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Graph Deep Learning for Time Series Forecasting
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Graph deep learning methods have become popular tools to process collections of correlated time series. Un-
like traditional multivariate forecasting methods, graph-based predictors leverage pairwise relationships by
conditioning forecasts on graphs spanning the time series collection. The conditioning takes the form of archi-
tectural inductive biases on the forecasting architecture, resulting in a family of models called spatiotemporal
graph neural networks. These biases allow for training global forecasting models on large collections of time
series while localizing predictions w.r.t. each element in the set (nodes) by accounting for correlations among
them (edges). Recent advances in graph neural networks and deep learning for time series forecasting make
the adoption of such processing framework appealing and timely. However, most studies focus on refining
existing architectures by exploiting modern deep-learning practices. Conversely, foundational and method-
ological aspects have not been subject to systematic investigation. To fill this void, this tutorial paper aims
to introduce a comprehensive methodological framework formalizing the forecasting problem and providing
design principles for graph-based predictors, as well as methods to assess their performance. In addition, to-
gether with an overview of the field, we provide design guidelines and best practices, as well as an in-depth
discussion of open challenges and future directions.
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1 Introduction

Shallow and deep neural architectures have been used to forecast time series for decades resulting
in stories of both failure [181] and success [95, 153]. One of the key elements enabling most of
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the recent achievements in the field is the training of a single global neural network—with shared
parameters—on large collections of related time series [12, 143]. Indeed, training a single global
model allows for scaling the complexity of the architecture given the larger available sample size.
Such an approach, however, considers each time series independently from the others and, as a
consequence, does not take into account dependencies that might be instrumental for accurate
predictions [61]. For example, the large variety of sensors that permeates modern cyber-physical
infrastructures (e.g., traffic networks and smart grids) produces sets of time series with inherently
rich spatiotemporal structure and spatiotemporal dynamics. On the one hand, global models ap-
pear inadequate in capturing such dependencies across time series, while, on the other, training
a single local predictor, i.e., modeling the full collection as a large multivariate time series, would
negate the benefits brought by sharing the trainable parameters. Furthermore, both approaches
would not allow for exploiting any prior information, such as the directionality and sparsity of the
dependencies.

The way out, as it often happens with major advancements in both deep learning [71, 96, 145]
and time series forecasting [47, 70], is to consider the structure of the data as an inductive bias.
Indeed, dependencies can be represented in terms of pairwise relationships among the time series
in the collection. The resulting representation is a graph where each time series is associated with
a node and functional dependencies among them are represented as edges. The conditioning of
the predictor on observations at correlated time series can then take the form of an architectural
inductive bias in the processing carried out by the neural architecture. Graph neural networks
(GNNis) [6, 18], based on the message-passing (MP) framework [60], provide the suitable neural
operators allowing for sharing parameters in the processing of the time series, while, at the same
time, conditioning the predictions w.r.t. observations at neighboring nodes (related time series).
The resulting models, operating over both time and space, are known as spatiotemporal graph
neural networks (STGNNSs) [38, 83, 100, 147]. STGNNSs implement global and inductive architec-
tures for time series processing by exploiting the MP mechanisms to account for spatial—other
than temporal—dynamics, with the term spatial referring to dynamics that span the collection
across different time series.

Researchers have been proposing a large variety of STGNNs by integrating MP into popular ar-
chitectures, e.g., by exploiting MP blocks to implement the gates of recurrent cells [36, 100, 118, 147]
and to propagate representations in fully convolutional [166, 172] and attention-based architec-
tures [116, 167, 185]. The adoption of the resulting STGNNs has been successful in a wide range
of time series processing applications ranging from traffic flow prediction [100, 166, 172] and air
quality monitoring [26, 77] to energy analytics [37, 50], financial time series processing [29, 117]
and epidemiological data analysis [55, 85]. However, despite the rich literature on architectures
and successful applications, the methodological foundations of the field have not been systemati-
cally laid out yet. For instance, the categorization of STGNNs as global models and the interplay
between globality and locality have been studied in such context only recently [38], regardless
of the profound practical implications. We argue that a comprehensive formalization and method-
ological framework for the design of graph-based deep learning methods in time series forecasting
is missing. The goal of this article is, hence, to frame the problem from the proper perspective and
propose a framework instrumental to tackling the inherent challenges of the field, ranging from
learning the latent graph underlying the observed data to dealing with local effects, missing data,
and scalability issues.

Our contributions can be summarised as follows: We

— provide a formalization of the problem settings Section 3 and of time series forecasting given
relational side information and the inductive biases associated with the proposed graph-
based framework Section 4;
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— present guidelines to design effective graph-based forecasting architectures Section 5-7
and to evaluate their performance Section 8;

—identify the challenges inherent to such problem settings and discuss the associated
design choices Section 10 addressing, in particular, the problem of dealing with missing
data Section 10.1, latent graph learning Section 10.2, the scalability of the resulting
models Section 10.3 and learning in inductive settings Section 10.4.

Simulation results Section 9 and a discussion of the related works Section 2 and future direc-
tions Section 11 complete the article. We believe that the introduced comprehensive design frame-
work will aid researchers in investigating the foundational aspects of graph deep learning for time
series processing. At the same time, the article offers a tutorial to the practitioner, providing the
practical and theoretical guidelines needed to apply the introduced methodologies to real-world
problems.

2 Related Works

Graph deep learning methods have found widespread application in the processing of temporal
data [24, 65, 83, 86, 110, 175]. In this section, we review previous related works that investigate
different sub-areas within the field.

Dynamic relational data. The term temporal graph (or temporal network) is used to indicate sce-
narios where nodes, attributes, and edges of a graph are dynamic and are given over time as a
sequence of events localized at specific nodes and/or as the interactions among them [86, 110]. A
typical reference application is the processing of the dynamic relationships and user profiles that
characterize social networks and recommender systems. Kazemi et al. [86] propose an encoder-
decoder framework to unify existing representation learning methods for dynamic graphs. Barros
et al. [9] compiled a rich survey of methods for embedding dynamic networks, while Skarding
et al. [152] focus on GNN approaches to the same problem. Longa et al. [110] introduce a taxon-
omy of tasks and models in temporal graph processing; Gravina and Bacciu [65], along with a
categorization of existing architectures, introduce a benchmark based on a diverse set of available
datasets. Huang et al. [74] build an alternative set of benchmarks and datasets with a focus on ap-
plications to large-scale temporal graphs. Besides temporal graphs, a large body of literature has
been dedicated to the processing of sequences of arbitrary graphs, e.g., without assuming any cor-
respondence between nodes across time steps [175, 178]. Although the settings we deal with in this
paper could formally be seen as a sub-area of temporal graph processing, having actual time series
associated with each node radically changes the approach to the problem, as well as the available
model designs and target applications. Indeed, none of the above-mentioned frameworks explicitly
target time series forecasting.

Graph-based time series processing. Spatiotemporal graph neural networks for time series pro-
cessing have been pioneered in the context of traffic forecasting [100, 172] and the application of
graph deep learning methods in traffic analytics have been extremely successful [81, 82, 168]. The
analysis of STGNNS s in the context of global and local forecasting models has been initiated in [38].
Jin et al. [83] and Chen and Eldardiry [24] carried out an in-depth survey of GNNs architectures for
time series forecasting, classification, imputation, and anomaly detection. In contrast, the present
paper does not focus on surveying architectures but on providing a methodological framework
and a tutorial. More similarly in spirit to our work, Benidis et al. [12] offer a tutorial and a critical
discussion of modern practices in deep learning for time series forecasting. Analogously, Bron-
stein et al. [18] and Bacciu et al. [6] provide frameworks for understanding and developing graph
deep learning methods. Finally, outside of deep learning, graph-based methods for time series
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processing have been studied in the context of graph signal processing [97, 127, 154] and go under
the name of time-vertex signal processing methods [62].

3 Problem Settings

This section formalizes the problem settings. In particular, Section 3.1 introduces the reference
framework, suitably extended in Section 3.2 to deal with specific scenarios typical of various ap-
plication domains.

3.1 Reference Problem Settings

We consider collections of correlated time series with side relational information.

Correlated time series. Consider a collection of N, regularly and synchronously sampled, corre-
lated time series; the ith time series of the collection is composed by a sequence of d,-dimensional
vectors x! € R% observed at each time step ¢ and coming from sensors' with dy channels
each. All N time series are assumed to be homogenous, ie., characterized by the same vari-
ables (observables)—say the same dy channels. Matrix X, € RN*% denotes the stacked N observa-
tions at time ¢, while X;.;,7 indicates the sequence of observations within time interval [t, ¢ + T);
with the shorthand X.; we indicate observations at time steps up to ¢t (excluded). Exogenous vari-
ables associated with each time series are denoted by U; € RN*? while static (time-independent)
attributes are grouped in matrix V € RN*%_ We consider a setup where observations have been
generated by a time-invariant spatiotemporal stochastic process such that

xi~p! (xi[X<r U<, V) Vi=1,...,N;, (1)

in particular, we assume the existence of a predictive causality a la Granger [61], i.e., we assume
that forecasts for a single time series can benefit—in terms of accuracy—from accounting for the
past values of (a subset of) other time series in the collection. We do not assume that the same
stochastic process generates all the N time series in the collection. This means that, in general,
pi * p’ if i # j, while the assumption of time invariance remains valid. In the sequel, the term
spatial refers to the dimension of size N, that spans the time series collection; in the case of physical
sensors, the term spatial reflects the fact that each time series might correspond to a different
physical location.

Relational information. Relational dependencies among the time series collection can be ex-
ploited to inform the downstream processing and allow for, e.g., getting rid of spurious correlations
in the observed sequences of data. Pairwise relationships existing among the time series can be
encoded by a (possibly dynamic) adjacency matrix A; € {0, 1}V*N that accounts for the (possibly
asymmetric) dependencies at time step ¢; optional edge attributes eﬁj € R% can be associated to
each non-zero entry of A;. In particular, we denote the set of attributed edges encoding all the avail-
able relational information by &; = {({(i, ), eij> | Vi,j: A¢li,j] # 0}. Whenever edge attributes are
scalar, i.e.,, d, = 1, edge set &, can be simply represented as a weighted and real-valued adjacency
matrix A; € RN*N_ Analogously to the homogeneity assumption for observations, edges are as-
sumed to indicate the same type of relational dependencies (e.g., physical proximity) and have the
same type of attributes across the collection. We use interchangeably the terms node and sensor to
indicate each of the N entities generating the time series and refer to the node set together with the
relational information as sensor network. The tuple G; = (X;,U;, &;, V) indicates all the available
information at time step t. Finally, note that for many applications (e.g., traffic networks) changes
in the topology happen slowly over time and the adjacency matrix—as well as edge attributes—can

'Here, the term sensor has to be considered in a broad sense, as an entity producing a sequence of observations over time.
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Fig. 1. A collection of synchronous and regularly sampled time series with associated pairwise dependencies.

be considered as fixed within a short window of observations, i.e., & = & and eij = e% for all (i, j)
pairs. A graphical representation of the problem settings is shown in Figure 1.

Example 1. Consider a sensor network monitoring the speed of vehicles at crossroads. In this
case, X;.; refers to past traffic speed measurements sampled at a certain frequency. Exogenous
variables U; account for time-of-the-day and day-of-the-week identifiers, and the current weather
conditions. The node-attribute matrix V collects static features related to the sensor’s position,
e.g., the type of road the sensor is placed in or the number of lanes. A static adjacency matrix
A can be obtained by considering each pair of sensors connected by an edge—weighted by the
road distance—if and only if a road segment directly connects them. Conversely, road closures and
traffic diversions can be accounted for by adopting a dynamic topology A;.

3.2 Extensions to the Reference Settings

This section offers extensions to the reference problem settings by discussing how the framework
can be modified to account for peculiarities typical of a wide range of practical applications.

New nodes, missing observations, and multiple collections. It is often the case that the time frames
of the time series in the collection, although synchronous and regularly sampled, do not overlap
perfectly, i.e., some time series might become available at a later time and there might be windows
with blocks of missing observations. For example, it is typical for the number of installed sensors to
grow over time and many applications are affected by the presence of missing data, e.g., associated
with readout and/or communication failures which result in transient or permanent faults. These
scenarios can be incorporated into the framework by setting N to the total maximum number of
time series available, and, whenever needed, padding the time series appropriately to allow for a
tabular representation of {X;},. An auxiliary binary exogenous variable M, € {0, 1}N*%, called
mask, can be introduced at each time step as G; = (X, Uy, My, E;, V) to model the availability of
observations w.r.t. each node and time step. In particular, we set m’;[k] = 1 if kth channel in the
corresponding observation xi is valid, and mi[k] = 0 otherwise. If observations associated with the
ith node are completely missing at time step ¢, the associated mask vector will be null, i.e., m! = 0.
The masked representation simplifies the presentation of concepts and, at the same time, is useful
in data reconstruction tasks (see Section 10.1). Finally, if collections from multiple sensor networks
are available, the problem can be formalized as learning from M disjoint sets of correlated time

series D = { g;{’tl Ty gg}tz ST gif)tm T, } potentially without overlapping time frames. In
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the latter case, we assume the absence of functional dependencies between time series in different
sets and the homogeneity of node features and edge attributes across collections.

Heterogeneous time series and edge attributes. Heterogeneous sets of correlated time series are
commonly found in the real world (e.g., consider a set of weather stations equipped with different
sensory packages) and result in collections where observations across the time series in the set
might correspond to different variables. Luckily, dealing with this setting is relatively straightfor-
ward and can be done in several ways. In particular, the masked representation introduced in the
above paragraph can be used to pad each time series to the same dimension d,,,x and keep track
of the available channels at each node; moreover, the sensor type of each sensor can be encoded
in the attribute matrix V. If the total number of variables is too large or is expected to change over
time, one alternative strategy is to map each observation into a shared homogenous representa-
tion (see, e.g., relational models such as [146]). Heterogeneous edge attributes can be dealt with
analogously to heterogeneous node features.

4 Graph-based Time Series Forecasting

We address in the following the multi-step-ahead time-series forecasting problem [12], i.e., we are
interested in predicting, for each time step t and some forecasting horizon H > 1, the h step-ahead
observations X, for all h € [0, H) given a window of W > 1 past observations. In particular, we
are interested in learning a model pg approximating the unknown conditional probability

o (Xp 4 Xe-wits Umwirsnsn, V) = p' (7, X <t, Usten, V) VRE[0,H)Vi=1,...,N, (2)

where 0 indicates the learnable parameters of the model which may or may not be specialized
w.r.t. the ith time series (see Section 7). Note that not all the exogenous variables U<, might
be available up to time step t + h in practical applications;® in such cases, predictions will be
conditioned on covariates up to t — 1, i.e., Us_yy ;.

Relational Inductive Biases for Time Series Forecasting. Learning an accurate model pg following
Equation (2) can become increasingly difficult as the number of time series in the collection grows.
Intuitively, the high dimensionality of the problem can lead to spurious correlations among the
observed time series, impairing the effectiveness of the learning procedure. One way to address
this issue is to embed the available relational information as an inductive bias into the model.
In particular, dependencies among the time series can be used to condition the prediction and, as
discussed in Section 5, accounted for in the predictor through an architectural bias. The considered
family of models can then be written as

po (x},,|Ge-wits Uriransn) = p* (x| X<r,Uscrin, V) Vh € [0,H). 3)

Notably, the conditioning on the sequence of attributed graphs G;_w.; and, in particular, on the
relationships encoded in &;_y .+, can localize predictions w.r.t. the neighborhood of each node
and is intended to constrain the model to the most plausible ones. In the sequel, we focus on
point forecasts, i.e., we limit our analysis to the problem of predicting point estimates rather than
modeling a full probability distribution. Under such assumption, we can consider predictive model
families #( - ; @) such that

}?t:t+H = F(Gr-w.t> Urrrne1:0) st }?t:t+H ~ Ep [Xer4m] (4)

2Exogenous variables might contain, for example, actual weather conditions (available up to time step ¢) or estimated
values, e.g., weather forecasts, available for future time steps as well (up to time step ¢ + h).
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Parameters 0 can be learned by minimizing a cost function £( - ) on a training set, i.e.,

T

—~ 1 —~
0 = argmin T Z 14 (Xt:t+H,Xt:t+H) , 5)
0 =1

where the cost is, e.g., the squared error

N
1
4 (Xt t+H> Xp: t+H) = N_ Z

i=

T

-1

(6)

i
t+h Xith

=
Il

0

The following sections delve into the design of 7 (-; ) and graph deep learning methods to embed
relational inductive biases [10] into the processing architecture.

5 Spatiotemporal Graph Neural Networks

This section introduces MP operators and their use in deep neural network architectures to pro-
cess multiple time series; the framework follows Cini et al. [38]. As already discussed, architectures
within this framework are usually referred to as STGNNs [100, 172]. STGNNS are global forecasting
models where parameters are shared among the target time series; the discussion on this funda-
mental aspect—already mentioned in the introduction—and on hybrid global-local architectures
will be resumed in Section 7. Although the focus of the article is not on providing a taxonomy of
the existing architectures, we discuss in this section the design choices available to the practitioner;
we refer to Jin et al. [83] for an in-depth survey on the existing architecture across different tasks
in time series processing.

5.1 Message-passing Neural Networks

Modern GNNss [6, 18, 145] embed architectural biases into the processing architecture by constrain-
ing the propagation of information w.r.t. a notion of neighborhood derived from the adjacency
matrix. Most of the commonly used architectures fit into the MP framework [60], which provides
a recipe for designing GNN layers; GNNs that fit within the MP framework are usually referred
to as spatial GNNs, usually in opposition to spectral GNNs, which instead operate in the spectral
domain® [19, 160]. By taking as reference a graph with static node features H* € RNV*? and edge
set &, we consider MP neural networks obtained by stacking MP layers that update each ith node
representation at each /th layer as

R = UPl(hi’l,AGGR{MSGl (hi’l,hj’l,eji)}), (7)
JENG)

where Up(-) and MsG/( - ) are, respectively, the update and message functions, e.g., implemented
by multilayer perceptrons (MLPs). AGGR{ - } indicates a generic permutation invariant aggregation
function, while N (i) refers to the set of neighbors of node i, each associated with edge attribute
e/, In the following, we use the shorthand H**! = MP! (H', &) to indicate a MP step w.r.t. the
full node set. MP GNN s are inductive models [140], which can process unseen graphs of variable
sizes by sharing weights among nodes and localizing representations by aggregating features at
neighboring nodes.

By following Dwivedi et al. [49], we call isotropic those GNNs where the message function
Msa! only depends on the features of the sender node h’!; conversely, we use the term anistropic
referring to GNNs where Msc! takes both h%! and h/! as input. For instance, a standard and

3Note that most of the so-called spectral GNNs can be seen as special instances of MP architectures nonetheless.
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commonly used isotropic MP layer for weighted graphs (with weighted adjacency matrix A) is
B = E(WRM - S Wik, (®)
JEN()
where Wll and WZI are matrices of learnable parameters, /' = A[j, i], and £(-) is a generic activation
function. Conversely, an example of an anisotropic MP operator, based on [17], is

i~ = WIE(WI R e ), @ = o (wimitt), ®
Rl = g(Wzlh” + Sum {aji’lmj_’i’l}), (10)
JEN(D)

where matrices WOI € RIXdm Wll, WZI and W3l are learnable parameters, o( - ) is the sigmoid acti-
vation function and || the concatenation operator applied along the feature dimension. Intuitively,
isotropic MP operators compute and aggregate messages without taking into account the repre-
sentations of sender and receiver nodes and rely entirely on the presence of edge weights to weigh
the contribution of different neighbors. Conversely, anisotropic schemes allow for learning adap-
tive aggregation and message-passing schemes aware of the nodes involved in the computation.
Popular anisotropic operators exploit multi-head attention mechanisms to learn rich propagations
schemes where the information flowing from each neighbor is weighted and aggregated after mul-
tiple parallel transformations [157, 158]. Indeed, we point out that selecting the proper MP operator,
i.e,, choosing the architectural bias for constraining the flow of information, is crucial for obtain-
ing good performance for the problem at hand. In fact, standard isotropic filters are often based on
homophily—i.e., the assumption that neighboring nodes behave in a similar way—and can suffer
from over-smoothing [141].

5.2 Spatiotemporal message-passing

By following the terminology introduced in [38], STGNNs can be designed by extending MP to
aggregate, at each time step, spatiotemporal information from each node’s neighborhood; in par-
ticular, a spatiotemporal message-passing (STMP) block updates representations as

R = UPl(hiS’lt, AGGR {MSGl(hiS’lt,hjS’lt,th)}), (11)

JEN: (D)

where N(i) indicates the neighbors of the ith node at time step t (i.e., the nodes associ-
ated with incoming edges in &;). As in the previous case, in the following, the shorthand
H*' = STMP!(HL,,&<,) indicates an STMP step. Blocks of an STMP layer will have to be
designed, then, to handle sequences of data. The next section provides recipes for building
STGNNs based on different implementations of the STMP blocks and on existing popular STGNN
architectures.

6 Forecasting Architectures

We consider forecasting architectures consisting of an encoding step followed by STMP layers and
a final readout mapping representations to predictions. As such, models introduced in Equation (4)
can be framed as a sequence of three operations performed at each time step:

h;’fl = ENCODER (x|_,,u}_,,v'), (12)
H*! = STMP’(H’St_l,SS,_l), I=0,....L—1 (13)
fi:t+H = DECODER (hi’—Ll’ u;:t+H) . (14)
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ENCODER( - ) and DECODER( - ) indicate generic encoder and readout layers that can be imple-
mented, as an example, as standard fully connected linear layers, or MLPs. Note that both encoder
and decoder do not propagate information along time and space. By adopting the terminology of
previous works [38, 39, 58], we categorize STGNNSs following this scheme in time-then-space
(TTS), space-then-time (STT), and time-and-space (T&S) models. More specifically, in a TTS
model the sequence of representations h’<3 is processed by a sequence model, such as a recurrent
neural network (RNN), before any MP operation along the spatial dimension [58]; STT models
are similarly obtained by inverting the order of the two operations. Conversely, in T&S models
time and space are processed in a more integrated fashion, e.g., by a recurrent GNN [147] or by
spatiotemporal convolutional operators [172].

Time-and-space models. We include in this category any STGNN in which the processing of
the temporal and spatial dimensions cannot be factorized in two separate steps. In T&S models,
representations at every node and time step are the result of joint temporal and spatial processing
as in Equation (13). To the best of our knowledge, the first T&S STGNNs have been proposed by
Seo et al. [147], who introduced a popular family of recurrent architectures, hereby denoted as
graph convolutional recurrent neural networks (GCRNNs), where standard fully-connected
layers in (gated) RNNs are replaced by graph convolutions [44, 91]. As an example, by considering
a gated recurrent unit (GRU) cell [31] and replacing graph convolutions with generic MP layers,
the resulting recurrent model updates representations at each time step ¢ as

zl=H, (15)
Rl=o (MPﬁ ([Z§||H§_1] ,at)), (16)
ol = o (e} (|ZHIHL, | &), (17)
C! = tanh (MPZC ([zgnRﬁ © Hf,l] ,at)), (18)
H' =0loH!_ +(1-0)ocd, (19)

with © denoting the element-wise (Hadamard) product and || the concatenation operation. Note
that we consider, for each gate, a single MP operation at each [-th layer for conciseness’ sake (a
stack of MP layers is often adopted in practice). Models following a similar approach have found
widespread adoption replacing standard RNNs in the context of correlated time series process-
ing [7, 36, 100, 182]. Apart from GCRNNSs, an approach to building T&S models consists of inte-
grating a temporal operator directly into the MsG( - ) function. Among the others, Wu et al. [167]
and Marisca et al. [116] use cross-node attention as a mechanism to propagate information among
sequences of observations at neighboring nodes. As an additional example, an analogous model
could be obtained by implementing the Up( - ) and Msa( - ) functions of the STMP layer in Equa-
tion (11) as temporal convolutional networks (TCNs) [8]:

il _ 1 i,[-1 1 i,[-1 j. -1 Jji
h;’\., = TCN; (h;—W:t’élc\;f(}}) {TCNZ (hlt—w:t’ht—w:w et—W:t)}) . (20)

Note that the operator resulting from the MP processing defined in Equation (20) can be seen as
operating on the product graph obtained from spatial and temporal relationships [142]. Finally,
a straightforward approach to build T&S architectures is that of stacking blocks of alternating
spatial and temporal operators [165, 166, 172], e.g.,

2 =TCN! (hg’_’;;:t) Vi,  H'=MP (zf,a,) Vi, 21)
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where TCN(-) indicates a temporal convolutional network layer. The first example of such archi-
tecture was introduced in [172]. One of the major drawbacks of T&S models is their time and space
complexity which usually scale with the number of nodes and edges in the graph times the num-
ber of input time steps, i.e., with O(W (N + L|Emax|) ), where N < [Epmax| = max{l&_kl},?;l (see
Section 10.3).

Time-then-space models. The general recipe for a TTS model consists in (1) encoding time series
associated with each node into a vector, obtaining an attributed graph, and (2) propagating the
obtained representations throughout the graph with a stack of standard MP layers, i.e.,

hi' = seqkne (h)), (22)
HI*! = Mp! (H},at), Vi=1,...,L-1. (23)

The sequence encoder SEQENC ( - ) can be implemented by any modern deep learning architecture
for sequence modeling such as RNNs, TCNs and attention-based models [98, 157]. Note that this
temporal encoder can consist of multiple layers, i.e., it can be a deep network by itself. Since MP
is performed only w.r.t. representations corresponding to the last time step, in case of a dynamic
topology the edge set used for propagation can be obtained as a function of &;_y ., rather than
simply using &, i.e., gt = AGGR{&E;_w.}. A possible choice would be to take the union of all
the edge sets, which, however, requires further processing in the case of attributed edges [58].
TTS models are relatively uncommon in the literature [34, 37, 58, 144] but are becoming more
popular due to their efficiency and scalability compared to T&S alternatives [58], as discussed in
Section 10.3. Differently from generic T&S models, in fact, the number of MP operations does not
depend on the size of the window W. Indeed, TTS models have a time and space complexity that
scales as O(NW + L|&,|), rather than O(W (N + L|Emax|)) of T&S models. However, the two-step
encoding might introduce bottlenecks in the propagation of information.

Space-then-time models. STT models can be built by simply inverting the order of Equation (22)
and 23, i.e., by using MP layers to process static representations at each time step, then encoded
along the temporal axis by a sequence model, i.e.,

Hi' = M (HL 8. Vi1 L-1 @
hEL = SpQENC (hﬁ’_Lv_vl:t) _ (25)

The general idea behind STT approaches is to first enrich node observations by accounting for
observations at neighboring nodes, and then process obtained sequences with a standard sequence
model. Although they have seen some applications [130, 147, 184], STT models do not offer the
same computational benefits of TTS models, having the same O (W (N + L|Epay|)) complexity of
T&S models. Nonetheless, as in T&S models, dynamic edge sets &;_y.; can be accounted for by
performing MP operations w.r.t. the corresponding edges at each time step. Analogously to TTS
models, the factorization of the processing in two steps might introduce bottlenecks.

7 On the Globality and Locality of Spatiotemporal Graph Neural Networks

This section formally defines the concepts of globality and locality in forecasting models and em-
phasizes that these terms refer to model properties rather than problem settings. As both global
and local models can be used to forecast collections of time series, the section discusses the pecu-
liar position of STGNNs within this context. Finally, hybrid global-local STGNN architectures are
introduced.
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7.1 Global and Local Models

A time series forecasting model is called global if its parameters are fitted to a group of time se-
ries (either univariate or multivariate); conversely, local models are specific to a single (possibly
multivariate) time series. In different terms, a global model is trained to make predictions by learn-
ing from a set of time series, possibly generated by different stochastic processes, without learning
any time-series-specific parameter. Conversely, a local model is obtained by minimizing the fore-
casting error on observations coming from a single time series. Forecasting multiple time series
with a local model requires fitting N models—one for each target time series—or a single (poorly
scalable) multivariate model. The advantages of global models have been discussed at length in
the time series forecasting literature [12, 80, 120, 143] and are mainly ascribable to the availability
of large amounts of data that enable the use of models with a higher capacity w.r.t. single local
models. Indeed, as noted by Montero-Manso and Hyndman [120], given a large enough window of
observations and model complexity, if a global model is a universal function approximator it could
in principle output predictions identical to those of a set of local models individual to each time
series. Training a single global model increases the effective sample size available to the learning
procedure and, consequently, allows for exploiting models with a higher model complexity pre-
venting overfitting. Finally, being trained on a set of time series, global models can extrapolate to
related but unseen time series, i.e., they can be used in inductive learning scenarios where target
time series (i.e., the ones to predict) can be potentially different from those in the training set.*
More formally, following Benidis et al. [12], and considering our problem setting and h-step-ahead
forecasts, a node-level local model would approximate the process generating the data as

Pi}i (x§+hix£—w:t’ ui—W:t+h+1’ vi) ~ pi (x§+h|X<t’ Ust+h, V) i=1,....N, (26)

where 6 indicates the model’s parameters fitted on the ith time series. Differently, in a node-level
global model, parameters would be shared among time series, i.e,

Pe (xi+h|xi—wzt’u;-w:t+h+1’vi) zpi (x;+h|X<t’USt+h’V) i=1,...,N, (27)

where parameters 6 can be learned by minimizing the cost function w.r.t. the complete time series
collection (see Equation (5)). The main limit of standard global models in Equation (27) is that
dependencies among the synchronous time series in the collections are ignored. One option would
be to consider models that simply regard the input as a single multivariate time series, i.e., with a
local model such that

po (Xecn|Xe-wit: Umwirens1 V) * p (Xesn|X<t. Ucrin, V) i=1,...,N. (28)

However, the resulting model would not be able to exploit the advantages that come from the
global perspective and would have to deal with the high dimensionality of X;.

Globality and locality in STGNNs. STGNNs presented in Section 4 are global models that exploit
relational architectural biases to account for related time series, going beyond the limits of the
standard global approach. Indeed, by considering the STMP scheme of Equation (11), it is straight-
forward to see that STMP operators share parameters among the time series in the collection and
condition the representations w.r.t. each node’s neighborhood to account for spatial dependen-
cies that would be ignored by standard global models. STGNNSs are inductive and transferable as
they do not rely upon node-specific parameters; such properties make them distinctively different

4Such setting is relevant in many practical application domains and also known as the cold-start scenario [12]; see
Section 10.4.
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from the local multivariate approach in Equation (28). Global models of the type implemented by
STGNNSs are akin to those formalized in Equation (2), i.e.,

Po (x;+h|xt—W:z, Ui-wit+hs V) & Pi (x;+h|X<t: U<t V) Vi=1,...,N. (29)

Besides resorting to MP operators and the relational inductive biases typical of GNNs, global mod-
els of such class can be built by considering other classes of permutation equivariant neural opera-
tors acting on sets, such as deep sets [174] and transformers [157]; comprehensive treatment of such
models is out of the scope of the present paper. As discussed in Cini et al. [38], the interplay be-
tween global and local aspects plays a major role in the context of graph-based forecasting models.
Indeed, although the drawbacks of the local approach are evident, global STGNNs might struggle
to account for the peculiarities of each time series in the collection and might require impracti-
cally long observation windows and large memory capacity [38, 120]. For example, considering
electric load forecasting, the consumption patterns of single residential customers are influenced
not only by shared factors, e.g., weather, working hours, and holidays, but also by their individual
daily routines, varying among users to different extents. By following [38], we refer to dynamics
characterizing individual time series as local effects. The remainder of the section discusses how to
add specialized local components into otherwise global architectures to strike a balance between
the global and local modeling paradigms in the context of graph-based architectures.

7.2 Global-local STGNNs

Combining global graph-based components with local node-level components has the potential for
achieving a two-fold objective: (1) exploiting relational dependencies together with side informa-
tion to learn flexible and efficient graph deep learning models and, at the same time, (2) obtaining
accurate predictions specialized for each time series. In particular, introducing local components
specific to each time series explicitly accounts for node-level effects that would not be efficiently
captured by fully global models [7, 46]. By doing so, the designer accepts a compromise in transfer-
ability that often empirically leads to higher forecasting accuracy on the task at hand. In particular,
global-local STGNNs model the data-generating process as

Pé’{wi} (x;+h|gt—W:t, Ut:t+h+1) ~ Pi (x§+h|X<t, U<tih, V) i=1,...,N, (30)

where parameter vector 6 is shared across all nodes, whereas {wi}f\i , are time-series dependent
parameters. The associated point predictor is

)?t:H-H =F (gt—W:t, Us.t+he1: 0, {wi}{il) > (31)

where ¥ (-) is shared among all nodes. Predictor #( - ) could be implemented, for example, as a
sum between a global model and a (simpler) local one:

~(1 Li(2 ) .
Xt(‘:t?+H = ?:} (gt—W:t; 9) 5 x;;i-'-)H =Ji (x;—W:t;wl) 4 (32)
i _ k(1) ~1,(2)
Xppom = XpooH T Xppvm (33)

or—with a more integrated approach—by using different weights for each time series at the encod-
ing and/or decoding steps. The latter approach results in using a different encoder and/or decoder
for each ith node in the template STGNN architecture Equation (12) 14 to extract representations
and, eventually, project them back into the input space:

h:° = EncopEr; (xI_,ul_,, v 0l,.), (34)

L _ L
Xj.p4p = DECODER; (ht—l’ut:t+H’wdec) : (35)
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STMP layers could in principle be modified as well to include specialized operators, e.g., by using
a different local update function Up;( - ) for each node. However, this would be impractical unless
subsets of nodes are allowed to share parameters to some extent (e.g., by clustering them [34, 38]).
Clearly, specialization compromises the use of such hybrid models in inductive learning settings
Section 10.4 and often results in a number of learnable parameters that can be drastically higher
compared to fully global models, hence compromising computational scalability as well. Associat-
ing each node to a learnable embedding provides a method to amortize the cost of specializing the
model and makes transferring the learned model to different node sets easier.

Learnable node embeddings. The presence of static node features V characterizing the time series
in the collection might provide node identification mechanisms and, thus, alleviate the need for
including specialized components in the architecture. However, such node attributes are either not
available or not sufficient in most settings. Resorting to learnable node embeddings, i.e., a table of
learnable parameters Q = Q € RN*%  offers a solution and can be interpreted as amortizing the
learning of node-level specialized models [38]. More specifically, instead of learning a local model
for each time series, embeddings fed into modules of a global STGNN can be learned end-to-end
with the forecasting architecture providing a mean to condition representations at each node w.r.t.
the peculiarities of each time series.

The template model can be updated to account for the learned embeddings by changing the
encoder and decoder as

0,0 i i i
h;°, = ENCODER (x;_,,u;_;,v'.q'), (36)

si _ L i

X;.¢+p = DECODER (ht—l’ UpriHv 4 ) > (37)

which can be seen as amortized versions of the encoder and decoder in Equations 34-35. The encod-
ing scheme of Equation (36) also facilitates the propagation of relevant information by identifying
nodes before message passing. STMP layers can be updated as well to process, e.g., as an additional
input of the message function, the embeddings of source and target nodes. Besides conditioning
encoding and decoding steps, many of the popular STGNN architectures use node embeddings
within the processing, often as positional encodings [116, 149] or to learn a factorized weighted
adjacency matrix [7, 165, 166] (see Section 10.2). Such hybrid approaches result in impressive em-
pirical results [38], noticeably improving the forecasting accuracy of fully global models, and have
become predominant in transductive settings, i.e., when the node set is fixed. In summary, glob-
ality and locality play a pivotal role in deep learning for time series forecasting and are aspects
to consider when designing graph-based predictors. Indeed, while in practical application hybrid
global-local models often outperform global architectures, trade-offs in flexibility must be taken
into account.

8 Assessing the Quality of Predictive Models
The quality of forecasting models is primarily assessed in terms of their performance at task. The
best model (among many) is, then, usually selected as the one with significantly better performance
than the others [45]. The squared error E [||rlf ||§ ] is a commonly used performance metric and is
given by the 2-norm® of the prediction residual

rti = x;:t+H - ‘i-;:HH € RHXdX’ (38)
that is, the difference between the observed target data x;: oy At the ith node and the associated
prediction x,, ., of model ¥ made at time step  — 1. We stress that the residual r} should be
SAs X101 is a H X N X dy tensor, norm || Xy.z4p ||22 is intended here as Zfil Zle lxcE

113
t+h 2"
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interpreted as a (Hdy)-dimensional vector, rather than a time series of length H, with each compo-

nent associated with predictions made at time step ¢ — 1; for instance, considering one-step-ahead

forecasts, H = 1 and ri refers to d,-dimensional forecast of xf. Given a test sequence, the mean
squared error

. 1 S in2

MSE(F) = —— Z 17715, (39)

t=11i

M=

Il
—

is an estimate of E [Ilr;||§]. Other common performance metrics are the root mean squared

error (RMSE) (computed as /MSE(¥)), the mean absolute error (MAE) considering the 1-norm
instead of the 2-norm, the mean absolute percentage error (MAPE) weighing each residual
norm ||r}||; by the observed target IIX§:t ,gll1, and the mean relative error (MRE) normalizing
the sum absolute errors by sum of the observed values. Indeed, the best-performing model can be
different depending on the considered figure of merit.

Limiting the evaluation to computing a set of performance metrics suffers from one important
drawback. Model performance does not provide any information about the possible room for im-
provement and does not allow for assessing whether or not the model can be considered optimal.
This limitation emerges in all real-world scenarios, as the optimal achievable performance is un-
known. A possible way out—where graph-based processing can be pivotal, as discussed below—
consists in assessing the presence of correlations among residuals to complement the performance-
based evaluation. The underlying principle is that correlated residuals indicate the presence of
structural information not captured by the model [99], thus suggesting that the predictions can
be improved. Several statistical hypothesis tests to detect the presence of residual dependencies
have been conceived over the years [16, 48, 109] and are mainly referred to as randomness tests
or whiteness tests; these terms are reminiscent of white noise, i.e., a stochastic process display-
ing no correlations w.r.t. different points in time and space thus being completely random. Given
residuals {r!}, such tests typically compute a statistic C({r}) in the form of a weighted sum of
pairwise scalar statistics x(r/, ri) between residuals 7/, ri . Whenever the absolute value of test
statistic C({r!}) is larger than a threshold y, correlation is considered to be significant, that is

If ’C ({r;})i >y = reject hypothesis of uncorrelated residuals. (40)

While whiteness tests do not quantify the margin for model improvement, they overcome the lim-
its of performance-based analyses by providing a global assessment independently from specific
performance metrics and baselines. The following discusses how spatiotemporal relational struc-
ture can help in performing such a correlation analysis in collections of correlated time series.

Testing for residual spatiotemporal correlations. Most previous works focused on analyzing corre-
lations along the temporal dimension [15, 72, 101] or among different time series (sensors) [40, 121].
The joint analysis of spatiotemporal correlation however is more challenging, as studying the cor-
relation between all possible residual pairs scales quadratically with both N and T'. In such a setting,
the relational side information associated with the time series—the graphs defined by {&;} —has
enabled spatiotemporal correlation analyses that scale to large time series collections. In particular,
Zambon and Alippi [176] introduce the AZ-whiteness test by designing the test statistic

CUrip =2 D, alxrirh)+ Y. > fixririy), (41)
t (i,j)e&: toi

composed of a sum over spatial edges in {&,} and a sum over temporally consecutive residuals.
Scalars a,’, B! account for edge weights (e.g., the strength of the relations between time series) and
trade off the weight given to spatial and temporal correlations, respectively. The scalar statistic
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k( -, -)is defined as
K(rti, r{) = sgn (<rti, rj>) s (42)

with sgn( - ) being the sign function® and ( -, - ) the scalar product. Under mild assumptions,
the test statistic in Equation (41) has been proven to be asymptotically distributed as a standard
Gaussian distribution [176] so that y can be easily selected to meet desired confidence levels. The
AZ-whiteness test has two main advantages. First, the test is scalable as it confines the correla-
tion analysis only to residual pairs that are more likely to be correlated, i.e., those close in time
or space (e.g., (rl,rl,,) and (r}, rf) with (i,j) € &; as shown in Equation (41)). As a result, the
computation of test statistic C({r}}) scales linearly in the number of edges and time steps. Second,
thanks to the use of function sgn(-) in Equation (42), the test is distribution-free, which enables its
application to real-world scenarios where the distribution of the residuals is typically unknown.

Besides global assessments of the overall model quality, the analysis of residual patterns local-
ized in space and/or time provides valuable insights for discovering issues related to, e.g., faulty
sensors, non-stationary dynamics, or dependencies that the model could not properly learn [40].
Anselin [4] pioneered research in this direction, although focusing on spatial data for geographical
analysis. Zambon and Alippi [177], instead, provide a set of procedures, based on the AZ-whiteness
statistics, to identify space-time regions associated with significant residual correlations or inac-
curate forecasts.

9 Practical Examples and Experiments

Before analyzing challenges and future directions, this section complements the discussion carried
out so far with numerical simulations on benchmark datasets from relevant application domains
and synthetic data. The objective here is to show the impact of the transition from standard global
and local deep learning predictors to graph-based architectures when forecasting collections of
correlated time series. We follow the same experimental settings of Cini et al. [38].

Baselines. As a case study, we consider recurrent architectures. In particular, starting from stan-
dard RNNs, implemented as GRUs [33], we compare the performance of a single global RNN shar-
ing parameters across the collections against a set of local models and against the multivariate
approach. In particular, we consider the following baselines.

RNN: a global node-level GRU conditioning predictions only on the history of the target as
in Equation (27). This model does not take spatial dependencies into account.

FC-RNN: a GRU taking as input all of the time series concatenated along the spatial dimension
as if they were a single multivariate sequence. This model lacks flexibility and does not exploit
prior relational information.

LocalRNNSs: a set of local GRUs. Each GRU is specialized on a specific time series and no
parameter is shared. Similarly to the global node-level model, spatial dependencies are ignored.

Then, for what concerns graph-based architectures, we consider both TTS and T&S recurrent
architectures. Specifically, we build TTS models by stacking MP layers after a RNN encoder and
take GCRNNS as reference T&S architectures. For both architectures, we implement variants with
both isotropic and anisotropic message-passing. In particular, we compare the following model
architectures.
RNN+IMP: a global TTS model composed by a GRU followed by a stack of isotropic MP layers.
The MP operator is defined as in Equation (8).

®The sign function is such that sgn(a) is equal to —1, 0 or 1 if a is positive, null or negative, respectively.
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RNN+AMP: a global TTS model composed by a GRU followed by anisotropic MP layers. The
MP operator is defined as in Equations 9-10.

GCRNN-IMP: a global T&S gated GCRNN with isotropic MP. The recurrent cell implemen-
tation follows Equations 16-19, the MP operator is set up as in Equation (8).

GCRNN-AMP: a global T&S gated GCRNN with anisotropic MP. The recurrent cell imple-
mentation follows Equations 1619, the MP operator is set up as in Equations 9-10.

All the considered architectures follow the schema defined in Equations 12 14, and the different
variants are obtained by changing the implementation of the STMP block. We stress again that
all the global models share the same parameters across the time series in the collection. Finally,
we also consider global-local variants of the above global models (RNN included) by adding node
embeddings as inputs to the encoder and/or decoder, as in Equation (36) and Equation (37).

9.1 Synthetic Data

In this experiment, we show the models’ performance in a controlled environment. We train the
models on the task of one-step-ahead prediction. We use the MAE as the figure of merit and report
the AZ-whiteness statistics.

System model. We consider the variation of GPVAR [176] provided by Cini et al. [38] as the
data-generating process. Data are generated by the recursive application, starting from noise, of a
polynomial graph filter [78] (with parameters shared across time series) and an autoregressive filter
(with parameters specific to each time series). Formally, the underlying system model is specified

by

L Q
1= 2 2, OA Xy
=1 g=1

X1 =a0 nh(H,)+b®tanh(Xt_1)+ Nty (43)

where © € ROL g € RN, b € RN and n: ~ N(0,c%). As in [38], we consider two variants of
the dataset, according to the initialization of @ and b. In GPVAR-L we set a and b by sampling
them from a uniform distribution as a,b ~ U (-2, 2) to inject local effects into the process. In
GPVAR-G, instead, we fix @ = b = 0.5 to remove any local effect. A detailed description of the
experimental setting is reported in Appendix B.1.

Results. Table 1 reports the models’ forecasting performance in terms of MAE and three val-
ues of the AZ-whiteness test statistic [176] accounting for temporal, spatial, and spatiotemporal
correlations.” The performance of the optimal model is obtained analytically by considering the
variance of the noise 7, in Equation (43). As expected, models that do not exploit spatial depen-
dencies (RNN, FC-RNN, and LocalRNNs) struggle in both datasets, displaying large residual spatial
correlation, as shown by the spatial and spatiotemporal statistics. Note that spatial correlations are
more difficult to detect in GPVAR-L, due to the presence of the local dynamics determined by ran-
dom vectors a, b in Equation (43), which is reflected in the values of the spatiotemporal statistic as
well, as it balances the temporal and spatial components. Graph-based methods, instead, achieve
performance close to the theoretical optimum in GPVAR-G, with the test statistics close to zero.
For what concerns GPVAR-L, global models (including, the graph-based methods) struggle to ac-
count for the introduced local effects. Conversely, global-local graph-based methods achieve good
results in both benchmarks.

"Statistics for temporal (spatial) correlations are obtained by setting all weights ! (a;j ) to 0.
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Table 1. One-step-ahead Forecasting Error (MAE) of on GPVAR (5 Runs)

GPVAR-G GPVAR-L
AZ-test AZ-test
MODELS MAE . MAE .
Time T+S Space Time T+S Space
RNN .3999.0000 -3.0+13 = 35.7+10 53.5:05 .5441+.0002 10.8+26  0.5+19 -10.1x03
< + Emb. .3991+.0000 -2.6x14 = 34.7+12  51.7+11 .4611+.0003 6.1+14  -1.1+11 -7.7+0s
FC-RNN || 43882007 | 261.0414 252.2:65 95.6s56 | .5948:0m2 | 108.4ss1  73.6565  -4.4ss
LocalRNNs || .4047=oom | 7.0ss7 | 43452 54455 | 46100005 | 3.2011 -23s1 65211
RNN+IMP .3193.0000 0.9=0.0 0.5x07  -0.3z01 .3808+.0031 13.8:22  7.9+16  -2.6x09
& < + Emb. .3194+.0000 2.8+23 1.8+17  -0.2x02 .3197+.0001 1.4+10 1.0+00 -0.0+03
& RNN+AMP .3193.0000 1.2+16 0.8+11  -0.1x01 .3639+.0032 13.1£26  7.5+24  -2.5+10
< + Emb. .3194+ 0000 1.4+36 0.8+25 -0.2+01 31990001 1.8+07 1.0+06 -0.3+03
GCRNN-IMP .3194+ 0000 1.9-04 1.2x04  -0.3z02 3714x0070 | 15.2+20  9.0x16  -2.5x15
g < + Emb. .3196.0000 0.8+30 0.4+21  -0.3x02 .3204+.0001 2.4+09 1.8+07 0.1+02
& | GCRNN-AMP .3195:.0000 2.6+20 1.7414  -0.3z02 .3518+0013 | 10.5+25  5.7x19  -2.4=0s
< + Emb. .3197+.0000 1.7+26 1.2+19  -0.0x02 .3204+.0002 1.8+06  0.9+04  -0.4+05
Optimal model || .3192 = - — | 3192 | - - —

9.2 Benchmarks

This sequel of the section provides an assessment of the introduced baselines on datasets coming
from real-world applications to show the performance of the discussed methodologies.

Datasets. Following Cini et al. [38], we consider benchmarks coming from traffic forecasting,
energy analytics and air quality monitoring domain. In particular, we use the following datasets.

METR-LA & PEMS-BAY METR-LA and PEMS-BAY, introduced by Li et al. [100], are two
popular traffic forecasting datasets consisting of measurements from loop detectors in the Los
Angeles County Highway and San Francisco Bay Area, respectively [23].

CER-E The CER-E dataset [41] consists of energy consumption readings, aggregated into 30-
minutes intervals, from 485 smart meters monitoring small and medium-sized enterprises.

AQI The AQI dataset [187] collects hourly measurements of pollutant PM2.5 from 437 air
quality monitoring stations in China, spread across different cities.

EngRAD Introduced by Marisca et al. [115], the EngRAD dataset contains three years
of 5 hourly-sampled weather variables generated by ECMWF Integrated Forecasting Sys-
tem (IFS). for 487 grid points in England. For our experiment, we use shortwave radiation as
the target variable x! and the remaining four variables as exogenous u..

We use the same data splits and preprocessing of previous works [38, 166]. In particular, the ad-
jacency matrices for the traffic and air quality monitoring datasets are obtained by applying a
thresholded Gaussian kernel [151] on the pairwise geographic distances among sensors; for CER-
E, following previous works [36], the graph connectivity is derived from the correntropy [105]
among time series. We refer to Appendix B.1 for more details.

Results. Table 2 shows the results of the empirical evaluation of the reference models on the
selected datasets. Graph-based architectures outperform standard local and global predictors in
all considered scenarios; the performance gap is particularly wide when considering fully global
models. As one might expect, local models perform and scale poorly. This is particularly evident
in EngRAD, where data are generated from similar processes. In this scenario, local components
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Table 2. Forecasting Results on 4 Benchmark Datasets (5 Runs)

METR-LA | PEMS-BAY | CER-E | AQI | EngRAD
MAE MRE MAE MRE  MAE MRE  MAE  MRE  MAE MRE
LocAL MODELS

FC-RNN 3.56:03 6.16:04 | 2.32t01  3.72+02 | 713.01x827  33.75:30 | 18.24+07 28.45+11 | 55.37:157  23.15:66
LocalRNNs 3.69+00 6.38+01 | 1.91+00 3.06:00 | 508.95:148 24.09:07 | 14.75+02 23.02:03 | 58.80x031  24.59+13

GLOBAL MODELS

RNN 3.54+00 6.13x00 | 1.77x00 2.84x00 | 456.98+061 21.63+03 | 14.02+04 21.87x07 | 47.412057  19.82+.24

RNN+IMP 3.34x01  5.79:01 | 1.72x00 2.75x01 | 439.132051  20.79x02 | 12.74x02  19.88+04 | 44.48:024  18.60x.10
RNN+AMP 3.24:01 5.61:01 | 1.66x00 2.65:01 | 431.33+068 20.42:.03 | 12.30x02 19.20:.03 | 44.62:035 18.66:.15
GCRNN-IMP | 3.35:01  5.80+01 | 1.70£01 2.73xz01 | 443.85x000 21.01x05 | 12.87+02 20.08+.04 | 45.55033  19.05+14
GCRNN-AMP | 3.22:02 5.58+03 | 1.65+00 2.64+00 | 456.721301 21.62+19 | 12.29+02 19.18:01 | 43.93+055 18.37+023

GLOBAL-LOCAL MODELS (WITH EMBEDDINGS)

RNN 3.15+03  5.45x05 | 1.59+00 2.54x00 | 421.50+178 19.95:.05‘ 13.73+04  21.42:06 | 46.83+019  19.58+.08

RNN+IMP 3.08:01 5.33+03 | 1.58+00 2.53:00 | 412.44+280 19.52:+.13 | 12.33+02  19.24+03 | 43.962042  18.38+17
RNN+AMP 3.06:01 5.29:02 | 1.58+01 2.54:01 | 412.95+128 19.55:06 | 12.15:02 18.96:03 | 43.70033  18.27+14
GCRNN-IMP | 3.10+01  5.36+02 | 1.59+00 2.55+.00 | 417.71x128 19.77+06 | 12.48+05 19.47+04 | 44.902033  18.77+.14
GCRNN-AMP | 3.07+02 5.31+04 | 1.59+00 2.54x01 | 416.74+157 19.73+07 | 12.17+05 18.98:0s | 43.14010  18.04+.08

Best model performance within each group (local, global, global-local) reported in bold.

bring limited benefits compared to a fully global architecture. In every other case, hybrid global-
local models obtain markedly better performance than fully global baselines. However, it should be
noted that such models lack flexibility in inductive settings as discussed in Section 10.4. Moreover,
anisotropic message-passing schemes outperform their isotropic counterparts in most scenarios,
while TTS architectures perform on par or better than T&S models. Finally note that, although
the above results are significant, they do not necessarily generalize to all datasets and TTS/T&S
architectures.

10 Challenges

This section identifies and discusses the main challenges that the practitioner would typically have
to deal with in processing collections of time series with graph-based forecasting methods.

10.1 Dealing with Missing Data

The time series in the collection, i.e., X;.;+1, may be affected by missing values, as pointed out in
Section 3.2. Phenomena that result in incomplete observations include (among others) irregular
sampling procedures, acquisition and communication errors, and hardware and software faults.
Moreover, it is often the case that the time frames of the time series in the collection do not overlap
perfectly, e.g., sensors might be installed at different points in time. This section provides guidelines
on dealing with incomplete observations in settings where dependencies among the time series in
the collection can be exploited for reconstruction. In particular, we discuss how the graph-based
methodologies presented in the article provide useful tools to tackle the problem. For a complete
treatment of these aspects, we refer to Cini et al. [36] and Marisca et al. [116].

Graph Deep Learning for Time Series Imputation. Although incomplete, we assume all the avail-
able time series to be synchronous and regularly sampled and consider the masked representation
introduced in Section 3.2. In particular, we pair each G; with a binary mask M, to indicate the
missing observations. To simplify the presentation, we do not consider partial observability at the
level of the single sensor, i.e., given an observation vector x;', either all the channels are observed
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or none is available, i.e., mi € {0, 1}. However, no further assumption is made about the missing
data distribution. Clearly, the gaps in the observed data must be accounted for while processing
the data. A common approach consists of reconstructing missing observations before carrying
out the downstream processing, by exploiting some imputation model. Besides standard statistical
methods, deep learning approaches have become a popular alternative [20, 103, 171]. In particular,
graph deep learning offers the tools to exploit dependencies among time series in this context as
well [28, 36, 104, 116, 125, 159]. Indeed, STGNNs have been successfully applied to multivariate
time series imputation in the presence of relational side information, with attention-based meth-
ods gaining traction by solving error-compounding issues typical of recurrent architectures [116].
Cini et al. [36] formalize the reconstruction problem in the context of graph-based representations
and provide a bidirectional GCRNN—paired with an additional spatial decoder—that reconstructs
the missing observations by exploiting both spatial and temporal dependencies. Indeed, the spatial
decoder designed in [36] offers an example of how relational inductive biases can be exploited for
data reconstruction. In particular, representations w.r.t. each x! vector can be obtained through
STMP by masking out unavailable past observations; representations can then be used for recon-
struction by aggregating values observed at neighboring nodes, i.e., as

Z,=STMP (H_, 0 M_,,&_,), (44)
% = Dic |z, A {Ms Z.x o j}, 45
x; = DE (Zt jyaem \Mso(z;, x; © ;) (45)

where x! denotes the reconstructed signal and DECODER a generic readout layer. The reconstruc-
tion can be conditioned on both past and future values by exploiting, e.g., a bidirectional archi-
tecture. Clearly, many possible designs are possible and research on the topic is increasingly ac-
tive (see [83]).

Forecasting from Partial Observations. A different and more direct approach to the problem is to
avoid the reconstruction step and to consider forecasting architecture that can directly deal with
irregular observations. Although research on the topic of graph-based methods in this context
is limited [188], many of the mechanisms used in imputation models to process the incomplete
observations can potentially be adapted to build forecasting architectures (see, e.g., [116]). The
main advantage of such adaptations is that the resulting model, trained end-to-end, could be used
to jointly impute missing observations and forecast future values. Other methods, instead, tackle
this problem in the context of continuous-time modeling, we discuss them in Section 11.

10.2 Latent Graph Learning

STGNNS s rely on propagating representations through the spatial connections encoded in the graph
that comes with the time series collection. The available relational information, however, can be
inaccurate or inadequate for modeling the relevant dependencies. For instance, in neurobiology,
the physical proximity of brain regions does not always explain the observed dynamics [63, 156].
In other cases, relational information might be completely missing. Nonetheless, relational ar-
chitectural biases can be exploited by learning a graph end-to-end with the forecasting archi-
tecture [39, 90, 148, 165, 166]; in some sense, graph learning can be seen as a regularization of
attention-based architectures [157], where, rather than relying on attention scores between each
pair of nodes, the learned graph is used to route information only between certain nodes, thus
providing localized node representations typical of graph-based processing. Learning discrete rep-
resentations [122] while keeping computations sparse is indeed a key challenge for graph learning,
with a large impact on the scalability of the resulting forecasting architecture [39]. The following
paragraphs provide a critical overview of the most common approaches.
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Directly learning an adjacency matrix. Most STGNNSs rely on learning an adjacency matrix Aas
a function of a matrix of edge scores ® € RV*N as

A= £(®) with learnable parameters @, (46)

where £( - ) indicates a nonlinear activation function that can be used to induce sparsity in the re-
sulting adjacency matrix A, e.g., by thresholding the scores s.t. [A];; = 1if ¢;; > ¢ and 0 otherwise.
The cost of parametrizing the full score matrix ® can be amortized by factorizing it as

A=E®) with ®=2Z,.Z[, (47)

where Z,, Z:4s € RN*4: are node embeddings obtained, e.g., as a function of the available data or

as tables of learnable parameters. Such factorization approach has been pioneered in the context
of STGNNSs by the Graph WaveNet architecture [166], where &( - ) is implemented by a ReLU fol-
lowed by a row-wise softmax activation and node embeddings are learnable parameters. Several
other methods have followed this direction [7, 107, 126] which is quite flexible; indeed, making
the embeddings dependent on the input window can easily allow for modeling dynamic relation-
ships [90], e.g., as

A = E(®,) with @ = (ZWire) (ZiWigr)T (48)

2 = SEENC (x!_y oty . 0). ()

where SEQENC(+) indicates a generic sequence encoder (e.g., an RNN) and Wy, W;4; € R4=xd are
learnable weight matrices. The drawback of such methods is that they often result in a dense
A matrix which makes any subsequent MP operation scale with O(N?) rather than with O(|&]).
MTGNN [165] and GDN [46] sparsify the learned factorized adjacency by selecting, for each node,
the K edges associated with the largest weights, which, however, results in sparse gradients. More
recently, Zhang et al. [183] proposed a different approach based on the idea of sparsifying the
learned graph by thresholding the average of learned attention scores. Finally, a general approach
to learning dynamic edge scores is to compute them directly as a function of source and target
node representations z; and zﬁ [39], e.g,

A =E(®) with ®,[i,j] = MLP(z}, 2]). (50)

Learning graph distributions. A different approach to the graph learning problem consists of
adopting a probabilistic perspective. Instead of directly learning a graph, probabilistic methods
learn a probability distribution over graphs pe(A) such that graphs sampled from pp maximize the
performance at task. The probabilistic approach allows for the embedding of priors directly into
Do, enabling the learning of sparse graphs as realizations of a discrete probability distribution. For
example, one can consider graph distributions pg such that

A, ~ pa,(Ay), (51)

where pg, is parameterized by edge scores @, obtained adopting any of the parameterizations dis-
cussed in the previous paragraph. The graph distribution can be, e.g., implemented by considering
a Bernoulli variable associated with each edge or by considering more complex distributions such
as top-K samplers (see, e.g., [1, 39, 87, 132]). Among probabilistic methods, NRI [90] introduces a
latent variable model for predicting the interactions of physical objects by learning the discrete
and dynamic edge attributes of a fully connected graph. GTS [148] simplifies the NRI module by
considering only binary relationships and integrates the graph inference module in a recurrent
STGNN [100]. To learn pg, Both NRI and GTS exploit path-wise gradient estimators based on the
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categorical Gumbel trick [79, 113]; as such, they rely on continuous relaxations of discrete distribu-
tions and suffer from the same computational setbacks of previously discussed methods. Recently,
Cini et al. [39] propose variance-reduced score-based estimators that allow for sparse MP opera-
tions with O(]&]|) computational complexity.

Outside of applications to time series forecasting, Franceschi et al. [53] propose a bi-level opti-
mization routine to learn graphs based on a straight-through estimator [11]. Kazi et al. [87] uses
the Gumbel-Top-K trick [93] to sample a K-nearest neighbors (K-NN) graph and learn edge
scores by using a heuristic for increasing the likelihood of sampling edges contributing to cor-
rect classifications. Wren et al. [162] learn DAGs end-to-end by exploiting implicit maximum like-
lihood estimation [123]. In summary, the graph learning problem is inherently complex due to
challenges related to both computational complexity as well as the learning of discrete represen-
tations with neural networks. We refer to Niculae et al. [122] and Mohamed et al. [119] for an
in-depth discussion on methods and estimators for learning latent (discrete) structures in machine
learning.

10.3 Computational Scalability

In the problems considered so far, scalability concerns can emerge from both the number of time
series in the collection as well as their length. Indeed, data span both the temporal and the spatial
dimensions. In real-world applications, e.g., smart transportation systems in large cities, dealing
with thousands of time series acquired at high sampling rates over long periods of time is rather
common [37, 106]. This results in a large amount of data that needs to be processed at once to
account for long-range spatiotemporal dependencies across the time series in the collection. When
designing and/or implementing an STGNN, the scalability issue, then, must be taken into account.
As mentioned in Section 6, a generic T&S model performs L stacked MP operations for each time
step resulting in a time and space complexity scaling with O(W(N + L|8maX|)), or O(WL|8m3x|)
assuming N < |Epax|- STT models are characterized by an analogous computation complexity,
as the decoupled processing generally does not bring any advantage in this direction. Conversely,
TTS models, by encoding the time series ahead of any MP operation, scale with O(WN + L|&;|),
which, again assuming N < |&;[, is a notable improvement. However, even models following
this paradigm can struggle whenever either N, W, or |E| are large, and appropriate computational
resources can quickly become unaffordable. This issue is particularly relevant at training time
when processing batches of such high-dimensional data concurrently is needed to fit STGNNSs’
parameters on the available data. In the following, we discuss available methods to scale existing
approaches to extremely large sensor networks, highlighting the shortcomings and advantages of
the different approaches.

Graph subsampling and clustering. An often viable solution is to subsample the data fed to the
model. In particular, the computational burden can be reduced at training time by extracting sub-
graphs from the full-time series collection [30, 68, 180] by, e.g., considering the Kth order neigh-
borhood of a subset of nodes. Such approaches have been exploited, mostly adapted from methods
developed in the context of static graph processing, and have indeed been applied to scale graph-
based time series forecasting to large networks [57, 137, 165]. Subsampling methods, then, allow
for capping the number of nodes/edges to be processed for each sample based on the available com-
putational resources. The drawback of these approaches is that such a subsampling might break
long-range spatiotemporal dependencies (n.b., data are not i.i.d.) and result in a noisy learning sig-
nal [37], i.e., high-variance gradient estimates. Similar arguments can be made w.r.t. small batch
sizes and short input windows. As an alternative, other approaches reduce the computational com-
plexity of processing the full graph by relying on graph clustering and pooling [13, 64] to operate
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on hierarchical representations of the graph [34, 173], but still require to process the full graph at
the input and output layers.

Precomputing spatiotemporal encodings. Finally, a successful and popular approach to scale
GNN:ss to large graphs is to precompute a representation for each node ahead of training and then
process the data as if they were i.i.d. (e.g., see [54]). Such an approach has been extended to spa-
tiotemporal data in [37] by exploiting randomized deep echo state networks [14, 56] and powers of
a graph shift operator to extract, in an unsupervised fashion, spatiotemporal representations w.r.t.
each time step and node before performing any training. The obtained representations can then be
sampled uniformly across both time and space to efficiently train a decoder for mapping them to
predictions [37]. The advantage of the preprocessing approach is that it makes the computational
cost of a training step independent from both the length of the sequence and the number of nodes
and edges by delegating the propagation of representation through time and space to the training-
free encoding step. This encoding can be carried out only once before any training epoch, without
being limited, e.g., by GPU memory availability. Clearly, although empirical performance matches
the state-of-the-art in relevant benchmarks [37], the downside is that separating encoding and
decoding can be less effective in certain scenarios and more reliant on hyperparameter selection
compared to end-to-end approaches.

10.4 Inductive Learning

As previously mentioned, global STGNNs can make predictions for never-seen-before node sets,
and handle graphs of different sizes and variable topology. In practice, graph-based predictors can
be used for zero-shot transfer and inductive learning and can easily handle new time series being
added to the collection which, for example, corresponds to the real-world scenario of new sensors
being added to a network over time. The flexibility of these models has several applications in time
series processing besides forecasting, e.g., as models for performing spatiotemporal kriging [155]
or virtual sensing [36, 164, 186], where inductive STGNNs can be used to perform graph-based spa-
tial interpolation. However, performance in the inductive setting can quickly degrade as soon as the
target time series exhibit dynamics that deviate from those observed in the training examples [38].
Furthermore, including node-specific local components in the forecasting architecture—which as
we discussed can be critical for accurate predictions—makes such STGNNs unable to perform in-
ductive inferences. Luckily, as discussed in the following, adapting such models by exploiting a
small number of observations can enable transfer.

Transfer learning. STGNNs can be adjusted to account for other sets of time series (with dif-
ferent dynamics) by fine-tuning on the available data a subset of the forecasting architectures
weights [38] or exploiting other transfer learning strategies [114], e.g., based on ideas from meta
learning [129]. For what concerns global-local architectures, the use of node embeddings can amor-
tize the cost of the transfer learning by limiting the fine-tuning of the model to fitting a new set
of embeddings for the nodes in the target set while freezing the shared weights [38]. Furthermore,
node embeddings can be regularized to facilitate transfer by structuring the latent space [38] or
by forcing new node embeddings to be close to those learned from the initial training set [170].

11  Future Directions

Besides the challenges identified in the paper that are indeed still open and the subject of extensive
research, we can identify several promising research directions for future works to delve into.

Graph state-space models. Graph-based processing has been recently exploited to design state-
space models [47, 135] based on a graph-structured state representations [179]. The resulting graph
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state-space models learn state graphs that can be disjoint from the input, i.e., can have a number
of nodes that is larger or smaller than the number of input time series and a different associated
topology. Ad-hoc Kalman filtering techniques have been introduced and have led to promising
empirical results [3]. The resulting framework encompasses several existing architectures (e.g., [7,
147]) while enabling more advanced designs that, however, have not been fully explored yet.

Spatial and temporal hierarchies. The spatiotemporal structure of the data allows for process-
ing observations and making predictions at different scales, both in time [5] and in space [76].
This idea has been indeed exploited in deep learning methods for hierarchical time series forecast-
ing [21, 69, 134, 136, 189]. As briefly mentioned in Section 10.3, several STGNN can take advantage
of graph pooling to operate at different levels of resolution [66, 173]. In particular, hierarchical time
series forecasting and end-to-end graph-based time series clustering have been recently integrated
within the same forecasting framework [34]. Marisca et al. [115] used hierarchal representation as
a means to deal with missing data and sparse observations. Future works can investigate method-
ologies to process spatiotemporal time series in an integrated hierarchical fashion across both time
and space while taking the coherency of the forecasts into account.

Continuous space-time models. Modeling dynamics in the continuum, whether in the spatial or
temporal dimensions, with differential equations has become popular in deep learning [22, 94, 111].
This approach is particularly convenient to operate in scenarios involving irregularly sampled
data [150], where both training and inference can be performed w.r.t. arbitrary points in time and
space [27, 88]. Indeed, continuous space-time models find applications in multi-scale analysis and
simulation of physical systems [133]. Rubanova et al. [139] pioneered research in this direction
showcasing the potential of such techniques in time-series applications. Graph-based approaches
have been recently adopting an analogous approach to spatiotemporal data [32, 51, 75, 108], dy-
namic topologies [112], and graph learning procedures [84]. Future works should address the de-
sign of sound and unifying frameworks for neural continuous space-time modeling; in particular,
models that process space and time in an integrated fashion should be further explored.

Probabilistic forecasting. While we focused on point predictions, deep learning methods have
been widely applied to probabilistic forecasting [42, 59, 135, 143, 161]. One can in principle ex-
ploit (most of) such methodologies to make STGNNs output probabilistic predictions. As an ex-
ample, quantile regression [92] allows for obtaining uncertainty estimates by simply using an
appropriate loss function and adding an output for each quantile of interest [161]. In this regard,
Wau et al. [163] carry out a study of several standard uncertainty estimation techniques in the con-
text of spatiotemporal forecasting. However, while specialized probabilistic STGNN architectures
exist (e.g, [25, 128]), as similarly recognized in [83], future works should further explore the use of
relational inductive biases to obtain calibrated probabilistic forecasts and uncertainty estimates.

Open benchmarks and models. As mentioned in Section 2, graph deep learning for time series
forecasting has been historically pioneered in the context of traffic forecasting and, as a conse-
quence, most of the publicly available benchmarks come from this domain (e.g., see [67, 100]).
Within this context, Liu et al. [106] released one of the largest benchmarks available, consist-
ing of a large collection of traffic speed measurements recorded by the California Department
of Transportation.® The CER-E dataset [41] has been widely used as a load forecasting bench-
mark [36, 38, 116]. Cini et al. [37] introduced large-scale benchmarks for forecasting photovoltaic
production and energy consumption, with the latter being based on CER-E. Additional weather and
photovoltaic forecasting datasets were introduced by Marisca et al. [115] and De Felice et al. [43].

8https://pems.dot.ca.gov/
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Other commonly used benchmarks come from air quality monitoring applications [187]. However,
a large and heterogeneous benchmark for correlated time series forecasting is currently missing,
as well as a shared benchmarking procedure and software infrastructure. Although standardized
implementations of popular architectures are becoming available [35, 102], the field would bene-
fit from shared evaluation platforms and benchmarks, e.g., following similar trends in (temporal)
graph learning [65, 73, 74].

12 Conclusions

We introduced a comprehensive methodological framework for time series forecasting with graph
deep learning methods. We formalized the problem setup, characterizing settings common to sev-
eral application domains. We then introduced different spatiotemporal graph neural network ar-
chitectures; we discussed their properties, advantages, and drawbacks with particular attention
to the impact of global and local components. We then discussed ad-hoc techniques for model
evaluation and performance assessment. We identified the challenges inherent to the field and the
possible strategies to address them. Finally, we provided an outlook on future research directions.

This article offers a foundation for future research to build on, as well as a tutorial for practi-
tioners. The result is a set of graph deep learning methods aimed at enriching modern time series
forecasting practices and targeting practical, high-impact, real-world applications.
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Appendix
A Software

PyTorch Geometric (PyG) [52] is the most widely used library for developing graph neural net-
works. As the name suggests, PyG is based on PyTorch [131] and offers utilities to process temporal
relational data as well. Specialized libraries that implement models from the temporal graph learn-
ing literature exist [138]. The PyTorch ecosystem has several options for what concern deep learn-
ing for time series forecasting such as GluonTS [2], PyTorch Forecasting,” Neural Forecast [124]
and BasicTS [102]. Considering the settings discussed in the paper, Torch Spatiotemporal [35] fo-
cuses on graph deep learning models for processing time series collections, offering several utilities
to accelerate research and prototyping.

B Experimental Setting

As mentioned in the article, the setup of the computational experiments closely follows Cini
et al. [38] for most of the considered scenarios. We report the pre-processing steps here for
completeness.

B.1 Datasets

Table 3 and the following provide relevant additional information on each dataset.

Table 3. Statistics of Datasets Used in the Experiments

DATASETS Type Time steps Nodes Edges Rate
GPVAR-G | Undirected 30,000 120 199 N/A
GPVAR-L Undirected 30,000 120 199 N/A

METR-LA Directed 34,272 207 1515 5 minutes
PEMS-BAY | Directed 52,128 325 2369 5 minutes
CER-E Directed 25,728 485 4365 30 minutes
AQI Undirected 8,760 437 2699 1 hour

Fig. 2. GPVAR community graph. We used a graph with 20 communities resulting in a network with 120
nodes.
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GPVAR. As already mentioned for the GPVAR datasets we follow the same setting reported in
[38]. In particular, the parameters of the spatiotemporal process are set as

o=[1%0708],  ab~U22),
n ~ N(0,diag(c?)), o =0.4.
The graph topology used to generate the data is the community graph shown in Figure 2. In par-

ticular, we considered a network with 120 nodes with 20 communities and then added self-loops
by setting the diagonal of the corresponding adjacency matrix to 1.

Benchmarks. We normalize the target variable to have zero mean and unit variance on the train-
ing set. The adjacency matrix for each dataset is obtained as discussed in Section 9 by following
previous works [36, 67, 100, 116]. We use as exogenous variables sinusoidal functions encoding the
time of the day and, for each dataset excluding EngRAD, one-hot encodings of the day of the week.
We split datasets into windows of W time steps, and train the models to predict the next H obser-
vations. Unless otherwise stated, the obtained windows are sequentially split into 70%/10%/20%
partitions for training, validation, and testing, respectively. In the following, we report detailed
information for experiments on each dataset.

METR-LA & PEMS-BAY Window and horizon length are set as W = 12 and H = 12. For
METR-LA, given a large number of missing values, we add as an additional exogenous variable
the binary mask introduced in Section 3.2.

CER-E Window and horizon length are set as W = 48 and H = 6.

AQI Window and horizon length are set as W = 24 and H = 3. We use the same data splits of
previous works for training and evaluation Cini et al. [36], Yi et al. [169].

EngRAD Window and horizon length are set as W = 24 and H = 6. We use the other weather
variables from the dataset, along with sinusoidal encodings of the time of the year, as additional
exogenous inputs. We normalize temperature values to have zero mean and unit variance. We
do not compute loss and metrics on time steps with zero radiance and follow the protocol of
previous work Marisca et al. [115] to obtain training/validation/testing folds.

Hyperparameters. The reference TTS architectures are implemented by a single-layer GRU fol-
lowed by 2 message-passing layers. GCRNNs have a single layer as well. For the benchmark
datasets, the number of neurons in each layer is set to 64 and the embedding size to 32 for all
the reference architectures and the RNN baselines. We train with early stopping for a maximum
of 200 epochs with the Adam optimizer [89] and a learning rate of 0.003 divided by four every 50
epochs. In each training epoch, we randomly sample without replacement 300 batches of size 64
from the training set. We reduce both batch size and size of the hidden representations to 32 when
the model exceeds the available GPU memory capacity (approximately 24 GB). For GPVAR, we use
16 and 8 as hidden and embedding sizes, respectively, and 128 as the batch size. We set 0.01 as the
initial learning rate, which is halved every 50 epochs.
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