve obtained exploiting the fitting 592 



procedure. These points represent the only scenarios in which the analytical and Analytical- 593 

Lagrangian predictions satisfactorily reconstruct experimental observations, as it is reported in 594 

Table 13, where 𝛿𝛿/𝑡𝑡𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽 represents the deflection-thickness ratio lower and upper bound 595 

predictions from the Jones’ theory, 𝛿𝛿/𝑡𝑡𝑁𝑁 the empirical estimate using equation (6), 𝛿𝛿/𝑡𝑡𝐴𝐴𝐴𝐴 the 596 

deflection-thickness ratio registered in the Analytical-Lagrangian analyses and 𝛿𝛿/𝑡𝑡𝐸𝐸𝐸𝐸𝐸𝐸 the respective 597 

experimental observation. No additional information is given about the A-F-S1 scenario, which, as 598 

already stated above, represents a close-range configuration not satisfactorily assessable by the 599 

methods used to build the database.  600 

Scenario 𝛿𝛿/𝑡𝑡𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽 𝛿𝛿/𝑡𝑡𝑁𝑁 𝛿𝛿/𝑡𝑡𝐴𝐴𝐴𝐴 𝛿𝛿/𝑡𝑡𝐸𝐸𝐸𝐸𝐸𝐸 
Sp-F1 [10.8, 15.2] 7.2 7.1 7.3 
A-F-S2 [15.6, 19.8] 20.9 23.8 21.9 
A-F-A1 [46.1, 58.8] 45.4 49.1 50.0 
A-F-A2 [31.7, 40.6] 31.5 34.9 33.8 

Table 13. Comparison of the 𝛿𝛿/𝑡𝑡 results for the scenarios Sp-F1, A-F-S2, A-F-A1 and A-F-A2. 601 

With regards to scenario B-H1, the analytical methods are not able to accurately describe the 602 

deflection-thickness ratio observed experimentally. A possible reason why that happens may be 603 

that the specific charge layout exploited in the campaign determined a planar blast wave impacting 604 

the structure, while the impulse prediction method adopted herein is valid for spherical or 605 

hemispherical detonations only [43]. However, the reflected impulse value, which was measured 606 

experimentally [5], may be exploited to determine the accurate dimensionless number 𝜙𝜙 which may 607 

be used to correctly classify the 𝛿𝛿 𝑡𝑡⁄  value. Such a procedure allows increasing the dimensionless 608 

number from 231 to 369, which further allows making accurate predictions compared to the 609 

experimental observations, as shown in Table 14. 610 

Theory 𝛿𝛿 𝑡𝑡⁄  prediction 
Jones’s Lower bound 208 
Jones’s Upper bound 262 

Nurick and Martin 186 
Equation (15) 185 
Equation (16) 856 

Experimental observation 187 
Table 14. Updated results from scenario B-H1. 611 

It is worth discussing the predictions shown above. The most accurate estimated values are the 612 

prediction by the Nurick and Martin’s theory and that obtained from the equation (15) proposed in 613 

this work. Moreover, the prediction range from the Jones’s analytical method seems to slightly 614 

overestimate the deflection-thickness ratio, while the prediction from equation (16) is, instead, 615 

wrong. This inaccurate prediction suggests that the quadratic formula obtained via model fitting to 616 



the numerical results only provides an accurate estimate when the dimensionless number is within 617 

the range of the ones characterising the numerical points from which the equation has been 618 

obtained. 619 

To conclude, three hydrocode simulations are performed in ANSYS® AUTODYN® and are compared 620 

to the analytical results and to the experimental observations, if any. The selected scenarios are 621 

identified in Table 10 with the codes Sa-F1, Sa-F2 and V-F4. In these analyses, only mild steel plates 622 

are considered. The deflection-thickness ratio values are compared in Figure 7 for the selected 623 

scenarios. 624 

 625 

Figure 7. Results comparison considering hydrocode simulations. 626 

The hydrocode simulations provide the most accurate predictions of the two analyses identified 627 

with the codes Sa-F1 and Sa-F2. It is interesting to note that these scenarios are identified in the 628 

subset SUB3, which cannot be assessed employing Analytical-Lagrangian simulations and analytical 629 

methods, as they tend to underestimate the predicted deflection-thickness ratio. Hence, the 630 

scenarios included in the subset SUB3 may be assessed by means of hydrocode analyses, which 631 

seem to successfully characterise blast waves in close-range configurations. However, to model 632 

more complex close-range phenomena such as afterburning, refined hydrocode analyses should be 633 

set up, which is out of the scope of this work. With regard to the free-field explosion V-F4, the 634 

empirical method of Nurick and Martin and the Jones’ theory provide greater predicted permanent 635 

deflections than the estimates from the Analytical-Lagrangian analysis and the ones obtained 636 

through equations (15) and (16). In this last scenario, the hydrocode analysis seems to predict a 637 

lower deflection value than the Lagrangian analysis. 638 



5 Conclusions 639 

A detailed comparison of the performance of some predictive methods exploited to estimate the 640 

mid-point permanent transverse displacement of flat quadrangular plates has been reported in this 641 

work. In particular, the estimated values from two fully analytical methods, i.e., the Jones’ and the 642 

Nurick and Martin’s methods, have been compared to experimental observations and to the 643 

predictions from Analytical-Lagrangian and hydrocode numerical analyses. 644 

In an effort to identify the potentialities of the methods involved, three subsets have been identified 645 

within the experimental results. In particular, for the subset SUB1, entirely composed of 646 

hemispherical detonations involving carpet-like charge layouts, two predictive equations, i.e., 647 

equations (15) and (16), have been proposed in this work, based on the curve fitting to the numerical 648 

results in agreement with the experimental observations. The application of the equations to a 649 

detonation scenario not considered among the regression data (B-H1) has shown that equation (15) 650 

provides the most accurate observed-value prediction compared to the analytical and numerical 651 

results, while equation (16) seems not to be valid outside the range within which the regression 652 

data lay. Moreover, close-range scenarios have been demonstrated to need hydrocode analyses to 653 

be satisfactorily predicted, even though more complex and refined analyses than the simulations 654 

presented herein have to be set up to accurately represent the underlying physics. Instead, either 655 

the analytical theory from Jones or the empirical method from Nurick and Martin may be exploited 656 

to evaluate the scenarios within the subset SUB2. In particular, it has been identified that those 657 

scenarios characterised by (i) spherical charge layout and (ii) limited radial expansion of the shock 658 

front value at the plate location, i.e., 𝑟̅𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 ∈ [12.5, 27.7] for the scenarios considered in this work, 659 

are satisfactorily characterised by employing the analytical approaches and the Analytical-660 

Lagrangian methodology compared in this work. 661 

Furthermore, it has been highlighted that no agreement on the impulse to consider in the 662 

dimensionless number 𝜙𝜙 definition is currently present in the literature. In fact, some works use the 663 

incident impulse, while others consider the effective impulse imparted to the structure, as also done 664 

in this work. 665 

Further work needs to be conducted to provide more accurate predictive equations and to clearly 666 

identify the properties of each subset identified in this work, allowing to define a priori the most 667 

accurate predictive method to be employed to assess a specific scenario. Moreover, experimental 668 

campaigns involving both free-field detonations and ballistic steel plates may be conducted to 669 

compare the observations with the Analytical-Lagrangian estimates. 670 
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